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Abstract

A statistical theory is developed for the stochastic Burgers eguation in the in-
viscid limit. Master equations for the probability density functions of velocity,
velocity difference, and velocity gradient are derived. No closure assumptions
are made. Instead, closure is achieved through a dimension reduction process;
namely, the unclosed terms are expressed in terms of statistical quantities for
the singular structures of the velocity field, here the shocks. Master equations
for the environment of the shocks are further expressed in terms of the statistics
of singular structures on the shocks, namely, the points of shock generation and
collisions. The scaling laws of the structure functions are derived through the
analysis of the master equations. Rigorous bounds on the decay of the tail prob-
abilities for the velocity gradient are obtained using realizability constraints. We
also establish that the probability density function Q(¢) of the velocity gradient
decays as |¢|~7/2 as & — —eo. (©) 2000 John Wiley & Sons, Inc.
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1 Introduction

Consider the randomly forced Burgers equation
(L1 Ut + Uy = vUygy + T,

20
46
46
48

where f(x,t) is a zero-mean, Gaussian, statistically homogeneous, and white-in-
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time random process with covariance
(FO60) F(y,9)) = 2B(x—y)d(t —9),

and B(x) is asmooth function. In the language of stochastic differential equations,
(1.1) must be interpreted as

du = (—uuy + vuk)dt + dW(xt),
where dW(x,t) is awhite-noise process satisfying
dW(x,t)dW(y,t) = 2B(x—y)dt.

Wewill be interested in the statistical behavior of the stationary states (invariant
measures) of (1.1) if they exist, or the transient states with possibly random initial
data. There are two main reasons for considering this problem. The first is that
(1.1) and its multidimensional version are among the simplest nonlinear models
in nonequilibrium statistical mechanics. As such they serve as qualitative models
for a wide variety of problems including charge density waves [19], vortex lines
in high-temperature superconductors [5], dislocations in disordered solids and ki-
netic roughening of interfaces in epitaxia growth [29], formation of large-scale
structures in the universe [35, 39], etc. The connection between these problems
and (1.1) can be understood as follows. Consider an elastic string in a random
potential V(x,s). The string is assumed to be directed in the sense that there is a
timelike direction, assumed to be s, such that the configuration of the string is a
graph over the s-axis. Let Z(x,t) be the partition function for the configurations of
the string in the interval 0 < s<'t, pinned at position x at timet,

Z(x,t) = (e PloVS.9d |y (t) — ),

where (- | w(t) = x) denotes the expectation over all Brownian paths w(-) such that
w(t) =X, 8 = 1/KT, k is the Boltzmann constant, and T is the temperature. The
free energy ¢(x,t) =InZ(x,t) then satisfies

1
wr+ §|Vg0\2 =vAp+V,

where v = KT. Thisis the well-known Kardar-Parisi-Zhang equation [27]. In one
dimension, if welet u= ¢4 and f =V, weobtain (1.1).

The second reason for studying (1.1) is in some sense a technical one. For a
long time, (1.1) has served as the benchmark for field-theoretic techniques such
as the direct interaction approximation or the renormalization group methods de-
veloped for solving the problem of hydrodynamic turbulence. This role of (1.1)
is made more evident by the recent flourish of activities introducing fairly so-
phisticated techniques in field theory to hydrodynamics [8, 25, 32]. In this con-
text, (1.1) is often referred to as Burgers turbulence. Since the phenomenology
of the so-called Burgers turbulence is far simpler than that of real turbulence, one
hopes that exact results can be obtained which can then be used to benchmark
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the methods. However, so far our experience has proved otherwise: The prob-
lem of Burgers turbulence is complicated enough that a wide variety of predic-
tions have been made as a consequence of the wide variety of techniques used
[1,2,3,4,6,7,9,10,11, 12, 13, 17, 22, 23, 24, 25, 26, 28, 32, 34, 36, 37, 39].

The main purpose of the present paper is to clarify this situation and to obtain
exact results that are expected for Burgers turbulence. Along the way we will also
develop some technical aspects that we believe will be useful for other problems.
Themain issues that interest us are the scaling of the structure functions and the as-
ymptotic behavior of the probability density functions (PDF) in the inviscid limit.
The former is well-understood heuristically, but we will derive the results from
self-consistent asymptotics on the master equation for the PDF of the velocity dif-
ference. The latter is at the moment very controversial, and we hope to settle the
controversy by deriving exact results on the asymptotic behavior for the PDFs.

From atechnical point of view weinsist on working with master equations for
the PDFs and making no closure assumptions. The unclosed terms are expressed
in terms of the statistics of singular dissipative structures of the field, here the
shocks. We then derive a master equation for the statistics of the environment of
the shocks by relating them to the singular structures on the shocks, namely, the
points of shock creation and collisions. These are then amenable to local analysis.
In this way we achieve closure through dimension reduction. We then extract in-
formation on the asymptotic behavior of PDFs using realizability constraints and
self-consistent asymptotics. We certainly hope that this philosophy will be useful
for other problems.

One main issue that will be addressed in this paper is the behavior of the PDF
of the velocity gradient. Assuming statistical homogeneity, let Q¥ (¢,t) be the PDF
of £ = uy. Q¥ satisfies

Q= €Q + (€2Q) +B1Qe — (6 | Q).

where B; = —By(0) and (&« | €) is the average of & conditional on £. This
equation is unclosed since the explicit form of the last term, representing the effect
of the dissipation, is unknown. We are interested in Q' at the inviscid limit:

QD) = lImQ(&.0).

In order to derive an equation for Q, one needs to evaluate
FED =~ limv((6u] Q)

Thisiswhere the difficulty arises.

Remembering that ux(x,t) = limax_o(U(X+ AX,t) — u(x,t))/Ax, the procedure
outlined above pertains to the process of first taking the limit as Ax — 0, then the
[imit as v — 0. It is natural to consider also the other situation, when the limit
v — 0 is taken first. In this case the limiting form of (1.1) (notice that we now
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write the nonlinear term in a conservative form),

1
(1.2 U + > (uz)x =f,
has to be interpreted in aweak sense by requiring
(13) //{uapt—l—%uchx—l— fcp}dxdt ~0

for all compactly supported smooth functions ¢. The solutions u satisfying (1.3)
are called weak solutions. In order to ensure awell-defined dynamicsfor (1.2), i.e.,
existence and unigueness of solutions with given initial data, an additional entropy
condition has to be imposed on weak solutions. This amounts to requiring

(1.9 u(X+,t) < u(x-,t)

for al (x,t). The entropy condition (1.4) is the effect of the viscous term in the
inviscid limit. Thereisahuge mathematical literature on (1.2) for the deterministic
case. Standard references are [30, 31, 38]. The random case was studied recently
in the paper by E, Khanin, Mazel, and Sinai [14].

The first step in the present paper is to derive master equations for single and
multipoint PDFs of u satisfying (1.2). In particular, we derive an equation for the
PDF of n(x,y,t) = (U(x+Yy) — u(x,t))/y, @ (n,x1). We are interested in

Q&) = limQ°(€,x1).
One natural question is whether
(1.5 Q=0Q.

We will present avery strong argument that (1.5) holds for generic initial data and
for the type of forces described after (1.1). Some of our results also apply to Q for
the more general case when it is possibly different from Q.

The issue now reduces to the evaluation or approximation of F(¢,t). Severa
different proposals have been made; each leads at statistical steady state (Q = 0)
to an asymptotic expression of the form

Clgl™ as§ — —eo
Q&) ~ {C+£ﬁe€3/(351) as& — +oo,

but with a variety of values for the exponents o and  (here the C.’s are con-
stants). By invoking operator product expansion, Polyakov [32] suggested that
F =aQ+b¢Q, witha=0and b= —3. Thisleadsto o = 3 and 3 = 3. Boldyrev
[6, 7] considered the same closure with —1 < b < 0, which gives2 < o < 3 and
6 =1+b. Based on heuristic arguments, Bouchaud and Mézard [9] introduced
a Langevin equation for velocity gradient, which gives2 < a <3, 6 =0. The
instant-on analysis [4, 18, 25] predicts the right tail of Q without giving a precise
value for 3, and it does not give any specific prediction for the left tail. E et al.
[13] made a geometrical evaluation of the effect of F based on the observation that
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large negative gradients are generated near shock creation. Their analysis gives
arigorous upper bound for a: a < % In [13], it was claimed that this bound is

actually reached, i.e., a = % Finaly, Gotoh and Kraichnan [24] argued that the

viscous term is negligible to leading order for large |¢], i.e., F ~ O for |£| > Iﬁ/s,
givingrisestoa=3and 3 = 1.
In this paper, we will first give a more detailed proof of the bound

o> 3,

announced in [17]. We will then show that
7

o= =

2
by studying the master equation for the environment of the shocks.

Thisrelies on knowing thelocal behavior near the most singular structures (here
the points of shock creation). Points of shock creation were isolated in [14] as a
mechanism for obtaining large negative values of y and resulted in the predic-
tion that o = % From this point of view, the present paper provides the missing
step establishing the fact that points of shock creation provide the leading-order
contribution to the left tail of Q.

Concerning the style of presentation, for the most part our working assumptions
will be the following:

1. Solutions of (1.2) are piecewise smooth.
2. Shock paths are smooth except at the points of collision.
3. Shocks are created at zero amplitude and shock strengths add up at collision.

The theorems and lemmas are proved under these assumptions. Fully rigorous
proofs of these statements are not yet available, even though these are considered
part of the folklore in this subject. On the other hand, our primary purpose in this
paper isto develop an approach according to which various asymptotic limiting be-
haviors can be calculated. We will therefore leave the full proof of these statements
to future work.

Before ending this introduction, we make some remarks about notations and
nomenclature. In analogy with fluid mechanics, u will be referred to asthe velocity
field. We will denote the multipoint PDFs of u(-,t) asZ”(us,X1,... ,Un,Xn,t), i.€,

Prob(a; < u(xg,t) <bg,...,ay < u(Xp,t) <bp) =

by bn
/ Z"(Uq,Xq,. .. ,Un,Xn,t)dug - - - dup.
a an

The superscript v refers to the viscous case, v > 0. In the inviscid limit we will
denote the multipoint PDFs of u(-,t) by Z(u, X3 ... ,Un,Xn,t). Statistical stationary
values will be denoted by the subscript <, e.g., ZZ or Z... We reserve the specia
notations RV (u,x,t) = Z¥(u,x,t) and R(u,x,t) = Z(u, x,t) for the one-point PDF of
u(x,t). Q(&,t) denotes the PDF of £(x,t), and itsinviscid limit isQ(¢,t).
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Statistical symmetries, or equality in law, will be denoted by 9@ Two such

symmetries will be used repeatedly. Thefirst is statistical homogeneity,
(1.6) u(x,t) @ u(x+y,t) foraly.
(1.6) holds if for all measurable, real-valued functionals ®(u(-,t)), we have

(@(u(-1))) = (@(u(- +y,1))) foraly.

Note that from (1.1) and the assumptions on f, it follows that (1.6) holds for al
times if ug(x) @ Uo(X+Y), where ug(-) = u(-,0) isthe initia velocity field. Also,
if adtatistical steady state exists and is unique, then it satisfies (1.6). The second
symmetry will be referred to as statistical parity invariance and is related to the

invariance of (1.1) under the transformation x — —X, u — —u. Thisimplies that
.7 u(x,t) 9 —u(—x,t)

or

(1.7) holds for al times if w(x) @ —Up(—x). (1.7) is dso satisfied at statistical
steady state.

We will use (Q,H ,P) to denote the probability space for the forcing f, and
(Qo,Ho,Po) to denote the probability space for the initial data w, where Qg is the
Skorohod space D(I) on aninterval | and Hy isthe Borel o-algebra. Py is assumed
to be independent of P. When | is afinite interval, we assume periodic boundary
conditions. Note that the existence of stationary states is proved only in this case
[14].

2 Velocity and Velocity Differences

Let u”(xt, f,up) be the solution of (1.1) with forcing f and initia data w.
It follows from standard results (for the deterministic case, see [30, 31]) that for
fixed t

u’(-,t, f,up) — u(-,t, f,up) asv—0,
P x Po-almost surely, in L2.(I). Hence
7V -7

weakly. For the statistically stationary states, it was established in [14] that we
have

Z,— Z

weakly. Therefore to study the inviscid limit of statistical quantities of u, such as
the PDFs of u and du(x,y,t) = u(x+y,t) — u(y,t), itis enough to consider (1.2).
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It is useful, however, to write this equation in amodified form more convenient
for calculations. To thisend, let

Ut (X t) = u(x=,t).

For any function g(u) = g(u(x,t)), we define two average functions

@D o= 3Ou)to ) (W= [ gu+ A —u))as.
It isshown in[40] that (1.2) is equivalent to

(22 U+ (Ul = f,

or, in the language of stochastic differential equations,

(2.3 du = —[u] udt + dW(x,t).

Equation (2.1) assigns an unambiguous meaning to the quantity [u],uyx when the
solutions of (2.2) develop shocks. Moreover, the following chain and product rules
hold:

(2.4) Ox(U) = [Qu(u)]gUx,
(2.5) (Q(U)h(u))x7 = [g(u)]xh(u) + [h(W)] A Ox(U) -

Similar rules apply for derivatives int. As an example of these rules, we have that
the integral of the term [u],uy across a shock located at x =y is given by (using

(U, = [Ule)

y+ Y+ 1 1
/y [u]Auxdx:/ é(uz)xdx:é(ui—uﬁ).

It is also convenient to define

aixt) = %(u+(x,t) LU (ot), SOot) = Uy (%) — U (1)

Interms of (u,s), thetwo averagesin (2.1) are

ol =3 (o(@3) +o(@3)).  lawly= [ a@+ o9

We will denote by {y;} the set of shock positions at timet. Hence the set

{(yj,uly;,b),s(yj.t)}

quantifies the shocks at timet.
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2.1 Master Equation for the Inviscid Burgers Equation
We now turn to R(u, x,t), the one-point PDF of the solution of (2.2). We have

THEOREM 2.1 R satisfies

2.6) R = —UR— /K(u —U)R(U, % t)dU + BoRuy+ G,

where Bp = B(0), K(u) = (H(u) —H(—u))/2, H(-) is the Heaviside function, and
G(u,x,t) isgiven by

u— 5/2
2.7) G(u,x,t) (// (u—uo(u, sxt)duds)
u+s/2

Here o(u,s,x,t) is defined such that o(u,s,x,t)dudsdx gives the average number
of shocks in [x,x+ dx) with u(y,t) € [u,u+du) and s(y,t) € [s,s+ds), wherey €
[X,X+ dx) is the shock location.

u

Remarks. 1. G can be referred to as a dissipative anomaly. It can be written
more explicitly as

st =3 (oo Fo) v+ Son) s

(2.8) 12
—/ /SQ(u+ﬁs,s,x,t)dsdﬁ.
-v2J.

2. o(u,s,xt) can be equivalently defined as

o(U,s,x,t) = o(A, p,x,t)dAdp,

RXR
where

o\ 1, %1) <2e Ay} ) '“SWJ"‘)cS(x—yj)>.

Equations (2.6) and (2.7) do not require statistical homogeneity, nor that the
number density of shocks p = p(t) be finite. For homogeneous situations such that
p isfinite, these equations simplify. Since R, = 0, (2.6) reduces to

(2-9) Rt = BORuu +G

where G(u,x,t) = G(u,t). Since the shock characteristics are independent of its
|ocation, we have

o(u,s,xt) = pS(u,st)
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where S(u,s,t) isthe PDF of (u(yo,t),s(Yo,t)), conditional on the property that y
isashock position (because of the statistical homogeneity, yy isadummy variable).
Thus (2.7) reduces to

(2.10) ( / / ’ ZZ (u— G)S(u,s,t)duds)
U+s,

At the statistical stationary state, R = 0in (2.9), and one readily verifies from
this equation that

u—s/2 .
2.11) ZBO//+S/2 (-- (u— @) (;s)dids.

Clearly, R. > 0since S.(u,s) > 0. In addition, by direct computation we obtain
/ R.du= — ().

Thus, from the requirement that R.. be normalized to unity, we get

(2.12) Bo= —15(s%).

PROOF OF THEOREM 2.1: Let (), x,t) = e MU (9) is the characteristic
function of u(x,t), and Ris given by

R(U,x,t) = %/e”“(@()\,x,t»d)\.

R

u

Using
dW(x,t)dW(y,t) = 2B(x—y)dt,
it follows from (2.3), (2.4), and (2.5) that
d6 = (—iA[u],Ux[8]5 — A2Bof)dt — iIAGAW (x,);
thus
(0)c = IA{[ulaUx[6]g) — A*Bo(f)

Note that the terms involving the force contain 6, not [¢},. Thisisbecause § = [0],

except when there is a shock, and this is a set of zero probability. Of course, this
argument does not apply for the convection term, since | isinfinite at shocks. To
average the convective term i A[ul, ux[0] 5, we use

Oy = —iAuy[0],
to get
AUl U[0]g) = —([ulabx) = —(UB) + (Ux[0] ) -
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For convenience, we write this equation as
IA([UUx[0]g) = =1 (0)xr +IATH(0)x+ (Ux([6] — [6]5) ) -
Combining these expressions gives
(2.13) (00 = —i{B)x +iA"L(0)x — A2Bo(0) + 6,
where G(\,x,t) is given by
GAx,t) = (e8]~ [05)) -

To proceed with the evaluation of G, note that the only contributions to this
term are from the shocks, since [¢], = [f]; except at shocks. Let {y;} denote the
positions of the shocks at timet. Since u(y;,t) = s(y;,t)d(x—y;) at the shocks, G
can be understood as

(2.14) G(A,xt) <ZsJ (X— y,( ij,t)]A—[H()\,yj,t)]B>>,

where's; = s(yj,t). Using (2.1),

G()\Xt <2‘sJ (x—vyj)e '/\U1<e'/\51/2_|_e'/\51/2 2// '/\ﬁsldﬁ>>
1/2

where uj = u(y;j,t). Theuse of p(u,sx,t) shows that this average is

. o/ . 12 B B
G xt) = / Sg-ixd (e‘AS/Z +e N2 2/ e"msdﬁ> o(0,5,x,t)duds.
2 —-1/2
RxR~
Going back to the variable u, we get (2.8), hence (2.6). O
Remark. Under the assumption of ergodicity with respect to spatial trandations,

an aternative derivation of (2.10) is to go back to (2.14) and use the equivalence
between ensemble average and spatial average. Then

G\t )= lim ZL/ ZSJ x=Yi) ([0(A Y5, 0)]a = [0(AY;,1)]g) dx
= lim ﬁlis ([O Y 0] = [BON Y. 1)]g)
T Lle2lN &) Y Yirle):

where N is the number of shocks in the interval [—L,L]. By using the ergodicity
again, it follows that the sum is equal to

G\t = /2—'“(&5/2%—“5/2 2/ —'WSdﬁ>S(ust)duds

RxR~
where we used lim__...N/(2L) = p. Going back to the variable u, we get (2.10).
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2.2 An Alternative Derivation

The derivation of (2.6) (or (2.9) for statistically homogeneous situations) given
above is rigorous but rather unintuitive. In fact, the effect of the viscous term is
buried in the definition of the two averagesin (2.1), and it isnot at al clear at this
stage whether (2.6) arises in the limit of the equation for R as v — 0. Recall that
R satisfies (see (A.4) in the appendix)

R = BoRy — v ((uoc | W),

assuming statistical homogeneity. Here we give another, less rigorous but more
intuitive, derivation of (2.9) and (2.10) by working with the equation for R, and
calculating directly the limit of the viscous term as v — 0. In particular, we will
compute explicitly that the dissipative anomaly (2.10) is given by

(2.15) G(ut) = _,I/iLTg)V«uXX |UR),,
Thiswill give strong support to the claim that R=lim, o R” satisfies (2.9).

Assuming spatial ergodicity, the average of the dissipative term can be ex-
pressed as

V(U | U)R” = (U (X, 1)d(u—u(x,t)))

=vlim Z—T_/_t Uxx (X, 1)d (U — u(x,t))dx.

L—oo

(2.16)

Clearly, inthelimit asv — 0, only small intervals around the shocks will contribute
to the integral. In these intervals, boundary layer analysis can be used to obtain an
accurate approximation of u(x,t).

The basic ideaisto split u into the sum of an inner solution near the shock and
an outer solution away from the shock, and using systematic matched asymptotics
to construct uniform approximation of u (for details, see, e.q., [21]). For the outer
solution, we look for an approximation in the form of a seriesin v:

U= = up+rvu; +0(12).
Then ug satisfies
Upt + UgUpyx = f,

i.e., the Burgers equation without the dissipation term. In order to deal with the
inner solution around the shock, let y = y(t) be the position of a shock, define the
stretched variable z= (x—y) /v, and let

d%xozv<x_y+&0,

v
where § is a perturbation of the shock position to be determined later. Then v
satisfies
(2.17) vor+ (v —U+vy)v, = vg+rvf,
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where u = dy/dt, v = dj/dt, and, to O(yz), v f can be evaluated at x =y (and can
thus be considered as afunction of t only).

We study (2.17) by regular perturbation analysis. We look for a solution in the
form

v = vg+ v+ O(I/z) .
To leading order, from (2.17) we get for vy the equation
(vo — U)voz = oz -

The boundary condition for this equation arises from the matching condition with
U™ = Up+ v + O(1?):

[im vo=Ilimu —ui—
Z—too 0 X—Yy 0 2

where s = s(t) is the shock strength. It is understood that for small v, matching
takes place for small values of |x—y| and large values of |z| = [x—y|/v. Thisgives

_ s sz
’UOZU—Etanh(Z> .
These results show that, to O(v), (2.16) can be estimated as

V(U | WR = v I|m——2/u'”c5 (u—u"(x,1))dx,

where ¢; is an interval centered at y; with width > O(v). Going to the stretched
variable z= (x—y) /v and taking the limit as L — oo, we get

V(U | R = p / S(LT,s,t)/voZz(z,t)é(u—vo(z,t))dzdLTds,
RxR~ R
where S(u,st) is the PDF of (u(yo,t),S(yo,t)) conditional on yp being a shock
location. The z-integral can be evaluated exactly using

Vo
vozde: U—OZZdUO = (vo— l])dvo,
z

where we used the equation (vp — U)vp, = voz. Thisleadsto
u—s/2

V(e | R = —p / S(J,s,t)/_ (0 — 0)5(U— vo)dvo dTids,

u+s/2
RxR~

Hence,
u— s/2 _ _
Ilmu(uxx|u :—p// (u—u)S(u,s,t)duds.

Using this expression in (2.15), we get (2.7).
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2.3 Computing the Anomalies

Here we derive equations for the moments of R. For simplicity, consider a sta-
tistically homogeneous case and assume that u(x,t) 9 —u(—x,t). Then S(u,s,t) =
S(—u,st), G(u,t) = G(—u,t), and R(u,t) = R(—u,t). Thismeansthat all moments
of odd orders of R are zero. For moments of even orders, we get from (2.9) the fol-
lowing equations (n € Np):

%<u2”> = 2n(2n— 1)Bo(u™ ) + hyn,
where hy, isthe anomaly term
hon = / W"Gdu = —m ({(2u—9)*™(U+ns)) — ((20+9)*"(U—ns)))
R

(hon1 = 0 by parity). An aternative definition of hpy, is
. on—1 : 2n—2 2
hon = 2nZII|_rgz/<u ") =—2n(2n—1) lmu(u U
This gives, for instance,
: 2 _ P
hp = —21im v {uf) = 6<s3>.
At statistical steady state, it gives

<u2”>:Cé—gp(<(za—s)2”+2(i+(n+1)s)> ((20+9™2(U—(n+1)s))),

where C,, = n! /2"2(n+ 3)!. These expressions can also be obtained from (2.11).
In particular, for n = 2, we again obtain (2.12).

2.4 Multipoint PDF

We now turn to Z(ug,Xq,...,Un,Xn,t), the multipoint PDF of u. We have the
following:

THEOREM 2.2 Z satisfies

2 UpZx, + le Xa) Zupug
pP.g=

(2.18) — Z/K pr U, X1,.. ,u’,xp,...,un,xn,t)du’

+ 2 G uplXp1u21X2 DR ,up—lyxp—lyup+lyxp+1, s ,Unyxn,t) H
p=1



14 W. E AND E. VANDEN EIINDEN

where K(u) = (H(u) —H(—u))/2, H(-) is the Heaviside function, and G is given
by

G(ul’xli . wUnvxnvt) =

2.1 up—s/2 ~
(2.19) (// 1= (U —u)o(u, sxl,uz,xz,...,un,xn,t)duds>
u

1+5/2
Uz

Here o(U,S,X1,U2,X2.. . ., Un, Xn, 1) is defined such that

0(U,8,X1,U2,X2,...,Un, Xpt)dudsdu, - - - du, dx
givesthe average number of shocksin %, x; +dx) with u(y,t) € [u,u+du), s(y,t) €
[s,s+ ds) wherey € [xg,X; + dx) isa shock location, and u(x,t) € [ug, Uz + dup),

» U(Xn,t) € [Un,Un+ dup).

We will omit the proof of Theorem 2.2 since it is a straightforward generaliza-
tion of the one given for Theorem 2.1.

For the two-point PDF, Z(ug, X1, Uz, X2,t), (2.18) becomes
Z = —WZy, —/K(ul —U)Zy, (U, X, Up, %o, t)dU

— UpZy, — /K(uz —U)Zy, (Ug, Xg, U, Xp, t)dU
(2.20) R

+ BOZU]_U]_ + BOZU2U2 + ZB(Xl - XZ)ZU]_UZ

+ G(ug, X1, Ug,X2,t) + G(Ug, X2, U1, X1, 1) .
Assuming statistical homogeneity, (2.20) can be simplified. First,

Z(ug,Y,Uz,X+VY,t) = Z(ug,0,uz,X,t) = Z(ug, U2, X, ).
Second, assuming that the number density of shocks p isfinite,
o(U,S,y,u,x+y,t) = pT(u,suxt),

where T (u,s,u,x,t) isthe PDF of

(u(yo,t),s(yo,t),u(Yo+xt)),



STATISTICAL THEORY FOR BURGERS EQUATION 15

conditional on yp being a shock position. Thus for statistically homogeneous situ-
ations, (2.20) reduces to the following equation for Z(u, g, x,t):

Zi=—(Up—Up)Z /K (Up — U)Zg(ug, U, x, t)du
(2.21) + / K(ul —u )Zx(u ,U2,X,t)du + BOZU]_U]_ + BOZU2U2 + ZB(X)ZU]_UZ

+ G(ug, U2, X,t) + G(uz,ug, —x,t),

where

u s/2
(2.22) G(ug, Uz, x,t) (// B (ug —u)T(u,s Uz, X t)duds)
u

1+5/2
up

2.5 Velocity Difference and Structure Functions

Assuming statistical homogeneity and letting Z°(6u,x,t) be the PDF of the ve-
locity difference Su(x,y,t) = u(x+y,t) —u(y,t), Z°(wx,t) isrelated to Z(ug, Uz, X,t)
by

Wxt /Z — = u+ ,t)du.

The following corollary then follows immediately from (2.21) and (2.22):
COROLLARY 2.3 Z/ satisfies
Z0 = —wz - 2/H (W —w)Z2 (W, x,t)dw
(2.23)
+2(Bo—B(x))ZZ,, + G (W, x,1),
where K(w) = (H(w) —H(—w))/2, H(-) isthe Heaviside function, and

5 _ W Wa W _
(224) G (w,x,t)_/G<u 2,u+ 2,x,t) du+/G<u+ 2,u 5 x,t) du.

Remark. G’ can be put into a form that is more convenient for the calculations.
Let

Uy (%,Yo,t) = u(Yo+ [x|,t) —uy(Yo.t),

SU—(X,¥o,t) = u_(¥o,t) — u(yo— [X[,t),

and let U, (s,duy,X,t) bethe PDFsof (sS(yo,t),du(X,Yo,t)) conditional ony being
ashock position. Then, assuming the number density of shocks p isfinite, @ can
be expressed as

G (W, t) = G (W, t) + G (W, x ),
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where
G (W, xt) = g/s(ui(s,sgn(x)w— S, X,t) +UL(s,sgn(x)w, x,t))ds

R-

1
—p//o U, (s,sgn(x)w — gs,x,t)dsds.
B

We now consider some consequences of (2.23). We have the following two
theorems:

THEOREM 2.4 Inthelimitasx — 0O,
Z2 (W, x,t) = 5(w) — [X|(p(W) + ()6 (W) — pS(W, 1)) +0(),

= (1= ph)5Q(51) + WpSiwnt) + o),

where §*(w) = dé(w) /dw and o(x) must be interpreted in the sense of weak con-
vergence. Q(&,t) isthe PDF of £(x,t), the regular part of the velocity gradient,
i.e,

(2.25)

U(x,t) = £(xt) + D s(y;, )8 (Y —yj),
J

and S(s,t) isthe PDF of s(yo,t) conditional on yp being a shock location.
THEOREM 2.5 (Structure Function Scaling) Let

(2.26) (|5uf2) = / IW[2Z8 (w,x, ) dw.
R
Inthelimit asx — 0O,
X2(E) + 0() ito<a<1
(227) (oult) = { ({1l + p(Ish) +0(x) ifa=1
X p(IsI*) 4 0o(x) ifl<a.

In terms of the moments, (2.27) is (n € Np)
(2.28) (5uP) = [X|p(?") +0(x), (SuP™) =xp(s™™ 1) +0(X).

Remark. The first moment satisfies (u) = O for all (x,t). Thisisaconseguence of
statistical homogeneity, and it is readily verified since multiplying (2.23) by w and
integrating givesin (ou) = 0. On the other hand, from (2.23), the second moment

satisfies
(2.29) (W), = —%(5u3>x +2(8) +4(Bo~ BX)).

At stetistical steady state, this equation reduces to the following ordinary differen-
tial equation for (6U°):

9 (508) = p(S) — 12(Bo— B(x)) = —12(2Bo — B(X)),

(2.30) o
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where we used (2.12). The solution of this equation for the boundary condition
(6u(x=0)) =0is

X
(2.31) (o) = ~12 | (280~ B(y))dy.
0
implying, in particular, that (5u?) isanalytic in x at statistical steady state.

An equation for Q(¢,t) will be derived in Section 3. To interpret (2.25), note
that Z% can be decomposed into
Z0(w,%,t) = Pns(X,1)Z° (W, x,t | no shock) + (1 — pns(X,t))Z% (W, x,t | shock),

where pns(X,t) is the probability that there is no shock in [y,y + X), 2(w,x,t |

no shock) isthe PDF of du(x,y,t) conditional on the property that there is no shock
in[y,y+x), and Z°(w,x,t | shock) isthe PDF of éu(x,y,t) conditional on the prop-
erty that thereis at least one shock in [y,y+ x). Since by definition of p we have

Pns = 1 — p|X| +0(x),
(2.25) states that

Z°(w,x,t | no shock) = (1—p\x|))—l(Q (";"t) +0(x),
Z°(w,x,t | shock) = S(w,t) +0(1).

This is consistent with the picture that du(x,y,t) = x¢(y,t) 4+ o(x) if there is no
shock in [y,y+x), and w(x,y,t) = s(yo,t) +0(1) if yo € [y,X+Y) isashock position.

PrRoOOF OF THEOREM 2.4: We will consider the case x > 0. Thecase x < 0
can be treated similarly. Note first that, in the limit asx — 0, we have

XZ° (%€, % t) — Q(&,t)
weakly. We postpone the proof of this fact until Section 3. It implies that
Z°(w,x,t) = 6(w) +o(1)
weakly. Define
Aw,t) = mx—l(z%w,x,t) —5(w)) = mzf(w,x,t).
Taking the limit asx — 0 in the equation for 2/, it follows that A satisfies
(2.32) 0= —wA—2 / H (w— W)AW, X, t)dw + B(w,t),
R

where we used limy_.o(Bg — B(x)) = 0 and we defined
B(w,t) = limG°(w,x,t).
x—0
To evaluate B, note that asx — 0
dux (X, Yo,t) — O
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amost surely. Thisimpliesthat, asx — 0,
Us(sw,xt) — S(st)o(w),
where S(s,t) isthe PDF of s(yo,t) conditional on yp being a shock location. Hence,
from the expression for G,
W
B(W,t) = pWS(W,t) + p(S)5(W) +2p / S(W, t)dw — 2oH (W),
where H(-) is the Heaviside function and we used S(s,t) = 0 for s > 0. Inserting
this expression in (2.32), the solution of this equation is
AW,E) = —5(W) + p(8)5*(W) + pS(Wt).

Here we used the identity wot(w) = —&(w). Using (3.4), p(s) = — (&), this can be
restated as

AW,t) = —5(w) — (£)8H (W) + pS(W,t) .
Combining the above results, we have
Z°(w,x,t) = 6(wW) —X(5(W) + (£)5™ (W) — pS(W, 1)) +0(X)

weakly. This establishes the first equation in (2.25) for x > 0. Reorganizing this
expression as

(2.33) Z0(w,x,t) = (1— px) (6(W) — (&) (W)) + xpS(W, t) + 0(X)
and using the identity

_xestw = oW
5(w) =x(€)d* W) = ZQ(S.t) +0(x),
we obtain the second equation in (2.25) for x > 0. O

PROOF OF THEOREM 2.5: We will prove (2.27) directly for moments of inte-
ger order higher than 1. For other values of a, (2.27) follows from (2.25) and the
fact that the tails are controlled by higher-order moments. Note first that for a > 0

lim(|6u/®) = 0,
x—0

since du(x,y,t) — 0 amost surely as x — 0. Now, multiply (2.23) by w' (n € N,
n > 2), integrate, and take the limit asx — O+. Theresult is

2
0= —af+1+ma§+1+bni’
where
+ i -1 m _ I: n + i 0
a, _Xllrgix (du )-XILrg]i«Su )% by, _Xllr(yi wW'G® (w, x,t)dw.
R
Note that

(sgn(x)" / WGP (W, x,t)dw
R
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(s(ouy +9)") +

1
Lishut) p/ S(0u, -+ 08" d5 + 2 (s(ou- +9)")

L p/ S(Ou_ +9)"dj.

Since duy (X,Yo,t) — 0 a@most surely asx — 0, it follows that

b = (0@ (1- 25).

Pis
2
+

Inserting this expression in the equation for g gives
£ im x-Lrg Nty n /a1
By = lim XU = (£1)"(s ).
Thus
(OUP) = [Xp(S) +0(x),  (OUPL) = xp(™1) +0(x).

This proves (2.28).
We now prove (2.27) for 0 < a < 1. The proof for other values of a is similar.
Let

) = (L) 3Q(mt) + oSt
g’ (W, x,t) = 6(w) — |X| (pS (W) + (€)6™ (W) — pS(W,t)),
and writefor M > 0
/ WA(Z° — £9)dw = / W3(Z° — £9)dw+ / W3(Z° — £%)dw.
R |w|<M [w|>M

The first term at the right-hand side is o(x) because of (2.25). To estimate the
second term, note that for M large enough

/ (w[3Z? dw < /wzzédw< /W2 —¢°)dw| + /Wzg dw
[w[>M Iw|>M [w|>M
— 0(X)+|x|p / W2S(w, t)dw

|w|>M

= 0(x) +O(x) / wW2S(w, t)dw

|w|>M
[ wEfaw=IxA LK) [ QU + X [ witSiwtdw
[w(>M |€]>M /x w>M

— 0(®) + O(X) / IW[AS(w, t)dw

w>M
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Since M can be made arbitrarily large, we get

/m| £3)dw < 0(%®) + SmO(X)
where oy — 0 as M — . Noting that
a a H <
/NWﬁdw: X% CIE1) ifo<a<l
4 X[ ((€]) +p(s))) ifa=1,
weobtain (2.27) for0<a< 1. O

3 Velocity Gradient

We now turn to the study of the PDF of the velocity gradient for the solutions
of (2.2). Since the solutions typically contain discontinuities, it is already an issue
whether the PDF for the velocity gradient is well-defined. Heuristically, it iswell-
defined since u only fails to be differentiable at ho more than countably many
points. We will therefore be concerned with the PDF of the regular part of the
gradient.

3.1 Master Equation for the PDF of the Velocity Gradient

We focus on the statistically homogeneous case with finite-number density of
shocks and derive an equation for Q(&,t), the PDF of £(x,t), defined as the regular
part of the velocity gradient, i.e.,

Ue(x.t) = () + X S)Ix—Y)),
J

where £(-,t) € L1(1). Wewill prove the following:

THEOREM 3.1 Q satisfies

(3.1 Q =§Q+(€2Q)§+51Q55+F(§,t),
where B; = —By(0) and
3.2) Hgozg/wgéwm

K

HereV(s,&,t) = (V4 (S&,t) +V_(S,&,1))/2, and Vi (s, ,t) are the PDFs of
(s(Yo.1),£+(Yo, t) = Ux(Yo£,1)),
conditional on the property that yp is a shock position.
The consequences of (3.1) will be studied in Section 3.3. Note that if u(x,t)Q
—u(—x,t), then
(§+(x1),s
(

(x,1)) £ (€_(—x.t),s(—x.t))
andV, (s,&,t) =V_(s&,t) =V t

s t).
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PROOF OF THEOREM 3.1: Let Q%(5,x,t) bethe PDF of 7(x,y,t) = (u(X+Y,t)
—u(y,t))/x. Q isrelated to Z and Z° by

Q’(m,x,t) = XxZ°(xn, % t) = x/Z (u— X?n,qu X?n,x,t) du.

From (2.23) it follows that @ satisfies
Q =1Q + (*Q’), +B1(X0Q, — X}

(3.3) ~ 2 / H(n—n) Q' xt)dn + F(n,x1),
R

where By (x) = 2(By — B(x))/x? and
Fo(n,xt) = Fy (%) + F2 (n,%,t) +F§ (n,x.t),
with
F)(n,x,t) = /s\/5snxt)d

D (n,%,t) = /s\/5<sn >
ES (1) ——Zp// sv5< f >dﬁds

HereVo(s,n,x,t) = (VI (s,m,%t) + Vo (s,7,%1))/2, VI(s,1,%,t) are the PDFs of
(s(Yo,1),m (Yo, %, 1)),

with 14 (Yo, % t) = £(u(yo % |[X|,t) — ux(Yo,t))/|X|, conditional on the property that
Vo isashock position.
Define

Q&) = limQ(€,x1).

It is easy to see that
/Ff(n,x,t)dn = p(s),

/Fz (n,x,t)dn = p / VO (sn,x.t)dnds= p(s),

RxR~

/F3 (n,xt) =—2p / Vo (s,7,xt)dnds = —2p(s),
RxR~
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consistent with the fact that
/F‘S(n,x,t)dn =0.
R

Hence,

%/Qé(n,x,t)dn =0, /nQB(n,X,t)dn =0.
R R
In the limit as x — 0, n. and n_ converge, respectively, to the gradient of the
velacity at the left and right sides of the shock. Moreover, pointwise in n, we have

limFy (n,xt) = limFd(n,xt) =0,  limF)(n,xt) =F(n,t),
x—0 Xx—0 Xx—0

with F given by (3.2). Therefore, a standard argument with test functions applied
to (3.3) shows that in the limit as x — 0, @’ converges weakly to Q, solution of
(3.2). O

Remark. Fy and F{ are examples of what we will call “ghost terms,” i.e., terms
that have finite total moments but in the limit converge pointwise to zero. Dueto
the ghost terms, it is not clear at the moment whether Q satisfies [ Q(&,t)d{ = 1.
Thiswill be established as a consequence of Lemma 3.2.

3.2 Alternative Limiting Processes

Using BV calculus, one works at » = 0 and accesses the statistics of the veloc-
ity gradient by taking x — 0 in (u(x+y,t) — u(y,t))/x. This procedure gives an
equation for

Q&Y = lImQ(€.x1),

where Q°(¢,x,t) isthe PDF of (u(x+y,t) —u(y,t))/x. Inthis section, we revert the
order of the limits: We take x — O first, working at finite v, and then let v — 0. As
in Section 2.2, thisis done using boundary layer analysis and matched asymptotics.
In this way, we will obtain an equation for

QD) = lImQ(€.),

which will turn out to be identical to the one for Q. To the extent that boundary
layer analysis can bejustified, this strongly suggests that thelimitsx — Oandv — 0
commute.

For statistically homogeneous situations, recall that Q' (¢,t) satisfies (see (A.5)
in the appendix)

Q= £Q + (62Q") +BiQ¥e — v ({6 | £)Q) -

The average of the dissipative term can be expressed as

1t
vl OQ = v lim o [ 6ax13(E —¢(x0)ax
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Asin Section 2.2, wewill evaluate thisintegral using the approximation for & pro-
vided by the boundary layer analysis. However, this analysis has to be developed
further in order to evauate the dissipative term for the velocity gradient. Recall
that £" = U = vg,/v +v1,+ O(v). Inside the shock, the O(1) contribution of
v1, is clearly negligible compared to the O(v 1) contribution of wvo,/v. However,
the contribution of v, isimportant at the border of the shock because 1y, decays
exponentialy fast there.

To evaluate vy, a the shock boundaries z— +eo, consider the equation for v
that we get from (2.17):

vor + (vo — U)v1z+vo(v1+7) = vig+ f.
The general solution of this equation can be expressed as
vy = Cyelo(vo(z)-0)dz

z 4 z 4 !
+ (ot @)= 0+ [ @z - 12 ) 08 gz,
0 0

where C; and C, are constants. They, as well as v, have to be determined by
matching with u™ = up + vug + O(v?) [21]. We will not dwell on this problem
since Cy, C,, and ~ do not enter the expression for v, as z— +eo. Indeed, using
the expression for vy, direct computation shows that v; reduces asymptotically to

vlz%(2%—d—s—2f>z+§<C25+d—S—2%—ﬁ+2f> +o(e*52/2)

dt dt dt a 2
aSZ— —oo,
and
1/.du ds 2 ds _du &y
— (22— 42 _Z i 21 9f /2
v1 S(Zdt+dt 2f>z 32<Czs+dt+2dt+ > >+O(esz)
aSZ— oo,
Thus
. 2du 1ds  2f
ZLlvalz—:Fga—gai§:§i,

where the last equality is ssmply a definition of £&.. Note that these can be reorga-
nized to give

ds s du s

a:—§(§++§—), E:—Z(@r—ﬁ—)‘i'f-
In the limit as v — 0, these are the equations of motion along the shock.

Using these results, to O(v), (2.16) can be estimated as
V(&) Q" =
vo [ SESEE ) [ ExD0(E ~ € (xt))dxdudsdg, d
l

RxR-xRxR
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where ¢ isasmall interval around y with width > O(v), S(u,s,&;,¢-,t) isthe PDF
of (u(yo,t),s(Yo,t),&+(Yo,t),€-(Yo,t)), conditional on yo being a shock location
(&4 and £ have to be included for reasons to be made clear later).

We now go to the stretched coordinate z= (x—Y) /v and use the result of Sec-
tion 2.2, namely,

" = v g, +v1,+O(v).

To O(v), both terms must be included. However, the contribution of w1, is impor-
tant only at the border of the shock where 1w, falls exponentialy fast and can be
neglected inside the shock. Thus, £" ~ ¢ = v~ g, + £+, and we have

V(6al§)Q =
b [ Ssgne) [EalzniE—Ezt)dzdadsds, de-.
R

RxR~=xRxR

To perform the z integral, we change the integration variable to ¢ = 5_ —¢&_ for
z<0andto¢d =¢— ¢, forz>0.Forz<O0

_ _ B 1/2
(0= Ne=Gz (-0 = (F9+206-6))  =—5+00),

and we have

fzz d§/:—(s/2(§__§i))zdf,=—

— S
dz— e
==, (E—tu) >

d¢’.

Similarly, forz> 0

_ _ _ 1/2
(vo—U) (£ —&4))z2=Ez, (vo—U) = — (%1324‘27/(5—@)) = ;4‘0(’/),

and we have

_ bz (S/2A6=€))z S
=02= o= d¢' = >d¢’.
= e T e, 2%
Thisleadsto
V(€ | £)Q”
0
) pr]R[RxR S<J,S,£+,€,t)/52/(3,,) ;5(6 - fl - ff)dﬁ’dﬁdsd@ d§7

_ 0 s _
wp [ sEsgnen) [ Sa(e-¢ &) didsds, de.
—2/(8v)
RxR™xRxR
Letting v — 0 and integrating gives

lim (e Q =p [ /5 “sv(s €, t)deds,
J
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where we used the consistency constraint

[ s 0did: —Va(sée).

RxR
Thus

~lim (6o Q) = [ V(sEDdS=F(E.).
J

3.3 Consequences of the Master Equation
First we observe the following:

LEMMA 3.2

(34) €09 =0 o [eQetds=—p(s).
R

PrROOF: Denote by u” the solution of (1.1) for finite v. Then (&) = 0. Let
©(x) be a compactly supported smooth function. We have

0:/<p(u,’{>dx: </gou,’{dx> = —</<pxu”dx>.

Inthelimitasv — 0, W — u, the solution of (2.2). Thus

O:—</<pxudx>.

Denote by y; the location of the shocks. We can write

Yi+1
/gpxudX: _z/y @dex_2¢(YJ)s(ijt)~
j i j

Averaging this result, we get

[et©)+pishax=0

for all compactly supported smooth functions . Hence (3.4). O

Notice that for finite v or X, [ Q¥ (£,1)d¢ = [ EQP(€,x,1)d¢ = 0. Inthe lan-
guage of Kraichnan [28], (3.4) represents aflow of probability of £ from the smooth
part of the velocity field to the shocks. It reflects the fact that no matter how small
v is, the dissipation range has afinite effect on inertial range statistics.

As aconsequence of (3.1) and (3.4), we have

d .
" R/ Q(€,t)de = 0;
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i.e., the normalization of Q is preserved. For the initial data we are interested in,
thisimplies

/ Q& t)de = 1.
R

LEMMA 3.3
35) C0(9) = ~Llse) + (52 ).
In particular, [ EF(&,t)dE = p((s&4) + (£-))/2 exists and isfinite.

PROOF: Since p(s) and its derivative are finite by assumption, the existence of
the integral [ §F (£,t)d€ = p((S£+) + (s£-))/2 follows from the argument below
and a standard cutoff argument on large values of &..

Using

Upe +usée =,
where £ (X,t) = ux(x+,t) and dy; /dt = u(y;,t), we have

d dy,
g Uit = % &+ () (Y1)

dt
= U(Y}, )&+ (), t) — U (yj, )& (g t) + F(yj.t)
= SWDE 00+ F ).

Similarly,

%u_(yj,t) = %S(yj't)f—(yjit) +f(y;.1).

These equations can be reorganized into
d _ 1
g Y0 = =2 s D& () = € (v ) + i)
and
d 1
g SVt = =58y D (& (yp 1) +E-(yj.1)).
Consider now

B6) ol = <st<x,t>6<x—yj>> - <;s<yj,t>6<x—yj>>.

Using the equation for s(y;,t) and dy; /dt = u(y;,t), we have

3 ) = =550+ ()~ (St 03,050 )

-+ contribution from shock creation and collision.

X

The second term on the right-hand side is zero by homogeneity. Thus to obtain
(3.5) it remainsto prove that the contribution of shock creation and collision vanish.
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To understand how this term arises and why it vanishes, assume a shock is created
at position y; at timet;. Then the sum under the average in (3.6) involves aterm
like
T =s(ynt)d(x—y)H(t—t1)
where H(+) isthe Heaviside function. Time differentiation gives
dTy  ds(ys,t)

g =g S yOH(t =) = s(yn,Hilys, )5 (X ya)

+8(y1,1)0(X—y1)o(t —ta).
The last term accounts for shock creation. Since the shock amplitude is zero at
creation,

S(Y1,1)d(X—y1)d(t —t1) = S(y1,t2)d(Xx —y1)d(t —t1) = 0.
This means that shock creation makes no contribution to the time derivative of
(3.6). Consider now the collision events. Assume at time t; the shocks located at
y2 and y3 merge into one shock located at y;. Obviously yi(t1) = ya(t1) = ya(t1).
Such an event contributes to the sum under the average in (3.6) by aterm like
T2 = s(y1,1)6(X = y1)H (t —t1) + (S(¥2, 1) (X — Y2) +S(¥3,1)d (X~ y3))H (t1 — t).
Time differentiation gives
dTz  ds(yy,t)
i S(Xx—y)H(t—t)+
ds(ys,t)
dt

— (S(y2,)U(y2,t)6 (X — Y2) + S(y3,1)T(Ya, t) 0™ (X — y3) ) H (t1 — 1)

ds(gtz’t) d(X—Yy2)H(t1 —t)

+ S(x—ya)H (t1 —t) — s(y1,t)a(y1, 1) (x— y1)H (t — ta)

+ (s(yn,1)d(x—y1) — S(y2,1)8(x — y2) — S(y3,1)(x — y3)) 6 (t —t1).

The term involving o(t —t;) arises from shock collision. Since yi(t1) =y (t1) =
y3(t1) and shock amplitudes add up at collision,

Jim s(ys(t+1), i+ )5 ya(t+1))
= Nim (s(y2(te — 1), s —1)(x — y2(tr — 1))
+s(ya(ts —t),t1 —t)d (X —ys(t1 — 1))),

the term in the equation for T involving 6(t —t;) vanishes. This means that shock
collision makes no contribution to the time derivative of (3.6). Hence (3.5). [

COROLLARY 3.4 We have
(3.7) Jim gPQ(en =0,

i.e., Q decays faster than |¢[ 3 as¢ — —oo.
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PrROOF: Taking the first moment of (3.1) leads to

=19 H{ gFde = [€Q) T+ B (st +(s£)).

Using (3.4) this equation can be written as

%(P@) = —[2Q)" - Sllsg) + (s£-)).

Using (3.5) we obtain that the boundary term must be zero. Since £€Q has a dif-
ferent sign for large negative and positive values of £, one must have separately
lime— . |€2Q=0and lim¢_ .. |£[2Q = 0. Hence (3.7). O

Remark. Lemma 3.3 uses the facts that shocks are created at zero amplitude and
shock strengths add up at collision, which are our working assumptions. It is pos-
sible to construct pathological situations, such as the unforced case with piecewise
linear initial data[33], in which case shocks are created at finite amplitude. In this
case Lemma 3.3 is changed to

LEMMA 3.5
39 S (p(9) = —2(se.) +(s¢ )~ De,
where

D¢ = —01(S1) — 02(s) > 0.

Here o1 and o, are, respectively, the space-time number density of shock creation
and collision paints, (s;) < Oisthe average shock amplitude at creation, and ($) <
0 isthe average gain of amplitude at shock collision. In this case

(3.9) Q(&,t) ~Del¢|® as€ — —eo.
Lemma 3.5 follows from a direct adaptation of the proof of Lemma 3.3.
3.4 Realizability and Asymptoticsfor the Statistical Steady State
We now turn to the study of (3.1) at steady state
(3.10) 0=£Q+(£2Q)5+81Q55+F(€),
where F (&) = lim_... F (£,t). We shall prove the following:
THEOREM 3.6 Therealizability constraint Q € LY(R), Q > 0, implies
(3.11) M m ¢ %R (¢) =0,

where A = —¢3/3B;. Assuming (3.11), the only positive solution of (3.10) can be
expressed as

§ AL
61 Q-5 [ RS- [ o
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where
o é f ! ! !
G6) = F(©)+ 5 | eFena.
Furthermore,
€72 [CLEF(E)dE asE — —eo
(313) Qw(g) {C+§eA aSE — oo,
where

1
C, = —B—lR/eAG(g)dg.

Under the conditions of Theorem 3.6, we also have the following lemma:

LEMMA 3.7 Q.. can be expressed as

fe_A ¢ 1—2 A’ ¢ 7 " 1y et
@1 QO=-5— [ ¢ [ ¢REady fors<o
and

st

(815 Q(§)=Cite ¢

Remarks. 1. ¢F (&) isintegrable as a consequence of Lemma3.3. In particular,
(3.5) at steady state gives

[ €Fas=Sists) + () =0,
R
2. C, isfiniteif (3.11) holds. To see this, note that because of the factor €, a
problem may arise at £ = 4o only. (3.11) implies that we can write
F(&)=e1(¢)
with f(£) = 0(£2) as ¢ — +eo. Using [ EFdE = 0, we write G(€) as

P / R (e de"de for £ 0.
é‘/

5 tee / / / A 5 tee 1 oA ! ’
G(&)=F(6) 5 [ EF(E)ae =e ()~ g [ e fiehae’
Sincee N = —By¢/ (e '), after integration by parts we have

6(6) = —¢ [ (€ HENee e
Moreover, since f(£) = 0(£2) as& — oo, (€71 (£))e = 0(1) and
G(¢) = /;w o(l)eMd¢ =o (/;w e N d§’> =o(¢ %),

where at the last step we used e = O((¢2e)¢). Thus
e'G(¢) =0(¢™?) asE— teo,
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which implies that C. isfinite. Similarly, we can show that the last integral
in (3.15) isfinite if and only if (3.11) holds. Indeed, using F (¢) = o(&e™)
as & — +oo, We have

6//F<§//)d§//—é (51/3 - 5”_0 / é‘”?’ —A" dfﬁ o (f’e’A'),

where we used ¢3e~A = O((¢e7)¢). Thus

é‘l

! +°° —_
(3.16) € [ ERE0E o) ase e

which is the necessary and sufficient condition for the last integra in (3.15)
to befinite.

PROOF OF LEMMA 3.7: To show (3.14), we start from the explicit expression
for the integral involving G in (3.12)

5’)0'5’ =

IS ¢
é‘e /; eA é-/‘/; é—//F(g//)dg//df/
and integrate by parts the second integral using é‘ = B¢/ (V)¢ Theresultis
~A € ,
-8 [ e =
1 —oo

1 /¢ / / / fe_A 3 =2 A/ & Y , .
—B—l/_wiF(f)dﬁ—B—l/_wi eA/_ng(g)dg de’.

Inserting thisinto (3.12) gives (3.14).
To show (3.15), we use [ {Fd¢ = 0 and write (3.12) as

§e

oo /
Q) =Crge g [ e+ 5= [ e

Using [ ¢FdE = 0, we write explicitly the integral mvolving G in this expression
as

geiA RN ! /I
5—1/5 et G(¢)de =

feiA TN / / geiA tee et e " " 1" A !
B SR [ [ R

and integrate by parts the second integral using &' = Blf’_z(e‘\/)g:

7 [Meorae -
1 J¢



STATISTICAL THEORY FOR BURGERS EQUATION 31

oo —A , [ee
B / le df . 5 5/—2eA / 5”F(£”)d§”d£’.
3 g
Inserting thisin the last expression for Qx, gives (3.15) O

PROOF OF THEOREM 3.6: The general solution of (3.10) isQ=Q..+C1Q1 +
C,Q,, where C; and C; are constants and Q; and Q. are two linearly independent
solutions of the homogeneous equation associated with (3.10). Two such solutions
are

(317) QO =¢e ™,
(319 Qule) =17 [ gevar

For € <0, by using e\’ = B;¢' %(e), after integration by parts Q; can be written
as

€ ’
(319 Qo) = —¢e [ & e,

We now show that realizability requires G, = C, = 0. First, one readily checks
that lim;_._..Qu = lim¢_._..Q> = 0, while Q; grows unbounded as { — —eo.
Hencein order that Q be integrable, we must set G, = 0 and the general solution of
(3.10)is

Q&) =CaQ2(&) + Qu(£) .

We evaluate this solution asymptotically as & — 4. Consider Q for large neg-
ative ¢ first. Using & = B;¢/%(e?'),, after integration by parts we write (3.19)
as

é !
Qu(€) = Byl¢| 3 — 4Bce / %

Since ¢ %M = O((¢77eM)¢) as & — —o, the integral in this expression is of the
order

3 ; ¢ 7 A
ce [ ¢t ag —ce [ o T o)’

5 !
= O(se—A JGRC" d§’> =0(™).
Thus
Q&) =B1/¢| 2+ 0(£7°%) as¢— —eo.

Consider now Q.. for large negative ¢. Using e"' = By¢'%(e"'), after integration
by parts we write (3.14) as

5 é é, !
- 5) — |§|73‘/_M§IF(£/)d£/£e—A‘/_m <§/—41m£//F(51/)d§//>§leA df/.
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ASE — —eo,
e [ (e[ errenae) og et [ o 9 ag
= 0(5@A /_ i g% df’) =0(67°),
where we used the estimate above. Thus
Q)= I¢* [ is’F<f’>df’+o<56> asE — .
Combining these expressions, we have

3
QO =CoBalé| > +1612 [ EF(€)d€'+O(Cot ) +0(6 )

asE — —oo.

(3.20)

Consider now Q- for large positive £&. Write (3.18) as

—A IS , —A 1 ’
Qu(6) = 1- 55— [ e ae - G- [Ceear,

where ¢, > Ois arbitrary but fixed. Using &' = By’ %(e"’), after integration by
parts of the second integral we get

_ el —A+A*_g 5*, "¢l A A g/—2 g
Qo(6) =6 5 | €ead et [ e et e
=_ge A / ‘ &2 d¢’ + O(ce™).
&
Integrating by parts again gives
5 !
Q) = —Bye 3 — 4Byt /5 ¢ %N de’ + O(¢e ™).

Since £ %M = O((¢7eM)¢) as & — +oo, the remaining integral can be estimated
as above, yielding

Qx(¢) = —Bi¢°+0(¢7°).
Consider now Q.. for large positive £. We must distinguish two cases. If (3.11)
does not hold, then in (3.12) we decompose

A e, —A el Al
o e = - [ evaienne + G- [eoie)de

B:1
fe_A S A / / —A
5 /. €'6(e)ae’ +0(ee™

and write

1 €
QO -5 [ eFe -5

B AINY / / —A
- /g*eAG(g)df +O(ce™).
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The second integral in this expression is

geiA Y N !
B, /g et G(¢')d¢
ge ge 1 // 1
- 5*eAF(g)dg —B—l/ eAg/ ¢'F (¢")de" de'
Integrating by parts the second integral using €' = B1&/~ Z(e‘ )er gives
§e
By Je eAG( €)de

¢ ! Y, 14 feiA ¢ 1—2_A/ ¢ " T T —A
‘B_l/f”f)df—s—l/@f e [ ¢'F(")dg"dg +Olge™).
Thus

Qu) =52 [(¢ % [ erieacag ofee ).

B1 Je
Integrating by parts again using € = By¢'~%(e")¢r gives

3
== [ gREe
—A ¢ 1—4 ¢ " et " et —A
reet [et [ @) o ore.

Thelast integral can be estimated as for the large negative £. Using [ éFdE =0,
thisleads to

+oo
Qu(€) =& /g EF(€)de +0o(£7F).
Hence,
+oo
Q(¢) = —CoBg 3 +¢73 /é ¢F(¢)de' +0(Cr¢ %) +0(¢79)

as& — oo,

In contrast, if (3.11) holds, then we can use (3.15). From (3.16) it follows that the
integral term in this expression iso(ée ) as¢ — +oo. Thus,

Q(¢) =Ciée " +o(ce™)

(3.21)

and
(822 Qu(§)=-CBit 3+Cie  +0(C¢ ®) +o(le ™) asé — o

In (3.20), (3.21), and (3.22), if the G, term at the right-hand side is nonzero, then
it will dominate the second term. Since the G, term has the opposite sign when
& — oo, for Q.. to be nonnegative we must have G, = 0. Thisprovesthat Q = Q...
Furthermore, since the F term at the right-hand side of (3.21) is negative (recall
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that F < 0), this solution must be rejected in order that Q be nonnegative. Thus
(3.11) must hold, and we get (3.13). O

Remark. If the assumptions of Lemma 3.3 do not apply, i.e., if shocks are not
created at zero amplitude or shock strength does not add up at collision, then from
(3.8) at steady state we have

[ ¢F(©de = —p.
R
Thisimplies that (3.21) has to be changed to

Q(¢) = —CoBi& 3+ Dt 3+¢73 /g eF (€)d¢' +0O(C2¢°) +0(¢7°)
asé — oo,

This solution cannot be dismissed as being unrealizable since the second term at
the right-hand side can balance the first one. In particular, for G = D;/B; we
obtain from (3.20) Q(&) = D¢|¢| 3+ 0(£73) as ¢ — —oo, consistent with (3.9).

3.5 Statistics for the Environment of the Shocks

We now turn to the statistics for the environment of the shocks. For ssimplicity
we will focus on statistically homogeneous situations such that u(x,t)Q —u(—x,t).

!y ’ y 2| y 2| ’

and let W(s,&4,&-,x,t) be the PDF of

<S(X,YO,t),§<yo+ )—2('[) ,§<yo— )—2(t>> :

conditional on yp being a shock location. Since u(x,t) 9 —u(—x,t), it follows that

W(s.4, 6, %0 =W(SE &%)
V(s¢,t) andW(s,&1,&-,x,t) arerelated by

(3.23) V(s&t) = lim RX W(s ¢, % t)de’

(recall that V =V, =V_ if u(xt) @ —u(—x,t)). Thus,

(3.24) F(&0) = p im / W(s.¢,¢,x t)dsd¢’.
R—xR

We have the following:
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THEOREM 3.8 W satisfies

(W) = —pWk + 2p(Bo — B(X) ks

025 + g@w +p(EW), + gg,w +p(2W),
+pBL(We, e, +We ¢ ) +20Br(x)We, e
— pBa(X) (Wee, +Wee ) +s1— 2+,

with B1(X) = —Byx(X) and By(x) = Bx(X). ¢1(S,&+,&—,Xt) is defined such that

¢1(8,&4,&-,x,t)dsd¢_ d&, dzdt
gives the average number of shock creation pointsin [z,z+ dz) x [t,t + dt) with
s(X,y1,t1) € [s,s+ds),

f(yl%tl) € €16y +agy),

§<y1— g,u) €¢_, & +dE),

conditional on (yi,t1) € ([zz+dz) x [t,t +dt)) being a point of shock creation
(because of the statistical homogeneity, zis a dummy variable). ¢(s,&4,&-,xt) is
defined such that

G(s, 4,6, x,t)dsdé_dé, dzdt
gives the average number of shock collision pointsin [z,z+ dz) x [t,t 4 dt) with
S(X,Y2,t2) € [s,5+ds),

f(yz%tz) € €16y +agy),

§<YZ— g,t2> efe, & +de),

conditional on (y2,t2) € ([zz+dz) x [t,t 4+ dt)) being a point of shock collision.
Finally, J(s,&+,£-,%,t) accounts for the possibility of having another shock in be-
tween [y; — x/2,y; + x/2] and satisfies

I(s,€4,6-x1) = O(x).

At statistical steady state, the definitions for g and ¢, simplify. Indeed, in the
limit ast — +o0, we have

gl(sv §+!€7!X1t) - UlS_]_(S, €+1€7!X) ’
where o1 isthe space-time number density of shock creation points, §(s,&+,£-,X)

isthe PDF of
X X
(S(nyl!tl)1€<yl + §1t1> !€<yl - E’tl>> 1]
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conditional on ashock being created at (y,t1), and

(S, €4 E- % t) = 02S(5,E4,E-,X),

where o is the space-time number density of shock collision points and $(s, &+,
¢_,X) isthe PDF of

<S(X,yzlt2)'§<y2+ )—2(,'[2) ,§<y2— g,t2>> :

conditional on two shocks colliding at (y,t2).

Remark (On the Strategy for the Proof of Theorem 3.8). Ideally, in order to prove
Theorem 3.8 we should follow the strategy in Section 3 for the derivation of the
equation for Q. Let X(ug,X1,...,Us,Xs,t) be the PDF of

(U(yo+ x1,1),...,u(Yo +Xs,t)),

conditional on yp being a shock location. Knowing the equation for X, one can
easily derive an equation for the conditional PDF of

u(yot 2.t ) ufyo+ ot + 2yt ~ Xyt
Yo >t Yo > | Yo 2,y, 17| Yo 2,y,

where n(x,zt) = (u(x+zt) —u(zt))/z Letting z— 0, one derives an equation
for W. Clearly, this derivation is rather tedious and, as we now show, unnecessary
for our purpose.

Recall that
pX(Ug, X4, -, Us, X6, 1)
— l ei/\lul+“‘+i/\6u6
(2m)®
Rx--xR

% <2e—i)\1U(Z+X1,t)—“‘—i)\eu(z-&-Xe,t)5(2_ yj)> d1---d)g.
i

The average under the integral isthe characteristic function associated with X, and
an equation for this quantity can be derived using the equation for u(z+ %,t)

du= —[u}Auxpdt+dW(z+xp,t), p=1,...,6.

Instead of reproducing these straightforward calculations, we note simply that for
homogeneous situations the resulting equation for X will contain terms propor-
tional to

p2(Xp,t) = <_2k5(xp+2—yk)5(z—yj)> :
In

These terms account for the probability of having another shock, say i, between
Yo and yo + Xp; they are the origin of J in (3.25). Note also that technically, the
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p2(Xp,t)’s arise because of the average [ul, in the equation for u(z+X,,t). Now,
the key point is to note that
p(Xp,t) = O(Xp) -
Asadirect result,
J(s,&4,6-,%1) =0O(X).

We are eventually interested in the limit as x — 0 of W. As will be argued in
Section 3.6, in this limit the O(x) termsin (3.25) are negligible. Thus, we will not
dwell on obtaining an explicit expression for J. Instead, we will derive (3.25) using

W(xt) =Wk(x,1))

du = —uuy, dt +dW(z+xy,t),
(3.26)

de = — (U, +£2)dt 4+ dW (24 X, 1),

as if no shock were present between z and z+ x.. The errors we are making are
accounted for by the term J.

PrRoOF OF THEOREM 3.8: Define

9()\+!)\71M+1M7!X+1X7!Z!t) -
efi/\+u(z+x+,t)fi)\,u(z+x, D) —ipp&(zHxe ) —ip—_&(zHx_t) )

Then
W(s, 4, 6-,%,)
— 1 g iAs—in &y —ip-&
(2m)3

RxRxR
X X
X <29()\,—)\,,u+,,u_, z,—E,Z,t)é(Z—yJ)> d)\d,u+ d,LL_ .
J

We first derive an equation for (@) = (3 05(z—y;)), then for W. We use the
following rules from Ito calculus:

dW(x,t)dW(y,t) = 2B(x—y)dt,
dW (x,1)dW (y,t) = 2By (x— y)dt,
dW(x,t)dW (y,t) = —2By(x — y)dt,

where B1(X) = —By(X) and By(x) = By(x). Thus, from (3.26), we obtain (using
B2(0) =0)
df =i(A uiUey +A-u_u_, )dt
— (A2Bo+A2Bo+ 2\ A_B(x; —x_))fdt
iUy, F & pouséoy +p 2)0dt
— (UAB1+ p By + 21, pi_By(x, —x_))0 dlt
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— (Aps = App—)Ba(x —x- )0 dt
—iIAL0dW(Z+ x4, t) —TIA_0dW(z+x_,1)
— i 0AW(Z+ X, 1) —ip_OdW(zZ+ X, 1),

where Uy = u(z+xs,t) and £+ = £(z+ X4.,t). Similarly, using dy; /dt = u(y;,t),
we get

dZdz yj) = ZuyJ Yz—y; dt+25z Yk )6 (t — ti)dt
—262 y)o(t —t)dt,

where the (yk,tk)’s are the points of shock creation and the (y,t)’s are the points
of shock callisions. Using

051 (z—yj) = (06(z—Yj))z— bx, (2~ y;) —bx (2~ ;)
and noting that (-); = 0 by statistical homogeneity, we find that

(O)t = iAs{Urlsy, ©) +iA_(U_u_, ©)
— (A2Bo+ A2Bo+ 2\ A_B(x; —x_))(©)
Fip ((Uy, +65)0) Fip ((U-§x +£2)0)
— (45 B+ p2Br+ 244 1 Ba(X; —X))(©)
— (A—pts = App-)Ba(x —x-)(O)

+ <zu_(yj't)(9><+ +9x)5(2—yj)> +31— 3,
]

where X; and X, account, respectively, for shock creation and collision events.
These are given by

21()‘+1)‘71,U“+!:U’7!X+1X*’t) =
<2 e*i>\+U+*iA—U—*iM+§+*iM—5—5(2_ yk)é(t _tk)> ’
k
oM A XX ) =
<z e—i)\+U+—i)\—U——iﬂ+§+—i#—§—5(z_ Y )5(t _t|)> .
|
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To average the convective terms we use

At (Ui Uiy, ©) + i1 (Us iy, +65)O) = —(UOy, ) —11+(O), i,
- _<ui®>xi + <§i®> - iui <®>Hiﬂi
= _i<®>xi)\i +i<®>#i - ilu’:t<®>ﬂiﬂi :

For the term involving u(y;,t) = (u(y;,t) +u—(y;,t))/2, we note that

1
up (Yj,1)0x, = u(yj +xp,t)0x, — X+/o E(yj + Bx,1)dB ok,
= (u(yj +x,1)0)x, —&(yj+Xp,1)0
1
[ €y + B by,

1

=i =0, x| €+ Bx. 050,

A similar expression holds for u_(yj,t)f . Also,
1
U (yj,1)6x. = (u(y; +x4,1)0)x —X+/O E(yj + x4, 1)dGbx
1

=1ifx A, — X+/O E(yj + x4, 1)d B0y

and asimilar expression holds for u_ (yj,t)fy, . Thus

2<2 u(y;, t)(6x. +9x)(5(z—yj)> —
j

H{O)x, A, TH{O)x A, TI{O)x, A +i{O)x A —i(O),, —i(O), —R
where

RA LA ppy o, X, X0)

1
=x+<; [ etvi-+5%,. 033 (. +9x>6<z—yj>>

(3 [+ 5088 0 +603-3,) )
]
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Combining the above expressions leads to the following equation for (©):

(©) =~ 5O r, + (O~ @hr — (O )

— (A2Bo+A2Bg+ 2\ A_B(x; —x_))(©)

(@) + (O ) ~ (O, — i1 (O)
— (U3 B1+ pZ By + 21 1By (X, —X_))(O)
—(Aopr = Agpp— )Ba(Xe —x_)(©) + %1 — 2 — R.

To obtain an equation for W, we note the following remarkable property of R:

LEMMA 3.9

X X
R<)\+|)\—l,u‘+1,u—|§1_§> :0
PROOF: To provethis, write

R<)\+')\—'M+1M—')—2(,—g>
X .. d 1 X X
- El—'m)a_>?<;/o <5(y,- +ﬁ§'t> —§<y,- —ﬁé,t»dﬁ
X9<)\+')\—1M+1M—,>?+)—Z(,f—iz(,z,t>5(z—yj)>'

We claim that

A= <2,‘/01 <5<yj+ﬁ)—2(,t> —£<yj —ﬁg,t»dﬁ

X 9()\4_,)\_,,&4_,,&_,)?4—)—2(,)?—)—2(,Z,t>(5(z_yj)> =0.

Indeed, the symmetry u(xt) 9 —u(—=xt), £(x,t) @ &(—x,t) requires that A bein-
variant under the transformation

Z— -2, X=X, X=X, Yj— Y, Ax— —Ax, [t — .

On the other hand, one checks explicitly that A — —A under the same transforma-
tion. Hence A=0and R=0. O
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We now continue with the proof of Theorem 3.8. Combining the above expres-
sions, onthesubset Ay = A\, A_ = —\, X4 =X/2, x_ = —X/2, (O) satisfies

(O) = —i(®)x — 2\*(Bo— B(X))(O)

(@) + (00 ) = 11 (O, — 11— (O)

— (W4 By+ 2 By + 24 11-B1(X))(O)

+ (Apg + Au-)B2(X)(©) +£1 — Xo,
where the ¥; and X, are evaluated at A\, = A\, A = —\, X, =X/2,x_ = —Xx/2.
Going to the variables (s,&;,£-) we obtain (3.25). O

3.6 The Exponent 2

In this section we will derive the following result:
For large negative &, F behaves as

(3.27) F(€) ~ClE|™>? as& — —eo.
A direct consequence of (3.27) is

C_[¢[77? & — —oo
C.ée ™  as€&— +oo,

(3:29) Qw.(&) ~ {

The argument for (3.27) uses the following property of §(s,¢+,&,X), the PDF

(S(Y1,X,t1),§+ <y1+ )—2(,t1> & (yl - g,t1>> :

conditional on a shock being created at (y,t1):
Inthelimit asx — 0O,

(329)  x15(S3,,x 36 x 2B x) — P(é)é(gl - §>5(§+ —¢),
where P(-) is a PDF supported on (—e,0]. Equation (3.29) shows that, in the
origina variables, § is asymptotically

(3.30) Si(s,E4,6-,X) ~ x‘l/sP(sxl/3)6<§+ - S’%) 56 —¢€).

Wefirst derive (3.27), then (3.29).

Derivation of (3.27)
Recall that
F(&)=p lim WL (s,¢',&,x)dsd¢’,
X—0+
R xR
where W, isthe statistical steady state value of W. Thus, evaluating F amounts to
evaluating W, which wewill do by analyzing (3.25). We notefirst that this equation
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describes the process of shock creation, motion, and then collision. Since collision
only occurs if shocks are present, it is natural to represent the effect of collision as
proportional to the density of shocks in the systems; i.e., we write

G2 = pg(s,&, &, X)W

for some function g(s,&-,£,X) that is assumed to be smooth in s, &, and x. This
amounts to assuming that the characteristics of the shocks around the collision
points are not very different from the characteristics of the shocks away from the
collision points. For instance, if they were identical, we would have ¢ = ooW and
hence g = 02/p. Next, since we are interested in W evaluated at x = 0, we neglect
the terms

Bo(x) =0(x), 2(Bo—B(x))=0(%), J=0(x),

in (3.25). Finaly, since we are interested in the limit as . — —eo, we neglect the
forcing termsin &, proportional to By or By(x). This amounts to saying that as
far as the statistics of the shocks at large negative values of & are concerned, the
effect of the forcing isto maintain a statistical steady state.

Under these approximations, (3.25) reduces to

(3.31) (AW); = —pk + §(£+ +EOW +p(EW), +p(E2W), —pgW +c1.

Assuming no shocks are present at the initial time, the equation must be solved
with theinitial condition pW(s,&;,&-,%,0) = 0. The solution is

(€& X0 = [ (1-Er)1-€ )%

X exp <— ATQ <S, 1_£g+7—,’ 1_657_, X — T’S) d7-/>

X G1 <S, 1—§g+7’ 1_52_7_,X—7'S,t —7‘> dr.

The statistical steady state solution is obtained in the limit ast — o of this expres-
sion. Using

lima(s &, 6% 1) = 0181(8,€4,€-,%),

we obtain

oo

ML ¢ =01 [ (L-&m)(L-g.7)

X exp <— ATg <S, 1_£g+7—,, 1_££q_ﬂx—7"$> d7-/>

& &
><Sl<s,l_£+7_,1_§_7_,x—7's> dr.




STATISTICAL THEORY FOR BURGERS EQUATION 43
At x =0, using (3.30) for S, we get
PN (S,€4,6-,0)
=1 [ (A-&ma-gm)

T &+ = / /
<o~ [ a(s e s o)

) 2/3 ¢ 1 3 &
3| + = +
x(Isi7) P( T1/3>5<1_5+T+37>5<1—£+T 1—§—T>d7'

&t - _ 2
(- ) e o),

we have W..(S,£4,&-,0) o< §({4 — & ). Using the relation (3.23) between W and
V, thisimplies that W, (s,&+,£-,0) = V.. (5,£4)d(&4 — &-) and leads to

YAERS) =01/0 (1—57)—3(|sf)—1/3p<_m>5<_1_5§T+§>

X exXp (— /OTg (s, 1—557” 1_557/ , —T’s> dr’) dr.

To perform the integration over 7, we use

3 1\ 9 1
5(1—&*?)‘@5(”2)'

Since we are considering £ < —1, the exponential factor evaluated at 7 = —1/(2¢€)

1S
-1/(2¢) ¢ ¢ , N |
wo(-),o(srgrgre)er) mrroe,

This meansthat shock collision events make no contribution to leading order, |eav-
ing us with

Since

Na(s.€) = Canls| H3)¢] 5% (~ (221e) °),
whereC = 2%/3/3. Hence,

(383D F(§)=-Cor [P~ (22¢]) %) ds— —Clg| 2,
K

where C = 27125 [, |b|¥/?P(b)db.
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Derivation of (3.29)

We use local analysis around the shock creation points [20]. Consider a shock
created at y; at time t; with velocity wp = u(y1,t1). Assuming X is an anaytica
function of u, we have locally

(3.33) X= a<u<y1+ g,u) — u1>3+0<u<y1+ )—2(,t1> - U1> 4) )

where a < 0 is arandom quantity. Setting a = (2/b)? gives Extra) in (3.33). Please
X b delete or add (.
U<y1+ §,t1> =+ §x1/3+ O(%3).
Hence
X X
(3.34) s(y1, X ty) = u(yl + 57t1> - u(yl - E,t1> = bx'/3+ O(x%?)
and
X b 23 ~1/3
(3.35 Elyi+ é,tl = §x +O(x 7).

Note that these formulae are only valid if there is no other shock in [y — x/2,y1 +
x/2]. Sincethe probability of having another shock in [yt —X/2,y1 +X/2] isat most
O(x), the errors we incur by using (3.34)—(3.35) are of higher order.

Recall that
S]_(S, €+,€,,X) = (27T)3 / eIAS+Iu+§++I#7§7Q()\vM+’M7’X)d)\dlu‘+ dM— ’
RxRxR
where

Ulg()\v,u“l’vufix) -
<2 e*i/\S(Yk,X,tk)*iMi(ng,tk)*iﬂ—f(ykfé,tk)(g(z_ yi)O(t — tk)> )
k

Q isthe characteristic function associated with §. Similarly,
o S AR %23 )
is the characteristic function associated with the rescaled PDF
xSl(§<1/3,§rx*2/3,§__x*2/3,x) '
We evaluate Q(AxY/3, i, x?/3, [_x?/3,x) in the limit as x — 0 using (3.34) and
(3.35) for s(y1,%,t1), £(y1+X/2,t1). Thisgives

1 QAXY3, 1533, 1 xR x) =

<2 e - D 35 (7 vyt — tk)> +O(xM3).
K
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In the limit asx — 0, b and (y,tx) are the only random quantities to be averaged
over. Furthermore, b is statistically independent of (y,tx) because of statistical
homogeneity and stationarity. Let P(b) be the PDF of b. Then

o1 Iim Q()Tx‘l/?’,/I+x2/3,/7_x2/3,x)

<25 (Z—YK)o(t —t« >/P @ IAb—i(iTi+1-)b/3 gy

— o1 [ P(o)e Mo 03,

Direct evaluation of this expression gives (3.29) in the variables (§,/§_+,§_).

3.7 Connection with the Geometric Picture

Here we compute directly the contribution to F in the neighborhood of shock
creation. This is a reformulation of the argument presented in [13] in terms of
quantities defined in the present paper. Assume a shock is created at timet = 0,
position x = y1, and with velocity u= w;. Then locally (compare (3.33))

X=y1+ (U—upt+au—u)3+0((u—u)?),

where a < 0 isarandom quantity. For the purpose of comparison with (3.32), it is
useful to set a = (2/b)3. Since for t < 1 to leading order the shock is located at
X =i, to leading order u_(ys,t), u,(ys,t) are solutions of 0= (u— up )t + (2(u—

up)/b)3. Thus

b3 1/2
w0 -ur (BF) o),

b 2
Similarly, to leading order £_(y1,t) and &, (y1,t) are solutions of

1=¢t+3(2/b)3(uy —up)2¢.
Thus

@3) £ (1) =~ +O(1).

Recall that from (3.24) (using &, (xt) 2 &_(—x,t))

F(©) = 5 [ @ Sszte " sz y) o
R i
<zszt (€& @0)0GE-))-
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Under the assumption of ergodicity with respect to time translation, F(£) can be
evaluated from

T ,L
FO = lim o [ [ Ssanie—¢ @0)e-y;)dzd
' o

: 1 Tl
= Jim_ gy [ 23008 - € 0)et

where N is number of shocksin [—L,L]. The contribution to F near shock creation
points, say Fy, can be evaluated for large negative £ using (3.36), (3.37) for s(y,t),
&+ (y1,t). Thisgivesinthelimitas{ — —eo

3\ 1/2
Fa(©) ~ o1 [ P0) [ () (4 5 )otab——cie 2,
J

R+

where C = 2724 [, |b|%/?P(b)db. Comparing with (3.32), we conclude that
F1(€) = F(€) to leading order.

4 Conclusions

To recapitulate the highlights of this paper, by writing down and working with
the master equations in the inviscid limit, we have shown that the scaling of the
structure functions is related to the shocks that are the singular structures in the
limiting flow. The scaling of the PDFs, on the other hand, is related to the shock
creation and collision points, which are singularities on the singular structures.

The present paper provides a framework within which various statistical quan-
tities of the stochastic Burgers eguation can be calculated using self-consistent
asymptotics without making closure assumptions. The main examples used here
are the asymptotic behavior of structure functions and the PDF of the velocity
gradient. It seems likely that other statistical quantities, such as the tails of the ve-
locity PDF and the PDF for velocity difference, can also be analyzed in the present
framework by exploiting further the source termsin (2.6) and (2.23).

Appendix: Master Equationsfor the Viscous Case

In this appendix we list results for the PDFs in the viscous case. The master
equations below were previously derived, e.g., in[23, 24, 32].

Let P”(u,&,x,t) be the PDF of (u(x,t),&(x,t)) for solutions of (1.1). First we
have the following:
LEMMA A.1 P¥ satisfies
P = —UR{ + &P+ (€2PY)  +BoPy, + B1PE

Al
(A1) — V(U P, = v ((§aluE)P),.
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where By = B(0), B; = —Bx(0), and (- | u,&) denotes the conditional average on
uandé.

(A.1) isunclosed since theform of (U | u,&) and (&4 | U, &) entering the viscous
terms is unknown. Most work has resorted to various closure assumptions. Our
main goal has been to find ways to extract information from the master equations
such as (A.1) without making any closure assumption. Note that from the identity

Pec = = ((tox | U )P )u— (& | U E)P)¢
+ (U | U, )P uu+ 2((Ue [ U EYPY e + (65 | U, €)PY )ee
the viscoustermin (A.1) can also bewritten as (using (L | U, &) = £2, (Uxéx | U, &) =
IRI)
—v({U | W E)P") = (G [ U, E))PY) =
VP~ vE R — (& | UEPY) e — 20 (EEx | UEPY) -
Thus, viscous effects give rise to antidiffusion termssince & > 0 and (£2 | u,&) > O:

Thisisnatural since viscosity tendsto shrink the distribution P’ towards the origin.

Since £ = uy, we have (a(u))x = (ay(u)¢) for al smooth and compactly sup-
ported functions a(-). Thisis expressed as the following:

LEMMA A.2 The consistency relation

A.2) / PYde + / EPVdE = 0
R R

holds for all time for the solution of (A.1) if it holds initially.

Lemma A.2 can be proven upon noting that A = [ PYd¢ + [ EPd¢ satisfies
A = —UA+ BpAyy, an equation that can obtained by integration of (A.1). Since
A=0initialy, it iszero for al time. In the statistically homogeneous case, (A.2)
reduces to [ {Pyd¢ = 0 (or equivaently (a(u))x = (ay(u)§) = 0). (A.2) also en-
sures that this equation preserves the normalization of P’. In fact, we have the
following corollary:

COROLLARY A.3 The solution of (A.1) satisfies
(A.3) % / P’ dud¢ = 0:
RxR
i.e, [g.gP’dud¢ = 1for theinitial data we are interested in.

(A.3) follows immediately from integrating (A.1):

% / PYdudé = —(ux) + (£) + boundary terms = 0.
RxR
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The first two terms on the right-hand side cancel because of (A.3); the boundary
terms vanish because for finite v, P” decays faster than algebraically in £ as || —
+oo.

Consider the reduced distributions

Q€% 1) = /P”(u,f,x,t)du, R/ (uxt) = /PV(u,g,x,t)dg.
R R
Equation (A.2), written after integration over u as
/u R;(u’,x,t)du’+/£P”d£ —0,
- R
can be used to derive from (A.1) an equation for R’:

A4 R = —uRﬁ(—/f R, %, 0)dU + BoRY, — 1( (U | WWRY ).

For statistically homogeneous situations, B/ =0in(A.1). Then, using [d{¢PY =0
and (A.1) leads to the following equations for R” and Q":

(A5) R/ = BoR, — v({Uo | WRY),,.
(A.6) Qf = £Q + (€2Q") +BiQ¥e — v ({6 | £)Q) -
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