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Statistical Theory o f Turbulence

By G . I . Ta y l o r , F .R .S .

{Received July  4, 1935)

In t r o d u c t i o n  a n d  Su mm a r y  o f  Pa r t s  I - IV

Since the  tim e o f  O sborne R eynolds it  has been  know n th a t tu rbu lence  

p roduces v irtua l m ean  stresses w hich a re  p ro p o rtio n a l to  th e  coefficient 

o f  corre la tion  betw een the  com ponen ts o f  tu rb u len t velocity  a t  a  fixed 

p o in t in  tw o perpend icu lar directions. T he  significance o f  co rre la tion  

betw een the  velocity o f  a  particle  a t  one tim e an d  th a t o f  the  sam e partic le  

a t a  la ter tim e, o r betw een sim ultaneous velocities a t  tw o fixed p o in ts  

w as discussed in  1921 by  the  p resen t w riter in  a  theo ry  o f  “  D iffusion by 

C ontinuous M ovem ents.”  T he  recen t im provem ents in  the  techn ique 

o f  m easuring tu rbulence have m ade it  possible  actually  to  m easure  som e 

o f  the quantities envisaged in  the  theo ry  an d  thus to  verify som e o f  the  

relationships then  p u t fo rw ard .

T he theory  has also been  developed in  several d irections w hich w ere 

n o t originally contem plated . T he theory , as orig inally  p u t forw ard , 

provided a  m ethod  fo r defining the  scale o f  tu rbu lence w hen the  m o tion  

is defined in  the  L agrang ian  m anner, an d  show ed how  this scale is rela ted  

to  diffusion. I t  is now  show n th a t  it can  be applied  e ither to  the  

L agrangian o r to  the  E u lerian  conceptions o f  fluid flow.

W here tu rbulence is p roduced  in  an  a ir  stream  w ith  a  definite scale by 

m eans o f a  honeycom b or regular screen, e ither conception  can  be used 

to  define a length  w hich is re la ted  to  certain  m easurable  properties o f  

flow and  is a  definite frac tion  o f  the  m esh-length, M , o f  the  turbulence- 

producing screen.

T he L agrangian conception leads to  a length  lly w hich is analogous to  

the “ M ischungsw eg ” o f  P rand tl. E xperim ents on  diffusion behind 

screens, P a rt IV , show th a t lx — 0-1 M . T he E ulerian  co

to  a  definite length /2 w hich m ight be regarded as the  average size o f  an  

eddy. C orrelation  m easurem ents w ith  a  h o t wire, P a rt II, show th a t

12is abou t equal to  0 -2  M .

T he theory  applied in  the Eulerian  m anner to  these correlation  m easure

m ents also contains im plicitly a  definition o f  X, “  the  average size o f  the  

smallest eddies,” which are  responsib le fo r the  dissipation o f  energy by 
viscosity.
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422 G .  I .  T a y l o r

I t  is p roved  th a t

W  =  15 [i (w2/X2,),

w here u2 is the  m ean  square  v a ria tio n  in  one com ponen t o f  velocity an

W  is the ra te  o f  d issipation  o f  energy. T h is re la tionsh ip  is verified experi

m entally (P a rt II).

T he re la tionship  betw een X a n d  M  is discussed a n d  it  is pred icted  that 

tu rbulence in  an  a ir  stream  m oving  w ith  velocity  U  will die dow n so that

provided  th a t the  scale o f  tu rbu lence  is de te rm ined  by  th e  m esh-length M 

w here A  is a  un iversal c o n stan t a n d  B depends o n  the  choice o f the 

origin taken  fo r x  (the  dow n-stream  co-o rd ina te ) is a  com ponen t of 

tu rbu len t velocity. T h is th eo re tica l re la tio n sh ip  is com pared  w ith  results 

o f  experim ents carried  o u t in  w ind  tunnels in  E n g lan d  a n d  in  America.

T he theo ry  is app lied  in  P a r t  II I , to  de term ine  th e  d istribu tion  of 

dissipation  across th e  section o f  a  p a ra lle l w all channel (tw o-dim ensional 

pipe) and  it  is show n th a t  in  th e  reg ion  n ea r th e  w alls tu rb u len t energy is 

p roduced  m ore  rap id ly  th a n  it  is d issipated . In  th e  cen tra l region the 

reverse is the  case.

In  P a r t IV  the  resu lts o f  d iffusion experim ents m ade  in  A m erica and at 

the N a tio n a l Physical L a b o ra to ry  a re  d iscussed an d  i t  is show n tha t a 

com plete set o f  such m easurem ents can  give 2, /l5 an d  a  length  X, 

w hich m ay be regarded  as a  m easu re  o f  th e  “  sm allest size o f  eddy ” in 

the  L agrang ian  system . \  is connected , th ro u g h  th e  L agrang ian  equations 

o f  m otion , w ith  th e  average spa tia l ra te  o f  change in  pressure, nam ely

Finally  it is show n th a t  the  theo ry  leads to  th e  p red ic tion  th a t X, is a 

constan t m ultip le  o f  X. T he  only  set o f  experim ents w hich exists at 

present gives \  =  2X approxim ately .

A ll the  above results a re  subject to  th e  restric tion  th a t the  “ Reynolds 

N um ber o f  T urbu lence ,”  nam ely  / \ / « 2/v, is g reater th an  som e num ber 

which m ust be  determ ined  by experim ent.

V

by the fo rm ula
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S ta tis t ic a l Theory  o f  Turbulence 423

Pa r t  I

A t an  early  stage in  the  developm ent o f  the  theo ry  o f  tu rbu lence the  

idea arose th a t tu rbu len t m otion  consists o f  eddies o f  m ore  o r less definite 

range o f  sizes. T his conception  com bined  w ith  the  a lready  existing 

ideas o f  the K inetic T heory  o f  G ases led  P ran d tl an d  m e independently  

to  in troduce the  length  / w hich is o ften  called a  “  M ischungsw eg ”  an d  is 

analogous to  the  “  m ean  free p a th  ”  o f  the  K inetic  T heory . T he length  

/ could only be defined in  re la tion  to  the  definite b u t qu ite  erroneous 

conception th a t lum ps o f  a ir  behave like m olecules o f  a  gas, preserving 

their identity  till som e definite p o in t in  their p a th , w hen they m ix w ith  

their surroundings an d  a tta in  the  sam e velocity a n d  o th er p roperties as 

the  m ean value o f  the  corresponding  p roperty  in  the  neighbourhood . 

Such a conception m ust evidently be regarded  as a  very rough  rep re 

sentation o f  the  true  state  o f  affairs. I f  we consider a  num ber o f  particles 

o r small volumes o f  fluid sta rting  from  som e definite level an d  carrying, 

say, heat in  a  direction transverse  to  the  m ean  stream  lines, their average 

distance from  the level a t  w hich they sta rted  w ill go on  increasing 

indefinitely so th a t we can  only consider a  “  M ischungsw eg ”  in  re la tion  

to  some a rb itra ry  tim e o f  flight during  w hich we m ust consider th a t the 

particles preserve their ind iv idual properties d istinct from  those o f  their 

surroundings. C learly th is is an  a rb itra ry  conception  and  if  pu rsued  

logically probab ly  leads to  a  definitely w rong result. T he only w ay in  

which a small volum e can lose its h ea t is by  conductiv ity  to  its su rro u n d 

ings. A  decrease in m olecular conductiv ity  w ould  therefore  lead  to  an  

increasing tim e during which the  sm all volum e w ould  re ta in  its heat 

distinct from  its surroundings and  consequently  a  decrease in  con

ductivity w ould necessarily lead to  an  increase in  the  “  M ischungsw eg.”  

In  all theories which m ake use o f  l  it is assum ed th a t l  depends only on 

the dynamical conditions o f  the fluid and  is nearly  independent o f  such 

physical constants as therm al conductivity .

In  all applications o f  “ M ischungsweg ”  theories the length  / is con

sidered only in  rela tion  to  further, m ore o r less arb itrary , assum ptions 

concerning the effect o f turbulence on  the m ean m otion  o r  o f  the m ean 

m otion on  turbulence. I t  appears as a  fictitious length, the  existence 

o f which is detected only by observations o f  the d istribu tion  o f  m ean 

velocity, tem perature, etc.

The difficulty o f defining a  “ M ischungsweg,” o r scale o f  turbulence, 

w ithout recourse to  some definite hypothetical physical process which 

bears no relation  to  reality does no t arise in such applications. The
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4 2 4 G .  I .  T a y l o r

difficulty, however, still exists and  it led me, some years ago, to  introduce 

the idea* tha t the scale o f  turbulence and  its statistical properties in 

general can be given an exact in terp reta tion  by considering the correlation 

between the velocities a t various poin ts o f  the field a t one instan t o f time 

or between the velocity o f  a particle a t one in stan t o f tim e and  that of 

the same particle a t some definite tim e, 5, later. Some general relations 

applicable to  either o f  these tw o aspects o f  the tu rbu len t field were dis

cussed, and the application o f  the  definitions used in  the second of them 

to  diffusion in one dim ension was w orked ou t in detail. In  this applica

tion o f the theory  the particles are  conceived to  m ove irregularly but 

w ith continuous velocity, v and  v2 is supposed

The diffusion o f particles starting from  a  po in t (  0) is shown to

depend on the correlation R | betw een the velocity o f  a particle at any 

instan t and  th a t o f the same particle  after an  in terval o f  tim e i * .  In 

continuous tu rbu len t m ovem ents R t m ust be a function o f  £ such that 

R e =  1 when 1 =  0 and R^ -> 0 w hen H, is large.

I f  Y 2 is the m ean square o f  the distance th rough  which the particles 

have diffused in tim e t it was proved th a t

i ^ ( Y 5) =  W  =  ^ f ‘ R  ( d l .  (1)

I f  the tim e o f diffusion is small so th a t R$ has no t departed  appreciably 

from  its initial value 1-0, (1) becom es

so that

% _  V T  =  v

where v' =  Tv*.

I f  the diffusion is taking place in  a  stream  o f a ir m oving with velocity 

U  and if the spread is observed a t a  small distance x  dow n-stream  from 

the source t =  x /U so th a t

If  the irregular m otion  is o f such a character th a t it is possible to define 

a time T such tha t R | =  0 for all values o f £, greater than  T, so that there 

is no correlation between the velocities o f a particle a t the beginning 

and end o f the tim e interval T, then

Tv =T2 f  Rj4 , (4)
J 0

* ‘ Proc. L ond . M ath . S o c .,’ v o l. 20, p. 196 (1921).
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S ta tis t ic a l Theory  o f  Turbulence 425

Y v  is therefore  constan t fo r all values o f  t  >  T  in  spite o f  th e  fac t th a t the  

value o f  Y 5” is con tinually  increasing a n d  v2 is constan t.

U n d er these circum stances it is possible  to  define a  length  such th a t

bears the  sam e re la tionship  to  diffusion by  tu rb u len t m o tio n  th a t th e  

m ean free p a th  does to  m olecular diffusion. In  th is sense it is very 

sim ilar to  the  “  M ischungsw eg,”  /, b u t w ith  th is im p o rtan t difference 

th a t the  question  o f  m ix ture does n o t arise in  defining it.

A s is po in ted  ou t above, theories w hich depend  essentially on  the  idea 

o f  m ixture by subdivision an d  u ltim ate  m olecular d iffusion lead  to  the  

expectation th a t the “  M ischungsw eg ”  w ill depend  very greatly  on  the  

m olecular diffusive pow er o f  the  fluid. In  the  theo ry  o f  diffusion by 

continuous m ovem ents the  length  /x bears no  re la tion  to  any  process o f  

m ixture, indeed  it is equally  valid  if  m ix ture  never takes place. T he 

effect o f  m olecular diffusion w ould  be to  preven t the  fluid fro m  becom ing  

ever increasingly “ spo tty ,”  i.e., it w ould  tend  to  preven

increase in the deviations o f  the  m easurab le  p roperties o f  the  fluid fro m  

their m ean value in  the  ne ighbourhood . M ix ture  has no  effect in  th is 

theory  on  the diffusive pow er o f  tu rb u len t m otion .

Co r r e l a t i o n  i n  t h e  Tu r b u l e n t  F i e l d  w h e n  d e s c r i b e d  i n  t h e

Eu l e r i a n  M a n n e r

In  a  loose w ay it has been th o u g h t th a t the  “  M ischungsw eg ”  length 

/ is related to , and  even m ay be taken  as a  m easure *of the  average size 

o f  the larger eddies in tu rbu len t flow. I t will be noticed th a t in  the 

original “  M ischungsweg ” theories, and  also in  the theory  o f  diffusion 

by continuous m ovem ents, everything is defined in  a  L agrangian  m anner, 

i.e., by following the paths o f  particles. W hen a  field o f  eddying flow is 

considered as an  entity in itself, ap a rt from  its effect as a  diffusive agent, 

it is m ore usual to  th ink  in  term s o f  the Eulerian  conception o f  fluid flow, 

i.e., a  field o f  stream  lines conceived to  exist in  space a t one in stan t o f  

time. A ny ideas we m ay have abou t “ the size o f  an  eddy ” are  likely 

to  be form ulated in  the Eulerian  system. F o r th is reason  it w ould  n o t

(5)

I t  will be seen from  (5) th a t the  length  defined as

(6)

2 FV OL. C L I.— A.
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4 2 6 G .  I .  T a y l o r

be possible to  connect directly the size o f an eddy, even if  it could be 

accurately defined, w ith the value o f / o r o f lx as defined by (6) in the 

Lagrangian system. A t the sam e tim e it seems to  be a m atter of 

considerable theoretical in terest to  investigate the  statistical properties 

o f a field o f tu rbulen t flow w hen described in the Eulerian  m anner, with 

a view to defining a length which m ay represent in some definite way the 

“  size o f an eddy.”

The correlation theory  developed in  m y paper, “  D iffusion by Con

tinuous M ovem ents,” is equally applicable in this case and  m ay be used 

to  form ulate ano ther definition o f  the scale o f  turbulence. I t  is clear 

tha t whatever we m ay m ean by the diam eter o f  an  eddy a high degree of 

correlation m ust exist betw een the velocities a t two points which are close 

together when com pared w ith  this diam eter. O n the other hand, the 

correlation is likely to  be small betw een the velocity a t two points 

situated m any eddy diam eters apart. If, therefore, we im agine th a t the 

correlation R y between the values o f  u a t tw o poin ts d istan t y  apart in 

the direction o f the y  co-ordinate  has been determ ined for various values 

o f y  we m ay p lo t a curve o f R y against y , and  this curve will represent, 

from  the statistical po in t o f view, the d istribu tion  o f u along the y  axis. 

I f  R y falls to  zero at, say, y  =  Y , then a length  /2 can be defined such that

h =  (°° Ry 
Jo Jo

This length /2 m ay be regarded as the analogue in the E ulerian system 

o f /1? which is defined in the L agrangian  system. I t  m ay be taken as a 

possible definition o f  the “  average size o f  the  eddies.”

Ex pe r im e n t a l  M e t h o d s  f o r  M e a s u r i n g  lx a n d  / 2

The com pensated h o t w ire is capable o f being used to  m easure several 

o f the quantities w hich are necessarily considered in  any statistical theory 

o f turbulence.

(1) u2 can be m easured by m eans o f  a  h o t wire anem om eter. If  th

amplified disturbances are  passed th rough  a wire the heat produced can 

give rise to  a  curren t in  a  therm ojunction, which will cause a  deflection 

in a galvanom eter p roportional to  uz.

(2) If  two ho t wires are set up a t a  distance y  apart transverse to a 

stream  of air and  the currents produced by variations in u a t the two 

points are sent th rough the two coils o f an  electric dynamom eter, the 

resulting deflection will be p roportional to u0uy where u0 and uu are the
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S ta tis t ic a l Theory  o f  Turbulence 427

velocities a t  th e  tw o po in ts. In  th is w ay R v =  u0uy/u2 can  be  m easured . 

By repeating  these m easurem ents fo r  a  n u m b er o f  d ifferent d istances o f  

separa tion  y  betw een the  tw o h o t w ires, R y can  be  de term ined  fo r all 

values o f  y  a n d  hence by  in teg ra tion  /2 can  be  found . T he  (R„, y )  curve 

has a lready  been  ob ta ined  in  certa in  cases by  M essrs. S im m ons an d  

Salter a t  th e  N a tio n a l Physical L ab o ra to ry  by  th is m e th o d  (see  fig. 1 

o f  P a rt II).

A no the r m eth o d  is to  arrange  tw o equal h o t w ires o n  tw o  a rm s o f  a  

W heatstone  bridge thus m easuring  — w0)2. I f  ~uf a n d  ux2 a re  

m easured independently  a t  the  tw o sta tions, w0mx can  be  fo u n d  fro m  the  

re la tionsh ip

«02 +  u f  — (uq — =  2 (B)

Y et an o th e r m ethod  due  to  P ran d tl*  is to  pass th e  cu rren ts fro m  the 

tw o  h o t wires th ro u g h  coils w hich cause deflections o f  a  spo t o f  ligh t 

in  tw o directions a t  righ t angles to  one ano the r. I f  the  tw o h o t w ires 

are  identical and  so close together th a t  th e  co rre la tion  is nearly  1 -0, the  

sp o t o f  light m oves over a  very e longated  elliptic  a rea, the  long  axis o f  

which is a t  45°, to  the  deflections caused by e ither o f  the  w ires in  the  

absence o f  d istu rbances fro m  th e  o ther. By m easu ring  th e  ra tio  o f  the  

principal axes o f  the  elliptical b lackened  areas p roduced  on  a  p h o to 

graph ic  p la te  by the  m oving  sp o t o f  ligh t du ring  a  p ro longed  exposure, 

it  is possible  to  calcu late  R„. T his m ethod  is specially su itab le  fo r  

m easurem ents w hen th e  co rre la tion  is very high, i.e ., 1 — R„ is sm all. 

I t  is n o t so su itable fo r  sm all co rre la tions as the  electric dynam om eter 

m ethod. C orrela tion  m easurem ents m ade in  th is w ay a re  show n in  

fig. 1 o f  P a r t I I I  o f  th is paper.

(3) By in troducing  hea t a t  a  concen tra ted  source o r  a  line source in  an 

a ir  stream  and  m easuring the  spreading o f  the  h ea t to  leew ard o f  the

source
^  _

it should  be possible to  m easure the  quan tity  -j- Y 2 w hich occurs

in  (1) and  hence to  find f R f fo r various values o f  t. I f  th is reaches
Jo

a  constan t value a t som e distance dow n-stream  then  lx can  be found . 

This m ethod  was suggested in  m y paper on  “ D iffusion by C on tinuous 

M ovem ents.”  U p  to  the  present, how ever, the theory  has only been 

applied  to  cases like th a t o f  diffusion in  the a tm ospheref where there is 

no  a priori reason to  suppose th a t any  definite scale o f  tu rbulence can  be

* Prandtl and  R e ichardt, “  E influ ss v o n  W arm esch ich tung  a u f  d ie  E igenschaften  

einer Turbulenter S trom ung .”  D eu tsch e  F orschung , p . 110 (1934 ). 

t  Su tton , ‘ P roc. R oy . S o c .,’ A , v o l. 135, p . 143 (1932).

2 F  2

 D
o
w

n
lo

ad
ed

 f
ro

m
 h

tt
p
s:

//
ro

y
al

so
ci

et
y
p
u
b
li

sh
in

g
.o

rg
/ 

o
n
 0

4
 A

u
g
u
st

 2
0
2
2
 



4 2 8 G .  I .  T a y l o r

defined. Indeed, M r. O. G. Sutton has show n th a t the best representation 

o f diffusion in the air near the ground is ob tained  by assum ing oc \~n

so tha t R f does no t vanish how ever great £ m ay be. In  fact f  R^ dt
Jo

increased continuously w ith increase in t so th a t /l5 defined as in equation 

(6), w ould have no definite value.

The turbulence which occurs in  w ind tunnels is produced or controlled 

by a honeycom b with cells o f  a definite size. In  a w ind tunnel, therefore, 

there is an  a priori reason why the turbulence m ight be expected to  be of 

some definite scale. In  fact, it m ight be expected th a t bo th  lx and /2 

would be some definite fraction  o f  the m esh o f the cells. U nder these 

circumstances the diffusion equations (1) and  (6) reduce to

This expression is valid when the distance Y o f the points a t which measure

ments o f Y 2 are m ade from  the po in t o r line source o f diffusion is so 

great tha t R^ =  0 where E, =  x/Uand  U  is the m ean 

stream.

A ppl i c a t i o n  o f  D i f f u s i o n  Eq u a t i o n  w h e n  Tu r b u l e n c e  is

D e c a y i n g

In  the air stream  behind a grid o r honeycom b the turbulence is not 

constant. I t  decreases as the distance dow n-stream  increases. The 

preceding theory  cannot then  be applied  w ithou t further investigation. 

If  IT  is considered as a  function o f  t the diffusion equation is

^ = , , , { ' ^ 5  (10)

for Y =  f t),_{ dc  and ~ (Y 2) is the ra te  o f  increase in Y 2 a t time ! after
Jo

the beginning o f the diffusion from  a concentrated  source.

I f  fR  t_£is the coefficient o f correlation between the velocity at time 

t and th a t a t tim e t — £, (10) m ay be w ritten

i j f v *  =  W'( I* (,R (11)

where v't, v\_^  are w ritten  for V v2t, V

W hen the average condition o f the turbulen t m otion is constant with 

respect to  tim e *Rt-i is the same as *R(+f o r R$ and is a function of l
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S ta tis tica l Theory o f  Turbulence 4 2 9

only, so tha t (11) is identical w ith (1). W hen v' is no t constant, it is n o t 

possible to proceed beyond (11), bu t the existing experim ental evidence 

seems to show that tu rbulen t diffusion is p roportional to  the speed, so 

tha t if m atter from  a concentrated source is diffused over an  area dow n

stream  from  the source, an  increase in the speed o f  the w hole system 

proportional increases in tu rbulen t and  m ean speed) leaves the dis

tribu tion  o f m atter in space unchanged (though the absolu te concentration  

is reduced). The condition  th a t this m ay be so is th a t is a function 

o f y]only where
dr\ — v' dZ, =  /U ) dx  (12)

and x  =  U r is the distance dow n-stream  from  the source.

The equation which represents the lateral spread o f  m atter o r heat 

from  a concentrated source is therefore

where

, U  d  —

i p a O f * )

rvx

K < h , ( 13)

(14)

and R , is the correlation between the velocities o f  a particle a t times t1
f 12

and t 2 when yj =  v' dt. I f  R,, falls to zero a t a finite value o f 73, say

73 =  and rem ains zero for all greater values o f 73, i R, J tj is finite.
Jo

fVi.
If  lx be written for R,//t) then (11) becomes 

•' 0

i U  d_ 

2 v' dx
(Y2) = ( 15)

This is the same expression as that found for turbulence which is not 
decaying.*

It is w orth noticing that (13) may be expressed in the form

4 ^ )  =  £ I r ,* > . (16)

W hen Tj* is small so that R„ =  1 over the range from  0 to x, (16) 
becomes

(17)

The integral o f (17) is

Y 2 =  7)2 or V Y 2 =  73.

* See e q u a tio n s  (1) a n d  (6).

(18)
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4 3 0 G .  I .  T a y l o r

W hen the turbulence is constan t y] xv' /XJ so th a t (18) reduces to the 

previous expression (3) for the spread o f m atter near a concentrated 

source. I f  the turbulence is no t constan t and  if Y 2 and v '/U  are measured

a t a num ber o f values o f  x, then bo th  tj and  ^  (Y2) can be found.

Thus f  R,, dr\can be plotted  against iq and  R,, can be found graphically 
Jo

from  this experim ental curve.

M i c r o -Tu r b u l e n c e  a n d  D i s s i pa t i o n  o f  En e r g y

Besides the m otions which are chiefly responsible for the diffusive 

power o f turbulence the w hole field m ay be in  a sta te o f m icro-turbulence, 

i.e., there m ay exist very small-scale eddies which, though they play a 

very small part in diffusion, yet m ay be the principal agents in  the dissipa

tion- o f  energy. They m ay also be the p rincipal causes o f the effects o f 

turbulence on the boundary  layer in  w ind tunnel w ork because the 

absolute m agnitude o f the space rates o f  change in pressure m ay depend 

on them.

D i s s i pa t i o n  o f  En e r g y

The rate  o f dissipation o f energy in  a  fluid a t any in stan t depends only 

on the viscosity, g, and  on the instan taneous distribution o f  velocity. 

If, therefore, the representa tion  o f  the essential statistical properties of 

the velocity field can be expressed by the R y curve and  sim ilar correlation 

curves it m ust be possible to  deduce from  them  the rate  o f  dissipation of 

energy. This w ould in general involve a com plicated analysis, bu t the 

problem  can be m uch simplified if  the field o f  tu rbu len t flow is assumed 

to be isotropic.

Is o t r o pi c  Tu r b u l e n c e

In  isotropic turbulence the average value o f  any function o f the velocity 

com ponents, defined in relation to  a  given set o f  axes, is unaltered if the 

axes o f reference are ro ta ted  in  any m anner. T ha t there is a strong 

tendency to  isotropy in tu rbu len t m otion  has long been known. It has 

been shown by Fage and  Tow nend,* for instance, tha t the average values 

o f the three com ponents o f velocity in the central region o f  a pipe of 

square section are nearly equal to  one another. In  the atm osphere the 

same phenom enon has been observed ; though, as m ight be expected, the

* T ow nend , ‘ Proc. R oy . S o c .,’ A , v o l. 145 (1934) (see fig. 15, p . 203).
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S ta tis t ic a l  T h eory  o f  Turbu lence  431

vertical com ponen ts a re  sm aller n e a r  th e  g ro u n d  th a n  th e  h o riz o n ta l 

ones, th is  inequality  decreases w ith  he igh t above  th e  g ro u n d .*

T he  assum ption  o f  iso tropy  im m ediate ly  in tro d u ces m an y  sim pli

fications b o th  in to  th e  sta tistical rep re sen ta tio n  o f  tu rb u len ce  a n d  in to  

the  expression fo r  th e  m ean  ra te  o f  d issipa tion  o f  energy.

T he general expression fo r th e  ra te  o f  d issipa tion  is

du\2

=  “ {2 ( I
r + 2 ^ + 2 (

By)

/ d

\ 0 ?
+

dux2dv , 

dx dy

M aking  th e  assum ption  th a t  th e  tu rbu lence  is sta tistically  iso trop ic , the

rela tions __ _ ___ ___
/ du \2   / _  / d w f  ''

\dx) \ dy) \  dz

an d  ___  ___  ___  ___  ___  ___

(du \2 __ (du  f  _  (d y  \2 _  _  (d w \2 _  / dw 2 ^

\d y )  \d z )  \ dx)\ \ d x )

an d  ____  ____  ___
dv d u _ dw d v _ du dw

d x d y  dy dz dz dx  /

(20 )

a re  im m ediately  ob ta in ed  so th a t

W a i du f-(

° W x )  + 6 \T y )
+  6 dv du 

dx dy
(21)

E q u atio n  (21) con ta ins th ree  types o f  term . I t  w ill now  be show n th a t  

these a re  all re la ted  to  one an o th e r so th a t  if  the  value o f  one  is know n  

the  o ther tw o a re  know n.

T h a t relationships can  be fo u n d  betw een th e  m ean  values o f  squares 

an d  p roducts o f  du/dx , du/dy, dv /dx , . . ,  etc ., is obvious. T he  sim plest 

re la tionship  is ob ta ined  as follow s. T he  cond ition  o f  con tinu ity  is

du, dv, 

0* ’
so th a t

( du\2, / dv\2, ( dw \2~ id u d v  , dvdw  . 

\ W  + \ d y ) + \ t e ) = - 2 \rx T y + tyd-z + TzTx)-  (22)

T he conditions o f  sta tistical iso tropy  therefore  lead  to  the  re la tionsh ip

^ du dv
(23)

* T ay lo r, ‘ Q . J. R . M et. S o c .,’ v o l. 53 , p . 2 10  (1927 ).
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4 3 2 G .  I .  T a y l o r

or
du dv 

dx dv
(24)

In  other w ords there is a  definite correlation  coefficient between 

and dv/dy equal to  —

M e a n  Va l u e  o f  G e n e r a l  Qu a d r a t i c  F u n c t i o n  o f  dv/dx,

du/dy,  ETC.

Consider the m ost general possible expression for the m ean value of 

any quadratic  function  o f the nine quantities

du dv dw du dv dw du dv dw

dx ’ dx ’ d x ’ cy ’ dy ’ d z ’

In  general there are 36 possible com binations o f 9 things taken 2 at 

a time. Thus the m ost general quadra tic  expression contains 45 terms, 

namely the 9 squares o f the quantities concerned and the 36 com binations 

o f 2.

W hen the m otion  is statistically isto tropic the 45 term s fall into 10 

groups, each o f which contains 3 o r 6 m eans which are equal to  one 

ano ther; for example, one group  contain ing 3 equal term s consists of

/ du \2 ( d v f

\dx-' ’

A nother containing 6 equal term s consists o f

du dv du dw dv du dv dw dw du dw dv

’ dx dy ’ dy dz ’dy d x ’ dz dy ’

The 10 possible independent m ean values will be denoted  by alf , 

..., a10 according to  the scheme laid out in Table I  where the top  row of 

the table gives the type term  and all o ther term s o f the same type can be 

obtained by perm uting sym m etrically the elements o f the type term.

The symbol w hich represents the m ean value o f  any term  o f a type is 

given in the second row  and the num ber o f independent terms in each 

group is given in the last row.

In  terms o f these symbols (21) becomes

W / [x =  6ax + 3 +  6a8. (25)
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4 3 4 G .  I .  T a y l o r

I now propose to  prove th a t the 10 values, a ±, a 2, ... a 10, are inter

connected, so tha t if  the value o f  any one o f  them , which is no t zero, is 

known all the rest are know n. F o r th is purpose  it is necessary to  prove 

9 linear relationships. O ne such relationship  has already been proved 

(see  equation (23)). Expressed in  the  symbols o f  Table  I (23) may be 

written

a 1 =  — 2tf6. (26)

F urther relationships m ay be ob tained  as follows. T ake any one of 

the 45 possible term s in  the m ost general quadra tic  expression involving 

the 9 partial differentials o f  (25). T ransform  u, v, , z, by ro ta tion  of 

the axes to  u', v', w \  x ’, y ' ,  

quadratic  bu t will con ta in  term s o f o ther types th an  the original one. 

W hen the m ean values o f  the  term s in  the transform ed expression are 

considered it is a  necessary consequence o f the definition o f  iso tropy that 

the value o f  each is equal to  th a t o f  the type term  in  the group in which 

they are classed. A  simple tran sfo rm ation  is ob tained  by ro tating  the 

axes through 45° abou t the  axis o f  z  so th a t

Hence

V 2 x '  =  x  j 

V 2 y '  =  — x  +  y  -

z '  =  z

V 2 u '  — -f- \

V 2 v '  =  — u +  v [ .  

w' =  w

( 21)

l du' _  dv' du' d v '\

dx 2 l dx' dx' dy' dy'J

=  i  ( M
2 VSxj' dx' dy'

dw  _  1 / dw' 0w'\ 

f a  ~  ^ / 2 \W  ~

du _  1 / du' dv' , du' _

dy 2 \ dx' dx' dy' dy'J

dv __ x / du' . dv' . du' ,

dy 2 \  dx' dx' dy' d y '/

dw  __ 1 / dw' . 0w'\ 

dy s/ 2  \ dx ’ dy' /

du __ _1_ / du' _  dv'\ 

dz \ d z ')

dv _  1 / du' dv] \

dz y 2  '

dw _dw'

dz dz'

(28)

Take, for example, (— ) — a x. By squaring the transform ed expression
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S ta tis t ic a l  T heory  o f  Turbu lence 435

fo r m ean  value a n d  substitu ting  th e  sym bol fo r th e

co rrespond ing  type te rm  fro m  T ab le  I  i t  w ill be  fo u n d  th a t

— 2 (4l 03 ^5 U-2 ~f“ 06 "t" ^8 02 ^5)* ( ^ )
S im ilarly

( ~ )  — 01 — \ ( & 1  +  03 +  ^5 +  02 +  #6 +  ^8 +  ^5)5 (30

/ ^*|\2
— Ct8 — \  (ax +  a 3 <?5 "f  ^2 #6 #8 ^2 

=  O3 =  i  («1 +  «3 +  «5 — «2 “  «6 — — «2 +  O - (32>

F ro m  these equations it w ill be  fo u n d  th a t

an d
ax —

0 2 =  05 =  0  

03 ^6 ~  0*

(33)

(34)

N o  fu rth er rela tions can  be derived by  transfo rm ing  the  type  term s co rre 

sponding w ith  a 2i ab, a6, o r  a8. P roceeding  to  term s involving o r

du dv_

d z d~ z ~  ° 1() ~

du dv _  

dy dz ~ “

du dv 

dx dz
a7

— i  (a3~  «s) =  0,

2~ /2 — a9 ax — a7 +  07 — 04 0 9 — « a) =

2 ^ ( 0 2  —  0 9  —  0 4  +  0 7 +  0 7  —  0 4  —  0 9  +  0 2 >-

0,

(35)

(36)

(37)

hence since

02 ~  09 =  0  ciy (V 2  — 1) “f" 04 =  0  (38 )

du du 1 x

dy~dz =  =  2 T / 2 ^ 2 _  ° 9 +  +  04 — 09 +  02),

an d  hence

a 4 ( V 2 - l )  +  a 7 =  0  (39 )

com bining (38) w ith  (39)

04 =  07 =  0. (40)

Sum m ing up  the  results so far ob tained  6 o f  the  10 independent types
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436 G .  I .  T a y l o r

o f  m ean a re  zero, nam ely, a 2, a 5 >aT> a9, a10 an d  there  a re  tw o inde

pendent re la tionships betw een th e  rem ain ing  4 m eans, nam ely,

ax =  — 2 a6an d  

O f these th e  first depends on  incom pressib ility  a n d  iso tropy . The 

second depends only  on  iso tropy .

O ne fu rther rela tionsh ip  can  be o b ta in ed  by  volum e in teg ra tion  o f the 

general d issipation  expression (19). T h is in teg ra tion  is well know n*: 

it  is

[ — dx  d =  

J P
* ( £ ) ■ + £ + ! ) ■

\dx .

+ <t + £H S+gfl***
=  J  j  f (52 +-r? +  ? ) d x d y d z -  ■ fj 1  (92) «  +  2 j f  

£ =  (cw /d y )  — etc.
w here

l m  n 

u v w

l  ri K

dS, (41)

a n d  the  in tegrals a re  tak e n  over th e  c loud  surface S an d  th rough  its 

volume. I f  the  closed  surface is large  com pared  w ith  th e  scale o f  the 

tu rbulence th e  surface in tegrals a re  sm all com pared  w ith  the  volume 

in tegrals w hich m ay  there fo re  be  neglected. T ak ing  th e  m ean  value of 

all the  quantities in  (41) a n d  expressing th e  resu lt fo r iso trop ic  turbulence 

in term s o f  the  sym bols o f  T ab le  I, (41) becom es

H ence
W / (x =  6% +  6 a z +  6a8 — 6a 3 — 6a8. 

a1 +  2a8 =  0,

solving (26), (34), a n d  (43) it  w ill be  seen th a t

fli — — — 2i7g =  — 2a 8.

(42)

(43)

(44)

T hree obvious coro llaries to  th is resu lt m ay  be no ticed :

(1) T he co rre la tion  coefficient be tw een dx  a n d  dv/dy is —

(2) T he  co rre la tion  coefficient betw een du/dy  an d  dv/dx  is —

(3) W hen the  m ean  value o f  any  one o f  the  fo u r possible types of 

qu ad ra tic  term s w hich a re  n o t zero  is know n all the  rest a re  know n, so 

th a t  the  m ean  value o f  any  qu ad ra tic  function  o f  the  space rates o f  change

* See, fo r  in stance , th e  ch ap ter  o n  v isc o s ity  in  L am b ’s “  H yd rodynam ics .”
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S ta tis t ic a l T heory  o f  Turbulence 437

o f  velocity is also know n. In  pa rticu la r the  d issipa tion  m ay  be expressed

in  term s o f  (~ )  ' T h e  co rrect expression is
\c y /  ____

du\2
W /n 6ax +  6 a 3 +  6a8 =  3 a z +  6 — 1 *5 — 7*5

\d y j
(45)

St a t i s t i c a l  R e pr e s e n t a t i o n  o f  M i c r o t u r b u l e n c e

T h e  value o f  (~ )  is clearly re la ted  to  th e  w ay in  w hich  th e  value o f
\oyJ

R„ falls off from  its in itia l value 1-0  as y  increases fro m  zero . I  have 

proved ,*  in  fact, th a t ___

1 v2 (Tu \* , t _

* * ’

l
|2 u2 \^y>

(46)

T he curvatu re  o f  the  R y curve a t y =  0 is there fo re  a

so th a t

=  21?Lt 1
\d y V-* o y

(d u \2

\d y )

(47)

T he significance o f  th e  expression (47) can  best be  app recia ted  by 

defining a  length  X such th a t

(48)JL — L t / —
X2 ^  1y- > 0  \ y

X2 is then  a  m easure o f  the  rad iu s o f  cu rva tu re  o f  the  R v curve a t  y  =  0. 

I f  the  curve is d raw n o n  such a  scale th a t its heigh t is H  (corresponding  

w ith R v =  1 a t  y  =  0) the  rad iu s o f  cu rva tu re  a t  is X2/2H .

A no ther in te rp re ta tion  o f  X m ay be fo u n d  by describ ing the  p a rab o la  

w hich touches the  R v curve a t the  origin . T his p a ra b o la  will cu t the  

axis R„ =  0 a t the  p o in t y  — X. X m ay  roughly  be regarded  as 

o f  the  diam eters o f  the  smallest eddies w hich a re  responsible fo r the  

dissipation o f  energy.

Co n n e c t i o n  b e t w e e n  D i s s i pa t i o n  o f  En e r g y  a n d  Co r r e l a t i o n

Fu n c t i o n  R„

C om bining (45) w ith  (47) and  (48), the  dissipation is rela ted  to  the 

correlation  function  R v by  the  equation

W =  15 [am2 L t - ~ gR ? (49)
2

* * P roc . L on d . M a th . S o c .,’ v o l. 20 , p . 2 05 , eq u a tion  (14 ), (1921 ).
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4 3 8 G .  I .  T a y l o r

o r
W  =  15gi?/X2. (ft)

Since t?  and R y can be m easured directly by m eans o f the ho t wire 

technique referred to  earlier, the relationsh ip  (49) can be verified if 

W  can be m easured by o ther m eans. T he way in which this can be 

done and the com parison betw een this statistical theory and  the results 

o f observation will be discussed later. In  the m eantim e it m ay be noticed 

th a t if  the R eynolds’s stresses in  geom etrically sim ilar fields o f flow are 

proportional to  u2 o r u'2, W  is p ro p o rtio n a l to  w'3, so th a t X is

to  (u')-i, and  since X is p ro po rtiona l to  the curvature o f the R y curve at 

j  =  0 w e  are led to  the pred iction  th a t the curvature o f the R y curve at 

its summ it, y  =  0, will be p ro p o rtio n a l to  1 In  the lim it for very high 

values o f u' the R y curve m ay be expected to  have a poin ted  top.

Su g g e s t i o n  f o r  Ex pe r im e n t a l  Te s t  i n  W i n d  Tu n n e l  o f  

Pr e d i c t e d  Co r r e l a t i o n  R e l a t i o n s

I t has been show n how  m easurem ents o f  correlation between the

readings o f two ho t wires a t po in ts close together in  a transverse section
0^ 2

o f  a pipe o r w ind tunnel can  give the  value o f  (— ) . I f  sim ilar measure

m ents could be m ade in  a  line paralle l to  the  m ain  stream , values of 

j '! ^  ) could be obtained in  the  same way. E quation  (44) shows that

du\2 i j /dw\ 2

an d  referring to  equation  (47) which is equally  true  w hen v  is substituted 

fo r y ,  it will be seen th a t fo r the corre lation  to  fall a  given am ount from 

its coincidence value 1 -0 the separation  o f  the tw o ho t wires m ust be 

times as great w hen one lies up- o r dow n-stream  from  the other as it is 

when they lie across the stream .

This is a definite new theoretical p rediction w hich could be tested. 

I f  difficulty is found in  w orking  w ith  one h o t wire dow n-stream  from  the 

other, m easurem ents m ight be m ade w ith  the tw o wires m ounted at a 

fixed distance r ap a rt on  a ro ta ting  holder, and  the variation  in the 

correlation R  as the  holder is ro ta ted  m ight be found.

The correlation betw een the values o f  u observed a t two points situated 

a t a short distance, r, a p a rf in  a line m aking an  angle 0 to  the wind direction 

is* „2 -  -  (51)
1 —

2 u2 1 dx'

* C ompare equa tion  (47).
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S ta t is t ic a l  T h eo ry  o f  Turbu lence 439

“w h e r e  x ' =  xcos 0 -+■ sin  0. Since

| ^  =  c o s e ^  +  s i n e | f  
dx' ddy

(51) becom es, in  th e  n o ta tio n  o f  T ab le  I ,

R  =  1 —  4=  (#. cos2 0 +  a zsin2 0 +  2 co
2u£

W hen  th e  tu rb u len ce  is iso tro p ic  th is  is

r2

1 -  R  =  ^  \s-y)  (cos2 6 +  i  sin '  6>"

h e n c e  f r om  th e  definition"!* o f  X

1 — R  =  ^  (cos2 0 +  i  sin2 0). (53)

I t  app ears , there fo re , th a t  1 — R  sh o u ld  vary  in  th e  ra tio  2 :  1 as th e  

h o ld e r  is ro ta te d  fo r  th e  m ax im u m  to  th e  p o s itio n  to  m ax im u m  to  

m in im um  co rre la tio n .

D ime n s io n a l  Re l a t i o n s h ip be t w e e n  X a n d  Sc a l e  o f  Tu r bu l e n c e

I t  has  been  show n by  v. K a rm a n  th a t  i f  th e  su rface stress in  a  p ip e  is 

► expressed in  th e  fo rm  r  =  pvx2 th en

w here  U c is th e  m ax im um  velocity  in  th e  m idd le  o f  th e  p ipe  a n d  U  is th e  

velocity  a t  rad iu s r. T h is re la tio n sh ip  is associated  w ith  th e  concep tion  

th a t  th e  R eyno lds’s stresses a re  p ro p o rtio n a l to  th e  squares o f  th e  tu rb u le n t 

co m p o n en ts  o f  velocity. I t  seem s th a t  th e  ra te  o f  d issipa tion  o f  energy 

in  such  a  system  m ust be  p ro p o rtio n a l, so fa r  as changes in  lin ear d im en

sions, velocity , an d  density  a re  concerned , to  pw'3//, w here /  is som e linear 

d im ension  defining the  scale o f  th e  system . F o r  tu rbu lence  p ro d u ced  

b y  geom etrically  sim ilar boundaries therefo re

(54)

W  =  co n stan t ( ^ )  =  15

F o r  such system s therefore
X2 ^  v

(55)
P ^  lu”

t  See e q u a t ion  (48).
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4 4 0 G .  I .  T a y l o r

where C depends on the position relative to  the solid boundaries of the 

poin t a t which observations are m ade and  on the element used for defining /.

A ppl i c a t i o n  t o  A i r  St r e a m  Be h i n d  R e g u l a r  G r id s  o r

H o n e y c o mb s

Form ula (55) is specially well adap ted  for discussing the decay of 

turbulence in an air stream  behind a grid o r honeycom b, because it has 

been found th a t a t a certain  distance dow n-stream  the stream  becomes 

statistically uniform , i.e., the “ w ind shadow  ” o f the grid disappears 

and the m ean velocity becomes uniform . U nder these circumstances it 

seems th a t the C o f form ula  (55) m ust be a  constan t for any definite 

form  o f grid. The researches o f  Schlichting* have shown tha t a t a short 

distance behind a cylindrical obstacle the w ake assumes a definite form. 

The w idth o f the w ake and  the velocity o f  the a ir in the m iddle o f the 

wake depend on the d rag  coefficient o f  the  obstacle so th a t obstacles 

o f very varied cross-sections p roduce identical wakes provided their drag 

coefficients are identical. F o r th is reason  it m ay be expected tha t if a 

regular grid or honeycom b is constructed  the scale o f  the tu rbu len t motion 

produced by it a t any distance dow n-stream  beyond the po in t where the 

“ w ind-shadow ” has disappeared  will depend only on the form  and  mesh 

size o f the grid, and  n o t on the cross-section o f  the bars o r sheets from 

which it is constructed. O n the o ther hand , the velocities o f  the turbulent 

com ponents will certainly depend on  the drag  coefficient o f  the bars 

themselves as well as on the distance dow n-stream  from  the grid a t which 

m easurements are m ade.

These considerations lead to  the prediction th a t if  only one form  of 

mesh is considered, say a  square m esh, and  if  the length / in  (55) is taken 

as M , the m esh length, i.e., the side o f  each square o f  the mesh, then the 

constant C in (55) will be an  abso lute  constan t independent o f  the form 

of the bars o f the grid. W e are  thus led to  a  definite expression for 

A/M namely,

where A  is an  absolu te constan t for all grids o f  a  definite type, e.g., for 

all square-mesh grids or honeycom bs.

(56)

* ‘ Ingen . A r ch .,’ v o l. 1, p . 533 (1930).
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S ta tis tic a l Theory  o f  Turbulence 441

Pr e d ic t io n  o f  La w  o f  D e c a y  o f  Tu r bu l e n c e  Be h in d  Gr id s

a n d  Ho ne y c o mbs

W e are  now  in  a  position  to  p red ic t the  w ay in  w hich tu rbu lence  m ay 

be expected to  decay w hen a  definite scale has been  given to  it as the  a ir 

stream  passes th rough  a  regu lar grid o r  honeycom b.

T he ra te  o f  loss o f  k inetic  energy o f  the  tu rbu lence per u n it volum e is

- 4 p U  j ^ 0 ?  +  i ? + i r E),

which in an  iso tropic  field o f  tu rbulence is

This m ust be equal to  the  ra te  o f  d issipation W , so th a t

- f p U j J W - l v J  (57)

This equation  is capable  o f  experim ental verifications independently  

o f  the relationsh ip  (56) betw een X and  M  because, as has been  show n, X is 

connected w ith  R y th rough  (48) an d  R y can  be m easured  instrum entally .

O n the o ther hand , if  the  re la tionship  (56) betw een X an d  M  is assum ed 

to  ho ld  it is possib le to  calculate  the  law  o f  decay o f tu rbulence. Sub

stituting  for X from  (56), (57) becom es

±L  £  (m'2) =  _12_
u '* d x K J M A 2’

(58)

and  integrating (58) the follow ing very simple law  o f  decay is predicted,

== +  constant. (59)
u A 2M

This expression should be applicable to  all cases w here the turbulence 

is o f  a  definite scale. T he linear law o f increase in U /u' should therefore 

apply to  all w ind tunnels where the scale o f  turbulence is con trolled  by a 

honeycom b or grid, and  the value o f  the constan t A  determ ined experi

m entally, using (59), should be universal for all square grids. Thus, the 

turbulence behind a  square-section honeycom b w ith long cells should 

obey the same law o f decay as that produced by a  square-m esh grid o f 

flat slats o r a square-mesh grid o f round  bars, and  the values o f  A  should 

be identical in all these cases.

2 GV OL. C L I.— A.
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442 G .  I .  T a y l o r

F o r  o th er types o f  g rid  o r  honeycom b, e .g ., w ith  hexagonal or tri

angu lar cells o r a  g rid  o f  p a ra lle l slats o r  p lates, th e  co n stan t A  determined 

experim entally  by  app ly ing  (59) to  observed  values o f  u' a t  different 

distances dow n th e  a ir  stream  m ig h t be  expected to  assum e o th e r values.

Ex pe c t e d  Limit a t io n s  t o  Pr e d ic t e d  Lin e a r  La w  o f  D e c a y  o f

Tu r bu l e n c e

T his is a  very com prehensive p red ic tion , b u t i t  is subject to  certain 

lim ita tions. In  th e  first p lace  it c an n o t be  expected  to  app ly  w hen Mw'/v 

is small, fo r equations o f  the  type  (56) a re  n o t tru e  w hen M w '/V is small. 

In  fac t i f  (56) w ere supposed  to  h o ld  w hen  M u /v  is sm all X w ould  be 

g reater th an  M , a  co n d itio n  w hich  is clearly  im possib le a t  any  ra te  near 

th e  grid.

A  second res tric tion  is th a t  th e  fo rm u la  c an n o t be expected to  apply 

in  the  reg ion  im m ediate ly  b eh in d  th e  g rid  w here  the  m ean  velocity is 

variable , i.e ., w here th e  “  shadow  ”  o f  th e  g rid  is still d istinct. I t  is 

found  experim entally  th a t  w hen  th e  d iam ete r o f  th e  b a rs  o f  the  grid 

is sm all com pared  w ith  M  th e  shadow  m ay  ex tend  to  as m uch  as 20 M 

o r 30 M  beh ind  th e  grid , b u t  w hen  th e  b a rs  a re  as b ro a d  as £  M  the 

shadow  d isappears a  few  m esh  leng ths dow n-stream  fro m  th e  grid.

A  th ird  lim ita tio n  m ay  be  expected  to  o p e ra te  w hen  th e  tu rbulence is 

n o t entirely due  to  th e  g rid  th ro u g h  w hich  th e  s tream  passes. If, for 

instance, a  very tu rb u le n t s tream  passes th ro u g h  a  g rid  consisting o f  thin 

wires a rranged  in  a  large-scale m esh  th e  scale o f  th e  tu rbu lence  in  the 

stream  m igh t h ard ly  be  affected by  its passage th ro u g h  th e  grid.

Summa r y  o f  Re s u l t s  a n d  Th e o r e t ic a l  Pr e d ic t io n s

(1) W hen  th e  tu rb u len ce  o f  a  definite  scale is p ro d u ced  o r controlled 

in  a  stream  o f  a ir  by  a  honeycom b o r  g rid  o f  regu larly  spaced bars the 

scale o f  tu rbu lence  can  be  investigated  in  tw o ways. I f  th e  Lagrangian 

concep tion  o f  fluid m o tio n  is a d o p ted  th e  scale o f  tu rbu lence  can  be 

defined in  reference to  th e  co rre la tio n  betw een th e  velocity  o f  a  particle 

a n d  th a t o f  th e  sam e partic le  a t  tim e £, la te r. T his concep tion  is suited 

fo r discussing experim ents on  diffusion o f  h e a t fro m  a  concentrated 

source.

(2) I f  th e  diffusive sp read  o f  h ea t o r  m a tte r  from  a  line source is 

m easured  near th e  source  it is p ro p o rtio n a l to  th e  d istance from  the 

source and  m easures th e  transverse  com ponen t o f  tu rb u len t velocity 

independently  o f  th e  scale.
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(3) I f  the  diffusive sp read  is m easured  a t  a  n um ber o f  positions extending 

fa r dow n-stream  from  th e  source a  length  analogous to  the  m ean  free 

p a th  in  k inetic  theory  o f  gases can  be determ ined. I t  is an tic ipa ted  th a t  

th is will be som e definite frac tion  o f  th e  m esh size M  o f  th e  honeycom b 

o r  grid.
(4) M easurem ents o f  co rre la tion  betw een sim ultaneous values o f  th e  

velocity a t  po in ts d istribu ted  along  a  line can  determ ine a  leng th  /2 

w hich m easures the  scale o f  tu rbulence from  th e  s tan d p o in t o f  the  E u le rian  

represen tation  o f  fields o f  flow.

B oth  these lengths m ay be expected to  be  som e defin ite  frac tion  o f  the  

m esh length  M , a t  any  ra te  w hen th e  tu rbu lence  is n o t very small.

(5) A  th ird  length  X can  be  defined in  re la tion  to  the  d issipation  o f
W  jy2

energy by  the  equation  -^  =  15 ^ . T his leng th  m ay  be tak en  to  rep re

sent roughly the  d iam eters o f  the  sm allest eddies in to  w hich th e  eddies 

defined by  the  scales lx o r /2 will b reak  up .

(6) I f  the  ra te  o f  d issipation is. p ro p o rtio n a l to  th e  cube o f  the  velocity, 

as it is w here the  R eynolds’s stresses a re  p ro p o rtio n a l to  th e  squares o f
. ,  / / v

th e  tu rb u le n t c om p o n en ts  o f  v e lo c i ty , X is  p r o p o r t io n a l  t o  \ /  .

In  tu rbu lence due to  a  square  m esh honeycom b o f  m esh leng th  M , 

A  =  A  \ / , w here A  is a  constan t. T his fo rm ula  is inapplicab le  

w hen M w'/v is small.

(7) U sing th is value fo r X it is show n th a t  the  law  o f  decay o f  tu rbu lence 

is such th a t U /w ' increases linearly  w ith  x  in  accordance w ith  equation

(59).

(8) X is also directly connected w ith  th e  corre la tion  betw een sim ul

taneous m easurem ents o f  velocity a t fixed po in ts separated  by  a  sm all 

distance. This corre lation  can  be m easured  by suitable  appara tu s  so 

th a t the theory  can  be verified experim entally.

(9) In  iso tropic tu rbulence the  m ean  value o f  any  quadra tic  expression 

o f  the space rates o f  change in  the  velocity is know n w hen the m ean 

value o f  any one o f  the  term s in  it  w hich is n o t zero is know n. This 

leads to  the prediction, w hich m ight be verified experim entally, th a t i f  the  

correlation between a  com ponent o f  velocity a t a  fixed p o in t O  and  th a t 

a t a neighbouring variable po in t P  is m easured, the  surfaces o f  equal 

correlation are pro late  spheroids w ith P  as centre, the  long axis is V 2  

times the  equatoria l axis and  is directed in  the  direction in  w hich the  

velocity com ponent is m easured. This sta tem ent is identical in  substance 

though no t in  form  w ith th a t given on  p. 439.

2 g  2
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4 4 4 G .  I .  T a y l o r

Co n c l u d i n g  R e ma r k s

O f these results and  predictions (1), (2) and  (3) are substantially identical 

with the conclusions p u t forw ard in 1921 in my paper, “ Diffusion by 

Continuous M ovem ents,” where the suggestion th a t the diffusive power 

o f turbulence should be used fo r the purpose o f  m easuring the scale of 

turbulence and  the tu rbu len t com ponents was first m ade. Recently 

experiments o f this natu re  have been m ade by C. B. Schubauer* and (2) 

has been verified, as will be show n in P a rt IV  o f the presen t paper. Mr. 

Schubauer, however, w orked quite  independently  o f m y previous work 

and indeed gives an  em pirical explanation o f  his experim ental results. 

Conclusions (4) to  (9) are, I believe, new. I t  will be shown in 

P art II tha t all these results, except (9), have now  been verified experi

mentally and show n to  be true. E xperim ental w ork  is now  in hand to 

test the tru th  o f (9).

Statistical Theory of Turbulence—II

By G . I. Ta y l o r , F.R .S .

(Received July 4, 1935)

M e a s u r e me n t s  o f  Co r r e l a t i o n  i n  t h e  Eu l e r i a n  R e pr e s e n t a t i o n  o f

Tu r b u l e n t  F l o w

The m ethods described in P a rt I have been used by M r. L. F. G. Simmons, 

of the N ational Physical L abora to ry , to  find experim entally the correlation 

between the turbulen t com ponents o f  velocity u0 and  a t two points 

distant y  apart in  a d irection transverse to  the stream . The measure

m ents were m ade a t m ean speed U  =  25 feet per second in a wind tunnel 

behind a honeycom b w ith 0* 9-inch square mesh. The results are shown

in fig. 1 where the ordinates are R y =  and  the abscissae are the
u2

corresponding values o f y . I t  will be seen that the R y curve is apparently 

rounded a t the top  and  th a t R y falls to  0-08 a t y  — 0-38 inches. No 

m easurem ents were m ade beyond this poin t, bu t extrapolation seems to 

show tha t R y =  0 w hen y  is abou t 0 • 5 inches, i.e., when y  is slightly 

greater than  £M .

* ‘ R ep . N a t. A dv . C tee. A ero ., W ash .,’ N o . 524 (1935).
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