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Abstract

In this paper we provide general estimates for the errors between
the distribution of the first, and more generally, the Kth return time
(suitably rescaled) and the Poisson law for measurable dynamical sys-
tems. In the case that the system exhibits strong mixing properties,
these bounds are explicitly expressed in terms of the speed of mixing.
Using these approximations, the Poisson law is finally proved to hold
for a large class of non hyperbolic systems on the interval.

1 Introduction

The investigation of asymptotically rare events is growing up as a new di-
rection in the understanding of statistical properties of dynamical systems.
By “asymptotically rare” events we mean, in a wide sense and following
the terminology in the review paper of [Coe97], those events which have
asymptotically zero probability but which occur with a well determined
asymptotic limit law. In the dynamical setting, where we have a proba-
bility space (X, B, ) with a measurable p-preserving mapping 7' acting on
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it, the “events” will usually be the visits into a sequence of sets €2, € B of
positive measure but with their measure going to zero in the limit of large
k. We call the event “rare”, when the expected entrance time in €2, diverges
with k. A well-known result in ergodic theory shows how abundant are the
“asymptotically rare” events. Let us consider in fact an ergodic measure p
for an endomorphism 7" and take a measurable subset (2: then Kac’s theorem
[CFS82] says that the expectation of the return time to €2, starting from €2,
is just pu(Q)~t.

Kac’s theorem suggests the good normalization to keep in order to study
the asymptotic distribution of the return time to €2. The natural object will
thus be the distribution:

Fo(t) = pa (z € Q | ma(x)pu() > t) (1)

where T(z) is the first return time to €2 provided that x € Q and pq is the
normalized restriction of p to 2. The question will be whether the limit of
Fq(t) exists when the measure goes to zero and what kind of distribution is
recovered. The condition that the starting point = in (1) belongs to € could
be relaxed by asking that x belongs to the whole space. In this case, Fq(t)
will give the distribution of the “visiting time” into €2, but in order to get
its asymptotic distribution, a suitable normalization is needed [GS97]. The
situations sketched above could be considerably refined, producing richer
processes (see the quoted paper [Coe97] for an historical account of these
questions and an exhaustive bibliography). We will however explore some
of them in this paper under a more general perspective and successively by
giving applications to class of systems never investigated before.

Let us first come back to formula (1) and replace €2 with a decreasing se-
quence of neighborhoods of a given point z € X, Q.(z), such that their mea-
sure goes to zero when € — 07. Then for some classes of hyperbolic dynam-
ical systems, notably axiom A diffeomorphisms [Hir93|, transitive Markov
chains [Pit91], expanding maps of the interval with a spectral gap [Col96]
and in the more general setting of systems verifying a strong mixing property
(“self-mixing” condition and ¢-mixing [Hir95]), and recently even in the case
of rational maps with critical points in the Julia set [Hay98a], it is possible
to prove that the distribution Fq_(,)(t) goes to the exponential-one law e~
and this for p-almost every z € X. A strong improvement of this kind of
result appears in the paper [GS97], where an upper bound for the difference

t




HIRATA, SAUSSOL AND VAIENTI 3

was explicitly computed in the case of p-mixing systems and where A is
a cylinder set, and A(A) a suitable normalizing factor. Recently [Hay98b]
obtained an exponential error estimate for the quantity like (1) in the case
of parabolic rational maps.

To enrich the process, and the statistics, one successively introduce the
Kth return time, 7 (), from Q. into itself (see the precise definition in the
next section), where Q. = €).(2) is still a neighborhood of some point z € X.

For the dynamical systems quoted above, a Poisson statistics can be
proved, by showing that the distribution of successive return times into 2.
satisfies, for z u-a.e.

K
po. (z € Q. | 78 (2) <t <75 (2) — —e (2)
€ e—0+ K!
The preceding results deserve further investigations at least in two directions:

1. extend them to non hyperbolic dynamical systems and, more ambi-
tiously, check their robustness when the system looses strong mixing
properties.

2. prove an error estimate even for the distribution of successive return
times (2) and relate this approximation rate, if possible, to the statis-
tical properties of the system like correlations decay or spectral prop-
erties.

We try to give partial answer to these questions in this paper. The
general setting we put in, is the return(s) times to the set Q starting from
itself, as expressed in formulas (1) and (2) (although in Theorem 2.1 we will
also consider points starting everywhere). The first attempt was to give,
for measure preserving dynamical systems, a general upper bound for the
difference between the distribution of the (rescaled) first return time and
the exponential-one law e~* and then between the distribution of high-order
(rescaled) return times and the Poisson law %e_t. We do not make any
hypothesis on the set {2, nor on the ergodic properties of u; nevertheless
these bounds are expressed in terms of the self-interactions of the set {2 and
can be explicitly computed when typical rates of mixing are known (uniform
mixing, a-mixing or ¢-mixing). In this context, our bounds greatly improve
and simplify the hypothesis of self-mixing condition of [Hir95], which was a
powerful tool to get sufficient condition for the Poisson statistics. This first
part of the paper is essentially due to one of us (B.S.) and is part of his Ph.D.
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Thesis [Sau98b]. In the second part we apply the preceding bounds to new
situations. The systems we treat are some non-uniformly hyperbolic maps of
the interval; these maps are characterized by a structure parameter, say «,
which measures the order of tangency at a neutral fixed point and governs
the algebraic decay of correlations (in our example the order is n'='/®). If
it denotes the absolutely continuous invariant measure, we prove Poisson
statistics (in the sense precise above), by giving an explicit approximation
of the asymptotic law in terms of the measure of the set €1,,, where in this
case (2, is a decreasing sequence of cylinder sets chosen around almost all
points in the interval. To be precise the error is of the type: u(Q,)?, for
any < 1 — «, and therefore /3 is explicitly related to a and optimized just
by 1 — a. For the distributions of the Kth return times the bounds simply
become p(2, )%/ K.

By inspecting these results, we could argue that the non-hyperbolic char-
acter of the maps reflects in the error term; to be more precise we think
that as soon as the degree of non-uniform hyperbolicity of the map is mon-
itored by a structure parameter «, this parameter will appear explicitly in
the approximation to the Poisson law, which suggests, on the converse, that
we could use Poissonian statistics to test lack of hyperbolicity. Our claim is
motivated by two more observations: first, in getting these bounds we proved
a sort of a-mixing for the map with a rate which was exactly the same as
the algebraic rate for the correlations’ decay. Second, in the forthcoming
paper [Sau98a] the return times is analyzed for a class of piecewise expand-
ing multidimensional maps. Although the mixing properties are much more
difficult to handle with, especially for the presence of singularity lines and
the geometry of their shape, the uniform dilatation will provide bounds on
the form: p(£2,)” and u(€2,)?/% for all B < 1, which reflects the fact that all
the quantities involved, and the correlations’ decay too, admit exponential
estimates. We will come back to these questions in section 4. As a final
remark, we address two questions:

1. Our analysis is local: the events are chosen around almost all points
which we could call, following a widespread tradition, generic (for our
statistics). What happens if we consider non-generic points (discarding
of course some trivial situation like fixed points) ? Could we see their
(possibly different) statistics by involving some sort of large deviation
argument ?

2. What is the place of Poissonian statistics regarding other ergodic char-
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acterizations of dynamical systems 7 For example: what is the largest
class of ergodic dynamical systems enjoying a Poissonian statistics ?
Conversely, does an invariant measure satisfying that behavior implies
strong ergodic properties too ?

2 General bounds on the distribution of re-
turn times

We will consider in this section a probability space (X, B, 1) together with a
measure preserving transformation 7" acting on X. The basic object will be
the return time into a positive measure set U starting from U defined by

Ty(z) = inf { k > 1| TFz € U} U {oo}.

pANU)

u(U)
We then recall Kac’s theorem which says that the conditional expectation of
Ty given U is finite, and equal to 1/u(U), when pu is ergodic. As indicated
in the introduction, Kac’s result suggests how to properly rescale the return
time when we are interested in its distribution.

We define as usual the conditional measure py on U by uy(A) =

2.1 First return time

We begin to show that the distribution of the first return time into the
set U starting from U is close to an exponential one law if and only if the
two distributions of the first return time starting, respectively from U and
everywhere, are close.

Theorem 2.1. Let us define c(k,U) = py(ty > k) — p(ty > k) and set
c(U) = supy, |c(k,U)|. The distribution of the (rescaled) first return time into
the set U differs from the exponential-one law by at most d(U) = 4u(U) +
c(U)(1 4 logc(U)™1), namely:

t —t
su US> —— | —e | <dU
el (> )~ <)
which is still true starting from U :
t —t
su US> —— | —e | <dU).
el (v > 7) =] < 40
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Conversely, the difference between the two distributions (starting inside U
and everywhere) can be bounded in terms of the distance c(U) := sup,;s |uv (10 >
t/u(U)) — e, precisely:

c(U) < 2u(U) +(U) (2 4+ logc(U) ™).

Remark 2.2. Whenever u(U) > 0 the return time’s law is discrete and this
allow us to get a lower bound for the rate of convergence. More precisely, we
have the following proposition.:

Proposition 2.3. for each k >0

e_kN(U)
eny = | (ry > k) — e O 4 |u(ry > k+1/2) — e *F/20O)) > I

u(U).

In particular, eoy > pw(U) /4.

Proof. [Proposition 2.3] Let k > 0 be an integer. Since 1y takes only integer
values, the distribution for t = ku(U) and t' = (k + 1/2)u(U) is the same,
then

v 2 |exp(=kp(U)) = exp(=(k + 1/2)u(U))|
> exp(—kpu(U))(1 — e /%)
> .
> ——nl)
O
Proof. [Theorem 2.1] Let us remark that for any k > 1 we have
plro = k) = pU N {w >k —1}). (3)

Since {1y > k} = T-Y(U°N {1y > k —1}) by the invariance of u we get that
p(ry > k) =pu(ry > k—1) — p(UN{ry >k —1}), whence the result. Next,
for all k > 0 we have

plry > k) = wp>k—=1)—p(U)py(ty >k —1)
= wlrw >k =1) = pU)u(ry >k = 1) + c(k, U)]
— lr > k= D1~ p(U)] — w(U)elh, V).
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Then it follows by an immediate induction that
plre > k) = (1= p(U)" = p(U) 3 c(3, U)(1 = p(U)" .
j=1
Hence for all t > 0, putting k; = [t/u(U)], we have
k¢
(o > k) = (1= p(U)*] < p(U) Y 1e(G, U)] < te(U). (4)
j=1
Setting z = —log c(U), and k, = [z/u(U)], we get
(1= p(U) < e < c(U)e"”) < e(U) + 2u(U),

for any t > z,

,U,(TU > kz)
(1 — u(U))* + 2¢(U)
2u(U) + c(U)(1 = log c(U))

/L(TU > kt)

INIA A

which gives |pu(ty > ki) — (1—p(U))*| < 2u(U)+c(U)(1—log c(U)). Instead
for any t < z the same estimate holds by inequality (4). Since, by an easy
computation
(1= u(U))* — ™| < 2u(U),

we get for any t > 0

|\t > ko) — e | < 4p(U) + ¢(U)(1 = log ¢(U))
which proves the first part of the theorem. Moreover, since

ko (1 > ki) = plro > k)| = |e(ke, U)] < e(U),

we finally have for each t > 0

\po (0 > ki) — e < 4p(U) + c(U)(2 — log c(U)).
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The converse part is proven in the same way. For k > 1,

/L(TU>]€) = 1—/JJ(TU Sk)
k

= 1—ZM(TUZJ)

= 1—p(U)> polry>j—1),

j=1

where we used in the last equality the relation (3). Hence

> ) — e MO < 1= p(0) 3 e 6O o hi| 4 0)(w)
j=1
1 e_k#(U)
< w4 )
_ w(U
< (14 e k@) ‘1 — % + kp(U)e(U)

< 2u(U) + ku(U)e(U).
This gives, whenever k < ko := logc(U)~! /u(U):
lc(k, U)| < 2u(U) +¢(U)loge(U) ™.
For k > ky we simply have
lc(k, U)| < (v > ko)+uu(tv > ko) < 2u(U)+¢(U) log &(U) e *H D 45(U).
[

The last theorem gives a necessary and sufficient condition to obtain
the exponential law, that is d(U) — 0. However, such a quantity is not
very transparent for dynamical systems, that is why we give a criterion to
estimate it. This kind of condition is a generalization of the so called “self-
mixing condition” introduced in [Hir95].

Lemma 2.4. Let U C X a measurable set. The following estimate holds

c(U) < inf {an(U) + by(U) + Nu(U)| N € N}
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where the quantities are defined by

an(U) = pw(|JT7U) = po(rv < N),

j=1

bnv(U) = sup |uu(TV) = u(V)|
Vels
withUd ={U,U°}, U, = T*U and Uy, = U,o(Uy,).

Proof. Let N € N. If k < N, we just bound ¢(k,U) by

o (ty < k) — (o < k)
o (o < )|+ [p(ro < k)|
an(U) + kp(U) < an(U) + Nu(U).

(o (o > k) — plmo > k)|

<
<

Otherwise, let us remark that
{70 > k} and {7y o TN > k — N} differ only on {1y < N}, and by
hypothesis

\ww (t0 > k) — po(ry o TN >k — N)| < pr(tr < N) = an(U).
Moreover

lp(ry o TV >k — N) — p(ry >k —N)| =
o (TN (ry >k = N)) = (o > k= N)| < by(U).

But {ry > k — N} and {7y > k} differs only on {7y o T*=™ < N7}, hence
(o > k= N) = p(ry > k)| < p(ry o TV < N) = p(ry < N) < Nu(U).
We finally get for each k, N € N

w10 > k) — 1y > k)| < an(U) + by (U) + Np(U)
which concludes the proof, since N is arbitrary. O

We remark that by (U) is bounded by «(N) if the partition U = {U, U}
is a-mixing, and by (V) if it is uniformly mixing (see definition 2.1 below).
To simplify, we could say that the exponential law holds when there exists
some N so small that only few points of U come back in U before N steps,
but large enough such that 7VU is uniformly spread out.
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Definition 2.1 (Speed of mixing). Let (X,B,T,u) be a dynamical sys-
tem and & a finite or countable measurable partition of X. We set & =

\/f;é T=I¢ and o(&) the o-algebra generated by &,

1. Uniform mixing. The partition £ is uniformly mixzing with speed ~v(n)
going to zero for n going to infinity if for any n,

y(n)=sup  sup  [u(RNS)— p(R)u(S)]-
k.l Reo (k)
SeT=( ko (&)

2. a-mixing. The partition & is a-mizing with speed a(n) going to zero
for n going to infinity if for any n,

a(n) = sup sup
k.l Reé&y,
SeT~ (R g (&)

[k

)|

3. p-mixing. The partition & is p-mizing with speed ¢(n) going to zero
for n going to infinity if for any n,

p(RNS) '
p(n) =sup  sup —1].
=S Fene
ser=(nthg

4. Weak-Bernoulli. The partition & is weak-Bernoulli with speed ((n)
going to zero when n goes to infinity, if for any n,

Bn)=sup Y |u(RNS) = p(R)u(S)|.

k,l Reer
SeT—(ntk)g,

Remark 2.5. We state some general implications and results verified by the
preceding types of mixing.

1. p-mizing implies a-mizing which implies uniform mixing. For any n,
Y(n) < an) < ¢(n).

2. p-mixing implies weak-Bernoulli which implies uniform mixing. For
any n, y(n) < B(n) < ¢(n).
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3. If € 1s a generating partition of an wiformly mixing dynamical system,
then the system is mixing.

4. If € is a generating weak-Bernoulli partition then the system is metri-
cally conjugated with a Bernoulli shift.

2.2 Successive return times

We will now investigate the properties of successive return times to the set
U. For this purpose, let us define the kth return time in U by

09 = [0 if k=0,
v (@) + n T @ () i k> 1

Observe that the difference between two consecutive return times follows the
same law than the first, for the simple reason that

K+1 K (K)
7'((] +)—T[(J ):TUOTTU

and the measure pp is invariant with respect to the induced application on
U.

Theorem 2.6. Let U C X be a measurable set, and U = {U,U°} the par-
tition associated to it. Given an integer K and a rectangle Qr in R, the
differences between successives normalized return times in U are independent
and exponentially distributed up to f(K,U) (see (5) below), where f(K,U)
is defined depending on the type of mixing by

(o) When (X, T, ) is a-mizing for U, with speed a ', then

FKU) =K (3d(U) + inf {a(M) + 3Mu(U)}) .

'We just need that mixing property for some special sets, more precisely, we are inter-
ested by

(RN S)

a’(N):sup{’“M(R) —N(S)’ ’j,NeN,ReZ/{j,TjRCU,VeT‘j_Nuoo}.
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(v) When the partition U is uniformly mized by (X, T, u) with speed -,
then

J(K.U)= K [4dU)+  inf {% (2 — Klog %) + 3M,u(U)}

Y(M)<p(U)?

Indeed the following inequality holds:

K
1 _(2) (1) (K) (K-1) 1 —s; 1. K
, =T ey - € —Qk | — | | d
J135; ((TU T — Ty Ty Y ) () K) o L e s

< f(K,U).

(5)

Remark 2.7. Note that the mixing assumption is made only for the spe-
cial partition U. If the system has a partition Z (not necessarily with two
elements), uniformly mixing with speed vz, then for any cylinder U € Z,
of order n, the partition U = {U,U°} is still uniformly mizing with speed
V(M) < ~vz(M —n). The proof of the theorem is inspired by [CGI3], with
the following differences: 1) U is any measurable set; 2) we take care of the
approzimations to get an estimation of the error; 3) we still get an estimation
even if the system is uniformly mixing; however, it is interesting whenever

V(M) = o(1/M?).

Proof. [Theorem 2.6] Let us remark first that if we denote by F' = TV the
induced application on U, then for each k € N,

T((]k+1) — T[(]k) = 1y o FF.
We set 7, = (1, 7y 0 F, -+ , 7y 0 F*™1). We will show that the inequality (5)
holds by induction on K.
For K = 1, we apply Theorem 2.1 which gives, setting Q1 = [u,v],

v

|\ (v € [u,v]) —/ e *ds| = |pu (v > v) — po (v > u) — (e7 —e™")[ < 2d(U).
Let’s suppose that the inequality (5) is true for K; we want to prove that
it is also true for K + 1. Let [r,s] be the projection of Q41 onto the last
coordinate, and for k = K, K + 1 denote:
Dk =UnN Tlgl(

1
m@k)-



HIRATA, SAUSSOL AND VAIENTI 13

For any M € N, the set defined by
Exg1(M)=Dgn{zeUlryoT" o F¥(z) € [r,s]/u(U) — M}
verifies the inclusions
Exa(M)N{ryo F¥ > M} C Dgy1 C Ex (M) U {7y 0 F¥X < M}.

Theorem 2.1 shows that the two sets which bound Dy, do not differ too
much, namely,

pu(ty o FX < M) = py(ry < M) < 1 —e MU 4 q(U) < Mp(U) + d(U).
Therefore we get the first bound
b (Dic41) = o (B (M) < Mp(U) + d(U). (6)

So the problem reduces to prove that uy(Ex.1(M)) follows the expected
law. We decompose the sets Ex1(M) over A} = U N {TL(,K) = j}. We have

[r 5]

woy) M

Ex41(M) N A} = D N Al N T~ M7, €
We can now use the mixing with R = DgNA}. € o(U;) and S = T~ M+ {7, €
[r,s]/u(U) — M}. According to the type of mixing, we get two approxima-

tions:

(o) When the partition U is a-mixing:

o (Bica (M) 0 4%) = (D 0 A € 1ok = M)] < @M (D 1 )

Summing over the possible values of 7 we get:

[, 5]
(o (Ex1(M)) — po (D) (o € W(0) M)| < a(M)pu(Dk) < a(M).

Now Theorem 2.1 gives

5] e o
) e e 2Mu(0)

< 2AMu(U) +d(U)).

[r 5]

n(U)

—M)—(e" =)

IN

|:U’(TU € |M<7'U S
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We briefly recall the approximations done with their respective errors

p(Dry1) — pu(Ex(M)) — po(D)p{ty € } — py(Di)(e™ —e™®)

! l !
Mu(U) +d(U) a(M) 2(Mu(U) +d(U))

This allows us to show that the difference

K+1

po (D) — / H e~ ds" (8)
Qr+1 j—1

is bounded by the quantity f(K,U)+3Mu(U)+a(M)+3d(U) < f(K+1,U),

which proves the induction and concludes the proof of this first case.

() We now consider the case when U is uniformly mixing:
Let M be such that v(M) < u(U)?. As a first step, we can restrict ourselves

V(M)
> 0. In fact,
n(U)?

to the case when Qk C [0, 2]%, with 2 = — log

K
Qi \ 0,2 ¢ | RE " x]z, 00] x REH
k=1

which implies using Theorem 2.1

po(u(U)7 € Qr \ [0,2]%) < Zu o =) > 2 ()

= Kuu(TU>Z/u(U))
< K(e* +d(U)).

Moreover

e~5ds < “5dsK < Ke .
/QK\[OZ]KH ’ Z/+ 1x]z, He ’ ‘

K—k
OOX]R i=1

Next, by decomposing according to

o (U)K € Qk) = pu(p(U)tk € Qk N[0, 2]%) + p(u(U)mx € Q \ [0,2]%),
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we get f(K,U) < K(2e7*+d(U))+ f'(K,U) where f'(K,U) is the maximum
of the difference (5) for the boxes Qi C [0, 2]%. We then estimate f'(K,U).
First by uniform mixing we get

. 4 M
10 (Brea (M) N Ae) = i (Dic N Ajeulru € [, )/ u(U) = M)] < _1(@‘))
and then we sum over all possible® values j of 7%,
Kzy(M)

|l (Ex1(M)) — po(Di ) (o € [r,s]/u(U) — M)| < W(0)?

The same computation performed after estimation (7) (where now (M) is
replaced by K zv(M)/u(U)? in inequality (7)), gives the bound f'(K+1,U) <

Kij(([j'\)Q +3(d(U) + Mu(U)). Then for each M,

/ 5 27(M)
f(K,U) <K (U2 +3K(d(U) + Mu(U)).

Since M is arbitrary, our choice of z implies that the inequality (5) is verified
with

f(K,U)=K |4d(U)+  inf {7(M> (2—Klogl£%l>+3M,u(U)}

[

We are now ready to give the most important result of this section,
namely, to prove the Poisson statistics for successive return times. Let N (t)
be the number of visits into U up to the normalized time t/u(U),

N(t) = sup {K > 075 < t/u(U)}.

It turns out that N(¢) is a discrete random variable whose law is close to a
Poissonian one, more precisely we have

2Since Qg C [0,2]%, the Kth return time is less or equal to Kz, hence it takes at most
[K z] different values.
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Theorem 2.8. The distribution of the number of visits N(t) differs from the
Poissonian law by

tK
po(N(t) = K) — ﬁe*t <g(t,K,U)+g(t, K +1,U),

where for each k >0 g(t,k,U) = (12t*/k + k*") / f(k, U).

Proof. It is a consequence of the weak dependence of the differences of suc-
cessives return times established by Theorem 2.6. We first remark that

po(N() = K) = o ({T((]K) < ﬁ} N > ﬁ})

= o (75 <t/pU)) — po (FFY < t/p(U)) .

It is then sufficient to compute the measure of points whose kth rescaled
return time is smaller thant, for k = K, K+1. If we put Py(t) the distribution
of the sum of the differences of successives return times, we know that when
the latter are i.i.d. random variables with the same exponential law, then
setting Ly(t) = {(51, .., 8k) € ]Rﬂ S1 4 F s < t} we get

k

ﬁk(t) = Pk(t) = / HeisidSi

Li(t) =1

K
—t

—e
K!

The difficulty comes now from the fact that we have to translate Theorem
2.6 given for boxes on the simplex Ly(t).

which gives the classical result Py (t) — Py y1(t) =

Let’s suppose that f(k,U) < 1, otherwise there is nothing to prove. Hence
the integer defined by N = [k/ f(k,U)**1] is bigger than k. We consider the
uniform partition of [0, t]* by cubes of size t/N. Let Ay be the union of those
cubes Q. included in the interior of Ly (t), for which for any (s1, ... , sk) € Qk,
Zle s; < t and Xy, those which intersect the boundary, i.e. the union of those
cubes such that there exists (si,...,s;) € Qk with Zle s; = t. By using
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2

S

t 1

Figure 1: Partition of the cube [0,¢]* for k = 2. ¥ is the union of dotted
squares and Ay the union of shaded rectangles Ry (Qx).

the notation 7, introduced in the proof of Theorem 2.6 we have,

k
5o i <) - [ T[evas
Lk(t)z 1

< ,uU(TkE / He sids" +/LU(Tk€ / He Sids"
Ag i=1 Xk =1

< (51+(52+53.

To estimate 61, we put Il for the projection over the k—1 last coordinates;
then the sets Ri(Qr) = {Q) € Ag/I(Q)) = II(Qk)} are boxes, and their
number is bounded by N*=! (see Figure 1). For each of these boxes Theorem
2.6 gives an error smaller than f(k,U), and then we get 1 < N*1f(k,U).

To compute d, and 03, we first remark that a straightforward combinato-
rial calculus gives, for the number C% of cubes inside Y, C% < 6N¥1 (see
[Sau98b]). But for each cube Q) C ¥y Theorem 2.6 gives

v(me € Qr) < H e ds" + f(k,U).
Qk j=1

Summing over all the cubes contained in Yy one has 65 < 6N*1f(k,U)+ ds.

Moreover the integral H e~%ids* is bounded by the volume of Q) equal
Qk j=1
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to (t/N)k, which gives 65 < 6 N*~1t* /N*. We then deduce that
§ <01+ 0y + 63 < N Uf(k,U) + 12tF /N

which implies 0 < (12tk/k + kk) f(k,U) by the previous choice of N. ]

3 Applications

In the preceding chapter we gave general estimates for the error between
the distribution of the number of visits into a set U and the Poissonian law.
We could wonder whether this law is attained in the limit of p(U) — 0.
Put in this way the question is not very clear. What we need is instead to
localize a sequence of neighborhoods U, (z) shrinking to zero and ask whether
the Poisson law holds in the limit ¢ — 0. This approach was successfully
carried out by several authors as reminded in the introduction. Although
their results were applied to dynamical systems, the inspiration and some of
the techniques of the proofs were of probabilistic nature (theory of moments,
Laplace transform). Here we follow a purely dynamical direction, trying to
extract all the statistical informations by the ergodic properties of the system.
In this way we are able, for example, to exhibit the Poissonian statistics for
a large class of non uniformly hyperbolic maps of the interval, widely studied
in the last years especially to determine the rate of decay of correlations and
the central limit theorem.

Some statistical properties of these maps have been studied in the paper
[LSV97] (this paper contains a quite complete bibliography on the subject),
where an absolutely continuous invariant probability measure (ACIM) is first
constructed, and then it is shown that it enjoys a polynomial decay of cor-
relations.

One feature of these maps is that they are characterized by a structure
parameter (the order of tangency at an indifferent fixed point), which governs
the statistical properties, and that can be viewed as an indicator of the
“weak” hyperbolicity of the map. Actually, it turns out that this parameter
appears even in the approximation to the Poissonian law.

Let’s then consider for 0 < o < 1 the following map of the unit interval:

~Jo(l+2%%) Vrelo, 1/2)
Tw) = {2:5 —~1 Ve e [1/2,1]°
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We recall some properties and results which we will need in the following, and
we refer the reader to the quoted paper for more informations and proofs.
This application has a finite Markov partition (with two elements), but for
our purposes it is more convenient to work with the countable one £ generated
by the left preimages a,, of 1, £ = { A,,| m € N} with A, =|a,41, an]. We will
often use in the following the easy bound a‘iﬁ < 2.

We can associate to each point z € X =|0, 1] an unique infinite sequence
W = wiwy... with the property that 7™ 'z € A, for all integer m > 1.
We denote by &, the dynamical partition & V T71¢---T-™F¢ and call its
elements m-cylinders. We denote with &,,(2) € &, the m-cylinder which
contains z. The sequence w satisfies the admissibility condition: w,,w,11
appears in w if and only if w,, = 0 or w11 = w,;, — 1. We say that a non
empty cylinder C' = [wy...wg] € & is mazimal if it is maps onto X after
exactly k iterations, which is easily seen to be equivalent to w; = 0.

3.1 Some mixing properties

We begin with a brief surveys of some results proved by two of us (B.S., S.V)
in the joint paper [LSV97] with Carlangelo Liverani. We showed that the
density h of the ACIM belongs to a certain cone of functions Cy(a), which
will be characterized later (see Lemma 3.2), provided a is big enough, and
satisfies 3:

Lemma A (Lemma 2.2 in [LSV97]) The cone C,(a) is left invariant by the
Perron-Frobenius operator P, i.e. P(C.(a)) C Ci(a).

Lemma B (Lemma 2.3 in [LSV97]) The density h belongs to the cone C.(a),
and verifies in particular whenever z <y

h(z) atl
m < (y/z)*", (9)
h(z) < ax™®. (10)

3We recall the formal definition of the Perron Frobenius operator P acting on function
f:00,1] = R:

PIw)= Y 5l

One easily check that p is an AcM iff h = % is a fixed point of P on L!(dx).
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Proposition C (Distortion inequality, proof of Proposition 3.3 in [LSV97])
There exists some constant A such that for all £ and z,y € C € &,
D,T*

oo S A< oo (11)
Y

We will suppose without loss of generality that a > 4A.

Theorem D (Theorem 4.1 in [LSV97]) In the proof of this theorem we in
particular got that for f € C.(a),

<o 12
sy < POy (12)

f(s-00)

with ®(n) = Cn~at!(logn)a = Oy (n~ =), where we define by O (e) =
O(e(loge™)") in the limit € — 0, for any constant 7.

We then need a few more results on the speed of mixing which turn
out to be useful for the statistics of return times and also to establish the

weak-bernoullicity of the map.

Lemma 3.1. For any z € X, and for any m such that &,(2) is mazimal,
the partition U = {{m(2), Em(2)C} satisfies a property close to the a-mixing,
namely

— (S)| = OL((N = m)'==).

RNT-N-18)

o/(N) =sup sup sup 2l

() JEN Rel; Selso p(R)
TIRCU

Proof. Let z be a point of X and m be an integer such that &,,(z) is maxi-
mal. Let U be the partition given by &,,(2) and its complement, and U; the
refinement of U. For R € U; such that T'R C U, we have R € o({4;) and
R is a union of maximal cylinders V,’fLJrj € &m+j; choose V' € &,y one of
these maximal cylinders. For any S € T-W+I)B there exists a set W € B
such that R = T-WN+)1W . We then have

() = p(VNS)—pu(V)u(S)
_ / Ty Ty o TNhdA — / (Vb IwdA
= [P - )y
< |PNHR(Ly — p(V)| 1 -
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By exploiting the fact that V is maximal we continue the preceding bound
as

(*)

IN

[PY Py — w(V )]+ [PY V) = V)]
< 4a®(N —m)u(V),
with ® given by inequality (12), provided P™/(h1y) € C.(a), which is the

case by the Lemma 3.2 below. We conclude the proof by summing over all
the maximal cylinders of R. ]

Lemma 3.2. For any mazimal cylinder V € &,
PP(h1y) € Ci(a).

Proof. We first set f := PP(h1y) and T}, : V' — X the restriction of T to
V. Since TP is injective over V we can rewrite f as

f(x) = ho T, (x) D, Ty, "

which in particular shows that f is continuous. To prove that f belongs to the
cone of smooth functions C,(a) we must verify the following four properties
which just define the cone.

1. f is continuous and positive, that is clear in our case.

2. f is decreasing. Since h € C.(a), h decreases. In addition, T,," is
decreasing and concave, therefore h o T\, and DT,,” decrease.

3. x — x*t f(x) increases. Since T,,* : X — V is increasing, an equiva-
lent statement is that
1

D,Tp

(TPu)** h(u)

is increasing with u € V. Observing that
TPy a+1 1

( u ) D,Tr

increases over V € &, (which is true for p = 1 and the general case

is proved by recurrence), and u +— u“*th(u) increases, we obtain the
result.
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4. f(z) <ax~ [ f. Since f is continuous, there exists v € V such that

1
D,T?

[ = #@re) =no)
The distortion estimate (11) for u € V' € §, gives

D,TP
<A
D,Tr —

Moreover since h decreases, inequality (9) yields

hu) _ M011)

a a+1
< = ) < 4.
h(v) h(awl) (aw1+1

As a consequence, we get for u =T, x

A
<4 < axr ©
Durv < M5 s /f’

f(z) = h(u)
because x < 1 and 4A < a.

]

We finally prove that the countable partition &, and therefore the two-
elements one, is weakly Bernoulli.

Theorem 3.3. The partition £ is weakly Bernoulli for (X, T, u) with speed
B(n) = Or(n'~"*).

Proof. We begin to recall the following result by Hofbauer and Keller [HK82]
which permits to bound (3(n) as

B(n) < sup > |P(LR — u(R)R)| 1y (13)

meN REEm
Then it will be enough to bound
[P (1R — (R))R)||

with R € &,,. Let pr > m be the integer for which R € &,, is maximal.
We decompose the sum over all the cylinders R € &, into two blocks. Let



HIRATA, SAUSSOL AND VAIENTI 23

M(m,n) be the set of maximal cylinders for pr < m + n/2. When R €
M (m,n), the same computation performed in Lemma 3.1 gives

1P (X — (Rl y < p(R)OL((m +n—pr)' ™) = u(R)OL(n' 1),

Then the set of cylinders which do not belong to M (m, n) is exactly T~"%10, a, o),
whose measure is equal to

w(T~10, anso)) = ([0, ans)) = /Oan/2 h(z)dx = O(nt=1/e).

This proves the theorem. ]

3.2 Statistics of return times

We now come back to the study of return times and the first step will be the
estimation of the quantities involved in the error term given by Lemma 2.4.

Lemma 3.4. There exists a constant B such that for any k and C' € &, with
T=*FCNC #0,

sup PP 1 < Bk~ 11/, (14)

Proof. Let ko be such that DakOT < 2, and put r = DakOT > 1. Let C =
[wy...wx] be a k-cylinder such that T=C' N C # (). This implies that wyw; is
admissible. We want to estimate sup P* 1o = 1/infc DT*. If w; < ko for all
j = 1.k, then DT* > r*. Else, take j such that w; = max;<;<;w;. Either
J = 1, and consequently w, = 0 or w;_y = 0. In the last case we have

i%fDTkz inf DT9' inf DTF'7T > A7! inf DT*.

[wi..wj_1] [wj...wi] [wj...wpwi..wj_1]

By this argument we are led to consider the worst case which is given by a
cylinder of type C = [(k — 1)(k — 2)...0]. For T*C = [0, 1], the distortion
formula (11) and the estimation a; < ck™'/ given by Lemma 3.2 in [LSV97]
we get Do, TF = k' for some constant ¢/, from which the lemma follows
by taking B > A/c such that Bk'=Y® > rF for all k > 0. O

We now introduce the first return time of a cylinder U which plays a
crucial role in [Hir95]. We define it as 7(U) = inf { 7y (z)|z € U}.
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Lemma 3.5. The quantity ax(U) defined in Lemma 2.4 for U = &, (2) is
bounded by,

AN Np(U)

inf h N(T™OU)

CLN(U) =

Proof. We suppose N > 1(U) otherwise ay(U) = 0. Set 7 = 7(U); for each
z in X we have

1 .
— (T UNU)

W= 2w

] =

<
I

1 J
> / PI(Tyh) Tyd)

T

WE

<
Il

Pi(1yh
< N sup supM.
j=r.N U h

Now the distortion (11) and the regularity of the density (9) give

P (Iyh) = hoT, DIy Iry

1
hoT-"DTS7 Irrird)
Aawnﬁm olu Plu Ay

n(U)
= 4A/\(TTU)'

IN

Finally, Ph = h and since P is a positive operator one has

Pi(Iyh) PI—™1 pi—T 4N u(U)
< PT(1yh) < —— 0 gy PT(Tyh) < .
p S swl vl s sup P7(Iuh) < S S

h

O

The next step will be to show that 7(U) is almost everywhere big enough
to give a good upper bound in the previous lemma for ay(U).

We first define in full generality the local rate of return for cylinders. As
a matter of fact, we would like to point out that the first return time of
a set into itself allows to define and compute an interesting dimension-like
characteristic which we called the Afraimovich-Pesin dimension in [PSV98].
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Definition 3.1. Let ¢ a partition of X. Denote with (,(x) the element of
CVT V- VT which contains x € X. We then define the local
(lower and upper) rate of return for cylinders as

B () = Tm 220

n—oo n

Proposition 3.6. (i) Both R, and R are sub-invariant, namely R.oT < R,
and Re o T < R.

(ii) Assume that ( is a measurable partition of the measurable space X,
and p is an invariant probability, then R, and EC are [i-a.e. invariant.

(i4i) Moreover, whenever p is ergodic R, and R are p-a.e. constant

Proof. (i) Let x € X. For each integer n > 0, we have:
(o) NTHCu) # 0 = Cor (Ti) A T2 (T) £ 0.

which implies that 7((,—1(T2)) < 7((u(2)).
(ii) is a standard property of sub-invariant functions on finite measure
spaces and then (iii) follows immediately. ]

We state the following result which can be improved for some subshifts?.

Proposition 3.7. For p-almost every z € X, the lower rate of return for
cylinders is equal to 1.

Re(z) = 1.
Proof. Let 1/2 < § < 1. Consider the set (we denote N,,(z) = 7(&m(2))),
L, :={z¢€ Ay| Non(z) < dm}.

If

Z (L) < 00, (15)

m=1

4We have in fact the following:
Theorem. Suppose that p is a Gibbs state for the Holder potential ¢ on some irreducible
and aperiodic subshift of finite type with finite alphabet {, then p-almost everywhere,
Rc=R.=1.
Proof. An easiest version of the Proposition 3.7 gives the lower bound, while the uniform
upper bound 7(C),) < n+ng holds, where C,, is a cylinder of order n, and ng is the lowest
power for which the transition matrix becomes strictly positive.



26 STATISTICS OF RETURN TIMES

then the Borel-Cantelli Lemma ensures that for almost every z € Ay, we
have N,, > dm, up to finitely many m. By sending 0 to 1 we show that
R¢(z) > 1 almost everywhere on Ay. Then for the preceding proposition
(iii) and the ergodicity of the measure u, we get the same bound almost
everywhere. The equality finally follows since each time that T™ 'z € Ay,
we have T™E,,(z) = X hence N,,(z) < m.

In order to prove (15) it is sufficient to consider Lebesgue measure instead
of u (since the density h is bounded from below). We have

[m/2] om
ALm) =Y ANm=k) + Y ANy =k).
k=1 k=[m/2]+1
1+ (2

We now perform a detailed analysis of the sets appearing in the preceding
formula.
(1): In this case, the cylinder &,,(z) with N,, = k must be of the form

Em(2) = [(wl..;wk)(wl..iuk)...(wl;..wk)...].

[m/k]

Therefore when k < [m/2], the cylinder is completely determined by its first
k symbols. Put C' = [wy...wg|; we say that a cylinder of length k is admissible
(admis) when it is the beginning of a cylinder of L, with N,, = k. Then we
can bound (1) by

[m/2]
1) < > Y AenTHCn..nTIAEC)

k=1 C admis
[m/2] [m/k]—1

< Z Z <supPkﬂc) A(C)
k=1 C admis > ©
[m/2] . [m/k]—1

<

< 3 o (mwrire)

We first remark that T* being injective over C' € &, we have

Prig < 1/i£1fDT’“ <1/2.
0
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We split the last sum in three pieces by fixing ko as the biggest integer for

1
which ké+°‘ > eP where B is the constant in Lemma 3.4. We then have by
using Lemma 3.4

ko m/3 [m/2]
(1) 2(1/2) [m/k]—1 + Z Bk’ 1— l/a m/k— 2 Z Bk~ l/a
k=1 k=ko m/3

The first and the last sum are easily shown to be summable with respect
to m. For the second term, we observe that the terms (Bk='~1/®)m/k=2 are
increasing in k when k is bigger than ky. A direct estimation of the sum is
B3Yem=Y* which is summable with respect to m.

(2): In this case, the cylinder ,,(z) has the form

ém(z) :[ Wm— kwm k:—i—l Wkwl Wi — 13]

m—k 2k:m mk

As before, we set C' = [wy...wm—k), and we say that C' is admissible (admis)
when it is the beginning of a cylinder of L,, with N,, = k.

om
2 < > Y MenTTF0)

k=[m/2]+1 C admis

om

< Z sup sup P*Ic.
C admis C
k=[m/2]+1

Let first p = p(C')) > m — k be such that C € &, is maximal (i.e. p(C) is the
smallest p for which C' € §,). When p < k, since 1 € C.(a) the inequality
(12) and Lemma 3.4 give

sup PP I < sup PP I sup PFP1 < a2°Bp~ 'V < a2®B(m — k)’l’l/o‘.
c c

When p >k, C € & and T~*C N C # () we have
PiIc < BE~'7Ve

But k > m — k > (1 — 0)m, and then the sum (15) is summable for any
6 < 1. O

We are now ready to state and prove the main theorems of this section
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Theorem 3.8. For p-almost every z € X and 3 < B(a),

sup .5 (700 > =) — (-0 = Olen(:I))

t>0
where the critical exponent B(a) =1 — a.

Proof. Let € be a positive number. Let z be a typical point for Proposition 3.7
and for the Shannon-McMillan-Breiman theorem. We want to apply Lemma
2.4; Let m(e) such that for any m > m(e) we have (1 — e)m < 7(&n(2)),
1(Em(2)) < exp(—m2h,,/3) and also ju(Epn(TIA=9™2)) > exp(—(2[em))h,.).

For the sake of simplicity, we put for any m, U, = &(z). For any
m > m(e) such that U, is maximal, we have (1 —¢)m < 7(U,,) < m, and all
the iterates T'U,, for 1 < j < m are at a distance bigger than a,, from the
neutral fixed point (because U, is maximal). If T(U,,) < m then the density
stays bounded on the orbit T'U,, by ba,* so we have

)\(TT(Um)U ) > —mM(TT(Um)Um) > Im exp(—2embh,,).

f=p)

b
On the other hand, when 7(U,,) = m we still get

ATy, ) =1> ¢

®‘|3Q

exp(—2emh,).

Lemma 3.5 gives us the following estimation with N = pu(U,,)~*"¢,
an(Un) = O(u(Un)' 7).
Lemma 3.1 with R = U, gives us
b (Un) = Op((1(Un) ™" = m)'=5) = Op(u(Uy) 70 =2)),
We can then apply Lemma 2.4, which gives
c(Un) =< an(Un) + bx (Un) = O(u(Un)")
for<1—a—3cand f<1—a—2(1/a—1). We finally end up with
d(Un) = O(u(Un)") (16)

for any 0 < 1 — «, since € is arbitrary small, which conclude the proof by
applying Theorem 2.1. [
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Remark 3.9. The preceding theorem shows that the critical exponent B(a)
is smaller than 1. We point out that, by using Proposition 2.3 the power (3
cannot exceed 1.

Theorem 3.10. For p-almost every z € X, we have for any ¢ > 0 and
K >0 and 8 < B(«)
tK

with the critical exponent B(a) =1 — a.

Proof. Let z be a typical point satisfying the preceding theorem and m such
that Uy, = &,(2) is maximal.

By invoking the footnote of Theorem 2.6, it will be sufficient to use the
weakened a-mixing condition

o/ (M) = OL((M —m)*~=)

—

given by Lemma 3.1 to apply Theorem 2.6. Take M = u(U,,)~®; we thus
find for 3 < 1 — «, and by the estimation (16) and Theorem 2.6 an error of
the order

f(K,Uy) = const[d(Uy,) + o/ (M) + Mu(U)] = O(u(U)?).

By applying Theorem 2.8, the error for the probability to have K successives
visits is of the order u(U,,)% E+V for all f < 1 — a. O

4 Concluding remarks

We conclude with few observations. First, the proofs for the exponential-
one law and the Poisson law given in section 3 for a class of non uniform
hyperbolic maps, can be easily adapted, and they are even easier, to all
the cases quoted in the introduction, namely: Axiom A diffeomorphisms,
transitive Markov chains, expanding maps of the interval with a spectral gap
and in general to all p-mixing dynamical systems.

For such systems, an estimation for the error can also be done: following
the arguments of Theorems 3.8 and 3.10, one can easily see that the critical
exponent 3 is equal to 1. This supports our believes that: (i) the error terms
of type u(U)? could be optimal and (ii) the non uniform hyperbolicity of
the map reflects in the critical exponent: in that case, in fact, it should be
strictly smaller than one.
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