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We study experimentally and theoretically the first- and second-order statistics of the optical intensity of a chaotic external-
cavity semiconductor DFB laser in fully-developed coherence-collapse. The second-order statistic is characterized by the 
autocorrelation, where we achieve consistent experimental and theoretical results over the entire parameter range considered. 
For the first-order statistic, we find that the experimental probability-density function is significantly more concentrated 
around the mean optical power and robust to parameter changes than theory predicts. © 2014 Optical Society of America   
OCIS Codes: (140.3490) Lasers, distributed-feedback; (140.5960) Semiconductor lasers; (190.3100) Instabilities and chaos.

The dynamics of semiconductor lasers with delayed 
optical feedback, [external-cavity semiconductor lasers 
(ECLs)], are of great interest [1-9]. Much work has been 
devoted to elucidating the nonlinear dynamics of ECLs 
[10-12]. The Lang-Kobayashi (LK) model is useful to 
understand feedback-related dynamics of ECLs [13], 
though it is not successful in accounting for all 
observations; it does not consider spatial dimensions and 
thus does not describe the overlap of the optical mode 
with the gain medium nor does it account for multiple 
round-trips in the external cavity (EC). Still, LK accounts 
qualitatively and sometimes quantitatively [14] for many 
experimentally observed dynamical regimes [1] as well as 
certain dynamical tendencies depending on injection 
current J , cavity length L , and feedback rate [12]. In view 
of LK’s successes, it is important to determine how well it 
reproduces statistical properties associated to ECL 
dynamics. In addition to being an important way to 
characterize chaotic processes, knowledge of the statistics 
is fundamental in random-bit generation (RBG) 
applications as it determines both the random-bit rate 
and the post-processing techniques that should be used to 
generate random bits [15, 16]. Due to the complexity of 
the dynamics and the multidimensional parameter space, 
a systematic statistical comparison of observed behaviors 
and that predicted by LK model is called for.  

Previous studies of the statistics of the time-dependent 
intensity ( )I t  focused on the low-frequency fluctuations 
(LFF) regime in single- and multi-longitudinal mode 
lasers [17-19], typically seen near threshold thJ  for low-to-
moderate feedback [20-24]. LFF is characterized by rapid 
(<1ns) ( )I t  dropouts followed by a slow (several ns) 
recovery during which the laser pulses, and can be 
explained as chaotic itinerancy with drift [24, 25]. Pulsing 
occurs not only in LFF but also for slightly higher J [25], 
as well as determines to some extent the statistics of ( )I t  
[26].  At even larger J , a chaotic regime of fully-developed 
coherence-collapse (CC) can be observed, in which ( )I t
typically undergoes sub-ns fluctuations around its mean, 
but seldom reaches zero and without dropouts.  

Experimental studies of the probability-density function 
(PDF) of ( )I t  in LFF with high-bandwidth apparatuses 
show, for truly single-longitudinal mode emission, PDFs 
peaked just above the spontaneous-emission level and 
decreased monotonically with increasing ( )I t [17, 18]. 
These investigations also show that numerical simulation 
of LK can reproduce the main features of the 
experimental PDFs.  

While the statistics of ( )I t  in LFF have been studied 
and compared to LK, statistical studies for CC are sparse 
[27, 28]. It is known that LFF can occur slightly above or 
below the threshold current thJ of the solitary laser [11]; 
the associated dropouts usually rapidly disappear in 
experiment at J  just a few percent above thJ as CC is 
entered. In this Letter, we explore the agreement between 
experimental and numerical first- (FO) and second-order 
(SO) statistics of an ECL operated in CC. The FO statistic 
of the chaotic process is characterized by means of the 
PDF of ( )I t while its SO statistic is studied by means of 
the autocorrelation function (ACF). Specifically, the 
injection current is set in the range 1.4 ~ 2.4th thJ J J= . We 
find that a good fit between experimental and theoretical 
ACFs but significant discrepancy between the PDFs. 

The experimental setup for an EC DFB laser was 
similar to that in [12]. It consists of the intrinsically 
single-longitudinal-mode MQW InGaAsP DFB laser that 
oscillates at 1550 nm and has maximum cw power of 15 
mW. The free-running thJ is ~9.27 mA. The EC length L is 
65 cm (EC round-trip time 4.3 nsτ = ). With the help of a 
motorized piezo-actuation stage, the angle of the quarter-
wave plate (QWP) is controlled in small steps. The 
maximum feedback (experimental feedback rate 1.0η = ) 
is reached when the QWP is such that the polarization is 
not subject to any rotation. In our experiment, ~20% of 
the optical power is fed back onto the collimating lens for

1.0η = . To detect ( )I t , the output of the DFB laser is first 
coupled to a 12-GHz photodiode, and then captured by a 
12-GHz oscilloscope with 40 GS/s sampling rate.  

LK consists of rate equations for the slowly varying 
envelope of the complex electric field E and carrier density 
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N [13, 29]. Parameters are defined in [29]. Namely,
( ) ][)( 0NtNgtG −= is the optical gain, with g the 

differential gain coefficient, 0N the carrier density at 
transparency,α the linewidth-enhancement factor, 0ω the 
angular frequency of the solitary laser, pτ the photon 
lifetime, eτ the carrier lifetime, fk the theoretical feedback 
rate,τ the feedback time delay, and q the pump factor 
( thJ qJ= ). We take 3=α , ps65.2=pτ , ns5.2=eτ ,

18 ps105.2 −−×=g , 8
0 103.1 ×=N , ω 0τ = 0 , giving

9.27 mAthJ ≈ , corresponding to thJ  of the DFB laser. The 
delay is not varied here and is set equal to the 
experimental value; fk and q are varied according to 
experimental conditions. Noise is not present in the 
simulations presented here as we found that moderate 
noise does not significantly change the statistics for the 
relatively large J  considered here. When 1η = , we take

-125 nsfk = as will be shown below.  

 
Fig. 1. ACF for 4.3 nsτ = , 1.4 thJ J= and -118 nsfk = . The vertical 
dashed line indicatesτ . The inset is the ACF around zero delay. 

The statistics are studied by the PDF of ( )I t , 
characterizing the FO statistic, and the ACF for the SO 
statistic by quantifying the correlation between two 
intensity values separated in time [29]. We first focus on 
the comparison between the experimental and numerical 
ACFs as functions of η ( fk ) for four values of J in CC:
1.4 thJ ,1.7 thJ , 2.0 thJ , and 2.4 thJ . To mimic the filtering 
imposed by the photodiode and oscilloscope, the 
theoretical time traces were subsequently filtered using a 
cascade of two third- and ninth-order Butterworth filters 
with a bandwidth of 12 GHz, corresponding to frequency 
responses of the photodiode and oscilloscope used.  

To help interpret the results, a typical ACF of ( )I t
obtained from the LK equations is shown in Fig. 1 with

1.4 thJ J= and -118 nsfk = . A peculiarity of delay systems 
is the existence of a local maximum h of the ACF near the 
EC delay (vertical dashed line) [29]. This gives useful 
information on the chaotic dynamics as changes in its 
value can be used to identify transition from weak to 
strong chaos [30-32]. 

Figure 2 (a) shows theory and (b) experiment for h  at 
various J and η  ( fk ): at all J shown, as η  ( fk ) 
increases, h first falls, becoming a dip for a critical 
intermediateη or fk , and then increases. We see that 
theory is in good agreement with experiment, both in 
terms of curve shape and its variation with increasing J  
(dip moves to larger η or fk as J  increases); it also 

suggests that the theoretical parameters are reasonable to 
reproduce experiment. These results also confirm 
numerical results in [29] in which the identifiability of the 
EC delay based on an analysis of ( )I t was explored. 
Additionally, it is interesting to investigate the half-width 
π of the zeroth ACF peak that is a standard indicator of 
the correlation decay time (inset, Fig. 1), and is also a good 
indicator of the bandwidth of chaotic processes. In chaos-
based RBG, sampling typically cannot be performed faster 
than this decorrelation time, thus restricting the sampling 
rate [4-6]. In chaos-based communications, the 
decorrelation time sets an upper bound in the speed at 
which a chaotic carrier can be modulated [16]. Fig. 2(c) 
shows theory and (d) experiment for π  for various J and 
η  ( fk ). At all J shown, experiments and simulations 
show good agreement asπ decreases monotonically when 
increasing η  ( fk ). Moreover, in both cases, larger J
results in smallerπ , leading to a larger chaotic bandwidth. 

 
Fig. 2. Numerical (a, c) and experimental (b, d) results for h and 
π  at four J : (1.4 thJ ,1.7 thJ , 2.0 thJ , and 2.4 thJ ). 

We consider the FO statistic of ( )I t , characterized by 
its PDF. Fig. 3 shows numerical and experimental PDFs. 
Each is derived from 44 10× samples of ( )I t separated by 
25 ps. The horizontal axis is scaled to its average value 

I  , while the PDFs are plotted as functions of fk (η ) for 
four J well above thJ (1.4 thJ ,1.7 thJ , 2.0 thJ , and 2.4 thJ ); also, 
for all fk (η ) considered the ECL operates in CC.  

Figures 3(e)-(h) show the measured PDFs. These are 
peaked near I  and fall off both at low and high ( )I t
over a wide parameter range. The shape of the 
experimental PDFs is well fitted for all η  and J , by an 
exponentially decreasing function of the normalized 
intensity, around a maximum located at I , but with 
different decay rates on each side of the maximum. This 
exponentially decreasing shape is consistent with our 
independent experimental work utilizing a different DFB 
laser and fiber-optic components (not shown) [33], as well 
as with various published PDFs obtained from chaotic 
DFB lasers with delayed optical feedback [34-36]. 

Figures 3(a)-(d) show the corresponding PDFs of the 
filtered time traces obtained from the LK equations. As in 
experiment, the numerical PDFs appear to be unimodal 
for all fk and J . Another similarity with experiments is 
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that at high J , the PDFs exhibit a maximum near I  
[Figs. 3(b)-(d)]. 

 
Fig. 3. Numerical (a-d) and experimental PDFs (e-h) of ( )I t  for 
various ( )fk η  and J : 1.4 thJ (a, e), 1.7 thJ (b, f), 2.0 thJ (c, g), and
2.4 thJ (d, h). 

Significant differences also exist between experimental 
and numerical PDFs. Simulated PDFs show, at all J , 
more dispersion than experiments. We see that the 
experimental PDF shape, at J  considered, is weakly 
influenced byη . By contrast, simulations show a change 
in the dispersion of the PDFs with increasing fk . 
Moreover, the numerical PDFs tend toward Gaussian for 
large J , while the experimental ones are exponential at 
all J . Also, the numerical PDFs in Fig. 3(a), for low J , are 
peaked at low ( )I t , while the corresponding experimental 
PDFs are centered close to I . 

 The discrepancies in terms of the location of the PDF 
maximum may be associated with stronger pulsing in the 
LK model [26], at low J , compared to experimental 
results [Fig. 3 (a), (e)]. It has been shown theoretically and 
experimentally in truly single-mode ECLs [17, 18] that in 
LFF, the PDFs peak close to zero ( )I t . This shape is 
attributed to the pulsation of the ( )I t  dynamics and thus 
to the associated larger dwell time of ( )I t  near zero, 
between two pulses. These pulsations are predicted by the 
LK model [24], and have been observed experimentally in 
LFF but also for J  larger than those leading to LFF [25]. 
The origin of the discrepancy is illustrated by Figs. 4 and 
5, which represent experimental and filtered simulated 
intensities. We observe that 40% above thJ , the simulated 

( )I t  still exhibits a clear tendency to pulse and to keep a 
small value between pulses. This is not the case of the 
experimental time series, consistent with the differences 
in maximum locations in the PDFs. At larger J , both the 
numerical [Figs. 4(c) and 5(c)] and experimental [Figs. 4(d) 
and 5(d)] time series experience fluctuations around their 
averages, as reflected by the corresponding PDFs in Fig. 
3. 

In the LK model at low J , ( )I t tends to keep a close-to-
zero value after a pulse has occurred due to a depleted 
reservoir of carriers; at large J , the rate at which carriers 

are supplied by the current source is larger and thus ( )I t
 recovers faster, preventing ( )I t from maintaining a small 

value for a long time and thus explaining the change in 
the PDFs. This difference between experiments and 
simulations might thus be due to more efficient recovery 
in experiment than in the model. 

 
Fig. 4. ( )I t for small ( )fk η . (a, b) low J : 1.4 thJ J= ; (c, d) high J : 

2.4 thJ J= . (a, c) simulation, -18 nsfk = ; (b, d) experiment,
0.31η = . The horizontal dashed line indicates I . 

 
Fig. 5. ( )I t for large ( )fk η . (a, b) low J : 1.4 thJ J= ; (c, d) high J : 

2.4 thJ J= . (a, c) simulation, -125 nsfk = ; (b, d) experiment,
1.0η = .  

Figures 5(c) and (d) also illustrate the strong difference 
in dispersion between theory and experiment; Fig. 5(c) 
shows much wider fluctuations around the mean than 
Fig. 5(d). Lower experimental dispersion of ( )I t is 
observed for all values of J  and ( )fkη , indicating 
stronger damping of oscillations between carrier and 
photon populations than accounted for by LK. We were 
not able to obtain a better fit between experimental and 
numerical PDFs by adjusting the LK parameters or by 
tuning the model itself, e.g., by introducing 
phenomenologically gain saturation with ( )I t [1, 17, 26] or 
by modeling the effect of noise with Langevin sources [1, 
29] of typical intensities. Specifically, we find that even 
though the inclusion of gain saturation tends to decrease 
the residual pulsations present at low currents ( 1.4 thJ J≈
), the shape of the PDFs does not become exponential at 
larger currents and the match between the theoretical 
and experimental ACFs worsens. 

Another difference between theory and experiment is 
that the experimental PDFs are robust to changes in J  
andη , while the LK-based PDFs vary with J , and to a 
smaller extent with fk . To understand this, we compared 
the active EC modes (ECMs) predicted by the LK 
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equations with the active modes from measured optical 
spectra. We see that, for moderate fk , LK predicts that, as
J  increases, the active modes undergo significant right-
shift from a spectral range close to maximum-gain mode 
toward frequencies much closer to the minimum-
linewidth mode (MLM) [1]. The difference in the 
dynamical properties of the selected ECMs (stability, 
basin) [11] may explain the variability of the PDFs. In 
contrast, experimental spectra show a relative invariance 
of the active modes, tending to be close to the MLM, for all 
η  and J  considered. This robust selection of active modes 
may contribute to the relative robustness of the 
experimental PDFs.  

To conclude, we studied the statistics of ( )I t from an 
ECL in CC. Substantial agreement between theory and 
experiment was found for the autocovariance, both for h
and π  as functions of ( )fkη . This indicates good 
modeling by LK of linear correlations between successive 
dynamical states. Discrepancies are observed, however, in 
the PDFs. Theory is more skewed to low ( )I t , but this 
diminishes for higher J , appearing increasingly 
Gaussian. While inclusion of noise or gain saturation 
slightly reduces the effect, it does not account for its size. 
We attribute this effect to residual intensity pulsations 
that are not present in experiments.  Moreover, 
experimental PDFs for all parameters show robustly 
exponential-like shape, for all ( )fkη and J , with smaller 
variance than simulations. Thus LK may overestimate, in 
the CC regime, the dispersion of the chaotic fluctuations 
with respect to I and the variability of the dynamics as a 
function of ( )fkη  and operating J . 
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