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Abstract – The proposed work is concerned with the theoretical and numerical investigation of the lubri-
cant rheology effects on the steady-state behavior of a plain finite compliant journal bearing operating under
isothermal conditions. In the present investigation, the couple-stresses due to the presence of improving
viscosity index (VI) additives, the viscosity-pressure (piezoviscosity effect) as well as the density-pressure
(compressibility effect) variations are considered. The hydrodynamic lubrication theory is based on the
V.K. Stokes micro-continuum mechanics which takes into account the size of macro-molecular chains added
to the basic oil. The Barus and Dowson-Higginson laws were used to express the viscosity-pressure and
density-pressure variations. Using the classical assumptions of lubrication, a modified Reynolds’ equation
is derived and solved numerically by the finite difference method. The displacement field at the fluid film
bearing liner interface due to pressure forces is determined using the elastic thin liner model. The proposed
work is concerned with the theoretical and numerical investigation of the lubricant rheology effects on the
steady-state behavior of a plain finite compliant (elastic liner) journal bearing operating under isothermal
conditions and laminar flow. The obtained results show that the couple-stresses have significant effects on
the hydrodynamic performance characteristics such as the pressure field, the carrying capacity, the attitude
angle and friction number especially when the viscosity-pressure variation is considered. Moreover, it is
also shown that the compressibility of lubricant doesn’t affect the hydrodynamic characteristics.

Key words: Hydrodynamic journal bearings / couple stress fluids / non-newtonian lubricants / Reynolds’
equation / viscosity additives

1 Introduction

Hydrodynamic lubrication is the most important part
of tribology concerning all contacts in which a lubricant
fluid is interposed between two solid bodies in relative
movement. This fluid may be a liquid lubricant, substan-
tially incompressible, such as oil. In most of these me-
chanical systems, the inherent lubricant of mineral oil is
not sufficient, chemical synthesis or dopants also called
additives are mixed to the base oil to increase the perfor-
mance and meet a request for increased efficiency. These
additives, which are components of the engines and some
industrial oils, are compounds of varied chemical struc-
tures (soluble polymers, etc.) incorporated into base oils
to modify their properties. These additives are charac-
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terized by long molecular chains which can be one mil-
lion times the diameter of a water molecule and a com-
plex rheological behavior. A number of theories have been
developed to explain the peculiar behavior of the oils
containing additives (polymers) [1–3]. Among them, the
micro-continuum theory proposed by Vijay Kumar Stokes
is the simplest theory which can describe polar effects
such as the presence of couple stresses or moment of sur-
face forces (per unit area) and body couples or moment
of body forces (per unit mass or per unit volume) in ad-
dition to the body forces and surface forces per unit area
or traction.

A Couple stress fluid or polar fluid is characterized
by two parameters µ and η0, while only one parameter
is needed to characterize a Newtonian fluid that is the
dynamic viscosity coefficient µ. The new physical con-
stant is due to the presence of the couple stresses in the
fluid. In literature, the effect of the couple stresses on
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Nomenclature

C Bearing radial clearance, (m)

C̃d Dimensionless deformation coefficient, (C̃d = µ0ω(R/C)3

E
)

Cc Coefficient of friction

C̃c Dimensionless coefficient of friction, (C̃c =
(

C
µ0ωLR3

)

Cc)

E Young’s modulus of the bearing liner material, (Pa)

f Friction number defined by, (f = C̃c/W̃ )

h Fluid-film thickness, (m)

h̃ Dimensionless fluid-film thickness, (h̃ = h/C)

L Bearing length, (m)

L̃0 Dimensionless compliant operator, (L̃0 = (1+υ)(1−2υ)
(1−υ)

C̃dt̃h)

ℓ Characteristic length of additives,
(

ℓ =
√

(η0/µ0)
)

, (m)

ℓ̃ Couple-stress parameter, (ℓ̃ = ℓ/C)

Q Mean flow rate of the bearing, (m3.s−1)

Q̃ Dimensionless mean leakage flow of the journal bearing Q̃ =
(

L
CωR3

)

Q

p Fluid-film pressure, (Pa)

p̃ Normalized film pressure, p̃ = p

µ0ω(R/C)2

R Journal radius, (m)

th Bearing-liner thickness, (m)

t̃h Dimensionless bearing-liner thickness,
(

t̃h = th/R
)

u, v, w Velocity components in circumferential, radial and axial directions, respectively, (m.s−1)

(ũ, w̃) Dimensionless fluid mean velocities,
(

ũ = u
ωR

, w̃ = Lw̃
ωR2

)

W̃ Dimensionless load-carrying capacity W̃ =
(

F̃ 2
ε + F̃ 2

φ

)1/2

F̃ε Dimensionless load carrying-capacity component along the center line, F̃ε =
(

C2

µ0ωR3L

)

Fε

F̃φ Dimensionless load component perpendicular to the center line, F̃ϕ =
(

C2

µ0ωR3L

)

Fφ

Fε Load carrying-capacity component along the center line, (N)

Fφ Load component perpendicular to the center line, (N)

z Cartesian coordinate axis along the bearing axis, (m)

z̃ Dimensionless axial coordinate, z̃ = z/L

(00, ε, φ) Cartesian coordinate system centered at 00 with unit vectors

ε and ϕ parallel and perpendicular, respectively, to the center line

(00, x, y) Coordinate system related to the static load

ε Static eccentricity ratio at the bearing mid-plane section, (ε0 = e0/C)

e Static eccentricity, (e = |00C0|), (m)

η0 Material constant responsible for the couple-stress property, (N.s)

φ Bearing attitude angle, (rad)

φ0 Static attitude angle, (rad)

µ Atmospheric dynamic viscosity, (Pa.s)

µ0 Dynamic viscosity coefficient of the lubricant, (Pa.s)

µ̃ Dimensionless dynamic viscosity coefficient of the lubricant, (µ̃ = µ/µ0)

ρ Density of the lubricant, (kg.m−3)

ρ̃ Dimensionless density of the lubricant, (ρ̃ = ρ/ρ0)

α Piezoviscosity coefficient of the lubricant, (Pa−1)

α̃ Dimensionless piezoviscosity coefficient of the lubricant: α̃ = µ0ω
(

R
C

)2
α

θ Bearing angle with the origin at the maximum film thickness, (rad)

θc0 Static cavitation angle, (rad)

ω Journal angular velocity, (rad.s−1)
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hydrodynamic journal bearings behavior is studied by

defining a couple stresses parameter (ℓ = (η0/µ0)
1/2),

which physically represents the length of the molecular
chain additives.

Influence of couple stresses parameter on linear static
and dynamic or non-linear performances of journal bear-
ings has been the subject of several theoretical and ex-
perimental studies. Over the past two decades, the main
work are first those of Gupta and Sharma [4] in 1988,
who theoretically studied the influence of couple stresses
parameter and shaft rotational speed on the static char-
acteristics of a hydrostatic thrust bearing. The results
show that the existence of couple stresses in the lubricant
film increases the load capacity of the bearing and re-
duce the flow rate of the lubricant fluid even for small
values of the couple stresses parameter. Subsequently,
in 1991, Bujurke and Naduvianamani [5], proposed a
modified form of the Reynolds’ equation based on the
V.K. Stokes micro-continuum mechanics, in the case of a
porous journal bearing. They have shown that the use of
couple stress fluids or fluids containing additives in porous
journal bearing substantially increases the load capacity
and significantly reduces the friction number compared
to the Newtonian fluid. Lin [6–11] studied the influence
of the couple stresses parameter on the static and linear
dynamic behavior of journal bearings. He showed that the
presence of additives in the lubricant film can significantly
improve the linear static and dynamic performances of
the journal bearing compared to the journal bearing lu-
bricated by Newtonian fluid. In 2001, Esharkawy and
Guedouar [12] have studied the influence of couple stress
parameter and elastic deformations of the bearing liner on
the pressure field of a finite length journal bearing. They
show firstly that the existence of couple stresses in the lu-
bricant increases the peak pressure in the film especially
for additives characterized by long molecular chains, and
secondly, that the elastic deformation of the bearing liner
of the journal bearing decreases the peak pressure in the
film. In 2002, Naduvinamani et al. [13], are also concerned
with the study of the influence of couple stress parameter
and surface roughness on the static characteristics of a
porous short bearing lubricated by polar fluids. The the-
ory of Vijay Kumar Stokes and the stochastic model of
Christensen are used to take account of both polar effects
due to the additives and surface roughness. Numerical
results show that the roughness effect of is more signifi-
cant in the case of lubricated bearing by fluid containing
additives. Hsiu-Lu Chiang et al. [14] in 2003 have investi-
gated, in a theoretical study, the combined effects of cou-
ple stress parameter and surface roughness on the static
performances of a finite length journal bearing operat-
ing in hydrodynamic regime. The theoretical results show
that the effects of couple stresses and surface roughness
are not negligible in the static analysis of the journal bear-
ings. In 2004, Ma et al. [15] propose a theoretical study on
the influence of couple stress parameter on the static char-
acteristics of a journal bearing lubricated by fluid doped
with additives, operating in hydrodynamic regime. The
presence of additives in the lubricant gives a significant

increase of attitude angle and pressure field in the film and
a decrease of the friction coefficient of the journal bear-
ing, especially for large values of the eccentricity ratio and
couple stress parameter. In 2005, Lahmar [16] showed in
an elastohydrodynamic (EHD) analysis of double-layered
journal bearing lubricated with couple stress fluids that
the presence of couple stresses in the lubricant for higher
values of operating eccentricity led to both static peak
pressure and load-carrying capacity increase with the in-
crease of the couple stress parameter while the static at-
titude angle and the friction coefficient decrease, the stiff-
ness and damping coefficients increase with couple stress
parameter especially for high values of eccentricity ratio
as well as the domain of stability.

In 2006, Naduvinamani and Siddangouda [17] inves-
tigated the analysis of the combined effects of the cou-
ple stress parameter and the surface roughness on the
static performance of a porous thrust rectangular skid
corner operating in hydrodynamic lubrication. Numeri-
cal results showed that the presence of couple stresses in
the lubricant film increases the load capacity and reduces
the friction coefficient of a rough porous thrust compared
to a plain porous thrust. Cai-Wan Chang-Jian and Chen
Chao-Kuang [18] in 2007 presented a theoretical analy-
sis of the dynamic behavior of a flexible rotor supported
by two short hydrodynamic bearings lubricated by a cou-
ple stress fluid. Numerical results show that the addition
of additives in the lubricant leads to a strong reduction
of vibration amplitudes and an increase of rotor-bearing
system stability. In 2008, Boucherit et al. [19] present a
theoretical and numerical study of the static behavior,
linear and nonlinear dynamics of a journal bearing lubri-
cated by couple stress fluid (polar fluid) considering the
shaft misalignment in the journal bearing. Compared to
Newtonian oils, oils with additives allow:

– A significant increase in the load-carrying capacity
and static peak pressure in the lubricant especially
in the case of misaligned journal bearing.

– A decrease in the power loss in the film, the attitude
angle and side leakage flow for large values of static
eccentricity ratio.

– The domain of stability increases when increasing the
couple stress parameter especially in the case of a
misaligned journal bearing even for low values of the
relative eccentricity. Accordingly, the journal bearing
lubricated by couple stress fluid in lightly loaded sit-
uations is more stable compared to the same jour-
nal bearing lubricated by a fluid without additives
(Newtonian).

– Oils containing additives lead to a considerable de-
crease in the movement of the shaft center in the jour-
nal bearing and a significant increase in the minimum
film thickness.

Boucherit et al. [20] have presented a comparative study
of the rheological laws of lubricant fluids in hydrodynamic
lubrication. Numerical results show that the presence of
additives to improve the viscosity index (VI) allows to in-
crease the hydrodynamic peak pressure in the lubricant.
Boucherit and Lahmar [21] showed in a numerical study
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of the combined effects of non-Newtonian and piezovis-
cosity of lubricant on static performances of an infinitely
long compliant journal bearing, that the fluid piezovis-
cosity can be neglected for the prediction of static and
dynamic performances of the journal bearings severely
charged. Recently, Petrone et al. [22] in 2013, have pre-
sented a study of the application of an improved Yasutomi
correlation for lubricant viscosity at high pressure in a
Newtonian elastohydrodynamic line contact simulation
in isothermal condition. The obtained results show that
the improved Yasutomi pressure-viscosity relationship de-
rived from the free-volume model closely represents the
real lubricant piezoviscous behavior for the high pres-
sure typically encountered in elastohydrodynamic appli-
cations. We can cite also [23–25] who focus either on cou-
ple stress or piezo-viscous effects on lubricated contact
performances but none on the combined effects of these
phenomena.

In this study, we are interested in the study of
the combined effects of the length of the molecular
chains additives improving the viscosity index (poly-
mers), viscosity-pressure variation (piezoviscosity effect)
and density variation-pressure (compressibility effect) on
the static behavior of a finite length plain compliant (elas-
tic liner) journal bearing operating in isothermal condi-
tion and laminar flow. The displacement field at the fluid
film bearing liner interface due to pressure forces is de-
termined using the elastic thin liner model.

2 Hydrodynamic lubrication by piezoviscous
couple stress fluid

2.1 Momentum and piezoviscous couple stress
fluid equations

Based on the theory of the micro-continuum from
V.K. Stokes [1], the equations of motion of a piezovis-
cous couple stress fluid where the body forces and couple
forces are negligible, in Cartesian coordinates are:

ρ
D

⇀

V

Dt
= −

⇀

∇p +
⇀

∇
(

µ
⇀

∇
⇀

V
)

− η0

⇀

∇
4 ⇀

V (1)

where,
⇀

V is the velocity vector of a fluid particle, p is
the pressure, ρ and µ0 are respectively the density and
the dynamic viscosity coefficient of the fluid and η is a
physical constant due to the presence of couple stresses
in the fluid.

The continuity equation for a compressible fluid in
steady state is:

∂ (ρu)

∂x
+

∂ (ρv)

∂y
+

∂ (ρw)

∂z
= 0 (2)

with, u, v and w the components of the velocity vector of
a fluid particle.

Taking into account the assumptions of thin film lu-
bricant [26], the equations of motion for a piezoviscous

couple stress fluid (1) reduce to:

⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎩

∂p

∂x
=

∂

∂y

(

µ
∂u

∂y

)

− η0
∂4u

∂y4
(3a)

∂p

∂y
= 0 (3b)

∂p

∂z
=

∂

∂y

(

µ
∂w

∂y

)

− η0
∂4w

∂y4
. (3c)

The second equation of the system (3b) shows that the
pressure in the fluid does not depend on the variable y.

To characterize the piezoviscosity effect (viscosity-
pressure) and the effect of compressibility (density-
pressure), we use the Barus [27] and Dowson and
Higginson [28] relationships in isothermal condition:

µ(p) = µ exp(αp) (4)

ρ (p) = ρ0

(

0.59 × 109 + 1.34 × p

0.59 × 109 + p

)

(5)

where µ0 and ρ0 are respectively the dynamic viscosity
and density of the fluid at atmospheric pressure and α
is the piezoviscosity coefficient which depends on the lu-
bricant oil nature, with values generally between 5 and
40 GPa−1 [29] for mineral oils.

2.2 Velocity field of a piezoviscous couple stress fluid

The boundary conditions on the contact surfaces for
the velocity (Fig. 1) are:

– For y = 0:

u(x, o, z) = U1 = 0 et w(x, o, z) = W1 = 0 (6)

∂2u

∂y2

∣

∣

∣

∣

y=0

=
∂2w

∂y2

∣

∣

∣

∣

y=0

= 0 (7)

– For y = h:

u(x, h, z) = U2 et w(x, h, z) = W2 = 0 (8)

∂2u

∂y2

∣

∣

∣

∣

y=h

=
∂2w

∂y2

∣

∣

∣

∣

y=h

= 0 (9)

v(x, o, z) = V1 = 0 et v(x, h, z) = V2 (10)

U2 and V2 are the normal and tangential components of
the velocity vector.

Equations (6) and (8) are the non-slipping conditions
between the fluid and the contact surfaces and Equa-
tions (7) and (9) express the absence of couple stresses
at the surfaces.

The integration of the equations of motion (3a)
and (3c) with the boundary conditions (6 ÷ 9) leads to
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Fig. 1. System of axes.

u and w velocity components (Appendix):

⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎩

u = U2
y

h
+

exp(−2αp)

2µ0

∂p

∂x

{

y2 − yh

exp(−αp)
+ 2ℓ2

−2ℓ2 cosh [(2y − h)/(2ℓ exp(−0.5αp))]

cosh [h/(2ℓ exp(−0.5αp))]
(11a)

w =
exp(−2αp)

2µ0

∂p

∂z

{

y2 − yh

exp(−αp)
+ 2ℓ2

−2ℓ2 cosh [(2y − h)/(2ℓ exp(−0.5αp))]

cosh [h/(2ℓ exp(−0.5αp))]
(11b)

where, ℓ = (η0/µ0)
1/2 is the couple stress parameter,

which physically represents the length of the molecular
chain of additives (ℓ → 0 in the case of a Newtonian
fluid).

2.3 Modified Reynolds equation

After substituting Equations (11a) and (11b) in equa-
tion of continuity (2) and integrating this equation
across the film thickness (Fig. 1) with boundary condi-
tions (10), one obtains the modified Reynolds equation
for an isothermal laminar flow:

∂

∂x

(

ρGm(h, ℓ, p)
∂p

∂x

)

+
∂

∂z

(

ρGm(h, ℓ, p)
∂p

∂z

)

= 12µ0

(

U2

2

∂ (ρh)

∂x
+ ρ

∂h

∂t

)

(12)

where

Gm(ℓ, h, p) = h3 exp(−αp) − 12hℓ2 exp(−2αp)

+ 24ℓ3 exp(−2.5αp) tanh (h/ (2ℓ exp(−0.5αp))

Equation (12) is the basic equation of hydrodynamic lu-
brication for a barotropic and piezoviscous couple stress
fluid written for a two-dimensional flow (2D).

th

h

R

0c

0a

Cε

W

θ

φ0

φ

εν)

 X

Y

 ( 
µ, 

  
  
  
)

η 0

ω

Fig. 2. Cross-section of a plain compliant journal bearing.

For a finite length smooth journal bearing (Fig. 2),
the modified Reynolds Equation (12), in steady-state
becomes:

∂

R2∂θ

(

ρGm(h, ℓ, p)
∂p

∂θ

)

+
∂

∂z

(

ρGm(h, ℓ, p)
∂p

∂z

)

= 6µ0ω
∂

∂θ
(ρh) (13)

where, U2 = ω × R et θ = x/R.
ω and R are the angular velocity and the journal ra-

dius, respectively and h is the film thickness.

2.4 Lubricant film thickness

In the case of an aligned smooth rigid journal bearing,
the geometric equation which defines at each point the
lubricant film thickness is given by:

h(θ, z) = C(1 + ε cos θ) (14)

where C is the radial clearance and ε is the static eccen-
tricity ratio of the journal bearing.

For numerical treatment, it is recommended to rewrite
all the equations of hydrodynamic lubrication in dimen-
sionless variables. In the case of a journal bearing, we
have:

h̃ =
h

C
, z̃ =

z

L
, µ̃ =

µ

µ0
, ρ̃ =

ρ

ρ0
, ℓ̃ =

ℓ

C
,

and p̃ =
p

µ0ω (R/C)
2

with, L the bearing length.
Thus, the dimensionless modified Reynolds Equa-

tion (13) can be written as:

∂

∂θ

(

ρ̃G̃m(h̃, ℓ̃, p̃)
∂p̃

∂θ

)

+

(

R

L

)2

× ∂

∂z̃

(

ρ̃G̃m(h̃, ℓ̃, p̃)
∂p̃

∂z̃

)

= 6
∂

∂θ

(

ρ̃h̃
)

(15)
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where,

G̃m(ℓ̃, h̃, p̃) = h̃3 exp(−α̃p̃) − 12h̃ℓ̃2 exp(−2α̃p̃)

+ 24ℓ̃3 exp(−2.5α̃p̃) tanh
(

h̃/
(

2ℓ̃ exp(−0.5α̃p̃)
))

Barus and Dowson (4) and Higginson (5) relationships
become:

µ̃ = exp(α̃p̃) (16)

ρ̃ =

(

0.59 × 109 + 1.34p̃

0.59 × 109 + p̃

)

(17)

where α̃ is the dimensionless fluid piezoviscosity coeffi-

cient: α̃ = µ0ω
(

R
C

)2
α.

The dimensionless film thickness is:

h̃ = 1 + ε cos θ (18)

Taking into account the elastic deformation of the bear-
ing liner led to the modification of the geometrical film
Equation (18). For an aligned compliant journal bearing,
and if the thin elastic liner model is used, the expression
of dimensionless static film thickness (Eq. (18)) becomes:

h̃ = 1 + ε cos θ + L̃0p̃ (19)

where, L̃0 is the dimensionless compliance operator given

by: L̃0 = (1+υ)(1−2υ)
(1−υ) C̃d t̃h, p̃ is the static hydrodynamic

pressure, t̃h = th/R is the relative thickness of the

bearing-liner, and C̃d = µ0ω(R/C)3

E is the dimensionless
deformation coefficient inversely proportional to the elas-
ticity modulus, E and υ are the Young’s modulus and
Poisson’s ratio of bearing-liner material, respectively.

The (three-dimensional [3-D]) thin elastic liner model
(the deformations at the fluid liner interface are assumed
to be proportional to the static hydrodynamic pressure)
is used to account for the effects of elastic deformation of
the bearing liner. Compared to the finite element method
(FEM), the main advantage of this elasticity model is
its low consuming computational time, since practically
a very short CPU time is needed to compute the elastic
deformations [19].

2.5 Pressure boundary conditions

The pressure field in the film must satisfy the modi-
fied Reynolds equation and the following boundary con-
ditions:

p̃ = 0 at z̃ = ±1

2
(20)

p̃ = 0 at θ = 0 where θ = 2π (21)

p̃ =
∂p̃

∂θ
= 0 at θ = θCa (22)

Condition (20) implies that the pressure at the bear-
ing ends equals atmospheric pressure, while the con-
ditions (22) are the Swift–Stieber boundary conditions
known as the Reynolds conditions. θca is the film rupture
angle, so-called the cavitation angle measured from the
maximum film thickness at which cavitation starts.

3 Static characteristics of journal bearing

From the numerical resolution of the modified
Reynolds Equation (16), we obtain the pressure field in
the film. From the pressure, we can calculate the static
characteristics, such as the load-carrying capacity, the
static attitude angle, the coefficient of friction, the mean
velocity fields of the flow as well as the mean leakage flow
at each end of the journal bearing.

3.1 Load-carrying capacity and attitude angle

In the intermediate plan (Oc,
−→ε ,

−→
φ ,−→z ), (Fig. 2), the

load-carrying capacity and the attitude angle are given
as:

W̃ =
(

F̃ 2
ε + F̃ 2

φ

)1/2

(23)

φ0 = tan−1

(

− F̃φ

F̃ε

)

(24)

where, F̃ε =
(

C2

µ0ωR3L

)

Fε =
∫ 2π

0

∫ 1/2

−1/2
p̃ sin θdz̃dθ and

F̃φ =
(

C2

µ0ωR3L

)

Fφ =
∫ 2π

0

∫ 1/2

−1/2
p̃ sin θdz̃dθ.

3.2 Coefficient of friction on the housing

The coefficient of friction is obtained by integration of
the shear stresses at the bearing surface, in dimensionless
variables:

C̃c =

(

C

µ0ωLR3

)

Cc

=

1/2
∫

−1/2

2π
∫

0

(

exp(α̃p̃)

h̃
− 1

2

∂p̃

∂θ

{

h̃ − 2ℓ̃ exp (−0.5α̃p̃)

× tanh
[

h̃/
(

2ℓ̃ exp(−0.5α̃p̃)
)]})

dθdz̃ (25)

The friction number is defined as: f = C̃c

W̃
.

3.3 Mean velocities of the flow and mean leakage flow

The mean velocities of the fluid flow are provided by
the following expression:

⎧

⎪

⎨

⎪

⎩

u =
1

h

∫ h

0 udy =
ωR

2
− 1

h

Gm (h, ℓ, p)

12µ0

∂p

R∂θ

w =
1

h

∫ h

0
wdy = − 1

h

Gm (h, ℓ, p)

12µ0

∂p

∂z

(26)

The dimensionless mean velocities of the flow become:
⎧

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎩

ũ =
um

ωR
=

1

2
−

G̃m

(

h̃, ℓ̃, p̃
)

12h̃

∂p̃

∂θ

w̃ =
Lwm

ωR2
= −

G̃m

(

h̃, ℓ̃, p̃
)

12h̃

∂p̃

∂z̃

(27)
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Table 1. Parameter values for numerical calculations.

Geometric characteristics

Shaft radius, R 25 × 10−3 m

Bearing length, L 50 × 10−3 m

Radial clearance, C 7 × 10−5 m

Operating Conditions

Shaft rotational speed, ω 100 × π rad.s−1

Lubricant property parameters

Atmospheric dynamic viscosity, µ0 0.03 Pa.s

Atmospheric density, ρ0 870 kg.m−3

Piezoviscosity coefficient, α 0, 10 et 30 × 10−9 Pa−1

Bearing liner characteristics

Young modulus, E 126 GPa

Poisson’s coefficient, ν 0.3

Thickness of the thin elastic liner, th 0.005 m

The mean flow at the bearing end is expressed by:

Q =

∫ 2π

0

∫ h

0

w|z=L/2Rdydθ (28)

In dimensionless variable becomes:

Q̃ =

(

L

CωR3

)

Q =

∣

∣

∣

∣

∣

∣

∣

2π
∫

0

⎡

⎢

⎣
−

G̃m

(

h̃, ℓ̃, p̃
)

6

∂p̃

∂z̃

∣

∣

∣

∣

∣

∣

z̃=1/2

⎤

⎥

⎦
dθ

∣

∣

∣

∣

∣

∣

∣

(29)

4 Method of resolution

In the case of a journal bearing lubricated by
barotropic and piezoviscous couple stress fluid, the mod-
ified Reynolds equation is discretized using the finite dif-
ferences method. The obtained nonlinear algebraic equa-
tions system are solved by iterative numerical procedure.
A flow chart is given in the following (Fig. 3):

5 Results and discussion

For validation we study the influence of fluid rheology
on the static behavior of the journal bearing and compare
the obtained results with those available in the literature.

Figure 4 represents the circumferential variations of
the dimensionless pressure in the middle section of a rigid
finite journal bearing (R/L = 0.5) for various values of

couple stress parameter (ℓ̃ = 0.0, ℓ̃ = 0.2 et ℓ̃ = 0.4)
and a static eccentricity ratio ε0 = 0.9. As shown in the
figure, the results obtained are in good agreement with
those published by Kabouya et al. [30].

5.1 Parametric study

In this parametric study, we will investigate the influ-
ence of the couple stress parameter (ℓ̃), viscosity-pressure

variation (piezoviscosity effect) and density-pressure vari-
ation (compressibility effect) on the field pressure, load-
carrying capacity, attitude angle friction number and
side leakage flow of a finite length plain journal bearing
(R/L = 0.5) lubricated with a barotropic and piezovis-
cous couple stress fluid which geometrical characteristics,
operating conditions and physical properties of the lubri-
cant are given in Table 1.

5.1.1 Influence couple stress parameter, piezoviscosity and
compressibility of the lubricant on the pressure field

We studied the combined effects of the couple stress
parameter, the piezoviscosity and the compressibility of
the lubricant on the maximum field pressure in the film.
The calculations were made for a static eccentricity ratio
ε = 0.9, for various values of couple stress (ℓ̃ = 0.0 (new-
tonian fluid), 0.2 et 0.3) and four types of polar lubricant
fluid:

– incompressible and isoviscous fluid: ρ̃ = cte et µ̃ = cte;
– compressible and isoviscous fluid: ρ̃ = ρ̃(p) et µ̃ = cte;
– incompressible and piezoviscous fluid: ρ̃ = cte et

µ̃(p̃) = exp(α̃p̃);
– compressible and piezoviscous fluid: ρ̃ = ρ̃(p̃) et

µ̃(p̃) = exp(α̃p̃).

Figure 5 shows the circumferential variations of hydrody-
namic pressure field in the middle section of the journal
bearing for different conditions. There is a significant in-
crease of the peak pressure in a journal bearing lubricated
by fluid with additives (polar fluid) compared to the jour-
nal bearing lubricated with Newtonian fluid (Figs. 5a–5f).
This increase becomes very important in the order of 97%
with the increase of couple stress parameter (ℓ̃ = 0.3) and
piezoviscosity coefficient (α = 30 GPa−1) (Figs. 5a, 5d
and 5f). For the same values of couple stress parameter
the lubricant piezoviscosity leads to a fairly significant
increase of peak pressure in the film (Figs. 5a–5d, 5b–5f
and 6a–6c). It is concluded that the piezoviscosity of the
fluid cannot be overlooked for the prediction of static per-
formances especially if the bearing is severely loaded. In
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Fig. 4. Circumferential variations of dimensionless pressure
rescaled in the midsection of journal bearing for various values
of couple stress.

this case the effect of piezoviscosity becomes significant
because of high pressure values especially at high eccen-
tricity running conditions.

The compressibility of the lubricant fluid has no sig-
nificant effect on the pressure field (Figs. 5a–5b, 5c–5e
and 5d–5f and 6a–6b) in this case because of the nature
of lubricant.

5.1.2 Influence of couple stress parameter and
piezoviscosity of the lubricant on static performances

Static performances of finite compliant journal bear-
ing were obtained for static eccentricity ratio ε ranging
from 0.05 to 0.90, and different values of dimensionless
couple stress parameter (ℓ̃ = 0.0, 0.1 and 0.3) and piezo-
viscosity coefficient (α = 10 GPa−1 and α = 30 GPa−1).

Figure 6 presents the load-carrying capacity of the
journal bearing for different static eccentricity ratios and
couple stress parameters (ℓ̃). The figure shows a signifi-
cant increase of the load-carrying capacity with the cou-
ple stress parameter increase especially for large values
of static eccentricity ratio (heavily loaded bearing). This
increase is very important for couple stress parameter
ℓ̃ = 0.3 and a piezoviscosity coefficient α = 30 GPa−1

for a heavily loaded journal bearing (ε = 0.9). The pa-

rameter ℓ̃ was chosen to vary in the range of 0. to 0.3 as
usually found in literature. These values are theoretical
and it is to notice that from our best knowledge there
is no experimental evidences to validate these values. 0.3
value has been taken to amplify the couple stress effects
and can be considered as an extreme value.

It can be concluded that the presence of large molecu-
lar chains additives in lubricant oils and piezoviscosity of

fluid improves the load capacity of journal bearings com-
pared to journal bearing lubricated with pure mineral oil.

The variations of friction number and average flow
rate according to the static relative eccentricity for dif-
ferent values of the couple stress parameter of a journal
bearing lubricated by piezoviscous polar fluid are shown
in Figures 8 and 9.

As shown in these figures the increase of couple stress
parameter leads to a decrease in friction number; this de-
crease is more significant (in the order of 68%) in the case

of high value of the couple stress parameter (ℓ̃ = 0.3) and
heavily loaded bearing (ε = 0.9). The average flow rate
decreases especially for large values of static eccentricity
ratio.

Additives in oils can significantly reduce the energy
losses by friction in the lubricant particularly in the case
of heavily loaded journal bearings. This comment must
be confirmed with a thermohydrodynamic investigation.

Piezoviscosity has no effect because of large contact
conditions which leads to pressure values not sufficient to
“activate” this property.

The flow rate is not really affected by couple stress
effect. This result is consistent with those found in liter-
ature on non-Newtonian studies [20].

6 Conclusion

Our theoretical and numerical study aims essentially
to highlight the influence of the combined effects of couple
stress parameter, viscosity-pressure dependency (piezo-
viscosity effects) and density-pressure variation (com-
pressibility effect) on the static performances of a finite
length compliant journal bearing operating in isother-
mal and laminar conditions. We based our approach
on the Micro-continuum V.K. Stokes theory to describe
the movement of polar fluids. Barus and Dowson and
Higginson laws are held to account for both viscosity-
pressure variation and density-pressure variation effects.
The problem is solved numerically by iterative process.

The results show that the presence in the lubricant of
additives improving the viscosity index (VI) and piezo-
viscosity effects has a significant influence on the static
performances of journal bearings especially for large val-
ues of couple stress parameter. Compared to Newtonian
oils, oils with additives allow:

– A significant increase in peak pressure in the film
and hydrodynamic load-carrying capacity especially
for large values of couple stress parameter and static
eccentricity ratio.

– A decrease of friction number in the film and average
flow rate for large values of static relative eccentricity.
Accordingly, couple stress effects significantly reduce
the energy losses by friction in the lubricant in the
above cases where the bearing is heavily loaded.

For the same values of couple stress parameter the piezo-
viscosity leads to an increase of peak pressure in the film
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Fig. 5. Circumferential variations of pressure field in the midsection of journal bearing for different fluids (ε = 0.9). (a) incom-
pressible isoviscous fluid, (b) compressible isoviscous fluid, (c) incompressible piesoviscous fluid (α = 10 GPa−1), (d) compressible
piesoviscous fluid (α = 10 GPa−1), (e) incompressible piesoviscous fluid (α = 30 GPa−1), (f) compressible piesoviscous fluid
(α = 3 GPa−1).

608-page 10



A. Mouassa et al.: Mechanics & Industry 16, 608 (2015)

0.00

10.00

20.00

30.00

40.00

50.00

60.00

70.00

80.00

90.00

100.00

PMax = 115

~

~

Isoviscous incompressible fluid

(a)

0.00

10.00

20.00

30.00

40.00

50.00

60.00

70.00

80.00

90.00

100.00

PMax = 115

~

~

Isoviscous compressible fluid

(b)

~

PMax = 141 MPa

~

Piezoviscous compressible fluid

α = 30 x 1/GPa

0.00

10.00

20.00

30.00

40.00

50.00

60.00

70.00

80.00

90.00

100.00

110.00

120.00

130.00

(c)

Fig. 6. 3D static pressure field for different fluids (ε = 0.9). (a) Incompressible isoviscous fluid, (b) compressible isoviscous
fluid, (c) compressible piezoviscous fluid.

0.0 0.2 0.4 0.6 0.8 1.0

Eccentricity ratio

0

100

200

300

400

500

600

700

800

900

1000

L
o

a
d
 c

a
p

a
c
it

y
 (

k
N

)

Piezoviscous fluid :     = 10.0 x 1/GPa α

~

~

~

(a)

0.0 0.2 0.4 0.6 0.8 1.0

Eccentricity ratio

0

100

200

300

400

500

600

700

800

900

1000

1100

L
o

a
d

 c
a

p
a

c
it

y
 (

k
N

)

Piezoviscous fluid :     = 30.0 x 1/GPa α

~

~

~

(b)

Fig. 7. Variation of carrying capacity versus static eccentricity ratio for various values of couple stress and relative piezoviscosity
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and hydrodynamic carrying capacity of the journal bear-
ing especially in the case of heavily loaded bearing.

It can be concluded that the piezoviscosity cannot be
overlooked for the prediction of static characteristics of
severely contaminated fluids levels where the effects of
piezoviscosity become important.

The compressibility of the fluid does not have signifi-
cant effects on the pressure field in the lubricant.

Appendix: Expression of flow velocity field
for a piezoviscous couple stress fluid

We suppose that: h1 = 0 and h2 = h(x, z, t). Defini-
tion of the assumptions and the boundary conditions on
speeds are given hereafter:

– the fluid adheres perfectly to the surfaces;

608-page 11



A. Mouassa et al.: Mechanics & Industry 16, 608 (2015)

 
0.0 0.2 0.4 0.6 0.8 1.0

Eccentricity ratio

0.0

0.1

1.0

10.0

100.0

1000.0

F
ri

c
ti

o
n
 n

u
m

b
e
r

Piezoviscous fluid :     = 30.0 x 1/GPa α

~

~

~

Fig. 8. Variation of friction number versus static eccentricity
ratio for various values of couple stress parameter.

0.0 0.2 0.4 0.6 0.8 1.0

Eccentricity ratio

0

1

2

3

D
im

e
n
s
io

n
le

s
s
 fl

o
w

 r
a
te

Piezoviscous fluid :     = 30.0 x 1/GPa α

~

~

~

Fig. 9. Variation of dimensionless flow rate versus static ec-
centricity ratio for various values of couple stress parameter.

– it is supposed that the inferior surface (S1) is plane
and merged with the plan (x1, O, x3);

– speed in all points of surface (S1) is tangent on this
surface.

For a two-dimensional flow (2D) in the thin film the-
ory according to system of axes given in Figure 1 equa-
tions of motion (equations of Navier) (1) of a piezovis-
cous couple stress fluid (µ = f(p)) in isothermal condition

(µ = f(T ) = cts and η = f(T ) = cts) are written as:

⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎩

∂p

∂x
=

∂

∂y

(

µ
∂u

∂y

)

− η0
∂4u

∂y4
(A.1)

∂p

∂y
= 0 (A.2)

∂p

∂z
=

∂

∂y

(

µ
∂w

∂y

)

− η0
∂4w

∂y4
(A.3)

To characterize the piezoviscosity effect (viscosity-
pressure) and the effect of compressibility (density-
pressure), we use the relations of Barus (4) and Dowson
and Higginson (5):

⎧

⎨

⎩

µ (p) = µ0e
αp

ρ

ρ0
= 1 +

0.58 × 10−9p

1 + 1.68 × 10−9p

(A.4)

The pressure in film is not dependent of the axis y, (p =

p(x, z)), i.e.: ∂p
∂y = 0, so ∂µ

∂y = 0.

In this case the system of Equations (A.1) and (A.3)
becomes:

∂p

∂x
= µ

(

∂2u

∂y2

)

− η0
∂4u

∂y4
(A.5a)

∂p

∂z
= µ

(

∂2w

∂y2

)

− η0
∂4w

∂y4
(A.5b)

To determine the first component of vector velocity we
can write Equation (A.5a) in the following form:

η0
∂4u

∂y4
−µ

(

∂2u

∂y2

)

= − ∂p

∂x
(A.6)

It is a linear equation of order four with constant coeffi-
cients, its general solution (u) is the sum of the homoge-
neous solution (uh) plus the particular solution (up).

(a) Homogeneous solution

The homogeneous solution (A.6) is found as:

uh (y) = A0 + A1y + C1e
√

eαpy/ℓ + C2e
−
√

eαpy/ℓ (A.7)

with, ℓ =
√

η0

µ0

and A, A1, C0 and C1 belong to R.

(b) Particular solution

We suppose, a polynomial solution of order two:

up = ay2 + by + c (A.8)

therefore:
∂up

∂y = 2ay + b,
∂up

∂y = 2a and
∂up

∂y = 0.

While replacing, u by up in Equation (A.6), we obtain:

η (0) − µ (2a) = − ∂p
∂x , so, a = 1

2µ0eαp

∂p
∂x , with, µ = µ0e

αp.
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There are no condition for coefficients B and C, we
choose to take B = C = 0, and we replace these constants
in the polynomial (A.8), we find: up = 1

2µ0eαp

∂p
∂xy2.

At the end the general solution of Equation (A.6) is
the sum of the homogeneous solution (uh) more the par-
ticular solution (up):

u = uh + up = A0 + A1y +
1

2µ0eαp

∂p

∂x
y2 + C1e

√
eαpy/ℓ

+ C2e
−
√

eαpy/ℓ (A.9)

Therefore, the general solutions for rates of flow of a piezo-
viscous polar fluid particle are:

u(y) = A0 + A1y +
1

2µ0eαp

∂p

∂x
y2 + B1ch

(√
eαpy/ℓ

)

+ B2sh
(√

eαpy/ℓ

)

(A.10)

w(y) = A′
0 + A′

1y +
1

2µ0eαp

∂p

∂z
y2 + B′

1ch
(√

eαpy/ℓ

)

+ B′
2sh
(√

eαpy/ℓ

)

(A.11)

with A, A1, A′, A′
1, B0, B1, B′

0 and B′
1 constants in R.

And, B1 = C1 + C2 and B2 = C1 − C2.
where:

C1e
√

eαpy/ℓ + C2e
−
√

eαpy/ℓ = B1

(

e
√

eαpy/ℓ + e−
√

eαpy/ℓ

2

)

+ B2

(

e
√

eαpy/ℓ−e−
√

eαpy/ℓ

2

)

– Calculation values of the constants: A, A1, A
′, A

′

1
,

B1, B2, B
′

1
and B

′

2

For y = 0, Equation (A.10) becomes:

u(0) = A0 + A1 (0) +
1

2µ0eαp

∂p

∂x
(0)

2
+ B1ch

(√
eαp0/ℓ

)

+ B2sh
(√

eαp0/ℓ

)

(A.12)

With boundary conditions (6 ÷ 9): u(x, 0, z) = u1 = 0,
therefore, of Equation (A.12), we find that: A0 = −B1.

we have :

∂u

∂y
= A1 +

1

µ0eαp

∂p

∂x
y + B1

√
eαp

ℓ
sh
(√

eαpy/ℓ

)

+ B2

√
eαp

ℓ
ch
(√

eαpy/ℓ

)

(A.13)

∂2u

∂y2
=

1

µ0eαp

∂p

∂x
+ B1

eαp

ℓ2
ch
(√

eαpy/ℓ

)

+ B2
eαp

ℓ2
sh
(√

eαpy/ℓ

)

(A.14)

while replacing, y = 0, in Equation (A.14), we find that:

B1 = − ℓ2

µ0e2αp

∂p
∂x , then: A0 = −B1 = ℓ2

µ0e2αp

∂p
∂x .

While putting, A0 and B1 in Equation (A.10), we ob-
tain:

u (y) =
ℓ2

µ0e2αp

∂p

∂x
+ A1y +

1

2µ0eαp

∂p

∂x
y2

− ℓ2

µ0e2αp

∂p

∂x
ch
(√

eαpy/ℓ

)

+ B2sh
(√

eαpy/ℓ

)

(A.15)

while replacing, A0 and B1 in Equation (A.14) we obtain:

∂2u

∂y2
=

1

µ0eαp

∂p

∂x
− 1

µ0eαp

∂p

∂x
ch
(√

eαpy/ℓ

)

+ B2
eαp

ℓ2
sh
(√

eαpy/ℓ

)

(A.16)

For, y = h we have , ∂2u
∂y2

∣

∣

∣

y=h
= 0, while replacing in Equa-

tion (A.16), we obtain:

B2 =
ℓ2ch

(√
eαph/ℓ

)

µ0e2αpsh
(√

eαph/ℓ

)

∂p

∂x
− ℓ2

µ0e2αpsh
(√

eαph/ℓ

)

∂p

∂x

By replacing the value of B2 in Equation (A.15):

u (y) =
ℓ2

µ0e2αp

∂p

∂x
+ A1y +

1

2µ0eαp

∂p

∂x
y2 − ℓ2

µ0e2αp

∂p

∂x
ch

×
(√

eαpy/ℓ

)

+
ℓ2ch

(√
eαph/ℓ

)

µ0e2αpsh
(√

eαph/ℓ

) sh
(√

eαpy/ℓ

)∂p

∂x

− ℓ2

µ0e2αpsh
(√

eαph/ℓ

)sh
(√

eαpy/ℓ

) ∂p

∂x
(A.17)

For, y = h we have, u(x, h, z) = U2 , so Equation (A.17)
becomes:

U2 = A1h +
1

2µ0eαp

∂p

∂x
h2 ⇒ A1 =

U2

h
− h

2µ0eαp

∂p

∂x

while replacing A1 in Equation (A.17), we find:

u(y) =
U2

h
y

+
1

2µ0e2αp

∂p

∂x

⎡

⎣

y(y − h)

e−αp
2ℓ2

⎛

⎝1 +
ch
(√

eαph/ℓ

)

sh
(√

eαph/ℓ

)

× sh
(√

eαpy/ℓ

)

− ch
(√

eαpy/ℓ

)

− sh
(√

eαpy/ℓ
)

sh
(√

eαph/ℓ

)

⎞

⎠

⎤

⎦

In the end, we find:

u(y) =
U2

h
y +

1

2µ0e2αp

∂p

∂x

×

⎡

⎣

y(y − h)

e−αp
+2ℓ2

⎛

⎝1−
ch
(

2
√

eαpy−
√

eαph
2l

)

ch
(√

eαph
2ℓ

)

⎞

⎠

⎤

⎦
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Same manner for w:

w(y) =
1

2µ0e2αp

∂p

∂z

×

⎡

⎣

y(y − h)

e−αp
+ 2ℓ2

⎛

⎝1 −
ch
(

2
√

eαpy−
√

eαph
2ℓ

)

ch
(√

eαph
2ℓ

)

⎞

⎠

⎤

⎦

finally, the fluid velocity components u and w for a piezo-
viscous couple stress fluid are:

⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎩

u (y) =
U2

h
y +

1

2µ0e2αp

∂p

∂x

[

y (y − h)

e−αp
+ 2ℓ2

×

⎛

⎝1 −
ch
(

2
√

eαpy−
√

eαph
2ℓ

)

ch
(√

eαph
2ℓ

)

⎞

⎠

⎤

⎦ (A.18a)

w (y) =
1

2µ0e2αp

∂p

∂z

[

y (y − h)

e−αp
+ 2ℓ2

×

⎛

⎝1−
ch
(

2
√

eαpy−
√

eαph
2ℓ

)

ch
(√

eαph
2ℓ

)

⎞

⎠

⎤

⎦ (A.18b)
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