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ABSTRACT 

Solutions for the axisymmetric velocity and temperature 

fields associated with a point source of thermal energy in 

a fluid-saturated porous medium are obtained numerically 

through use of similarity transformations. 

considered are those of a point source located on the lower 

boundary of a semi-infinite region and a point source 

embedded in an infinite region. 

presented from which c o w  

and temperature fields can be constructed for Rayleigh numbers 

of 0.1, :1, 10, and 100. 

The two cases 

Tabulated results are 
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Steady Thermal Convection from a Concentrated 
* 

Source in a Porous Medium 

C. E. Hickox and H. A. Watts 

I. Introduction 

In a previous paper, Wooding' demonstrated the utility 

of simple models for the description of geothermal flow 

processes. 

Wooding considered the case of a point-source of thermal 

energy located on the lower boundary of a semi-infinite, 

fluid-sat~rated, porous medium. When 'vertical gradients 

of velocity and thermal conduction are negligible compared 

Of particular interest in the present context, 

with horizontal gradients, and the Boussinesq approximation 

invoked, Wooding was able to show that similarity solutions 

for planar or axisymmetric flow can be obtained by direct 

analogy with the solutions given by Schlichting' for planar 

or axisymmetric, incompressible, laminar jets. The approx- zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
imations imposed are, generally speaking, valid only for 

sufficiently large values of the Rayleigh number. 

. -  

Since point source solutions can be of considerable 

ical utility, a more ete analysis, which does not 

d on approximations 1 hose mentioned above, is 

developed in the present paper. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBATwo cases, both concerned 

w i t h  axisymmetrfc flow and valid for any value of the 

Rayleigh number, are considered. In the first. instance, the 
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4 physical arrangement is identical to that considerd by 

Wooding. 

flow induced by a point source imbedded in an infinite, 

The second case treats the problem of axisymmetric 

fluid-saturated, porous medium. Both cases are analyzed 

through the introduction of similarity transformations' 

resulting in sets of nonlinear ordinary differential equations 

which are then solved numerically in order to provide 

descriptions of the velocity and temperature fields. 

11. General Theory 

In this section, mathematical models are developed for 

the description of axisymmetric free convection in a fluid 

saturated porous medium. .The medium is assumed to be 

rigid, homogeneous, and isotropic and the fluid incompressible, 

with density changes occurring only as a result of 

changes in zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAthe temperature according to 

p zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= p, [1 - 8(T \-. T-118 (1) 

where p is the density, T is the temperature, p is the 

coefficient of thermal expansion, and the subscripts refer 

to reference conditions. It is also assumed that the 

fluid motion obeys Darcy's law. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
The steady-state equations of continuity, motion, 

and thermal transport are then 

div v = 0, (2) 

(3) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAw 

v 
E = -grad (P i- pgh) I 
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v - grad T = a div(grad zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAT) 8 

where VI .L. k, p8 a, PI and g are, respectively, the velocity vector, 

permeability, dynamic viscosity, effective thermal diffusivity, 

pressure, and acceleration due to gravity. The elevation 

h is measured vertically upward and g is oppositely directed. 

In accordance with the usual Boussinesq approximation, 

density changes are accounted for only in the buoyancy term 

in the equations of motion. 

permeability, viscosity, and thermal diffusivity are constants 

and that dispersion effects are negligible. 

It is furthermore assumed that 

- .  . . _  . . - _ _ _  A -  . .  

- .I zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
A. Point Source Below Semi-Infinite Region 

-‘Here we wish to consider the axisymmetric flow induced 

by a point source of strength Q (energy generated per unit 

time) situated on the lower, insulated, edge of a semi-in- 

finite region. Cylindrical polar coordinates (r,z) with 

associated velocity components (u,w) are used in the sub- 

sequent analysis. The origin of the coordinate system is 

coincident with the point source, and the z-axis is directed 

vertically upward. 

The .basic formulation now proceeds in a straightforward 

manner from Eq’uatiOnS (1) through 4 4 ) .  Equation (1) admits 

the introduction of a stream function zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAJI defined by 

- -  

. I  

‘ I  

i ’  : 
t 

.. . . . . . , . , .. . . 
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Introduction of the similarity transformations 

as suggested by zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAY i h 3 ,  allows Equations (1) through (4) to be 

reduced to the set of nonlinear ordinary differential equations 

3 2 (n +n)f" - ,f' = zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBArl e ,  (7) 

where primes denote differentiation with respect to qm 

additional requirement obtained upon integration of Equation 

(4) over a plane taken normal to the &axis is 

An zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
OJ 

where RA is the Rayleigh number 

QgkS/2na 2 Ucr 
RA 

and c is the specific heat of'the fluid. 

reference, the relationships between velocities and similarity : 

parameters are 

For future 

(11) 
a f1  
z (si) a f 1  u = E  n($) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA8 w'- 

From physical arguments, it is expected that ut %?I and 

and c is the specific heat of'the fluid. 

reference, the relationships between velocities and similarity : 

parameters are 

For future 

a f1  
z (si) a f 1  u = E  n($) 8 w'- 

From physical arguments, it is expected that ut %?I and 

(T - TJ should approach zero for large r. 

as wellas the radial gradients of w and T should be zero 

In addition, u 

along the axis of symmetry. These requirements yield the 

boundary conditions 
-.... 
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f(0) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA0 = ' e ' ( O ) ,  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
fq=)  = o = e(=). zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

Solut ion of Equations (7) and (8)  subject t o  the boundary 

conditions (12) and i n t e g r a l  r e l a t i o n  ( 9 )  w i l l  provide a 

complete descr ip t ion  of the thermal and f l o w  fields. 

€3. Poin t  Source i n  an I n f i n i t e  Medium 

In order t o  analyze the  axisymmetric f l o w  f i e l d  induced 

by a po in t  source i n  an i n f i n i t e  medium, it is  appropriate 

t o  adopt spherical polar coordinates ( R , Q )  w i t h  associated 

ve loc i ty  components*(vR, vQ). 

t h e  vertical a x i s  (z-axis as introduced i n  Section 1I.A) 

to the radial  pos i t i on  vector R, The ve loc i ty  component 

vR is i n  the d i r e c t i o n  of R. 

The angle Q is  measured from 

.I 

The other ve loc i ty  component 
.I 

v is normal t o  R. l ies i n  t h e  plane of R and 2, and is  Q ... 
positive zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAin the d i r e c t i o n  of increasing Q. 

coordinates i s  again taken coincident w i t h  the po in t  source, 

The o r i g i n  of 

The formulation for  t h i s  case, i n  essence. parallels 

that  presented i n  t he  first par t  of t h i s  sec t ion .  A 

stream funct ion zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAJI is  defined such that 

Based on 

V '  2!4! -1 1 -  aQ 
v = 2  a @  Q Rsin@ a~ R s i n e  

c e r t a i n  apparent similarities between the present  

system of equations and those derived by Squire' i n  his  study 

of the round laminar je t ,  w e  introduce the following substi- 

t u t ions  -- 
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The o r ig ina l  system of p a r t i a l  d i f f e r e n t i a l  equations can - .. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
now be reduced t o  the  system of ordinary d i f f e r e n t i a l  equations 

(16) 

where primes denote d i f f e ren t i a t ion  w i t h  respec t  t o  r). 

gra t ion  of Equation zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(4 )  over a sphere centered about t h e  

o r ig in  provides the  r e l a t i o n  

In te -  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
jll- f ' ) e d ~  = RAI (17) 

- 
where RA zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAis the Rayleigh number as defined i n  (10) .  

components are now given by 

Velocity 

- -  -1/2 
V R = - -  R R (1 - n21 f (n )  (18) 

a 
f ' ( Q ) ,  V@ = - - zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBACl 

.. . 

As before? it i s  expected that vR? vQ? and (T - T-) should 

approach zero f o r  l a rge  R and t h a t  the so lu t ion  should 

exh ib i t  symmetry about a v e r t i c a l  axis. 

requirements t r ans  

These physical  

e i n t o  the  conditions 

= 0 = f(-1) (19a) 

(19b) 8 '  bounded f o r  q- = ' +  -.. 1. 



Although, i n  some instances ,  the  notat ion used i n  t h i s  sec- 

t i o n  i s  i n  c o n f l i c t  with t ha t  used i n  Section zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAII.A, no confusion 

should e x i s t  so long as t h e  t w o  cases are considered separately.  

Approximate Analytical  Solutions 111. 

When the Rayleigh number is  s u f f i c i e n t l y  s m a l l ,  approx- 

h a t e  a n a l y t i c a l  r e s u l t s  can be obtained for both cases under 

consideration. For large Rayleigh numbers zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA, Wooding' obtained 

an approximate so lu t ion  for  t h e  semi-infinite region by 

analogy w i t h  the r e s u l t s  of Schlichting' for  incompressible 

laminar jets. Presently,  we know of no corresponding so lu t ion  

for the po in t  source i n  an i n f i n i t e  region. 

b a t e  so lu t ions  are presented i n  the remainder of t h i s  sect ion.  

The various approx- I 

A. 

For s m a l l  Rayleigh number, so lu t ions  t o  Equations zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA( 7 ) ,  , zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
( 8 ) ,  and (9) can be obtained by straightforward expansion 

of the dependent variables i n  terms of the Rayleigh number. 

The leading terms r e s u l t i n g  from this process provide the  

approximat ions 

-1/2 - I] , ( 2 0 )  I 2 
2 A  f = - - R  [(TI + 1 )  

(21) 
-1/2 

I 
' 2  e = RA (TI + 1) 

where it may be noted that  (21) produces the steady-state  

conduction solution associated with a po in t  source. 



1 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAFor a s u f f i c i e n t l y  l a r g e  Rayleigh number, Wooding's 

ana lys i s  provides the r e s u l t s  

-1 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA3 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA2 3 2 
f " T % r l  ( l + - - - R  32 A zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA0 )  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA8 

B. Poin t  Source i n  an I n f i n i t e  Medium 

For s m a l l  Rayleigh number, the leading terms of an 

expansion i n  terms of t he  Rayleigh number provide the 

approximate r e s u l t s .  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA. 
5 

. .  

1 1 2 
2 A 8 ° R A t  

g = - R  + -  

where it may be noted t h a t  subs t i t u t ion  of t h e  'first term 

- -  - I - .  - - , -  . . . - _ _  - 
._  of zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA* (25)  ' in to  (14 )  produces the steady-state conduction so lu t ion  . - -* - 

. associated w i t h  a poin t  source. 
_ .  . 

The r e s u l t s  of t h i s  sec t ion  are usefcl i n  t h a t  they- 

,< provide bounds for t he  more general  numerical r e s u l t s  which 

w i l l  be presented subsequently. 

IV. Computational Approach 

. - _ _ _  
Although the use of s i m i l a r i t y  transformations r e s u l t s  

in s impl i f ied  formulations for t h e  cases considered, 

the r e s u l t i n g  equations are s t i l l  of s u f f i c i e n t  complexity .) 
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1 

> 

to warrant the use of numerical techniques in order to 

obtain general solutions. Efficient, state-of-the-art 

computer codes, currently under development at Sandia 

Laboratories and designed specifically for the solution of 

two-point boundary value problems, were utilized for the 

numerical solutions. 

numerical results are presented along with brief descriptions 

of the techniques employed in the analysis. 

. 

In the remainder of this section 

6 
Point Source Below Semi-Infinite Region zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAA. 

Equations (7) and (8) can be integrated once to provide 

1 (q + 5)f' - f = e + cl, 

(27) 
2 -fe = (s3 + zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAn ) e *  + q e , 

where C1 is a constant of integration, and the constant of 

integration associated with (27) is equal to zero by virtue 

of (12a). 

by analytical methods does not appear feasible. 

Further integration of the differential equations 

In order to obtain numerical solutions, equations (26) 
I 

and (27) could be solved subject to the boundary conditions 

(12) for a specified value of the constant CL. Then C1 

- could be varied until the constraint condition (9) is 

satisfied. However, it 

process within the framework of solving only differential zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
equations.. Thus, a di f ferent ia l  equation for C1 is added 

and (9) is modified to provide 
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where the i n t eg ra t ion  var iab le  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAis now zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA5 .  The o r i g i n a l  boundary 

value problem can now be expressed by t h e  system of first 

order d i f f e r e n t i a l  equations 

.-1 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
evn) = zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA-(n + II 

-1 
f ' ( n )  = dl + TI2) 

subject t o  the boundary co id i t i ons  
&' .. 

f zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(0) = 0 = S ( 0 )  

(f 

(e 

(e 

+ f + c,) c 

+ cl+ 1 1 0  c 

= R  
A 

.C29d) 

The condition e ' ( 0 )  = 0 is used d i r e c t l y  t o  give proper 

de f in i t i on  t o  (29a) a t  t h e  or ig in .  Equation (29d) is obtained 

upon d i f f e r e n t i a t i o n  of (28) and subs t i t u t ion  f r o m  (29a) and 

(29b). The boundary conditions on S follow d i r e c t l y  from 

consideration of (9)  and (28). The condition f @ (03) = 0 

is automatically s a t i s f i e d  by the  d i f f e r e n t i a l  equation (29b) 

under t h e  assumption of boundedness f o r  f (n) and e ( n ) .  An . 

namely 

. . - I 

even s t ronger  condition emerges under our physical  cons t ra in ts ;  

lim nf zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAb l  = .O. Using .this requirement along 

n+Op 

7 ' W  . . . _  ... .. _._. ~ - ,  . ,- -.- -.- . - . . .  .. ~ . - .  ... . . , .... 
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' with the condition e(=) = 0 i n  (29b) leads t o  the  new boundary con- 

d i t i o n  on zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAf, given by f (=)  + C1 = 0. The motivation for using zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
f 

this condition s t e m s  f r o m  d i f f i c u l t i e s  encountered i n  attempting 

to obtain s a t i s f a c t o r y  numerical so lu t ions  when the con- 

d i t i o n  e(=)  = 0 w a s  imposed. It w a s  observed that  0 w a s  driven zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
$0 zero f o r  l a rge  regardless  of t he  acceptab i l i ty  of the 

other  var iables .  With the a l t e r n a t e  boundary condition, the 

so lu t ion  algorithm w a s  less sens i t i ve  t o  poor i n i t i a l  guesses 

for e(0)  and C r  

Numerical so lu t ions  of ( 2 9 )  subject t o  t h e  boundary 

conditions (30) w e r e  obtained for values of the  Rayleigh 

number i n  the  range 0.1 t o  100 and are tabulated i n  T a b l e s  

1 through 3. The computer code SHOOT2 was employed for 

the so lu t ion  of t h e  boundary value problem. 

based on a shooting procedure which uses cur ren t  state-of- 

the-ar t  var iab le  .step s i z e  i n t eg ra t i an  ._ - .- methods. Tne . - * 

i n t eg ra t ion  w a s  carried ou t  t o  a value of 1000 for  q i n  a l l  

cases. T h i s  i n t e r v a l  w a s  found t o  be of s u f f i c i e n t  magnitude 

7 

T h i s  code is  

t o  insure  the accuracy of so lu t ions  i n  regions of physical  

i n t e r e s t .  Tabulated r e s u l t s  appear t o  be accurate t o  

four s i g n i f i c a n t  f igures .  

B. Point  Source i n  an I n f i n i t e  Medium 

The numerical so lu t ion  procedure u t i l i z e d  f o r  t h i s  problem 

c lose ly  p a r a l l e l s  t h a t  of the preceding case. The basic 

d i f f e r e n t i a l  equations (15) and (16) can be in tegra ted  once 

- zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAto provide 
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where Cg is a constant of in tegra t ion ,  and the  constant of 

in tegra t ion  associated w i t h  (32) is  zero by v i r t u e  of t he  

boundary conditions (19) .  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAAs before, the i n t e g r a l  con- 

s t r a i n t  (17) is  rewri t ten as zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
Now t h e  o r i g i n a l  boundary value problem can be expressed by 

SVI) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= (1 + ne - zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAc p  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA8 

subject t o  the boundary conditions 

f(-1) = 0 = f t l ) ,  

S(a1) = 0, S(1) e RA 

A complication arises d u e t o  the  singular  nqture  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAof 04al a t  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
the boundary points. 

removed since a straightforward anazysis using C34a) and 

This d i f f i c u l t y  is, however, e a s i l y  



. .  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
of the differential system (34) subject to the boundary 

conditions (35) was obtained through use of the computer code 

SUPOR zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAQ ,  a code utilizing quasilinearization tech- 

niques coupled with superposition and an orthonormalization 

process, Results, apparently accurate to four significant 

~- 

figures, are tabulated in Tables 4 through 60 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
V. Discussion 

Accurate numerical results have been obtained which pro- 

*vide for the complete description of the axisymmetric 

flow and temperature fields associated with a point source 

situated on the lower edge of a semi-infinite region or 

embedded in an infinite porous medium. 

sketches of the isotherms and streamlines for each case 

considered are presented in Figures 1 and 2 for a Rayleigh 

number of 10. A careful examination of the tabulated 

results indicates that for a Rayleigh number of 0.1 the 

temperature distribution can be closely approximated 

by the steady-state conduction solution. Isothermal sur- 

faces are approximately hemispher 

faces centered about the point source. 

results given by (201, (21), (24), and (25) provide 

reasonably accurate estimates to the rue solutions. When 

Representative 

1 or spherical sur- 

The approximate 

- 

- 

the Rayleigh number is 100 the solutions exhibit a zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
plume-like zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAbehavior more in line with the bounaary layer 

1 

z model proposed by WoodingA. For the semi-infinite 

- ' l T  . _ .  . .. -_,- -, ._-, .*- - \ I ,  ~ - 
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. 

. region, the approximate r e s u l t s  given by (22) and (23) are 

found t o  be reasonably accurate,  even f o r  a r e l a t i v e l y  

modest value of 100 f o r  the Rayleigh number. 

* It is  r ead i ly  observed that the 

along t h e  a x i s  of symmetry above t he  

por t iona l  t o  l / z  f o r  both cases cons 

d is tance  above the source. An upper 

v e r t i c a l  ve loc i ty  

po in t  source is  pro- 

dered, where z is  the 

bound t o  the  v e r t i c a l  

t r anspor t  of a f l u i d  p a r t i c l e  can, thus,  r ead i ly  be found 

by in tegra t ion .  

in the ana lys i s  of induced f l u i d  motion due t o  the emplacement 

. o f  thermally ac t ive  can i s t e r s  of nuclear w a s t e  material in 

Estimates of t h i s  type can be usefu l  

a f luid-saturated porous medium. 

Another i n t e re s t ing  observation is  t h a t ,  f o r  the 

semi- inf ini te  region, the constant  C1 can be obtained from 

the  condi t ion C1 = -f (-) . 
the i n f i n i t e  region, C 2  = f ' ( 0 ) .  

constants  of i n t eg ra t ion  can be obtained from the t abula ted  

r e su l t s .  T h i s  information is  usefu l  i n  t h a t  it can be 

used t o  provide est imates  f o r  t he  constants  of i n t eg ra t ion  for 

cases which are not  tabulated.  In tegra t ion  of the appropriate  

d i f f e r e n t i a l  equa ions can then b 

forward manner f o r  any Rayleigh number. 

h r t h  noting t h a t  the l imi t ing  values f o r  C1 and C2 are, 

respect ively,  f o r  l a rge  Rayleigh number: zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA-4  and 2, and for 

small Rayleigh number: 

Similar ly ,  it is noted that, for , 
. *  

Hence, values f o r  t he  

a r r i e d  ou t  i n  a s t r a fgh t -  
t 

It is perhaps also 

2 -RA/2 and RA/24. 

. .  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAc 

- zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA-1-Ir - - -^ . 



Nomenclature zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
f 

9 -accelerat ion of gravi ty  

h -e levat ion zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA. 
-nondimensional function related t o  streamfunction 

k 

P 

= - i n t r i n s i c  permeabili ty 

-pressure zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
Q 

R - 
- s t rength  of po in t  source 

-pos i t ion  vector  i n  spher ica l  po lar  coordinates 

-Rayleigh number 

Cr, z) -cy l indr ica l  po lar  coordinates 

(R, 9) - spher ica l  po lar  coordinates 

T -temperature zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
b , w )  

cvR,v@) -veloci ty  components i n  spher ica l  polar  coordinates 

V -veloci ty  vector  

-veloci ty  components i n  cyl indkical  polar  coordinates 

Greek 

a -thermal d i f f u s i v i t y  

B 

rl - s imi la r i ty  var iab le  

e -nondfmensional funct ion related t o  temperature 

P -dyn&ic v iscos i ty  

P -density 

-coef f ic ien t  of volumetric thermal expansion 

m $  -stream function 

i t - in tegra t ion  variable zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAI 

I 

Subs c r  ip t 

Q) - re fers  t o  conditions far  from poin t  source 
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Figure 2. Isotherms and 
Streamlines €or a Point 
Source in an I n f i n i t e  
Medium, RA = 10. 
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