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Abstract. In this article we study the hydrostatic equilibrium configuration of neutron stars
and strange stars, whose fluid pressure is computed from the equations of state p = ωρ5/3

and p = 0.28(ρ− 4B), respectively, with ω and B being constants and ρ the energy density of
the fluid. We start by deriving the hydrostatic equilibrium equation for the f(R, T ) theory of
gravity, with R and T standing for the Ricci scalar and trace of the energy-momentum tensor,
respectively. Such an equation is a generalization of the one obtained from general relativity,
and the latter can be retrieved for a certain limit of the theory. For the f(R, T ) = R + 2λT
functional form, with λ being a constant, we find that some physical properties of the stars,
such as pressure, energy density, mass and radius, are affected when λ is changed. We
show that for a fixed central star energy density, the mass of neutron and strange stars can
increase with λ. Concerning the star radius, it increases for neutron stars and it decreases
for strange stars with the increment of λ. Thus, in f(R, T ) theory of gravity we can push the
maximum mass above the observational limits. This implies that the equation of state cannot
be eliminated if the maximum mass within General Relativity lies below the limit given by
observed pulsars.ar
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1 Introduction

Modified gravity theories have been constantly proposed with the purpose of solving (or
evading) the ΛCDM cosmological model shortcomings (check [1] for instance).

Anyhow, ΛCDM model indeed provides a great matching between theory predictions and
observational data. However, the fundamental physical properties of the matter field respon-
sible for the observationally predicted cosmic acceleration [2, 3] in the so-called “concordance
model" still lacks a convincing explanation.

Nevertheless it is remarkable the fact that a good agreement between theory and obser-
vation may be obtained also from cosmological models derived from modified gravity theories
(check [4, 5], for instance).

It should be mentioned here that a gravity theory must be tested also in the astrophysical
level [6–9]. Strong gravitational fields found in relativistic stars could discriminate standard
gravity from its generalizations. Observational data on neutron stars (NSs), for instance, can
be used to investigate possible deviations from General Relativity (GR) as probes for modified
gravity theories.

NSs are the best natural laboratories to test gravity in the strong field regime. Their
collapse leads to large-curvature and strong-gravity environments [10]. Macroscopic properties
of NSs are sensitive to the equation of state (EoS) and the underlying gravitational theory.

The modified theory to be investigated in this article will be the f(R, T ) gravity [11].
Originally proposed as a generalization of the f(R) gravity [12, 13], the f(R, T ) theories
assume that the gravitational part of the action still depends on a generic function of the Ricci
scalar R, but also presents a generic dependence on T , the trace of the energy-momentum
tensor. Such a dependence on T would come from the consideration of quantum effects.

Although a lot of cosmological applications to f(R, T ) gravity have already been pro-
posed (check [14–21] and references therein), at an astrophysical level, the theory still lacks
a deep research. In [22], the authors have investigated the stability of collapsing spherical
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body coupled with isotropic matter from a non-static spherically symmetric line element. In
[23], it was employed the perturbation scheme to find the collapse equation. Conditions on
the adiabatic index were constructed for Newtonian and post-Newtonian eras in order to ad-
dress the instability problem. In [24], the authors have developed the instability range of the
f(R, T ) theory for an anisotropic background constrained by zero expansions. The evolution
of a spherical star by employing a perturbation scheme on the f(R, T ) field equations was
explored in [25], while the dynamical analysis for gravitating sources carrying axial symmetry
was discussed in [26]. Moreover, very recently, in [27], the formation of spherically symmetric
anisotropic stars was investigated in the context of f(R, T ) theory.

Although the dynamics of collapse and the instability range have indeed been investi-
gated in f(R, T ) gravity, a self-consistent model of compact star, with a specific EoS, obtained
from the solution of the Tolman-Oppenheimer-Volkoff (TOV) equation [28, 29] has not been
derived so far for such a theory.

As mentioned above, not only the EoS plays an important role in predicting macroscopic
properties of compact objects. The underlying gravity theory is also fundamental on this
regard. For instance, in the Randall-Sundrum type II brane model [30], it was found that
the hadronic and strange stars (SSs) can violate the GR causal limit for large enough masses
[31–33].

Moreover, the TOV equations derived for different modified gravity models [8, 9, 34, 35]
have contributed to the understanding of compact stars structure and matter at high densities.
The exact conditions under which the fundamental degrees of freedom of strongly interacting
matter can be realized in nature is still an open question. A deeper and systematic study
of systems containing compact stars may improve our understanding of such an important
issue.

In this article, we will investigate the spherical equilibrium configuration of NSs and
SSs in f(R, T ) theory of gravity. Here, it is worth mentioning that SSs existence is still a
possibility. In fact, a recent work has discussed the existence of these stars from a gravitational
wave detection perspective [36]. Once such objects existence is proved, the fundamental state
of matter at high densities will be understood as the strange quark matter (SQM) state.

This article is structured as follows. In Sec. 2 we briefly review the f(R, T ) theory of
gravity. In Sec. 3 we present the stellar structure equations, the boundary conditions and
the EoS used to analyze the NSs and SSs in f(R, T ) gravity. In Sec. 4 the equilibrium
configurations of NSs and SSs in f(R, T ) gravity are presented. In Sec. 5 we present our
discussion and conclusions. Throughout this article we will work with the geometrized units
system, i.e., c = 1 = G.

2 The f(R, T ) theory of gravity

Proposed by T. Harko et al., the f(R, T ) gravity [11] assumes the gravitational part of the
action depends on a generic function of R and T , the Ricci scalar and the trace of the energy-
momentum tensor Tµν , respectively. By assuming a matter lagrangian density Lm, the total
action reads

S =
1

16π

∫

d4xf(R, T )
√
−g +

∫

d4xLm
√
−g. (2.1)

In (2.1), f(R, T ) is the generic function of R and T , and g is the determinant of the metric
tensor gµν .
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By varying (2.1) with respect to the metric gµν , one obtains the following field equations:

fR(R, T )Rµν −
1

2
f(R, T )gµν + (gµν�−∇µ∇ν)

fR(R, T ) = 8πTµν − fT (R, T )Tµν − fT (R, T )Θµν , (2.2)

in which fR(R, T ) ≡ ∂f(R, T )/∂R, fT (R, T ) ≡ ∂f(R, T )/∂T , � ≡ ∂µ(
√−ggµν∂ν)/

√−g,
Rµν represents the Ricci tensor, ∇µ the covariant derivative with respect to the symmetric
connection associated to gµν , Θµν ≡ gαβδTαβ/δg

µν and Tµν = gµνLm − 2∂Lm/∂gµν .
Taking into account the covariant divergence of (2.2) yields [37, 38]

∇µTµν =
fT (R, T )

8π − fT (R, T )
[(Tµν +Θµν)∇µ ln fT (R, T )

+∇µΘµν − (1/2)gµν∇µT ]. (2.3)

We will assume the energy-momentum tensor of a perfect fluid, i.e., Tµν = (ρ+p)uµuν−
pgµν , with ρ and p respectively representing the energy density and pressure of the fluid and
uµ being the four-velocity tensor, which satisfies the conditions uµu

µ = 1 and uµ∇νuµ = 0.
We have, then, Lm = −p and Θµν = −2Tµν − pgµν .

For the functional form of the f(R, T ) function above, note that originally suggested
by T. Harko et al. in [11], the form f(R, T ) = R + 2λT , with λ being a constant, has
been extensively used to obtain f(R, T ) cosmological solutions (check [15–18] and references
therein). The f(R, T ) gravity authors themselves have derived in [11] a scale factor which
describes an accelerated expansion from such an f(R, T ) form. Here, we propose f(R, T ) =
R+ 2λT to derive the f(R, T ) TOV equation.

The substitution of f(R, T ) = R+ 2λT in Eq.(2.2) yields [15, 17]

Gµν = 8πTµν + λTgµν + 2λ(Tµν + pgµν), (2.4)

for which Gµν is the usual Einstein tensor.
Moreover, when f(R, T ) = R+ 2λT , Eq.(2.3) reads

∇µTµν = − 2λ

8π + 2λ

[

∇µ(pgµν) +
1

2
gµν∇µT

]

. (2.5)

3 Equations of stellar structure in f(R, T ) gravity

3.1 Hydrostatic equilibrium equation

In order to construct the f(R, T ) hydrostatic equilibrium equation, we must, firstly, develop
the field equations (2.4) for a spherically symmetric metric, such as

ds2 = eϑ(r)dt2 − e̟(r)dr2 − r2(dθ2 + sin2 θdφ2). (3.1)

For (3.1), the non-null components of the Einstein tensor read

G0
0 =

e−̟

r2
(−1 + e̟ +̟′r), (3.2)

G1
1 =

e−̟

r2
(−1 + e̟ − ϑ′r), (3.3)
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G2
2 =

e−̟

4r
[2(̟′ − ϑ′)− (2ϑ′′ + ϑ′2 − ϑ′̟′)r], (3.4)

G3
3 = G2

2, (3.5)

for which primes stand for derivations with respect to r.

By substituting Eqs.(3.2)-(3.3) in (2.4) yields

e−̟

r2
(−1 + e̟ +̟′r) = 8πρ+ λ(3ρ− p), (3.6)

e−̟

r2
(−1 + e̟ − ϑ′r) = −8πp+ λ(ρ− 3p). (3.7)

As usually, we introduce the quantity m, representing the gravitational mass within the
sphere of radius r, such that e−̟ = 1− 2m/r. Replacing it in (3.6) yields

m′ = 4πr2ρ+
λ(3ρ− p)r2

2
. (3.8)

Moreover, from the equation for the non-conservation of the energy-momentum tensor
(2.5), we obtain

p′ + (p+ ρ)
ϑ′

2
=

λ

8π + 2λ
(p′ − ρ′). (3.9)

Note that in (2.4), (2.5), (3.6), (3.7), (3.8) and (3.9), when λ = 0 the GR predictions are
retrieved.

Replacing Eq.(3.7) in (3.9) yields a novel hydrostatic equilibrium equation:

p′ = −(p+ ρ)

[

4πpr + m
r2

− λ(ρ−3p)r
2

]

(

1− 2m
r

)

[

1− λ
8π+2λ

(

1− dρ
dp

)] . (3.10)

Note that by taking λ = 0 in Eq.(3.10) yields the standard TOV equation [28, 29]. We observe

that the hydrostatic equilibrium configurations are obtained only when λ
8π+2λ

(

1− dρ
dp

)

< 1.

It is important to mention that to derive Eq.(3.10), we considered that the energy density
depends on the pressure (ρ = ρ(p)).

3.2 Boundary conditions

The integration of equations (3.8) and (3.10) starts with the values in the center (r = 0):

m(0) = 0, ρ(0) = ρc, p(0) = pc. (3.11)

The surface of the star (r = R) is determined when p(R) = 0. At the surface, the interior
solution connects softly with the Schwarzschild vacuum solution. The potential metrics of
the interior and of the exterior line element are linked by eϑ(R) = 1/e̟(R) = 1− 2M/R, with
M representing the stellar total mass.

– 4 –



3.3 Equations of state

In order to close the system of equations above we will assume a relation between ρ and p,
known as EoS. Once defined the EoS, the coupled differential equations (3.8) and (3.10) can
be solved for three unknown functions m, p and ρ. Recall that these coupled differential
equations are integrated from the center towards the surface of the object.

To analyze the equilibrium configurations of compact stars in f(R, T ) theory of gravity,
two EoS frequently used in the literature will be considered: the polytropic and the MIT bag
model EoS.

Within the simplest choices, we find that the polytropic EoS is one of the most used
for the study of compact stars. Following the work developed by R.F. Tooper [39], we con-
sider that p = ωρ5/3, with ω being a constant. We choose the value of ω to be 1.475 ×
10−3 [fm3/MeV]2/3 as in [40, 41].

To describe SQM, the MIT bag model will be considered. Such an EoS describes a fluid
composed by up, down and strange quarks only [42]. It has been applied to investigate the
stellar structure of compact stars, e.g., see [43, 44]. It is given by the relation p = a (ρ− 4B).
The constant a is equal to 1/3 for massless strange quarks and equal to 0.28 for massive
strange quarks, with ms = 250 [MeV] [45]. The parameter B is the bag constant. In this
work, we consider a = 0.28 and B = 60 [MeV/fm3].

4 Neutron stars and strange stars in f(R, T ) gravity

4.1 About the numerical method

After defining the EoS, the stellar structure equations (3.8) and (3.10) will be solved numer-
ically together with the boundary conditions for different values of ρc and λ, through the
Runge-Kutta 4th-order method.

4.2 Energy density, pressure and mass profile in the interior of a star

The behavior of the energy density ρ, the radial pressure p and the mass m/M⊙ as a function
of the radial coordinate are presented in Fig.1 for different values of λ. The functions ρ(r),
p(r) and m(r)/M⊙ in the figure are constructed using two different EoS and the central energy
density 900 [MeV/fm3]. On the top and on the bottom of the figure are depicted the results
found for a NS and a SS, respectively, for the GR case (λ = 0) and for the f(R, T ) theory of
gravity case (λ 6= 0).

It can be observed an increment of the mass of the stars when λ is increased, namely,
when the term 2λT is incremented. We can, then, say that the effect caused by the term
2λT is similar to that caused by an extra pressure or electric charge in the configurations of
NSs and SSs in GR scope (see, for instance, [40, 41, 46–48]). On the other hand, the total
radius of NSs grows with the increment of λ, in turn, the total radius of SSs decreases with
the increase of λ. The increasing and decreasing of the total radius of NSs and SSs with λ
are explained in more details in Subsection 4.4.

4.3 Equilibrium configurations of neutron stars and strange stars

The behavior of the total mass, normalized in solar masses, against the central energy density
ρc, for NSs and SSs, is plotted respectively on the left and right panels of Fig.2 for different
values of the parameter λ. For NSs and SSs, the masses increase with the central energy
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Figure 1. The energy density, pressure and mass (in solar masses) against radial coordinate for
neutron and strange stars are presented respectively on the top and bottom panels, for some different
values of the parameter λ. In all cases, it is considered the central energy density 900 [MeV/fm3].
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Figure 2. The total mass of the star as a function of the central energy density for different values
of λ. The curves plotted on the left and right panels are characteristics of neutron and strange stars,
respectively. The full circles over the curves indicate the maximum mass points.

density until it reaches its maximum value (marked by a full circle). After this point the mass
decreases monotonically with the growth of ρc.

Note that for the greater values of λ, the maximum mass point is attained in lower
central energy densities. For λ = 0, in the NS case, we determine that the maximum mass
point 1.419M⊙ is found for the central energy density ρc ≈ 10.97 ρnuclear. We also found
that when we increment the value of λ, the maximum mass value also grows. For instance,
for λ = 0.20 the maximum mass point 1.538M⊙ is determined when ρc ≈ 6.969 ρnuclear. In
turn, for SSs we determine when λ = 0 that the maximum mass point, 1.760M⊙, is found
for 8.917 ρnuclear. On the other hand, for λ = 2.0 we find that the maximum mass 2.017M⊙

is reached for 6.836 ρnuclear.
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From this we understand that for a more adequate EoS to study NSs and for a particular
value of λ, the high values of mass observed for the pulsars PSR J1614 − 2230 and PSR
J0348 + 0432 [49, 50], which still require a convincing explanation, can be easily achieved.
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Figure 3. The total mass M/M⊙ against the radius of the star for neutron (left) and strange stars
(right), for different values of λ. The maximum mass points on the curves are indicated by full circles.

Fig.3 shows the behavior of the total mass, normalized in solar masses, versus the radius
of the star, for different different values of the parameter λ. On the left and on the right of
Fig.3 are shown the results obtained for NSs and SSs, respectively. We can see that when we
increase the value of λ, the NSs become larger and more massive, in turn, the SSs become
lower and more massive. It is attributed to the EoS used in each case .

4.4 Total radius of neutron stars and strange stars in f(R, T ) gravity
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Figure 4. The total radius of the star against the central energy density for some values of λ. The
curves for neutron and strange stars are plotted respectively on the left and right panels. The full
circles over the curves represent the places where the maximum mass points are found.

In Fig.4, the total radius of NSs and SSs as a function of the central energy density is
presented on the left and right panels, respectively.

Note that for NSs the total radius increases and for SSs it decreases with the increment
of λ. This is due to the fact that in NSs, −p′ diminishes with the increment of λ, thus
indicating that the pressure decays slower with the increment of the radial coordinate, thereby
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obtaining a larger total radius. On the other hand, in SSs the increment of λ yields a larger
−p′, indicating that the pressure decays faster with the growth of the radial coordinate, thus
yielding a lower total radius.

5 Discussion and conclusions

The equilibrium static configuration of NSs and SSs in the f(R, T ) gravity was here studied.
It was considered that the fluid pressure is computed by p = ωρ5/3 and p = 0.28(ρ− 4B) for
the NS and SS cases, respectively. We have started by deriving the TOV equation for the
f(R, T ) theory of gravity. This hydrostatic equilibrium equation is a generalization of the one
found in GR, since it presents extra terms coming from 2λT , considered for the functional
form of the function f(R, T ). The equilibrium configurations of NSs and SSs were analyzed
for different values of λ and central energy densities.

In the modified theory of gravity under study, for a range of central energy densities,
higher values of λ yield NSs with larger mass and radius, and SSs with larger mass and lower
radius. This can be observed in Figs.2-4.

We found that for the maximum value of λ used, the maximum masses of NSs and SSs
are respectively 1.538M⊙ and 2.017M⊙. These maximum mass values are determined in
central energy densities ∼ 30% lower than those used to found the maximum mass values in
the case λ = 0.

We can also observe that the values of λ used for NSs are the tenth of that used for SSs.
This indicates that in NSs, the value of λ does not need to be large to obtain considerable
effects in their structures.

Furthermore, for a more adequate form of the EoS describing NSs and for a certain value
of λ, the present model is able to explain the massive pulsars PSR J1614 − 2230 and PSR
J0348 + 0432 recently observed [49, 50]. Thus, it is worthwhile to mention that only certain
combinations of the EoS and λ can be ruled out if the maximum mass found is below the
observed pulsar masses.

We quote here that recently a similar approach to SSs was presented in [9] for f(R) =
R + αR2 gravity, with α being a constant. In a sense, the outcomes obtained as a conse-
quence of the extra material term 2λT presented in this article may be compared with those
obtained from the consideration of the geometrical extra term αR2 in [9]. In the scope of this
comparison, it is worth mentioning that the constants of the MIT bag model have, purposely,
the same values in both works.

We have shown that by increasing the value of λ, one increases the contribution coming
from the extra material term and obtains greater values for the masses of the SSs. In [9], for
the f(R) gravity, with f(R) = R+ αR2, it was shown that the mass of a SS also increases if
one considers greater values of the free parameter α, i.e., greater contributions from the extra
geometrical term. In this sense, it would not be straightforward to distinguish SS equilibrium
configuration outcomes resulting from extra material or geometrical terms.

However, in the f(R) gravity case, the star configuration with maximal mass corresponds
to larger central densities when compared to GR. On the other hand, in f(R, T ) gravity,
those values are below the GR outcomes, making possible to distinguish the f(R, T ) gravity
predictions from those obtained via f(R) formalism.
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