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Abstract:The secondorder statistics ofmultiple edge crack
functionally graded materials (FGMs) under tensile, shear
and combined loading assuming uncertain system param-
eters is presented in this paper. The uncertain parame-
ters used under the present study are the material proper-
ties, and crack parameters such as crack length and crack
angle. In this present analysis extended finite element
method (XFEM) is used. The stochastic analysis is carried
out using second order perturbation technique (SOPT) for
the evaluation of mean and coefficient of variance (COV)
of mixed mode stress intensity factor (MMSIF).

Keywords: FGMs plate, extended finite element method,
multiple edge cracks, mixed mode stress intensity factor,
coefficient of variance, second order perturbation tech-
nique

1 Introduction
FGMs are the perfect blend of two (or more) material
phases of different materials and functional performance
that vary in definite direction within the geometry. FGMs
were at first intended to resist in thermal environment as in
aerospace structural applications and fusion reactors how-
ever now daily it is utilized as imperative composite mate-
rials all through theworld for variousmodern applications
with ease of debonding issue. Safety and performance are
the prime components for any structure and the presence
of cracks in structure diminish its strength, toughness and
lastly performance. Subsequently, it is important to look at
the fracture parameters, for example,MMSIF against crack
development [1].
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Structures are subjected to various types of loading
during many applications. Presence of these loadings, the
service life of such structures decreases extensively. The
impact is more articulated with the presence of disconti-
nuities like cracks. The impact of these loading on theMM-
SIF is one of the vital researches for ideal execution. Re-
searchers are doing impressive work on deterministic in-
vestigation for examination of different discontinuities of
FGMs and composite panels using conventional finite ele-
ment method (FEM). In conventional FEM it is required to
update themeshduring evolving of crack is very costly and
time consuming. To overcome this problem, the XFEM are
being used by the researches where, instead of remeshing
enrichment functions are used.

In this direction, Noor [2] studied nonlinear analysis
of different applications by global-local methodology to
predict nonlinear and post buckling behaviour in struc-
tures, where major characteristics of these problems are
identified. Swenson and Ingraffea [3] presented finite ele-
mentmodel to studymixmodedynamic crackpropagation
where he removed the constraint that crack propagation
is along mesh line. In this present work analysis of curve
crack under biaxial loading is also presented. Beissel et
al. [4] presented an algorithm of finite element analysis
for the fracture mechanics on dynamic elastic-plastic be-
haviour which is suitable for crack propagation in any di-
rection. It is based on tracking the path of crack tip and to
indicate propagation, T* fracture parameter is employed.
Song et al. [5] studied and compared three finite element
methods for the dynamic crack advancement in brittle ma-
terial. In this work XFEM, inter element crack method and
element deletion method are utilised where, XFEM and in-
ter element method show good result for crack speed and
crack path and element deletionmethod can predict crack
branching. Kim et al. [6] presented an analysis of interact-
ing cracks by a generalized finite element method (GFEM)
and global-local functions are used for enrichment, which
is computable to analyse fracture mechanics problems
in three-dimensional geometries. It is demonstrated that
GFEM with enrichment functions is more robust as com-
pared to global-local FEM. Srivastava and Lal [7] estimated
stress at crack tip by utilising predictive method, where
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FEM is used to predict the stress intensity factor (SIF) of a
multi edge cracked plate. Wang et al. [8] presented numer-
ical study on two phase particles by utilising the XFEM in
a reinforced composite material. The proposed method is
used without tip-enriched functions which can avoid ex-
pensive meshing strategies and considerable flexibility is
obtained.

Due to presence of uncertainties or variations in ma-
terial properties, loading and crack parameters, the pre-
diction of system behaviour using deterministic analysis
is not enough. For reliable design, proposed responsemay
not vary from actual response stochastic/ probabilistic
analysis is widely used. The stochastic analysis is a nu-
merical tool widely used for quantification of uncertain-
ties at various levels and their effect on structural response.
To overcome this difficulty, Lin and Yang [9] presented
the use of Marcov random processes and utilized the ba-
sics of fracture mechanics to study of fatigue crack growth
advancement. Besterfield et al. [10] applied probabilistic
FEM for different uncertainties which are present in ma-
terial properties, geometry, applied loads and crack ge-
ometries to estimate fatigue crack growth and probabil-
ity of fatigue failure. Liu et al. [11] presented first and sec-
ond order reliabilitymethod for solving curvilinear fatigue
growth problem, where Monte Carlo simulation (MCS) is
used. Rahman [12] evaluated the probabilistic characteris-
tics of reliability analysis in a body with various crack ge-
ometry by applying the new dimensional decomposition
method. In this work MCS technique is used for the reli-
ability analysis of the cracked structure for random load
and material properties. Xu and Rahman [13] presented
dimension- reduction method to calculate statistical mo-
ments in a body for differentmaterial properties, geometry
and loads, where Taylor expansion is used to estimate pre-
cise statistical moments. Xu and Rahman [14] presented
computational methods to predict the failure probability
in a system having random geometry, loads and material
properties. In this study MCS is used which is very effec-
tive to predict probability of failure. Chakraborty and Rah-
man [15] proposed multiscale models for fracture analysis
in FGM composite. The proposedmodels are computation-
ally inexpensive models but cannot find exact probability
of fracture initiation. Rahman and Rao [16] presented reli-
ability analysis in a linear elastic body with different ma-
terial properties by element-free Galerkin method, which
shows good agreement with MCS. Rao and Rahman [17]
proposed Galerkin-based meshless method to find SIF. In
this present work it is confirmed that the result from pro-
posed method and finite difference method show good
agreement with each other. Reddy and Rao [18] utilized
fractal FEM to present stochastic fracture mechanics anal-

ysis and this method is compared with the MCS. Evan-
gelatos and Spanos [19] utilized the discretization of the
partial integrodifferential equation by the collocation ap-
proach. The result of utilisation of the discretization, is the
formation of peridynamic stiffness obtained by finite ele-
ment method. Nobile and Gentilini [20, 21] studied struc-
tural behaviour of three-dimensional cracked structure by
using virtual distortion method approach through Neu-
mann expansion. This study is done for random crack lo-
cation and crack depth.

Many researchers have donework based on stochastic
XFEM.Nouy et al. [22, 23] presentedXFEMbased stochastic
analysis for random multi-phase materials. This method
is combination of XFEM and spectral stochastic methods.
Lang et al. [24] utilized the XFEM and spectral stochas-
tic FEM to study the geometry which contains inclusion
for the thermal analysis, where XFEM with Polynomial
chaos on level set method are employed. Nespurek [25]
presented fracture reliability and fatigue analysis of two-
dimensional structural. The proposed method is used by
extended FEM with FORM and MCS. Gope et al. [26] em-
ployed photo elastic and FEM for studding two inline
cracks and two eccentric edge cracks where, they deter-
mined different modes of SIF by FEM and the results are
compared with experimental value. Chen teal [27] evalu-
ated SIF and T-stress of cracked finite plate by the spline
fictitious method, this method is accurate and efficient
where, meshing is not required near crack face. Khanna
et al. [28] utilized the strip yield model with plate theory
to find out the plasticity effect. The results obtained by
the first order plate theory utilized in advanced fatigue
and fracture analysis of cracks at free surface. Kotousov
et al. [29] developed an approach to find displacement
in transverse direction at the tip of elastic plate. In the
proposed approach first order plate theory can be use-
ful in various problems, which can be reduced to a mod-
ified Helmholtz. Monfared et al. [30] studied mixed mode
fracture behaviour for the distribution of dislocations on
functionally graded orthotropic strip, where Fourier trans-
form is utilised to develop a system of singular integral
equations and these equations are solved numerically by
Lobatto-Chebyshev integration formula. Muthu et al. [31]
proposed a level set method for modelling multiple cracks
by using coarse mesh free nodal discretization. The pro-
posed method can handle multiple cracks and their prop-
agation by maximum tangential principal stress criterion.
Kim and Paulino [32] presented MMSIF ofcracked FGMs
plate where material properties vary with respect to ge-
ometry. MMSIF is calculated by using various techniques
with FEM and the present results are compared with ex-
perimental and theoretical results. Shi et al. [33] eval-
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uated the first mode and mixed mode SIF for the two-
dimensional cracked FGMs plate by utilising weight func-
tion method, where it is confirmed that present method is
valid for the derivation of weight function in FGMs. In con-
ventional FEMdue to limitation inupdating ofmesh,many
researchers have started working on XFEM, where frac-
ture problem is solved by utilising enrichment functions
without using re-meshing during evaluation of crack. Ku-
mar [34] presented fracture analysis of components with
different discontinuities by analytical methods.

In this present work MMSIF of various edges cracked
FGMs plate by stochastic based XFEM under the action
of tensile, shear and combined loadings in MATLAB en-
vironment is presented. In present paper, an effective
stochastic method is also utilized for the prediction of frac-
ture response regarding mean and COV of MMSIF with
assumed input uncertain parameters. Many researchers
have worked on cracked FGMs plate with uniaxial loading
and fracture analysis of FGMs plate with shear and com-
bined loadings is unaccounted from literature. Apart from
this stochastic based fracture analysis of FGMsplate under
different loadings is utmost important for reliability analy-
sis of crack structure plate and it is also presented in this
present work which makes it unique.

2 Problem formulation
Figure 1 shows a body of area Ω, outer boundary Γ with
crack boundary (Γc). The body has uniform body loads b,
and the surface load at the boundary Γt. Boundary condi-
tions (BC) are applied at Γu, where Γ = Γu ∪ Γt ∪ Γc.The pa-
rameters u is the recommended displacement and tis the
tractions. It is assumed crack surface is traction free.

2.1 Governing general equation

The equilibrium equations and BC are written as

∇σ + f q = 0 in Ω (1)

With

σn = f t external traction (2)

u = u prescribed displcement (3)

σn = o on Γc (4)

Figure 1: An arbitrary orthotropic body with crack, subjected to
traction t and displacement u, having global Cartesian co-ordinate
(X, Y ), local polar co-ordinate (r, θ).

Where, Γc is the traction free crack
The BC from equation (2-4) can be written as∫︁

Ω

σ. δεdΩ =
∫︁
Ω

f b . δudΩ +
∫︁
Ω

f b . δudΓ (5)

2.2 The XFEM formulation

The linear equation in the discrete system can be com-
posed as [35]

[K]
{︁
uh
}︁
= {F} (6)

Here, {uh}, [K] are the vector of degrees of freedom for
nodes and stiffnessmatrix and {F} is the external force vec-
tor.

The kinematic condition for plane pressure condition
can be composed as

εij = Cijσj (7)

The Cij can be composed as

Cij =

⎡⎢⎣C11 C12 C16
C21 C22 C26
C16 C26 C66

⎤⎥⎦ =

⎡⎢⎣ 1
E − νE 0
− νE

1
E 0

0 0 1
G

⎤⎥⎦ (8)

For orthotropicmaterials,E and υ canbe additionally char-
acterized as

E =
√︀
E11E22, ν12 = ν21 and G = G12 (9)

The expression for crack tip enrichment functions fi(r,θ)
which incorporates all displacement states can be given as

Fl (r, θ) =
√
r
[︂
cos θ12

√︀
g1 (θ), cos

θ2
2
√︀
g2 (θ), (10)

sin θ12
√︀
g1 (θ), sin

θ2
2
√︀
g2 (θ)

]︂
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For orthotropic material

gj (θ) =
[︁
1 + (−1)j l2sin2θj

]︁ 1
2 ; l2 =

(︁
𝛾21 + 𝛾22

)︁
(11)

with j = 1, 2

where,

𝛾21 = 1
2
(︀√
a2 + a1

)︀
, 𝛾22 = 1

2
(︀√
a2 + a1

)︀
(12a)

and θj = arctan
(︃

𝛾2l2 sin θ
cos θ + (−1)j l2𝛾1 sin θ

)︃
(12b)

with a1 =
(α1 + α2 − 4β1β2)

2 , a2 = α1α2

The parameters α1, α2, β1 and β2 are defined as

α1 =
c66
c11

, α2 =
c66
c11

, (13)

β1 =
c12 + c66
2c11

, β2 =
c12 + c66
2c66

2.3 Formulation of MMSIF

The classical form of the interaction integral (M-intergal)
is the combination of auxiliary and actual fields for evalu-
tion of MMSIF can be composed as (Kim and Paulino [32],
Mohammadi [35])

J = M + J
aux

+ J
act

(14)

TheM-interaction integral is represented as

M = 2t1KIKauxII + 2t1
(︀
KIKauxII + KauxI KII

)︀
(15)

+ 2t2KIIKauxII

where

t1 = −
c22
2 lm

(︂
s1 + s2
s1s2

)︂
, t2 = −

c11
2 lm (s1 + s2) , (16)

and t12 = −
c22
2 lm

(︂
1
s1s2

)︂
+ c112 lm (s1s2)

where s1 and s2 are the roots of above equation.
The MMSIF can be found by considering the two

states; as first state
(︀
KauxI = 1 and KauxII = 0

)︀
and second

state as. From Eq. (15), the actual MSIF associated with
state 1 and 2 are communicated as (Shrivastava and
Lal [36]),
For first state:

M(1) = 2t1KI + t12 (17)

For second state:

M(2) = 2t2KII + t12KI (18)

Here, KI and KII are first and second mode SIF.

2.4 Crack growth analysis with MMSIF
propagation path

There are numerous criteria being broadly utilized for de-
termination and continuity of crack path amid advancing
crack for linear elastic crack issue. Out of these, global
tracking algorithm given by (Oliver et al. [37]) is one the
best reliable crack growth criteria. Out of all these track-
ing criteria, the global crack growth tracking criteria pre-
sented and finding the path of discontinuity simultane-
ously and also now every time it is not required to track
individual crack propagation step. The mentioned criteria
can be carefully and effectively utilized in various crack
problemswith XFEM, as it can gives great result for the pre-
diction of crack paths. This can be done by finding extra
global system equations which containing single DOF per
node. An iso-linecan be composed as

Yi =
{︁
x ∈ Ω |ψ (x)⟩ = ψYi

}︁
(19)

The scalar function ψ can be found at the crack tip, crack
propagation criteria utilized for the demonstration of the
crack growth. So, for present study the energy based crack
growth criteria is used and from this crack propagation
condition can be defined as,

∂ψ
∂Ac

⎧⎪⎪⎨⎪⎪⎩
> 0 → no crack propagation
= 0 → stationary crack propagation
< 0 → crack propagation

(20)

Where Ac is new crack part segment.

2.5 Stochastic analysis of mixed mode SIF
for multiple random variables

The stochastic problem can be characterized by mean and
random counterpart where random part is little when con-
trasted with mean part. The classified problem is substi-
tuted in expansion of Taylor series and neglecting the
higher order terms since second order approximation is
adequate to measure MMSIF. (Nouy et al. [38, 39], Ne-
spurek [40]). The zeroth-order equation gives mean re-
sponsewhereas first and second order equations give stan-
dard deviation (SD) response regarding input random vari-
ables. The proportion of mean and standard deviation is
characterized as COV of reaction.

A response variable (K) is the function of k

K = f (kr) ; (21)

where r =
{︃
1 for �rst mode
2 for second mode
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On expending the above equation

K = Kr
(︀
µb1 , µb2 , . . . , µbi

)︀
+

n∑︁
i=1

(︀
xi − µbi

)︀∂Kr
∂bi

(22)

+ 1
2

n∑︁
i=1

n∑︁
j=1

(︀
xi − µbi

)︀ (︁
xj − µbj

)︁ ∂2Kr
∂bi∂bj

Where xi and µbi are the random variable inputs and ex-
pected mean.

From Eq. (22), the first-order mean of K, denoted by
E(K′), can be expressed as

E
(︀
K′)︀ ≈ Kr (︀µb1 , µb2 , . . . , µbi)︀ (23)

From Eq. (22), the variance of response variable K for the
first order is written as

var (Kr) =
n∑︁
i

n∑︁
j

[︂(︂
∂Kr
∂bi

)︂(︂
∂Kr
∂bj

)︂]︂
cov

(︀
bi , bj

)︀
(24)

Where, number of variables are denoted by n and
cov

(︀
bi , bj

)︀
is resolved from the autocorrelation function

of the underlying stochastic field of b, which can be repre-
sented as

[C] − cov
(︀
bi , bj

)︀
= 0 (25)

where,

[C] =

⎡⎢⎢⎢⎣
σ2b1 cov (b1, b2) . . . cov (b1, bi)

cov (b1, b2) σ2b2 . . . cov (b2, bi)
. . . . . . . . . . . .

cov (bi , b1) cov (bi , b2) . . . σ2bi

⎤⎥⎥⎥⎦ (26)

Here [C] is the covariance matrix. The parameters σb1 ,
σb2 , . . . , σbn are termed as

σb1 , σb2 , . . . , σbi = cov (b1, b2, . . . , bi) (27)
× Kr

(︀
µb1 , µb2 , . . . , µbi

)︀
Where cov (b1, b2, . . . , bi) and Kr

(︀
µb1 , µb2 , . . . , µbi

)︀
are

the coefficient of variance of random input variables and
their mean values. The parameters ρbi ,bj and cov

(︀
bi , bj

)︀
are termed as the COC and coefficient of variance from dif-
ferent input random variables. For uncorrelated random
variables, the value of cov

(︀
bi , bj

)︀
is zero. Similarly, for cor-

related random variables, ρbi ,bj is assumed
Perturbationmethod of second order is represented as.

E
(︀
K′′)︀ − Kr (︀µbi)︀ = 1

2var (Kr) (28)

The variance of response variableK for secondorder iswrit-
ten as

var
(︀
K′′
r
)︀
= var (Kr) (29)

The proportion of expectedmean and relating standard de-
viationwith randomparameters is characterized as COVof
MMSIF.

3 Results and discussion
Here, MATLAB code is utilized find MMSIF of mean and
COV of edge cracked FGMs plate under different loadings
by XFEM with SOPT.

The essential system random variables (bi) used here
for edge cracks plates are defined as, b1 = E1, b2 = E2,
b3 = v12, b4 = a, and b5 = α,

Where E1, E2 are the longitudinal Young’s modulus
and a, α are the crack length and crack angle respectively.

The normalized first and secondmode SIF (KI andKII)
used here for tensile (uniaxial), shear and combined load-
ings (tensile and shear) are represented as,

KI = ̂︁K1⧸︁σ√πa and K11 =̂︂K11⧸︁σ√πa, for tensile stress
KI = ̂︁K1⧸︁τ√πa and K11 =̂︂K11⧸︁τ√πa, for shear stress
KI = ̂︁K1⧸︁ζ√πa and K11 =̂︂K11⧸︁ζ√πa, for combine

stress

where ̂︁K1 and ̂︂K11 are the first and second mode SIF, the
parameter σ, τ and ζ are the tensile, shear and loadings
respectively

E (x) = E1eαx , 0 ≤ x ≤ W

Where,

α = log (E1/E2) ,

The domain for computing, interaction integral is
taken to exist within radius of size rd = 3√ae. The total
number of elements considered over here are 30 × 60 con-
sidered in this analysis.

The material properties and geometry are used in the
present investigation as (unless otherwise stated)

For double edge crack: E1 = 1.0, E2 = E(W) and
E2/E1 = (0.1, 0.2, 1.0, 5, 10), G12 = 0.5E/(1 + v), v = 0.3
with, W = 1 and a/W = (0.1, 0.2, 0.3, 0.5, 0.6) (unless
otherwise stated). Here, L andW are the length and width
of the plate.

Figure 2 shows geometry of FGMsplatewith (a) double
edge cracked plate under tensile loading. (b) crack enrich-
ments. Two cracks are eccentrically placed from the x-axis
at ey.

Figure 3 shows the validation of normalized firstmode
SIF with respect to a/W for double edge cracked isotropic
plate under uniaxial tensile loading.Here, analytical study
for normalized first mode SIF is compared with result of
present work using XFEM. The results from the present
study are near to analytical results. The normalized mean
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(a) (b)

Figure 2: Geometry of FGMs plate with (a) double edge cracks subjected to uniaxial stress (b) crack enrichments

Figure 3: Comparison study of normalized first mode SIF for double edge cracked plate under uniaxial tensile loading

SIF using analytically can be calculated by following ex-
pression.

K1 = σ
√
(πa) f (α)

Where, α = a
W for, 0 < α < 0.7

f (α) = 1.12 − 0.23α + 10.55α2 − 21.72 α3 + 30.39α4

Table 1 shows the validation study of normalized
mean first mode SIF results using present method are
validated with the results available in literature for vari-
ous values of modulus ratio and crack length to width ra-
tio. The present approach using XFEM with partition of

unity approach is in very good agreement with Kim and
Paulino [32] using conventional FEM and Shi et al. [33] us-
ing weighted function approach.

Table 2 shows the comparative observations of normal-
izedmean and COVofMMSIF by utilising first order pertur-
bation technique (FOPT), SOPT andMCS for E2/E1 = 0.45,
a =0.45, α = 0, double crack at ey (+1 and −1). To validate
the present result obtained by stochastic XFEM algorithm,
results are obtained by FOPT and SOPT method for nor-
malizedmean and COVMMSIF and resembled it with MCS
technique. This is because results of stochastic analysis of
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Table 1: Validation study of normalized first mode SIF for edge cracked plate under tensile loading for different values of modulus ratio

Methods E2/E1 a/W
0.2 0.3 0.4 0.5 0.6

Kim and Paulino [32] J*1 0.1 1.284 1.847 2.554 3.496 4.962
0.2 1.390 1.831 2.431 3.292 4.669
1 1.358 1.658 2.110 2.822 4.030
5 1.132 1.370 1.794 2.366 3.448
10 1.003 1.228 1.588 2.175 3.212

Shi et al. [33] weighted functions 0.1 1.295 1.850 2.545 3.500 4.962
0.2 1.393 1.834 2.434 3.295 4.670
1 1.367 1.695 2.111 2.824 4.032
5 1.132 1.370 1.749 2.367 3.449
10 1.002 1.229 1.589 2.177 3.212

Present simulation XFEM 0.1 1.3191 1.8537 2.4601 3.2401 4.7243
0.2 1.3970 1.8423 2.4415 3.2104 4.4662
1 1.3698 1.7240 2.3459 3.0556 4.1763
5 1.2581 1.4243 2.0927 2.6398 3.4428
10 1.1775 1.3079 1.9040 2.3285 2.9254

Table 2: Comparative study of normalized mean and COV of MMSIF using FOPT, SOPT and MCS

RV COV Tensile Shear Combine
KI KII KI KII KI KII

FOPT 0.05 0.1295
(2.8542)

0.1544
(0.0070)

0.0925
(47.6308)

0.0854
(1.7055)

0.0946
(50.4850)

0.0844
(1.7125)

0.10 0.2498
(2.9324)

0.2577
(0.0072)

0.1740
(48.9360)

0.1779
(1.7522)

0.1783
(51.8684)

0.1782
(1.7594)

0.15 0.3739
(3.0174)

0.5813
(0.0074)

0.2580
(50.3547)

0.2687
(1.8030)

0.2645
(53.3721)

0.2699
(1.8104)

0.20 0.5031
(3.1103)

0.9466
(0.0077)

0.3450
(51.9044)

0.3450
(1.8585)

0.3540
(55.0147)

0.3647
(1.8662)

SOPT 0.05 0.1260
(3.3995)

0.1544
(0.0082)

0.0748
(68.2390)

0.0848
(1.9907)

0.0750
(73.8268)

0.0838
(1.9986)

0.10 0.2264
(3.6490)

0.2576
(0.0082)

0.0948
(101.3264)

0.1725
(2.0383)

0.0924
(112.9110)

0.1728
(2.0472)

0.15 0.3037
(4.0725)

0.5805
(0.0082)

0.0909
(156.5855)

0.2508
(2.1174)

0.0868
(178.2700)

0.2517
(2.1281)

0.20 0.3547
(4.6924)

0.9431
(0.0082)

0.0805
(236.5717)

0.3207
(2.2328)

0.0759
(272.9598)

0.3222
(2.2465)

MCS 0.05 0.12590
(3.3865)

0.1448
(0.0079)

0.0678
(68.2890)

0.0748
(1.9907)

0.0740
(73.7268)

0.0738
(1.988)

0.10 0.1964
(3.6490)

0.2476
(0.0078)

0.0948
(101.3284)

0.1716
(2.0373)

0.0824
(112.7110)

0.1718
(2.0372)

0.15 0.3029
(4.0682)

0.5765
(0.0075)

0.0809
(156.5755)

0.2408
(2.1164)

0.0856
(178.2600)

0.2416
(2.1261)

0.20 0.3394
(4.6874)

0.9231
(0.0079)

0.0804
(236.5617)

0.3107
(2.2228)

0.0749
(272.939)

0.3211
(2.2365)
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Table 3: Effect of individual random variables on the normalized mean and COV of K I and KI I of double edge cracked FGMs plate subjected
to uniaxial tensile, shear and combined stresses

RV SIF Tensile Shear Combined
Mean COV Mean COV Mean COV

E1 KI 3.1196 0.0035 49.6975 0.0042 52.8172 0.0042
KII 0.3646 0.0043 1.5763 0.0069 1.9690 0.0061

E2 KI 3.1196 0.0158 49.6975 0.0190 52.8172 0.0188
KII 0.3646 0.0194 1.5763 0.0312 1.9690 0.0276

ν12 KI 3.1196 0.0029 49.6975 0.0034 52.8172 0.0034
KII 0.3646 0.0033 1.5763 0.0093 1.9690 0.0079

a KI 3.2884 0.3152 52.3858 0.0795 55.6742 0.0750
KII 0.3843 0.3476 1.6616 0.2756 2.0756 0.2883

α KI 3.1196 0.0037 49.6975 0.0019 52.8172 0.0020
KII 0.3646 0.1015 1.5763 0.1788 1.9690 0.1609

Table 4: Effect of eccentricity on the normalized mean and COV of KI and KII of edge cracked FGMs plate subjected to uniaxial tensile, shear
and combined stresses

ey SIF Tensile Shear Combined
Mean COV Mean COV Mean COV

±1 KI 2.9077 0.2258 48.4202 0.0952 51.3279 0.0928
KII 0.0074 0.2453 1.7511 0.1721 1.7585 0.1723

±2 KI 2.9053 0.2250 57.8095 0.0875 60.7104 0.0854
KII 0.0125 0.3041 1.8423 0.1104 1.8549 0.1076

+1,0 KI 2.9162 0.2257 38.7031 0.1047 41.6192 0.1021
KII 0.0182 0.1206 1.9533 0.1548 1.9715 0.1544

−1, 0 KI 2.9172 0.2258 48.5720 0.0951 51.4893 0.0927
KII 0.0260 0.1532 2.0861 0.1607 2.1121 0.1605

FGMs plate with double crack under various mechanical
loading are not available in the literatures to the best of
author’s knowledge.

From Table 2, it is concluded that present FOPT and
SOPT results are in very good agreement with MCS using
direct use of computer code in MATLAB. The mean KI and
KII is highest for combined loadingwhile COVof firstmode
is highest for tensile loading. Similarly, the mean and COV
of second mode SIF is highest for combined loading. With
increase in the COV of input random variables, the mean
and correspondingCOVof first and secondmode increases.
With the increase of COV in crack length (b4), the mean
and corresponding COV of MMSIF increases in MCS, FOPT
and SOPT. It is observed that higher the randomness in in-
put parameter, higher will be the sensitiveness in MMSIF.

In MCS method, it is necessary to take large sample
size. So, 3000number of samples points areutilized for sat-
isfactory convergence of result, which leads to high com-
putational cost as compared to perturbation technique.

Table 4 shows the effect of eccentricity (ey) where ey
is a distance of crack along y-axis from centre of the plate
and crack length to width ratio (a/W) with random system
properties {bi, (i=4 and 5) = 0.1} on the mean and corre-
sponding COV ofmixedmode SIF ofmultiple edge cracked
plate subjected to uniaxial tensile, shear, combine (Tensile
and shear) stress for a = 0.45, α = 0, and E2/E1 = 0.65
using SOPT. Here, two cracks on the left-hand side of the
plate have been considered at different values of ey. It is
observed that for the constant eccentricity, the mean of
first mode SIF is maximum for combined loading whereas
corresponding COV of first mode SIF is maximum for ten-
sile loading. Also, for a given crack length to width ratio,
with the increase of eccentricity, themean of firstmode SIF
decreases for tensile loading and increases for shear and
combined loading, while corresponding COV decreases.

Table 5 shows the effect of crack length on the normal-
ized mean and COV (bi= {i=4 and 5} = 0.1) of KI and KII of
edge cracked FGMs plate experiencing to uniaxial tensile
shear and combined stresses for α = 45 and E2/E1 = 0.45.
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Table 5: Effect of a/W on the normalized mean and of KI and KII of double edge cracked FGMs plate subjected to uniaxial tensile, shear and
combined stresses

a/W SIF Tensile Shear Combined
Mean COV Mean COV Mean COV

0.4 KI 2.1174 0.1491 40.0294 0.0852 42.1468 0.0855
KII 0.8361 0.2973 6.8048 0.2060 7.6546 0.2039

0.5 KI 2.7934 0.2040 47.1525 0.0927 49.9458 0.0909
KII 1.0691 0.3285 7.4956 0.2125 8.5844 0.2063

0.6 KI 3.9192 0.2642 59.0951 0.0718 63.0143 0.0679
KII 1.4267 0.3848 8.9133 0.2075 10.3708 0.1916

Table 6: Effect of crack angle on the normalized mean and COV of K I and KI I of double edge cracked FGMs plate subjected to uniaxial
tensile, shear and combined stresses

α SIF Tensile Shear Combined
Mean COV Mean COV Mean COV

0 KI 2.9324 0.2264 48.9360 0.0948 51.8684 0.0924
KII 0.0072 0.2576 1.7522 0.1725 1.7594 0.1728

15 KI 2.8861 0.2235 48.8226 0.0948 51.7087 0.0925
KII 0.3464 0.3716 1.5457 0.3345 1.9064 0.3259

25 KI 2.7913 0.2164 47.8566 0.0953 50.6480 0.0932
KII 0.5716 0.3567 3.4919 0.2673 4.0726 0.2632

45 KI 2.4381 0.1845 43.5872 0.0945 46.0253 0.0934
KII 0.9541 0.3210 7.1108 0.2162 8.0717 0.2111

Table 7: Effect of modulus ratios on the normalized mean and COV of K I and KI I of double edge cracked FGMs plate subjected to uniaxial
tensile, shear and combined stresses

E2/E1 SIF Tensile Shear Combined
Mean COV Mean COV Mean COV

0.1 KI 3.4326 0.2432 54.2055 0.0874 57.6382 0.0841
KII 0.0128 0.6268 1.9553 0.1854 1.9681 0.1878

0.2 KI 3.4063 0.2413 53.7153 0.0880 57.1216 0.0848
KII 0.0134 0.6775 1.9627 0.1914 1.9761 0.1942

0.6 KI 3.3286 0.2365 52.2289 0.0897 55.5575 0.0866
KII 0.0151 0.7929 1.9885 0.2086 2.0035 0.2121

5 KI 2.8918 0.2111 51.0613 0.0833 54.8764 0.0788
KII 0.0240 1.2730 2.4661 0.1843 2.4996 0.1866

Here, two cracks on the left-hand side of the plate have
been considered at ey = (+ 1 and −1 from centre). It is ob-
served that for constant value of crack length the mean
of first mode (KI) SIF is maximum for combined loading
whereas corresponding COV of first mode (KI) SIF is max-
imum for tensile loading. Here, it is also observed that
when crack length to width ratio increases from 0.4 to 0.6
the mean of first mode SIF increases for all loading condi-
tion whereas corresponding COV of first mode SIF shows
random nature.

Table 6 shows the effect of crack angle and modulus
ratios on the normalized mean and COV (bi= {i=4 and 5} =
0.1) of KI and KII of edge cracked FGMs plate under uniax-
ial tensile shear and combined stresses for a = 0.45 and
E2/E1 = 0.45. Here, two cracks on the left-hand side of
the plate has been considered at ey= (+ 1 and −1) It is ob-
served that for constant value of crack angle the mean of
first mode SIF is maximum for combined loading whereas
corresponding COV of firstmode (KI) SIF ismaximumwith
tensile loading. It is also observed that when angle of the
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(a) (b)

Figure 4: (a) Crack propagation path for double edge crack plate under tensile loading and (b) Normalized MMSIF

(a) (b)

Figure 5: (a) Crack propagation path for double edge crack plate under shear loading and (b) Normalized MMSIF

crack increases from 0∘ to 45∘ the mean of first mode SIF
decreases for all loading conditionwhereas corresponding
COV of first mode SIF shows random nature.

Table 7 shows the effect of E2/E1 on the normalized
mean and COV (bi= {i=4 and 5} = 0.1) of KI and KII of
edge cracked FGMs plate experiencing tensile (uniaxial),
shear and combined stresses for a = 0.5, α = 0. Here, two
cracks on the left-hand side of the plate has been consid-
ered at ey = (+ 1 and – 1). It is observed that for constant
value of E2/E1 the mean of first mode (KI) SIF is maxi-
mum for combined loadingwhereas corresponding COVof
first mode SIF is maximum for tensile loading. Here, it is
also observed that when E2/E1 increases from 0.1 to 5 the
mean of first mode SIF decreases for all loading condition
whereas corresponding COV of first mode SIF shows ran-
dom nature.

Figures 4-6 show the crack propagation path and Nor-
malized MMSIF for double edge crack at (0.5 and −0.5) of
the plate under tensile, shear and combined loading for a
= 0.2, α = 0 and (E2/E1) = 0.2 where propagation is at crack
increment step 0.1 with number of steps as 4. Observation
from above figures is listed below:

a) When plate is under tensile stress, crack propagat-
ing path is almost parallel to crack and normalized
first mode SIF increases for step (1 to 2 and 3 to 4)
and increases for step (2 to 3) because of variation
in stress concentration, while KII shows very less
change. Also, normalizedfirstmode SIF of first crack
is more as compared to second crack.

b) When plate is under shear stress, crack propagating
path is going down and normalized first mode SIF
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(a) (b)

Figure 6: (a) Crack propagation path for double edge crack plate under combined loading and (b) Normalized MMSIF

(a) (b)

Figure 7: (a) Crack propagation path for triple edge crack plate under tensile loading and (b) Normalized MMSIF

increases for step (1 to 2 and 3 to 4) and decreases for
step (2 to 3) while KII shows very less change. Also,
the normalized first mode SIF of first crack is less as
compared to second crack.

c) When plate is under combined stress, crack prop-
agating path is going down and normalized first
mode SIF increases for step (1 to 4) and decreases for
step (2 to 3) while KII shows very less change. Here
it is also observed that normalized first mode SIF for
first crack is less as compared to first crack.

Figures 7-8 show crack propagation path and Normal-
ized MMSIF for triple edge crack under tensile and com-
bined loading applied over the plate at (0.5, 0, −.5) with a
= 0.3, α = 0 and (E2/E1) = 0.1

a) When plate is under tensile stress, crack propagat-
ing path decreases till number step 2 and again
shows very minor increment till number step 3 for
normalized first mode SIF. While second mode SIF
shows very minor variation. Also, the normalized
first mode SIF for third crack is more as compared
to other cracks.

b) When plate is under combined stress, normalizedKI
increases. While KII follows the almost constant na-
ture. Also, the normalized first mode SIF for third
crack is more as compared to other cracks.
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(a) (b)

Figure 8: (a) Crack propagation path for triple edge crack plate under combined loading and (b) Normalized MMSIF

4 Conclusions
The stochastic XFEM using SOPT and MCS are used to cal-
culate the mean and COV of normalized (first and second
mode)MMSIFofmultiple edge crackFGMsplateunderuni-
axial tensile, shear and combined loadings. The following
observations are listed from the limited study,

1. Random change in crack length and crack angle are
most dominants as compared to other random vari-
ables, also, higher modulus ratios would be more
preferable for higher reliability and safety of crack
structures.

2. For the constant eccentricity ratios and E2/E1, the
mean of KI is maximum for combined loading
whereas corresponding COV of KI SIF is maximum
for tensile loading. With the increase of eccentricity
ratio, themeanof firstmodeSIFdecreases for tensile
loading and increases for combined as well as shear
loading, while corresponding COV decreases. When
E2/E1 increases from 0.1 to 5 the mean of first mode
SIF decreases for all loading condition whereas cor-
responding COV of first mode SIF shows random na-
ture.

3. When crack angle increases from 0∘ to 45∘ themean
ofKI decreases for all loading conditionwhereas cor-
responding COV of KI shows random nature.

4. For constant value of crack length the mean related
toKI SIF ismaximum for combined loadingwhereas
corresponding COV of KI SIF is maximum for ten-
sile loading. When crack length to width ratio in-
creases from 0.4 to 0.6 the mean of first mode SIF

increases for all loading condition whereas corre-
sponding COV of first mode SIF shows random na-
ture.

5. When the number of steps of crack increases then
normalized first mode SIF shows random nature for
double crack and increases for triple crack. While
second mode SIF follows the almost constant na-
ture.
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