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Aperiodic stochastic resonance in an electrochemical system with excitable dynamics is characterized in

experiments and simulations. Two different spike trains, one with stochastic and the other with chaotic inter-

spike intervals, are imposed on the system as subthreshold aperiodic signals. Information transmission is

quantified by the cross correlation between the subthreshold input signal and the noise induced system re-

sponse. A maximum is exhibited in the input-output correlation as a function of the noise amplitude. Numerical

simulations with an electrochemical model are in excellent agreement with the experimental observations.

DOI: 10.1103/PhysRevE.71.031110 PACS numberssd: 05.40.2a, 05.45.Xt

A subthreshold signal that is otherwise undetectable can
often be detected in the presence of noise, and typically there
is an optimal noise level for information transmission. Most
studies of this phenomenon, known as stochastic resonance
sSRd, have been on the noise enhanced system response to
subthreshold periodic signals f1–4g. SR has been studied in a
wide variety of physical, chemical, and biological systems
f5–9g and has been proposed as a means for improving signal
detection and enhancing information transfer f6–12g. A re-
lated phenomenon is coherence resonance sCRd f13–16g,
where the system itself gives rise to the noise induced re-
sponse rather than a subthreshold signal. Both SR and CR
are generic system responses to noise and consequently are
found in a wide variety of dynamical systems.

While studies of SR typically focus on periodic subthresh-
old signals, some investigations have examined more com-
plex signals such as aperiodic signals f17–19g. As in SR,
there is an optimal noise level for information transfer in
aperiodic stochastic resonance sASRd f18g. The fidelity be-
tween the aperiodic input stimulus and the system response
can be quantified by determining the cross correlation coef-
ficient spower normd f18,20g. ASR has been studied theoreti-
cally f18,20–22g and has been characterized in several ex-
perimental studies f23–25g. In this paper, we present a
characterization of ASR in a chemical system exhibiting ex-
citable dynamics. Moreover, we expand the phenomenon of
ASR by characterizing the noise induced system response to
subthreshold spike trains with aperiodic interspike intervals.

The experimental system comprised of a three-electrode
electrochemical cell configured for studying the potentio-
static sEG&G PARC model 362 potentiostatd electrodissolu-
tion of iron in a solution of copper sulfate and sulfuric acid.
The anode was an iron disk s5.0 mm diameterd embedded in
epoxy, which was exposed to the solution at a polished cross-
section surface. The electrolyte solution was a mixture of 1.0
M sulfuric acid and 0.4 M copper sulfate. The anodic poten-
tial V, measured relative to a saturated calomel electrode
sSCEd, was used as the control parameter. The cathode was a
copper rod, 5.0 mm in diameter and 2 cm long, immersed in
the solution. Oscillations in the anodic current I sthe current
between the anode and the cathoded were recorded using a
12-bit data acquisition card at a sampling frequency of 33
Hz. More details regarding the experimental setup along with

a schematic of the electrochemical cell can be found in our

previously published work f26g. The imposed external noise

was produced using a random number generator, with the

output distributed over the interval f−1,1g and corresponding

to white noise with a Gaussian distribution. It needs to be

pointed out that for the purposes of our experiments, the

Gaussian distribution of the superimposed noise was normal-

ized such that its output is restricted between the interval

f−1,1g. The protocol used for the normalization of the super-

imposed noise is as follows: A finite time series of noise with

a Gaussian distribution szero mean and standard deviation

oned was generated numerically. Subsequently, this noise

time series was confined to the interval f−1,1g by dividing

all the noise values by the maximum absolute number

present in this finite time series. Consequently the altered

noise series is bounded in the desired interval of f−1,1g and

was converted to an analog signal. This analog signal was

thereafter combined sadditivelyd with the anodic voltage via

the potentiostat. The noise amplitude was varied with a fre-

quency of approximately 1.25 Hz.

Before studying the noise induced dynamics, we charac-

terized the behavior of the autonomous system. Different dy-

namical responses of the anodic current I were observed as a

function of the anodic voltage V, the bifurcation parameter

f27g. Two basic types of dynamics were observed: stationary

state behavior, with a constant current response, and period-1

oscillations emerging from a supercritical Hopf bifurcation,

where VH<175 mV snot shownd. At anodic voltages slightly

above the Hopf bifurcation, small, sinusoidal oscillations

were observed. At higher voltages, relaxation oscillations

were exhibited in which the period increased with an in-

crease in voltage. This increase in period as a function of the

bifurcation parameter, shown in Fig. 1, is characteristic of a

homoclinic bifurcation, such as a saddle-node or a saddle-

loop bifurcation. Our previous study of this system f26g
demonstrated that period lengthening occurs until oscilla-

tions cease at the homoclinic bifurcation point Vhc.

For our experiments on aperiodic stochastic resonance,

the reference voltage V0 was chosen so that V0.Vhc and

excitable steady state behavior was exhibited. The anodic
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voltage V was then defined as V=V0+Sstd+Dj, where V0

and the subthreshold aperiodic pulse train Sstd were set such

that V=V0+Sstd.Vhc, i.e., the subthreshold signal never per-

turbed the system into the oscillatory regime. The amplitude

of the imposed Gaussian white noise j is D. We studied the

system response as a function of the noise amplitude D.

To quantify the information transfer, we use the power
norm, defined by f20g

FIG. 2. Noise induced system response in the anodic current I for low sad, medium sbd, and high scd amplitude noise from a subthreshold

aperiodic signal with stochastic interspike intervals. Panel sdd shows the cross correlation uC0u as a function of noise level for two series of

experiments scircles and trianglesd with the same reference voltage V0=450 mV.

FIG. 1. Amplitude I sfilled

circlesd and period T sempty

circlesd of oscillation in the anodic

current as a function of the anodic

voltage V. The exponential in-

crease in period and relatively

constant amplitude of oscillation

indicates a homoclinic bifurcation.
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C0 = ksx1 − kx1ltdsx2 − kx2ltdlt, s1d

where x1 represents the time series of the aperiodic input
signal, x2 represents the noise induced response of the elec-
trochemical system, and klt denotes the respective time aver-

ages. The power norm is a measure of the coincidence fidel-
ity between the subthreshold aperiodic input signal and the
noise induced system response.

In our first set of experiments, the subthreshold aperiodic
pulse train was constructed by using a random number gen-
erator sran1d f28g that yields uniform random deviates be-
tween the interval f0,1g. These numbers were subsequently
rescaled to provide appropriate interspike intervals suitable
for our experiments. The pulse amplitude was chosen to be
−100 mV and the pulse duration 8.0 s. Thus, while the am-
plitude and pulse duration remain constant, the interspike
interval varies stochastically. Figures 2sad–2scd show time
series of the system response slower curvesd with identical
subthreshold spike trains supper curvesd for three different
amplitudes of imposed noise. We see in panel sad that there is
little correspondence between the subthreshold signal and the
system response at a low noise amplitude, while there is
excellent correspondence at an intermediate noise amplitude,
panel sbd. In panel scd, the subthreshold signal is lost in the
system response to the high amplitude noise. Figure 2sdd
shows the power norm uC0u as a function of the noise ampli-
tude D for two experimental runs with identical reference
voltages V0. The two curves exhibit a unimodal structure,

where the maximum corresponds to the optimal noise level
for maximum information transfer.

In our second set of experiments, we used a deterministic
model that simulates irregular neural spiking f29g as the sub-
threshold aperiodic signal. The spikes of the chaotic time
series have a relatively constant amplitude of approximately
100 mV. Although the origin of the irregular spiking is
purely deterministic, the histogram for the spike sequence as
shown in Fig. 3sad from the work of Baier et al. f29g seems
to fit well with a Poisson distribution f29g. We again imposed
noise with a successively higher amplitude D in a sequence
of experiments and measured the system response, with the
same imposed subthreshold aperiodic spike train and refer-
ence voltage V0. Figures 3sad–3scd show the stimulus-
response time series for low sad, medium sbd, and high scd
amplitude noise. Again we see that there is an intermediate
noise amplitude, panel sbd, that gives rise to an excellent
stimulus-response correspondence, while lower and higher
amplitude noise produces little correspondence. As in Fig. 2,
the upper trace in each panel corresponds to the subthreshold
aperiodic spike train and the lower trace corresponds to the
system response due to the imposed noise. Figure 3sdd shows
uC0u as a function of D, quantifying the input-output correla-
tion for two experimental runs with the same reference volt-
age V0. As in the earlier experiments with a subthreshold
stochastic signal, the power norm exhibits a maximum in
each experiment that corresponds to the maximum informa-
tion transfer.

FIG. 3. Noise induced system response in the anodic current I for low sad, medium sbd, and high scd amplitude noise for a subthreshold

aperiodic signal from a deterministic model exhibiting chaotic interspike intervals. Panel sdd shows the cross correlation uC0u as a function

of noise level for two series of experiments scircles and trianglesd with the same reference voltage V0=450 mV.
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To corroborate our experimental measurements, we car-
ried out numerical simulations using a two-dimensional
model developed to simulate the dynamics of an electro-
chemical cell under potentiostatic conditions f30g:

eu̇ =
v − u

R
− fsu,cd , s2d

ċ =
u − v

R
+ s1 − cd + afsu,cd , s3d

where

fsu,cd = csa1u + a2u2 + a3u3d . s4d

The variables ustd and cstd correspond to the electrode po-

tential and the surface concentration, respectively. The three
system parameters, e , R, and v, represent the double layer
capacitance, the Ohmic resistance, and the applied potential,
respectively. Equation s2d represents the conservation of
charge, and Eq. s3d describes the mass balance. The anodic
current I is the observable fdefined as sv−ud /Rg, correspond-

ing to our experimental measurements. The model system
and its bifurcation structure have been characterized by
Karantonis et al. f30g. Dynamical behavior much like we
observed in our experiments is found for the following val-
ues of the parameters: e=0.03, a=0.1, R=10, a1

=1.125, a2=−0.075, and a3=0.001 25. The anodic voltage v,

the bifurcation parameter, was varied to map out different
responses of the model.

For anodic voltage values 28.097øvø29.235, limit cycle
behavior is displayed that gives way to stationary state be-
havior for v.29.235. As in the experiments, the value of the
anodic voltage v was chosen such that the autonomous sys-
tem exhibited excitable steady state behavior. The applied
potential v was then perturbed by external perturbations in
which v=v0+Sstd+v0Dj, where the reference voltage v0 and
the subthreshold aperiodic signal Sstd are set so that v=v0

+Sstd remains in the nonoscillatory regime. The amplitude of
the superimposed noise is D and j represents the imposed
Gaussian white noise with zero mean and unit standard de-
viation. The differential equations of model s2d and s3d were
integrated using the Euler-Maruyama algorithm f31g, specifi-
cally designed for solving stochastic differential equations.

As in our experiments, we first consider a subthreshold
aperiodic spike train constructed with a stochastic time inter-
val between successive pulses. The pulse amplitude and
width were chosen to be −0.1 and 20, respectively, in dimen-
sionless units. The time series in Figs. 4sad–4scd display be-
havior much like that shown in Fig. 2, where the best corre-
spondence between the input and output occurs at an
intermediate noise amplitude. We also characterized the in-
formation transfer by calculating the power norm uC0u. Fig-
ure 4sdd shows uC0u as a function of noise amplitude D for a
given reference voltage where the autonomous system exhib-
its excitable steady state behavior.

FIG. 4. Numerically computed noise induced system response in the anodic current I for low sad, medium sbd, and high scd amplitude

noise for a subthreshold aperiodic signal with stochastic interspike intervals. Panel sdd shows the cross correlation uC0u as a function of noise

level for a simulation run with a reference voltage v0=29.34. All the quantities plotted are dimensionless.
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We next consider an aperiodic pulse train from the model
for irregular neural spiking as the subthreshold signal f29g,
where the reference voltage was chosen such that the autono-
mous system exhibits an excitable steady state. Figure 5
shows three time series for low sad, medium sbd, and high scd
amplitude noise. The upper trace again corresponds to the
subthreshold spike train, while the lower trace corresponds to
the noise induced system response. Panel sdd shows the
power norm uC0u as a function of the noise amplitude D. As
in the experimental results in Fig. 3, the maximum informa-
tion transfer between the subthreshold signal and the noise
induced system response occurs at an optimum amplitude of
the imposed noise.

Our study demonstrates that SR occurs for aperiodic sub-
threshold signals in electrochemical systems. The ASR in our
system differs from that in previous studies in that the ape-
riodicity occurs in the interspike interval, rather than in the
amplitude, in both the stochastic and the chaotic systems. In

neurophysiological sensory systems, the stimuli are often
comprised of aperiodic spike trains, and ASR could provide
a means for enhanced information transmission in these
noisy systems. In addition, we have characterized ASR in an
excitable electrochemical system that occurs near a ho-
moclinic infinite-period bifurcation. While our numerical
studies show excellent agreement with the experimentally
measured ASR, it is important to point out that, for the pa-
rameters chosen here, the electrochemical model system does
not exhibit a homoclinic bifurcation. This suggests that the
nature of the bifurcation is perhaps not of essential impor-
tance in spike train ASR. We hope that this and future studies
of SR with aperiodic spike trains will provide insights into
the dynamics of noisy neuronal systems.

P.P. thanks CONACyT for supporting this research, and
K.S. thanks the National Science Foundation sGrant No.
CHE-0415392d and the Office of Naval Research sContract
No. N00014-04-1-0730d.

FIG. 5. Numerically computed noise induced system response in the anodic current I sdimensionless unitsd for low sad, medium sbd, and

high scd amplitude noise for subthreshold aperiodic signals from a deterministic model exhibiting chaotic interspike intervals. Panel sdd
shows the cross correlation uC0u as a function of noise level for a simulation run with a reference voltage v0=29.34. All the quantities plotted

are dimensionless.
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