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Stochastic switching of cantilever motion
Warner J. Venstra1, Hidde J.R. Westra1 & Herre S.J. van der Zant1

The cantilever is a prototype of a highly compliant mechanical system and has an instru-

mental role in nanotechnology, enabling surface microscopy, and ultrasensitive force and

mass measurements. Here we report fluctuation-induced transitions between two stable

states of a strongly driven microcantilever. Geometric nonlinearity gives rise to an amplitude-

dependent resonance frequency and bifurcation occurs beyond a critical point. The cantilever

response to a weak parametric modulation is amplified by white noise, resulting in an

optimum signal-to-noise ratio at finite noise intensity. This stochastic switching suggests new

detection schemes for cantilever-based instrumentation, where the detection of weak signals

is mediated by the fluctuating environment. For ultrafloppy, cantilevers with nanometer-scale

dimensions operating at room temperature—a new transduction paradigm emerges that is

based on probability distributions and mimics nature.
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N
oise-activated switching between two stable states in a
nonlinear potential has been observed in a variety of
physical systems. This process can enhance the response

to weak input signals via stochastic resonance and has
applications in biology, physics and information science1.
Previously studied systems include a parametrically driven
electron in a Penning trap2, a superconducting loop with a
Josephson junction3 and an atomic cloud in an magneto-optical
trap4. Micromechanical doubly clamped beams and torsional
resonators driven into bistability can also exhibit noise-induced
switching, leading to an enhancement of the Signal-to-Noise
Ratio (SNR)5–8. In torsional oscillators, the nonlinearity arises
from the externally applied electrostatic driving force6,7. Recently,
bistability has also been observed in microcantilevers9–12, which
are omnipresent as probes in nanoscience instrumentation13–19.
In a cantilever, the nonlinearity is intrinsic and originates from
the cantilever geometry. A strongly driven cantilever moves in a
dynamic double-well landscape20, where vibration states with a
low- and a high amplitude are stable. We demonstrate that in this
regime, the drive force fluctuations at finite temperature induce
switching, which can be viewed as fluctuation-induced transitions
between the attractors in the dynamic double well7,20,21. This
opens a route towards new transduction schemes for cantilevers
in the presence of noise.

Figure 1a shows an example of a thin cantilever, with
dimensions length�width� height (L�w� h)¼ 24� 8� 0.07
mm3. The device is driven by applying stochastic and harmonic
voltages to a piezo actuator, at a pressure of B10� 5mbar. Its
motion is detected by an optical deflection technique and
network, and spectrum analysis of the photodiode signals is
implemented in a digital signal processor (DSP). Figure 1b shows
the experimental setup. The power spectral density of the
cantilever displacement near the fundamental resonance fre-
quency, f0¼ 137.5 kHz, is measured when uniformly distributed
white noise is applied with a spectral amplitude, NV, varying
between 10� 6V=

ffiffiffiffiffiffi

Hz
p

and 10� 2V=
ffiffiffiffiffiffi

Hz
p

. The effective tempera-
ture of the fundamental mode is determined as a function of the
applied noise voltage by integrating the power spectral density
of the mechanical displacements (details are provided in
Supplementary Fig. S1). For NV410� 4V=

ffiffiffiffiffiffi

Hz
p

; the applied
noise exceeds the thermomechanical fluctuations. As expected,

the energy of the mode is then proportional to the squared noise
voltage; the calibrated effective temperature of the fundamental
mode equals Teff¼½4:1�1010V� 2sK� � N2

V.
The nonlinear dynamics of the cantilever driven by a force f

at frequency O is governed by

€aþ Z _aþo2aþ 40:44da3 þ 4:60dða _a2Þþ a2€a ¼ � 0:78fO2 cosðOtÞ; ð1Þ

where a is the scaled displacement, o is the dimensionless
resonance frequency (o¼ 3.52) and d the aspect ratio (h/L)2.
The fourth and fifth terms represent geometric and inertial
nonlinearities of the cantilever, respectively, causing the
resonance frequency to increase with the vibration amplitude,
as is discussed in more detail in Supplementary Fig. S1 and
Supplementary Discussion 1. As the nonlinearity is inherent in
a cantilever, no externally applied nonlinear force is required,
such as the weakening electrostatic force in a micromecha-
nical torsional resonator6. Note that in contrast to doubly
clamped beams in which the nonlinearity originates from the
displacement-induced tension5,22, a cantilever is clamped on one
side and therefore displaces without extending. This makes the
cantilever highly susceptible to thermal fluctuations. At a critical
amplitude and frequency, acr and fcr, respectively, a bifurcation
occurs10. Two stable states coexist beyond this point, represented
by motion at a low and a high vibrational amplitude9,10,23. Here
we show that, in this large amplitude regime, the presence of
noise leads to parametric excitation, which enables transitions
between the two states. A rise and decay of the switching rate is
observed when the noise intensity is increased. Close to the onset
of spontaneous switching, the sensitivity of the cantilever to a
weak excitation is enhanced, and the SNR maximizes at finite
noise intensity.

Results
Stochastic switching. To study the noise-enabled transitions in
the dynamic double well, we prepare the cantilever in the low
state and artificially increase its temperature by applying voltage
noise to the piezo (see Methods). Figure 2a shows the real and the
imaginary parts of the motion for nine different noise powers,
which are expressed in the effective temperature of the funda-
mental mode. The cantilever is driven at an amplitude ad¼
1.0902acr and a frequency fd¼ 1.0021fcr. For To10.6� 104K,
the cantilever resides in the low-amplitude state (upper left
panel): no switching is observed within the measurement time
(40s). When the noise intensity is raised, in the subsequent
panels, the cantilever occasionally crosses the barrier. At
Teff¼ 19.8� 104K, the central panel, the high- and the low-
amplitude states are equally probable, and switching occurs
through a narrow region in the phase space24. The switching
decays upon further increasing the noise intensity, and at
Teff¼ 43.3� 104K, the cantilever settles at the high-amplitude
state. Figure 2b shows time traces (left) and histograms (right) of
the amplitude response, clearly demonstrating the discrete states
of low- and high-amplitude motion and the transitions between
them. The responses correspond to the first, central and the last
panels in Fig. 2a.

The transition rates and residence times are plotted in Fig. 3.
The switching rate, shown in panel (a), rises according to
Kramers law25 upon increasing the noise intensity and maximizes
at Teff¼ 20.7� 104K to Gmax¼ 13 s� 1, well below the relaxation
rate, f0/Q0¼ 278 s� 1, of the cantilever. In contrast to the
saturation of the transition rate as is the case for a static double
well1,25, a decay in the transition rate is observed upon increasing
the noise level, which indicates that the noise is no longer purely
additive but gains a multiplicative character at high intensities.
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Figure 1 | Setup and thermometry of a noise-driven cantilever.

(a) Diagram of measurement circuit. The cantilever is driven by stochastic

and harmonic voltages generated in the DSP and applied to the piezo-

electric crystal. Its motion is detected optically. Details on the fabrication

and the setup are provided in Supplementary Fig. S1. At strong driving, two

distinct states are stable, which correspond to a low and a high vibrational

amplitude. (b) Inset: colourized scanning electron micrograph of a silicon

nitride cantilever (scale bar 20mm). Measured energy Em¼
R

oSxx(o
0)do0

as a function of the applied noise NV. When NVo2�10� 5V=
ffiffiffiffiffiffi

Hz
p

; the

energy equals the thermomechanical noise. Increasing NV yields the

quadratic dependence between effective mode temperature and the applied

noise voltage according to Teff¼ ½4:1�1010V � 2sK� � N2
V.
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Quenching of the hysteresis. To investigate the origin of the
switching rate decay, we start with a measurement of the reso-
nance frequency of the noise-driven cantilever as a function of the
noise intensity, without applying the periodic driving force.
Figure 3c, shows the result: starting at TeffE20� 104K, the

excessive noise causes an upward shift in the resonance fre-
quency, resulting from nonlinearity. To investigate whether this
frequency shift affects the dynamic double well, we measure the
cantilever response to forward and backward frequency sweeps, at
low and high noise intensities. Comparing the responses, shown
in Fig. 3d,e, following two effects are visible: the noise reduces the
hysteresis, as is expected for a double-well energy potential and as
observed in dynamically bistable doubly clamped beams26. In
addition, the hysteretic regime shifts to a higher frequency and
amplitude, and this causes an increase in the critical driving force
acr. Thus, a system prepared in a dynamic double well in the
presence of weak fluctuations, as indicated by a white dot in the
upper panel, becomes monostable when the noise intensity is
increased.

A detailed measurement of the hysteretic regime at different
noise intensities, presented in Fig. 4, confirms this mechanism.
Frequency stiffening becomes significant around Teff¼ 20� 104K,
close to where the peak in the switching rate is observed.
A decay in switching rate in the limit of high noise powers was
also observed in magnetomotive-driven doubly clamped nano-
mechanical resonators5, and here we demonstrate that such
effects are expected as excitation by excessive noise affects the
effective spring constant.

Figure 5 shows measurements on a second device, driven
stronger at a¼ 1.34acr and f¼ 1.00016fcr. Here the fluctuations
are strong enough to access the unstable state, and the switching
rate continues to follow Kramers law25 over a longer range of
noise intensities. This behaviour is predicted for a dynamic
double well20 and was observed in doubly clamped
nanomechanical resonators and parametric oscillators24,26. In
the limit of low noise, Kramers law effectively describes the
stochastic switching, and the switching rate is given by
G¼G0e

�T0=Teff , with G0¼ 39 s� 1 and T0¼ 4.6� 105K. In this
experiment, the switching rate becomes comparable to the
relaxation rate of the cantilever, f0/Q0¼ 93 s� 1. These
experiments indicate that in the dynamic double well, the
stochastic switching between stable states occurs in a limited
regime of noise powers.
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Figure 2 | Stochastic switching of microcantilever motion. (a) Dynamics of the noise-driven microcantilever represented in the complex plane. The

cantilever moves from the low- to the high-amplitude attractor while increasing the noise power; the corresponding effective temperatures are indicated

(upper left to lower right panels). Incoherent transitions occur at intermediate noise levels on the central row. (b) Time domain representation and

probability densities (P) of the resonator amplitude response (|H|) for selected panels from each row. The shape of the dynamic double well is sketched in

the inset. The central panel represents the symmetric system.
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Figure 3 | Transition rates and residence times. (a) Transition rate, G, as

a function of temperature, computed for 20,000 samples. (b) Residence

time, t, in the states of high-amplitude- and low-amplitude motions.

(c) Resonance frequency of the noise-driven cantilever as a function of the

effective temperature. (d,e) Bistable frequency response lines of the

cantilever measured at room temperature (d) Teff¼ 37� 104K (e).

Increasing the temperature affects the double well: the initially bistable

system, marked by the circle, is monostable at a high noise intensity.
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Noise-enabled measurements. Noise-enabled measurements,
similar to the ones demonstrated in doubly clamped beams5,26–28,
are now implemented in cantilevers. The sensitivity of these
instruments is ultimately limited by the thermomechanical
fluctuations of the cantilever, and here we demonstrate a
scheme that exploits such fluctuations. To demonstrate noise-
enabled detection in a cantilever, the cantilever is prepared in a
bistable state by driving it at ad¼ 1.0596acr and fd¼ 1.0022fcr.
The double well is then parametrically perturbed by a weak and
slow sinusoidal amplitude modulation (amplitude 5mV, period
6 s) of the periodic excitation signal on the piezo. This
perturbation mimics, for instance, a small force to be detected
by the cantilever-based instrument. Figure 6 (inset) shows the
excitation voltage in the time and frequency domains (upper
panels). Panels A–D show the response for four different noise
intensities close to the regime where spontaneous switching
occurs; the noise intensity increases from panel A to panel D. In
panel A, the cantilever vibrates in the low state: the modulation of
the double well is too weak to cross the barrier and only an
incidental escape to the high-amplitude state is observed. In panel
B, occasional transitions occur, weakly locked to the modulation
signal. In C, the transitions are synchronized to the modulation.
Here the amplification of the cantilever response by the noise is
maximized. Further increasing the temperature shifts the double
well and directs the cantilever to the high state (D). A fast Fourier
transform of the detected signals (Fig. 6 (inset), right column)
clearly reveals the synchronization observed in panel C: the
cantilever response peaks at the excitation frequency. The SNR is
calculated as ref. 1

SNR ¼2 lim
Do!0

Z oþDo

o�Do

Sðo0Þdo0=N2ð~OÞ¼ Sð~OÞ
Nð~OÞ

; ð2Þ

where Sð~OÞ is the height of the power spectrum peak at the
modulation frequency ~O, and Nð~OÞ is the spectral back-
ground. Figure 6b shows the SNR as a function of the
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temperature. A peak is observed at an effective temperature
13.7� 104K, in which the random fluctuations induce coherence
between the cantilever motion and the subthreshold excitation. In
this experiment, the SNR improves by a factor of 6 at the optimum
noise level.

Discussion
The experiments described in this work are carried out at elevated
temperatures, obtained by artificially heating the mechanical
system. In contrast to doubly clamped structures such as silicon
nitride strings, the amplitude of a cantilever is not restricted by
the displacement-induced tension, and this makes large thermo-
mechanical amplitudes possible. The limited dynamic range of
NEMS resonators is a recognized disadvantage, and methods to
enhance it are actively studied9,22,29,30. When the fluctuations are
strong enough to quench the regime of linear motion, the dynamic
range of the cantilever approaches zero. A critical temperature can
be defined for which the amplitude of the thermal fluctuations
approaches the critical amplitude for bistability. The critical

amplitude for a cantilever9 equals acr¼6:3L=
ffiffiffiffiffiffiffiffi

ðQÞ
p

, and this value
should thus be compared with the amplitude of the

thermomechanical fluctuations, arms¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

kBT=mð2pf0Þ2
q

. One then

finds that the crossover temperature scales with the cantilever
dimensions as Tcr / wh4=L3, assuming a constant Q. Scaling
the thickness h, of the present devices down by a factor of 100, the
dynamic range is zero at room temperature. Few-layer graphene
may be a viable route towards devices operating in this regime. New
transduction principles are then required, which involve
probabilities and switching rates rather than the deterministic
input–output relations of linear and weakly nonlinear transducers.
The present work demonstrates some of the characteristic aspects of
this new class of mechanical systems.

Methods
Cantilever fabrication and motion detection. Thin cantilevers with a rectangular
cross-section are fabricated by standard nanofabrication techniques, comprising
low-pressure chemical vapour deposition of silicon nitride, patterning by electron
beam lithography and reactive ion etching. The cantilevers are released from the
silicon substrate by wet-etching the silicon in a potassium hydroxide solution
(main device) or by under-etching the silicon substrate in an SF6/O2 inductively
coupled plasma (device of Fig. 5). The cantilever motion is detected using an

optical deflection technique, comprising a diode laser (l¼ 658 nm), an optical
isolator, a polarizing beam splitter and a quarter wave plate. The laser is focused on
the cantilever using a microscope objective (NA¼ 0.6, 50� , focal distance 11mm).
The cantilever is placed on top of a piezoelectric crystal in a vacuum chamber with
a transparent window. The reflection from the cantilever is collimated by the same
objective lens, passes through the wave plate and reflects from the beam splitter on
a two-segment photodiode.

Excitation and detection of motion. The noise and the driving signals are gen-
erated separately using two DSPs. The noise is uniformly distributed and white
within a bandwidth of 0–1,000 kHz. The noise spectral density and the probability
density were confirmed by frequency and time domain measurements of the DSP
output signal. To avoid the excitation of higher vibration modes of the cantilever,
the signal is low-pass filtered at 400 kHz using four-pole Butterworth filter. The
mechanical motion of the cantilever is expressed as a complex susceptibility H,
which is defined as the detected photodiode signal in volts, normalized to the
driving voltage applied to the piezo. A map is created of the hysteretic regime, as is
shown in Fig. 4, and subsequently the parameters of the periodic driving signal,
ad and fd, are chosen within the hysteretic regime and close to the kinetic phase
transition point, where the states are equally occupied20. The measurements of
Fig. 2, panels a and b, are taken at the same initial conditions, in which the low
state is initially stable. Turning on and off the driving signal did not alter the
behaviour. Changing the initial conditions—that is, the driving amplitude and
frequency—results in no switching or in switching commencing at a lower or a
higher effective noise temperature. Such a behaviour is expected, as the activation
barrier scales exponentially with the detuning from the critical point. The
robustness of the observed behaviour was verified by measuring three-dimensional
histograms, similar to the one presented in Fig. 5b, for several devices.

References
1. Gammaitoni, L., Hanggi, P., Jung, P. & Marchesoni, F. Stochastic resonance.

Rev. Mod. Phys. 70, 223–287 (1998).
2. Lapidus, L. J., Enzer, D. & Gabrielse, G. Stochastic phase switching of a

parametrically driven electron in a Penning trap. Phys. Rev. Lett. 83, 899–902
(1999).

3. Hibbs, A. D. et al. Stochastic resonance in a superconducting loop with a
Josephson junction. J. Appl. Phys. 77, 2582–2590 (1995).

4. Wilkowski, D., Ringot, J., Hennequin, D. & Garreau, J. C. Instabilities in a
magneto-optical trap: noise-induced dynamics in an atomic system. Phys. Rev.
Lett. 85, 1839–1842 (2000).

5. Badzey, R. L. & Mohanty, P. Coherent signal amplification in bistable
nanomechanical oscillators by stochastic resonance. Nature 437, 3587–3589
(2005).

6. Stambaugh, C. & Chan, H. B. Noise-activated switching in a driven nonlinear
micromechanical oscillator. Phys. Rev. B 73, 172302 (2006).

7. Chan, H. B. & Stambaugh, C. Fluctuation-enhanced frequency mixing in a
nonlinear micromechanical oscillator. Phys. Rev. B 73, 224301 (2006).

8. Ono, T., Yoshida, Y., Jiang, Y.-G. & Esashi, M. Noise-enhanced sensing of light
and magnetic force based on a nonlinear silicon microresonator.
Appl. Phys. Express. 1, 121 (2008).

9. Kacem, N., Arcamone, J., Perez-Murano, F. & Hentz, S. Dynamic range
enhancement of nonlinear nanomechanical resonant cantilevers for highly
sensitive NEMS gas/mass sensor applications. J. Micromech. Microeng. 20,
045023 (2010).

10. Venstra, W. J., Westra, H. J. R. & van der Zant, H. S. J. Mechanical stiffening,
bistability, and bit operations in a microcantilever. Appl. Phys. Lett. 97, 193107
(2010).

11. Perisanu, S. et al. Beyond the linear and Duffing regimes in nanomechanics:
circularly polarized mechanical resonances of nanocantilevers. Phys. Rev. B 81,
165440 (2010).

12. Villanueva, L. G. et al. Nonlinearity in nanomechanical cantilevers. Phys. Rev. B
87, 024304 (2013).

13. Binnig, G., Quate, C. F. & Gerber, C. Atomic force microscope. Phys. Rev. Lett.
56, 930–933 (1986).

14. Bleszynski-Jayich, A. C. et al. Persistent currents in normal metal rings. Science
326, 272–275 (2009).

15. Fritz, J. et al. Translating biomolecular recognition into nanomechanics. Science
288, 316–318 (2000).

16. Rugar, D., Budakian, R., Mamin, H. J. & Chui, B. W. Single spin detection by
magnetic resonance force microscopy. Nature 430, 329–332 (2004).

17. Burg, T. P. et al.Weighing of biomolecules, single cells and single nanoparticles
in fluid. Nature 446, 1066–1069 (2007).

18. Boisen, A., Dohn, S., Keller, S. S., Schmid, S. & Tenje, M. Cantilever-like
micromechanical sensors. Rep. Prog. Phys. 74, 1–30 (2011).

19. Jensen, K., Kim, K. & Zettl, A. An atomic-resolution nanomechanical mass
sensor. Nat. Nanotech. 3, 533–537 (2008).

20. Dykman, M. & Krivoglaz, M. A. Theory of fluctuational transitions between
stable states of a nonlinear oscillator. Zh. Eksp. Teor. Fiz. 77, 30–37 (1979).

21. Dykman, M. I. Fluctuating Nonlinear Oscillators (Oxford, 2012).

8

6

4

S
N

R

2

0

Teff (×104 K)

10 20

D

A

B
10 s 0.0 0.5

f (Hz)

D

C

B

A

C

Figure 6 | Noise-enhanced measurement of subthreshold cantilever

excitations. Inset: top row shows the excitation signal in time (left) and

frequency (right) domains. The cantilever response at increasing noise

intensity is shown in panels (A–D). Main figure: SNR as a function of the

effective temperature.

NATURE COMMUNICATIONS | DOI: 10.1038/ncomms3624 ARTICLE

NATURE COMMUNICATIONS | 4:2624 |DOI: 10.1038/ncomms3624 |www.nature.com/naturecommunications 5

& 2013 Macmillan Publishers Limited. All rights reserved.

http://www.nature.com/naturecommunications


22. Westra, H. J. R., Poot, M., van der Zant, H. S. J. & Venstra, W. J. Nonlinear
modal interactions in clamped-clamped mechanical resonators. Phys. Rev. Lett.
105, 117205 (2010).

23. Crespo da Silva, M. R. M. & Glynn, C. C. Nonlinear flexural-flexural-torsional
dynamics of inextensional beams. 1. Equations of motion. J. Struct. Mech. 6,
437–448 (1998).

24. Chan, H. B., Dykman, M. I. & Stambaugh, C. Paths of fluctuation induced
switching. Phys. Rev. Lett. 100, 130602 (2008).

25. Kramers, H. A. Brownian motion in a field of force and the diffusion model of
chemical reactions. Physica 7, 284–304, 1940).

26. Aldridge, J. S. & Cleland, A. N. Noise-enabled precision measurements of a
Duffing nanomechanical resonator. Phys. Rev. Lett. 94, 156403 (2005).

27. Almog, R., Zaitsev, S., Shtempluck, O. & Buks, E. Signal amplification in a
nanomechanical Duffing resonator via stochastic resonance. Appl. Phys. Lett.
90, 013508 (2007).

28. Unterreithmeier, Q. P., Faust, T. & Kotthaus, J. P. Nonlinear switching
dynamics in a nanomechanical resonator. Phys. Rev. B 81, 241405(R) (2010).

29. Postma, H. C., Kozinsky, I., Husain, A. & Roukes, M. L. Dynamic range of
nanotube- and nanowire-based electromechanical systems. Appl. Phys. Lett. 86,
223105 (2005).

30. Kozinsky, I., Postma, H. W. C., Bargatin, I. & Roukes, M. L. Tuning
nonlinearity, dynamic range, and frequency of nanomechanical resonators.
Appl. Phys. Lett. 88, 253101 (2006).

Acknowledgements
We gratefully acknowledge Mark Dykman for helpful discussions. We thank Khashayar

Babaei Gavan and Samir Etaki for fabricating cantilevers and assistance with experi-

ments. This work is funded by the European Union’s Seventh Framework Programme

(FP7/2007-2013) under Grant Agreement no. 318287, project LANDAUER.

Author contributions
W.J.V. conceived and performed the experiments and interpreted the results. W.J.V. and

H.J.R.W. performed calculations; W.J.V. and H.S.J.Z. wrote the manuscript. All authors

have read and approved the final version of the manuscript.

Additional information
Supplementary Information accompanies this paper at http://www.nature.com/

naturecommunications

Competing financial interests: The authors declare no competing financial interests.

Reprints and permission information is available online at http://npg.nature.com/

reprintsandpermissions/

How to cite this article: Venstra, W. J. et al. Stochastic switching of cantilever motion.

Nat. Commun. 4:2624 doi: 10.1038/ncomms3624 (2013).

ARTICLE NATURE COMMUNICATIONS | DOI: 10.1038/ncomms3624

6 NATURE COMMUNICATIONS | 4:2624 | DOI: 10.1038/ncomms3624 | www.nature.com/naturecommunications

& 2013 Macmillan Publishers Limited. All rights reserved.

http://www.nature.com/naturecommunications
http://www.nature.com/naturecommunications
http://npg.nature.com/reprintsandpermissions/
http://npg.nature.com/reprintsandpermissions/
http://www.nature.com/naturecommunications

	Stochastic switching of cantilever motion
	Introduction
	Results
	Stochastic switching
	Quenching of the hysteresis
	Noise-enabled measurements

	Discussion
	Methods
	Cantilever fabrication and motion detection
	Excitation and detection of motion

	Additional information
	Acknowledgements
	References


