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• Super Hedging problem of claim g(Sπ(T )):

v(0, S0) := inf {x ≥ 0 : Xπ
x(T ) ≥ g (Sπ(T )) P− ps , for some π ∈ A} .

•Quantile Hedging problem: Given p ∈ (0,1), find

v(0, S0; p) := inf {x ≥ 0 : P [Xπ
x(T ) ≥ g (Sπ(T ))] ≥ p , for some π ∈ A} .

• Asset management under Quantile hedging constraint:

sup
π

E
[
U(Xx,π

T )
]

for π s.t. P [Xπ
x(T ) ≥ g (Sπ(T ))] ≥ p .
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• Cons:

- Explicit solution not known in general (numerics)

- Dual problem in incomplete markets is a control problem: how to

solve it ?

- Relies heavily on the duality between super-hedgeable claims and risk

neutral measures.
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where G(t, s, p) := {(π, α) : πσ (t, s, π) = Dsv(t, s; p)σ (t, s, π) +Dpv(t, s; p)α}

• Viscosity approach

• α is not bounded

• Behaviour at the Boundary of the domain

Boundary in p

v(t, s,0+) = 0 and v(t, s,1−) is the super replication price

Boundary in time

v(T−, s, p) = p g(s)
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0 = sup
πσs=σsvs+αvp

(
πµs− µsvs −

1

2
σ2s2vss − ασsvsp − α2vpp

)

⇒ 0 = −vt −
1

2
σ2s2vss +

1

2

(
µ
σvp − σsvsp

)2

vpp

with the controls

π̂ := vs +
α̂

sσ
vp and α̂ :=

µ
σvp − σsvsp

vpp
.
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Verification in the quantile hedging problem

• Associated PDE (bis): 0 = −vt − 1
2σ

2s2vss + 1
2

(µσvp−σsvsp)
2

vpp

• Boundary conditions:

v(t, s,0) = 0 and v(T, s, p) = pg(s)

• Legendre-Fenchel transform of v with respect to the p−variable:

u(t, s, q) := sup
p∈[0,1]

{pq − v(t, s, p)} .

a- Associated PDE:

−ut −
1

2
σ2uss − (µ/σ)qσsusq −

1

2
(µ/σ)2q2uqq = 0

b- Boundary conditions: u(T, s, q) = (q − g(s))+

c- Feynman-Kac:

u(t, s, q) = EQ
t

[(
Qt,q(T )− g

(
St,s(T )

))+
]

where
dQ(r)

Q(r)
= (µ/σ)dWQ

r



Extensions

•On the Dynamics:

Sπ = s+
∫ ·
t
µ (Sπ(u), πu) du+

∫ ·
t
σ (Sπ(u), πu) dWu

Xπ = x+
∫ ·
t
ρ (Sπ(u), Xπ(u), πu) du+

∫ ·
t
β (Sπ(u), Xπ(u), πu) dWu



Extensions

•On the Dynamics:

Sπ = s+
∫ ·
t
µ (Sπ(u), πu) du+

∫ ·
t
σ (Sπ(u), πu) dWu

Xπ = x+
∫ ·
t
ρ (Sπ(u), Xπ(u), πu) du+

∫ ·
t
β (Sπ(u), Xπ(u), πu) dWu

•On the Problems: Given ` from Rd × R into R and p ∈ Im(`),

v(t, s; p) := inf
{
x ∈ R : ∃ π ∈ A s.t. E

[
`
(
Sπt,s(T ), Xπ

t,x,s(T )
)]
≥ p

}
.



Extensions

•On the Dynamics:

Sπ = s+
∫ ·
t
µ (Sπ(u), πu) du+

∫ ·
t
σ (Sπ(u), πu) dWu

Xπ = x+
∫ ·
t
ρ (Sπ(u), Xπ(u), πu) du+

∫ ·
t
β (Sπ(u), Xπ(u), πu) dWu

•On the Problems: Given ` from Rd × R into R and p ∈ Im(`),

v(t, s; p) := inf
{
x ∈ R : ∃ π ∈ A s.t. E

[
`
(
Sπt,s(T ), Xπ

t,x,s(T )
)]
≥ p

}
.

• Applications

`(s, x) = 1{x ≥ g(s)} ⇒ Quantile Hedging

`(s, x) = U([x− g(s)]+) with U ↗ concave ⇒ Loss function

`(s, x) = U(x− g(s)) with U ↗ concave ⇒ Indifference prices



Extensions

•On the Dynamics:

Sπ = s+
∫ ·
t
µ (Sπ(u), πu) du+

∫ ·
t
σ (Sπ(u), πu) dWu

Xπ = x+
∫ ·
t
ρ (Sπ(u), Xπ(u), πu) du+

∫ ·
t
β (Sπ(u), Xπ(u), πu) dWu

•On the Problems: Given ` from Rd × R into R and p ∈ Im(`),

v(t, s; p) := inf
{
x ∈ R : ∃ π ∈ A s.t. E

[
`
(
Sπt,s(T ), Xπ

t,x,s(T )
)]
≥ p

}
.

• Applications

`(s, x) = 1{x ≥ g(s)} ⇒ Quantile Hedging

`(s, x) = U([x− g(s)]+) with U ↗ concave ⇒ Loss function

`(s, x) = U(x− g(s)) with U ↗ concave ⇒ Indifference prices

• Dynamic programming based on the reformulation

v(t, s; p) = inf
{
x ∈ R+ : ∃ (π, α) ∈ A× L2 s.t. `

(
Sπt,s(T ), Xπ

t,x,s(T )
)
≥ Pαt,p(T )

}
.



Extensions

•On the Dynamics:

Sπ = s+
∫ ·
t
µ (Sπ(u), πu) du+

∫ ·
t
σ (Sπ(u), πu) dWu

Xπ = x+
∫ ·
t
ρ (Sπ(u), Xπ(u), πu) du+

∫ ·
t
β (Sπ(u), Xπ(u), πu) dWu

•On the Problems: Given ` from Rd × R into R and p ∈ Im(`),

v(t, s; p) := inf
{
x ∈ R : ∃ π ∈ A s.t. E

[
`
(
Sπt,s(T ), Xπ

t,x,s(T )
)]
≥ p

}
.

• Applications
`(s, x) = 1{x ≥ g(s)} ⇒ Quantile Hedging

`(s, x) = U([x− g(s)]+) with U ↗ concave ⇒ Loss function

`(s, x) = U(x− g(s)) with U ↗ concave ⇒ Indifference prices

• Dynamic programming based on the reformulation

v(t, s; p) = inf
{
x ∈ R+ : ∃ (π, α) ∈ A× L2 s.t. `

(
Sπt,s(T ), Xπ

t,x,s(T )
)
≥ Pαt,p(T )

}
.

⇒ Stochastic Target problems (with unbounded controls)



Optimal Control with Stochastic Target
Constraints



General framework

• Dynamics:

Sπ = s+
∫ ·
t
µ (Sπ(u), πu) du+

∫ ·
t
σ (Sπ(u), πu) dWu

Xπ = x+
∫ ·
t
ρ (Sπ(u), Xπ(u), πu) du+

∫ ·
t
β (Sπ(u), Xπ(u), πu) dWu

• Problems: Given F, ¯̀ from Rd × R into R:

V (t, s, x) := sup
π∈Ā¯̀

t,s,x

E
[
F
(
Sπt,s(T ), Xπ

t,x,s(T )
)]

where

Ā¯̀
t,s,x :=

{
π ∈ A s.t. ¯̀

(
Sπt,s(T ), Xπ

t,x,s(T )
)
≥ 0

}
.
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Sπt,s(T ), Xπ

t,x,s(T )
)
≥ Pαt,p(T )

}
.

with Pαt,p(r) := p+
∫ r
t αudWu .

• Setting ¯̀(s, x, p) := `(s, x)− p, we get

then V (t, s, x; p) := sup
(π,α)∈Ā¯̀

t,s,x,p

E
[
F
(
Sπt,s(T ), Xπ

t,x,s(T )
)]

.

where Ā¯̀
t,s,x,p :=

{
(π, α) ∈ A× L2 s.t. ¯̀

(
Sπt,s(T ), Xπ

t,x,s(T ), Pαt,p(T )
)
≥ 0

}



Example 2: Constraints in probability

• Problems: Given F, ` from Rd × R into R:

V (t, s, x; p) := sup
π∈A`t,s,x,p

E
[
F
(
Sπt,s(T ), Xπ

t,x,s(T )
)]

where A`t,s,x,p :=
{
π ∈ A s.t. P

[
Xπ
t,x,s(T ) ≥ g(Sπt,s(T ))

]
≥ p

}
,

for `(s, x) := 1x≥g(x).

(see Boyle and Tian 07 for dual approach in complete market)



Example 3: Index tracking constraint

• F (s, x) = U(x): utility function.

• Sπ,1 an index. and Xπ: wealth process.

• Portfolio optimization problem

V (t, s, x) := sup
π∈Ā¯̀

t,s,x

E
[
U
(
Xπ
t,x,s(T )

)]
where

Ā¯̀
t,s,x :=

{
π ∈ A s.t. Xπ

t,x,s(T )/x0 ≥ 90%× Sπ,1t,s (T )/s1
0

}
.

Here, ¯̀(s, x) := x/x0 − 90%× s/s0.



Example 4: Mean variance

V (t, s, x; p) := inf
π∈At,s,x,p

E
[(
Xπ
t,x,s(T )

)2
]

where At,s,x,p :=
{
π ∈ A s.t. E

[
Xπ
t,x,s(T )

]
≥ p

}
.
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PDE in the domain intpD

• Recall that

intpD := {t < T , x > v∗(t, s)} with v(t, s) := inf{x ∈ R : Ā¯̀
t,s,x 6= ∅}

• x > v∗(t, s) ⇒ Xπ
t,x,s(τ) > v∗(τ, Sπt,s(τ)) for τ > t well chosen and π ∈ A

given.

• Locally can choose any control !

• Associated PDE

inf
π∈A

(
−Lπ(S,X)V (t, s, x)

)
= 0



On the boundary ∂TD

• Recall that

∂TD := {t = T , x ≥ v∗(t, s)} with v(t, s) := inf{x ∈ R : Ā¯̀
t,s,x 6= ∅}

•We have the natural boundary condition: V (T−, s, x) = F (s, x).



PDE on the spacial boundary ∂pD

• Recall that

∂pD := {t < T , x ∈ [v∗(t, s), v∗(t, s)]} with v(t, s) := inf{x ∈ R : Ā¯̀
t,s,x 6= ∅}

• Assume v is smooth.

If x = v(t, s), we should have dXπ
t,x,s(t) ≥ dv(t, Sπt,s(t)).

This implies that

πt ∈ N (t, s, x, v) := {π ∈ A : β(s, x, π) = σ(s, π)Dv(t, s) ,

ρ(s, x, π)− LπSv(t, s) ≥ 0} .

• PDE on ∂pD

inf
π∈N (t,s,x,v)

(
−Lπ(S,X)V (t, s, x)

)
= 0 .
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On intpD after relaxing the operator (A may be unbounded).
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PDE formulation: sum up
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inf
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• Already proved:

On ∂pD when v is C1,2: after a change of variable, the boundary is

characterized, and leads to a Dirichlet condition on the boundary.



Remaining points to study

1. Comparison principle

2. Numerical schemes on PDE

3. Examples


