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e Super Hedging problem of claim ¢g(S™(T)):
v(0,Sg) :=inf{x>0: XI(T)>g(S™(T)) P—ps, for some w e A} .

e Quantile Hedging problem: Given p € (0,1), find
v(0,Sg;p) :=inf{x>0: P[XI(T)>g(S™(T))] >p, for somew e A} .

e Asset management under Quantile hedging constraint:

SupE [U(ng”)} for m s.t. P[XT(T) > g(S™(T))] >p.
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Explicit Solution in Complete Market

e Problem Reformulation:

Maximize the Probability of Hedge for a given starting wealth x

T
max P [ X7 (T) > g (S(T))]
reA
¢
max P[X > ¢ (S(T))] under ER[X] <z
XeL?
A={X2>g(S(1))} (i X=g(5(T))1y
Q
/Té?—“);P[A] under Ex[g(S(T))14] <=z
T
xXr
A2 Pl under AL < gorcsam
with QY the risk neutral measure under the contingent claim numeraire
dQ? g (S(1))

dQ  EQRQ[g(S(T))]
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Explicit Solution in Complete Market

Maximize the Probability of Hedge for a given starting wealth X

0

ng}__ﬁp [A] under QI[A] < EQ [g (S(T))]’

e Foellmer and Leukert’s solution:
A interprets as a critical region when testing QY against P.

By Neyman-Pearson Lemma,

oy [ A
A(cv)—{d@> 0

dP dQ9 ] x }

},With o= inf{a: Q’ [@ ~ 4 | T B (5]

and the success region A*(x) = {Xf(w)(T) > g (S(T))} with

7 (z) the hedging strategy of g(S(T))1 4+(,)

= Find z*(p) such that P[A*(z*(p))] = p
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Explicit Solution in General Case

e Pros:
- Explicit solution in some simple (but important) cases.

- Generic solution of the form:

XZ(T) =g (Sts(T)) 14 or  XI(T) = g (S,s(T)) ¢ with ¢ € LO[0, 1]

- Similar structure in incomplete markets.

e Cons:
- Explicit solution not known in general (numerics)

- Dual problem in incomplete markets is a control problem: how to
solve it 7

- Relies heavily on the duality between super-hedgeable claims and risk
neutral measures.
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Comparison with the super-hedging problem

v(t,s;1) = inf {ac >0: Ir e As.t. P [ng,x(T) > g (St,S(T))} — 1}

e Dual approach:

v(t,s;1) = sup E? g (Se,s(1))]

e Direct approach of Soner and Touzi:

- (DP1): x >wv(t,s;1) = 3 7 e As.t. for all stopping time 7+ < T
ng,:c(T) > v(T, Sgs(T); 1)

- (DP2): z <wv(t,s; 1) = for all stopping timer<T andrec A

P (X7, .(T) > v(r,SF(r); )| < 1

= is sufficient to derive PDEs associated to v(-;1).
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Direct approach for quantile hedging ?

e Form of the DP:
r>v(tsp) = 3In€eA st Vr<T, X{;.(1)2>v(r,Ss(7); Pr)

where P =P X[ (T) > g(S7(T)) | XTs ()]

-
P is a martingale and E;[P;] > p = Pr > p—|—/ aydWy
t

e Dynamic Programming: Set Ptyp = p+ [; audWy.
- (DP1): = > v(t,s;p) = 3 (m,a) € Ax L? s.t. for all stop. time 7 < T

ng,x(T) > v(T, 523(7); Pt?ép(T))

- (DP2): z < v(t,s;p) = for all stop. time r < T and (&) € A x L?,

P (X7, .(m) > (7, SEo(r); PAp(1))] < 1
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PDE derivation (rigourous)

e T he expected PDE is

max wu(t,s,m) — LT (t,s;p) =0
(m,a)€G(t,s,p) { )

where G(t,s,p) ;= {(m,a) : o (t,s,m) = Dsv(t,s;p)o (t,s, )+ Dpv(t,s;p)a}
e Viscosity approach

e o iS not bounded

e Behaviour at the Boundary of the domain

Boundary in p

v(t,5,07) =0 and w(ts,17) is the super replication price

Boundary in time

v(T,s,p) =pg(s)
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Example: Quantile Hedging in Black Scholes

e The Dynamics:

dSt,s(r) = Sts(r) (udt + odWy) and dX{, (r) = mpdSt s(r)

e The Problem:

v(t,s;p) = inf {x cRy : 3recAst. P [ngm,s(T) > g(St,S(T))} > p} .
e Associated PDE:
0= su < — _ 1522, —a? )
— P TS HUSUs O S 7UVgs OéO'S’USP 87 'Upp
TOS=0sVs+Qvp 2
2
7
1 1| Zvp — osv
— O:_,Ut__O_QSQ/USS_I__(O' p Sp)
2 2 'Upp
with the controls
Ql gvp — 0SUsp

SO 'Upp
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Verification in the quantile hedging problem

wo 2
e Associated PDE (bis): 0 = —v; — %02821)33 + %(U’Up UZ;”SP)

e Boundary conditions:

v(t,s,0) =0 and v(T,s,p) = pg(s)

e Legendre-Fenchel transform of v with respect to the p—variable:
u(t,s,q) == sup {pg—ov(t,s,p)} .
p€[0,1]

a- Associated PDE:

1 1
—up — EO'QUSS — (u/o)qosusq — 5(u/0)2q2uqq =0

b- Boundary conditions: u(T,s,q) = (q — g(s))+

c- Feynman-Kac:

dQ(r)
Q(r)

ut,s, @) = EY | (Qua(T) = g (Sts(D)) 7| where = (u/o)dw ]
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Extensions

e On the Dynamics:
ST = s+ [ p(S"@ ) dut [ o (ST(w),m) dWa
X" = a4 [ p(S7(w), X"(w)mu) du+ [ B(ST(w), X" (w), mu) AW
e On the Problems: Given ¢ from R% x R into R and p € Im(¥),
v(t,s;p) = inf {x ceR : IrcAst E [z (sgS(T),ngw(T))} > p} .

e Applications
l(s,z) = 1{x > g(s)} = Quantile Hedging

((s,x) = U([z — g(s)]T) with U / concave = Loss function
l(s,z) = U(x —g(s)) with U / concave = Indifference prices

e Dynamic programming based on the reformulation

v(t,s;p) =inf{z € Ry : 3 (ma) € Ax L? sit. £(SE(T), X[, o(T)) > P(T)}

— Stochastic Target problems (with unbounded controls)



Optimal Control with Stochastic Target
Constraints



General framework

e Dynamics:
ST = s—l—/t.,u(SW(u),Wu) du—l—/t-a(SW(u),ﬂu) dWy,
XT = x+/t'p(SW(u),Xﬁ(u),wu)du+/t'ﬁ(SW(u),Xﬂ(u),m)qu

e Problems: Given F,? from R% x R into R:

V(t,s,2) = sup E|F(SF(T), X[, (D))
weﬂg

t,s,x

where

Al opi={m € Ast. T(S[(T),X],(T)) >0} .



Example 1: Moment constraints
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Example 1: Moment constraints

e Problems: Given F,¢ from R% x R into R:

V(t,s,z;p) =  sup E[F (SQS(T),XZ%S(T))}

14
WEAtSCCp

where A7, :={r e Ast E|¢(SF(T), X[, ()] >p} .

e Reformulation: We have

At sap = {77 cAst. FaeL? st £(STA(T), X[y ,(T)) > PA(T)} -

e Setting #(s,x,p) := ¥(s,x) — p, we get

then V(t,s,z;p) = sup. IE[F (SZS(T),XZ;:,S(T)” :

(m, oz)G.At s.z.p

where At’s,x {(w o) e AxL?st. ¥ <St (1), X{ 5 s(T), Pt’p(T)> > O}

7p



Example 2: Constraints in probability

e Problems: Given F,¢ from R% x R into R:

V(t,s,a;p) = sup E|F(ST(T), X[, s(T))]

14
WEAt?‘g?x?p

where Aj, .= {r € Ast. P|X[, (T)>g(SE,(T))| >p} ,

for E(s,:c) L= ].ng(x)

(see Boyle and Tian 07 for dual approach in complete market)



Example 3: Index tracking constraint

e F'(s,z) = U(x): utility function.
e S™1 an index. and X™: wealth process.

e Portfolio optimization problem

V(t,s,z) = sup E[U(ngx,s(T))]
7TE./_\£

t,s,x

where

Al pi={meAst. X[, (T)/z0>90% x ST, (T)/sb} -

Here, /(s,z) := x/xg — 90% X s/s0.



Example 4: Mean variance

V(,s,z;p) (= _inf E[<Xg%3(T))2]

WEAt?'S?:'B?p

where Ai sy p = {7r cAst E [X,wa,s(T)} > p} :



PDE Derivation

e Dynamics:
ST = s—l—/t.,u(SW(u),Wu) du—l—/t-a(SW(u),ﬂu) dWy,
XT = x+/t'p(SW(u),Xﬁ(u),wu)du+/t'ﬁ(SW(u),Xﬂ(u),m)qu

e Problems: Given F,? from R% x R into R:

V(t,s,2) = sup E|F(SF(T), X[, (D))
weﬂg

t,s,x

where Af = {re Ast. 7(ST(T),XF, (T)) >0} .



PDE Derivation

e Dynamics:
ST = s—l—/t.,u(SW(u),Wu) du—l—/t-a(SW(u),ﬂu) dWy,
XT = x+/t'p(SW(u),Xﬁ(u),wu)du+/t'ﬁ(SW(u),Xﬂ(u),m)qu

e Problems: Given F,? from R% x R into R:

V(t,s,2) = sup E|F(SF(T), X[, (D))
weﬂg

t,s,x

where Af = {re Ast. 7(ST(T),XF, (T)) >0} .

e Set D :={(¢t,s,x) : Al # 0} and v(t,s) ;= inflx e R: (¢,s,2) € D}.

t,s,x



PDE Derivation

e Dynamics:
ST = s+ /t w(S™(uw), my) du + /t o (S™(u),my) dWy

X" = :U—|—/t.p(SW(u),Xﬁ(u),wu)du—l—/t.B(SW(u),XW(u),Wu)qu

e Problems: Given F,? from R% x R into R:

V(t,s,2) = sup E|F(SF(T), X[, (D))
re At

t,s,x

where Af, = {r e As.t. T(SF(T), X[, (T)) 2 0} .

e Set D :={(t,s,x) : Al # (0} and v(t,s) ;= inf{fz e R: (t,s,2) € D}.

t,s,x
e If / is non-decreasing in z and v is smooth, then

int,D ={t<T, xz>v(t,s)},
orD :={t=T,z>v(T,s)}.



PDE Derivation

e Dynamics:
ST = s+ /t w(S™(uw), my) du + /t o (S™(u),my) dWy

X" = :U—|—/t.p(SW(u),Xﬁ(u),wu)du—l—/t.B(SW(u),XW(u),Wu)qu

e Problems: Given F,? from R% x R into R:

V(t,s,2) = sup E|F(SF(T), X[, (D))
re At

t,s,x

where Af, = {r e As.t. T(SF(T), X[, (T)) 2 0} .

e Set D :={(t,s,x) : Al # (0} and v(t,s) ;= inf{fz e R: (t,s,2) € D}.

t,s,x
e If / is non-decreasing in z, then

int,D .= {t < T, x>v"(t,s)},
cl(D) =int,DU8,DUIrD with 9D :={t < T, = € [vi(t,5),v"(t,5)]},
orD :={t=T, x> v«(T,s)}.



PDE In the domain int,D

e Recall that

intyD = {t<T, z>v*(t,s)} with wv(ts) =inflseR : AL, 0}

o x> v*(t,s) = X[, (1) >v*(r, S5 ,(7)) for 7 >t well chosen and 7 € A
given.

e Locally can choose any control |

e Associated PDE

inf

weA( (SX)V(t s x))



On the boundary orD

e Recall that

orD = {t=T, z>uv(ts)} with o(t,s):=inflzeR : A, #0}

e We have the natural boundary condition: V(T—,s,x) = F(s,x).



PDE on the spacial boundary 0,D

e Recall that

opD = {t < T, x € [vs(t, 5), 0" (¢, 8)]} with v(t,s) 1= inf{z € R: A, , # 0}

e Assume v is smooth.
If © =v(t,s), we should have dX[, .(t) > dv(t, ST,(t)).

T his implies that

m € N(t,s,2,0) = {meA : B(s,z,m) =o0(s,m)Dv(t,s),
p(S,ZIZ,TF) T g’fv(tas) Z O} .

e PDE on 0pD

inf (—
meN (t,s,x,0)



PDE formulation: sum up

e On intyD ={t< T, x>v*(t,s)}:

inf (~£{s )V (ts,2)) =




PDE formulation: sum up

e On intyD ={t< T, x>v*(t,s)}:

inf (~£{s )V (ts,2)) =

e ON OpD :={t=T, x> v(t,s)}: V(T—,s,x) = F(s,x).



PDE formulation: sum up

e On intyD ={t< T, x>v*(t,s)}:

inf (~£{s )V (ts,2)) =

e ON OpD :={t=T, x> v(t,s)}: V(T—,s,x) = F(s,x).

e On OpD :={t < T, z € [vi(t,s),v*(t, )]}
WENi(?,E,x,v) (—ﬁg& V(s a:)) — 0

with N(¢,s,z,v) =

(reA : B(s,zm) =o(s,m)Du(t,s) , p(s,z,7) — LEo(t,s) > O}.



PDE formulation: sum up

e On intyD ={t< T, x>v*(t,s)}:

inf (—LTgx)V (¢t s,2)) =0.

e ON OpD :={t=T, x> v(t,s)}: V(T—,s,x) = F(s,x).

e On OpD :={t < T, z € [vi(t,s),v*(t, )]}
with N(¢,s,z,v) =
(re A | B(s,am) = ols,m)Du(t5) , pls,2,m) — LLu(E ) = 0F.

e Already proved:
On int,D after relaxing the operator (A may be unbounded).



PDE formulation: sum up

e On intyD ={t< T, x>v*(t,s)}:

inf (—LTgx)V (¢t s,2)) =0.

e ON OpD :={t=T, x> v(t,s)}: V(T—,s,x) = F(s,x).

e On OpD :={t < T, z € [vi(t,s),v*(t, )]}
with N(¢,s,z,v) =
(re A | B(s,am) = ols,m)Du(t5) , pls,2,m) — LLu(E ) = 0F.

e Already proved:
On opD after relaxing the operator (A may be unbounded).



PDE formulation: sum up

e On intyD ={t< T, x>v*(t,s)}:

inf

weA( (S X)V(t S :1;))

e ON OpD :={t=T, x> v(t,s)}: V(T—,s,x) = F(s,x).

e On OpD :={t < T, z € [vi(t,s),v*(t, )]}
el LoV s =
with N(¢,s,z,v) =
e A 5 Ble)e,m) = ooy BuEs) s oo )= LEu(t, =) = OF

e Already proved:
On 9,D when v is continuous (need to express the constraint N in
terms of test functions for v).



PDE formulation: sum up

e On intyD ={t< T, x>v*(t,s)}:

inf

weA( (S X)V(t S :1;))

e ON OpD :={t=T, x> v(t,s)}: V(T—,s,x) = F(s,x).

e On OpD :={t < T, z € [vi(t,s),v*(t, )]}
el LoV s =
with N(¢,s,z,v) =
e A 5 Ble)e,m) = ooy BuEs) s oo )= LEu(t, =) = OF

e Already proved:
On 9pD when v is not continuous: the constraint does not appear in
the subsolution property.



PDE formulation: sum up

e On intyD ={t< T, x>v*(t,s)}:

inf (~£{s )V (ts,2)) =

e ON OpD :={t=T, x> v(t,s)}: V(T—,s,x) = F(s,x).

e On OpD :={t < T, z € [vi(t,s),v*(t, )]}
el LoV s =
with N(¢,s,z,v) =
e A 5 Ble)e,m) = ooy BuEs) s oo )= LEu(t, =) = OF

e Already proved:
On 9,D when v is C12: after a change of variable, the boundary is
characterized, and leads to a Dirichlet condition on the boundary.



Remaining points to study

1. Comparison principle

2. Numerical schemes on PDE

3. Examples



