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STOCHASTICIZATION OF SOLUTIONS TO THE YANG-BAXTER
EQUATION

AMOL AGGARWAL, ALEXEI BORODIN, AND ALEXEY BUFETOV

ABSTRACT. In this paper we introduce a procedure that, given a solution to the Yang-Baxter
equation as input, produces a stochastic (or Markovian) solution to (a possibly dynamical version
of) the Yang-Baxter equation. We then apply this “stochasticization procedure” to obtain three
new, stochastic solutions to several different forms of the Yang-Baxter equation. The first is a
stochastic, elliptic solution to the dynamical Yang-Baxter equation; the second is a stochastic,
higher rank solution to the dynamical Yang-Baxter equation; and the third is a stochastic solution
to a dynamical variant of the tetrahedron equation.
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1. INTRODUCTION

The search for exactly solvable (or integrable) systems has long played a prominent role in
mathematics and physics. In recent years, a significant amount of effort has been devoted towards
the more refined search for models that are not only integrable but also Markovian (or stochastic).
These include certain classes of interacting particles systems and directed polymers in random
media, in which the asymmetric simple exclusion process (ASEP) and Kardar—Parisi-Zhang (KPZ)
stochastic partial differential equation serve as representative examples, respectively.

The first wave of integrable Markovian models started in the late 1990s with the papers of
Johansson [38] and Baik—Deift—Johansson [3], and the key to their integrability was in reductions
to determinantal and Pfaffian random point processes. The second wave of integrable Markovian
models started the in late 2000s, and their integrability mechanisms heavily relied on those that
had been previously developed for non-Markovian integrable models of statistical and quantum
mechanics. For example, looking at the earlier papers of the second wave we see that: (a) The
pioneering work of Tracy—Widom [49] [48] [50] on the ASEP was based on the famous idea of Bethe
[12] of looking for eigenfunctions of a quantum many-body system in the form of superpositions
of those for noninteracting bodies (coordinate Bethe ansatz); (b) The work of O’Connell [46] and
Borodin—Corwin [I5] on semi-discrete Brownian polymers utilized properties of eigenfunctions of
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the Macdonald—Ruijsenaars quantum integrable system — the celebrated Macdonald polynomials
and their degenerations; (¢) The physics papers of Dotsenko [28] and Calabrese-Le Doussal-Rosso
[22], and a later work of Borodin—Corwin-Sasamoto [17], used a duality trick to show that certain
observables of infinite-dimensional models solve finite-dimensional quantum many-body systems
that are in turn solvable by the coordinate Bethe ansatz.

It was later realized that all of the above examples, as well as many others, can be naturally
united under a single umbrella — integrable stochastic vertex models. The first such unification was
suggested by Corwin—Petrov [24] on the basis of Borodin [I3] under the name of the stochastic higher
spin siz vertex model; see Borodin—Petrov [I8] for a lecture style exposition. Its existence was due
to the fact that all of these models were governed by the same algebraic structure — the quantum
affine group U, (gg) This was later extended to the level of the elliptic quantum group E- ,(sl2)
in Borodin [14] and Aggarwal [1], which produced dynamical stochastic vertex models. Concerning
quantum groups of higher rank, stochastic vertex models corresponding to those of type A have
been introduced by Kuniba—Mangazeev—Maruyama—Okado in [43]. In a certain degeneration, these
models reproduce multi-species exclusion processes that have been around since at least the 1990s.
A dynamic extension was given by Kuniba in [42].

However, a question that largely remained without answer was whether one could provide a
systematic way to search for and produce new examples of stochastic integrable systems.

In the non-stochastic setting, exactly solvable systems are known to arise from solutions to the
Yang-Bazter equation (see the book by Baxter [7] and the collection of foundational papers [35]),
which is a relation of the form

o 101 70 1)
i’ g k5" pk k'i k' j z i
(1.1) ST RIRYVRES = ST RETRET R

'L-/,j/,k/ 'L/,j/ k!

where R = [Rz:;-j/] is an R-matriz (which might depend on additional parameters) and the sum is
over all triples (i', 7', k'), with (4,7, k) and (2", 5", k") fixed.

Solutions to the Yang-Baxter equation (LI are in turn known (see, e.g., Jimbo-Miwa [37])
to come from the representation theory of (affine or elliptic) quantum groups; the latter topic is
intensely studied with many examples, thereby giving rise to many examples of integrable sys-
tems. However, stochasticity of a system arising in this way is equivalent to the condition that
Do Rz;-j " =1 for each fixed (i,7), and this relation is typically not satisfied.

Our goal in this paper is to in a sense rectify this issue by explaining how a general solution
R = [Rz;] /] of the Yang-Baxter equation (L)) can be “stochasticized” to form a matrix S = [SZ;J /}
that is stochastic and still satisfies a (possibly dynamical variant) of the Yang-Baxter equation
D).

The above-mentioned works [24) [13] 14, [T, 43}, [42] (see also Kuan [41]) did use certain conjugations
to produce stochastic integrable models out of non-stochastic ones. These conjugations can be
viewed as special cases of the general stochasticization procedure that we describe in this work. In
fact, we will see that our procedure is much more universal and applies in a substantially broader
context; in particular, it also allows one to see stochastic systems in situations where previous
attempts failed to (for example, in the elliptic setting).

It is natural to view our stochasticization procedure as a particular case of the broader concept
of bijectivisation of the Yang-Baxter equation introduced by Bufetov—Petrov [21]; a basic case (sls,
spin —) of one of our examples actually appeared in Section 7 of that work and was our starting
point.
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Curiously, the graphical representation of our stochasticization procedure is somewhat similar to
the “shadows world” of Kirillov-Reshetikhin in [40]. Another similarity is that “the shadows world”
of [40)] is also closely related to solutions to the dynamical Yang-Baxter equation and solid-on-solid
(SOS) models. However, this is where similarities end — our definitions are different, as are the
resulting solutions.

In Section [[.1] Section [[.2] and Section [[3] below we describe three new examples of stochastic
solutions to (variants of) the Yang-Baxter equation obtained by applying our stochasticization
procedure in different settings. Specifically, in Section [T} we state an elliptic, stochastic solution
to the dynamical Yang-Baxter equation; in Section [[L2] we state a dynamical variant of a stochastic
higher rank vertex model; and, in Section[I.3] we state a stochastic solution to a dynamical version of
the tetrahedron equation. We then provide an outline for the remainder of the paper in Section [[.4]

1.1. A Stochastic Elliptic Solution. Elliptic solutions to the dynamical Yang-Baxter equation
were introduced by Baxter 45 years ago through his eight-vertex SOS model as a means to solve the
eight-vertex model [4, [5 [6]. Since then, elliptic integrable systems have been studied extensively in
the statistical physics literature; see, for instance, [2, [7, 25| 26, 27, 29] [30] 31, 32, B3] [36], B7] and
references therein. However, none of these elliptic integrable systems happened to be stochastic.

Based on the framework of elliptic quantum groups [29} 30, BI], a family of stochastic dynamical
vertex, or interaction round-a-face (IRF), models were proposed in [14], which were later general-
ized in [1, 42] and analyzed from a probabilistic perspective in [16]. However, in order to ensure
stochasticity of these models, the works [Il [14] [42] took trigonometric degenerations of the origi-
nally elliptic solutions to the dynamical Yang-Baxter equation. Thus, the ellipticity of the stochastic
vertex weights was lost.

Here, we introduce a stochastic integrable system whose weights are elliptic. We begin with the
following definition, which provides the stochastic weights.

Definition 1.1. Let 7,n, A\, z,y,v € C with S7 > 0. Letting f(z) denote the first Jacobi theta
function (dependent on 7) as in (@Il), define

s R
st e - SR R )
SPR(1,0:0, 1|\ vs2,y) = ;E@i;;ﬁ 223%3::2123 ((iiiizg
STH(0,1:0,1] A v, y) = ny_an) (Z§;Eiii:5)+(2n)_?+2n§,

SCH (0,0;0,0M;I,y;v) =1= SCH (1, 1;1,1 |)\;x,y;v),
and Sf“l (il,jl; i2,J2 | A, v; y) =0 for all (i1, j1; 42, j2) not of the above form.

To provide a diagrammatic interpretation of the quantities ST, W(it, j15d2, 42 | A, v; 2, ), let D be
a finite subset of the graph Z2,. A directed path ensemble on Dis a family of paths connecting
adjacent vertices of D, each edge of which is either directed up or to the right; see the left side of
Figure [ for an example.

In particular, each vertex (a,b) € D has some number i; = 41(a,b) of incoming vertical edges
(namely, directed edges from (a,b — 1) to (a,b)); some number j; = j1(a,b) of incoming horizontal
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3\

FIGURE 1. A directed path ensemble is depicted above and to the left. A vertex
with arrow configuration (i1, j1;i2,j2) = (4,3;2,5) is depicted above and to the
right.

edges (from (a — 1,b) to (a,b)); ia = i2(a,b) outgoing vertical edges (from (a,b) to (a,b+ 1)); and
j2 = j2(a,b) outgoing horizontal edges (from (a,b) to (a + 1,b)). We refer to the right side of
Figure [1l for an example (where there we allow multiple arrows to occupy edges). The quadruple
(il,jl; ig,jg) is called the arrow configuration associated with the vertex (a,b) € D. Observe that
the same number of arrows enter and exit each vertex, that is, i1 + j1 = i3 + jo; this is sometimes
referred to as arrow (spin) conservation.

We consider the quantities Sf“l (i1 1502, 42 | A v; y) as weights associated with a vertex u € Z2>0
with arrow configuration (i1, ji;42,j2); here, z is viewed as a rapidity parameter associated with
the row of 4 and y as one associated with the column of u. Observe in the present case that Sf“l
is equal to 0 unless iy, j1,42,752 € {0,1}; this condition will be removed in later examples. The
complex numbers A = A(u) and v = v(u) are dynamical parameters that change between vertices
according to the identities

Ma+1,0) = Aa,b) + 25(ia — 1);  Aayb—1) = A(a, b) + 25(2j1 — 1);
v(a —1,b) = v(a,b) — 2ni1(a,b); v(a,b+ 1) =v(a,b) — 2nja(a,b),

where (i1,71;12,j2) is the arrow configuration associated with the vertex u = (a,b); we refer to
Figure 2l for depictions of these identities, where for each vertex u, the dynamical parameters A(u)
and v(u) there are drawn in the upper-left face and lower-right containing u, respectively.

While at first glance it might seem as if one would need to keep track of two height functions
in order to reformulate the above system as a face (or SOS, or IRF) model, with weights given
by products of the contributions of plaquettes on the dual lattice, it actually suffices to only track
one. Indeed, the identities according to which the dynamical parameters A\ and v change across
the lattice are determined by the directed path ensemble (or, equivalently, by the configuration of
arrows entering and exiting each vertex), which can be encoded by a single height function on the
dual lattice. Thus Definition [Tl as well as its more general fused versions described below, can be
viewed as an SOS model in the usual sense.

The Sf“l weights above are in fact the J = 1 = A special cases of the stochasticized elliptic fused
weights Sj.a given by Definition and ([@I9) below, which are (both vertically and horizontally)
fused versions of the Sf“l weights. We will not describe them here since their form, given by 1ov11
very well-poised, balanced elliptic hypergeometric series, is a bit lengthy. However, let us mention
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FIGURE 2. Depicted above is the way in which the dynamical parameters \ and
v change between faces in the elliptic, stochastic spin % model.

that several special cases of these fused weights that simplify considerably include their higher spin
Si,a and elliptic Hahn degenerations, given by Proposition [4.12] and Proposition 13| respectively.
As indicated by Theorem .7 below, these S,a weights are stochastic and satisfy the dynamical

Yang-Baxter equation. The J = A = T = 1 special case of that result is given by the following
theorem.

Theorem 1.2. For any fized x,y,\,v € C and i1,j; € {0,1}, we have that

Z S(ilajl;i27j2|)\7v;xuy):17
i2,j2€{0,1}
where we abbreviated S(il,jl;ig,jg | A, v; 2, y) = S’f“l (il,jl;ig,jg | A, v; 2, y)
Furthermore, for any fived i1, j1, k1,13, j3, ks € {0,1} and \,v,z,y,z € C, we have that

> S(isdniia, o | v = 2nkis @, y) S (R, dos ko, s | A+ 20(202 — 1); 052, 2)
i2,j2,k2€{0,1}

x S (kg iz; ks, iz | ;v — 2njs;y, 2)

= Z S(k17117k2712|)\+2n(2jl_l)vvayvz)s(kQajlak:ian|)\av_2n127xaz)
i2,j2,k2€{0,1}

x S(iz, j2; i3, j3 | A+ 2n(2ks — 1);v; 2, y).

The feature that makes the weights from Definition [[LT] and the Yang-Baxter equation from
Theorem different from what had been considered earlier is their dependence on the new dy-
namical parameter v. It is possible to remove their dependence on this parameter by first taking
the trigonometric limit of the Jacobi theta function, obtained by letting the parameter 7 (recall
(@) tend to ioo so that f(z) will converge to sin z (after suitable rescaling), and then by letting
v tend to co. This will recover some of the dynamical stochastic higher spin vertex models studied
in 1) 14 [47].

1.2. A Stochastic, Dynamical Higher Rank Solution. In this section we provide a solution to
a dynamical variant of the Yang-Baxter equation that yields a stochastic, dynamical, higher rank
(colored) vertex model.
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The solution to the Yang-Baxter equation that gives rise to this stochastic dynamical solution
was originally proposed by Jimbo [34]. That solution was not stochastic, although it was observed
in [43] that stochasticity could be obtained by applying a gauge transformation to its vertex weights;
these stochastic solutions were later fused in [20] and then analyzed from the perspectives of duality
and spectral theory in [41] and [19], respectively.

The stochasticization procedure enables one to produce dynamical deformations of these col-
ored stochastic vertex models, which depends on an additional parameter v that changes between
vertices. We begin with the following definition for the vertex weights.

Definition 1.3. Let n be a positive integer and ¢, v, z,y be complex numbers. For any integer
i € [1,n] or pair of integers (7,7) with 1 <4 < j <n, define
gz —y)(1 —vz)
(z —qy)(1 — qvz)’
(1 -y —vz)

1 —q)z(1 — quy) L
i ST (4,0,4,0|x, y;v) =
z—qy)(1 — qu) i | )

(
(
(z —y)(1 —quy)
(

S591(i,0,0,4 | 2, y;v) =

S59(0,4,0,4 | 2, y;v) = S59(0,4,4,0 |z, y;v) =

z—qy)(1 - vy)’ (z —qy)(1 —vy)’
1.9 o (1-q)x L (1-q)y
(12) S5 (i, g, gy i | @, y;0) = pr—" Sff’f(ﬂ,l,z,ﬂx,y;v)zm;
(z—y)q r—y
Sf?ll(z,j,z,j |x,y;v) = m; Sf?f(]a%]a”xay;v) = a:—qy;

S73(0,0,0,0 2, y30) = 1= S§0 (4. 5. 5.7 | 2, y5),
and Sfoll (A, B,C,D|x, y;v) = 0 for any (A4, B, C, D) not of the above form.

As in Section [[T] the Sfoll weights have diagrammatic interpretations. Specifically, let D be a
finite subset of the graph Z2,. An n-colored directed path ensemble on D is a family of colored
paths connecting adjacent vertices of D, each edge of which is either directed up or to the right and
is assigned one of n colors (which are labeled by the integers {1,2,...,n}). We assume that each
edge can accommodate at most one path (although this restriction will be weakened later); if an
edge does not accommodate a path, then we assign it color 0.

The (colored) arrow configuration associated with some vertex u € D is defined to be a certain
quadruple of integers (A, B, C, D). Here, A denotes the color of the incoming vertical arrow at u;
B denotes the color of the incoming horizontal arrow; C the color of the outgoing vertical arrow;
and D the color of the outgoing horizontal arrow.

Then we view the quantity Sfoll (A, B,C,D|x,y; v) as the weight associated with a vertex u € D
whose colored arrow configuration is (A, B, C, D). Here, x and y denote the rapidity parameters at
u in the horizontal and vertical directions, respectively. The parameter v can again be viewed as a
dynamical parameter, so we sometimes denote v = v(u) by the value of v at a vertex u in Z2>0; the
identities governing v(u) are given by

v(a —1,b) = ¢~ ta=oy; v(a,b+1) = ¢ ~tr=oy,

for any (a,b) € Z%, whose arrow configuration is (A4, B,C, D). These identities are depicted in
Figure Bl where v(u) is labeled in the lower-right face containing w.

Similar to in Section [[LT] the weights given by Definition [[L3] are the L = 1 = M special cases of
certain fused stochastic weights Sr.p given by Definition and (59) below. Those weights are
more general, allowing for multiple arrows to exist along vertical and horizontal edges. However,
for simplicity, we will not describe them here since their expression is again a bit lengthy.
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FIGURE 3. Depicted above is a colored vertex u, where the dashed and solid
arrows are associated with colors 1 and 2, respectively. The arrow configuration of
uis (A,B,C,D) = (1,2,2,1). The dynamical parameters are also labeled in each
of the four faces passing through w. In the situation depicted above, we have that
14=0 =1p=0 = 1c=0 = 1p=0 = 0.

As indicated by Theorem below, these fused weights are stochastic and satisfy a dynamical
variant of the Yang-Baxter equation. The L = M =T =1 case of that result states the following.

Theorem 1.4. For any integers a,b € [0,n] and complex numbers x,y,v € C, we have that

Z S(a,b,c,d|x,y;v) =1,
0<c,d<n
where we abbreviated S(a, b,e,d|z,y; v) = Sioll (a, b,e,d|x,y; v).
Furthermore, for any fixed complex numbers x,y,z,v and integers i1, j1, k1,13, js, ks € [0, n], we
have that

Z S(i1, 13 iz, jo| @, y3 ¢~ =00) S (ky, jo; ko, s
0<iz2,j2,k2<n

= Z S (ki ko, ialy, 2;0) S (ka, g1 ks, ja |, 257~ H2=00) S (i2, j2; i3, js| @, y; v).
0<iz2,j2,k2<n

@, 2;0) S (k2,i2; ks, iy, 21 ¢' e =0w)

As in Section [l it is possible to remove the dependence on the new dynamical parameter v
from both the weights from Definition [[3] and the Yang-Baxter equation from Theorem [[L4l This
can be done by either setting v = 0 or letting v tend to oo, in which case one recovers the models
introduced in [43].

1.3. A Stochastic Solution of the Tetrahedron Equation. The tetrahedron equation is a
three-dimensional analog of the Yang-Baxter equation. While many solutions are known to the
latter, few solutions are known to the former. The earliest was predicted by Zamolodchikov in 1980
[61} 52] and then confirmed by Baxter in [8] shortly afterwards. A number of additional solutions to
the tetrahedron equation were found over the next thirty years [9, 111 10, 89], although all of these
(including the original one of Zamolodchikov) had at least one vertex weight that was negative.
The first family of solutions to the tetrahedron equation with all nonnegative vertex weights was
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introduced by Mangazeev-Bazhanov-Sergeev in 2013 [45]; none of these solutions happened to be
stochastic.

By applying our stochasticization procedure to the solution provided in [45], we provide the first
example of a stochastic solution to a (dynamical variant) of the tetrahedron equation. Its vertex
weights are given as follows.

Definition 1.5. For any ¢,v € C and n1,ng, n3, nj, nh,ns € Z>o, define
(1.3)

ninyng (n1+n3+n1+n3+2)n2 2(n}+1)n) (q q )"1( —m ) q2) 2( )
Sninins (1)) 2. g2
(4% q*)n; (0% @)y (0% )

n/z (Uq 2n17q ) < q_2"27q2n1+2
72%71

2

—2n
Xv q,9 3) 1n1+n2 nf+nl, 1n2+n3:n'2+n'35

(03 ¢%)ng gm—matl)

where (a; ¢%)), denotes the g-Pochhammer symbol, as in the second identity in ([#3)), and 2¢; denotes
the basic hypergeometric series, as in (6.

The diagrammatic interpretation of the quantities Sy nzns (v) is that they are weights associated

with a vertex u in Z3 with arrow configuration (n1, na, n3; nf, nb,n4); here, this means that u has n4
incoming arrows parallel to one direction (say the z-axis); ny incoming arrows parallel to the y-axis;
ng incoming arrows parallel to the z-axis; n} outgoing arrows parallel to the z-axis; n}, outgoing
arrows parallel to the y-axis; and nf outgoing arrows parallel to the z-axis. Observe that, with this
understanding, the S weights do not satisfy arrow conservation, in that they are not supported on
arrow configurations (nq1, na, n3; nh, nh, nk) satisfying nq + ns + ng = nf + nh + nf. The parameter
v is again a dynamical parameter that changes between vertices; we will not explicitly state the
identities governing this parameter here but instead refer to Figure @ for a depiction.

The following theorem states that these S weights are stochastic and satisfy a dynamical variant
of the tetrahedron equation, which is depicted in Figure[dl observe that there are two non-interacting
dynamical parameters (namely v and w) in this equation. The proof of this theorem will appear in
Section below.

Theorem 1.6. Fiz v € C and (ny,ng,n3) € Z3,. Then,
(1.4) ZSZ;Z;Ss =1,

. r_ / / / 3
where the sum is over all n’ = (ny,ny,ny) € 22,
Furthermore, fix complex numbers v and w, as well as nonnegative integers ni, na, N3, Ng, N5, Ng
and n¥,nf,n4,nY,n ng. Then,
1.1 10 1!

s S @S S

’
ningns nining nhnjng
(15) ninln! n Ll nt o ninl'nt  on! n'nnl
— 375 6 27%47%6 —zn 17%4 "5 n 17273
E Sn’i"SnG (q S'U)S ) (q SU/)S Il o1 ('U}),

n2n4n{3 ninjnf ninin}

where the sum on both sides of ([LLH) is over nonnegative integers n' = (n, nh, nk, nly, nk, ng).

Once again, it is possible to remove the dynamical feature of both the stochastic weights (L3]) and
the tetrahedron equation (LH). This can be done by letting ¢ tend to 1, under which degeneration
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FIGURE 4. The dynamical tetrahedron equation, as in Theorem [L.6] is depicted
above; the numbers of arrows on the dashed lines is summed over. The dynamical
parameters of the form ¢™u and ¢™w are boxed.

the new weights (denoted by Ty n2m? (v)) simplify considerably and are given explicitly by

n'n n' n’ no—nt [ T2
Tnlln;n; (U) =v 2(1 - U) e n! 1n’2§n2 1n1+n2:n'1+n'2 1n2+n3:n§+n§'
2
This serves as a (seemingly new) solution to the non-dynamical tetrahedron equation; we will

describe this degeneration in more detail in Section

1.4. Outline. The remainder of this paper is organized as follows. We begin in Section 2] with a
preliminary example of the stochasticization procedure by applying it to the six-vertex solution to
the Yang-Baxter equation to recover a dynamical variant of the stochastic six-vertex model that
was introduced in [2I]. Then, in Section Bl we explain the general version of stochasticization,
which we implement in Section ] Section[B] and Section[@ to establish the results from Section [I.]
Section [[.2] and Section [[.3] respectively.

Acknowledgments. The work of Amol Aggarwal was partially funded by the NSF Graduate
Research Fellowship under grant number DGE1144152. The work of Alexei Borodin was partially
supported by the NSF grant DMS-1607901 and DMS-1664619.

2. A DYNAMICAL STOCHASTIC SIX-VERTEX MODEL

In this section we provide a preliminary example of the stochasticization procedure to recover the
dynamical stochastic six-vertex model introduced as Definition 7.1 of [2I]. Specifically, in Section
2 Tlwe present the solution to the Yang-Baxter equation that we will stochasticize, and in Section [2:2]
we discuss properties of the stochasticized weights and how they give rise to a dynamical six-vertex
model. Throughout this section, we fix ¢ € C.

2.1. Stochasticizing a Six-Vertex Weight. In this section we recall the (higher spin) six-vertex
solution to the Yang-Baxter equation and explain how it can be “stochasticized.” We begin by
defining certain vertex weights, given by the following definition, which appears as Definition 2.1
of [I3] with their w, replaced by our y;s and their u by our o
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Definition 2.1 (|I3| Definition 2.1]). For any z,y,s € C, define the quantities (i1, j1; 2, j2) =
Xs(ilaj?; i27j2 | xz, y) by

_ ook 1 — g2gk—1
xs(k,O;k,O):w; xs(k,O;k—l,l):(siq)x
Yy — ST Yy — ST
1 — gh+l ok
ek k41,00 = L2 T gy = T
Yy — Sx Yy — Sx

for any nonnegative integer k, and x;s (i1, j1;i2, j2) = 0 for any (i1, j1; 42, j2) not of the above form.
Further define the quantities w(iy, j1; 42, j2) = w(il,jg; i, jo | z, y) by

— 1—
w(1,0:1,0) = 1&=9), w(1,0;0,1) = L=0%.
T —qy T —qy
1 — _
T —qy T —qy

w(0,0;0,0) =1 = (1,1;1,1).
and w(i1, j1; 12, j2) = 0 for any (i1, j1;i2, j2) not of the above form.

To provide a diagrammatic interpretation of the quantities w(i1, j1;i2, j2) and xs(i1, j1; 42, j2),
let D be a finite subset of the graph Z2>0, and consider a directed path ensemble on D, as
in Section [T (see Figure [ for an example). We consider the quantities w(il,jl;ig,jg |x,y)
and x (il,jl;ig,jg | :v,y) as weights associated with a vertex v € Z2>0 with arrow configuration
(i1, 71; %2, j2); here, x is viewed as a rapidity parameter associated with the row of v and y as one
associated with the column of u. Observe in the present case that both w and ys are equal to 0
unless j1, j2 € {0, 1}; this condition will be removed in later examples.

The following proposition, which is a restatement of Proposition 2.5 of [I3] (see also Section 4
and Section 5 of [44]), indicates that the w and y weights satisfy the (RLL = LLR version of the)
Yang-Baxter equation.

Proposition 2.2 ([I3| Proposition 2.5]). Fiz x,y,z € C; i1, j1,i3,73 € {0,1} and ki, ks € Z>o.
Then,

Z w(iy, ji;i2, ja2 | 2, y) Xs (k1 dos ko, s | 4, 2) xs (Ko, i2; k3, i3 | y, 2)
12,52,k2€Z >0

(2.1)
= > Xelkryinska, iz |y, 2)xs (k2 gis ks, g2 | 2, 2)w(iz, jai s, Js | 2, y).
i2,j2,k2€Z>0

The same statement holds if the xs weights in [Z1)) are replaced by the w weights.

The Yang-Baxter equation (2) is sometimes diagrammatically interpreted as “moving” a line
through a cross; see Figure [l for a depictionEl There, the unshaded vertices are evaluated with
respect to the weight w and the shaded vertices with respect to xs.

Now, we would like to “stochasticize” the weights w, that is, produce weights S(i1, j1; 2, j2),
which are (manageable) deformations of the original w weights that are also stochastic, meaning that
Din o (i1, J1342, j2) = 1 for each fixed 41,71 € {0,1}. One should also impose the nonnegativity
constraint S(i1, j1;42,72) > 0 for all (i1, j1; 42, j2), but we will typically not mention this here since

1Although arbitrarily many arrows are allowed along vertical edges through shaded vertices, no edge in Figure
accommodates more than one arrow. The reason for this is that Figure [5] will be reused to depict (2.6]), where at
most one arrow is allowed per edge.
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FiGURE 5. The vertex interpretation of the Yang-Baxter relation is depicted
above; here, the indices along the dashed arrows (which are is, jo, ko) are summed
over and the remaining indices (which are i1, j1, k1, i3, j3, k3) remain fixed. The
dynamical parameters of the form ¢™v are boxed above and appear in Proposition
2.0l

in the examples we consider it will be possible to specialize the underlying parameters in such a
way to ensure nonnegativity of the stochasticized weights.

As it happens, the weights w given by Definition [Z.1] are already stochastic. However, this is not
a general property of solutions to the Yang-Baxter equation and we would therefore like to find a
definition of these S weights that can be shown to be stochastic only through (some variant of) the
Yang-Baxter equation (ZI]) and the spin conservation property.

This is indeed doable. To that end, first observe that the spin conservation property implies that
w(i1, j1;0,0) is equal to zero unless i3 = 0 = j;. In general, an outgoing pair (ig, j2) that admits
a unique incoming pair (i1,71) such that (i1, 71;42,j2) is nonzero will be called a frozen boundary
condition; the stochasticization procedure to be presented in Section 3.1 will not fully assume spin
conservation but rather the existence of a frozen boundary, which in this case is (0,0). Thus, if we
insert i3 = j3 = 0 in Proposition 2.2 there is at most one nonzero summand on the right side of
@) (which arises when i = 0 = jo and ko = k1 + i1), as depicted in Figure[fl This implies the
following corollary.

Corollary 2.3. Fiz z,y,z € C; 1,51 € {0,1} and k € Z>o. If Xs(k,il;k + i1,0|y,z) and
xs(k—i—il,jl;k—i—il + 71,0] :E,Z) are nonzero, then

(2.2)

Z w(i, jiyio, Jo | 2, y) Xs (K Jos b+ J2, 0| @, 2) xs (K + J2, d2; k + 42 + j2, 0y, 2)

oy Xs(Bitsk+in, 01y, 2)xs (b +ix, 1k + i1 + 51, 0|2, 2)w(0,0;0,0 |z, y)

In view of Corollary[2.3] (and the fact that w(O, 0;0,0 |z, y) = 1), we have the following definition.
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FIGURE 6. An instance of the Yang-Baxter relation with a frozen right boundary
is depicted above.

Definition 2.4. For each z,y,s € C; i1, J1,42,j2 € {0,1}; and k € Z>(, define the stochasticized
weight

S(ilujl;i27j2|x7y;8;k72)
(2.3) Xs (K, j2; k + j2,0] 2, 2) Xs(k + jasi2s k + iz + j2,0y, 2)
xs(k + i1, 13k + i1+ 41,0z, 2) xs (ky iy k 41,0y, 2)

The fact that the S weights are indeed stochastic follows from Corollary 223

= w(il,j1§i2aj2 |x,y)

The following proposition explicitly evaluates the S weights from Definition 2.4} its proof follows
from inserting the weights from Definition [Z1] into (Z3)).

Proposition 2.5. Follow the notation of Definition[2-4], and denote v = sqFz=1. Then, the stochas-
ticized weights S(iy, ju; i, j2) = S(i1, j1; 02, j2 | 2, y;v) = S(i1, j15i2, j2 | 2, y; 83k, 2) are given by

, gz —y)(1 —vz) , - (1 =q)z(l — quy) .
ﬂLQLO%_@—q@G—qu’ ﬂLaalr—@_qwﬂ_qu

(2.4) , (1= qy( —wz) , (2 —y)(1 - quy)
ﬂQLLO%_@—qu—Uw’ ﬂQLQIL_(—qwﬂ—vw

$(0,0;0,0) =1 = S(1,1;1,1),
and S(i1, j1;42,j2) = 0 if (i1, 1; 2, j2) is not of the above form.

Observe that these weights depend on s, k, and z only through v; in particular, if v = 0 then the
S weights reduce to the original w weights from Definition 211 In the next section we will explain
in what sense the S weights still satisfy the Yang-Baxter equation for nonzero v.

2.2. Stochasticizing a Path Ensemble. As seen by Proposition 2.5 the stochasticization pro-
cedure deforms the original w weights by an additional parameter v. If we wish to stochasticize
a directed path ensemble, we therefore require an assignment of this parameter v to each vertex
of our domain D. Under an arbitrary such assignment, the model will not retain its integrability,
that is, the Yang-Baxter equation will no longer hold. However, in this section we will describe a
specific assignment that preserves the Yang-Baxter equation.

To that end, let us begin with a more diagrammatic interpretation of Definition [2.4] which is
depicted in Figure [l Suppose we would like to stochasticize some vertex u = (a,b) with arrow
configuration (i1,j1;42,j2). We draw this vertex as unshaded in the plane; see the left side of
Figure [ in which (41, j1;42,j2) = (1,0;0,1). We then attach two shaded vertices to u, one above
it (denoted by wuz) and one to its right (denoted by u1). As depicted in Figure [7] k arrows (which
are drawn as dashed) enter through u; from the bottom, and any arrows exiting u are “collected”
by this dashed curve; in particular, this means that k 4 jo arrows are directed from u; to usz, and
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FIGURE 7. The process of the (dashed) stochasticization curve being “pushed”
through a vertex is depicted above.
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F1GURE 8. The process of the stochasticization curve being “pushed” through a
path ensemble is depicted above.

£

k + i2 + jo exit through us. We call this dashed curve the stochasticization curve, to which we
assign the rapidity parameter z.

We then “push” the stochasticization curve through the vertex u, as shown on the right side of
Figure[ll Due to the boundary conditions, all arrows that would have otherwise entered u are now
collected by the stochasticization curve; in particular, no arrows enter or exit the vertex u after the
pushing procedure.

If we weight all unshaded vertices by w and all shaded vertices by xs, then Definition 2.4 states
that the stochasticized weight S(i1,j1;42,72) of the original vertex u (with arrow configuration
(i1,71; 12, j2)) is the weight of the left diagram in Figure [ divided by that of the right one.

This weight depends on the number k of arrows that are originally placed in the stochasticization
curve. Thus, if we would like to stochasticize each vertex in a path ensemble (in a domain D), we
require a way to assign k to each vertex of D. This can be done by applying the same pushing
procedure to a directed path ensemble instead of to a single vertex; see Figure [8

Specifically, suppose that we have a path ensemble £ on domain D, whose vertices we depict as
unshaded (in Figure[8 D is a 5 x 2 rectangle). We then attach a path of shaded vertices along the
top-right boundary of D, which are connected by dashed arrows, as shown in the top-left diagram
of Figure B We again refer to this path of dashed arrows as the stochasticization curve, which
begins with k£ arrows entering the bottom-right shaded vertex and collects all arrows that exit D.
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FIGURE 9. Depicted above is the way in which the dynamical parameters k£ and
v change between faces.

Next, we push the stochasticization curve through D, one vertex at a time, as described above in
Figure[@l For example, the top-middle diagram in Figure [§ depicts the stochasticization curve after
being pushed through the top-right vertex (5,2) of D; the bottom-left diagram there shows it after
being pushed through the top row of D; and the bottom-right diagram shows the stochasticization
curve after being pushed through all of D.

Now, unit squares whose vertices are lattice points in Z2>0 are faces of the graph Z2>0; if one of
the four vertices of some face F belongs to D we say that F is a face of D. The pushing procedure
described above provides a way to assign a nonnegative integer k(F') to each face F' of D by setting
kE(F) equal to the number of arrows in the stochasticization curve when it passes through F.

By identifying F' with its top-left corner, this assigns an integer k(u) to each vertex u € D. For
example, if u is the bottom-right vertex of D (which is (5,1) in Figure B)), then k(u) = k = 2.
Moreover, the top-right and bottom-middle diagrams in Figure [ indicate that if v = (3,2) or
u = (4,1), then k(u) = 3; similarly, one can verify that k(2,2) = 4 and k(1,2) = 5.

This provides a way to assign an integer k(u) to each u € D, which depends on the number of
arrows k initially entering the stochasticization curve, as well as on the dircted path ensemble that
is being stochasticized. Under this assignment, each u € D can be stochasticized as in (23], with
weight given explicitly by (24), where the v = v(u) there is sg*(*) 21,

Since these parameters k(u) and v(u) change between vertices, they are sometimes referred to
as dynamical parameters. Based on the above description, one can quickly determine the identities
governing these dynamical parameters. Specifically, let u = (a,b) denote a vertex with arrow
configuration (i1, j1;42,j2); denote k(u) = k and v(u) = v. Then, the dynamical parameters at the
vertices (a — 1,b) and (a,b+ 1) are given by

(2.5) Ela—1,b)=k+iy; k(a,b+1) =k +7jo; v(a—1,b) =q¢"v; v(a,b+1) = ¢%v.

We refer to Figure [@ for a depiction of these identities, which shows dynamical parameters corre-
sponding to four adjacent faces (and therefore four adjacent vertices, since each face is associated
with its top-left vertex). In this way, if we fix a path ensemble on some domain D and the dynamical
parameter k or v at one vertex in D, then the dynamical parameters k(u) and v(u) are defined at
all u € D through (Z5) and the fact that v(u) = s¢"*) 21, This procedure of assigning dynamical
parameters is not restricted to subdomains of Z?2; it can be applied to any oriented, planar graph
admitting a stochasticization curve that can be passed through it using the Yang-Baxter equation
(see Section [B1).

The following proposition states that, under the above choice of assignment of dynamical pa-
rameter v(u), the S weights satisfy the Yang-Baxter equation; see Figure
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Proposition 2.6. Fix iy, j1, k1,143,j3,ks € {0,1} and x,y,z,v € C. Then,

Z S(ilajl;i27j2 |x7y;qklv)s(k17j2;k2uj3 |$,Z;U)S(l€2,i2;]€3,i3 | y72;qj3v)
i2,j2,k2€{0,1}
= Z S(k1,iv;kayiz |y, 230) S (Ko, s ks, g | @, 252 0) S (ia, joi ds, js | 2, y; ).
i2,j2,k2€{0,1}

(2.6)

Proof. We will derive (Z8)) from the Yang-Baxter equation for the w weights given by the last state-
ment of Proposition[2.2] To that end, set v = sq¢” for some integer r > 0 and complex number s. In
view of (23] (with the k there replaced by our r here and the z there equal to 1 here), the summand
on the left side of (Z8]) divided by w(il,jl;ig,jg | :v,y)w(kl,jg; ko, j3 |x,z)w(k2,i2;k3,i3 | y,z) is
equal to

Xs (74 k1, jo; v+ k1 + 52, 0| 2, 1) Xs (7 + k1 + ja,dosr +i2 + jo + k1,0 y, 1)
XS(T+/€1 + i1, 4157 + 01 +j1+k1;0|x,1) Xs(r—i—kl,il;r—l—kl +i1;0|y,1)
Xs (7, j3;m + s, 0| 2, 1) Xs (7 + jss ko + ko + 3,0 2,1)
Xs (7 + k1, josv 4+ k1 4 j2; 0] 2, 1) Xs(r kisr + k130 2, 1)
" Xs (7 + jaigir + i3+ 3,0y, 1) Xs (7 +is + js, ks; 7 +is + js + k3,0 2, 1)
Xs (7 +js + kavioir iz + 3 + k23 01y, 1) X (r+ s, ki + s + k230 2,1)
Xs (r g7 + 3, 0|2, 1) Xs (r + ja,iz; 7 + i3 + 3,0y, 1)
Xs (7 k1 dn, ju 4 in 4 g1+ k02, 1) xs (7 ke + ki 4050y, 1)
o Xs(r + i3+ js, ks;r + i3 + js + k3,0 z,1)
Xs(r,kl;r+k1;0|z,1)

(2.7)

)

where we are using the fact that replacing v by ¢*v corresponds to replacing r by r + a for any
integer a, and also that k1 +jo = ko +j3 (due to arrow conservation). By similar reasoning, the right
side of (Z.8) divided by w(kl,il; ka, iz |y, z)w(kg,jl; ks, jo | x, Z)W(ig,jg; i3, j3 | x, y) is also equal to
the right side of (2.1)).

Since that quantity is only dependent on the fixed boundary parameters i1, j1, k1, i3, j3, k3 (equiv-
alently, they are independent of the interior, summed parameters iz, ja, and k»), (Z0]) follows from
the last statement of Proposition O

Remark 2.7. Observe that the proof of Proposition did not require the explicit values of the
xs and w weights given by Definition [Tl Instead, it used the fact that (27) is independent of
the intermediate indices is, j2, k2 (which are the ones that are summed over in ([2.6])), which was in
turn due to the fact that each appearance of a x weight in the numerator of the left side of (2.7
is matched by one in the denominator.

In fact, by imposing this matching, one could guess the way in which the dynamical parameters
should appear in (2.6) without initially having the diagrammatic interpretation for these parameters
given by Figure[§ To that end, one would search for integers a, b, ¢ such that the quantity

S (i1, j1sio, Jo | @, y: q°0) S (K, joi ko, gs | @, 25 q%0) S (Ko, i2; ks, i3 |y, 25 )
w(ilujl;i27j2 |x7y)w(kluj2;k2uj3 |x,z)w(k2,i2; k377;3 |yuz)

(2.8)
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is independent of ia, ja, and ks. Following the proof of Proposition 2.6, we find that (2.8) is equal
to

Xs(r+a,j2;r+a—|—j2,0|x,1) XS(T—l—a—|—j2,z'2;r—|—i2—l—j2+a,0|y,1)
xs(r—i—a—l—il,jl;r—i—il +j1+a;0|:v,1) xs(r+a,i1;r+a+i1;0|y,1)
xs(r+b,jg;r+b+j3,0|x,1) XS(T+b+j3,]€2;T+b+l€2 +j3,0|z,1)
Xs(r+b+k1,j2;r—|—b—|—k1 —I—j2;0|x,1) Xs(r+b,k1;r—|—k1;0|z,1)
y xs(r+c,i3;r+c+i3,0|y,1) xs(r+c+i3,k3;r+c+i3—|—k3,0|z,1)
Xs(r+c+k2,i2;r+c+i2—|—k2;0|y,1) Xs(r+c,k2;r+c+k2;0|z,1)

As explained above, one way of guaranteeing that ([2.9]) be independent of is, j2, k2 would be to
impose a matching between any term in the numerator involving one of these indices with one in
the denominator. For instance, this would require us to match

xs(r+a,jg;r+a+j2,0|x,1) zxs(r—l—b—i—kl,jg;r—i—b—i—kl +j2;0|:1c,1),
which would be true if a = b+ k7. Similarly, one equates
Xs(r+a+joiosr+ia+ jo+a,0 |y, 1) = Xs(r + ¢+ ko, do; 7 + ¢ + 2 + k23 0|y, 1);
xs(r—i—b—i—jg,kg;r—i—b—i—kg +j3,0|z,1) :Xs(r+c,k2;r+c+k2;0|z,1),

which are satisfied if a 4+ jo = ¢+ ko and ¢ = b + j3, respectively. In particular, these equations
are all satisfied for (a,b,¢) = (k1,0, j3), which is indeed the choice of parameters on the left side of
@3). One could then similarly guess the way in which the dynamical parameters should appear
on the right side of (2.6)).

This form of reasoning is not quite necessary in the present situation, since the identities (2.5
governing the dynamical parameter v can be obtained through the diagrammatic procedure depicted
in Figure Bl However, we will implement a variant of this analysis in the proof of Theorem in
Section [6.2, where such a diagram appears to be unavailable.

3. THE STOCHASTICIZATION PROCEDURE

In this section we provide a general procedure for stochasticizing solutions to the (two-dimensional)
Yang-Baxter equation; we explain it in Section 3.1l and then establish some properties about the
stochasticized weights in Section

3.1. Stochasticization of Face Weights. In this section we describe the general (two-dimensional
version of the) stochasticization procedure that produces a stochastic solution to the Yang-Baxter
equation starting from a nonnegative one. The setting here will be that of an interaction round-
a-face (IRF) model as opposed to of a vertex model of the type studied in Section [2, and so our
weights will be with respect to faces (and not vertices) of a graph. This will cause the notation
here to be slightly different from what was described in Section [2] but, as we will explain further
below, these two perspectives are essentially equivalent by dualizing the underlying graph.

We begin with a finite family £ of directed lined in R2, that is, each line £ € £ has both a positive
and negative direction. We assume that these directions are consistent, meaning that there exists
an open half-plane H C R? that intersects each £ € £ in its positive direction. Stated equivalently,
there do not exist three lines in £ whose positive and negative directions “interlace.” We refer to
Figure [I0] for examples.

2For convenience, we will sometimes draw these lines as curves in the plane to simplify diagrams.
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FIGURE 10. Shown to the left is a set of five lines whose directions are consistent.
Shown to the right are three lines whose directions are inconsistent since their
directions interlace.

The set £ induces a directed, planar graph D, whose vertex set consists of the intersection points
between elements of £ and whose edge set consists of segments of the (directed) lines in £ connecting
adjacent vertices. Let G denote the dual graph to D, that is, a vertex of G is a face of D and two
vertices of G are connected by an edge if the corresponding faces in D share an edge.

We call the faces of G plaquettes; they correspond to the vertices of D. Each plaquette P has
four vertices (v1, v2, v3,v4), which we order counterclockwise and in such a way that the two edges
adjacent to v are the segments closer to the negative directions of the two lines in £ that intersect
to form P; see the left side of Figure [[Il for an example. We will call the edges in G connecting
(v1,v2) and (vs,v4) horizontal and the ones connecting (va, v3) and (v, vy4) vertical (although these
edges might not be parallel to the axes).

Denoting the vertex set of G by V, fix some complex vector space h and two functions F :
V> bhand w: hxhxhxh = C; we refer to F as a height function and w as a weight
function. We view w(a,b,c,d) as the weight of a plaquette P = (v1,v2,v3,v4) that satisfies
(F(v1), F(vz2), F(v3), F(va)) = (a,b,c,d).

Remark 3.1. Let us explain how the setting described here degenerates to that of Section2l There,
the weights were with respect to vertices of a domain D. By taking G to be the dual graph of D as
above, these vertex weights now become plaquette weights on G.

The quadruple (F(a), F(b),F(c), F(d)) corresponding to a plaquette here is the analog of the
arrow configuration of a vertex defined in Section [Z1l Explicitly, we may define the height function
h on G by setting h(v) to be the number of paths to the right of the vertex v of G (or, equivalently,
of the corresponding face in D). Then, the height function at the four corners of a plaquette P in
G determine the arrow configuration of the vertex in D corresponding to P through the identities

(3.1)
i1 = F(v1) — F(v2); J1 = F(va) = F(v1); iz = F(va) — F(v3); J2 = F(v3) — F(v2).

Thus, by dualizing, the weight of a vertex in u € D (dependent on the arrow configuration of
u) becomes the weight of the corresponding plaquette P in G (dependent on the height function at
the four vertices of P).

In the examples to be discussed in Section [ Section Bl and Section [l we will adopt this vertex
perspective as opposed to the face model one described here (including in situations where we
analyze face models, such as in Section ). However, as indicated above, these two points of view
are equivalent, and so we will omit comments of this type in later sections.
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FIGURE 11. To the left is the labeling of vertices on a plaquette in G; the dotted
lines there are elements of £. To the right is a frozen plaquette, which we indicate
by placing squares in its corners.

The first and second definitions below provide notation on when the weight function is nonzero
or zero, respectively.

Definition 3.2. We call a quadruple (a,b,c,d) € h x h x h x b admissible (with respect to w)
if w(a,b,c,d) # 0. Let Admj(a,b, c;w), Adms(a,b,c;w),C b denote the sets of d € b such that
(d,a,b,c) and (a, b, d, c¢) are admissible, respectively. Also define Adm(a, b, ¢;w) = Adm; (a, b, ¢; w)U
Admgs(a, b, c;w).

Definition 3.3. We call a triple (b, ¢, d) € b x b x b frozen (with respect to w) if | Admy (b, ¢, d)| = 1.
Furthermore, we say that a plaquette P = (v1,v2,vs,v4) has an frozen boundary (with respect to
a height function F) if (F(vz), F(vs), F(vs)) is frozen; we depict this diagrammatically by placing
squares in the corners of any plaquette with a frozen boundary (see the right side of Figure [IT]).

Remark 3.4. Again, let us take a moment to explain the analogs of these two notions in the setting
of Section 2l As indicated in Remark Bl the height function h evaluated at the four vertices of a
plaquette P = (v, v2,v3,v4) determines the arrow configuration (i1, j1;42,j2) at the vertex u € D
corresponding to P through the identities ([BI). The admissibility constraint here means that
(a,b,¢,d) = (F(v1), F(va), F(vs), F(vy)) are chosen such that w(iy,j1;i2,j2) # 0. This requires
i1,J1,12, j2 > 0, which means that a, ¢ € [b, d]; in particular, | Adm(z,y, z)‘ < oo for any z,y, z € Z.

Now, (B0 implies that fixing the last three elements of the height function quadruple (a, b, ¢, d)
of a plaquette in G fixes the numbers (ig,j2) of outgoing vertical and horizontal arrows at the
corresponding vertex of D. Thus, the statement that a triple (b, ¢, d) freezes is equivalent to that
the corresponding pair (is, j2) admits only one pair (i1, j1) € Z2 such that w(iy, ji; iz, j2) # 0. As
mentioned in Section [Z] this is guaranteed if i = 0 = ja, in which case b =c=d.

Now let us fix an additional function x : h x h x h x h — C. The following definition stipulates
certain conditions on the pair (w, x) indicating when it is possible to use x to create a stochastic
solution to the Yang-Baxter relation from w.

Definition 3.5. Adopting the notation above, we say that w is stochasticizable with respect to x
if the following three conditions hold.
1) For each a,b,c € b, bot m(a, b, c;w)| an m(a, 0, c; are finite.
F h a,b b, both | Ad b d | Ad b,c;x fini
(2) The weights w satisfy the Yang-Baxter equation, which states that
(32) Zw(au b7 ¢, d)’l,U(b, €, f7 C)’LU(C, f7 g, d) = Z ’LU(b, €, ¢, a)w(a, G4, d)w(cu €, f7 g)u

ceh ceh
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fo -+ . \

FIGURE 12. We assign to each plaquette in our original graph two shaded pla-
quettes (as shown to the left), such that the top-right square (shown to the right)
has a frozen boundary.

for any fixed a,b,d, e, f,g € h. Diagrammatically, this is the equation

) 4
[i_ g f s g *f
ly " ) EOTR TR
& b b C h4 b

(3) Let P = (v1,v2,vs,v4) be any plaquette, and denote a = F(v1); b = F(v2); ¢ = F(vs);
and d = F(vg). We can associate with P a shaded tripleﬁ (z,y,2) € h x b x b, which
is independent of the value of a = F(v1), such that the following conditions hold. In
what follows, we view this shaded triple as “attaching” two new plaquettes to P along the
positive direction. We distinguish these new plaquettes by shading them; see the left side
of Figure We can also view this procedure as introducing a frozen plaquette and then
attaching two shaded plaquettes to it along the negative direction, as on the right side
of Figure In either case, the weights of the original or frozen plaquettes will be with
respect to w, and weights of the shaded ones will be with respect to .

(a) The shaded triple (z,y, z) is frozen (with respect to w); let ¢’ be such that (¢, z,y, 2)
is admissible.

(b) Both x(b,z,¢,a) and x(a,, z,d) are nonzero.

(¢) The special case of the Yang-Baxter equation given by

(3'4) Z w(a7 b, C7 d)x(b7 :1:7 y’ C)X(C7 y, Z, d) = X(b7 :1:7 0/7 a)X(a, C/, Z, d)w(cl7 :1:7 y, Z)
ceh

holds; the right side of (8] has one term since (z,y, z) is frozen. Diagrammatically,
this is the equation

3This triple need not be unique. In fact, it usually will not be, and this non-uniqueness will give rise to additional,

dynamical parameters.
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FiGURE 13. The shaded plaquettes must satisfy the two consistency relations
depicted above.

(d) Consistency Condition: If P and @ are adjacent plaquettes, then the new, attached
plaquettes satisfy the consistency relations depicted in Figure Explicitly, suppose
that P and @ share a vertical edge and that the height functions on their vertices are
as in the top of Figure[I3l Denote the shaded triple associated with P by (z,y, z) and
the one associated with @ by (2/,y’, 2’) (again, as in the top of Figure [[3)). Then, we
have that (b, z,y,¢) = (b, f,2',¢) (so x = f and y = 2’). Similarly, if P and @ share a
horizontal edge and the height function on the vertices of P and @ are labeled as in
the bottom of Figure [[3] then (¢, vy, z,d) = (¢,2',e,d) (so y =2’ and z = e).

Remark 3.6. Once again, let us explain how the discussion from Section2lcan be viewed as a special
case of this framework. As explained in Remark 3.1l we view the face model on G as a vertex model
on the dual graph D, so that the plaquette weights here become vertex weights. Now, the weights
w and x here will be the w and x, from Definition 21| respectively.

We claim that w is stochasticizable with respect to xs. The first condition there was verified in
Remark B.4] and the second is a consequence of the vertex form of the Yang-Baxter equation, given
by (ZI)). To verify the third condition, we must explain how to attach two shaded vertices to each
vertex u € D.

This was essentially done in Section Specifically, we begin with a stochasticization curve to
the right of D that starts with k£ arrows and collects any arrow outputted by D, as in the top-left
diagram of Figure Bl We then move the stochasticization curve through D, one vertex at a time
using the procedure depicted in Figure [7

The two shaded vertices attached to w are then the two vertices of the stochasticization curve
adjacent to u directly before being passed through u, as in the left side of Figure[ll These vertices
are assigned the weight xs and can seen to be independent of the incoming arrow configuration
(i1(u), j1(u)). The two shaded vertices attached in the negative direction (whose duals are depicted
on the right side of Figure [[2]) are the two vertices of the stochasticization curve adjacent to u
directly after being passed through u, as in the right side of Figure [7l

Now one can quickly verify the four parts of the third condition of Definition The first
is a consequence of the content of Remark 3.4} the second holds for generic values of s,z,y, k by



STOCHASTICIZATION OF SOLUTIONS TO THE YANG-BAXTER EQUATION 21

Definition 2Tt and the third follows from (Z1]). The fourth (called the consistency condition) follows
from the fact that a shaded vertex attached to some w € D in the positive direction was attached
to a vertex u’ € D adjacent to u in the negative direction (this can be seen diagrammatically, from
Figure[§). This confirms that w is stochasticizable with respect to ys.

Remark 3.7. Our reason for introducing the consistency condition is similar to what was explained
in the beginning of Section In the examples of interest to us, there will be a number of ways
to “locally” assign shaded plaquettes (or vertices) to a given one in our domain. However, under an
arbitrary global assignment of plaquettes to each vertex in our domain, the Yang-Baxter equation
will typically no longer hold for the stochasticized weights. Imposing the consistency condition is
one way of ensuring that the Yang-Baxter equation is preserved; see Remark below.

Remark 3.8. In Section [Z.2] the attachment of a pair of shaded vertices resulted in a dynamical
parameter v(u) (or k(u)) associated with each vertex w in our domain. The consistency condition
then essentially explains how the dynamical parameter changes between vertices, according to the
identities (2.H) (see also Remark [Z7). A similar phenomenon will appear in later examples of
stochasticization.

Now we can define the stochasticized plaquette weights analogously to Definition 2.4

Definition 3.9. Suppose that w is stochasticizable with respect to x in the sense of Definition
Let P = (v1, v2,v3,v4) be a plaquette and denote F(vy) = a, F(v2) = b, F(v3) = ¢, and F(vg) = d.
Let (x,y, z) denote the shaded triple associated with P as given by the third part of Definition B.5]
and let Adm;(z,y,z) = {¢'}; see the right side of Figure Then, define the stochasticization S
of w with respect to x (and F) by

w(a7 b, C7 d)X(b7 x? y, C)X(C7 y, Z, d)
. b = .
(3:5) Sp(a,b.e,d) = G e 7 ax(a &, 2 (e, 2,9, 2)

Diagrammatically, this is equivalent to

02

Sp(a,b,c,d)
w(a,b,c,d)

We will occasionally refer to the quantity as a stochastic correction.

3.2. Properties of Stochasticization. In this section we establish various properties of the
stochasticized weights S. The first is that they are indeed stochastic.

Lemma 3.10. Adopt the notation of Definition[3.9. Then,
(3.6) > Sp(a,b,m,d) =1,
mebh

for any plaquette P = (v1,v2,v3,v4) in our domain and a = F(v1), b = F(v2), and d = F(v4) in
bh. Furthermore, if w(a,b,c,d), x(a,b,c,d) > 0 for each a,b,c,d € b, then Sp(a,b,c,d) > 0 for each
a,b,c,d ebh.
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FIGURE 14. Shown above is process of moving the shaded plaquettes through our
domain, which is used to establish the Yang-Baxter equation.

Proof. The second statement of the lemma follows from ([B.8]). The first, given by (8.6, is equivalent

to (B4) in view of (B.H]). O

Let us proceed to explain the Yang-Baxter equation that holds for the stochasticized weights.
To that end, let ¢1,¢5,¢3 € L be three lines that are adjacent, meaning that they intersect to form
three neighboring vertices in D. Denote the corresponding plaquettes in G by P, @, and R, and
denote the height function are the vertices of P, @, and R by (a,b,¢,d), (b,e, f,¢), and (¢, f,g,d),
respectively. This is depicted in the summand on the left side of ([B3]).

Now, let us perturb £ by shifting ¢3 past ¢1 and 5. This forms a family £’ of lines, corresponding
to a perturbed graph D’, in which the new ¢, ¢s, ¢35 € L' intersect to form three adjacent vertices.
We denote the corresponding plaquettes by P/, @', and R’; the height function at the vertices
of these plaquettes are (c,e, f, g), (a,c,g,d), and (b, e,c,a), respectively. This is depicted in the
summand on the right side of (B33]).

Next, we attach shaded plaquettes to Q, R, P’, and Q)’, as given by the third part of Definition 3.5}
this is depicted in the top-left and bottom-left diagrams of Figure [4 In what follows, we adopt
the notation from the figure. In particular, we assume that the same plaquettes are attached in
both the original (top-left) graph and the perturbed (bottom-left) one.

Then we can establish the Yang-Baxter equation in this setting.

Theorem 3.11. Under the notation and assumptions explained above, we have that
(37) Z SP(au b7 c, d)SQ(bu €, f7 C)SR(Ca f7 g, d) = Z SP’ (C7 €, f7 g)SQ’(au ¢ 49, d)SR’(bu e, C, a/)'
ceh ceh

Proof. We will establish this theorem by showing that both sides of Equation (B7)) are the same
multiples of the corresponding sides of ([B2).
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To that end, let us begin by explaining the diagrams in Figure[[dl Since (z,y, z) is the shaded
triple associated with the plaquette (¢, f,d, g), there exists a unique ¢’ € b such that (¢',z,y, 2) is
admissible. Then, (f,z,¢’,c) and (¢, ¢', z,d) are the two plaquettes attached to the frozen plaquette
(¢',x,y, z) along the negative direction, as in the right diagram in Figure[TZ this is depicted in the
second diagram on the top row of Figure [[4

Now, the consistency condition implies that (v,z,g’) is the shaded triple associated with the
plaquette (b, e, f,¢), and so there again exists a unique f’ € h such that (f’,v,2,¢’) is admissible.
Continuing in this manner, we obtain the third and fourth diagrams on the top row of Figure [I4]
Applying the same reasoning to the bottom-left diagram in Figure [[4] yields the bottom row of that
figure.

This gives rise to triples (f’, ¢’,¢') and (¢”, f”, ¢"”) and the top and bottom row, respectively. We
claim that these two triples are equal, that is, f' = ¢”, ¢’ = f”, and ¢’ = ¢”. To that end, we apply
the Yang-Baxter equation (3:2) and the facts that Adm;(x,y,2) = {¢'} and Adm; (v, z,y) = {f"}
to deduce that

(3.8) w(g',x,y, 2)w(f’ v, 2, g w(d, 1 g 2) = w(f” vz, p)w(f’' v, 17, w(d, 17y, 2).
Now, since the left side of (B.8)) is nonzero, the right side is also nonzero. Thus, w(c/, f”,y, z) # 0.
However, as depicted in the bottom-right diagram of Figure [[4] the triple (f”,y, 2) is frozen with
Admy (f",y,2z) = {¢"”}. Hence, ¢’ = ¢”. Similar reasoning yields f' = ¢’ and ¢’ = f”.

Now, let us evaluate the S weights. By Definition B.9] we obtain that

_w(abedx(eg zdxb. g0 1
Sp(a,b,c,d) = x(b, f'. ¢ a)x(a, ', z,d) W@, [ g 2)
!
SQ(b, e, f7 C) _ w(b7 e, f7 C)X(e, v, T, f)x(f7 x,q, C) 1

X(e v, JLOX0, T ghe) o v,a,g)
w C7 ) ) d 3 I’ ) 3 ) Z? d 1
Sn(c, f.g,d) = (e f:g )x(/f y g)lx(g Y2, d) : 7
X(f,.’L',g,C)X(C,g,Z,d) w(gu‘ruyaz)
so that the product of the stochastic corrections at P, @, and R is equal to
SP(a7 bu c, d)SQ(bu €, f7 C)SR(Cu f7 g, d)
w(a, b, c,dyw(b, e, f,c)w(c, f,g,d)
_ x(ev.x X2y, 9)x(9,y, 2, d) 1
X(e7 U? fl7 b)x(b7 f/7 cl? a)X(a7 Cl? 27 d) w(CI, f/7 g/7 Z)w(f/7 U? x? g/)w(gl7 x’ y7 Z) '

Similar reasoning using the lower row of Figure [I4] implies that the product of the stochastic
corrections at P', ', and R’ is equal to

Spi(c,e, f,9)Sq (a,c,g,d)Sr (b, e, c,a)

w(c, e, f,g)w(a, ¢, g,d)w(b, e, c,a)

__xevz xS 2,y,9)x(9,y, 2, d) 1

X(e, 0, )b g, )x(ar ¢, 2 d) w(g" 7, 9, Vw7 0,2, (0, g7

Thus, [338) and the fact that (f',¢',) = (¢, f, ¢") implies that
Sp(a,b,c,d)Sq(b,e, f,c)Sr(c, f,g,d)  Spi(c,e, f,9)Sq (a,c,g,d)Sr (b, e, c,a)

w(a,b, e, d)w(b, e, f,c)w(e, f,g,d) w(e, e, f,9)w(a, c,g,d)w(b,e,c,a)
Furthermore, both sides of (3I0) are independent of ¢ since the same is true about each index

appearing on the right side of (39). Thus, [B.1) is obtained by multiplying both sides of ([3.2]) by
either side of ([BI0), from which we deduce the theorem. O

(3.9)

(3.10)
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Remark 3.12. As in Remark 2.7l what allowed for the proof of Theorem [3.11] was that the quantities
appearing on either side of ([BI0) were independent of the interior vertex ¢ over which the sums in
B were taken. This independence was essentially stipulated by the consistency condition, which
imposed that any c-dependent y-weight appearing in the numerator of ([3.9]) must also appear in
the denominator.

4. A StocHAsTIC ELLIPTIC MODEL

In this section we explain how to use to the framework of Section [3] to stochasticize solutions to
the dynamical Yang-Baxter equation coming from the fully fused eight-vertex SOS model. We begin
in Section [4.1] with some notation on elliptic functions, Pochhammer symbols, and hypergeometric
series. Then, in Section we provide and stochasticize the fused solution to the dynamical Yang-
Baxter equation; in Section 1.3 we evaluate these stochasticized weights; and in Section E4] we
provide degenerations of these weights to the six-vertex and higher spin cases.

4.1. Theta Functions and Hypergeometric Series. Throughout this section, we fix n,7 € C
with §7 > 0. We will repeatedly come across the first Jacobi theta function 61(z;7) = 6(z;7) =
0(z) = f(z), defined (for any z € C) by

e 1\° 1 1
(4.1) f(z)z—jzooexp (FiT (j+§> + 27 (j+§> (z—i— 5)) ;
which converges since 37 > 0 and satisfies (see, for instance, equation (2.1.19) of [26])
fle+2)f(@—2)f(y+w)fly—w)

=fe+y)@—y)fz+w)fz-w)+ fle+w)fle—w)fly+2)f(y-2)

for any w, z,y, z € C.
For any complex number a and nonnegative integer k, the rational Pochhammer symbol (a)k;
q-Pochhammer symbol (a;q)x and elliptic Pochhammer symbol [a] = [a; 7]k are defined by

(4.2)

k—1 k—1 ‘ k—1
(4.3) @i =JJ+5;  (@as=]]0—-a);  las=]] fla—2nj),
j=0 j=0 =0

respectively. In particular, when k = 0, all three of these expressions above are set to 1 (indepen-
dently of the parameters a, ¢, and 7). The definitions of these Pochhammer symbols are extended
to negative integers k by

LS| LT i 1
(a)kzl:[a—j; (aﬂl)k:l:[m? [a]kzﬂm-
Jj=1 j=1 Jj=1
One can quickly verify that these Pochhammer symbols satisfy the identities
) k. — (- ) __ [am : ke ),
(44) (a7 Q)k(aq 7q)m = (a7 q)k-i-m, [a]m—k = [a — 277k5]k7 ;L)H}(l Q) (q 7q)k = (G)k,

for any a € C and k,m € Z.
From the Pochhammer symbols, we can define the rational hypergeometric series,

[e'e] Zk P T
) =3 5 Tl TT0)
k=0 j=1 j=1

ai,a2,...,0p
(45) ;DF’I“ ( b17b27 s 7b’r
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the basic hypergeometric series,

al,ag,...,ap
(46) per ( bl; an .

..,

P r

o0
) =3
and the elliptic hypergeometric series,

ai,a2,...,0p
(47) per ( b17b27 s 7b’r

for any positive integers p,r and complex numbers a1, az, ..., ap, bl, bg, ...ybp,z. Here, we must
assume that the series ([@.0)), (£0), and (@) converge. In the situations we come across, this will
be guaranteed since these series will always terminate. For (LI]) this means that some a; = —r; for
(L8) that some a; = ¢~ "; and for (£1) that some a; = 2nr, where in all cases r is a nonnegative
integer.

In what follows, we will require several identities satisfied by hypergeometric series. The first is

the Vandermonde-Chu identity, which states (see equation (1.2.9) of [33]) that
—k,b (c=b)

4.8 F ) =
(1) n( E) -
for any £ € Z>¢ and b,c € C. The second is the g-Heine transformation identity for the 21
hypergeometric series, which states (see equation (1.4.1) of [33]) that

—k . k. -1

q",b (0590 (@ 2 )k b~ e,z

(4.9) 2<P1< . q72> = 0w 21| kg ab],
for any k € Z>¢ and b, ¢, z,q € C with |g|, |b] < 1.

To state additional identities of use to us, we must first explain certain specializations of param-
eters under which hypergeometric series are known to simplify. The two we will discuss here are
very well-poised hypergeometric series and balanced hypergeometric series.

The very well-poised elliptic hypergeometric series is defined by

r+1

— 2Far) far — 4nk) [a;]k
kz::() [=2n]  fla1) ]1;[6 a1 — aj — 20l

(410) T+1UT(G1;(E6,G7,..-,ar.l,.l;Z) =

which can be viewed as a special case of the elliptic hypergeometric series [L7) where aq, as, a4,
and aj are fixed in terms of aq, 7, and 7; see Section 11.3 of [33]. We also call the very well-posed
elliptic hypergeometric series ,1v.(a1; ag, az, ..., ar+1) balanced if

r+1
(r—2>5) a1—277 i
RS A — a; — 2n,

which is often imposed in order to ensure total elhptlclty of the sum [I0).
Now, the (terminating) elliptic Jackson identity (which was originally found by Frenkel-Turaev
[32]; see also equation (11.3.19) of [33], in which all parameters are divided by —27), states that

[a —2nlnfa —b—c—2nln[a —b—d —2nlnfa —c—d — 21,
4.11 :b,e,d, e, 2nn; 1) =
( ) 10v9(a; b, ¢, d, ¢, 2nap; 1) [a—b—2nla—c—2n]ula —d—2n],Ja—b—c—d—2n],

for any nonnegative integer n, if 10vg(a; b, ¢, d, e, 2nn; 1) is balanced.
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FIGURE 15. Depicted above is the way in which the dynamical parameters A and
v change between faces.

4.2. Stochasticizing Fused Elliptic Weights. In this section we stochasticize a solution to the
dynamical Yang-Baxter equation that arises from fusing those coming from the elliptic solid-on-solid
(SOS) or interaction round-a-face (IRF) model [26]; these solutions are essentially reparameteriza-
tions of the ones provided in [IJ.

We begin with a definition of the dynamical Yang-Baxter equation.

Definition 4.1. We say that a weight function Wy, (il,jl;ig,jg | \;x,y) is a solution to the dy-
namical Yang-Bazter equation for any i1, j1, 12, j2 € Z>o and A, z,y, J, A € C if the following holds.
For any fixed z,y, 2, A\, T € C; i1, j1, k1,3, j3, k3 € Z>o; and J, A € Z+, we have that

Yo Woalinjisiz, gz | X, y) Wi (ki jos bz, ja | A+ 20(2i2 — A); z, 2)
i2,J2,k2€Z>0
x Wair (kas iz ks, is | Ay, 2)
= Z Wy (K2, jus ks, jo | A @, 2) Wagr (kiyins kayio | A+ 20(251 — J)3y, 2)

12,52,k2€Z >0

(4.12)

x Wi (i2, 23 i3, 43 | A + 20(2ks — T); 2, y).

Observe that, without the parameters A, J, A, and T', (@12 is similar to ([2I]). The diagrammatic
interpretation of [@IZ) is again that W, (i1, j1;42,j2 | \;2,y) is the weight of a vertex u in a
directed path ensemble with arrow configuration (i1, j1;i2, j2), where 2 and y denote the horizontal
and vertical rapidity parameters associated with u, respectively; see the left side of Figure Here,
J and A are spin parameters that are associated with the horizontal and vertical edges that intersect
to form u, respectively.

The complex number A = A(u) is a dynamical parameter that changes between vertices according
to the identities

(4.13) AMa+1,b) = A(a, b) + 2n(ia — A); Ma,b—1) = Aa, b) + 2n(251 — J),

where (41, j1; 2, j2) is the arrow configuration associated with the vertex u = (a,b); we refer to the
left side of Figure for a depiction of these identities, where for each vertex u, the dynamical
parameter A(u) there is drawn in the upper-left face containing w.
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Under this identification, the diagrammatic interpretation of ([4I2]) is again that of moving a line
through a cross (similar to what was depicted earlier in Figure [l), where the dynamical parameter
A(u) is now taken into account to evaluate the vertex weights. One can equivalently express the
Yang-Baxter equation (@I2]) in the face form ([B3]) on the dual graph, but here we will adhere to
the vertex notation with dynamical parameters changing according to (£I13]).

Now let us provide an explicit solution to the dynamical Yang-Baxter equation in terms of very
well-poised, balanced 15v11 elliptic hypergeometric series.

Definition 4.2. Fix z,y € C, and let J € Z~o; A\, A € C; and i1, J1,%2,j2 € Z>9. We define the
elliptic fused weight Wy,a (il,jl;ig,jg | )\;x,y) = Wy.a(i1, j1; 12, j2) as follows.

If either i1 + j1 # iz + j2, j1 & {0,1,...,J}, or jo & {0,1,...,J}, then Wya (i1, j1;42,52) = 0.
Otherwise, set

ar = A+202j1 +jo — J);  as =2nj1;  ar =2nje;  ag = A+ 2nji;

(4.14) ag=A+2n(i1+21—J—1—-A); awo=nA—=J)+z—y+2n(jz—1i1—1);
arr =n(A—=J) =z +y+2n(j2 —i1); a2 = A+ 2n(iz + j1 + j2 — J),

and, if i1 4+ j1 =42 + j2 and j1,72 € {0,1,...,J}, then define

(4.15)

Wi (i1, j13 92, J2 | A 2, y)
2niali, [20A];, [20(] = 32)],, [20id] ,, [20(A — i1+ j2)] ),

2ni)iy [2nA)i,  [201] A+ J)—z+y],
X A+ ) —at+y =2 +51)] ;o [Nre—y+ 26+ 20 - 1) —n(A+ )]
(At 2niz] [N+ 20(in + 251 = )+ (] = A) -z +y]

A 20i1] [N+ 20250+ jo — T = 1)]

x12v11(a1; as, az, as, ag, @10, a1, a12; 1).
Remark 4.3. The elliptic fused weight WA (il,jl;ig,jg | )\;a:,y) from Definition is directly

related to the W (i1, j1;42, j2 | A;v) weight given by Definition 3.6 of [I] as follows. Denoting the
latter by U; (il,jl; i9, jo | A, v), we have, by Theorem 3.9 of [I], that

(4.16) Wi (11,]1; i2, 2 | /\733719) = f@2n" " {222.2} 2U; (117]1; i, j2 | A x —y — 77J)-

13y
Thus, W and U are related by a gauge transformation and a change of variables replacing the w
and z from [I] by = + n(J — 1) and y here, respectively.

The following proposition states that the dynamical Yang-Baxter equation holds for the elliptic
fused weights. Its proof follows from Section 3 of [I] and Theorem 2.1.2 of [26] and is therefore
omitted.

Proposition 4.4. The elliptic fused weights W .5 (il,jl;ig,jg | Az, y) from Definition [{.9 satisfy
the dynamical Yang-Bazter equation in the sense of Definition [{-1]

Now let us implement the stochasticization procedure on the elliptic fused weights W,x. This
will be similar to what was done in Section [2] except, in the situation here, we have the dynamical
parameter \.
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A k+i1+ 5 i\:‘\\\\\ A

FI1GURE 16. The process of the stochasticization curve being pushed through a
vertex in the elliptic setting is depicted above.

In particular, the shaded vertices will again have arrow configurations of the form (i, j;i + j,0).
For a fixed parameter T' € C (which serves as the analog of s from Definition [Z]), the x weights
from Definition B.5 will be given by Wy.r(¢,7;¢ + 7,0| A;2,0) and Wa.r(i, 553+ 7,0 | A; , O)E The
first and second conditions in Definition hold due to the fact that W,z (41, j1; %2, j2) = 0 unless
11,71, 12, j2 > 0, and the Yang-Baxter equation ([@I2]), respectively.

To verify the third condition, we must assign an attachment of shaded vertices to each vertex u
in our domain. This is analogous to what was done in Section Specifically, we begin with a
stochasticization curve that initially starts with some number k of arrows and then collects those
that our domain outputs. We then push the stochasticization curve through our domain one vertex
at a time, as depicted in Figure [ or Figure (the latter is very similar to Figure [ but also
labels the dynamical parameters in the relevant faces). The two vertices of stochasticization curve
adjacent to u before being pushed through u will be the two shaded vertices assigned to w.

Since W(0,0;0,0) = 1, the degeneration of (B3] to our situation is given by the following
definition (analogous to Definition 24]), where in what follows, r denotes the number of arrows in
the stochasticization curve before encountering the vertex to be stochasticized (as in Figure [IG]).

Definition 4.5. Fix z,y,\,T € C; i1, j1, 42, J2,7 € Z>0; and J, A € Z(. Define the stochasticized
elliptic fused weights
(4.17)  Sya(in, Jrsd, g2 | X,y Tir) = W (in, jusio, o | X 2,55 T3 1) Cra (i, a3 s G2 | N 2, y),
where we have denoted the stochastic correction by
(4.18)
Cra (v, jisiz, jo | X @, y; Tsr)
 Wawr(r + jasiosr +ia 4+ 52,0 X 9,0) Wy (r,j2; 7 =+ j2, 0| A + 2(2i2 — A); 2, 0)
Waur (ryiv;r + 1,0 | A+ 20(21 — J);4,0)  Woyr(r+ i1, ji;r + i1+ 51,0 A 2,0)

The following result explicitly evaluates the stochatsicized elliptic fused weights given by Defini-
tion .5t we will establish it in Section

4The rapidity parameter associated with the stochasticization curve will be 0 to simplify notation; setting it to
be nonzero causes in a shift in the new dynamical parameter to come from the stochasticization procedure.
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Theorem 4.6. Adopting the notation of Definition [{.9] and defining v = n(J + T — 2r), we have
that

(4.19)
Syia(in, j1s iz, j2 | A vy 2, y)
[20i1], [n(A+ ) =z +y = 2n(i + )]

7 [277]’2}” A+ J)—z+ y}J

y (At 2mi = A=1)], A +29(2 =T = 1))
[A+20(2i2 + g2 = A)], [N+ 2020 = A= 1D)] [N+ 29(2j1 + 52— T = 1)]

X Atz —y+2mi+21 = 1) = A+ )] [N =z +y+ 206+ 251 — J) +0(J = A)]
Atz —v+2(2iz2+2j2 —A-1)] [v—z—2nj],

[)\+x—v+2n(i1—|—2j1—1)}jl [v—x—277JLl

y A +y— v+ 2n(2is + ja — 1)4—77(J—A)L2 [v—y—n(A—i—J)L.2

Ay —v+202i +2j1 — 1) =n(A+ )], [v—y+nA—J—2i)]

x 12v11(a1; ag, az, ag, a9, @10, @11, @125 1)1i, 451 —is4as

J—j1—32

= [2n(] = 51)], [20(A — i1 + j2)]

J1

where we have denoted Sya (i1, j15i2, 2 | A vs,y) = Sya(iv, ji;dz, jo | N, y; Tor) (since @EID)
indicates that it only depends on T and r through v).

As in Section 2.2 the parameter v here is dynamical; it depends on the vertex u that is being
stochasticized, and so we sometimes write v = v(u). The parameter r is analogous to the parameter
k from Section and is governed by the same identities (given by the first two in (23])). Thus,
from the definition v = n(J + T — 2r), one can quickly deduce that v(u) is governed by

(4.20) v(a —1,b) = v(a,b) — 2ni1(a,b); v(a,b+ 1) =v(a,b) — 2nja(a,b),

for any (a,b) € Z2>0; this is depicted on the right side of Figure [[5 where there the dynamical
parameter v(u) is drawn in the lower-right face containing wu.

The stochasticity and dynamical Yang-Baxter in this setting is given by the following theorem,
which takes into account both dynamical parameters v and A.

Theorem 4.7. Adopt the notation of Theorem [{.60] For any fivzed A, x,y, \,v € C; J € Zso; and
i1,J1 € ZZQ, we have that Zi27j2€Zzo SJ;A(il,jl;ig,jg | AU, y) =1.
Furthermore, for any fized i1, 7j1,13,j3 € Z>o; J,A € Zso; N\T,v,2,y,2 € C, the S weights
satisfy
(4.21)
> Syalingisie g2 | Ao — 2nki; 2,y) Sy (kg2 ko, gs | A+ 29(2ia — A);v; 2, 2)
i2,j2,k2€Z>0
X S (ko ios k3, iz | Ao — 2nj35 9, 2)
= Z Sagr (k1yins kayio | A+ 20(251 — J); 03y, 2) S (K2, j1s ks, jo | X v — 2nigs 2, 2)
12,J2,k2€Z>0
% Syia(i2, 23 i3, js | A + 2n(2ks — T); v; 2, y).
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Proof. The first and second statement of this theorem are the applications of Lemma [3.10land The-
orem [BTT] to our setting, respectively; the second statement ([@21]) can alternatively be established
directly, similar to the proof of Proposition 2.6 but we will not implement this here. |

Remark 4.8. We are unaware of any stochastic, fully elliptic solution to the dynamical Yang-Baxter
equation that does not involve the second dynamical parameter v. This is different from what was
described in Section [2, where setting v = 0 in the weights (2.4) still gives rise to stochastic weights
satisfying the non-dynamical Yang-Baxter equation.

4.3. Proof of Theorem In this section we establish Theorem .G to that end, we must
evaluate the stochastic corrections Cj.p from ([@I8). This is done by the following proposition.

Proposition 4.9. Denoting v =n(J +T — 2r), we have that

Cra (v, jrsiz, jo | X @,y; Ty )

(2], [20A],, [2004], [2051] [+ 2m51],_ [A+ 202 - T = 1)]
(20T, [20A], [2ni2],, [2072] ;, [A + 20(2i2 + j2 — A)], [A+2n(2i2 — A = 1)]
(A 2n(in+ 20 = D] [A+ 2@+ —A=1)],_

(A 2min] ;o [N+ 2n(in + 1 — A= 1)]

Atz —v+ 222 +2j2 = A= D)], [v—2— 2],
[/\—|—x—v—|—277(i1—|—2j1—1)}j1 [v—x—277J]i1

. Aty—v+2n2ia+jo— 1) +0(J =A)], [v-y-—nA+J)]
Aty —v+2n(2i0 +2j1 = 1) =n(A+ )], [v—y+nA—J—2i)]

J—j2

X

J1

Theorem follows from inserting Proposition L9 into (£I7)). To establish Proposition [4.9] we
require explicit expressions for fused weights of the form Wy.4 (4, j;¢ + j,0). In principle, these are
given by Theorem [4.6] by an elliptic hypergeometric series; however, the following result, which can
be found as Proposition 4.3 of [I], indicates that these hypergeometric weights simplify considerably
when j2 = 0.

Proposition 4.10 (|1, Proposition 4.3]). Let i € Z>o, J € Zso, and j € Z. If j <0 or j > J,
then Wj(i,j;i+ 4,0) = 0. Otherwise,

Wi (i, jii+ 3,0 Nz, )
0], 20+ D] [+ 206+ )],
(4.22)  [204], (A +J) =z +y],
[ —y+A+2n(i+2j—1)—n(A+J)] [n(A+J)—2n(i+j)—x+y}J_j

J

[A+2n5],_[A+20(2) — T —1)]

J

Now we can prove Proposition
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Proof of Proposition [{-9 By (£22), we have that

(4.23)
Wi (7, j2; 7 + j2, 0 | X + 2n(2i2 — A); 2,0)
Wy (r+i1, i+ + 41,0 Ay 2,0)
[2n(r+42)],,  [207], [2051],, [A+20(r + 202+ j2 — A)]
2n(r +iv+50)], [207], [2n72],, [N+ 200 + 0+ 1))
(A +2n1],_, [A+20(250 = T = 1)),
[A+29(2iz +jo = A)] ;o [N+ 29(2i2 +2j2 = A =T = 1)]
A+ 2 +2n(r +2ig+2jo —A—1) —n(T + J)L.2 [n(T + J) = 2n(r + j2) — ]
A+ z+2n(r+i1+2j1 — 1) — (T + J)]

J—j2

J—J1

X

2

[n(T—J—27°) —xLl ’

J1
where we have used the fact that

[(n(T + J) = 2n(r + j2) — I]J—jz (n(T + J) = 20(r + ja) — ]

[n(T—l—J)—Qn(r—l—il—i-jl)—x] - [n(T—J—Zr)_I]il 2,

J=7j1

which holds from the second identity in (@4 and the fact that i; + j1 = i2 + jo. Again applying

A22) yields

(4.24)
WA;T(T + jo,l2;7 4+ i2 + j2,0]| /\;y,O)
Wair (ryinsr + i1, 0| A+ 2n(2j1 — J); 9, 0)
[277(T +i2 + ]2)} is [277A} i [2771‘1} i1 [)‘ +2(r +i1 + ]1)] J—j
[2n(r +11)] 0 [2nA] i [2n7is) 0 A+ 2n(r + 2is + jo — A)] T
[A+2n(is + 251 = J)] A+ 2n(2i2 +2j2 — A — J —1)]
" 4
(A +29(2i2+2j2 =T = A)],, S [A+2mio],_ . [A+ 2922 A-1)],_
A+ 2n(iz + 51 —A=1)]
[A+2n(iz + 1 — A — 1)]j1
[y + A+ 20(r +2i2 +j2 — 1) = (A +T)]
Tyt atontr+2u+ 2 —J -1 —nA+T)]

J2

(T — A—2r) — y]j2

(A +T) = 2n(r +i1) —y].

i1
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where we have used the facts (again due to the second statement of ([@4]) and the identity i1 + j1 =
i + ja2) that

A+ 2n(r +ia + jQ)]A_iz A+ 2n(r + i1 + j1)] i
Dt 2nr+in+2i— D], A2 +2i+jp—A)],
A +T) =200 +iz+jo) —yly_,, [T —A=2r)—y]
A +T)=2n(r+i) =y, [A+T) =290 +i) —y].
A+ 2n(i + 251 = J)] ., (X +2n(is + 21 = J)]
N\t 20i2], TP @izt 22— TN, A 2mi),
[A+2n(2i +2j —J — A= 1)], A+ 2020+ 21— T = A=1)],.
[+ 20202 — A—1)],, TPt t - A-T D]

[N 2n(2i2+ 252 - A= T = 1)]
[A+2n(2ip — A — 1)] Teia

A+ 2n(is +j1 — A —1)] T

A+ 2n(iz +j1 — A —1)]

J2

J1

Again using the second identity in ([£4) and the fact that i1 + j1 = i2 + j2, we find that
[A+2n(2is + j2 — A)] T [N+ 20(2is + 2jo — J — A)]%_J = [\ +2n(2i2 + jo — A)]
[2n(r +i1 + 1)), [20(r +41)],, = [20(r + 142 + j2)], [20(r + j2)] .,

using which, and inserting ([@.23]) and ({.24) into (£I]), we deduce the proposition (after recalling
that v =n(J + T — 2r)). O

j2’

4.4. Degenerations. In this section we consider several degenerations of the stochasticized fully
fused elliptic weights.

First observe that there exists a trigonometric limit under which the theta function given by (£.1))
converges to a (scale of) a trigonometric function, in that lim, i, e~ ™7/40(2) = 2sin(nz). Using
this fact, one can show that as 7 tends to ico and v tends to ico, the stochastic weights defined by
IT) (or explicitly by Theorem 0] degenerate to those provided in Definition 1.1 of [I] that give
rise to the dynamical stochastic higher spin vertex models. Already under the trigonometric limit
(as 7 tends to ico) and when v remains finite, the weights given by Theorem [4.6] appear to be new,
except in the case when J = 1 = A, when they coincide with those of Proposition 2.5 which were
considered earlier in [21].

Here, we will mainly focus on the case when the trigonometric limit is not taken, that is, when 7
remains finite. This gives rise to an elliptic, stochastic, integrable face model that does not seem to
have appeared before in the literature. The fully general weights of this model given by Theorem [4.6]
might not appear so pleasant, but they become significantly simpler under certain specializations
of the parameters.

We begin with the case J =1 = A.

Proposition 4.11. For any A\, v,x,y € C, the stochasticized elliptic fused weights at J =1 = A,
given by S1.1(i1, j1592, 42 | A, v;2,y), coincide with the ones provided in Definition [[1. Here, we
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recall that the dynamical parameters A\ and v are governed by the identities (£13) and (E20) that
are depicted in Figure[[d (with J =1=A).

Proof. Abbreviating W11 (il,jl;ig,jg | )\;x,y) = Wh1(41, j1; 42, j2), one can deduce (directly from
the definition (@I3) or from specializing A = 1 in equation (3.1) of [I] and applying the transfor-
mation from Remark 3] that

fly—2)f(A+2n) , fAA=y+2)f(2n)

Walb 6L = = apryt MO LY =y

(4.25) , SO\ +y—x)f(2n) , fly—2)f(A=2n)
Wl;l(lvoaovl) f( —UC+277) ( )7 Wl;l(Ovlaovl)_ f(y—96+277 f()\)’

W1.1(0,050,0) =1 =Wi.1(1,1;1,1).
Now the proposition follows from inserting (£23]) and the explicit form of the stochastic correction

given by Proposition into (@I7). O

Since the S1.1(i1,j1;%2,j2) are zero unless i1, ji,42,752 € {0,1}, we view them as giving rise to
an elliptic, stochastic, dynamical deformation of the six-vertex model. The higher spin analogs of
these weights (allowing for arbitrary iy,i2 € Z>( but still restricting j1, j2 € {0,1}) is given by the
following proposition.

Proposition 4.12. For any A, \,z,y,€ C and k € Z>(, we have that
fly—z+nA—2k+1))f(A+2n(k —A—1))
fly—z+nA+1))f(A+2n(2k —A—1))

y flz=v)f(A+y+n(dk—A—-1)—0) '
flz+2kn—v)f(A+y+n2k—A—-1)—v)’

Sl;A(ka 07 ka O) =

fA=—y+az+n2k—A+1))f(2n(A—k))

fly—z+nA+1)fF(A+2n(2k —A+1))
flo—2)f(A+y—v+ndk—A+3)) '
fA+z—v+2nk+1))f(v—y+nA —2k—1))

Sl;A(kv 1a k+ 170) =

fA+y—z+n2k—A-1))f(2nk)
fly—z+nA+1))f(A+2n(2k —A—1))
y fo—y—nA+1)f(X—v+z+2n2k—-A-1))
flo—z=2kn)f(A+y+n2k—A-1)—v)

Sl;A(kv Oa k — 17 1) =

fly—z+n2k —A+1))f(A+2n(k+1))
fly—z+nA+1))f(A+2n(2k —A+1))
flz+Xx+2n(2k —A+1)—v)f(v—y—n(A+1))
fA+z—v+2nk+1)flv—y+nA-2k—-1))’
and S1.4 (i1, j1; 42, j2) = 0 for all (i1, j1; 42, j2) not of the above form. Above, we have abbreviated

Sl;A(il,jl;iQ,jQ | )\,v;x,y) = S1;a(i1,J1; 12, J2). Here, we recall that the dynamical parameters
and v are governed by the identities (AI3) and (@20) that are depicted in Figure 13 (with J = 1).

Sl;A(k, 1; k, 1) =
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Proof. The proof of this result is entirely analogous to that of Proposition E.I1] after observing

(again, either as a consequence of Definition or by applying the transformation given by Re-
mark 3] to equation (3.1) of [I]) that

fly—az+nA - 2/€+1))f()\+277k)'

fly—z+nA+1))f(N) ’
fOA—y+z+n2k—A+1))f(2nk+1))
fly—z+nA+1)F(N) ’
f()\—l—y—x—l—n(Zk A— )) (277(k+1))
Fly—z+n(A+1)f(N) ’
fly—x+n2k —A+1))f(A+2n(k —A))
Fly—z+nA+1))f(N) '

Wl;A(ka 07 ka O) =

Wia(k,1;k+1,0) =

Wl;A(kvo; k — 15 ) -

Wia(k,1;k,1) =

O

Proposition indicates that the elliptic hypergeometric weights 5.5 simplify for arbitrary A
when J = 1. When J € Z~ 1, these weights typically do not simplify. However, an exception in the
case x =y + n(J — A) was found in Theorem 3.10 of [I] (as an elliptic analog of Proposition 6.7 of
[13]). It was shown there that, under the trigonometric limit, these simplified weights give rise to
a dynamical variant of the g-Hahn boson model.

The following proposition shows that, under this specialization © = y 4+ n(J — A), our stochasti-

cized fused elliptic weights also simplify; this gives rise to an elliptic variant of the g-Hahn boson
model of [23] [47].

Proposition 4.13. Fiz J € Zso and i1,i2 € Z>o, and assume that x =y + n(J — A); further let
J1,J2 € {0,1,..., J}. If iy + j1 # i2 + Jo, then SJ;A(i],jl;ig,jg |U,)\;:C,y) = 0. Otherwise,
Syiain, jisiz, j2 | A vy, y)
_ [20J], 2], [20(A —in)] o [A+ 200 + 250 = D] [A+ 202 + 51— A= 1)]
[2nj2] ,, [2nA] X+ 20(2i2 + j2 = M), [N +20(2i — A= 1)]
Mtz —v+2m(2iz+2j — A= 1)] . [o—x—2nj],
[/\—|—x—v+277(i1+2j1—1)}j1 [v—x—ZnJ]il
A +y—v+2n(2+ j2 — 1) —l—n(J—A)L2 [v—y—nA+ J)]j2
Aty —v+29(2i+ 21— 1) —nA+ )], [v—y+nd-J-2i)] nziz

Here, we recall that the dynamical parameters X\ and v are governed by the identities [EI13) and
@E20) that are depicted in Figure 1A

Proof. Theorem 3.10 of [I] states that, if x = y 4+ n(J — A), then
(4.26)

L, >j, [277J]J [277/\} i [2mi2)i, [277’.1}” [277(A - Zl)} J—js
[2n1];, [20(] = 51)] ,_;, [2nA],, 2nia)e [2nA]
(A +2nia] ;o [N+ 20(iz + 51 — A= 1)]
A+ 2mg], A+ 22— T -1)],

Wi (i1, j1si2, J2 | N2, y) =
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ifiy+71 =i2+j2 and j1,j2 € {0,1,..., J} and is otherwise equal to 0. Now the proposition follows
from inserting ({26]) and Proposition 9 into ([@I7). O

We will not analyze further degenerations of our stochastic fused elliptic model and instead leave
such investigation for future work. Let us conclude this section by mentioning that the stochasticity
of the general Sj.a weights follows as a special case of Lemma However, in each of the three
situations explained above, this stochasticity can be checked directly. In the six-vertex and higher
spin elliptic models (given by Proposition LTIl and Proposition [£12), this is a consequence of ([£.2).
In the elliptic variant of the g-Hahn boson model (given by Proposition ELT3)), this is a special case
of the elliptic Jackson identity (Z11]).

5. DYNAMICAL HIGHER RANK VERTEX MODEL

In this section we apply the stochasticization procedure to solutions to the Yang-Baxter equation
coming from higher rank vertex models, which were studied previously in [19, 4], 43]; this will
give rise to dynamical variants of the models studied in [19, 41l [43]. We begin in Section [5.1] by
stochasticizing these solutions and then we detail some special cases in Section

5.1. Dynamical Higher Rank Model. In this section we implement the stochasticization pro-
cedure on (the transposed version of) a solution to the Yang-Baxter equation due to Bosnjak-
Mangazeev [20] that arises from symmetric tensor representations of Uq(sA[n_H). Let us begin by
defining this solution. Throughout this section, we fix ¢ € C and n € Z~.

The below definition originally appeared as equation (7.10) of [20] under a change of parameters;
as stated below, it appears as equation (C.4) of [I9]. In what follows, we recall that a composition
of length k + 1 and size N is a sequence C = (Cy, C1,...,Ck) = (C;) of nonnegative integers such
that Z?:o Cj = N. We denote /(C) = k+1 and, for any 0 <i < j <k, weset Cp; jj = > _; Cpy.
Two compositions of the same length k& + 1 can be added or subtracted as (k + 1)-dimensional
vectors, although the result might not be a composition. For any finite set S C Z, we also define

|S| = ESES 8.

Definition 5.1 (|20, Equation (7.10)]). For any z,y € C and n-tuples A = (A1,...,\,) € Z%, and
= (p1,. .., pin) € ZZ, define

. —-1,,. n .
SO\ i, 1) = (5 Q) 1A (7 5 Q) = (gyxlqzlgm.@(mdi)xj 11 (45 9) s .
(Y5 Ol x 1 (@GO (G D,
Now let z € C and L,M € Zso. Let A = (4;), B = (B;), C = (C;), and D = (D;) be four
compositions of length n + 1. Define A = (A;,A4s,...,A,) € 7Y, (that is, A is obtained by
removing Ay from A), and similarly define B, C, and D.
IfA+B=C+D,|Al=M=]|C|, and |B| = L = |D|, set
(5.1)
Usai (A, B;C,D| 2)
= zIﬁI_IEIqLIKI_M‘ﬁI Z @(C —P,C+D-P; ¢l Mz, q_Mz)q)(P,
P<B,C
where the sum is over all P = (P, ..., P,) € ZY such that 0 < P; < min{B;,C;} for each i € [1,n].
Otherwise, set UL;M(A, B;C,D| z) =0.

jos]

vqt2 g h),
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The following proposition states that these U weights satisfy the Yang-Baxter equation; it is due
to equation (3.20) of [20] but, as stated below, it appears as Theorem C.1.1 of [19].
Proposition 5.2 (|20, Equation (3.20)]). Fix L, M,T € Zso; x,y,z € C; and length n+ 1 compo-
sitions 11,J1, Ky and I3,J3,K3. Then,

x x
Z UrL.m (11,-]1;12,-]2’—) Ur,r (Klez;Ksz‘—) Unm.r (Kz,Iz;K3,I3’g)
12,J2,K> Y z z

o X
= Z Un,r (K1711;K2,12’g) Ur.r (K2,J1;K3,J2’—) Ur.m <I2,Jz;13733}—> )
I>,J2,K> z z Yy

(5.2)

where the sums on both sides of [B.2) are over all compositions 1s,Jo2, Ko of length n + 1.

Before proceeding, let us mention that if we were to stochasticize the U weights using the direct
analogs of ([23) or @I7) (and (IF)), we would be required to evaluate weights of the form
UL;M(A, B,C,D| z) with |[D| = 0. Similar to what was indicated by Proposition EEI0, one might
expect these weights to factor, but this does not seem to be transparent directly from the definition
(&1). However, Ur.m (A, B,C,D| z) can be quickly seen to factor if |B| = 0, since then the sum
on the right side of (.1 defining this weight would be supported on P = (0,0,...,0). Therefore,
it will be useful for us to define “transposed” modifications of the U weights in which B and D are
reversed; this is given by the following definition.

Definition 5.3. Adopting the notation of Definition 5.1l define
(53) WL;M(A,B,C,Dlz)ZUL;M(C,D,A,B|Z).

The fact that the W weights satisfy the Yang-Baxter equation is then a consequence of Propo-
sition

Corollary 5.4. Adopt the notation of Proposition [ Then ([B.2) holds with the U weights there
replaced by the W weights from Definition [5.3.

As in previous sections, the W weights and Corollary [5.4] have diagrammatic interpretations.
Specifically, let D be a finite subset of the graph Z2,. An n-colored directed path ensemble on D is
a family of colored paths connecting adjacent vertices of D, each edge of which is either directed up
or to the right and is assigned one of n colors (which are labeled by the integers {1,2,...,n}). We
assume that each vertical edge and each horizontal edge can accommodate up to M and L paths,
respectively.

The (colored) arrow configuration associated with some vertex u € D is defined to be the quadru-
ple of compositions of length n + 1 given by (A, B, C,D) with |[A| = M =|C| and |B| = L = |D|.
Letting X; be the i-th component of X for each X € {A, B,C, D}, the integers A;, B;, C;, and
D, denote the numbers of incoming vertical, incoming horizontal, outgoing vertical, and outgoing
horizontal arrows of color i, respectively, for each i € [1,n]. Thus, Ag = M — Ay ), Bo = L — By ),
Co =M — C}1 5}, and Do = L — Dy ;) denote the numbers of additional arrows that can be accom-
modated in each direction; we sometimes view these as arrows of color 0. We refer to Figure [T for
example.

Then we view the quantity Wr. s (A, B,C,D| %) as the weight associated with a vertex v € D
whose colored arrow configuration is (A, B, C, D). ‘Here, 2 and y denote the rapidity parameters at
u in the horizontal and vertical directions, respectively, and L and M denote the spin parameters
in the horizontal and vertical directions, respectively. As in Section 2.1l the Yang-Baxter equation
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q

FiGUurRE 17. Depicted above is a colored vertex u, where the dotted, dashed,
and solid arrows are associated with colors 0, 1, and 2, respectively. The arrow
configuration of u is (A, B, C,D), where A = (1,1,1); B=(2,1,1); C = (0, 1,2);
and D = (3,1,0) (so that L =4 and M = 3). The dynamical parameters are also
labeled in each of the four faces passing through wu.

given by Corollary [5.4] can be interpreted as moving a line through a cross, as depicted in Figure
in the n =1 case.

Now let us implement the stochasticization procedure on these Wr.ys weights; this will be simi-
lar to what was explained in Section 2l and Section In particular, shaded vertices only output
arrows of color 0 (and therefore do not output arrows with colors between 1 and n). Specifi-
cally, for fixed parameters z € C and T € Zsg, the x weights from Definition will be of
the form Wy, (A, B,C, Ley | f) and Wy, (A, B,C, Mey | %), where ke denotes the composition
(k,0,0,...,0) of length n + 1 (with & in coordinate zero and 0 elsewhere) for each k € Z>o. The
first and second conditions of Definition Bl follow from the facts that Wi (A, B, C,D) = 0 unless
each part of A, B, C,D is nonnegative, and Corollary [5.4] respectively.

To verify the third condition, we must explain how to attach two shaded vertices to a given vertex
w in our domain, which will again be similar to what was explained in Section and Section
In particular, we begin with a shaded stochasticization curve with rapidity parameter z and spin
parameter 1" that starts to the right of our domain. Suppose that this curve initially has H; arrows
of color i for each i € [0,n]; this gives rise to a composition H = (Hy, Hy, ..., H,) of length n 4+ 1
and size T.

Similarly to before, the stochasticization curve collects any arrow outputted by our domain and
only outputs arrows of color 0; see Figure [ for a depiction in the n = 1 case. We then move
this stochasticization curve to the left, through one vertex of our domain at a time, as depicted
in Figure B The two vertices of the stochasticization curve adjacent to w directly before the
stochasticization curve passes through it will be the two shaded vertices we assign to .

Since Wi (A, B, Leg, Meg) = 1a=re, LB=Me,, the specialization of (3.3)) in our setting is given
by the following definition. In the below, R = (Rq, R1, ..., R,) denotes the composition such that
there are R; arrows of color ¢ in the stochasticization curve before meeting u, for each 0 < i < n.
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Definition 5.5. Let L, M, T € Z~¢; x,y,z € C; and A, B, C,D be compositions of length n + 1.
For any composition R of size T and length n 4 1, define

(54)  Spa(A,B,C,D|a,y;T;R;2) = WL;M(A,B,c,D\g)cL;M(A,B,c,D|x,y;T;R; 2),

where we have denoted the stochastic corrections

(5.5)

WLT(RDR—I—D Leo,Le0|§)
Wrr(R+A - Mey,B,R+A+B— (L+ M)ey, Leg | Z)
XWM;T(R-FD—Leo,C,R-FC—FD—(L+M)60,Meo|%)

WM;T(R,A,R+A—Me0,Me0|%) ’

CLM(AB C,D|uz, y,TRz)

Now we proceed to determine these stochasticized weights. To that end, we begin with the
following lemma, which explicitly evaluates the stochastic correction C'r.as.

Lemma 5.6. Adopt the notation of Definition [5.3, and let A = (A;), B = (B;), C = (C)),
D = (D;), and R = (R;) for i € [0,n]. Denoting v =q %0z~ we have that

Cr.m(A,B,C,D|z,y;T; R; 2)

(M L)(Do—Bo)+AoBo—CoDo+Y <o j<, (D;Ci—A; BZ)(

3R

(¢ Poxv;q)p,  (¢FtM 0P

y "yv; q)c, H Al 19)B;
(gLtM=Ao=Bogu;q)p,  (¢M~Aoyv;q)a, 1 q)

Remark 5.7. Observe that (5.6) indicates that the stochastic correction Cp,.ps is only dependent on
T, R, and z through v. The fact that these three parameters reduce to one in this way was not
transparent to us before explicitly evaluating Crps.

Proof of Lemmal[5.8. In order to determine the stochastic correction Cr.ps using (B3], we must
first evaluate weights of the form W(A,B,C,D) = U(C,D,A,B) when |ﬁ‘ = 0. To that end

observe in the sum on the right side of (5.I)) that we must have that |P| = 0 if [D| = 0. Thus, that
sum consists of one term, and so we deduce that

WL;M(I,J, K, Leo | Z)

_ L—Jo (M—L)(Jo—L) (QL_MZ"Z)M (a9, (Sicocicn T H (D144,

= q

(5.7) (M2,Q) L+ M—To—0 (q @)1.(4; ).
Lo g(M=L)(Jo~L) (@ "°z9)5 0@ " a1, (Srsacezn s H % 9K,
(¢ Mz9)L (43 Q)Is (¢:4),

for any compositions I = (Iy, I1,...,I,), I = (Jo, J1,..., Jn), and K = (Ko, K1, ..., K,) such that
I+J =K+ Ley. Here, we have used the first identity in (@4 and the facts that m ’I‘ Iy and
similarly for J and K; that Ky + L = Iy + Jy; and that I,,, + J,, = K,, foreach 1 <m <n
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Inserting (&.7) into (&3], we find that
(5.8)
Cra(A,B,C,D|z,y;T;R; 2)
= gM=L)(Do=Bo)+ T cicjcn (D3 Cim A Bs) (E)DO*B" 11 (QfQ)Ai (q.; :

T ”
Jj=1

L—Ro— L+M—Ro—Co—D

(q Dozl 9)p, (g “yz N q)o (M) m—co (@9 -0
(qEHM-Ro=Ao=Bogz=liq)p,  (¢M~Fo~Aoyz=Liq)a,  (¢™;9)m-a,(¢L50) B,
where we have used the fact that A; + B; = C; + D; for each i € [0,n]. Now the lemma follows
from (B.8) and the fact that

(™ Dm0 DDy ayBy—cono (D)0 (4 9) B,

(M) m—a0(aL59) LB, U ERC T
which holds due the first identity in (4] and the facts that Ag+Bg = Co+Dg and v = ¢~ foz=1. O

X

Now we can quickly evaluate the stochasticized weights S, as.

Corollary 5.8. Adopt the notation from Lemma[58 If A+ B =C+D, |A|=M = |C|, and
|IB| = L = |D|, then

SL;M(Aa B7 Ca D | T, Y; ’U)
— qMBo—LCO+(M—L)(D0—BO)+AUBO—COD0+Zlgi<j§n(chi_AjBi)

659) @ g, (g
(qL""M_AO_BO’UfE;q)BO (qM_AOU%(J)Ao

L+M—Co—

Dovy; q)c, ﬁ (¢;0)4,(¢:0)B,
iz (@ dei (g a)p,

X Z @(K —P,A+B-P; ¢t My 1, qiMxyfl)fl)(P,E; g Loy, qu),
P<A D
where the function ® was given in Definition [51], and the sum on the right side of ([B9) is over
al P = (P1,...,P,) € Z%, such that 0 < P; < min{A;, D;} for each i € [1,n]. Otherwise,
S’L;M(A,B;C,D|x,y;v) =0.
Here, we have set S’L;M(A,B,C,D|x,y;v) = S’L;M(A,B,C,D |z, y; T; R, z), since (B9) indi-
cates that it depends on T, R, and z only through v.

Proof. This follows from inserting (5.6]) into (&.4]), and then applying (53) and Definition B11 O

The parameter v = ¢~ 0271 can again be viewed as a dynamical parameter, so we sometimes
denote v = v(u) by the value of v at a vertex u in Z%,. One can quickly verify that the identities

governing v(u) are given by
(5.10) v(a —1,b) = ¢M~Aoy; v(a,b+1) = ¢- Poy,

for any (a,b) € Z2, whose arrow configuration is (A, B, C,D). Indeed, this is due to the fact that if
the stochasticization curve passes an edge with spin parameter K with Xy incoming arrows of color
0, then it loses K — X arrows of color 0 (here, we view X € {4, B,C,D} and K € {L,M}). The
identities (B.I0) are depicted in Figure [T, where v(u) is labeled in the lower-right face containing
u.

The following theorem states that these S weights are stochastic and satisfy the (dynamical)
Yang-Baxter equation.
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Theorem 5.9. Adopt the notation of Corollary [5.8. Then, ZC_’D S’L;M(A,B,C,D | x,y;v) =1
for any v € C, where the sum is over all length n + 1 compositions C and D.

Furthermore, for any fived L, M, T € Z~g; x,y,z,v € C; and length n+1 compositions I,J,, K;
and 13,J3, K3, we have that

> Spm (11731;12732‘%y;qTf(Kl)OU) Spir (Kl,Jz;KzaJs‘%Z;U)
I3,J2,K>

X Suir (KQ’I%K&Is‘y,Z;qL’(Jg)Ov)

= Z Swmr (K1a11§K2712’y72;U) Sr.r (K2,J1;K3,J2
13,72, K2

(5.11)

T, 2 qM—(Iz)o)

X SL;M (12732;137:]3’%%“) )

where the sums on both sides of (LI are over all length n+ 1 compositions Is,Jo, Ko.

Proof. The first and second statements of this theorem comprise the degenerations of Lemma [B.10]
and Theorem B.11] to our setting, respectively. O

”

5.2. Higher Spin Degeneration. In this section we evaluate the “higher spin” and “spin %
degenerations of the Sr,as weights from Corollary 5.8l This is given by the following proposition
(the terminology we use is parallel to in the n =1 case).

In what follows, if a composition C of length n+1 is equal to e; for some integer j € [0,n] (that
is, the composition whose i-th component is 1,—; for each ¢), we abbreviate C = j.

Proposition 5.10. Fiz integers M > 0 and 1 < h < j < n; compler numbers v,x,y; and
compositions I = (I,) and K = (K,,) of length n+ 1 and size M. Abbreviating S(I, B,K,D) =
Sl;M(I,B,K,D | x,y;v) for any compositions B and D, we have that S(I, B,K,D) = 0 if arrow
conservation does not hold (meaning that I +B # K 4+ D). Otherwise,

(5.12)
I _ I, M Iy I; M
. g1 —gm)z(l = gV vy) N g (1 =gl )y(1 = qMoy)
S(Lj; K, h) = i SILK,j) = ;
xJ ) (x —qMy)(1 — gM~Tovy) ( J) (x — qMy)(1 — gM~Towy)
I I M I I
q'mr-u(z —gry)(1 = ¢ vy) , g (1—g)y(l — va)
S(Lh K, h)= ;o S(I,5;K,0) = ;
( ) (. — qMy)(1 — M~ Towy) ( ) (x — qMy)(1 — gM~Tovy)
Inn-11(1 — gin 1—agM 11 n _ qlo 1—
SILO:K, h) = & (1—g™)z(l — g vy) S1,0.K,0) = 2 (z —q"y)(1 — va)

(x = ¢My)(L = ¢~ Tovz) (x = ¢My)(1 — ¢~ Tovz)’
assuming that arrow conservation holds in each of the above cases, and S(I, B,K,D) = 0 for any
(I, B, K, D) not of the above form. Here, we recall that the dynamical parameter v changes according
to the identities indicated in ([@I0) and depicted in Figure [0

In particular, if M = 1, then these weights are given by Definition .3

Proof. Since the last statement of the proposition follows from setting M = 1 in (.12, it suffices

to establish (B12]).
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To that end, first observe that by setting L = 1 in Definition [5.1] and that, for any compositions
I and K of length n 4+ 1 and size M, and integers 0 < h < j < n, we have that

(1= gh2)glus

(1 — ¢9)qlu+1.m
1—qgMz ’

Ul,M(IaijL?lz): 1—qMZ

Ul;M (Iu h; va | Z) =

(5.13) g )gloee s

1—g¢Mz

1
Ul;M(Iuj;K7h|Z) = (

Furthermore, Lemma applied with L = 1 yields that

1 — v . . y(1 —q')(1 — va)
C(I1,0,1,0) = ———; C(I. 7. K.0) = ¢ .
(1,0.1,0) 1 — gM~Toyy’ (L., K,0) = ¢ 2(1 — ¢FN (1 — @M —Tony)’
1— 1; 1— M
(5.14) CL0,K, j) = g Ko 21 Z02)0 = a7 vy)

y(1— gKo)(1 — gMTovg)’
(1 —ql2)(1 = ¢Muvy)
(1= g"n)(1 - gM-Tovy)’

for any j,j1,72 € [1,n], where we have set C'(I,m1,K, m2) = Ci,m (I,ml,I,mg |z, y; T; R; z) for

any integers 0 < my, ma < n. Now (BI2) follows from (B.I3), (5I4), (&4), and (E3). O

Remark 5.11. Since both the stochasticity and dynamical Yang-Baxter equation (G.II) for the
S weights from (5.I12) are identities of rational functions in ¢, we can analytically continue in
M. Specifically, after replacing ¢™ with an arbitrary complex parameter and omitting the size M
constraint on the compositions I, J, and K, the S weights still remain stochastic and satisfy the
dynamical Yang-Baxter equation.

C(1,j1,K, j2) = ¢Ktoe-1~Tu1+1.m

1 1

Remark 5.12. Replacing ¢™ by s%, y by s7!, by ', and letting v tend to oo recovers the
stochastic higher spin, higher rank vertex model studied in [I9] (see in particular equations (1.2.2)
and (2.5.1) of that paper). These weights, as well as their J > 1 fused generalizations, satisfy the
non-dynamical Yang-Baxter equation.

6. A DYNAMICAL STOCHASTIC TETRAHEDRON MODEL

Although the stochasticization procedure from Section [l was explained for models on a two-
dimensional graph, it can also be applied in higher dimensions. In this section, we provide an
example of this by stochasticizing Mangazeev-Bazhanov-Sergeev’s solution [45] to the tetrahedron
equation, which is a three-dimensional analog of the Yang-Baxter equation. This leads to a family
of stochastic weights that satisfies a dynamical variant of the tetrahedron equation. We implement
this stochasticization procedure in Section [6.1] derive properties of the stochasticized weights in
Section[6.2] and discuss one of its degenerations that solves the original (non-dynamical) tetrahedron
equation in Section 6.3

6.1. Stochasticizing a Solution of the Tetrahedron Equation. Let us begin by defining the
vertex weights that we will stochasticize; these weights are due to Mangazeev-Bazhanov-Sergeev
and can be found as equation (31) of [45]. Throughout this section, we fix a parameter ¢ € C.
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FIGURE 18. The tetrahedron equation, as in Proposition [6.2] is depicted above;
the numbers of arrows on the dashed lines is summed over.

Definition 6.1 ([45, Equation (31)]). For any nonnegative integers ni, ng, ns, nj, nh, n4, define

= ,q)) ot q‘;("f,q%r;z g
% ¢%)n, g=lmn2 ’

X 1n1+n2—n +ng 1n2+n3:n’2+ng-

nnhn} na(na+1)—(n2—n})(n 777,’)( —2m
Ruininy = ¢ 2T

(6.1)

The diagrammatic interpretation of the quantities Rmngﬁg is that they are weights associated
with a vertex u in Z3 with arrow configuration (n1, na, n3;n, nb,n}); here, this means that u has n4
incoming arrows parallel to one direction (say the z-axis); ny incoming arrows parallel to the y-axis;
n3 incoming arrows parallel to the z-axis; n) outgoing arrows parallel to the z-axis; n}, outgoing
arrows parallel to the y-axis; and nj outgoing arrows parallel to the z-axis. Observe that, with this
understanding, the R weights do not satisfy arrow conservation, in that they are not supported on
arrow configurations (n1,ng, n3;ni, ny, nf) satisfying ni + ne + n3 = nj + nh + nj.

The following proposition, which was established in Section 2 of [45], indicates that the RZ}Z%Z%
weights are nonnegative and satisfy the tetrahedron equation, given by (G.2) below.

Proposition 6.2 ([45, Section 2]). For any fized nonnegative integers ni,ns,n3,ng,ns,ng and
ni,nb,nf,ny,nf,ng, we have that
o1

’ ’ ", 1 no 1, I ", I
6.2 Rn1n2n'§ R"l nymnyg Rne ny "6 "2 "4 Ne __ R”%”s"s R"2”4"6 R"1n4 ny Rnl Nyng
. ninans ’ﬂ n - n3nNsNe Il Lol !
4M5 n3n5n6 n2n4n6 n2n4n6 ninyng - ninjng

where the sums on both sides of (EfZI)/m/"e/over nonnegative integer sets n’ = (n},nb, nk,ny, ng, ng).
Furthermore, if ¢ € (0,1), then Rytn2n? > 0 for any nyi,na,n3,n}, nh,ng € Z>o.
The tetrahedron equation is sometimes viewed as “pushing” a plane through a vertex (similar to
how the Yang-Baxter equation is as pushing a line through a vertex) and is depicted in Figure [[8
Following either Section 211 or Section B.I] we would then like to find a boundary condition

(nf,nf,nY,n},ny, ng’) such that the right side of (6.2 has at most one nonzero term. This can be
imposed by setting nf = n2 = ng = 0 and allowing (n4,ns,n¢) = (k1, k2, k3) € Z3; to be arbitrary.

Indeed, the fact that RZ}Z;Zg = 0 unless n1 + ng = nj + nhH and ny + ng = n)H + nj implies that
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FiGURE 19. The attachment of shaded vertices to a vertex is shown above and
to the left; applying the tetrahedron equation yields a frozen vertex, as shown to
the right.

R2?912n' = 0 unless (ny,nb,n%) = (0,0,0). Under this setting, and once (n4,ns,ng) = (k1, ko, k3) is

fixed, then (nj,nk, ng) = (a}, ak, a) and (n},ny,ng) = (ay,a¥,af) on the right sides of (G2)) are
also fixed to be

’ / /
a4=k4+n2; a5=k5+n3; a6:k6—n3;

(6.3) " " "
ay = k4 +n1 +no; ay = ks —n1 + ns; ag = ke — na — ns,

again due to the fact that Rﬁlﬁng = 0 unless n1 + ng = n} +nh and ne + ng = nh + n4. For the

same reason, the (nf, ng, ng) = (b}, bk, bg) from the left side of ([6.2)) is fixed to be
(6.4) bil:k4—|—n1; v =ks —ni; & = ke — nj.
This is depicted in Figure [[9 which indicates the special case of the tetrahedron equation obtained
by setting (nY,n4,n%) = (0,0,0).

Due to the fact that RJS) = 1 (which follows from (6.1))), the following definition now serves as
the analog of Definition 2.4] and Definition 3.9

Definition 6.3. For any nonnegative integers ny, na, n3, nj, nb, nk, kq, ks, k¢, set ajy, as, ag, ay,a¥, ag
as in ([63) and b, b%,bj; as in ([@4). Then, define

! ’ ’
ninin n nhns ~ninhns
(65) Snllngng (k4; k5; kﬁ) n}ngng Cnllngng (k47 k5; kﬁ)v
where
Obilbg ‘ROa4 6 ‘ROa5 a6

0 kaks ™ tnbl ke L inybl bl

/ ’ 01
Oajag Oa4a6 Oa4a5

(6.6) Crining (ka, ks, ke) =

nakske” ‘noksal” ‘nialal

As in Section 2.l and Section [31] we can interpret Definition [6.3] diagrammatically, by attaching
three shaded vertices w1, us, ug to our initial (unshaded) vertex u; this is depicted on the left side of
Figure Applying the tetrahedron “pushes” these shaded vertices past u, after which the arrow
configuration of u becomes frozen; this is depicted on the right side of Figure Now the weight

Sﬁéﬁéﬁé is the weight of the left diagram in Figure [I9 divided by the weight of the right one.
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We will see that the S weights defined above are stochastic and satisfy (a dynamical variant of)
the Yang-Baxter equation in Proposition and Theorem [6.7] respectively. However, let us first
evaluate them explicitly. To that end, we have the following proposition.

Proposition 6.4. For any ny,ng,ns,ny,nh,nk, ka, ks, ke € Z>o, we have that
nyn,ng ninong ¢ 2ks+2
Sn1n2n3 (k47 k57 kﬁ) - Snlngng (q )7
n/ n/ 77/ . .
where Spinin(v) is given by [L3), for any v € C.

Remark 6.5. Analogous to what was observed by Remark B.7] in the higher rank Yang-Baxter
n n2n3

setting, Proposition [6.4] implies that Spin2n3(ka, ks, ke) is independent of k4 and kg, that is, the
three parameters initially defining this quantity reduce to one that governs it. This fact will be
useful in deriving the dynamical tetrahedron equation, given by Theorem [6.7] below.

"1"2"3

Proof of Proposition [6.4] We first evaluate the stochastic corrections Crnininj (k1, k2, k3) given by
©5). Observe that all of the Rz}%m terms appearing in the right side of that express1on have

"2"2

ny = 0; thus, we will begin by derlvmg a factored form for weights of the type Rp nsns-
To that end, if n1,ng,ng,n},nh, ns are nonnegative integers satisfying ni + ny = nj + n) and
ng + n3 = nb + nj, then (610 yields

2n1+2. 2

72n
inbhn L 7q )k 72k(n'1+n3+1)

2—k q
Ritning = gt (i) ”*>Z (
k=0

In particular, if 7} = 0, then (¢72"1;¢?)n, k = lp—ny, and so the sum defining Rn1n§n2 is only
supported on the k = ny term. Thus,

2n1+2.
)

q)ﬂz _ q—ng(n1+n3+1) (q2;q2)n1+n2

Onzl 77/3 na n/3—2n3—n/ -1) (q
(6 l) R q ( 1 B 3. 2 3. 2

nin2n3 —

where we have used the first identity in ([£4) and the fact that n§ —n} = nz — n1.
Recalling the definitions of afj,af, ay and b}, b%, b from (@3) and (6.4]), respectively, and then

inserting (67) into (6.6) yields

(6.8)

(0% 62 (62502 o (650 ns (@50 ks—ntany, (62502 ks (@50 katnt 4ns,
(@530 (6% 0*)ny (%567 ny, (@%50H)ks—n, (658 ns+ks (02503 katnytns

7’ ! ! 7’ 7’ 7’ 7’ !
(n2+nz+ny—ns)+ks(ni+nz—ni—ny)+nina+nanz+ning;—2niny+na

! ! 7’
MMM
Chnining (kla ka, kS) =

X qk"’

(@) (4% ) (05 ) (2722147,

(@) (0% ) ny (2 Py (275262,

! 7’ 7’ 7’ ’
x qnz +2ng5ns+ninz+nang+ning—2nin,
b

where in the second equality we used the first identity in ([@4]) and the facts that ny +ns = nj +n
and ng + ng = nh + ni. Now the proposition follows from inserting (G.8]) into (@3] and using

@) O
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6.2. Properties of the Stochasticized Weights. In this section we establish two properties of
the stochasticized weights Spin2ns (v) from (L3)), namely that they are stochastic (Proposition [6.6)
and satisfy a dynamical version of the tetrahedron equation (Theorem [6.7). We begin with the

former.

Proposition 6.6. Fizv € C and (n1,n2,ns) € Z%O. Then, (L4]) holds. Furthermore, if g,v € (0,1)

’ ’ ’
T MaNy

and v < q2"/1, then SpinZni(v) > 0.

Proof. The second part of the proposition follows from the second statement of Proposition and
the fact that

Sinans (V) (@%50%)ny (4% 0)na (4% @) ("1 03 4
RM™ (q%562)n (625 0%)ny (6% 02y, (035@)ns

mnina2n3

(6.9) P2 g2 (mtns 1) +ning=2ns(ni+1)
which is nonnegative for ¢,v € (0,1) with v < ¢2".

The proof of (4] will follow from the tetrahedron equation ([6.2]) and an analytic continuation.
More specifically, first observe that the number of nonzero terms on the left side of (I4]) is bounded
(by a quantity that depends only on ny, ng, and n3). Each of these terms is a rational function
in v, whose numerator and denominator are both of bounded degrees (again, in a way that only
depends on ni, ne, and ns). Therefore, it suffices to verify (L4)) for infinitely many values of v.

Thus, let kq, ks, kg be arbitrary positive integers such that the quantities a}, af, ag, ay, af, af and

i, b5, bg from (63) and (6.4), respectively, are all nonnegative; we will establish (I4) in the case
v = g2kst2,

To that end, we apply (62) where the (ni,ng, ng) there coincides with the (n1,n2,n3) here; the
(n4,ns,ne) there coincides with the (k4, ks, kg) here; where nf, nfj, n§ there are each equal to 0 here;
and where the (n},n{,ng) there coincides with the (a},af, ag) here. As explained directly above
Definition [6.3] this choice of parameters allows for only one nonzero term on the right side of (6.2]),
corresponding to when n}, nj, ns there are each equal to 0 here and the (n}, nf, ng) there coincides
with the (a},af,ag) here. The left side of (6.2) might have several nonzero terms but, again as
explained directly above Definition [63] if we fix the n}, n}, n} indices of a nonzero summand there
then the (n}, nf, ng) there must coincide with the (b, b, bg) here.

Thus, ([G.2]) states that

’ ’ ’ BN n" 1 axa ’ ’ ’ " n._1

(6 10) Rnln2n3 R0b4b5 R0a5 ag R0a4 bg _ R0a5a6 1%0(14(16 R0a4 ay
. MIN2N3 = ) kaks ™ nibiby ™ "nbb) ke ngkske” "naksag” miajal’
n/

where the sum is over n' = (n/,n5, n}) € Z3; and where we have used the fact that RJjj = 1. Now

(TE) in the case v = ¢**512 follows from (6.3), (6.6), (I3), and (G-10). a

In addition to stochasticity, we would also like the S weights to satisfy a (dynamical variant of) the
tetrahedron equation. Recall from Remark 2.7 and Remark that the proof of such an equation
requires the consistency condition for the attachment of the shaded vertices. In our previous
two-dimensional examples, we explained a diagrammatic way of guaranteeing this consistency, by
moving a stochasticization curve through our domain, as depicted in Figure

We do not know of an analogous diagram in the present three-dimensional situation, but we
can still algebraically search for a choice of dynamical parameters that guarantees the required
cancellations (as we did in Remark 7). There indeed happens to be one, which is depicted in
Figure[d This gives rise to the dynamical tetrahedron equation for the S weights provided (LIH).
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Theorem 6.7. Fixz complex numbers v and w, as well as nonnegative integers ni, na, Ny, N4, N5, Ng
and nf,nf,nf,nY ,n ng. Then, (LA holds.

Proof (Outline). As in the proofs of Proposition 2.6] and Theorem B.11] one first shows that

", r ’ 11 "o’
o ni/nin nynygn nynyn,
n'nin 1My Ny 35 g 2 My Mg
Snin2 g(t) Sn’n n (’U}) Sn’ ning (:E) Sn’ nijn, )(U)
X = 2rminans 1mans 5NE NG 5MyN6
- ’ U U e ’ P01 oy 11 e b
R"l"z g R"l Ty R"s 5 Mg R"z Ty Mg
nin2n3 ninans nining nhn)ng
and
’ ’ " ’ n,. 1 11
nining g\ QT2NaNe grnans SN2 ()
Snins )('U) namnan nin,nk ninhn
y_ n3nsne 2N4Ng 1My N5 1MaMN3
- ’ U U ’ U 1" ’ Sy s 9
R"s"s g oMy Mg 17y Mg R"l Ny N3
n3ns5ne nan4ng ninjng ninhnj
1 and ind dent of n’ = (.. nh. nh. ). nt.nl) if
are equal and independent of n’ = (nf, n5, nj, ny, ng, ng) i
2ns —an! —2nl onl 1 / /
_ . _ 2 0y _ 3,/ _ 30/ - — - _
(6.11) t=q¢"™w;, xT=gq v, Yy=4gq vy z=¢"w; v =v w =w.

This can be verified directly, since the stochastic corrections % appearing in the definitions of X
and Y are explicitly given by (69). Then, (L5 would follow as a consequence of this equality and
independence, and of ([G2)).

However, instead of confirming this here, let us outline an alternative method that enables one
to derive the relations (G.IT) between the dynamical parameters appearing in (L)), without using
the explicit form (69) for the stochastic correction C(u) = %. To that end, we will first use
Proposition [6.4] (6.5]), and ([G.0) to express these stochastic corrections as products of weights of

Oef

the form R,7 .
So, let (ja, js, jo); (ka, ks, ke); (la,15,16); (ma,ms, mg) be four triples of positive integers, to be
fixed later. We view these four triples as analogs of the parameters (ky, ks, k¢) from Definition [6.3]

for each of the four stochastic corrections defining X'. Specifically, the j-triple corresponds to the

’ "1

correction CylnZn3(t); the k-triple to 02,117114:55 (w); the I-triple to 02,33725726 (z); and the m-triple to

C"?"2"% (v). By Proposition 6.4} the dependence of X on these twelve parameters is given by

nhn)ne
(612) t = q2]5+2; w = q2k75+2; T = q2l5+2; v = q2m5+2;

in particular, X is independent of the eight parameters j;, k;, m;,1; for i € {4,6}, due to Remark[G.5
Now for each i € {4,5,6} let a}, o and b; be the parameters (6.3]) and ([@.4]) associated with the

correction Syln2,?(t). Similarly, let ¢!, ¢/ and d; denote the analogous parameters associated with

the vertex with parameter C'1"4"*(w); let €}, e/ and f/ denote those associated with C'?"*"¢ (z);
174M5 nining
and let g/, g/ and h; be those associated with Cs,jgfn? (v).
Then, (6.6) implies that

ROVEs poaiby poatay podids  pocidy pocicl

AV BN IBNEN 1 ’ U / i

X = njajs” nobyje” nibibg ny kaks ™ "njd)ke” nididg
ROaga’G Oajay p0ajal Rchc’G 0c)jcy 0cl/ ct/

AP,

n3jsje” najsay” miajal nskske™ “nakacy” nlc)ch

6.13
(6.13) RO pOCLS pOctel pOMG  p0gihG  pooal
nf lyls ™" nf file” "ng fLf§ ~ nYmams” "n/hme” nihihg
Oe/ 8/ 08/ 8// 08//8// Og/ g/ Og/ g// Og//g//
R %% RV pUat p-dsds  ptdads 195

’ ’ ! ol ol memsme ’ ’ [
nglsle ™ nglaeg™ "niejey 6 6" "nymags” mog,y 95
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In order for X to be independent of n’, we would like for any R term in the numerator of the
right side of ([@I3]) containing some n} as one of its indices to also appear in the denominator; this
is similar to what was described in Remark 2.7 and Remark 3121 For instance, if ¢ = 1, this would

amount to 1mpos1ng that ROb4 . (which appears in the numerator of the right side of (€I3)) be

equal to R0,4 , ‘Z, (which appears in the denominator). One way of guaranteeing this is by stipulating
5

that the ordered sets (n, ja, Js, 0,0}, b%) and (nf, ¢}, ¢k, 0,c], cf) be equal, which would be the analog
of the consistency condition from Definition BBl This imposes the relations (4a,j5) = (¢4, c5) and
(b, b5) = (cj,cl), which can be rewritten only in terms of the n;,n,n/, j;, ki, l;, m; using ([63) and
©4).

Applying similar reasoning five more times (for the other terms on the right side of (G.13)
including some n} as an index), we obtain a number of relations that amount to

(6.14)
Js = ks + ns; ms —ny = ls;
ks —ni =ls;  je =ms+ne; ja=ka+ng kat+n =msy ke =me—ne me—ny =l

Under the assumptions (6.14), we have that

R0d4d5 ROh LR R0f4j5 ROg4 hg ROe4f6 ROe5’66

X _ ”]C4]€5 n2 mgams l4l5 ”himﬁ 77,5 f fG

)
}%Oa4 af p0ajay R0a5a6 0c)jcy ROCSCG ROgng
niajal” "najsag” m3jsje” nakacy” mskske” T6M5M6

which is independent of n’ since all of the indices appearing there are (which can quickly be verified
using (63 and (6.4) if the n; and n} are fixed for each 1 <i < 6.

Now, let us fix js5, ks, ms, l5 satisfying the first two relations in (G.I4]) and let the other j;, k;, m;, ;
be arbitrary positive integers satisfying the latter six relations there. In view of (6.12), the first two
identities in (6I4]) imply that ¢ = ¢"sw and z = ¢~ "2 v, which comprise the first two constraints in
(EII). The latter six relations in (G.I4]) do not affect X since, as mentioned above, it is independent
of the j;, ki, l;,m; for i € {4,6}.

Thus, the first two identities in (6.I1]) imply that X is independent of n’. Similarly, the third
and fourth relations there can be shown to imply that ) is independent of n’, and the last two
imply that & = Y. However, we will omit the latter two verifications since they are analogous to
what was outlined above. g

Similar to what was considered in Remark [£.8 and Remark [5.12] one might wonder whether it is
possible to find a stochastic solution to the non-dynamical tetrahedron equation. We will address
this in the next section.

6.3. A Non-Dynamical Degeneration. In this section we propose a degeneration of our stochas-
ticized weights that satisfies the original (non-dynamical) tetrahedron equation. This will proceed
by taking the limit as ¢ tends to 1 of the Syl52,%(v) stochasticized weights from (L3)).

To that end, we have the following proposition.

Proposition 6.8. Fiz v € C and ni,ng, n3,ny,ny,ny € Z>o. Then,

(0.15 lim 317575 (0) = T 0
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where, for any v € C and ni,na, n3,n},ny,ny € Z>o,

min! ’ [ No
ningn; _ n no—n
(6.16) Thilngng (v) = 0" (1 —v)"2 7" <7’LI ) 1"§§n21n1+n2:"’1+"’2 1n2+n3:"§+n§'
2

Moreover, for any fired v € C and ni,n2,n3 € Z>q, we have that
(6.17) Z T (v) = 1,

where the sum is over all n’ = (n},nb,n . Furthermore, for any fized v, w an
here th I o onbonk) € Z3,. Furth , dv,w € C and
N1, N2, N3, N4, N5, Ne, N, b, 0y, ,nl ng € Z>o, they also satisfy the (non-dynamical) tetrahedron
equation

"o 1 "o

Z TN ()T ™05 () T G ()72 G ()

n inans nyngng nHn,ne

(618) ninin n n'n’ n' n'nl’ n'nn
= ZTn;n:ng 2 (o) IO (w) T2 (w),

n2n4n6 n1n4n5 n1n2n3

where the sum is over all nonnegative integer sets n' = (n}, nh, nk,n}, ng, ng).
Additionally, if v € (0,1), then Tylnzne > 0 for each ni,na, ng,ni,ny,nh € Z>o.

Remark 6.9. Observe that the weight T,?;S;,?;( ) from (6I6) has the following probabilistic inter-
pretation. Each arrow entering a vertex u through the n; (or ng3) direction deterministically exits u
through the n} (or n%) direction. Furthermore, if an arrow enters u through the ny direction, then
a Bernoulli 0 — 1 random variable x with P[xy = 1] = v is sampled. If x = 1, then the arrow exits
u through the n), direction; if xy = 0, then two copies of the arrow are made, which exit u through
the n} and n} directions.

Proof of Proposition[6.8 Observe that directly taking the limit as ¢ tends to 1 on the right side of
(L3) poses an issue, in that the prefactor (¢%;¢%)n, (4% ¢*)n. (4% 4°)na (675 6%), (@5 4°),) (675 4%),)
will behave as a constant multiple of (1 — ¢)"2~"2, which diverges if ny > n2. Therefore7 we will
first apply (3) with that ¢ given by ¢?; that k given by no; that b given by ¢ *2; that ¢ given by

¢2(m1—m2+1D): and that z given by ¢~2" to rewrite the 21 hypergeometric series on the right side
of ([3)). This yields

v
Snln2n3

—2n9—2n3. 2
ninang (’U) =4q -4 )n

n2(n1+n3+n’1+n’3+2)72n'2(n’1+1) (q2-q2)n1( 7q2) no q2’q2) (
(4% 6%)ny (62542 ny (0% %)y, (g7 2M242 62,

g i) (
2¥1 q

T o

2 2n1+42
g™ >1n1+n2—n’1+n’21n2+n3—"'2+"é’
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where we have used the second identity in (44]) and the facts that ny +ns = n} +nf and no+ng =
ny + n%. Hence, ([GI6) follows from the facts that

(q2; q2>n1 (q—2n1 5 q2)n2 (q2; q2)n3 (q—2n2—2n3 ; q2>n2 _ nl!(_nll)nz n3! (_n2 - n3)n2

lim =
a1 (620D, (0% @)y (05 0%)ny, (@122 F2502) nitnglngl (0] —ng + 1)y’
—2nl, —2n3 _n _ (—n2)n
q 2,49 2 2n142 | _ Ng, —N3 o 2)nl, .
2¥1 ( q—2n2—2n3 q,q ) - 2F1 ( Ny — N3 1) = 7(_’”2 — ng)né ;
nl!(_nll)nzn3! (_n2 - n3)n2 (_n2)n’2 _ no 1.,
nylnglng! (n) —na + 1),y (=n2 —n3)n, nh e

which are consequences of the third identity in (&4]), (£S8]), and the facts that ny + no = n} + nj
and ng + ns = nh + nk.

The remaining results given by (6.I7), ([G.I8), and the last statement of the proposition follow
from combining (615) with Proposition and (L) (alternatively, each of these can be verified
directly, independently of the content of Section [6.2)). |

Remark 6.10. Let us briefly outline an alternative way to verify that the 7' weights from (G.16])
satisfy (6.I8). To that end, consider the two tetrahedra depicted in Figure @ and fix the numbers
ni, g, N3, N4, N5, ng of arrows entering each tetrahedron. Under the probabilistic interpretation of
the T weights from Remark [6.9] the left and right sides of (G.I8]) denote the probabilities that
the numbers of arrows exiting the left and right tetrahedra in Figure @ are nY,nf,nf4,ny,nl , n{,
respectively.

To equate these two probabilities, we analyze the trajectory of a given arrow entering each tetra-
hedron. For example, consider an arrow entering through ny edge. In the left diagram in Figure [l
this arrow splits into two along the n{ and nf edges with probability 1 — w, and it continues along
the n}, edge with probability w. Conditional on the former event, these arrows deterministically exit
through the n} and nfj edges; conditional on the latter, the arrow deterministically exits through
the nj edge.

Therefore, the probability that an arrow entering the left tetrahedron through the no edge causes
an arrow to exit through the nf edge is w, and the probability that it causes arrows to exit through
the nf and nf edges is 1 — w. Similar reasoning indicates that the same is true for the right
tetrahedron in Figure @l

Repeating this, one can show that, for any integer ¢ € [1,6] and integer subset J C [1, 6], the
probability that an arrow entering the left tetrahedron through the n; vertex causes an arrow to
exit through the n;-’ vertex for each j € J is equal to the probability of the same event for the
right tetrahedron. Thus, the probability that the numbers of arrows exiting the left tetrahedron are
nf,nf, nf, ny,n,ng is equal to the probability of the same event for the right tetrahedron. This

implies (G.I8]).
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