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❆❜str❛❝t

❉❡❝♦♠♣♦s✐t✐♦♥ ♦❢ t❤❡ ❡❧❡❝tr♦♠❛❣♥❡t✐❝ ❡♥❡r❣② ✐♥t♦ ✐ts st♦r❡❞ ❛♥❞ r❛❞✐❛t❡❞ ♣❛rts

✐s ✐♥str✉♠❡♥t❛❧ ✐♥ t❤❡ ❡✈❛❧✉❛t✐♦♥ ♦❢ ❛♥t❡♥♥❛ ◗ ❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❢✉♥❞❛✲

♠❡♥t❛❧ ❧✐♠✐t❛t✐♦♥s ♦♥ ❛♥t❡♥♥❛s✳ ❚❤✐s ❞❡❝♦♠♣♦s✐t✐♦♥ ✐s ♥♦t ✉♥✐q✉❡ ❛♥❞ t❤❡r❡

❛r❡ s❡✈❡r❛❧ ♣r♦♣♦s❛❧s ✐♥ t❤❡ ❧✐t❡r❛t✉r❡✳ ❍❡r❡✱ ✐t ✐s s❤♦✇♥ t❤❛t st♦r❡❞ ❡♥❡r❣②

❞❡✜♥❡❞ ❢r♦♠ t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ ❡♥❡r❣② ❞❡♥s✐t② ❛♥❞ t❤❡ ❢❛r ✜❡❧❞ ❡♥❡r❣②

❡q✉❛❧s t❤❡ ♥❡✇ ❡♥❡r❣② ❡①♣r❡ss✐♦♥s ♣r♦♣♦s❡❞ ❜② ❱❛♥❞❡♥❜♦s❝❤ ❢♦r ♠❛♥② ❝❛s❡s✳

❚❤✐s ❛❧s♦ ❡①♣❧❛✐♥s t❤❡ ♦❜s❡r✈❡❞ ❝❛s❡s ✇✐t❤ ♥❡❣❛t✐✈❡ st♦r❡❞ ❡♥❡r❣② ❛♥❞ s✉❣✲

❣❡sts ❛ ♣♦ss✐❜❧❡ r❡♠❡❞② t♦ t❤❡♠✳ ❚❤❡ r❡s✉❧ts ❛r❡ ❝♦♠♣❛r❡❞ ✇✐t❤ t❤❡ ❝❧❛ss✐❝❛❧

❡①♣❧✐❝✐t ❡①♣r❡ss✐♦♥s ❢♦r s♣❤❡r✐❝❛❧ r❡❣✐♦♥s ✇❤❡r❡ t❤❡ r❡s✉❧ts ♦♥❧② ❞✐✛❡r ❜② ❦❛

t❤❛t ✐s ✐♥t❡r♣r❡t❡❞ ❛s t❤❡ ❢❛r✲✜❡❧❞ ❡♥❡r❣② ✐♥ t❤❡ ✐♥t❡r✐♦r ♦❢ t❤❡ s♣❤❡r❡✳ ◆✉✲

♠❡r✐❝❛❧ r❡s✉❧ts ♦❢ t❤❡ ◗✲❢❛❝t♦rs ❢♦r ❞✐♣♦❧❡✱ ❧♦♦♣✱ ❛♥❞ ✐♥✈❡rt❡❞ ▲✲❛♥t❡♥♥❛s ❛r❡

❛❧s♦ ❝♦♠♣❛r❡❞ ✇✐t❤ ❡st✐♠❛t❡s ❢r♦♠ ❝✐r❝✉✐t ♠♦❞❡❧s ❛♥❞ ❞✐✛❡r❡♥t✐❛t✐♦♥ ♦❢ t❤❡

✐♠♣❡❞❛♥❝❡✳ ❚❤❡ r❡s✉❧ts ✐♥❞✐❝❛t❡ t❤❛t t❤❡ st♦r❡❞ ❡♥❡r❣② ✐♥ t❤❡ ✜❡❧❞ ❛❣r❡❡s ✇✐t❤

t❤❡ st♦r❡❞ ❡♥❡r❣② ✐♥ t❤❡ ❇r✉♥❡ s②♥t❤❡s✐③❡❞ ❝✐r❝✉✐t ♠♦❞❡❧s ✇❤❡r❡❛s t❤❡ ❞✐✛❡r❡♥✲

t✐❛t❡❞ ✐♠♣❡❞❛♥❝❡ ❣✐✈❡s ❛ ❧♦✇❡r ✈❛❧✉❡ ❢♦r s♦♠❡ ❝❛s❡s✳ ❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ r❡s✉❧ts

❢♦r t❤❡ ❜❛♥❞✇✐❞t❤ s✉❣❣❡st t❤❛t t❤❡ ✐♥✈❡rs❡ ♣r♦♣♦rt✐♦♥❛❧✐t② ❜❡t✇❡❡♥ ❜❛♥❞✇✐❞t❤

❛♥❞ ◗ ❞❡♣❡♥❞s ♦♥ t❤❡ r❡❧❛t✐✈❡ ❜❛♥❞✇✐❞t❤ ♦r ❡q✉✐✈❛❧❡♥t t❤❡ t❤r❡s❤♦❧❞ ♦❢ t❤❡

r❡✢❡❝t✐♦♥ ❝♦❡✣❝✐❡♥t✳ ❚❤❡ ◗ ❢r♦♠ t❤❡ ❞✐✛❡r❡♥t✐❛t❡❞ ✐♠♣❡❞❛♥❝❡ ❛♥❞ st♦r❡❞

❡♥❡r❣② ❛r❡ ♠♦st ✉s❡❢✉❧ ❢♦r r❡❧❛t✐✈❡ ♥❛rr♦✇ ❛♥❞ ✇✐❞❡ ❜❛♥❞✇✐❞t❤s✱ r❡s♣❡❝t✐✈❡❧②✳

✶ ■♥tr♦❞✉❝t✐♦♥

❊❧❡❝tr♦st❛t✐❝ ❡♥❡r❣② ✐♥ ❢r❡❡ s♣❛❝❡ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s ❛♥ ✐♥t❡❣r❛❧ ♦❢ t❤❡ ❡♥❡r❣② ❞❡♥s✐t②✱
ǫ0|E|2/4✱ ♦r ❡q✉✐✈❛❧❡♥t❧② ❛s ❛♥ ✐♥t❡❣r❛❧ ♦❢ t❤❡ ❡❧❡❝tr✐❝ ♣♦t❡♥t✐❛❧✱ φ✱ t✐♠❡s t❤❡ ❝❤❛r❣❡
❞❡♥s✐t②✱ ρ✱ ❬✶✸✱ ✷✺✱ ✷✼✱ ✸✺❪✳ ❆ s✐♠✐❧❛r ❡①♣r❡ss✐♦♥ ❤♦❧❞s ❢♦r t❤❡ ♠❛❣♥❡t♦st❛t✐❝ ❡♥❡r❣②✳
❚❤❡ ❡❧❡❝tr♦❞②♥❛♠✐❝ ❝❛s❡ ✐s ♠♦r❡ ✐♥✈♦❧✈❡❞✳ ■♥ ❬✻❪✱ ❈❛r♣❡♥t❡r s✉❣❣❡sts ❛ ❣❡♥❡r❛❧✐③❛t✐♦♥
✐♥ t❤❡ t✐♠❡ ❞♦♠❛✐♥ ❜❛s❡❞ ♦♥ φρ+A · J ✱ ✐✳❡✳✱ t❤❡ s✉♠ ♦❢ t❤❡ s❝❛❧❛r ♣♦t❡♥t✐❛❧ t✐♠❡s
t❤❡ ❝❤❛r❣❡ ❞❡♥s✐t② ❛♥❞ t❤❡ ✈❡❝t♦r ♣♦t❡♥t✐❛❧✱ A✱ t✐♠❡s t❤❡ ❡❧❡❝tr✐❝ ❝✉rr❡♥t ❞❡♥s✐t②✱
J ✱ s❡❡ ❛❧s♦ ❬✶✶✱ ✸✹❪✳ ●❡②✐ ✉s❡s ❛ s✐♠✐❧❛r ❡①♣r❡ss✐♦♥ t♦ ❛♥❛❧②③❡ s♠❛❧❧ ❛♥t❡♥♥❛s ✐♥ ❬✶✺❪✳
❱❛♥❞❡♥❜♦s❝❤ ♣r❡s❡♥ts ❣❡♥❡r❛❧ ✐♥t❡❣r❛❧ ❡①♣r❡ss✐♦♥s ✐♥ t❤❡ ❡❧❡❝tr✐❝ ❝✉rr❡♥t ❞❡♥s✐t② ❢♦r
t❤❡ st♦r❡❞ ❡❧❡❝tr✐❝ ❛♥❞ ♠❛❣♥❡t✐❝ ❡♥❡r❣✐❡s ✐♥ t❤❡ ❢r❡q✉❡♥❝② ❞♦♠❛✐♥ ❬✸✻❪ ❛♥❞ t✐♠❡
❞♦♠❛✐♥ ❬✸✽✱ ✸✾❪✳ ❚❤❡s❡ ❡①♣r❡ss✐♦♥s ❛r❡ s✐♠✐❧❛r t♦ t❤❡ ❡①♣r❡ss✐♦♥s ❜② ❈❛r♣❡♥t❡r ❜✉t
✐♥❝❧✉❞❡ s♦♠❡ ❝♦rr❡❝t✐♦♥ t❡r♠s✳

❙t♦r❡❞ ❡❧❡❝tr♦♠❛❣♥❡t✐❝ ❡♥❡r❣② ✐s ✐♥str✉♠❡♥t❛❧ ✐♥ ❞❡t❡r♠✐♥❛t✐♦♥ ♦❢ ❧♦✇❡r ❜♦✉♥❞s
♦♥ t❤❡ ◗✲❢❛❝t♦r ❢♦r ❛♥t❡♥♥❛s✱ s❡❡ ❬✹✵❪ ❢♦r ❛♥ ♦✈❡r✈✐❡✇✳ ❚❤❡ ❝❧❛ss✐❝❛❧ r❡s✉❧ts ❜② ❈❤✉ ❬✼❪
❛♥❞ ❈♦❧❧✐♥ ✫ ❘♦t❤s❝❤✐❧❞ ❬✶✵❪ ❛r❡ ❜❛s❡❞ ♦♥ s✉❜tr❛❝t✐♦♥ ♦❢ t❤❡ ♣♦✇❡r ✢♦✇ ❛♥❞ ❡①♣❧✐❝✐t
❝❛❧❝✉❧❛t✐♦♥s ✉s✐♥❣ ♠♦❞❡ ❡①♣❛♥s✐♦♥s ♦❢ t❤❡ st♦r❡❞ ❡♥❡r❣② ♦✉ts✐❞❡ ❛ s♣❤❡r❡✳ ❚❤✐s
❣✐✈❡s s✐♠♣❧❡ ❡①♣r❡ss✐♦♥s ❢♦r t❤❡ ♠✐♥✐♠✉♠ Q ♦❢ s♠❛❧❧ s♣❤❡r✐❝❛❧ ❛♥t❡♥♥❛s ❬✼✱ ✶✵❪✳ ❚❤❡
♠❛❥♦r s❤♦rt❝♦♠✐♥❣ ✐s t❤❛t t❤❡ r❡s✉❧ts ❛r❡ r❡str✐❝t❡❞ t♦ s♣❤❡r✐❝❛❧ r❡❣✐♦♥s ❛❧t❤♦✉❣❤
s♦♠❡ ❣❡♥❡r❛❧✐③❛t✐♦♥s t♦ s♣❤❡r♦✐❞❛❧ r❡❣✐♦♥s ❛r❡ s✉❣❣❡st❡❞ ✐♥ ❬✶✹✱ ✸✵❪✳ ❚❤❡ r❡s✉❧ts
❤❛✈❡ ❛❧s♦ ❜❡❡♥ ❣❡♥❡r❛❧✐③❡❞ t♦ t❤❡ ❝❛s❡ ✇✐t❤ ❡❧❡❝tr✐❝ ❝✉rr❡♥t s❤❡❡ts ❜② ❚❤❛❧ ❬✸✸❪ ❛♥❞
❍❛♥s❡♥ ❛♥❞ ❈♦❧❧✐♥ ❬✷✶❪ ❜② ❛❞❞✐♥❣ t❤❡ st♦r❡❞ ❡♥❡r❣② ✐♥ t❤❡ ✐♥t❡r✐♦r ♦❢ t❤❡ s♣❤❡r❡✳
❨❛❣❤❥✐❛♥ ❛♥❞ ❇❡st ❬✹✷❪ ❛♥❛❧②③❡ st♦r❡❞ ❡♥❡r❣② ❢♦r ❣❡♥❡r❛❧ ♠❡❞✐❛ ❛♥❞ ✐ts r❡❧❛t✐♦♥ t♦ t❤❡
✐♥♣✉t ✐♠♣❡❞❛♥❝❡✳ ❚❤❡ ♥❡✇ ❡♥❡r❣② ❡①♣r❡ss✐♦♥s ❜② ❱❛♥❞❡♥❜♦s❝❤ ❬✸✻❪ ❛r❡ ✈❡r② ✉s❡❢✉❧
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❛s t❤❡② ❡①♣r❡ss t❤❡ st♦r❡❞ ❡♥❡r❣② ✐♥ t❤❡ ❝✉rr❡♥t ❞❡♥s✐t② ♦♥ t❤❡ ❛♥t❡♥♥❛ str✉❝t✉r❡✳
❚❤✐s ✐s ✈❡r② ❢r✉✐t❢✉❧ ✐♥ t❤❡ ❛♥❛❧②s✐s ♦❢ s♠❛❧❧ ❛♥t❡♥♥❛s ❬✸✱ ✶✼✱ ✶✽✱ ✸✼❪ ❛♥❞ ❢♦r ❛♥t❡♥♥❛
♦♣t✐♠✐③❛t✐♦♥ ❬✽✱ ✶✼❪✳ ❚❤❡ ❡①♣r❡ss✐♦♥s ❤❛✈❡ ❜❡❡♥ ✈❡r✐✜❡❞ ❢♦r ✇✐r❡ ❛♥t❡♥♥❛s ✐♥ ❬✷✹❪✳
❖♥❡ ♠✐♥♦r ♣r♦❜❧❡♠ ✇✐t❤ t❤❡ ♣r♦♣♦s❡❞ ❡①♣r❡ss✐♦♥s ✐s t❤❛t t❤❡② ❝❛♥ ♣r♦❞✉❝❡ ♥❡❣❛t✐✈❡
✈❛❧✉❡s ♦❢ st♦r❡❞ ❡♥❡r❣② ❢♦r ❡❧❡❝tr✐❝❛❧❧② ❧❛r❣❡ str✉❝t✉r❡s ❬✶✽❪✳ ❆ s✐♠✐❧❛r r❡❧❛t✐♦♥ ✇✐t❤
t❤❡ ❞✐✛❡r❡♥t✐❛t❡❞ ❛♥t❡♥♥❛ ✐♥♣✉t ✐♠♣❡❞❛♥❝❡ ❬✶✾✱ ✹✷❪ ✐s ❞❡r✐✈❡❞ ✐♥ ❬✹❪✳

■♥ t❤✐s ♣❛♣❡r✱ ✇❡ ✐♥✈❡st✐❣❛t❡ st♦r❡❞ ❡❧❡❝tr✐❝ ❛♥❞ ♠❛❣♥❡t✐❝ ❡♥❡r❣② ❡①♣r❡ss✐♦♥s
❜❛s❡❞ ♦♥ s✉❜tr❛❝t✐♦♥ ♦❢ t❤❡ ❢❛r✲✜❡❧❞ ❡♥❡r❣② ❞❡♥s✐t②✳ ❚❤❡ ❡①♣r❡ss✐♦♥s ❛r❡ s✉✐t❛❜❧❡
❢♦r ❛♥t❡♥♥❛ ◗ ❛♥❞ ❜❛♥❞✇✐❞t❤ ❝❛❧❝✉❧❛t✐♦♥s ❛♥❞ t❤❡② ❛r❡ ❝❧♦s❡❧② r❡❧❛t❡❞ t♦ t❤❡ ❝❧❛s✲
s✐❝❛❧ ♠❡t❤♦❞s ✐♥ ❬✶✵✱ ✹✷❪✱ s❡❡ ❛❧s♦ ❬✹✵❪✱ ❢♦r ❛♥t❡♥♥❛ ◗ ❝❛❧❝✉❧❛t✐♦♥s✳ ❚❤❡② ❛r❡ ♥♦t
r❡str✐❝t❡❞ t♦ s♣❤❡r✐❝❛❧ ❣❡♦♠❡tr✐❡s ❛♥❞✱ ❢✉rt❤❡r♠♦r❡✱ r❡s❡♠❜❧❡s t❤❡ r❡❝❡♥t❧② ♣r♦♣♦s❡❞
❡①♣r❡ss✐♦♥s ❜② ❱❛♥❞❡♥❜♦s❝❤ ❬✸✻❪✳ ❚❤❡ r❡s✉❧ts ♣r♦✈✐❞❡ ❛ ♥❡✇ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ ❱❛♥✲
❞❡♥❜♦s❝❤✬s ❡①♣r❡ss✐♦♥s ❬✸✻❪ ❛♥❞ ❡①♣❧❛✐♥ t❤❡ ♦❜s❡r✈❡❞ ❝❛s❡s ✇✐t❤ ♥❡❣❛t✐✈❡ st♦r❡❞
❡♥❡r❣② ❬✶✽❪✳ ❚❤❡② ❛❧s♦ s✉❣❣❡st ❛ ♣♦ss✐❜❧❡ r❡♠❡❞② t♦ t❤❡ ♥❡❣❛t✐✈❡ ❡♥❡r❣② ❛♥❞ t❤❛t
t❤❡ ❝♦♠♣✉t❡❞ Q ❤❛s ❛♥ ✉♥❝❡rt❛✐♥t② ♦❢ t❤❡ ♦r❞❡r ka✱ ✇❤❡r❡ a ✐s t❤❡ r❛❞✐✉s ♦❢ t❤❡
s♠❛❧❧❡st ❝✐r❝✉♠s❝r✐❜✐♥❣ s♣❤❡r❡ ❛♥❞ k t❤❡ ✇❛✈❡♥✉♠❜❡r✳ ❚❤✐s ✐s ❝♦♥s✐st❡♥t ✇✐t❤ t❤❡
✉s❡ ♦❢ Q ❢♦r s♠❛❧❧ ✭s✉❜ ✇❛✈❡❧❡♥❣t❤✮ ❛♥t❡♥♥❛s✱ ✇❤❡r❡ ka ✐s s♠❛❧❧ ❛♥❞ Q ✐s ❧❛r❣❡ ❬✼✱ ✶✵❪✳
❆♥❛❧②t✐❝ r❡s✉❧ts ❢♦r s♣❤❡r✐❝❛❧ str✉❝t✉r❡s s❤♦✇ t❤❛t t❤❡ ❡①♣r❡ss✐♦♥s ✐♥ ❬✸✻❪ ❢♦r Q ❞✐✛❡r
✇✐t❤ ka ❢r♦♠ t❤❡ r❡s✉❧ts ✐♥ ❬✷✶❪✱ t❤❛t ✐s ❤❡r❡ ✐♥t❡r♣r❡t❡❞ ❛s t❤❡ ❢❛r✲✜❡❧❞ ❡♥❡r❣② ✐♥ t❤❡
✐♥t❡r✐♦r ♦❢ t❤❡ s♣❤❡r❡✳ ❚❤❡ r❡s✉❧ts ❢♦r Q ❛r❡ ❛❧s♦ ❝♦♠♣❛r❡❞ ✇✐t❤ ❡st✐♠❛t❡❞ ✈❛❧✉❡s
❢r♦♠ ❝✐r❝✉✐t ♠♦❞❡❧s ❛♥❞ ❞✐✛❡r❡♥t✐❛t✐♦♥ ♦❢ t❤❡ ✐♠♣❡❞❛♥❝❡ ❬✶✾✱ ✹✷❪ ❢♦r ❞✐♣♦❧❡✱ ❧♦♦♣✱
❛♥❞ ✐♥✈❡rt❡❞ ▲ ❛♥t❡♥♥❛s✳

❲❡ ✉s❡ ❇r✉♥❡ s②♥t❤❡s✐s ❬✹✶❪ t♦ ❝♦♥str✉❝t ❡q✉✐✈❛❧❡♥t ❧✉♠♣❡❞ ❝✐r❝✉✐t ♠♦❞❡❧s ❢r♦♠
t❤❡ ✐♥♣✉t ✐♠♣❡❞❛♥❝❡✳ ❚❤❡ ♥✉♠❡r✐❝❛❧ r❡s✉❧ts ✐♥❞✐❝❛t❡ t❤❛t t❤❡ st♦r❡❞ ❡♥❡r❣② ✐♥ t❤❡
❝✐r❝✉✐t ❡❧❡♠❡♥ts ❛❣r❡❡ ✈❡r② ✇❡❧❧ ✇✐t❤ t❤❡ st♦r❡❞ ❡♥❡r❣② ✐♥ t❤❡ ✜❡❧❞s✳ ❚❤❡ r❡s✉❧ts
❛❧s♦ s❤♦✇ t❤❛t t❤❡ ◗✲❢❛❝t♦r ❢r♦♠ ❞✐✛❡r❡♥t✐❛t✐♦♥ ♦❢ t❤❡ ✐♥♣✉t ✐♠♣❡❞❛♥❝❡✱ QZ′ ✱ ❛❣r❡❡
✇✐t❤ t❤❡ Q ❢r♦♠ t❤❡ st♦r❡❞ ❡♥❡r❣②✱ QB✱ ✐❢ Q ✐s ❧❛r❣❡ ❛♥❞ ❞♦♠✐♥❛t❡❞ ❜② ❛ s✐♥❣❧❡ r❡s♦✲
♥❛♥❝❡✳ ❚❤❡ ✈❛❧✉❡s st❛rt t♦ ❞✐✛❡r ❢♦r ❧♦✇❡r ✈❛❧✉❡s ♦❢ Q ✇❤❡r❡ ♠✉❧t✐♣❧❡ r❡s♦♥❛♥❝❡s ❛r❡
❝♦♠♠♦♥ ❬✶✾✱ ✸✶❪✳ ❲❡ ❛❧s♦ ❝♦♠♣❛r❡ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❜❛♥❞✇✐❞t❤ ✇✐t❤ ❛♥❞ ✇✐t❤♦✉t
♠❛t❝❤✐♥❣ ♥❡t✇♦r❦s✳ ❚❤❡ r❡s✉❧ts ✐♥❞✐❝❛t❡ t❤❛t t❤❡ ✐♥✈❡rs❡ ♣r♦♣♦rt✐♦♥❛❧✐t② ❜❡t✇❡❡♥
t❤❡ ❢r❛❝t✐♦♥❛❧ ❜❛♥❞✇✐❞t❤ B ∼ 1/Q ✐s ♠♦st ❛❝❝✉r❛t❡ ✉s✐♥❣ Q = QZ′ ❢♦r r❡❧❛t✐✈❡ ♥❛r✲
r♦✇ ❜❛♥❞✇✐❞t❤s B < 2/Q ✇❤❡r❡❛s Q = QB ✐s ❜❡tt❡r ❢♦r ✇✐❞❡r ❜❛♥❞✇✐❞t❤s✳ ❚❤✐s ✐s
❝♦♥s✐st❡♥t ✇✐t❤ QZ′ ❜❡✐♥❣ ❛ ❧♦❝❛❧ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ✐♥♣✉t ✐♠♣❡❞❛♥❝❡ ❛♥❞ QB ❞❡♣❡♥❞✲
✐♥❣ ♦♥ t❤❡ ❣❧♦❜❛❧ ❜❡❤❛✈✐♦r ♦❢ t❤❡ ✐♥♣✉t ✐♠♣❡❞❛♥❝❡✳ ❚❤❡ ❜❛♥❞✇✐❞t❤ ❢♦r ❛ s✐♠♣❧❡
s❤✉♥t ❛♥❞ s❡r✐❡s r❡s♦♥❛♥❝❡ ❝✐r❝✉✐t ❬✶✾❪ ✐s ❛❧s♦ ❛♥❛❧②③❡❞ ✉s✐♥❣ ♠❛t❝❤✐♥❣ ♥❡t✇♦r❦s ❛♥❞
❋❛♥♦ ♠❛t❝❤✐♥❣ ❜♦✉♥❞s ❬✶✷❪ t♦ ✐❧❧✉str❛t❡ ❛ ❝❛s❡ ✇✐t❤ QZ′ = 0✱ ✇❤❡r❡ t❤❡ ✐♥✈❡rs❡
♣r♦♣♦rt✐♦♥❛❧✐t② ♦❢ t❤❡ ❜❛♥❞✇✐❞t❤ t♦ ◗ ❢❛✐❧s ❢♦r QZ′ ✳

❚❤❡ ♣❛♣❡r ✐s ♦r❣❛♥✐③❡❞ ❛s ❢♦❧❧♦✇s✳ ■♥ ❙❡❝✳ ✷✱ t❤❡ st♦r❡❞ ❡❧❡❝tr✐❝ ❛♥❞ ♠❛❣♥❡t✐❝
❡♥❡r❣✐❡s ❞❡✜♥❡❞ ❜② s✉❜tr❛❝t✐♦♥ ♦❢ ❢❛r✲✜❡❧❞ ❢r♦♠ t❤❡ ❡♥❡r❣② ❞❡♥s✐t② ❛r❡ ❛♥❛❧②③❡❞✳ ❚❤❡
❝♦♦r❞✐♥❛t❡ ❞❡♣❡♥❞❡♥❝❡ ✐s ❛♥❛❧②③❡❞ ✐♥ ❙❡❝✳ ✸✳ ❙t♦r❡❞ ❡♥❡r❣✐❡s ❢r♦♠ s♠❛❧❧ str✉❝t✉r❡s
❛r❡ ❞❡r✐✈❡❞ ✐♥ ❙❡❝✳ ✹✳ ❙t♦r❡❞ ❡♥❡r❣② ❢r♦♠ t❤❡ ✐♥♣✉t ✐♠♣❡❞❛♥❝❡ ❛r❡ ❞✐s❝✉ss❡❞ ✐♥
❙❡❝✳ ✺✳ ❆♥❛❧②t✐❝ r❡s✉❧ts ❢♦r s♣❤❡r✐❝❛❧ ❣❡♦♠❡tr✐❡s ❛♥❞ r❡s♦♥❛♥❝❡ ❝✐r❝✉✐ts ❛♥❞ ♥✉♠❡r✐❝❛❧
r❡s✉❧ts ❢♦r ❞✐♣♦❧❡✱ ❧♦♦♣✱ ❛♥❞ ✐♥✈❡rt❡❞ ▲ ❛♥t❡♥♥❛s ❛r❡ ♣r❡s❡♥t❡❞ ✐♥ ❙❡❝✳ ✻✳ ❚❤❡ ♣❛♣❡r ✐s
❝♦♥❝❧✉❞❡❞ ✐♥ ❙❡❝✳ ✼✳ ❚❤❡r❡ ❛r❡ ❢♦✉r ❛♣♣❡♥❞✐❝❡s ❞✐s❝✉ss✐♥❣ ●r❡❡♥✬s ❢✉♥❝t✐♦♥ ✐❞❡♥t✐t✐❡s
❆♣♣✳ ❆✱ s♣❤❡r✐❝❛❧ ❣❡♦♠❡tr✐❡s ❆♣♣✳ ❇✱ ❇r✉♥❡ s②♥t❤❡s✐s ❆♣♣✳ ❈✱ ❛♥❞ ❇♦❞❡✲❋❛♥♦
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❋✐❣✉r❡ ✶✿ ■❧❧✉str❛t✐♦♥ ♦❢ t❤❡ ♦❜❥❡❝t ❣❡♦♠❡tr② V ✇✐t❤ s✉r❢❛❝❡ ∂V ✱ ♦✉t✇❛r❞ ♥♦r♠❛❧
✉♥✐t ✈❡❝t♦r n̂✱ ❛♥❞ ❝✉rr❡♥t ❞❡♥s✐t② J(r)✳ ❚❤❡ ♦❜❥❡❝t ✐s ❝✐r❝✉♠s❝r✐❜❡❞ ❜② ❛ s♣❤❡r❡
✇✐t❤ r❛❞✐✉s a✳

♠❛t❝❤✐♥❣ ❆♣♣✳ ❉✳

✷ ❙t♦r❡❞ ❡❧❡❝tr♦♠❛❣♥❡t✐❝ ❡♥❡r❣②

❲❡ ❝♦♥s✐❞❡r t✐♠❡✲❤❛r♠♦♥✐❝ ❡❧❡❝tr✐❝ ❛♥❞ ♠❛❣♥❡t✐❝ ✜❡❧❞s✱ E(r) ❛♥❞ H(r)✱ r❡s♣❡❝✲
t✐✈❡❧②✱ ✇✐t❤ ❛ s✉♣♣r❡ss❡❞ e−iωt ❞❡♣❡♥❞❡♥❝❡✱ ✇❤❡r❡ ω ❞❡♥♦t❡s t❤❡ ❛♥❣✉❧❛r ❢r❡q✉❡♥❝②✳
❚❤❡ ▼❛①✇❡❧❧ ❡q✉❛t✐♦♥s ✐♥ ❢r❡❡ s♣❛❝❡ ❛r❡ ❬✷✺❪

{
∇×E = iωµ0H = iη0kH

∇×H = −iωǫ0E + J = − ik
η0
E + J ,

✭✷✳✶✮

✇❤❡r❡ J ❞❡♥♦t❡s t❤❡ ❝✉rr❡♥t ❞❡♥s✐t②✱ ✇❤✐❧❡ ǫ0✱ µ0✱ ❛♥❞ η0 =
√
µ0/ǫ0 ❛r❡ t❤❡ ❢r❡❡

s♣❛❝❡ ♣❡r♠✐tt✐✈✐t②✱ ♣❡r♠❡❛❜✐❧✐t②✱ ❛♥❞ ✐♠♣❡❞❛♥❝❡✱ r❡s♣❡❝t✐✈❡❧②✳ ❋♦r s✐♠♣❧✐❝✐t②✱ ✇❡
✐♥t❡r❝❤❛♥❣❡ ❜❡t✇❡❡♥ t❤❡ ❛♥❣✉❧❛r ❢r❡q✉❡♥❝② ❛♥❞ t❤❡ ❢r❡❡ s♣❛❝❡ ✇❛✈❡♥✉♠❜❡r k = ω/c0✱
✇❤❡r❡ t❤❡ s♣❡❡❞ ♦❢ ❧✐❣❤t c0 = 1/

√
µ0ǫ0✳ ❲❡ ❛❧s♦ r❡❝❛❧❧ t❤❡ ❝♦♥t✐♥✉✐t② ❡q✉❛t✐♦♥✱

∇ · J = iωρ✱ r❡❧❛t✐♥❣ t❤❡ ❝✉rr❡♥t ❞❡♥s✐t② J ✇✐t❤ t❤❡ ❝❤❛r❣❡ ❞❡♥s✐t② ρ✳
❚❤❡ t✐♠❡✲❤❛r♠♦♥✐❝ ❡❧❡❝tr✐❝ ❛♥❞ ♠❛❣♥❡t✐❝ ❡♥❡r❣② ❞❡♥s✐t✐❡s ❬✷✺✱ ✷✼✱ ✸✺❪ ❛r❡ ǫ0|E|2/4

❛♥❞ µ0|H|2/4✱ r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡ ❡♥❡r❣② ❞❡♥s✐t✐❡s ❛r❡ ♥♦t ♦❜s❡r✈❛❜❧❡ ❬✻❪ ❛♥❞ t❤❡r❡ ❛r❡
❛ ❢❡✇ ❛❧t❡r♥❛t✐✈❡ s✉❣❣❡st✐♦♥s ✐♥ t❤❡ ❧✐t❡r❛t✉r❡ ❬✶✸❪✳ ❚❤❡ ❡❧❡❝tr✐❝ ❛♥❞ ♠❛❣♥❡t✐❝ ❡♥❡r✲
❣✐❡s ❝♦♠♣r✐s❡ ❜♦t❤ r❛❞✐❛t❡❞ ❛♥❞ st♦r❡❞ ❡♥❡r❣✐❡s❀ ❤♦✇❡✈❡r✱ ❢♦r ❛♥t❡♥♥❛ ◗ ❝❛❧❝✉❧❛t✐♦♥s
♦♥❡ ♠✉st ❡①tr❛❝t t❤❡ st♦r❡❞ ❡♥❡r❣②✳

❚❤❡ ▼❛①✇❡❧❧✬s ❡q✉❛t✐♦♥s ✭✷✳✶✮ s❤♦✇ t❤❛t t❤❡ s♦✉r❝❡s ❛♥❞ ✜❡❧❞s ♦❜❡② t❤❡ ❝♦♥s❡r✲
✈❛t✐♦♥ ♦❢ ❡♥❡r❣② ❡q✉❛t✐♦♥ ✐♥ ❞✐✛❡r❡♥t✐❛❧ ❢♦r♠✱

i2ω
(ǫ0
4
|E|2 − µ0

4
|H|2

)
+

1

2
E · J∗ = −1

2
∇ · (E ×H∗), ✭✷✳✷✮

✇❤❡r❡ t❤❡ s✉♣❡rs❝r✐♣t ∗ ❞❡♥♦t❡s ❝♦♠♣❧❡① ❝♦♥❥✉❣❛t❡✳ ❲❡ ❝♦♥s✐❞❡r ❝✉rr❡♥t ❞✐str✐❜✉✲
t✐♦♥s J ✇❤♦s❡ s✉♣♣♦rt ✐s ✐♥ ❛ ✈♦❧✉♠❡ V ❜♦✉♥❞❡❞ ❜② t❤❡ s✉r❢❛❝❡ ∂V ✱ s❡❡ ❋✐❣✳ ✶✳
■♥t❡❣r❛t✐♥❣ ✭✷✳✷✮ ♦✈❡r t❤✐s ✈♦❧✉♠❡ ❣✐✈❡s t❤❡ r❡❛❧ ♣❛rt r❡s✉❧t

Re

∫

∂V

E(r)×H∗(r) · n̂(r)
2

dS = −Re

∫

V

E(r) · J∗(r)

2
dV, ✭✷✳✸✮
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✇❤❡r❡ n̂ ❞❡♥♦t❡s t❤❡ ♦✉t✇❛r❞✲♥♦r♠❛❧ ✉♥✐t ✈❡❝t♦r ♦❢ t❤❡ s✉r❢❛❝❡ ∂V ✳ ❚❤❡ ✜rst t❡r♠ ✐♥
t❤❡ r❡❛❧ ♣❛rt ❡①♣r❡ss✐♦♥ ✭✷✳✸✮ ✐s r❡❛❞✐❧② ✐❞❡♥t✐✜❡❞ ✐♥ ✈✐❡✇ ♦❢ t❤❡ P♦②♥t✐♥❣ ✈❡❝t♦r ❬✷✺✱
✸✺❪ ❛s t❤❡ t✐♠❡✲❛✈❡r❛❣❡ r❛❞✐❛t❡❞ ♣♦✇❡r ✢♦✇ t❤r♦✉❣❤ t❤❡ s✉r❢❛❝❡ ∂V ✱ s♦ t❤❛t ✭✷✳✸✮
❡q✉❛t❡s t❤❡ r❛❞✐❛t❡❞ ♣♦✇❡r ❡①✐t✐♥❣ ∂V t♦ t❤❡ t✐♠❡ ❛✈❡r❛❣❡ ♦❢ t❤❡ ♣♦✇❡r ❣❡♥❡r❛t❡❞
❜② J ✱ ❛s ❡①♣❡❝t❡❞ ❢r♦♠ ❡♥❡r❣② ❝♦♥s❡r✈❛t✐♦♥✳ ❋✉rt❤❡r♠♦r❡✱ ✐♥t❡❣r❛t✐♥❣ ✭✷✳✷✮ ♦✈❡r
❛❧❧ s♣❛❝❡ s❤♦✇s t❤❛t t❤❡ r❛❞✐❛t❡❞ ♣♦✇❡r ❡①✐t✐♥❣ t❤❡ s✉r❢❛❝❡ ∂V ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ✐♥
t❡r♠s ♦❢ t❤❡ ❢❛r ✜❡❧❞ ❛s

Pr = Re

∫

∂V

E(r)×H∗(r) · n̂(r)
2

dS =

∫

Ω

|F (r̂)|2
2η0

dΩ, ✭✷✳✹✮

✇❤❡r❡ Ω ❞❡♥♦t❡s t❤❡ s✉r❢❛❝❡ ♦❢ t❤❡ ✉♥✐t s♣❤❡r❡ ❛♥❞ t❤❡ ❢❛r ✜❡❧❞ ❜❡❤❛✈❡s ❧✐❦❡ E(r) ∼
eikrF (r̂)/r ❛s r → ∞✱ ✇❤❡r❡ r = rr̂ ❛♥❞ r = |r|✳ ❙✐♠✐❧❛r❧②✱ ❜② ✐♥t❡❣r❛t✐♥❣ ✭✷✳✷✮
♦✈❡r ❛❧❧ s♣❛❝❡ ♦♥❡ ♦❜t❛✐♥s t❤❡ ✐♠❛❣✐♥❛r② ♣❛rt r❡s✉❧t

∫

R3

µ0

4
|H(r)|2 − ǫ0

4
|E(r)|2 dV = Im

∫

V

E(r) · J∗(r)

4ω
dV, ✭✷✳✺✮

✇❤❡r❡ ✇❡ ✉s❡❞ t❤❡ ❢❛❝t t❤❛t t❤❡ ✐♥t❡❣r❛❧ ♦❢ t❤❡ ✐♠❛❣✐♥❛r② ♣❛rt ♦❢ t❤❡ ❞✐✈❡r❣❡♥❝❡
t❡r♠ ✐♥ ✭✷✳✷✮ ✈❛♥✐s❤❡s ❛s t❤❡ ✐♥t❡❣r❛t✐♦♥ ✈♦❧✉♠❡ ❛♣♣r♦❛❝❤❡s R3✳ ❚❤❡ ✐♠❛❣✐♥❛r② ♣❛rt
r❡s✉❧t ✭✷✳✺✮ r❡❧❛t❡s t❤❡ ✇❡❧❧✲❞❡✜♥❡❞ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ t✐♠❡✲❛✈❡r❛❣❡ ❡❧❡❝tr✐❝ ❛♥❞
♠❛❣♥❡t✐❝ ❡♥❡r❣✐❡s ✇✐t❤ t❤❡ ♥❡t r❡❛❝t✐✈❡ ♣♦✇❡r ❞❡❧✐✈❡r❡❞ ❜② J ✳

❆s ✐s ✇❡❧❧ ❦♥♦✇♥ ❬✼✱ ✶✵❪✱ t❤❡ t♦t❛❧ ❡♥❡r❣②✱ ❞❡✜♥❡❞ ❛s t❤❡ ✐♥t❡❣r❛❧ ♦❢ t❤❡ ❡♥❡r❣②
❞❡♥s✐t② ✐♥t❡❣r❛t❡❞ ♦✈❡r ❛❧❧ s♣❛❝❡✱ ✐s ✉♥❜♦✉♥❞❡❞ ❞✉❡ t♦ t❤❡ 1/r2 ❞❡❝❛② ♦❢ t❤❡ ❡♥❡r❣②
❞❡♥s✐t② ✐♥ t❤❡ ❢❛r r❛❞✐❛t✐♦♥ ③♦♥❡✳ ❚❤✐s ✐s r❡s♦❧✈❡❞ ❜② ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ t❤❡ t♦t❛❧
❡♥❡r❣② ✐♥t♦ r❛❞✐❛t❡❞ ❛♥❞ st♦r❡❞ ❡♥❡r❣②✳ ❚❤❡ st♦r❡❞ ❡♥❡r❣② ✐s✱ ❤♦✇❡✈❡r✱ ❞✐✣❝✉❧t t♦
❞❡✜♥❡ ❛♥❞ ✐♥t❡r♣r❡t✳ ❚❤❡ ❝❧❛ss✐❝❛❧ ❛♣♣r♦❛❝❤ ✉s❡❞ ❜② ❈❤✉ ❬✼❪ ❛♥❞ ❈♦❧❧✐♥ ✫ ❘♦t❤✲
s❝❤✐❧❞ ❬✶✵❪✱ ❛♥❞ s✉❜s❡q✉❡♥t❧② ❜② ♦t❤❡rs✱ ✐s ❜❛s❡❞ ♦♥ ♠♦❞❡ ❡①♣❛♥s✐♦♥s✱ ❛♥❞ t❤❡r❡❢♦r❡
r❡str✐❝t❡❞ t♦ ❝❛♥♦♥✐❝❛❧ ❣❡♦♠❡tr✐❡s✳ ❙♣❤❡r✐❝❛❧ r❡❣✐♦♥s ❛r❡ ♠♦st ❝♦♠♠♦♥❧② ❝♦♥s✐❞❡r❡❞
❜✉t t❤❡r❡ ❛r❡ ❛❧s♦ s♦♠❡ r❡s✉❧ts ❢♦r ❝②❧✐♥❞r✐❝❛❧ ❬✶✵❪ ❛♥❞ s♣❤❡r♦✐❞❛❧ ❬✶✹✱ ✸✵❪ str✉❝t✉r❡s✳
❚❤❡ st♦r❡❞ ❡♥❡r❣② ❞❡♥s✐t② ✐s ❝✉st♦♠❛r✐❧② ❞❡✜♥❡❞ ❛s t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ t♦t❛❧
❡♥❡r❣② ❞❡♥s✐t② ❛♥❞ t❤❡ r❛❞✐❛t❡❞ ♣♦✇❡r ✢♦✇ ✐♥ t❤❡ r❛❞✐❛❧ ❞✐r❡❝t✐♦♥ ❬✾✱ ✶✵✱ ✷✽❪✱ t❤✉s
t❤❡ st♦r❡❞ ❡❧❡❝tr✐❝ ❡♥❡r❣② ❜❡❝♦♠❡s

W
(E)
P =

ǫ0
4

∫

R3
r

|E(r)|2 − η0 Re{E(r)×H∗(r)} · r̂ dV, ✭✷✳✻✮

✇❤❡r❡ R
3
r = {r : limr0→∞ |r| ≤ r0} ✐s ✉s❡❞ t♦ ✐♥❞✐❝❛t❡ t❤❛t t❤❡ ✐♥t❡❣r❛t✐♦♥ ✐s ♦✈❡r

❛♥ ✐♥✜♥✐t❡ s♣❤❡r✐❝❛❧ ✈♦❧✉♠❡✳ ❚❤❡ ❝❧❛ss✐❝❛❧ r❡s✉❧ts ❜② ❈❤✉ ❬✼❪ ❛r❡ ❢♦r s♣❤❡r❡s ✇✐t❤
✈❛♥✐s❤✐♥❣ ✐♥t❡r✐♦r ✜❡❧❞ ❬✶✵❪✱ s♦ t❤❛t t❤❡ st♦r❡❞ ❡♥❡r❣② ✐s ❞✉❡ t♦ t❤❡ ❡①t❡r✐♦r ✜❡❧❞
♦♥❧② ✭✐✳❡✳✱ ❢♦r t❤❡ r❡❣✐♦♥ ✇❤❡r❡ r > a ✇❤❡r❡ a ✐s t❤❡ r❛❞✐✉s ♦❢ t❤❡ s♠❛❧❧❡st s♣❤❡r❡
❝✐r❝✉♠s❝r✐❜✐♥❣ t❤❡ s♦✉r❝❡s✮✳ ❚❤❡ ❚❤❛❧ ❜♦✉♥❞ ❬✸✸❪ ❣❡♥❡r❛❧✐③❡s t❤❡ r❡s✉❧ts t♦ ✜❡❧❞s
❣❡♥❡r❛t❡❞ ❜② ❡❧❡❝tr✐❝ s✉r❢❛❝❡ ❝✉rr❡♥ts✱ s❡❡ ❛❧s♦ ❬✷✶❪✳ ❍❡r❡ ✐t ✐s ♦❜s❡r✈❡❞ t❤❛t t❤❡r❡
✐s ❛ st♦r❡❞ ❡♥❡r❣② ❜✉t ♥♦ r❛❞✐❛t❡❞ ❡♥❡r❣② ✢✉① ✐♥ t❤❡ ✐♥t❡r✐♦r ♦❢ t❤❡ s♣❤❡r❡✳ ❚❤❡
❞❡✜♥✐t✐♦♥ ✭✷✳✻✮ ✐s ✉s❡❢✉❧ ❢♦r s♣❤❡r✐❝❛❧ ❣❡♦♠❡tr✐❡s ❛♥❞ ❝❛♥ ❜❡ ❣❡♥❡r❛❧✐③❡❞ t♦ ❝②❧✐♥❞r✐❝❛❧
❣❡♦♠❡tr✐❡s ❬✾✱ ✶✵✱ ✷✽❪✳ ❚❤✐s ❞❡✜♥✐t✐♦♥ ✐s ❞✐✣❝✉❧t t♦ ❣❡♥❡r❛❧✐③❡ t♦ ❛r❜✐tr❛r② ❣❡♦♠❡tr✐❡s
❞✉❡ t♦ ✐ts ❝♦♦r❞✐♥❛t❡ ❞❡♣❡♥❞❡♥❝❡ t❤❛t ♦r✐❣✐♥❛t❡s ❢r♦♠ t❤❡ s❝❛❧❛r ♠✉❧t✐♣❧✐❝❛t✐♦♥ ✇✐t❤



✺

r̂✳ ❚❤❡ s✉❜tr❛❝t✐♦♥ ♦❢ t❤❡ r❛❞✐❛t❡❞ ❡♥❡r❣② ✢♦✇ ✐s ❡q✉✐✈❛❧❡♥t t♦ s✉❜tr❛❝t✐♦♥ ♦❢ t❤❡
❡♥❡r❣② ♦❢ t❤❡ ❢❛r ✜❡❧❞ ♦✉ts✐❞❡ ❛ ❝✐r❝✉♠s❝r✐❜✐♥❣ s♣❤❡r❡✱ ❝❢✳✱ ✭✷✳✹✮✳ ❚❤✐s s✉❣❣❡sts ❛♥
❛❧t❡r♥❛t✐✈❡ st♦r❡❞ ❡❧❡❝tr✐❝ ❡♥❡r❣② ❞❡✜♥❡❞ ❜② s✉❜tr❛❝t✐♦♥ ♦❢ t❤❡ ❢❛r✲✜❡❧❞ ❡♥❡r❣②✱ ✐✳❡✳✱

W
(E)
F =

ǫ0
4

∫

R3
r

|E(r)|2 − |F (r̂)|2
r2

dV, ✭✷✳✼✮

✇❤❡r❡ t❤❡ ✐♥t❡❣r❛t✐♦♥ ✐s ♦✈❡r t❤❡ ✐♥✜♥✐t❡ s♣❤❡r❡ R
3
r ✳ ❚❤❡ s✉❜tr❛❝t❡❞ ❢❛r✲✜❡❧❞ ✐♥

t❤❡ ✐♥t❡❣r❛♥❞ ❝❛♥ ❛❧t❡r♥❛t✐✈❡❧② ❜❡ ✇r✐tt❡♥ ❛s ❛ s✉❜tr❛❝t✐♦♥ ♦❢ t❤❡ r❛❞✐✉s t✐♠❡s t❤❡
r❛❞✐❛t❡❞ ♣♦✇❡r ❬✹✷❪✳

❲❡ ♥♦t❡ t❤❛t t❤❡ ❞❡✜♥✐t✐♦♥s ✇✐t❤ t❤❡ ♣♦✇❡r ✢♦✇ ✭✷✳✻✮ ❛♥❞ ❢❛r ✜❡❧❞ ✭✷✳✼✮ ❞✐✛❡r
♦♥❧② ✐♥ t❤❡ ✐♥t❡r✐♦r ♦❢ t❤❡ s♠❛❧❧❡st ❝✐r❝✉♠s❝r✐❜✐♥❣ s♣❤❡r❡ ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ s♦✉r❝❡
s✉♣♣♦rt✳ ■♥ t❤❡ ✐♥t❡r✐♦r ♦❢ t❤❡ s♠❛❧❧❡st ❝✐r❝✉♠s❝r✐❜✐♥❣ s♣❤❡r❡✱ ✇❤✐❝❤ ✇❡ ❛ss✉♠❡ ♥❡①t
t♦ ❜❡ ♦❢ r❛❞✐✉s a✱ t❤✐s s✉❜tr❛❝t❡❞ ❢❛r✲✜❡❧❞ ❡♥❡r❣② ✐s t❤❡♥

ǫ0
4

∫ a

0

∫

Ω

|F (r̂)|2 dΩdr =
a

2c0
Pr. ✭✷✳✽✮

❆ss✉♠✐♥❣ t❤❛t t❤❡ ❝♦♥tr✐❜✉t✐♦♥ t♦ t❤❡ tr✉❡ st♦r❡❞ ❡❧❡❝tr✐❝ ❡♥❡r❣②✱ s❛② W (E)✱ ❞✉❡ t♦
t❤❡ ❡①t❡r✐♦r ✜❡❧❞ ♦✉ts✐❞❡ t❤❡ s♠❛❧❧❡st ❝✐r❝✉♠s❝r✐❜✐♥❣ s♣❤❡r❡✱ ✐s ❡q✉❛❧ t♦ t❤❛t ♦❢ W

(E)
P

❛♥❞ W
(E)
F ✐♥ ✭✷✳✻✮ ❛♥❞ ✭✷✳✼✮✱ ❛♥❞ t❤❛t ✐t s✉❜tr❛❝ts s♦♠❡ ♥♦♥✲♥❡❣❛t✐✈❡ ✈❛❧✉❡ ❧❡ss t❤❛♥

ǫ0|F |2/(4r2) ✐♥s✐❞❡ t❤❡ s♣❤❡r❡✱ t❤❡♥ ✇❡ ♦❜t❛✐♥ t❤❡ ❜♦✉♥❞

W
(E)
F ≤ W (E) ≤ W

(E)
F +

a

2c0
Pr. ✭✷✳✾✮

❚❤✐s ♠❡❛♥s t❤❛t t❤❡ st♦r❡❞ ❡❧❡❝tr✐❝ ❡♥❡r❣② ❝❛♥ ❜❡ ❜♦✉♥❞❡❞ ❢r♦♠ ❜❡❧♦✇ ❛♥❞ ❛❜♦✈❡
❜② ✭✷✳✼✮✳ ❚❤❡ st♦r❡❞ ♠❛❣♥❡t✐❝ ❡♥❡r❣②✱ W

(M)
F ✱ ✐s ❞❡✜♥❡❞ ❛♥❛❧♦❣♦✉s❧②✳ ❚❤❡ st♦r❡❞

❡♥❡r❣② ✐s ❝♦♠♠♦♥❧② ♥♦r♠❛❧✐③❡❞ ✇✐t❤ t❤❡ r❛❞✐❛t❡❞ ♣♦✇❡r t♦ ❞❡✜♥❡ ◗✲❢❛❝t♦rs✳ ❚❤❡
◗✲❢❛❝t♦r ✐s Q = max{Q(E), Q(M)}✱ ✇❤❡r❡

Q(E) =
2ωW (E)

Pr

❛♥❞ Q(M) =
2ωW (M)

Pr

✭✷✳✶✵✮

❛♥❞ ✇❡ ❤❛✈❡ ✐♥❝❧✉❞❡❞ ❛ ❢❛❝t♦r ♦❢ ✷ ✐♥ t❤❡ ❞❡✜♥✐t✐♦♥s ♦❢ Q(E) ❛♥❞ Q(M) t♦ s✐♠♣❧✐❢②
t❤❡ ❝♦♠♣❛r✐s♦♥ ✇✐t❤ ❛♥t❡♥♥❛ Q✳ ❚❤✐s tr❛♥s❧❛t❡s t❤❡ ❜♦✉♥❞ ✭✷✳✾✮ ✐♥t♦

max{0, QF} ≤ Q ≤ QF + ka, ✭✷✳✶✶✮

✇❤❡r❡ ✇❡ ❤❛✈❡ ❛❞❞❡❞ t❤❛t Q ✐s ♥♦♥✲♥❡❣❛t✐✈❡✳
❲❡ s❤♦✇ t❤❛t t❤❡ st♦r❡❞ ❡♥❡r❣② ✇✐t❤ t❤❡ s✉❜tr❛❝t❡❞ ❢❛r ✜❡❧❞ ✭✷✳✼✮ ✐s s✐♠✐❧❛r t♦ t❤❡

❡♥❡r❣② ❞❡✜♥❡❞ ❜② ❱❛♥❞❡♥❜♦s❝❤ ✐♥ ❬✸✻❪ ❢♦r t❤❡ ✈❛❝✉✉♠ ❝❛s❡✳ ❋♦r s✐♠♣❧✐❝✐t② ✇❡ ❡①♣r❡ss
t❤❡ ❡♥❡r❣② ✉s✐♥❣ t❤❡ s❝❛❧❛r ♣♦t❡♥t✐❛❧ φ ❛♥❞ t❤❡ ✈❡❝t♦r ♣♦t❡♥t✐❛❧ A ✐♥ t❤❡ ▲♦r❡♥t③
❣❛✉❣❡ ❬✷✺✱ ✷✼✱ ✸✺❪✱ s♦ t❤❛t (∇2+ k2)φ(r) = −ρ(r)/ǫ0 ❛♥❞ (∇2+ k2)A(r) = −µ0J(r)
❛♥❞ t❤❡r❡❢♦r❡

φ(r) = ǫ−1
0 (G ∗ ρ)(r) = 1

ǫ0

∫

V

G(r − r′)ρ(r′) dV′ ✭✷✳✶✷✮



✻

❛♥❞

A(r) = µ0(G ∗ J)(r) = µ0

∫

V

G(r − r′)J(r′) dV′, ✭✷✳✶✸✮

✇❤❡r❡ ∗ ❞❡♥♦t❡s ❝♦♥✈♦❧✉t✐♦♥ ❛♥❞ G ✐s t❤❡ ♦✉t❣♦✐♥❣ ●r❡❡♥✬s ❢✉♥❝t✐♦♥ ✐✳❡✳✱ G(r) =
eikr/(4πr) ❛♥❞ r = |r|✳ ❚❤❡ ✈❡❝t♦r ❛♥❞ s❝❛❧❛r ♣♦t❡♥t✐❛❧s ❛r❡ r❡❧❛t❡❞ ❜②∇·A = ikφ/c0
❛♥❞ t❤❡ ❡❧❡❝tr✐❝ ❛♥❞ ♠❛❣♥❡t✐❝ ✜❡❧❞s ❛r❡ ❣✐✈❡♥ ❜② ❬✷✺❪

E = iωA−∇φ ❛♥❞ H = µ−1
0 ∇×A. ✭✷✳✶✹✮

❲❡ ❛❧s♦ ✉s❡ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❢❛r✲✜❡❧❞ ♣♦t❡♥t✐❛❧s ❞❡✜♥❡❞ ❜②

φ∞(r̂) =
1

4πǫ0

∫

V

ρ(r′)e−ikr̂·r′

dV′ ✭✷✳✶✺✮

❛♥❞

A∞(r̂) =
µ0

4π

∫

V

J(r′)e−ikr̂·r′

dV′ ✭✷✳✶✻✮

❣✐✈✐♥❣ t❤❡ ❡❧❡❝tr✐❝ ❢❛r✲✜❡❧❞

F (r̂) = iωA∞(r̂)− r̂ikφ∞(r̂). ✭✷✳✶✼✮

❯s✐♥❣ t❤❛t t❤❡ ❢❛r✲✜❡❧❞ ✐s ♦rt❤♦❣♦♥❛❧ t♦ r̂✱ ✐✳❡✳✱ r̂ · F = 0✱ t❤❡ ❢❛r✲✜❡❧❞ r❛❞✐❛t✐♦♥
♣❛tt❡r♥ ♦❜❡②s

|F (r̂)|2 = ω2|A∞(r̂)|2 − k2|φ∞(r̂)|2. ✭✷✳✶✽✮

❚❤❡ ❡❧❡❝tr✐❝ ❡♥❡r❣② ❞❡♥s✐t② ✐s ♣r♦♣♦rt✐♦♥❛❧ t♦

|E|2 = ω2|A|2 − 2Re{iωA · ∇φ∗}+ |∇φ|2
= ω2|A|2 − 2k2|φ|2 + |∇φ|2 − 2Re{iω∇ · (φ∗A)}, ✭✷✳✶✾✮

✇❤❡r❡ ✇❡ ✉s❡❞ ∇ · (φ∗A) = φ∗∇ ·A+A · ∇φ∗ = ik|φ|2/c0 +A · ∇φ∗✳ ❲❡ ✐♥t❡❣r❛t❡
t❤✐s r❡s✉❧t ♦✈❡r ❛ ❧❛r❣❡ s♣❤❡r❡ t♦ ❣❡t t❤❡ ❢❛r✲✜❡❧❞ t②♣❡ st♦r❡❞ ❡❧❡❝tr✐❝ ❡♥❡r❣② ✭✷✳✼✮
❡①♣r❡ss❡❞ ✐♥ t❤❡ ♣♦t❡♥t✐❛❧s

4W
(E)
F

ǫ0
=

∫

R3
r

|E(r)|2 − |F (r̂)|2
r2

dV

=

∫

R3
r

|∇φ|2 − k2|φ|2 + ω2

(
|A|2 − |A∞|2

r2

)
− k2

(
|φ|2 − |φ∞|2

r2

)
dV, ✭✷✳✷✵✮

✇❤❡r❡ ✇❡ ❛♣♣❧✐❡❞ t❤❡ ❞✐✈❡r❣❡♥❝❡ t❤❡♦r❡♠ t♦ t❤❡ ✐♥t❡❣r❛t✐♦♥ ♦❢ t❤❡ ❧❛st t❡r♠ ✐♥ ✭✷✳✶✾✮✱
♦❜t❛✐♥✐♥❣ ✈✐❛ t❤❡ ❞✐s❝✉ss✐♦♥ ✐♥ ✭✷✳✶✼✮ ❛♥❞ ✭✷✳✶✽✮ t❤❛t

∫
Ω
Im{φ∗(rr̂)Ar(rr̂)}r2 dΩ → 0

❛s t❤❡ r❛❞✐✉s r → ∞ ✐♥ R
3
r ✱ s❡❡ ✭✷✳✶✼✮✳

❯s❡ t❤❡ ❡♥❡r❣② ✐❞❡♥t✐t② ❢♦r t❤❡ ❍❡❧♠❤♦❧t③ ❡q✉❛t✐♦♥✱ |∇φ|2−k2|φ|2 = ǫ−1
0 Re{φρ∗}+

∇ · (Re{φ∗∇φ})✱ ❛♥❞ t❤❛t φ∗∇φ → ikr̂|φ|2 ❢♦r ❧❛r❣❡ ❡♥♦✉❣❤ r✱ t♦ r❡✇r✐t❡ t❤❡ ✜rst
t✇♦ t❡r♠s ✐♥ ✭✷✳✷✵✮ ❛s
∫

R3
r

|∇φ(r)|2 − k2|φ(r)|2 dV = ǫ−1
0 Re

∫

V

φ(r)ρ∗(r) dV

=

∫

V

∫

V

ρ(r1)
cos(k|r1 − r2|)
4πǫ20|r1 − r2|

ρ∗(r2) dV1 dV2, ✭✷✳✷✶✮



✼

✇❤❡r❡ ✇❡ ❛❧s♦ ✉s❡❞ t❤❛t t❤❡ s✉r❢❛❝❡ t❡r♠ ✈❛♥✐s❤❡s✳ ❚❤❡ ●r❡❡♥✬s ❢✉♥❝t✐♦♥ ✐❞❡♥t✐t②✱
s❡❡ ❆♣♣✳ ❆

∫

R3
r

G(r− r1)G
∗(r− r2)−

e−ik(r1−r2)·r̂

16π2r2
dV = −sin(kr12)

8πk
+ i

r21 − r22
8πr12

j1(kr12), ✭✷✳✷✷✮

✇❤❡r❡ j1(z) = (sin(z) − z cos(z))/z2 ✐s ❛ s♣❤❡r✐❝❛❧ ❇❡ss❡❧ ❢✉♥❝t✐♦♥ ❬✸✺❪✱ ✐s ✉s❡❞ t♦
r❡✇r✐t❡ t❤❡ t✇♦ r❡♠❛✐♥✐♥❣ t❡r♠s ✐♥ ✭✷✳✷✵✮ ❛s

∫

R3
r

|G∗J |2−|
∫
V
e−ikr′·r̂J(r′) dV′ |2

16π2r2
dV = −

∫

V

∫

V

J(r1)·
sin(k|r1 − r2|)

8πk
J∗(r2) dV1 dV2

+ i

∫

V

∫

V

J(r1) ·
r21 − r22
8πr12

j1(kr12)J
∗(r2) dV1 dV2 ✭✷✳✷✸✮

❛♥❞

∫

R3
r

|G∗ρ|2−|
∫
V
e−ikr′·r̂ρ(r′) dV′ |2

16π2r2
dV = −

∫

V

∫

V

ρ(r1)
sin(k|r1 − r2|)

8πk
ρ∗(r2) dV1 dV2

+ i

∫

V

∫

V

ρ(r1)
r21 − r22
8πr12

j1(kr12)ρ
∗(r2) dV1 dV2 . ✭✷✳✷✹✮

❲❡ ♥♦t❡ t❤❛t t❤❡ ✜rst t❡r♠s ✐♥ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢ ✭✷✳✷✸✮ ❛♥❞ ✭✷✳✷✹✮ ♦♥❧② ❞❡♣❡♥❞
♦♥ t❤❡ ❞✐st❛♥❝❡ r12 = |r1 − r2| ❛♥❞ ❛r❡ ❤❡♥❝❡ ❝♦♦r❞✐♥❛t❡ ✐♥❞❡♣❡♥❞❡♥t✱ ✇❤❡r❡❛s t❤❡
❧❛st t❡r♠s ❞❡♣❡♥❞ ♦♥ t❤❡ ❝♦♦r❞✐♥❛t❡ s②st❡♠ ❞✉❡ t♦ t❤❡ ❢❛❝t♦r r21 − r22 = (r1 + r2) ·
(r1 − r2)✳ ❚❤❡ ❝♦♦r❞✐♥❛t❡ ❞❡♣❡♥❞❡♥❝❡ ♦r✐❣✐♥❛t❡s ✐♥ t❤❡ ❡①♣❧✐❝✐t ❡✈❛❧✉❛t✐♦♥ ♦❢ t❤❡
✐♥t❡❣r❛❧ ✐♥ ✭✷✳✷✷✮ ♦✈❡r ❧❛r❣❡ s♣❤❡r✐❝❛❧ ✈♦❧✉♠❡s R3

r t❤❛t ✐s ♥❡❝❡ss❛r② ❞✉❡ t♦ t❤❡ s❧♦✇
❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ✐♥t❡❣r❛❧ ✐♥ ✭✷✳✷✷✮✱ s❡❡ ❛❧s♦ ❆♣♣✳ ❆✳

❈♦❧❧❡❝t✐♥❣ t❤❡ t❡r♠s ✐♥ ✭✷✳✷✶✮✱ ✭✷✳✷✸✮✱ ❛♥❞ ✭✷✳✷✹✮✱ ✇❡ ❣❡t ❛ q✉❛❞r❛t✐❝ ❢♦r♠ ✐♥ t❤❡
❝✉rr❡♥t ❞❡♥s✐t② J ❢♦r t❤❡ ❢❛r✲✜❡❧❞ t②♣❡ st♦r❡❞ ❡❧❡❝tr✐❝ ❡♥❡r❣② ✭✷✳✷✵✮ ❛s

W
(E)
F = W

(E)
F0

+WF1
+WF2

, ✭✷✳✷✺✮

✇❤❡r❡ W
(E)
F0

+WF1
✐s t❤❡ ❝♦♦r❞✐♥❛t❡ ✐♥❞❡♣❡♥❞❡♥t ♣❛rt

W
(E)
F0

+WF1
=

µ0

4

∫

V

∫

V

∇1 · J(r1)∇2 · J∗(r2)
cos(kr12)

4πk2r12

−
(
k2J(r1) · J(r2)

∗ −∇1 · J(r1)∇2 · J∗(r2)
)sin(kr12)

8πk
dV1 dV2 ✭✷✳✷✻✮

❛♥❞ W
(E)
F0

❛♥❞ WF1
❝♦♥t❛✐♥s t❤❡ cos ❛♥❞ sin ♣❛rts✱ r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡ ❝♦♦r❞✐♥❛t❡

❞❡♣❡♥❞❡♥t ♣❛rt ✐s

WF2
=

µ0

4

∫

V

∫

V

Im
{
k2J1 · J∗

2 −∇1 · J1∇2 · J∗
2

}r21 − r22
8πr12

j1(kr12) dV1 dV2, ✭✷✳✷✼✮

✇❤❡r❡ Jn = J(rn)✱ n = 1, 2✳ ❚❤❡ ❝♦♦r❞✐♥❛t❡ ✐♥❞❡♣❡♥❞❡♥t ♣❛rt W
(E)
F0

+ WF1
✐s

✐❞❡♥t✐❝❛❧ t♦ t❤❡ ❡♥❡r❣② ❜② ❱❛♥❞❡♥❜♦s❝❤ ✐♥ ❬✸✻❪ ❢♦r ✈❛❝✉✉♠ ❛♥❞ ❤❡♥❝❡ ♣r❡s❡♥ts ❛



✽

❝❧❡❛r ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ t❤❡ ❡♥❡r❣② ❬✸✻❪ ✐♥ t❡r♠s ♦❢ ✭✷✳✼✮✳ ❲❡ ❛❧s♦ s❡❡ t❤❛t t❤❡ ❞❡✜♥✐✲
t✐♦♥ ✭✷✳✼✮ ❡①♣❧❛✐♥s t❤❡ ♣❡❝✉❧✐❛r ❡✛❡❝ts ♦❢ ♥❡❣❛t✐✈❡ st♦r❡❞ ❡♥❡r❣✐❡s ❬✶✽❪ ❛♥❞ s✉❣❣❡sts
❛ r❡♠❡❞② t♦ ✐t ✐♥ ✭✷✳✶✶✮✳ ❚❤❡ ❝♦♦r❞✐♥❛t❡ ❞❡♣❡♥❞❡♥t ♣❛rt WF2

✐s ♠♦r❡ ✐♥✈♦❧✈❡❞✳ ❆
s✐♠✐❧❛r ❝♦♦r❞✐♥❛t❡ ❞❡♣❡♥❞❡♥t t❡r♠ ✐s ♦❜s❡r✈❡❞ ✐♥ ❬✹✷❪✳ ❖❜✈✐♦✉s❧② t❤❡ ❛❝t✉❛❧ st♦r❡❞
❡♥❡r❣②✱ ❛s ❛♥② ♣❤②s✐❝❛❧ q✉❛♥t✐t②✱ s❤♦✉❧❞ ❜❡ ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ❝♦♦r❞✐♥❛t❡ s②st❡♠✳
❋✐rst✱ ✇❡ ♦❜s❡r✈❡ t❤❛t WF2

= 0 ❢♦r ❛♥② ❝✉rr❡♥t ❞❡♥s✐t② t❤❛t ❤❛s ❛ ❝♦♥st❛♥t ♣❤❛s❡✳
❚❤✐s ✐♥❝❧✉❞❡s t❤❡ ✜❡❧❞s ♦r✐❣✐♥❛t✐♥❣ ❢r♦♠ s✐♥❣❧❡ s♣❤❡r✐❝❛❧ ♠♦❞❡s ♦♥ s♣❤❡r✐❝❛❧ s✉r❢❛❝❡s
❛♥❞ ❤❡♥❝❡ ♠♦st ❝❛s❡s ✐♥ ❬✼✱ ✶✵✱ ✷✶✱ ✸✸❪✳ ■t ❛❧s♦ ✐♥❝❧✉❞❡s ❝✉rr❡♥ts ✐♥ t❤❡ ❢♦r♠ ♦❢ s✐♥❣❧❡
❝❤❛r❛❝t❡r✐st✐❝ ♠♦❞❡s ❬✸❪✳ ❲❡ ❛❧s♦ ❣❡t t❤❡ ❝♦♦r❞✐♥❛t❡ ✐♥❞❡♣❡♥❞❡♥t ♣❛rt ❜② t❛❦✐♥❣ t❤❡
❛✈❡r❛❣❡ ♦❢ t❤❡ st♦r❡❞ ❡♥❡r❣② ❢r♦♠ J ❛♥❞ J∗✳ ❚❤❡ t❡r♠ WF2

✐s ❢✉rt❤❡r ❛♥❛❧②③❡❞ ✐♥
❙❡❝s ✸ ❛♥❞ ✹✳

❋♦r t❤❡ st♦r❡❞ ♠❛❣♥❡t✐❝ ❡♥❡r❣② ✇❡ ❝❛♥ ✉s❡ |B|2 = |∇×A|2 ♦r s✐♠♣❧❡r t❤❡ ❡♥❡r❣②
✐❞❡♥t✐t② ✭✷✳✺✮✱ t♦ ❞✐r❡❝t❧② ❣❡t t❤❡ ❞✐✛❡r❡♥❝❡

∫

R3
r

µ0|H(r)|2 − ǫ0|E(r)|2 dV = Re

∫

V

A(r) · J∗(r)− φ(r)ρ∗(r) dV, ✭✷✳✷✽✮

✇❤❡r❡ ✇❡ ✉s❡❞
E · J∗ = iωA · J∗ −∇ · (φJ∗)− iωφρ∗. ✭✷✳✷✾✮

❚❤✐s ❣✐✈❡s t❤❡ ❢❛r✲✜❡❧❞ t②♣❡ st♦r❡❞ ♠❛❣♥❡t✐❝ ❡♥❡r❣② W
(M)
F = W

(M)
F0

+WF1
+WF2

✱
✇❤❡r❡ t❤❡ ❝♦♦r❞✐♥❛t❡ ✐♥❞❡♣❡♥❞❡♥t ♣❛rt

W
(M)
F0

+WF1
=

µ0

4

∫

V

∫

V

J(r1) · J∗(r2)
cos(kr12)

4πr12

−
(
k2J(r1) · J(r2)

∗ −∇1 · J(r1)∇2 · J∗(r2)
)sin(kr12)

8πk
dV1 dV2 ✭✷✳✸✵✮

✐s ❡①♣r❡ss❡❞ ❛s ❛ q✉❛❞r❛t✐❝ ❢♦r♠ ✐♥ J ✱ s❡❡ ❛❧s♦ ❬✸✻❪✳ ❲❡ ❛❧s♦ ❤❛✈❡ t❤❡ r❛❞✐❛t❡❞ ♣♦✇❡r

Pr =
η0
2k

∫

V

∫

V

(
k2J(r1) · J∗(r2)−∇1 · J(r1)∇2 · J∗(r2)

)sin(kr12)
4πr12

dV1 dV2 . ✭✷✳✸✶✮

■t ✐s ✐❧❧✉str❛t✐✈❡ t♦ r❡✇r✐t❡ t❤❡ ❝♦♦r❞✐♥❛t❡ ✐♥❞❡♣❡♥❞❡♥t ❢❛r✲✜❡❧❞ st♦r❡❞ ❡♥❡r❣② ✐♥
t❤❡ ♣♦t❡♥t✐❛❧s✿

W
(E)
F0

=
1

4
Re

∫

V

ρ∗φ dV, W
(M)
F0

=
1

4
Re

∫

V

J∗ ·A dV . ✭✷✳✸✷✮

❲❡ ♥♦t❡ t❤❛t t❤❡ s✉♠ ♦❢ t❤❡ ✜rst t❡r♠s✱ W
(E)
F0

+W
(M)
F0

✱ ❝♦rr❡s♣♦♥❞s t♦ ❛ ❢r❡q✉❡♥❝②✲
❞♦♠❛✐♥ ✈❡rs✐♦♥ ♦❢ t❤❡ ❡♥❡r❣② ❡①♣r❡ss✐♦♥ ❜② ❈❛r♣❡♥t❡r ❬✻❪✱ s❡❡ ❛❧s♦ ❬✶✶✱ ✸✹❪✳ ▼♦r❡♦✈❡r✱
t❤❡② r❡❞✉❝❡ t♦ ✇❡❧❧✲❦♥♦✇♥ ❡❧❡❝tr♦st❛t✐❝ ❛♥❞ ♠❛❣♥❡t♦st❛t✐❝ ❡①♣r❡ss✐♦♥s ✐♥ t❤❡ ❧♦✇✲
❢r❡q✉❡♥❝② ❧✐♠✐t ❬✷✺❪✳

❲❡ ❢♦❧❧♦✇ st❛♥❞❛r❞ ♥♦t❛t✐♦♥ ✐♥ t❤❡ ♠❡t❤♦❞ ♦❢ ♠♦♠❡♥ts ✭▼♦▼✮ ❛♥❞ ✐♥tr♦❞✉❝❡ t❤❡
♦♣❡r❛t♦rs Le ❛♥❞ Lm s✉❝❤ t❤❛t L = Le −Lm ✐s t❤❡ ✐♥t❡❣r❛❧ ♦♣❡r❛t♦r ❛ss♦❝✐❛t❡❞ ✇✐t❤
t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞ ✐♥t❡❣r❛❧ ❡q✉❛t✐♦♥ ✭❊❋■❊✮ ❬✷✻❪✳ ❍❡r❡✱ t❤❡ ♦♣❡r❛t♦rs ❛r❡ ❣❡♥❡r❛❧✐③❡❞
t♦ ✈♦❧✉♠❡s ❛♥❞ ❞❡✜♥❡❞ ❢r♦♠

〈J ,Le J〉 =
−1

ik

∫

V

∫

V

∇1 · J(r1)∇2 · J∗(r2)G(r1 − r2) dV1 dV2, ✭✷✳✸✸✮



✾

〈J ,Lm J〉 = ik

∫

V

∫

V

J(r1) · J∗(r2)G(r1 − r2) dV1 dV2, ✭✷✳✸✹✮

❛♥❞

〈J ,Lem J〉 = ik

2

∫

V

∫

V

(1
k
∇1 · J(r1)∇2 · J∗(r2)

− kJ(r1) · J∗(r2)
)∂G(r1 − r2)

∂k
dV1 dV2 . ✭✷✳✸✺✮

❚❤❡② ❛r❡ ❞❡✜♥❡❞ s✉❝❤ t❤❛t t❤❡ st♦r❡❞ ❡❧❡❝tr✐❝ ❛♥❞ ♠❛❣♥❡t✐❝ ❡♥❡r❣✐❡s ❛♥❞ r❛❞✐❛t❡❞
♣♦✇❡r ❛r❡

W
(E)
F0

=
η0
4ω

Im〈J ,Le J〉 ✭✷✳✸✻✮

W
(M)
F0

=
η0
4ω

Im〈J ,Lm J〉 ✭✷✳✸✼✮

WF1
=

η0
4ω

Im〈J ,Lem J〉 ✭✷✳✸✽✮

Pr =
η0
2
Re〈J , (Le −Lm)J〉. ✭✷✳✸✾✮

❊✣❝✐❡♥t ❡✈❛❧✉❛t✐♦♥ ♦❢ t❤❡ L ♦♣❡r❛t♦r ✐s ✐♥str✉♠❡♥t❛❧ ✐♥ ▼♦▼ ✐♠♣❧❡♠❡♥t❛t✐♦♥s ✇❤❡r❡
t❤❡ ❞✐s❝r❡t✐③❡❞ ✈❡rs✐♦♥s ❛r❡ ♦❢t❡♥ r❡❢❡rr❡❞ t♦ ❛s ✐♠♣❡❞❛♥❝❡ ♠❛tr✐❝❡s✳ ❚❤❡ r❡❧❛t✐♦♥s
❛❜♦✈❡ s❤♦✇ t❤❛t t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♠❛tr✐❝❡s ❢♦r t❤❡ ❝♦♦r❞✐♥❛t❡ ✐♥❞❡♣❡♥❞❡♥t st♦r❡❞
❛♥❞ r❛❞✐❛t❡❞ ❡♥❡r❣✐❡s ❛r❡ ❛✈❛✐❧❛❜❧❡ ❜② ❡✈❛❧✉❛t✐♥❣ t❤❡ r❡❛❧ ❛♥❞ ✐♠❛❣✐♥❛r② ♣❛rts ♦❢ t❤❡
▼♦▼ ✐♠♣❡❞❛♥❝❡ ♠❛tr✐❝❡s ✇✐t❤ t❤❡ ❛❞❞✐t✐♦♥ ♦❢ t❤❡ ♠✐①❡❞ ♣❛rt ✭✷✳✸✺✮✳ ❚❤❡ st♦r❡❞
❡♥❡r❣② ✐s ❤❡♥❝❡ ❝♦♠♣✉t❡❞ ✇✐t❤ ♥❡❣❧✐❣✐❜❧❡ ❛❞❞✐t✐♦♥❛❧ ❝♦♠♣✉t❛t✐♦♥❛❧ ❝♦st ✐♥ ▼♦▼
✐♠♣❧❡♠❡♥t❛t✐♦♥s✳ ▼♦r❡♦✈❡r✱ ✭✷✳✸✾✮ s❤♦✇s t❤❛t ReL ✐s ♣♦s✐t✐✈❡ s❡♠✐❞❡✜♥✐t❡✳

✸ ❈♦♦r❞✐♥❛t❡ ❞❡♣❡♥❞❡♥t t❡r♠

❚❤❡ st♦r❡❞ ❡❧❡❝tr✐❝ ✭✷✳✷✺✮ ❛♥❞ ♠❛❣♥❡t✐❝ ❡♥❡r❣✐❡s ❝♦♥t❛✐♥ t❤❡ ♣♦t❡♥t✐❛❧❧② ❝♦♦r❞✐♥❛t❡
❞❡♣❡♥❞❡♥t ♣❛rt WF2

❞❡✜♥❡❞ ✐♥ ✭✷✳✷✼✮✳ ❆ss✉♠❡ t❤❛t WF2
= WF2,0 ❢♦r ♦♥❡ ❝♦♦r❞✐♥❛t❡

s②st❡♠✳ ❈♦♥s✐❞❡r ❛ s❤✐❢t ♦❢ t❤❡ ❝♦♦r❞✐♥❛t❡ s②st❡♠ r → d+r ❛♥❞ ✉s❡ t❤❛t r21− r22 →
r21 − r22 + 2d · (r1 − r2)✳ ❚❤✐s ❣✐✈❡s t❤❡ ❝♦♦r❞✐♥❛t❡ ❞❡♣❡♥❞❡♥t t❡r♠

WF2,d = WF2,0 + kd ·W , ✭✸✳✶✮

✇❤❡r❡ W = Wρ +WJ ❛♥❞

Wρ =
i

2ǫ0

∫

V

∫

V

ρ(r1)∇1
sin(kr12)

8πkr12
ρ∗(r2) dV1 dV2

=
kǫ0
4

∫

Ω

r̂

∣∣∣
∫

V

ρ(r)e−ikr̂·r

4πǫ0
dV
∣∣∣
2

dΩ =
kǫ0
4

∫

Ω

|φ∞(r̂)|2r̂ dΩ ✭✸✳✷✮

❛♥❞ ✇❡ ✉s❡❞ ✭❆✳✺✮✱ t❤❡ ✐❞❡♥t✐t②

∇1
sin(kr12)

4πkr12
= −ik lim

r→∞

∫

|r|=r

r̂G(r − r1)G
∗(r − r2) dS =

−ik

16π2

∫

Ω

r̂e−ikr̂·(r1−r2) dΩ,

✭✸✳✸✮



✶✵

❛♥❞ t❤❡ ❢❛r✲✜❡❧❞ ♣♦t❡♥t✐❛❧ ✭✷✳✶✺✮✳ ❙✐♠✐❧❛r❧②✱ t❤❡ ❝✉rr❡♥t ♣❛rt ✐s

WJ = − iµ0

2

∫

V

∫

V

J(r1) · J∗(r2)∇1
sin(kr12)

8πkr12
dV1 dV2 = − k

4µ0

∫

Ω

|A∞(r̂)|2r̂ dΩ.
✭✸✳✹✮

❯s✐♥❣ t❤❡ ❢❛r✲✜❡❧❞ ✐❞❡♥t✐t② ✭✷✳✶✽✮ ❣✐✈❡s W ❛s

W = − ǫ0
4k

∫

Ω

|F (r̂)|2r̂ dΩ. ✭✸✳✺✮

❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ◗ ❢❛❝t♦r ✐s ❤❡♥❝❡ s❤✐❢t❡❞ ❛s

∆QF2
=

−kd ·
∫
Ω
r̂|F (r̂)|2 dΩ

2
∫
Ω
|F (r̂)|2 dΩ , ✭✸✳✻✮

✇❤❡r❡ ✇❡ s❡❡ t❤❛t |∆QF2
| ≤ ka ❢♦r ❛❧❧ ❝♦♦r❞✐♥❛t❡ s❤✐❢ts ✇✐t❤✐♥ t❤❡ s♠❛❧❧❡st ❝✐r✲

❝✉♠s❝r✐❜✐♥❣ s♣❤❡r❡✱ s❡❡ ❋✐❣✳ ✶✳ ❲❡ ♥♦t❡ t❤❛t t❤✐s t❡r♠ ✐s s✐♠✐❧❛r t♦ t❤❡ ❝♦♦r❞✐♥❛t❡
❞❡♣❡♥❞❡♥❝❡ ♦❜s❡r✈❡❞ ✐♥ ❬✹✷❪✳

❈♦♥s✐❞❡r ❛ s♣❤❡r✐❝❛❧ ❝✉rr❡♥t s❤❡❡t t♦ ✐❧❧✉str❛t❡ t❤❡ ❝♦♦r❞✐♥❛t❡ ❞❡♣❡♥❞❡♥❝❡✳ ▲❡t
t❤❡ ❢❛r ✜❡❧❞ ❜❡ F ∼ α1 Y1e01 +α2 Y2o11✱ ✐✳❡✳✱ ❛ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ ❛ ẑ ❞✐r❡❝t❡❞ ♠❛❣♥❡t✐❝
❞✐♣♦❧❡ ❛♥❞ ❛ ŷ ❞✐r❡❝t❡❞ ❡❧❡❝tr✐❝ ❞✐♣♦❧❡✱ s❡❡ ❆♣♣✳ ❇✳✹✳ ❚❤✐s ❣✐✈❡s t❤❡ s❤✐❢t ∆QF2

=
−kx/4✳ ❲❡ ❛❧s♦ ❤❛✈❡ QF2,0 = 0 ❢♦r t❤❡ ❝❛s❡ ♦❢ ❛ ❝♦♦r❞✐♥❛t❡ s②st❡♠ ❝❡♥t❡r❡❞ ✐♥ t❤❡
s♣❤❡r❡ ❛s r1 = r2 ❣✐✈❡s QF2,d = −kx/4✱ ✇❤❡r❡ x = d · x̂ ❛♥❞ d ✐s t❤❡ ✈❡❝t♦r t♦ t❤❡
❝❡♥t❡r ♦❢ t❤❡ s♣❤❡r❡✳

✹ ❙♠❛❧❧ str✉❝t✉r❡s

❊✈❛❧✉❛t✐♦♥ ♦❢ t❤❡ st♦r❡❞ ❡♥❡r❣② ❢♦r ❛♥t❡♥♥❛ ◗ ✐s ♠♦st ✐♥t❡r❡st✐♥❣ ❢♦r s♠❛❧❧ str✉❝t✉r❡s✱
✇❤❡r❡ Q ✐s ❧❛r❣❡✱ ❡✳❣✳✱ Q ≥ 10✱ ❛♥❞ ❝❛♥ ❜❡ ✉s❡❞ t♦ q✉❛♥t✐❢② t❤❡ ❜❛♥❞✇✐❞t❤ ♦❢
❛♥t❡♥♥❛s ❬✼✱ ✶✽✱ ✶✾✱ ✸✼✱ ✹✷❪✳ ❚❤❡ ❧♦✇✲❢r❡q✉❡♥❝② ❡①♣❛♥s✐♦♥ ♦❢ t❤❡ st♦r❡❞ ❡♥❡r❣② ❛r❡
♣r❡s❡♥t❡❞ ✐♥ ❬✶✺✱ ✶✽✱ ✸✻✱ ✸✼❪✳ ❍❡r❡✱ ✇❡ ❜❛s❡ ✐t ♦♥ t❤❡ ❧♦✇✲❢r❡q✉❡♥❝② ❡①♣❛♥s✐♦♥ J =
J (0)+kJ (1)+O(k2) ❛s k → 0✱ ✇❤❡r❡ ∇·J (0) = 0 ❛♥❞ t❤❡ st❛t✐❝ t❡r♠s J (0) ❛♥❞ ρ0 =
−i∇ · J (1)/c0 ❤❛✈❡ ❛ ❝♦♥st❛♥t ♣❤❛s❡✳ ❋♦r t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❛s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥s
♦❢ t❤❡ ◗✲❢❛❝t♦r ❝♦♠♣♦♥❡♥ts ✐♥ ✭✷✳✷✺✮✱ ✇❡ ♥♦t❡ t❤❛t t❤❡ ❝♦♦r❞✐♥❛t❡ ❞❡♣❡♥❞❡♥t ♣❛rt
✈❛♥✐s❤❡s ✐❢ J ❛♥❞ ρ(r) ❤❛✈❡ ❝♦♥st❛♥t ♣❤❛s❡✳ ❚❤✐s ❣✐✈❡s

Im{ρ(r1)ρ
∗(r2)} = Im{(ρ0(r1) + kρ1(r1))(ρ

∗
0(r2) + kρ∗1(r2))}+O(k2)

= k Im{ρ0(r1)ρ
∗
1(r2) + ρ1(r1)ρ

∗
0(r2)}+O(k2) ✭✹✳✶✮

❛s k → 0 ❛♥❞ s✐♠✐❧❛r❧② ❢♦r J ✳ ❚❤❡ ❞✐✛❡r❡♥t ♣❛rts ♦❢ t❤❡ st♦r❡❞ ❡♥❡r❣② ✭✷✳✷✺✮
❝♦♥tr✐❜✉t❡ t♦ t❤❡ ◗✲❢❛❝t♦r ❛s②♠♣t♦t✐❝❛❧❧②

Q
(E,M)
F0

∼ 1

(ka)3
, QF1

∼ 1

ka
, QF2

∼ ka ✭✹✳✷✮

❛s ka → 0✱ ✇❤❡r❡ a ✐s t❤❡ r❛❞✐✉s ♦❢ s♠❛❧❧❡st ❝✐r❝✉♠s❝r✐❜✐♥❣ s♣❤❡r❡ ❛♥❞ t❤❡ ❝♦♦r❞✐♥❛t❡
s②st❡♠ ✐s ❝❡♥t❡r❡❞ ✐♥s✐❞❡ t❤❡ s♣❤❡r❡✳



✶✶

❲❡ ❝❛♥ ❝♦♠♣❛r❡ t❤❡ ❡①♣❛♥s✐♦♥ ✭✹✳✷✮ ✇✐t❤ t❤❡ ❈❤✉ ❜♦✉♥❞ ❬✼❪

QChu =
1

(ka)3
+

1

ka
, ✭✹✳✸✮

✇❤❡r❡ ✐t ✐s s❡❡♥ t❤❛t QChu ❤❛s ❝♦♠♣♦♥❡♥ts t❤❛t ❛r❡ ♦❢ t❤❡ s❛♠❡ ♦r❞❡r ❛s Q
(E,M)
F0

❛♥❞
QF1

❛♥❞ ❤❡♥❝❡ t❤❛t t❤❡s❡ t❡r♠s ❛r❡ ❡ss❡♥t✐❛❧ t♦ ♣r♦❞✉❝❡ r❡❧✐❛❜❧❡ r❡s✉❧ts✳ ❚❤✐s ✐s ❛❧s♦
t❤❡ ❝♦♥❝❧✉s✐♦♥ ❢r♦♠ ❙❡❝✳ ❇ ✐♥ ✭✻✳✸✮✱ ✇❤❡r❡ ✐t ✐s s❤♦✇♥ t❤❛t t❤❡ ◗✲❢❛❝t♦rs ❞✐✛❡r ❜②
ka✳

❚❤❡ ❝♦♦r❞✐♥❛t❡ ❞❡♣❡♥❞❡♥t ♣❛rt QF2
✐s ♥❡❣❧✐❣✐❜❧❡ ❢♦r s♠❛❧❧ str✉❝t✉r❡s ❛♥❞ ✐s ♦❢

t❤❡ s❛♠❡ ♦r❞❡r ❛s t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ ❢❛r✲✜❡❧❞ ✭✷✳✼✮ ❛♥❞ ♣♦✇❡r ✭✷✳✻✮ t②♣❡ ❛s
s❡❡♥ ❜② t❤❡ ❜♦✉♥❞ ✭✷✳✶✶✮✳ ❲❡ ❛❧s♦ ♥♦t❡ t❤❛t t❤❡ ✐♠♣♦rt❛♥❝❡ ♦❢ Q ❞✐♠✐♥✐s❤❡s ❛s Q
❛♣♣r♦❛❝❤❡s ✉♥✐t②✳ ❚❤✐s ❛❧s♦ r❡str✐❝ts t❤❡ ✐♥t❡r❡st ♦❢ t❤❡ r❡s✉❧ts t♦ s♠❛❧❧ ❛♥t❡♥♥❛s✳

✺ ❙t♦r❡❞ ❡♥❡r❣② ❢r♦♠ t❤❡ ✐♥♣✉t ✐♠♣❡❞❛♥❝❡

❚❤❡ ❜❛♥❞✇✐❞t❤ ♦❢ ❛♥ ❛♥t❡♥♥❛ ✐s ♦❢t❡♥ ❞❡t❡r♠✐♥❡❞ ❢r♦♠ t❤❡ ❛♥t❡♥♥❛ ✐♥♣✉t ✐♠♣❡❞❛♥❝❡✳
❚❤❡ ❢r❛❝t✐♦♥❛❧ ❜❛♥❞✇✐❞t❤ ✐s r❡❧❛t❡❞ t♦ t❤❡ ◗✲✈❛❧✉❡ ❢♦r s✐♠♣❧❡ ❧✉♠♣❡❞ r❡s♦♥❛♥❝❡
❝✐r❝✉✐ts ❬✹✷❪

B ≈ 2Γ0

Q
√

1− Γ 2
0

, ✭✺✳✶✮

✇❤❡r❡ Γ0 ✐s t❤❡ t❤r❡s❤♦❧❞ ♦❢ t❤❡ r❡✢❡❝t✐♦♥ ❝♦❡✣❝✐❡♥t✳ ❚❤❡ ❋❛♥♦ ❧✐♠✐t ❬✶✷✱ ✶✾❪ ❢♦r ❛
r❡s♦♥❛♥t ❝✐r❝✉✐t✱ B ≤ 27.29/(Q|Γ0, dB|)✱ ❝❛♥ ❜❡ ✉s❡❞ ❢♦r t❤❡ ❜❛♥❞✇✐❞t❤ ❛❢t❡r ♠❛t❝❤✲
✐♥❣✱ ✇❤❡r❡ Γ0, dB = 20 log10 Γ0✳ ❋♦r ♠♦r❡ ❣❡♥❡r❛❧ ❝✐r❝✉✐ts ✇❡ ❝♦♥s✐❞❡r t❤❡ ◗ ✈❛❧✉❡s
❞❡t❡r♠✐♥❡❞ ❢r♦♠ t❤❡ ❞✐✛❡r❡♥t✐❛t❡❞ ✐♥♣✉t ✐♠♣❡❞❛♥❝❡ ❛♥❞ ❢r♦♠ t❤❡ st♦r❡❞ ❡♥❡r❣② ✐♥
❡q✉✐✈❛❧❡♥t ❝✐r❝✉✐t ♠♦❞❡❧s✳

❚❤❡ ◗ ❢❛❝t♦rs ❢r♦♠ t❤❡ ❞✐✛❡r❡♥t✐❛t❡❞ ✐♠♣❡❞❛♥❝❡ ❛t t❤❡ r❡s♦♥❛♥❝❡ ❛♥❣✉❧❛r ❢r❡✲
q✉❡♥❝② ω0 ✐s ❬✶✾✱ ✹✷❪

QZ′(ω0) =
ω0|Z ′

m|ω=ω0

2R(ω0)
= ω0|Γ ′|ω=ω0

, ✭✺✳✷✮

✇❤❡r❡ ′ ❞❡♥♦t❡s ❞✐✛❡r❡♥t✐❛t✐♦♥ ✇✐t❤ r❡s♣❡❝t t♦ ω ❛♥❞ Zm ✐s t❤❡ ✐♥♣✉t ✐♠♣❡❞❛♥❝❡
Z = R + jX✱ ✇✐t❤ j = −i✱ t✉♥❡❞ t♦ r❡s♦♥❛♥❝❡ ✇✐t❤ ❛ ❧✉♠♣❡❞ s❡r✐❡s ✭♦r ❛♥❛❧♦❣♦✉s
❢♦r ❧✉♠♣❡❞ ❡❧❡♠❡♥ts ✐♥ ♣❛r❛❧❧❡❧✮ ✐♥❞✉❝t♦r ♦r ❝❛♣❛❝✐t♦r

Zm(ω) = Z(ω)−
{
jX(ω0)ω/ω0 ✐❢ X(ω0) < 0

jX(ω0)ω0/ω ✐❢ X(ω0) > 0.
✭✺✳✸✮

■♥ ❛❞❞✐t✐♦♥ t♦ t❤❡ ◗ ❢❛❝t♦r ✐♥ ✭✺✳✷✮✱ ✇❡ ❞❡t❡r♠✐♥❡ t❤❡ st♦r❡❞ ❡♥❡r❣② ✐♥ t❤❡ ❧✉♠♣❡❞
❡❧❡♠❡♥t ♥♦r♠❛❧✐③❡❞ ✇✐t❤ t❤❡ r❛❞✐❛t❡❞ ♣♦✇❡r ❛s

∆QZ′(ω0) =
|X(ω0)|
R(ω0)

✭✺✳✹✮



✶✷

❣✐✈✐♥❣ t❤❡ ❡❧❡❝tr✐❝ ❛♥❞ ♠❛❣♥❡t✐❝ ◗ ❢❛❝t♦rs

Q
(E)
Z′ =

{
QZ′ ✐❢ X(ω0) < 0

QZ′ −∆QZ′ ✐❢ X(ω0) > 0
✭✺✳✺✮

❛♥❞

Q
(M)
Z′ =

{
QZ′ ✐❢ X(ω0) > 0

QZ′ −∆QZ′ ✐❢ X(ω0) < 0,
✭✺✳✻✮

r❡s♣❡❝t✐✈❡❧②✳
❚❤❡ ◗ ❢❛❝t♦r ❝❛♥ ❛❧t❡r♥❛t✐✈❡❧② ❜❡ ❞❡t❡r♠✐♥❡❞ ❢r♦♠ t❤❡ st♦r❡❞ ❛♥❞ ❞✐ss✐♣❛t❡❞ ❡♥✲

❡r❣② ✐♥ ❛♥ ❡q✉✐✈❛❧❡♥t ❝✐r❝✉✐t ♠♦❞❡❧ ❢♦r t❤❡ ✐♥♣✉t ✐♠♣❡❞❛♥❝❡✳ ❚❤❡ ✐♥♣✉t ✐♠♣❡❞❛♥❝❡
♦❢ s♠❛❧❧ ❛♥t❡♥♥❛s ❝❛♥ ♦❢t❡♥ ❜❡ ❛♣♣r♦①✐♠❛t❡❞ ✇✐t❤ s✐♠♣❧❡ r❡s♦♥❛♥❝❡ ❝✐r❝✉✐ts✳ ▼♦r❡
❛❝❝✉r❛t❡ ❝✐r❝✉✐t ♠♦❞❡❧s ❝❛♥ ❜❡ s②♥t❤❡s✐③❡❞ ✉s✐♥❣ ❡✳❣✳✱ ❇r✉♥❡✱ ❇♦tt ❛♥❞ ❉✉✣♥✱ ▼✐②✲
❛t❛✱ ♦r ❉❛r❧✐♥❣t♦♥ s②♥t❤❡s✐s ❬✷✱ ✹✶❪✳ ❚❤❡ s②♥t❤❡s✐s ♠❡t❤♦❞s ❝❛♥ ♣r♦❞✉❝❡ ❞✐✛❡r❡♥t
❝✐r❝✉✐t t♦♣♦❧♦❣✐❡s s♦ t❤❡ ❝✐r❝✉✐ts ❛r❡ ♥♦t ✉♥✐q✉❡✳ ■t ✐s ❛❧s♦ ♣♦ss✐❜❧❡ t♦ s②♥t❤❡s✐③❡
❧✉♠♣❡❞ ❝✐r❝✉✐ts ✇✐t❤ ❛♥ ✐♥t❡r♥❛❧ st♦r❡❞ ❡♥❡r❣② t❤❛t ✐s ♥♦♥✲♦❜s❡r✈❛❜❧❡ ❢r♦♠ t❤❡ ✐♥✲
♣✉t ✐♠♣❡❞❛♥❝❡✳

❍❡r❡✱ ✇❡ ❝♦♥s✐❞❡r ❛ r❛t✐♦♥❛❧ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ ✐♥♣✉t ✐♠♣❡❞❛♥❝❡ ❢♦r t❤❡ ❛♥✲
t❡♥♥❛✳ ■♥ t❤❡ r❛♥❣❡ ω1 ≤ ω ≤ ω2 ✇❡ ✉s❡ ❛ r❛t✐♦♥❛❧ ❢✉♥❝t✐♦♥ ♦❢ ♦r❞❡r (m1,m2)✱ ✇✐t❤
|m1 −m2| ≤ 1✱ t❤❛t ✐s ✜tt❡❞ t♦ t❤❡ ✐♥♣✉t ✐♠♣❡❞❛♥❝❡ ✉s✐♥❣ t❤❡ ▼❆❚▲❆❇ ❢✉♥❝t✐♦♥
✐♥✈❢r❡qs✳ ❚❤❡ ♦r❞❡r ✐s ❝❤♦s❡♥ ❛s ❧♦✇ ❛s ♣♦ss✐❜❧❡ s✉❝❤ t❤❛t t❤❡ r❡❧❛t✐✈❡ ❡rr♦r ✐s
❜❡❧♦✇ s♦♠❡ t❤r❡s❤♦❧❞ ❧❡✈❡❧✱ ❤❡r❡ 10−3✱ ❛♥❞ t❤❛t t❤❡ r❛t✐♦♥❛❧ ❢✉♥❝t✐♦♥ ✐s ❛ ♣♦s✐t✐✈❡
r❡❛❧ ✭P❘✮ ❢✉♥❝t✐♦♥ ❬✹✶❪✳ ❲❡ ✉s❡ ❇r✉♥❡ s②♥t❤❡s✐s ❬✷✱ ✹✶❪ t♦ ❝♦♥str✉❝t ❛♥ ❡q✉✐✈❛❧❡♥t
❝✐r❝✉✐t ♠♦❞❡❧ ❛♥❞ ❞❡t❡r♠✐♥❡ t❤❡ st♦r❡❞ ❛♥❞ ❞✐ss✐♣❛t❡❞ ❡♥❡r❣②✱ ✐✳❡✳✱

Q
(E)
B =

∑
n |In|2/Cn

ω
∑

n Rn|In|2
❛♥❞ Q

(M)
B =

ω
∑

n Ln|In|2∑
n Rn|In|2

, ✭✺✳✼✮

✇❤❡r❡ Cn✱ Ln✱ Rn✱ ❛♥❞ In ❛r❡ t❤❡ ❝❛♣❛❝✐t❛♥❝❡✱ ✐♥❞✉❝t❛♥❝❡✱ r❡s✐st❛♥❝❡ ❛♥❞ ❝✉rr❡♥t ✐♥
❜r❛♥❝❤ n✱ s❡❡ ❛❧s♦ ❆♣♣✳ ❈✳

✻ ❊①❛♠♣❧❡s

❚♦ ✐♥t❡r♣r❡t t❤❡ ❞✐✛❡r❡♥t ♣r♦♣♦s❛❧s ❢♦r st♦r❡❞ ❡❧❡❝tr♦♠❛❣♥❡t✐❝ ❡♥❡r❣②✱ ✇❡ ❝♦♥s✐❞❡r
❛♥❛❧②t✐❝ ❛♥❞ ♥✉♠❡r✐❝❛❧ ❡①❛♠♣❧❡s✳ ❚❤❡ ✜rst ❛♥❛❧②t✐❝ ❡①❛♠♣❧❡ ✐❧❧✉str❛t❡s t❤❡ r❡❧❛t✐♦♥
❜❡t✇❡❡♥ t❤❡ st♦r❡❞ ❡♥❡r❣② ❞❡✜♥❡❞ ❜② s✉❜tr❛❝t✐♦♥ ♦❢ t❤❡ ♣♦✇❡r ✢♦✇ ✭✷✳✻✮✱ ✉s❡❞ ✐♥ ❬✼✱
✶✵✱ ✷✽❪✱ ❛♥❞ t❤❡ ❢❛r✲✜❡❧❞ ♣♦✇❡r ✭✷✳✼✮ s✐♠✐❧❛r t♦ ❬✸✻❪ ❢♦r s♣❤❡r✐❝❛❧ ♠♦❞❡s ❛♥❞ s❤♦✇s
t❤❛t t❤❡✐r ◗ ❢❛❝t♦rs ❞✐✛❡r ❜② ka✳ ❚❤❡ s❡❝♦♥❞ ❡①❛♠♣❧❡ ❝♦♠♣❛r❡s t❤❡ ◗ ❢❛❝t♦rs ❛♥❞ t❤❡
❛ss♦❝✐❛t❡❞ ❜❛♥❞✇✐❞t❤s ❞❡✜♥❡❞ ❢r♦♠ t❤❡ ✐♥♣✉t ✐♠♣❡❞❛♥❝❡ ✉s✐♥❣ ❇r✉♥❡ s②♥t❤❡s✐s ❬✷❪
❛♥❞ ❞✐✛❡r❡♥t✐❛t✐♦♥ ❢♦r ❛ ❧✉♠♣❡❞ ❝✐r❝✉✐t ♥❡t✇♦r❦✳ ❋✐♥❛❧❧②✱ ✇❡ ❝♦♥s✐❞❡r ❞✐♣♦❧❡✱ ❧♦♦♣✱
❛♥❞ ✐♥✈❡rt❡❞✲▲ ❛♥t❡♥♥❛s t♦ ❝♦♠♣❛r❡ t❤❡ ◗ ❢❛❝t♦rs ❢r♦♠ t❤❡ ✐♥♣✉t ✐♠♣❡❞❛♥❝❡ ✉s✐♥❣
❇r✉♥❡ s②♥t❤❡s✐s ❬✷❪ ❛♥❞ ❞✐✛❡r❡♥t✐❛t✐♦♥ ❬✹✷❪ ✇✐t❤ t❤❡ st♦r❡❞ ❡♥❡r❣② ❞❡t❡r♠✐♥❡❞ ❢r♦♠
t❤❡ ❝✉rr❡♥t ❞❡♥s✐t② ✭✷✳✷✻✮ ❬✸✻❪✳ ❲❡ ✐❧❧✉str❛t❡ ❜♦t❤ t❤❡ ◗ ❢❛❝t♦rs ❛♥❞ t❤❡ r❡s✉❧t✐♥❣
❜❛♥❞✇✐❞t❤ ❛❢t❡r ♠❛t❝❤✐♥❣✳
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❋✐❣✉r❡ ✷✿ ❊❧❡❝tr✐❝ ❛♥❞ ♠❛❣♥❡t✐❝ ◗ ❢❛❝t♦rs ❢♦r ❡❧❡❝tr✐❝❛❧ s✉r❢❛❝❡ ❝✉rr❡♥ts J(r) =
J0 Yτσml(r̂)δ(r − a) ❢♦r l = 1, 2✳ P♦✇❡r ✭s♦❧✐❞ ❝✉r✈❡s✮ ❛♥❞ ❢❛r✲✜❡❧❞ ✭❞❛s❤❡❞ ❝✉r✈❡s✮
st♦r❡❞ ❡♥❡r❣✐❡s✳ ❚❤❡② ❞✐✛❡r ❜② ka ✭✻✳✸✮✳ ❛✮ ❚❊ ✭τ = 1✮ ♠♦❞❡s✳ ❜✮ ❚▼ ✭τ = 2✮
♠♦❞❡s✳

✻✳✶ ◆✉♠❡r✐❝❛❧ ❡①❛♠♣❧❡ ❢♦r s♣❤❡r✐❝❛❧ s❤❡❧❧s

❚❤❡ t✇♦ ❢♦r♠✉❧❛t✐♦♥s ✭✷✳✻✮ ❛♥❞ ✭✷✳✼✮ ❢♦r t❤❡ st♦r❡❞ ❡♥❡r❣② ❝❛♥ ❜❡ ❝♦♠♣❛r❡❞ ❢♦r
❡❧❡❝tr✐❝ s✉r❢❛❝❡ ❝✉rr❡♥ts ♦♥ s♣❤❡r✐❝❛❧ s❤❡❧❧s✳ ❚❤✐s ✐s t❤❡ ❝❛s❡ ❛♥❛❧②③❡❞ ❜② ❚❤❛❧ ❬✸✸❪
❛♥❞ ❍❛♥s❡♥ ✫ ❈♦❧❧✐♥ ❬✷✶❪✱ s❡❡ ❛❧s♦ ❬✷✷❪ ❢♦r t❤❡ ❝❛s❡ ✇✐t❤ ❡❧❡❝tr✐❝ ❛♥❞ ♠❛❣♥❡t✐❝ s✉r❢❛❝❡
❝✉rr❡♥ts✳ ❲❡ ❡①♣❛♥❞ t❤❡ s✉r❢❛❝❡ ❝✉rr❡♥t ♦♥ ❛ s♣❤❡r❡ ✇✐t❤ r❛❞✐✉s a ✐♥ ✈❡❝t♦r s♣❤❡r✐❝❛❧
❤❛r♠♦♥✐❝s Y✱ s❡❡ ❆♣♣✳ ❇✳✹✳ ❚❤❡ ❡❧❡❝tr✐❝ ❛♥❞ ♠❛❣♥❡t✐❝ ◗ ❢❛❝t♦rs ❛r❡

Q
(E)
τl,F(κ) = −

(
κR

(1)
τl (κ) R

(2)
τl (κ)

)′

2(R
(1)
τl (κ))

2
✭✻✳✶✮

❛♥❞

Q
(M)
τl,F = Q

(E)
τl,F(κ)−

R
(2)
τl (κ)

R
(1)
τl (κ)

, ✭✻✳✷✮

r❡s♣❡❝t✐✈❡❧②✳ ❲❡ ♥♦t❡ t❤❛t t❤❡ ❡①♣r❡ss✐♦♥s ❢♦r t❤❡ ❚❊ ❛♥❞ ❚▼ ❛r❡ ✇r✐tt❡♥ ✐♥ ✐❞❡♥t✐❝❛❧
❢♦r♠s ❜② ✉s✐♥❣ t❤❡ r❛❞✐❛❧ ❢✉♥❝t✐♦♥s ❬✷✵❪✱ s❡❡ ❛❧s♦ ✭❇✳✷✮✳

❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♣♦✇❡r ✢♦✇ st♦r❡❞ ❡♥❡r❣② ✐s

Q
(E,M)
τ l,P (κ) =

2ωW
(E,M)
P (κ)

Pr(κ)
= κ+Q

(E,M)
τ l,F (κ), ✭✻✳✸✮

✇❤❡r❡ Q
(E,M)
τ l,F ❞❡♥♦t❡s t❤❡ ❡❧❡❝tr✐❝ ❛♥❞ ♠❛❣♥❡t✐❝ ❢❛r✲✜❡❧❞ t②♣❡ ◗ ❢❛❝t♦rs ✐♥ ✭✻✳✶✮

❛♥❞ ✭✻✳✷✮✳ ❚❤❡ ❞✐✛❡r❡♥❝❡ κ = ka ✐s ❝♦♥s✐st❡♥t ✇✐t❤ t❤❡ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ ❛ st❛♥❞✐♥❣
✇❛✈❡ ✐♥ t❤❡ ✐♥t❡r✐♦r ♦❢ t❤❡ s♣❤❡r❡✱ ❝❢✳✱ ✭✷✳✶✶✮✳ ▼♦r❡♦✈❡r✱ t❤❡ ❡①♣r❡ss✐♦♥s ✭✻✳✶✮
❛♥❞ ✭✻✳✷✮ ✉♥✐✜❡s t❤❡ ❚❊ ❛♥❞ ❚▼ ❝❛s❡s ❛♥❞ ♦✛❡r ❛♥ ❛❧t❡r♥❛t✐✈❡ t♦ t❤❡ ❡①♣r❡ss✐♦♥s
✐♥ ❬✷✶❪✱ ❤❡r❡ ✇❡ ❛❧s♦ ♥♦t❡ ❛ ♠✐s♣r✐♥t ✐♥ ✭✻✮ ✐♥ ❬✷✶❪✳

❚❤❡ ❡❧❡❝tr✐❝ ❛♥❞ ♠❛❣♥❡t✐❝ ◗✲❢❛❝t♦rs ❛r❡ ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✳ ✷ ❢♦r l = 1, 2✳ ❚❤❡
r❡❧❛t✐✈❡ ❞✐✛❡r❡♥❝❡s ❛r❡ ♥❡❣❧✐❣✐❜❧❡ ❢♦r s♠❛❧❧ ka ✇❤❡r❡ Q ✐s ❧❛r❣❡✳ ❋♦r ❧❛r❣❡r ka✱ ✇❤❡r❡
Q ❝❛♥ ❜❡ s♠❛❧❧✱ t❤❡ r❡❧❛t✐✈❡ ❞✐✛❡r❡♥❝❡ ✐s s✐❣♥✐✜❝❛♥t ❛❧t❤♦✉❣❤ t❤❡ ❛❜s♦❧✉t❡ ❞✐✛❡r❡♥❝❡
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❋✐❣✉r❡ ✸✿ ■❧❧✉str❛t✐♦♥ ♦❢ t❤❡ st♦r❡❞ ❡❧❡❝tr✐❝ ✭❊✮ ❛♥❞ ♠❛❣♥❡t✐❝ ✭▼✮ ❡♥❡r❣② ❞❡♥s✐t✐❡s
❢♦r t❤❡ ❚❊ ✭τ = 1✮ ♠♦❞❡ ❣❡♥❡r❛t❡❞ ❜② ❝✉rr❡♥ts ♦♥ ❛ s♣❤❡r✐❝❛❧ s❤❡❧❧ ✇✐t❤ r❛❞✐✉s
ka = 1✳ P♦✇❡r ✭s♦❧✐❞ ❝✉r✈❡s✲P✮ ❛♥❞ ❢❛r✲✜❡❧❞ ✭❞❛s❤❡❞ ❝✉r✈❡s✲❋✮ st♦r❡❞ ❡♥❡r❣✐❡s✳
❚❤❡ ❡♥❡r❣② ❞❡♥s✐t✐❡s ❛r❡ ♥♦r♠❛❧✐③❡❞ ✇✐t❤ t❤❡ r❛❞✐❛t❡❞ ♣♦✇❡r ❛♥❞ ✐♥t❡❣r❛t❡❞ ♦✈❡r
s♣❤❡r✐❝❛❧ s❤❡❧❧s t♦ ❡♠♣❤❛s✐③❡ t❤❡ r❛❞✐❛❧ ❞❡♣❡♥❞❡♥❝❡✳ ❚❤❡ ❛♥❣✉❧❛r ❞✐str✐❜✉t✐♦♥ ✐s ❛❧s♦
❞❡♣✐❝t❡❞✳

✐s ❡①❛❝t❧② ka✳ ❲❡ ❛❧s♦ ♥♦t❡ t❤❛t t❤❡ Q ❢❛❝t♦rs ♦s❝✐❧❧❛t❡ ❛♥❞ ❝❛♥ ❜❡ s✐❣♥✐✜❝❛♥t ❡✈❡♥
❢♦r ❧❛r❣❡ ka✳ ❚❤✐s ✐s ♠❛✐♥❧② ❞✉❡ t♦ s♠❛❧❧ ✈❛❧✉❡s ♦❢ R

(1)
τl (ka) t❤❛t ❝❛♥ ❜❡ ✐♥t❡r♣r❡t❡❞

❛s ❛ ♥❡❣❧✐❣✐❜❧❡ r❛❞✐❛t❡❞ ♣♦✇❡r✳ ▼♦r❡♦✈❡r✱ t❤❡ ◗✲❢❛❝t♦rs r❡❧❛t❡❞ t♦ t❤❡ ❢❛r✲✜❡❧❞
t②♣❡ st♦r❡❞ ❡♥❡r❣② ✭✷✳✼✮ ✐s ♥❡❣❛t✐✈❡ ✐♥ s♦♠❡ ❢r❡q✉❡♥❝② ❜❛♥❞s✳ ❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣
◗✲❢❛❝t♦rs r❡❧❛t❡❞ t♦ ✭✷✳✻✮ ❛r❡ ❛❧✇❛②s ♥♦♥✲♥❡❣❛t✐✈❡✳ ▼♦r❡♦✈❡r✱ ✐t ✐s ♦❜s❡r✈❡❞ t❤❛t

Q
(M)
1l,P ≥ Q

(E)
1l,P ❢♦r ❧♦✇ ka ❜✉t ❤❛s r❡❣✐♦♥s ✇✐t❤ Q

(M)
1l,P < Q

(E)
1l,P ❢♦r ❧❛r❣❡r ka✳

❚♦ ❢✉rt❤❡r ❛♥❛❧②③❡ t❤❡ ♥❡❣❛t✐✈❡ ✈❛❧✉❡s ♦❢ ✭✷✳✼✮✱ ✇❡ ❞❡♣✐❝t t❤❡ st♦r❡❞ ❡❧❡❝tr✐❝
❛♥❞ ♠❛❣♥❡t✐❝ ❡♥❡r❣② ❞❡♥s✐t② ♦✈❡r s♣❤❡r✐❝❛❧ s❤❡❧❧s r❡❧❛t❡❞ t♦ ✭✷✳✼✮ ✐♥ ❋✐❣✳ ✸ ❢♦r ❛ ❚❊
s♣❤❡r✐❝❛❧ ❝✉rr❡♥t s❤❡❡t ✇✐t❤ r❛❞✐✉s ka = 1 ❛♥❞ ❛ ❝♦♦r❞✐♥❛t❡ s②st❡♠ ✇✐t❤ ♦r✐❣✐♥ ❛t t❤❡
❝❡♥t❡r ♦❢ t❤❡ s♣❤❡r❡✳ ❚❤❡ r❡s✉❧ts ❝♦♥✜r♠ t❤❛t t❤❡ ❢❛r✲✜❡❧❞ ✭✷✳✼✮ ❛♥❞ ♣♦✇❡r ✢♦✇ ✭✷✳✻✮
st♦r❡❞ ❡♥❡r❣② ❞❡♥s✐t✐❡s ❛r❡ ✐❞❡♥t✐❝❛❧ ♦✉ts✐❞❡ t❤❡ s♣❤❡r❡✳ ❲❡ ❛❧s♦ s❡❡ t❤❛t t❤❡ ❢❛r✲✜❡❧❞
st♦r❡❞ ❡♥❡r❣② ❞❡♥s✐t② ✐s ♥❡❣❛t✐✈❡ ✐♥ ♣❛rts ♦❢ t❤❡ ✐♥t❡r✐♦r r❡❣✐♦♥ ♦❢ t❤❡ s♣❤❡r❡✱ r < a✱
✇❤❡r❡❛s t❤❡ ♣♦✇❡r ✢♦✇ st♦r❡❞ ❡♥❡r❣② ❞❡♥s✐t② ✐s ♥♦♥✲♥❡❣❛t✐✈❡✳ ▼♦r❡♦✈❡r✱ t❤❡ st♦r❡❞
❡♥❡r❣② ❞❡♥s✐t② ✐s ❞✐s❝♦♥t✐♥✉❡s ❛t r = a ❡①❝❡♣t ❢♦r t❤❡ ❢❛r✲✜❡❧❞ t②♣❡ st♦r❡❞ ❡❧❡❝tr✐❝
❡♥❡r❣②✳ ❚❤❡ ❝♦♥t✐♥✉✐t② ♦❢ t❤❡ ❢❛r✲✜❡❧❞ t②♣❡ st♦r❡❞ ❡❧❡❝tr✐❝ ❡♥❡r❣② ✐s ❝♦♥s✐st❡♥t ✇✐t❤
t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ t❤❛t st❛t❡s t❤❛t t❛♥❣❡♥t✐❛❧ ❝♦♠♣♦♥❡♥ts ♦❢ t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞
❛r❡ ❝♦♥t✐♥✉♦✉s✳

✻✳✷ ❘❡s♦♥❛♥❝❡ ❝✐r❝✉✐t

❲❡ ❝♦♥s✐❞❡r ✜rst ❛ s✐♠♣❧❡ r❡s♦♥❛♥❝❡ ❝✐r❝✉✐t ❝♦♠♣♦s❡❞ ♦❢ ❝❛s❝❛❞❡❞ s❤✉♥t ▲❈ ❛♥❞
s❡r✐❡s ▲❈ ♥❡t✇♦r❦s✱ s❡❡ ❋✐❣✳ ✹✳ ❚❤❡ ❡❧❡♠❡♥ts ❛r❡ ❝❤♦s❡♥ t♦ ❤❛✈❡ t❤❡ s❛♠❡ r❡s♦♥❛♥❝❡
❢r❡q✉❡♥❝②✱ ω0✱ ❛♥❞ t❤❡ ❡❧❡♠❡♥t ✈❛❧✉❡s ❛r❡ ❡①♣r❡ss❡❞ ✐♥ t❤❡ s❡r✐❡s ❛♥❞ ♣❛r❛❧❧❡❧ ◗
❢❛❝t♦rs✱ Qs ❛♥❞ Qp✱ r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡ ◗ ❢r♦♠ t❤❡ st♦r❡❞ ❡♥❡r❣②✱ QB✱ ✐♥ t❤❡ ❝✐r❝✉✐t
❡❧❡♠❡♥ts ❛♥❞ ❞✐✛❡r❡♥t✐❛t✐♦♥ ♦❢ t❤❡ ✐♥♣✉t ✐♠♣❡❞❛♥❝❡✱ QZ′ ✱ ❛r❡ ❬✶✾❪✳

QB = Qs +Qp ❛♥❞ QZ′ = |Qs −Qp|, ✭✻✳✹✮
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❋✐❣✉r❡ ✹✿ ■❧❧✉str❛t✐♦♥ ♦❢ t❤❡ ◗ ❢❛❝t♦r ❢r❛❝t✐♦♥❛❧ ❜❛♥❞✇✐❞t❤ ♣r♦❞✉❝t ❢♦r ❛ ❝❛s❝❛❞❡❞
s❤✉♥t ▲❈ ❛♥❞ s❡r✐❡s ▲❈ ♥❡t✇♦r❦✳ ❚❤❡ ◗ ❢❛❝t♦rs ❛r❡ ❞❡t❡r♠✐♥❡❞ ❢r♦♠ t❤❡ st♦r❡❞
❡♥❡r❣✐❡s ✐♥ t❤❡ ❝✐r❝✉✐t ❡❧❡♠❡♥ts ❛♥❞ ❢r♦♠ ❞✐✛❡r❡♥t✐❛t✐♦♥ ♦❢ t❤❡ ✐♠♣❡❞❛♥❝❡ ✭✺✳✷✮✳ ❚❤❡
♠❛①✐♠❛❧ r❡✢❡❝t✐♦♥ ❝♦❡✣❝✐❡♥t ✐s ❞❡t❡r♠✐♥❡❞ ♦✈❡r t❤❡ ❢r❛❝t✐♦♥❛❧ ❜❛♥❞✇✐❞t❤s B =
{2, 4}/QB ✇✐t❤ ❛♥❞ ✇✐t❤♦✉t ♠❛t❝❤✐♥❣ ♥❡t✇♦r❦s ❢♦r t❤❡ ❝❛s❡ Qs = 10 ❛♥❞ 1 ≤ Qp ≤
100✳ ❚❤❡ ♠❛t❝❤✐♥❣ ♥❡t✇♦r❦ ✐s ❞❡t❡r♠✐♥❡❞ ✉s✐♥❣ ❣❡♥❡t✐❝ ❛❧❣♦r✐t❤♠s ✇✐t❤ ❢♦✉r ✐❞❡❛❧
❧✉♠♣❡❞ ❡❧❡♠❡♥ts✳ ❛✮ B = 2/QB ❛♥❞ ❜✮ B = 4/QB✳

r❡s♣❡❝t✐✈❡❧②✳ ❍❡r❡✱ ✇❡ ♥♦t❡ t❤❛t QB ≥ QZ′ ❛♥❞ t❤❛t QZ′ = 0 ❢♦r t❤❡ ❝❛s❡ ♦❢ ❛ ✢❛t
♠❛t❝❤ Qs = Qp✳

❚❤❡ ❜❛♥❞✇✐❞t❤ ❛♥❞ t❤❡ t❤r❡s❤♦❧❞ ♦❢ t❤❡ r❡✢❡❝t✐♦♥ ❝♦❡✣❝✐❡♥t ❛r❡ r❡❧❛t❡❞ ❛s s❡❡♥
❢♦r t❤❡ s✐♠♣❧❡ ❘❈▲ r❡s♦♥❛♥❝❡ ❝✐r❝✉✐t ✐♥ ✭✺✳✶✮✳ ❲❡ ✐❧❧✉str❛t❡ t❤❡ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥
◗ ❛♥❞ ❢r❛❝t✐♦♥❛❧ ❜❛♥❞✇✐❞t❤ B✱ ❜② ♣❧♦tt✐♥❣ BQ

√
1− Γ 2

0 /(2Γ0) ❢♦r Q = {QB, QZ′}✱
✐✳❡✳✱ Q ❣✐✈❡♥ ❜② t❤❡ st♦r❡❞ ❡♥❡r❣② ✐♥ t❤❡ ❝✐r❝✉✐t ❡❧❡♠❡♥ts ❛♥❞ ❜② ❞✐✛❡r❡♥t✐❛t✐♦♥ ♦❢
t❤❡ ✐♠♣❡❞❛♥❝❡ ✐♥ ✭✻✳✹✮✱ s❡❡ ❋✐❣✳ ✹✳ ❚❤❡ ✉s❡❞ s❝❛❧✐♥❣ r❡♠♦✈❡s t❤❡ ❛♠❜✐❣✉✐t② ❜❡t✇❡❡♥
B ❛♥❞ Γ ❢♦r ❛ r❡s♦♥❛♥❝❡ ❝✐r❝✉✐t✳ ▼♦r❡♦✈❡r✱ r❡s✉❧ts ❝❧♦s❡ t♦ ✉♥✐t② ♠❡❛♥s t❤❛t t❤❡
r❡❧❛t✐♦♥ ✭✺✳✶✮ ❤♦❧❞s ❛♣♣r♦①✐♠❛t❡❧② ❢♦r t❤❡ ✉s❡❞ Q✳

❲❡ ❝❛♥ ❞❡t❡r♠✐♥❡ t❤❛t ❜❛♥❞✇✐❞t❤ ❢♦r ❛ ❣✐✈❡♥ t❤r❡s❤♦❧❞✱ Γ0 ♦r ✈✐❝❡ ✈❡rs❛✳ ❍❡r❡✱
✇❡ ❝♦♥s✐❞❡r t❤❡ r❡s✉❧t✐♥❣ t❤r❡s❤♦❧❞ ❢♦r t❤❡ ❢r❛❝t✐♦♥❛❧ ❜❛♥❞✇✐❞t❤s B = 2/QB ❛♥❞
B = 4/QB t♦ ✐❧❧✉str❛t❡ t❤❡ ❞❡♣❡♥❞❡♥❝❡ ♦♥ QB ❛♥❞ QZ′ ✳ ❚❤✐s ❝♦rr❡s♣♦♥❞s t♦ ✇❡❧❧
♠❛t❝❤❡❞ ❜✉t ♥❛rr♦✇ ❜❛♥❞✇✐❞t❤ ❛♥❞ ❧❡ss ✇❡❧❧ ♠❛t❝❤❡❞ ❛♥❞ ✇✐❞❡r ❜❛♥❞✇✐❞t❤ ❝❛s❡s✳
❚❤❡ s❡r✐❡s ◗ ✈❛❧✉❡ ✐s ✜①❡❞ Qs = 10 ✇❤❡r❡❛s t❤❡ ♣❛r❛❧❧❡❧ ◗ ✐s 1 ≤ Qp ≤ 100✳ ❚❤❡
❝✉r✈❡s ❧❛❜❡❧❡❞ ✭❘✮ s❤♦✇ t❤❡ ❜❛♥❞✇✐❞t❤ ◗ ❢❛❝t♦r ♣r♦❞✉❝t ✭✺✳✶✮ ❢♦r t❤❡ ❢r❛❝t✐♦♥❛❧
❜❛♥❞✇✐❞t❤s B = 2/QB ❛♥❞ B = 4/QB ✉s✐♥❣ t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ✐♠♣❡❞❛♥❝❡ R ✇✐t❤♦✉t
❛❞❞✐t✐♦♥❛❧ ♠❛t❝❤✐♥❣ ♥❡t✇♦r❦s✳

❚❤❡ ♣r♦❞✉❝t ✐s ❝❧♦s❡ t♦ ✉♥✐t② ❛t t❤❡ ❡♥❞ ♣♦✐♥ts Qp = {1, 100}✱ ✇❤❡r❡ t❤❡ ✐♥♣✉t
✐♠♣❡❞❛♥❝❡ r❡s❡♠❜❧❡s ❛ s❡r✐❡s ❛♥❞ ♣❛r❛❧❧❡❧ ❘❈▲ ❝✐r❝✉✐t✳ ■♥ t❤❡ r❡❣✐♦♥ Qp ≈ Qs

t❤❡ ❝✉r✈❡s ❞❡✈✐❛t❡s ❢r♦♠ ✉♥✐t② ❛s t❤❡ ✐♥♣✉t ✐♠♣❡❞❛♥❝❡ ❞♦ ♥♦t r❡s❡♠❜❧❡ ❛♥ ❘❈▲
r❡s♦♥❛♥❝❡ ❝✐r❝✉✐t✳ ❲❡ ❛❧s♦ ♥♦t❡ t❤❛t t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ✇✐t❤ QZ′ = |Qs −Qp| ❣✐✈❡s
✈❛♥✐s❤✐♥❣ s♠❛❧❧ ✈❛❧✉❡s s❤♦✇✐♥❣ t❤❛t t❤❡ QZ′ ❛♣♣r♦①✐♠❛t✐♦♥ ❢❛✐❧s ❢♦r t❤✐s ❝❛s❡ ❬✶✾❪✳
❚❤❡ ✉s❡ ♦❢ t❤❡ ◗ ❢r♦♠ t❤❡ st♦r❡❞ ❡♥❡r❣② ❣✐✈❡s ❜❡tt❡r r❡s✉❧ts✳ ■♥ ♣❛rt✐❝✉❧❛r ❢♦r t❤❡
✇✐❞❡r ❜❛♥❞✇✐❞t❤ ❝❛s❡ B = 4/QB✳

❲❡ ❛❧s♦ ❝♦♥s✐❞❡r t❤❡ ❝❛s❡ ✇✐t❤ ♠❛t❝❤✐♥❣ ❝✐r❝✉✐ts✳ ❚❤❡ ❇♦❞❡✲❋❛♥♦ ♠❛t❝❤✐♥❣
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❋✐❣✉r❡ ✺✿ ■❧❧✉str❛t✐♦♥ ♦❢ t❤❡ ◗ ❢❛❝t♦r ❢♦r ❛ ❝❡♥t❡r ❢❡❡❞ str✐♣ ❞✐♣♦❧❡ ✇✐t❤ ❧❡♥❣t❤ ℓ ❛♥❞
✇✐❞t❤ ℓ/100✳ ❚❤❡ ◗ ❢❛❝t♦rs ❛r❡ ❞❡t❡r♠✐♥❡❞ ❢r♦♠ t❤❡ st♦r❡❞ ❡♥❡r❣✐❡s ✭✷✳✷✻✮ ❛♥❞ ✭✷✳✸✵✮
❛♥❞ ❢r♦♠ ❞✐✛❡r❡♥t✐❛t✐♦♥ ♦❢ t❤❡ ✐♠♣❡❞❛♥❝❡ ✭✺✳✺✮ ❛♥❞ ✭✺✳✻✮✳ ❛✮ ❡❧❡❝tr✐❝ ❛♥❞ ♠❛❣♥❡t✐❝
◗✲❢❛❝t♦rs ❢r♦♠ ✭✷✳✷✻✮✱ ✭✷✳✸✵✮✱ t❤❡ ❝✐r❝✉✐t ♠♦❞❡❧ ✭❞❛s❤❡❞ ❝✉r✈❡s✮✱ ❛♥❞ ❞✐✛❡r❡♥t✐❛t✐♦♥
♦❢ t❤❡ ✐♠♣❡❞❛♥❝❡ QZ′ ✳ ❜✮ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ ❝♦♠♣✉t❡❞ ◗✲❢❛❝t♦rs QF − QZ′ ✱
✇❤❡r❡ QZ′ ✐s ❝♦♠♣✉t❡❞ ❢r♦♠ ❛ ❞✐✛❡r❡♥❝❡ s❝❤❡♠❡ ❛♥❞ ❛♥❛❧②t✐❝ ❞✐✛❡r❡♥t✐❛t✐♦♥ ♦❢ ❛
❤✐❣❤ ♦r❞❡r r❛t✐♦♥❛❧ ❛♣♣r♦①✐♠❛t✐♦♥ ✐♥ ✶ ❛♥❞ ✷✱ r❡s♣❡❝t✐✈❡❧②✳

❧✐♠✐ts ❬✶✷✱ ✶✾❪ ❛r❡ ❞❡♣✐❝t❡❞ ❜② t❤❡ ❝✉r✈❡s ❧❛❜❡❧❡❞ ✭❋✮ ❢♦r t❤❡ ❝❛s❡s ❢♦r B = 2/QB ❛♥❞
B = 4/QB✱ s❡❡ ❆♣♣✳ ❉✳ ❲❡ ♥♦t❡ t❤❛t t❤❡ ❇♦❞❡✲❋❛♥♦ ❧✐♠✐t ♠❛✐♥❧② ❞❡♣❡♥❞s ♦♥ t❤❡
♠❛①✐♠❛❧ ◗ ✈❛❧✉❡ t❤❛t ❛❧s♦ ❝❛♥ ❜❡ ✐♥t❡r♣r❡t❡❞ ❛s t❤❡ ♠❡❛♥ 〈Q〉 = (QB + QZ′)/2 =
max{Qp, Qs}✳ ❲❡ ✉s❡ ♦♣t✐♠✐③❛t✐♦♥ t♦ s②♥t❤❡s✐③❡ ❧♦ss❧❡ss ♠❛t❝❤✐♥❣ ♥❡t✇♦r❦s✳ ❚❤❡
❝✉r✈❡s ❧❛❜❡❧❡❞ ✭▼✮ ✐♥ ❋✐❣✳ ✹ s❤♦✇ t❤❡ r❡s✉❧t✐♥❣ ❜❛♥❞✇✐❞t❤ ◗ ❢❛❝t♦r ♣r♦❞✉❝t ✭✺✳✶✮
❛❢t❡r ♠❛t❝❤✐♥❣✳ ❚❤❡ ✜rst ❝❛s❡✱ B = 2/QB✱ ❣✐✈❡s ❛ ♠❛t❝❤✐♥❣ t❤r❡s❤♦❧❞ Γ0 ✐♥ t❤❡ r❛♥❣❡
−15 dB t♦ −20 dB ✇❤❡r❡❛s t❤❡ s❡❝♦♥❞ ❝❛s❡✱ B = 4/QB✳ ❣✐✈❡s Γ0 ✐♥ t❤❡ r❛♥❣❡ −3 dB
t♦ −6 dB✳ ❲❡ ❝♦♥s✐❞❡r ✉♣ t♦ t✇♦ ❝❛♣❛❝✐t♦rs ❛♥❞ t✇♦ ✐♥❞✉❝t♦rs ✐♥ t❤❡ ♠❛t❝❤✐♥❣
♥❡t✇♦r❦ ❛♥❞ ✉s❡ ❛ ❣❡♥❡t✐❝ ❛❧❣♦r✐t❤♠ ❬✷✾❪ t♦ ❞❡t❡r♠✐♥❡ t❤❡ ♣❛r❛♠❡t❡r ✈❛❧✉❡s✳

❚❤❡ r❡s✉❧ts s❤♦✇ t❤❛t t❤❡ ✐♥✈❡rs❡ ♣r♦♣♦rt✐♦♥❛❧✐t② ❜❡t✇❡❡♥ B ❛♥❞ Q ✐♥ ✭✺✳✶✮ ✐s
✈❛❧✐❞ ❢♦r t❤❡ r❡s♦♥❛♥❝❡ ❝✐r❝✉✐t ❝❛s❡ ❢❛r ❛✇❛② ❢r♦♠ Qs = Qp✳ ❈❧♦s❡r t♦ Qs = Qp✱ t❤❡
r❡s✉❧ts ❛r❡ ❜❡tt❡r ❢♦r t❤❡ st♦r❡❞ ❡♥❡r❣②✱ QB = Qs + Qp✱ t❤❛♥ ❢♦r t❤❡ ❞✐✛❡r❡♥t✐❛t❡❞
✐♠♣❡❞❛♥❝❡ QZ′ = |Qs − Qp|✳ ❚❤❡ ❛❞❞✐t✐♦♥ ♦❢ ❛ ♠❛t❝❤✐♥❣ ♥❡t✇♦r❦ ✐♥❝r❡❛s❡s t❤❡
❜❛♥❞✇✐❞t❤✳ ❆❧s♦ ❢♦r t❤✐s ❝❛s❡✱ t❤❡ st♦r❡❞ ❡♥❡r❣② r❡s✉❧ts ❛r❡ ❜❡tt❡r ❛❧t❤♦✉❣❤ t❤❡②
✉♥❞❡r❡st✐♠❛t❡ t❤❡ ❜❛♥❞✇✐❞t❤ ✇✐t❤ ✉♣ t♦ ❛♣♣r♦①✐♠❛t❡❧② ❛ ❢❛❝t♦r ♦❢ t✇♦✳ ■t s❤♦✉❧❞
❛❧s♦ ❜❡ ♥♦t❡❞ t❤❛t t❤❡ ❛❞❞✐t✐♦♥ ♦❢ t❤❡ ♠❛t❝❤✐♥❣ ♥❡t✇♦r❦ ✐♥❝r❡❛s❡s t❤❡ st♦r❡❞ ❡♥❡r❣②
❛♥❞ ❤❡♥❝❡ t❤❡ QB✱ s♦ t❤❡ QB ❛❢t❡r ♠❛t❝❤✐♥❣ ❝❛♥ ✉♥❞❡r❡st✐♠❛t❡ t❤❡ ❜❛♥❞✇✐❞t❤ ❡✈❡♥
♠♦r❡✳

✻✳✸ ❙tr✐♣ ❞✐♣♦❧❡

❈♦♥s✐❞❡r ❛ ❝❡♥t❡r ❢❡❞ str✐♣ ❞✐♣♦❧❡ ✇✐t❤ ❧❡♥❣t❤ ℓ ❛♥❞ ✇✐❞t❤ ℓ/100♠♦❞❡❧❡❞ ❛s ♣❡r❢❡❝t❧②
❡❧❡❝tr✐❝ ❝♦♥❞✉❝t✐♥❣ ✭P❊❈✮✳ ❚❤❡ ◗✲❢❛❝t♦rs ✭✷✳✶✵✮ ❞❡t❡r♠✐♥❡❞ ❢r♦♠ t❤❡ ✐♥t❡❣r❛❧ ❡①✲

♣r❡ss✐♦♥s Q
(E)
F ✐♥ ✭✷✳✷✻✮ ❛♥❞ Q

(M)
F ✐♥ ✭✷✳✸✵✮✱ t❤❡ s✐♠♣❧❡ r❡s♦♥❛♥❝❡ ❝✐r❝✉✐t ♠♦❞❡❧ ❬✶✻❪✱

❛♥❞ ❞✐✛❡r❡♥t✐❛t✐♦♥ ♦❢ t❤❡ ✐♠♣❡❞❛♥❝❡ ❬✶✾✱ ✹✷❪ ❛r❡ ❝♦♠♣❛r❡❞ ✐♥ ❋✐❣✳ ✺❛✳ ❚❤❡ ❝✐r❝✉✐t
♠♦❞❡❧ ✐s ❜❛s❡❞ ♦♥ t❤❡ ❝✐r❝✉✐t r❡♣r❡s❡♥t❛t✐♦♥s ♦❢ t❤❡ ❧♦✇❡st ♦r❞❡r s♣❤❡r✐❝❛❧ ♠♦❞❡s ❬✸✷❪
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❋✐❣✉r❡ ✻✿ ■❧❧✉str❛t✐♦♥ ♦❢ t❤❡ ◗ ❢❛❝t♦r ❢♦r ❛ ❝❡♥t❡r ❢❡❡❞ str✐♣ ❞✐♣♦❧❡ ✇✐t❤ ❧❡♥❣t❤
ℓ ❛♥❞ ✇✐❞t❤ ℓ/100✳ ❚❤❡ ◗ ❢❛❝t♦rs ❛r❡ ❞❡t❡r♠✐♥❡❞ ❢r♦♠ t❤❡ st♦r❡❞ ❡♥❡r❣✐❡s ✭✷✳✷✻✮
❛♥❞ ✭✷✳✸✵✮✱ ❢r♦♠ ❞✐✛❡r❡♥t✐❛t✐♦♥ ♦❢ t❤❡ ✐♥♣✉t ✐♠♣❡❞❛♥❝❡ ✭✺✳✺✮ ❛♥❞ ✭✺✳✻✮✱ ❛♥❞ ❢r♦♠
❇r✉♥❡ ❙②♥s❡s✐s ✭✺✳✼✮✳ ❛✮ ❡❧❡❝tr✐❝ ❛♥❞ ♠❛❣♥❡t✐❝ ◗✲❢❛❝t♦rs ❢r♦♠ t❤❡ s✉❜tr❛❝t❡❞ ❢❛r
✜❡❧❞ QF✱ t❤❡ ❇r✉♥❡ s②♥t❤❡s✐③❡❞ ❝✐r❝✉✐t ♠♦❞❡❧ QB ✭❞♦tt❡❞✮✱ ❛♥❞ ❞✐✛❡r❡♥t✐❛t✐♦♥ ♦❢
t❤❡ ✐♠♣❡❞❛♥❝❡ QZ′ ✭❞❛s❤❡❞ ❞♦tt❡❞✮✳ ❜✮ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ ❝♦♠♣✉t❡❞ ◗✲❢❛❝t♦rs
QF −QZ′ ❛♥❞ QF −QB✳

✇✐t❤ t❤❡ ❧✉♠♣❡❞ ❡❧❡♠❡♥ts ❞❡t❡r♠✐♥❡❞ ✇✐t❤ t❤❡ ❛♣♣r♦❛❝❤ ✐♥ ❬✶✻❪✳ ❚❤❡ ◗✲❢❛❝t♦rs ❢r♦♠
t❤❡ s✐♠♣❧❡ r❡s♦♥❛♥❝❡ ❝✐r❝✉✐t ♠♦❞❡❧ ❛♣♣r♦①✐♠❛t❡s t❤❡ ✐♥t❡❣r❛❧ ❡①♣r❡ss✐♦♥ ✈❡r② ✇❡❧❧
❢♦r ℓ < 0.3λ ❜✉t st❛rts t♦ ❞✐✛❡r ❢♦r s❤♦rt❡r ✇❛✈❡❧❡♥❣t❤s ✇❤❡r❡ t❤❡ ❝✐r❝✉✐t ♠♦❞❡❧ ✐s
❧❡ss ❛❝❝✉r❛t❡✱ s❡❡ ❋✐❣✳ ✺❛✳ ❚❤❡ ❞✐✛❡r❡♥❝❡ QF − QZ′ ✐s ❛❧s♦ ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✳ ✺❜✳ ❲❡
s❡❡ t❤❛t t❤❡ ❞✐✛❡r❡♥❝❡ ✐s ♥❡❣❧✐❣✐❜❧❡ ❢♦r t❤❡ ❝♦♥s✐❞❡r❡❞ ✇❛✈❡❧❡♥❣t❤s✳ ❈✉r✈❡ ✭✶✮ s❤♦✇s
QZ′ ❝♦♠♣✉t❡❞ ✇✐t❤ ❛ ✜♥✐t❡ ❞✐✛❡r❡♥❝❡ s❝❤❡♠❡✳ ❚❤❡ ❝✉r✈❡ ✐s s❡♥s✐t✐✈❡ t♦ ♥♦✐s❡ ❛♥❞ t❤❡
✉s❡❞ ❞✐s❝r❡t✐③❛t✐♦♥✳ ❚❤❡ ♥♦✐s❡ ✐s s✉♣♣r❡ss❡❞ ❜② ❛♣♣r♦①✐♠❛t✐♥❣ t❤❡ ✐♠♣❡❞❛♥❝❡ ✇✐t❤ ❛
❤✐❣❤ ♦r❞❡r ♣♦❧②♥♦♠✐❛❧ ❛♥❞ ♣❡r❢♦r♠✐♥❣ ❛♥❛❧②t✐❝ ❞✐✛❡r❡♥t✐❛t✐♦♥ ❛s s❡❡♥ ❜② ❝✉r✈❡ ✭✷✮✳

❙✐♠♣❧❡ ❝✐r❝✉✐ts ♠♦❞❡❧s ❛r❡ ❛❝❝✉r❛t❡ t♦ ♠♦❞❡❧ t❤❡ ✐♥♣✉t ✐♠♣❡❞❛♥❝❡ ♦✈❡r r❡❧❛t✐✈❡❧②
♥❛rr♦✇ ❢r❡q✉❡♥❝② ❜❛♥❞s✳ ❚❤❡ ❛❝❝✉r❛❝② ✐s ✐♥ ❣❡♥❡r❛❧ ♥♦t s✉✣❝✐❡♥t ♦✈❡r ❛ ✇✐❞❡r ❢r❡✲
q✉❡♥❝② ❜❛♥❞s✱ s❡❡ ❋✐❣✳ ✺✳ ❲❡ ✉s❡ ❇r✉♥❡ s②♥t❤❡s✐s ❬✷❪ t♦ ❝♦♥str✉❝t ♠♦r❡ ❛❝❝✉r❛t❡
✇✐❞❡ ❜❛♥❞ ❝✐r❝✉✐t ♠♦❞❡❧s ❢r♦♠ t❤❡ ✐♥♣✉t ✐♠♣❡❞❛♥❝❡ ❢♦r t❤❡ str✐♣ ❞✐♣♦❧❡✳ ❚❤❡ r❡✲
s✉❧t✐♥❣ ◗ ❢❛❝t♦r QB ❢r♦♠ t❤❡ st♦r❡❞ ❡♥❡r❣② ✐♥ t❤❡ ❧✉♠♣❡❞ ❡❧❡♠❡♥ts ✭✺✳✼✮ ✐s ❞❡♣✐❝t❡❞
✐♥ ❋✐❣✳ ✻❛✳ ■t ✐s s❡❡♥ t❤❛t QF ≈ QB ≈ QZ′ ❢♦r t❤❡ ❝♦♥s✐❞❡r❡❞ r❛♥❣❡ ℓ/λ < 1.5 ♦r
❡q✉✐✈❛❧❡♥t❧② ka < 4.7✳ ❚❤❡ ❞✐✛❡r❡♥❝❡s QF − QB ❛♥❞ QF − QZ′ ❛r❡ ❛❧s♦ ❞❡♣✐❝t❡❞ ✐♥
❋✐❣✳ ✻❜✳ ❍❡r❡✱ ✇❡ ♥♦t❡ t❤❛t t❤❡ ❞✐✛❡r❡♥❝❡s ❛r❡ ♠✉❝❤ ❧❡ss t❤❛♥ ka ✐♥ ❝♦♥tr❛st t♦ t❤❡
s♣❤❡r✐❝❛❧ ♠♦❞❡ ❝❛s❡ ✭✻✳✸✮✱ s❡❡ ❛❧s♦ ✭✷✳✶✶✮✳

✻✳✹ ▲♦♦♣ ❛♥t❡♥♥❛

❚❤❡ ❝♦♠♣✉t❡❞ st♦r❡❞ ❡❧❡❝tr✐❝ ❛♥❞ ♠❛❣♥❡t✐❝ ❡♥❡r❣✐❡s ❢♦r ❛ ❧♦♦♣ ❛♥t❡♥♥❛ ❛r❡ ❞❡♣✐❝t❡❞
✐♥ ❋✐❣✳ ✼✳ ❚❤❡ ❧♦♦♣ ❛♥t❡♥♥❛ ✐s r❡❝t❛♥❣✉❧❛r ✇✐t❤ ❤❡✐❣❤t ℓ✱ ✇✐❞t❤ ℓ/2✱ ✈❛♥✐s❤✐♥❣
t❤✐❝❦♥❡ss✱ ❛♥❞ ✐s ♠♦❞❡❧❡❞ ❛s ♣❡r❢❡❝t❧② ❡❧❡❝tr✐❝ ❝♦♥❞✉❝t✐♥❣ ✭P❊❈✮✳ ❲❡ s❡❡ t❤❛t t❤❡
♠❛❣♥❡t✐❝ ❡♥❡r❣② ❞♦♠✐♥❛t❡s ❢♦r ❧♦✇ ❢r❡q✉❡♥❝✐❡s ❛♥❞ ❝❤❛♥❣❡s t♦ ❞♦♠✐♥❛♥t❧② ❡❧❡❝tr✐❝
❡♥❡r❣② ❛t ❛♣♣r♦①✐♠❛t❡❧② ℓ ≈ λ/6 ♦r ❡q✉✐✈❛❧❡♥t❧② C ≈ λ/2✱ ✇❤❡r❡ C = 3ℓ ❞❡♥♦t❡s t❤❡
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❋✐❣✉r❡ ✼✿ ◗ ❢❛❝t♦rs ❢♦r ❛ r❡❝t❛♥❣✉❧❛r ❧♦♦♣ ❛♥t❡♥♥❛ ❛♥❞ ❛♥ ✐♥✈❡rt❡❞ ▲ ❛♥t❡♥♥❛
✇✐t❤ ❤❡✐❣❤t ℓ ❛♥❞ ✇✐❞t❤ ℓ/2✳ ❚❤❡ ◗ ❢❛❝t♦rs ❛r❡ ❞❡t❡r♠✐♥❡❞ ❢r♦♠ t❤❡ st♦r❡❞ ❡♥✲
❡r❣✐❡s ✭✷✳✷✻✮ ❛♥❞ ✭✷✳✸✵✮✱ ❞✐✛❡r❡♥t✐❛t✐♦♥ ♦❢ t❤❡ ✐♠♣❡❞❛♥❝❡ ✭✺✳✺✮ ❛♥❞ ✭✺✳✻✮✱ ❛♥❞ t❤❡
❇r✉♥❡ s②♥t❤❡s✐③❡❞ ❧✉♠♣❡❞ ❝✐r❝✉✐t ✭✺✳✼✮✳

❝✐r❝✉♠❢❡r❡♥❝❡ ♦❢ t❤❡ ❧♦♦♣✳
■♥ ❋✐❣✳ ✼✱ ✇❡ s❡❡ t❤❛t t❤❡ ◗✲❢❛❝t♦rs ❞❡t❡r♠✐♥❡❞ ❢r♦♠ t❤❡ st♦r❡❞ ❡♥❡r❣✐❡s ✭✷✳✷✻✮

❛♥❞ ✭✷✳✸✵✮ ❛♥❞ ❢r♦♠ t❤❡ ❇r✉♥❡ s②♥t❤❡s✐③❡❞ ❧✉♠♣❡❞ ❝✐r❝✉✐t ✭✺✳✼✮ ❛❣r❡❡ ✈❡r② ✇❡❧❧✳
❚❤❡ ◗ ❢❛❝t♦rs ❛❧s♦ ❛❣r❡❡ ✇✐t❤ t❤❡ ❞✐✛❡r❡♥t✐❛t✐♦♥ ♦❢ t❤❡ ✐♠♣❡❞❛♥❝❡ ❢♦r Q ≥ 10✳ ❚❤❡
❞✐✛❡r❡♥❝❡ ✐♥❝r❡❛s❡s ❜❡t✇❡❡♥ QZ′ ❛♥❞ QF ≈ QB ❢♦r ❧♦✇❡r ◗ ✈❛❧✉❡s✳ ❚❤✐s ✐s ❝♦♥s✐st❡♥t
✇✐t❤ t❤❡ ✐♥❝r❡❛s✐♥❣ ❞✐✣❝✉❧t✐❡s t♦ ❛♣♣r♦①✐♠❛t❡ t❤❡ ✐♠♣❡❞❛♥❝❡ ✇✐t❤ ❛ s✐♥❣❧❡ r❡s♦♥❛♥❝❡
♠♦❞❡❧ ❬✶✾❪✳ ❍❡r❡✱ ✐t ✐s ❛❧s♦ ✐♠♣♦rt❛♥t t♦ r❡❛❧✐③❡ t❤❛t t❤❡ ❝♦♥❝❡♣t ❛♥❞ ✉s❡❢✉❧♥❡ss ♦❢ t❤❡
◗✲❢❛❝t♦r ✐s ✐♥❝r❡❛s✐♥❣❧② q✉❡st✐♦♥❛❜❧❡ ❛s Q ❞❡❝r❡❛s❡s t♦✇❛r❞s ✉♥✐t②✱ s❡❡ ❛❧s♦ ❙❡❝✳ ✻✳✷✳

✻✳✺ ■♥✈❡rt❡❞ ▲ ❛♥t❡♥♥❛

❆♥ ✐♥✈❡rt❡❞ ▲ ❛♥t❡♥♥❛ ♦♥ ❛ ✜♥✐t❡ ❣r♦✉♥❞ ♣❧❛♥❡ ✐s ❝♦♥s✐❞❡r❡❞ t♦ ✐❧❧✉str❛t❡ t❤❡ ✉s❡✲
❢✉❧♥❡ss ♦❢ t❤❡ st♦r❡❞ ❡♥❡r❣✐❡s ❢♦r t❡r♠✐♥❛❧ ❛♥t❡♥♥❛s✳ ❚❤❡ ❛♥t❡♥♥❛ ❤❛s t♦t❛❧ ❧❡♥❣t❤ ℓ
❛♥❞ ✇✐❞t❤ ℓ/2✱ s❡❡ ❋✐❣✳ ✼✳ ❚❤❡ ❡❧❡❝tr✐❝ ❛♥❞ ♠❛❣♥❡t✐❝ ◗ ❢❛❝t♦rs ❛r❡ ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✳ ✼✳
❍❡r❡✱ ✇❡ s❡❡ t❤❛t QF✱ QB✱ ❛♥❞ QZ′ ❛❣r❡❡ ✇❡❧❧ ❢♦r Q ≥ 10✱ t❤❛t ✐s ❢♦r ❛♣♣r♦①✐♠❛t❡❧②
ℓ ≤ λ/3 ♦r ❜❡❧♦✇ 1GHz ❢♦r 10 cm ❝❤❛ss✐s✳ ❚❤❡ r❡s✉❧ts ❢♦r QZ′ st❛rt t♦ ❞✐✛❡r ❢♦r

❧❛r❣❡r str✉❝t✉r❡s✱ ✇❤❡r❡ ❡✳❣✳✱ Q(E)
F ≈ 5 ❛♥❞ Q

(E)
Z′ ≈ 2 ❛t ℓ/λ = 0.4 ♦r ka ≈ 1.4✳

❋♦r t❤✐s ❧❡✈❡❧s ♦❢ QZ′ ✱ t❤❡ ✉♥❞❡r❧②✐♥❣ s✐♥❣❧❡ r❡s♦♥❛♥❝❡ ♠♦❞❡❧ ❬✶✾❪ ✐s ♣r♦❜❧❡♠❛t✐❝ ❛♥❞
❤❡♥❝❡ QZ′ r❡❞✉❝❡s ✐♥ ❛❝❝✉r❛❝②✳ ❆t t❤❡ s❛♠❡ t✐♠❡ Q ✐s ❧♦✇ ❡♥♦✉❣❤ t♦ ❜❡ ❝♦♥s✐❞❡r❡❞
❧❡ss ✉s❡❢✉❧ ❛s ❛ q✉❛♥t✐t② t♦ ❡st✐♠❛t❡ t❤❡ ❜❛♥❞✇✐❞t❤✱ ❡✳❣✳✱ Q ≈ 2 ❝♦rr❡s♣♦♥❞s t♦ ❛
❤❛❧❢✲♣♦✇❡r ❜❛♥❞✇✐❞t❤ ♦❢ 100%✳

❲❡ ✉s❡ t❤❡ ❢r❛❝t✐♦♥❛❧ ❜❛♥❞✇✐❞t❤ ❢♦r t❤❡ ❛♥t❡♥♥❛ t✉♥❡❞ t♦ r❡s♦♥❛♥❝❡ ✇✐t❤ ❛♥
✐♥❞✉❝t♦r ♦r ❝❛♣❛❝✐t♦r t♦ ❛♥❛❧②③❡ t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ ◗ ❢r♦♠ t❤❡ st♦r❡❞ ❡♥❡r❣②
❛♥❞ ❞✐✛❡r❡♥t✐❛t❡❞ ✐♠♣❡❞❛♥❝❡✳ ❚❤❡ ❢r❛❝t✐♦♥❛❧ ❜❛♥❞✇✐❞t❤ ◗ ❢❛❝t♦r ♣r♦❞✉❝t✱ BQ✱ ✐s
❣✐✈❡♥ ❜② ✭✺✳✶✮ ❢♦r s✐♠♣❧❡ ❘❈▲ r❡s♦♥❛♥❝❡ ❝✐r❝✉✐ts✳ ❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ BQ ♣r♦❞✉❝t ❢♦r
t❤❡ ✐♥✈❡rt❡❞ ▲ ❛♥t❡♥♥❛ ✐s ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✳ ✽ ❢♦r t❤❡ r❡✢❡❝t✐♦♥ ❝♦❡✣❝✐❡♥t t❤r❡s❤♦❧❞s
Γ0 = −{1, 3, 10, 20} dB✳ ■t ✐s s❡❡♥ t❤❛t BQ ✐s ❝❧♦s❡ t♦ t❤❡ ✈❛❧✉❡ ❣✐✈❡♥ ❜② ✭✺✳✶✮✱ BQ ≈
{3.9, 2.0, 0.67, 0.20} ❛s ✐♥❞✐❝❛t❡❞ ❜② t❤❡ r❤♦♠❜✐✱ ❢♦r ℓ/λ ≤ 0.25✱ ✇❤❡r❡ ❛❧s♦ QF ≈
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❋✐❣✉r❡ ✽✿ ■❧❧✉str❛t✐♦♥ ♦❢ t❤❡ ◗ ❢❛❝t♦r ❢r❛❝t✐♦♥❛❧ ❜❛♥❞✇✐❞t❤ ♣r♦❞✉❝t ❢♦r t❤❡ ✐♥✈❡rt❡❞
▲ ❛♥t❡♥♥❛ ✉s✐♥❣ t❤❡ ◗ ❢r♦♠ t❤❡ ❢❛r✲✜❡❧❞ st♦r❡❞ ❡♥❡r❣② QF✱ ❡♥❡r❣② ✐♥ t❤❡ ❇r✉♥❡
s②♥t❤❡s✐③❡❞ ❧✉♠♣❡❞ ❝✐r❝✉✐t ♠♦❞❡❧ QB✱ ❛♥❞ ❞✐✛❡r❡♥t✐❛t✐♦♥ ♦❢ t❤❡ ✐♥♣✉t ✐♠♣❡❞❛♥❝❡
QZ′ ✳ ✭❧❡❢t✮ ❚❤❡ ❜❛♥❞✇✐❞t❤ ✐s ❞❡t❡r♠✐♥❡❞ ❢♦r t❤❡ t❤r❡s❤♦❧❞s Γ0 = −{1, 3, 10, 20} dB
❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ❢r❛❝t✐♦♥❛❧ ❜❛♥❞✇✐❞t❤s B ≈ {48, 32, 14, 4.6}% ❛t ℓ/λ = 0.4✳
✭r✐❣❤t✮ ❚❤❡ r❡❛❧ ❢r❡q✉❡♥❝② t❡❝❤♥✐q✉❡ ❬✺❪ ✐s ✉s❡❞ t♦ ❞❡t❡r♠✐♥❡ t❤❡ ♠❛t❝❤✐♥❣ t❤r❡s❤♦❧❞
Γ0 ♦✈❡r t❤❡ ❢r❛❝t✐♦♥❛❧ ❜❛♥❞✇✐❞t❤s B = {2, 4}/〈Q〉✱ ✇❤❡r❡ 〈Q〉 ❞❡♥♦t❡s t❤❡ ♠❡❛♥
〈Q〉 = (QF+QZ′)/2✳ ❚❤❡ r❡s✉❧t✐♥❣ Γ0 ❛r❡ ❛♣♣r♦①✐♠❛t❡❧② Γ0 ≈ −12 dB ❢♦r B = 2/〈Q〉
❛♥❞ Γ0 ≈ −6 dB t♦ −4 dB ❢♦r B = 2/〈Q〉 ❛s ✐♥❞✐❝❛t❡❞ ✐♥ t❤❡ ❣r❛♣❤✳

QB ≈ QZ′ ✳ ❚❤❡ BQ ♣r♦❞✉❝t st❛rts t♦ ❞❡✈✐❛t❡s ❢r♦♠ ✭✺✳✶✮ ❢♦r s❤♦rt❡r ✇❛✈❡❧❡♥❣t❤s
❡①❝❡♣t ❢♦r t❤❡ ❧♦✇ r❡✢❡❝t✐♦♥ ❝♦❡✣❝✐❡♥t Γ0 = −20 dB ❛♥❞ QZ′ ❝❛s❡✳ ❚❤✐s ✐s ❝♦♥s✐st❡♥t
✇✐t❤ QZ′ ❜❡✐♥❣ ❛ ❧♦❝❛❧ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ ◗✲❢❛❝t♦r ❛r♦✉♥❞ t❤❡ t✉♥❡❞ r❡s♦♥❛♥❝❡
❢r❡q✉❡♥❝② ❛♥❞ ❤❡♥❝❡ ♠♦r❡ ❛❝❝✉r❛t❡ ❢♦r r❡❧❛t✐✈❡❧② ♥❛rr♦✇ ❢r❛❝t✐♦♥❛❧ ❜❛♥❞✇✐❞t❤s B ≪
1/Q ♦r ❡q✉✐✈❛❧❡♥t❧② Γ0 ≪ 1✳ ❚❤❡ ◗ ❢r♦♠ QF ❛♥❞ QB ✉♥❞❡r❡st✐♠❛t❡ t❤❡ ❢r❛❝t✐♦♥❛❧
❜❛♥❞✇✐❞t❤s ❢♦r t❤✐s ❝❛s❡✳ ❚❤❡ ❛❝❝✉r❛❝② ♦❢ QZ′ ❞❡t❡r✐♦r❛t❡s ❛s t❤❡ t❤r❡s❤♦❧❞ Γ0

✐s r❡❧❛①❡❞ ❛♥❞ t❤❡ r❡❧❛t✐✈❡ ❜❛♥❞✇✐❞t❤ ✐♥❝r❡❛s❡s ❧❡❛❞✐♥❣ t♦ ✐♥❝r❡❛s✐♥❣❧② ❞✐✣❝✉❧t✐❡s
t♦ ❛♣♣r♦①✐♠❛t❡ t❤❡ ✐♠♣❡❞❛♥❝❡ ✇✐t❤ ❛ r❡s♦♥❛♥❝❡ ❝✐r❝✉✐t✳ ❚❤❡ r❡s✉❧ts ❢♦r t❤❡ ◗
❞❡t❡r♠✐♥❡❞ ❢r♦♠ t❤❡ st♦r❡❞ ❡♥❡r❣② QF ≈ QB ❛r❡ ♦♥ t❤❡ ❝♦♥tr❛r② ✐♠♣r♦✈✐♥❣ ❛s t❤❡
r❡q✉✐r❡♠❡♥ts ♦♥ t❤❡ ♠❛t❝❤✐♥❣ ❛r❡ r❡❧❛①❡❞✳ ❚❤✐s ✐s ❝♦♥s✐st❡♥t ✇✐t❤ QB ❜❡✐♥❣ ❛ ❣❧♦❜❛❧
q✉❛♥t✐t② ❞❡t❡r♠✐♥❡❞ ❢r♦♠ t❤❡ ✐♥♣✉t ✐♠♣❡❞❛♥❝❡ ♦✈❡r ❛ ❧❛r❣❡ ❜❛♥❞✇✐❞t❤✳

✼ ❈♦♥❝❧✉s✐♦♥s

❚❤❡ ❛♥❛❧②③❡❞ ❡①♣r❡ss✐♦♥ ✭✷✳✼✮ ❢♦r t❤❡ st♦r❡❞ ❡♥❡r❣② ❞❡✜♥❡❞ ❜② s✉❜tr❛❝t✐♦♥ ♦❢ t❤❡ ❢❛r✲
✜❡❧❞ ❡♥❡r❣② ❞❡♥s✐t② ❢r♦♠ t❤❡ ❡♥❡r❣② ❞❡♥s✐t② ✐s ♠❛✐♥❧② ♠♦t✐✈❛t❡❞ ❜② t❤❡ ❢♦r♠✉❧❛t✐♦♥
♦❢ ❈♦❧❧✐♥ ✫ ❘♦t❤s❝❤✐❧❞ ❬✶✵❪✱ ▼❝▲❡❛♥ ❬✷✽❪✱ ❨❛❣❤❥✐❛♥ ✫ ❇❡st ❬✹✷❪ ❛♥❞ t❤❡ ❡①♣r❡ss✐♦♥s
❜② ❱❛♥❞❡♥❜♦s❝❤ ✐♥ ❬✸✻❪✳ ❲❡ s❤♦✇ t❤❛t t❤❡ st♦r❡❞ ❡♥❡r❣② ✭✷✳✼✮ ✐s ✐❞❡♥t✐❝❛❧ t♦ t❤❡
❡♥❡r❣② ✐♥ ❬✸✻❪ ❢♦r ♠❛♥② ❝✉rr❡♥ts✳ ❍♦✇❡✈❡r✱ s♦♠❡ ❝✉rr❡♥t ❞❡♥s✐t✐❡s ❤❛✈❡ ❛♥ ❛❞❞✐t✐♦♥❛❧
❝♦♦r❞✐♥❛t❡ ❞❡♣❡♥❞❡♥t t❡r♠✳ ❚❤✐s t❡r♠ ✐s ✈❡r② s♠❛❧❧ ❢♦r s♠❛❧❧ ❛♥t❡♥♥❛s ❜✉t ✐t ❝❛♥
❝♦♥tr✐❜✉t❡ ❢♦r ❧❛r❣❡r str✉❝t✉r❡s✱ s❡❡ ❛❧s♦ ❬✹✷❪✳ ❍❡r❡✱ ✐t ✐s ❛❧s♦ ✐♠♣♦rt❛♥t t♦ r❡❛❧✐③❡
t❤❛t t❤❡ ❝❧❛ss✐❝❛❧ ❞❡✜♥✐t✐♦♥ ❬✶✵❪ ✇✐t❤ t❤❡ s✉❜tr❛❝t❡❞ ♣♦✇❡r ✢♦✇ ✭✷✳✻✮ ✐s ✐♥❤❡r❡♥t❧②



✷✵

❝♦♦r❞✐♥❛t❡ ❞❡♣❡♥❞❡♥t✳ ❚❤❡ ✐❞❡♥t✐✜❝❛t✐♦♥ ♦❢ t❤❡ ❡♥❡r❣② ❡①♣r❡ss✐♦♥s ✐♥ ❬✸✻❪ ✇✐t❤ ✭✷✳✼✮
♦✛❡rs ❛ s✐♠♣❧❡ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ t❤❡ ♦❜s❡r✈❡❞ ❝❛s❡s ✇✐t❤ ❛ ♥❡❣❛t✐✈❡ st♦r❡❞ ❡♥❡r❣② ❬✶✽❪✳
❚❤❡ ❛♥❛❧②s✐s ❛❧s♦ s✉❣❣❡sts t❤❛t t❤❡ r❡s✉❧t✐♥❣ ◗ ❢❛❝t♦r ❤❛s ❛♥ ✉♥❝❡rt❛✐♥t② ♦❢ t❤❡
♦r❞❡r ka✳ ❚❤✐s ✐s ❝♦♥s✐st❡♥t ✇✐t❤ t❤❡ ✉s❡ ♦❢ t❤❡ r❡s✉❧ts ❢♦r s♠❛❧❧ ✭s✉❜ ✇❛✈❡❧❡♥❣t❤✮
❛♥t❡♥♥❛s ❬✶✼✱ ✶✽❪✱ ✇❤❡r❡ ka ✐s s♠❛❧❧ ❛♥❞ ◗ ❧❛r❣❡✳

❚❤❡ ❡♥❡r❣② ❡①♣r❡ss✐♦♥s ♣r♦♣♦s❡❞ ❜② ❱❛♥❞❡♥❜♦s❝❤ ✐♥ ❬✸✻❪ ❛r❡ ✈❡r② ✇❡❧❧ s✉✐t❡❞ ❢♦r
♦♣t✐♠✐③❛t✐♦♥ ❢♦r♠✉❧❛t✐♦♥s ❛s t❤❡② ❛r❡ s✐♠♣❧❡ q✉❛❞r❛t✐❝ ❢♦r♠s ♦❢ t❤❡ ❝✉rr❡♥t ❞❡♥s✐t②✳
❚❤❡ q✉❛❞r❛t✐❝ ❢♦r♠ ✐s ✈❡r② ♣r❛❝t✐❝❛❧ ❛s ✐t ❛❧❧♦✇s ❢♦r ✈❛r✐♦✉s ♦♣t✐♠✐③❛t✐♦♥ ❢♦r♠✉❧❛t✐♦♥s
s✉❝❤ ❛s ▲❛❣r❛♥❣✐❛♥ ❬✶✽❪ ❛♥❞ ❝♦♥✈❡① ♦♣t✐♠✐③❛t✐♦♥ ❬✶✼❪ ❛♥❞ ❤❛s ❛❧r❡❛❞② ❧❡❞ t♦ ♠❛♥②
♥❡✇ ❛♥t❡♥♥❛ r❡s✉❧ts✳ ❚❤❡✐r r❡s❡♠❜❧❛♥❝❡ ♦❢ t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞ ✐♥t❡❣r❛❧ ❡q✉❛t✐♦♥ ✭❊❋■❊✮
♠❛❦❡s t❤❡ ♥✉♠❡r✐❝❛❧ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ✈❡r② s✐♠♣❧❡✳ ❆♥❛❧②t✐❝ s♦❧✉t✐♦♥s ❢♦r s♣❤❡r✐❝❛❧
str✉❝t✉r❡s s❤♦✇ t❤❛t t❤❡ ◗ ✐♥ ❬✸✻❪ ❛♥❞ ❬✷✶❪ ❞✐✛❡r ❜② ka ❛♥❞ t❤✐s ✐s ✐♥t❡r♣r❡t❡❞ ❛s
t❤❡ ❢❛r✲✜❡❧❞ ✐♥ t❤❡ ✐♥t❡r✐♦r ♦❢ t❤❡ s♣❤❡r❡ ❛s s❡❡♥ ❢r♦♠ ✭✷✳✼✮ ❛♥❞ ✭✷✳✻✮✳ ❚❤❡ ♥❡✇
❢♦r♠✉❧❛t✐♦♥ ❛❧s♦ ♣r♦❞✉❝❡ s✐♠♣❧✐✜❡❞ ❡①♣r❡ss✐♦♥s ✭✻✳✸✮ t❤❡ ✉♥✐✜❡s t❤❡ ❚❊ ❛♥❞ ❚▼
❝❛s❡s ❢♦r t❤❡ ◗ ❢❛❝t♦r ♦❢ ❝✉rr❡♥t ❞❡♥s✐t✐❡s ♦♥ s♣❤❡r✐❝❛❧ s❤❡❧❧s ❬✷✶❪✳

◆✉♠❡r✐❝❛❧ r❡s✉❧ts ❢♦r ❞✐♣♦❧❡✱ ❧♦♦♣✱ ❛♥❞ ✐♥✈❡rt❡❞ ▲ ❛♥t❡♥♥❛s ❛r❡ ✉s❡❞ t♦ ✐❧❧✉str❛t❡
t❤❡ ❛❝❝✉r❛❝② ♦❢ t❤❡ ❡♥❡r❣② ❡①♣r❡ss✐♦♥s✳ ❚❤❡ ◗ ❢❛❝t♦rs ❢r♦♠ t❤❡ st♦r❡❞ ❡♥❡r❣② ✐♥
t❤❡ ✜❡❧❞s✱ QF✱ ❢r♦♠ t❤❡ st♦r❡❞ ❡♥❡r❣② ✐♥ ❇r✉♥❡ s②♥t❤❡s✐③❡❞ ❝✐r❝✉✐t ♠♦❞❡❧s✱ QB✱ ❛♥❞
❢r♦♠ ❞✐✛❡r❡♥t✐❛t✐♦♥ ♦❢ t❤❡ ✐♥♣✉t ✐♠♣❡❞❛♥❝❡✱ QZ′ ❛r❡ ❝♦♠♣❛r❡❞✳ ■t ✐s ♦❜s❡r✈❡❞ t❤❛t
QF ≈ QB ❢♦r t❤❡ ❝♦♥s✐❞❡r❡❞ ❝❛s❡s✳ ❚❤❡ ❣♦♦❞ ❛❣r❡❡♠❡♥t ✐s ❜❛s❡❞ ♦♥ ❇r✉♥❡ ❝✐r❝✉✐ts
s②♥t❤❡s✐③❡❞ ❢r♦♠ t❤❡ ✐♥♣✉t ✐♠♣❡❞❛♥❝❡ ♦✈❡r ❛ ✇✐❞❡ ❢r❡q✉❡♥❝② r❛♥❣❡ ❛♥❞ ✐t ✐s ♦❜s❡r✈❡❞
t❤❛t QB ❝❛♥ ❜❡ ❧♦✇❡r ✐❢ ❛ ♥❛rr♦✇ r❛♥❣❡ ♦❢ ❢r❡q✉❡♥❝✐❡s ✐s ✉s❡❞✳ ❲❡ ❛❧s♦ ♦❜s❡r✈❡ t❤❛t
QF ≈ QB ≈ QZ′ ✐♥ t❤❡ r❡❣✐♦♥s ✇❤❡r❡ ◗ ✐s QF ≥ 10 ❛♥❞ t❤❛t QZ′ ≤ QF ≈ QB

♦t❤❡r✇✐s❡✳ ❚❤✐s ✐s ❝♦♥s✐st❡♥t ✇✐t❤ t❤❡ s❤✉♥t ❛♥❞ s❡r✐❡s r❡s♦♥❛♥❝❡ ❝✐r❝✉✐t t❤❛t ❝❛♥
❤❛✈❡ QZ′ = 0✱ s❡❡ ✭✻✳✹✮ ❛♥❞ ❬✶✾❪✳

❚❤❡ r❡s✉❧ts ❢♦r t❤❡ s♣❤❡r✐❝❛❧ ♠♦❞❡s ❛♥❞ t❤❡ ❛♥t❡♥♥❛s ❛r❡ ✈❡r② ✐♥t❡r❡st✐♥❣ ❢♦r t❤❡
✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ t❤❡ ◗ ❢❛❝t♦r✱ QF✱ ❞❡✜♥❡❞ ❜② s✉❜tr❛❝t✐♦♥ ♦❢ t❤❡ ❢❛r ✜❡❧❞ ✭✷✳✼✮✳ ❚❤❡
❛♥❛❧②t✐❝ r❡s✉❧ts ❢♦r t❤❡ s♣❤❡r✐❝❛❧ ♠♦❞❡s s❤♦✇ t❤❛t t❤❡ s✉❜tr❛❝t❡❞ ❢❛r✲✜❡❧❞ ✐♥s✐❞❡ t❤❡
s♣❤❡r❡ ❞❡✜♥❡s ❛ st♦r❡❞ ❡♥❡r❣② t❤❛t ❝❛♥ ❜❡ ♥❡❣❛t✐✈❡✱ s❡❡ ❛❧s♦ ❬✶✽❪✱ ❛♥❞ ❛ QF t❤❛t ❞✐✛❡r
❢r♦♠ t❤❡ ❝❧❛ss✐❝❛❧ ❞❡✜♥✐t✐♦♥ ✭✷✳✻✮ ❜② ka✱ ✐✳❡✳✱ QP = QF + ka✱ ✇❤❡r❡ QP ❞❡♥♦t❡s t❤❡
◗ ❞❡✜♥❡❞ ✉s✐♥❣ ✭✷✳✻✮✳ ❈♦♥tr❛r②✱ t❤❡ ♥✉♠❡r✐❝❛❧ r❡s✉❧ts ❢♦r t❤❡ s✐♠✉❧❛t❡❞ ❛♥t❡♥♥❛s
s❤♦✇ t❤❛t QF ❛❣r❡❡ ✇✐t❤ t❤❡ ◗ ❢r♦♠ t❤❡ st♦r❡❞ ❡♥❡r❣② ✐♥ t❤❡ ❡q✉✐✈❛❧❡♥t ❝✐r❝✉✐t
s②♥t❤❡s✐③❡❞ ❢r♦♠ t❤❡ ✐♥♣✉t ✐♠♣❡❞❛♥❝❡ ✉s✐♥❣ ❇r✉♥❡ s②♥t❤❡s✐s✱ ✐✳❡✳✱ QF ≈ QB✳ ❚❤✐s
s✉❣❣❡sts t❤❛t t❤❡ ◗ ❢r♦♠ t❤❡ s✉❜tr❛❝t❡❞ ❢❛r✲✜❡❧❞ ✐s ❝♦rr❡❝t ❢♦r t❤❡ t❡st❡❞ ❛♥t❡♥♥❛s
❜✉t ♥♦t ❢♦r t❤❡ s♣❤❡r✐❝❛❧ ♠♦❞❡s✳ ❚❤✐s ✐s ❝♦♥s✐st❡♥t ✇✐t❤ t❤❡ ✐♥t❡r♣r❡t❛t✐♦♥ ✭✷✳✶✶✮
t❤❛t s❤♦✇s t❤❛t QF ❤❛s ❛♥ ✉♥❝❡rt❛✐♥t② ♦❢ t❤❡ ♦r❞❡r ka✳

✽ ❆❝❦♥♦✇❧❡❞❣♠❡♥ts

❚❤✐s ✇♦r❦ ✇❛s s✉♣♣♦rt❡❞ ❜② t❤❡ ❙✇❡❞✐s❤ ❘❡s❡❛r❝❤ ❈♦✉♥❝✐❧ ✭❱❘✮✱ t❤❡ ❈r❛❢♦♦r❞ ❋♦✉♥✲
❞❛t✐♦♥✱ ❛♥❞ t❤❡ ❙✇❡❞✐s❤ ●♦✈❡r♥♠❡♥t❛❧ ❆❣❡♥❝② ❢♦r ■♥♥♦✈❛t✐♦♥ ❙②st❡♠s ✭❱■◆◆❖❱❆✮
✇✐t❤✐♥ t❤❡ ❱■◆◆ ❊①❝❡❧❧❡♥❝❡ ❈❡♥t❡r ❈❍❆❙❊✳

Pr♦❢✳ ❊❞✇✐♥ ▼❛r❡♥❣♦ ❛t ◆♦rt❤❡❛st❡r♥ ❯♥✐✈❡rs✐t②✱ ▼❆✱ ❯❙❆ ✐s ❛❧s♦ ❛❝❦♥♦✇❧❡❞❣❡❞
❢♦r ✈❛❧✉❛❜❧❡ ❞✐s❝✉ss✐♦♥s ❛♥❞ ❤✐s ❤♦s♣✐t❛❧✐t② ❞✉r✐♥❣ ❛ ✈✐s✐t ♦❢ ▼● t♦ ❇♦st♦♥ ✐♥ ❆✉❣✉st



✷✶

✷✵✶✷✳

❆♣♣❡♥❞✐① ❆ ●r❡❡♥✬s ❢✉♥❝t✐♦♥ ✐❞❡♥t✐t✐❡s

▼✉❧t✐♣❧② t❤❡ ❍❡❧♠❤♦❧t③ ●r❡❡♥✬s ❢✉♥❝t✐♦♥ ❢♦r G1✿ (∇2+k2)G1 = −δ(r−r1) ✇✐t❤ G∗
2✱

❛♥❞ s✐♠✐❧❛r❧② ❢♦r G∗
2✳ ❆❞❞✐♥❣ t❤❡ r❡s✉❧ts t♦❣❡t❤❡r ✇✐t❤ ❛ st❛♥❞❛r❞ ✈❡❝t♦r ❝❛❧❝✉❧✉s

✐❞❡♥t✐t② ❣✐✈❡s 2(∇G1 · ∇G∗
2 − k2G1G

∗
2) = G1δ2 + G∗

2δ1 + ∇2(G1G
∗
2)✱ ✇❤❡r❡ δn =

δ(r − rn) ✇✐t❤ n = 1, 2 ❞❡♥♦t❡s t❤❡ ❉✐r❛❝ ❞❡❧t❛ ❞✐str✐❜✉t✐♦♥✳ ■♥t❡❣r❛t✐♦♥ ②✐❡❧❞s t❤❡
✐❞❡♥t✐t② ❬✸✻❪
∫

R3
r

∇G(r−r1) ·∇G∗(r−r2)−k2G(r−r1)G
∗(r−r2) dV =

cos(k|r1 − r2|)
4π|r1 − r2|

, ✭❆✳✶✮

✇❤❡r❡ ✇❡ ✉s❡❞ ●❛✉ss✬s t❤❡♦r❡♠ t♦❣❡t❤❡r ✇✐t❤ t❤❡ ♦❜s❡r✈❛t✐♦♥ t❤❛t

∇(G1G
∗
2) →

−r̂eikr̂·(r2−r1)

8π2r3
✭❆✳✷✮

❢♦r ❧❛r❣❡ ❡♥♦✉❣❤ r❛❞✐✉s✳
❚❤❡ k✲❞❡r✐✈❛t✐✈❡ ♦❢ t❤❡ ❍❡❧♠❤♦❧t③ ●r❡❡♥✬s ❡q✉❛t✐♦♥ ❢♦r G1 ✐s (∇2 + k2)∂kG1 +

2kG1 = 0✳ ❙✐♠✐❧❛r❧② t♦ t❤❡ ❞❡r✐✈❛t✐♦♥ ♦❢ ✭❆✳✶✮ ✇❡ ♠✉❧t✐♣❧② ✇✐t❤ G∗
2✱ ❛♥❞ r❡♣❡❛t

t❤❡ ♣r♦❝❡❞✉r❡ ✇✐t❤ t❤❡ k✲❞❡r✐✈❛t✐✈❡ ♦❢ G∗
2✳ ❆❞❞✐♥❣ t❤❡ r❡s✉❧t ❛♥❞ ❛♣♣❧②✐♥❣ ✈❡❝t♦r

❝❛❧❝✉❧✉s ✐❞❡♥t✐t✐❡s t♦ ♠♦✈❡ ∇2 ❛✇❛② ❢r♦♠ t❤❡ k✲❞❡r✐✈❛t✐✈❡ r❡s✉❧ts ✐♥ t❤❡ ✐❞❡♥t✐t②

4kG1G
∗
2 = δ2∂kG1 + δ1∂kG

∗
2 −∇ · q, ✭❆✳✸✮

✇❤❡r❡

r̂ · q = r̂ ·
(
G1∇∂kG2 − (∂kG

∗
2)∇G1 +G∗

2∇∂kG1 − (∂kG1)∇G∗
2

)

→ −k

8π2r

[
2 +

1

r

(
r̂ · (r1 + r2) + i(|r̂ × r1|2 − |r̂ × r2|2)

)
+O(

1

r2
)
]
e−ikr̂·(r1−r2)

✭❆✳✹✮

❢♦r ❧❛r❣❡ ❡♥♦✉❣❤ r❛❞✐✉s✳ ❈♦❧❧❡❝t✐♥❣ t❡r♠ ♦❢ ❞❡❝❛② r❛t❡ r−1 ♦♥ t❤❡ ❧❡❢t✲❤❛♥❞ s✐❞❡
❛♥❞ t❤❡ r❡♠❛✐♥✐♥❣ t❡r♠s ♦♥ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡✳ ■♥t❡❣r❛t✐♦♥ ♦✈❡r ❛ ❧❛r❣❡ s♣❤❡r❡✱
t♦❣❡t❤❡r ✇✐t❤ ●❛✉ss✬s t❤❡♦r❡♠ ❛♥❞ ❡❧❡♠❡♥t❛r② ✐♥t❡❣r❛❧s r❡s✉❧ts ✐♥
∫

R3
r

G(r − r1)G
∗(r − r2)−

e−ik(r1−r2)·r̂

16π2r2
dV

= −sin(kr12)

8πk
+ i

r21 − r22
8πk2r312

(sin(kr12)− kr12 cos(kr12))

= −sin(kr12)

8πk
+ i

(r1 + r2) · (r1 − r2)

8πr12
j1(kr12)

= −sin(kr12)

8πk
− i

(r1 + r2)

k
· ∇1

sin(kr12)

8πkr12
. ✭❆✳✺✮

❍❡r❡ j1(z) = (sin(z)− z cos(z))/z2 ❛♥❞ r12 = |r1 − r2|✳ ◆♦t❡ t❤❛t ✭❆✳✺✮ ❣❡♥❡r❛❧✐③❡s
t❤❡ r❡s✉❧t ✐♥ ❬✸✻❪ t♦ t❤❡ ❝❛s❡ r1 + r2 6= 0 ❛♥❞ s❤♦✇s t❤❛t t❤❡ ✐♥t❡❣r❛❧ ❞❡♣❡♥❞s ♦❢
t❤❡ ❝♦♦r❞✐♥❛t❡ s②st❡♠✳ ❚❤❡ r❡s✉❧t ❛❧s♦ s❤♦✇s t❤❛t ✐t ✐s ♥❡❝❡ss❛r② t♦ s♣❡❝✐❢② ❤♦✇ t❤❡
✐♥t❡❣r❛t✐♦♥ ♦✈❡r R3 ✐s ♣❡r❢♦r♠❡❞✱ ✐✳❡✳✱ ❤❡r❡ ❛s t❤❡ ❧✐♠✐t R3

r = {r : limr0→∞ |r| < r0}✳



✷✷

❆♣♣❡♥❞✐① ❇ ❊❧❡❝tr✐❝ s✉r❢❛❝❡ ❝✉rr❡♥ts ♦♥ ❛ s♣❤❡r❡

❚❤❡ t✇♦ ❢♦r♠✉❧❛t✐♦♥s ✭✷✳✻✮ ❛♥❞ ✭✷✳✼✮ ❢♦r t❤❡ st♦r❡❞ ❡♥❡r❣② ❝❛♥ ❜❡ ❝♦♠♣❛r❡❞ ❢♦r
❡❧❡❝tr✐❝ s✉r❢❛❝❡ ❝✉rr❡♥ts ♦♥ s♣❤❡r✐❝❛❧ s❤❡❧❧s✳ ❚❤✐s ✐s t❤❡ ❝❛s❡ ❛♥❛❧②③❡❞ ❜② ❚❤❛❧ ❬✸✸❪
❛♥❞ ❍❛♥s❡♥ ✫ ❈♦❧❧✐♥ ❬✷✶❪✱ s❡❡ ❛❧s♦ ❬✷✷❪ ❢♦r t❤❡ ❝❛s❡ ✇✐t❤ ❡❧❡❝tr✐❝ ❛♥❞ ♠❛❣♥❡t✐❝
s✉r❢❛❝❡ ❝✉rr❡♥ts✳ ❲❡ ❡①♣❛♥❞ t❤❡ s✉r❢❛❝❡ ❝✉rr❡♥t ♦♥ ❛ s♣❤❡r❡ ✇✐t❤ r❛❞✐✉s a ✐♥ ✈❡❝t♦r
s♣❤❡r✐❝❛❧ ❤❛r♠♦♥✐❝s Y✱ s❡❡ ❆♣♣✳ ❇✳✹✳ ❋♦r s✐♠♣❧✐❝✐t②✱ ❝♦♥s✐❞❡r t❤❡ s✉r❢❛❝❡ ❝✉rr❡♥t
J(r) = J0 Yτσml(r̂)δ(r − a) t❤❛t ✐♥❞✉❝❡s t❤❡ ❡❧❡❝tr✐❝ ❛♥❞ ♠❛❣♥❡t✐❝ ✜❡❧❞s

E(r) = iη0J̃0
u
(p)
τσml(kr)

R
(p)
τl (ka)

❛♥❞ H(r) = J̃0
u
(p)
τ̄σml(kr)

R
(p)
τl (ka)

, ✭❇✳✶✮

✇❤❡r❡ p = 1 ❢♦r r < a ❛♥❞ p = 3 ❢♦r r > a✱ u
(p)
τσml ✐s t❤❡ s♣❤❡r✐❝❛❧ ✈❡❝t♦r ✇❛✈❡s✱ ❛♥❞

R
(p)
τl t❤❡ r❛❞✐❛❧ ❢✉♥❝t✐♦♥s ✐♥ ❍❛♥s❡♥ ❬✷✵❪✱ ❞❡✜♥❡❞ ❛s

R
(p)
τl (κ) =




z
(p)
l (κ) τ = 1

1

κ

∂(κz
(p)
l (κ))

∂κ
τ = 2,

✭❇✳✷✮

✇❤❡r❡ z
(1)
l = jl ❛r❡ ❇❡ss❡❧ ❢✉♥❝t✐♦♥s✱ z

(2)
l = nl ◆❡✉♠❛♥♥ ❢✉♥❝t✐♦♥s✱ z

(3)
l = h

(1)
l ❍❛♥❦❡❧

❢✉♥❝t✐♦♥s ❬✷✵❪✱ ❛♥❞ κ = ka✳ ❲❡ ♥♦t❡ t❤❛t t❤❡ ❞❡r✐✈❛t✐✈❡s ♦❢ R
(p)
τl (κ) ❛r❡ ❡❛s✐❧②

❡①♣r❡ss❡❞ ✐♥ z(p)✱ s❡❡ ❆♣♣✳ ❇✳✹✳ ❍❡r❡✱ τ = 1 ✐s tr❛♥s✈❡rs❡ ❡❧❡❝tr✐❝ ✭❚❊✮ ❛♥❞ τ = 2
tr❛♥s✈❡rs❡ ♠❛❣♥❡t✐❝ ✭❚▼✮ ✇❛✈❡s✳ ▼♦r❡♦✈❡r✱ t❤❡ ❞✉❛❧ ✐♥❞❡① τ̄ ✐s τ̄ = 2 ✐❢ τ = 1

❛♥❞ τ̄ = 1 ✐❢ τ = 2✳ ❚❤❡ ❝✉rr❡♥t ✐♥ ✭❇✳✶✮ ✐s r❡s❝❛❧❡❞ ❛s J̃0 = J0 R
(1)
τl (ka) R

(3)
τl (ka)

❛♥❞ ❜❡❧♦✇ ✇❡ ❧❡t J0 ❜❡ r❡❛❧ ✈❛❧✉❡❞ t♦ s✐♠♣❧✐❢② t❤❡ ♥♦t❛t✐♦♥✳ ❲❡ ❛❧s♦ ♥♦t❡ t❤❛t t❤❡
❝♦♦r❞✐♥❛t❡ ❞❡♣❡♥❞❡♥t t❡r♠ ✭✷✳✷✼✮ ✈❛♥✐s❤❡s ❢♦r s✐♥❣❧❡ s♣❤❡r✐❝❛❧ ♠♦❞❡s✳

❇✳✶ ❋❛r✲✜❡❧❞ t②♣❡ st♦r❡❞ ❡♥❡r❣② ❢♦r t❤❡ ❚❊ ❝❛s❡ WF

❲❡ st❛rt ✇✐t❤ t❤❡ tr❛♥s✈❡rs❡ ❡❧❡❝tr✐❝ ✭❚❊✮ ❝❛s❡ τ = 1✱ ✐✳❡✳✱ J(r) = Y1σml(r̂)δ(r− a)
t❤❛t ✐s ❞✐✈❡r❣❡♥❝❡ ❢r❡❡✱ ∇ · J = 0✳ ❚❤❡ ✐♥t❡❣r❛❧s ✐♥ ✭✷✳✷✺✮ ❛r❡ ❡✈❛❧✉❛t❡❞ ❛♥❛❧②t✐❝❛❧
❜② ❡①♣❛♥❞✐♥❣ t❤❡ ●r❡❡♥✬s ❢✉♥❝t✐♦♥s ✐♥ ✭✷✳✸✸✮✱ ✭✷✳✸✹✮✱ ❛♥❞ ✭✷✳✸✺✮ ✐♥ s♣❤❡r✐❝❛❧ ♠♦❞❡s✱
s❡❡ ❆♣♣✳ ❇✳✹✳ ❯s✐♥❣ ∇ ·Y1σml = 0✱ ✇❡ ❣❡t 〈J ,Le J〉 = 0 ❢♦r ✭✷✳✸✸✮ ❛♥❞ ❤❡♥❝❡ t❤❡

✜rst ♣❛rt ♦❢ t❤❡ st♦r❡❞ ❡❧❡❝tr✐❝ ❡♥❡r❣② W
(E)
F0

= 0✳ ❚❤❡ ❡①♣❛♥s✐♦♥ ♦❢ t❤❡ ❢✉❧❧ ●r❡❡♥✬s
❞②❛❞✐❝✱ G = GI✱ ✭❇✳✷✺✮ ❣✐✈❡s

1

ikJ2
0

〈J ,Lm J〉 =
∫

V

∫

V

Y1σml(r̂1)δ(r1−a) ·G(r1−r2) ·Y1σml(r̂2)δ(r2−a) dV1 dV2

= a4
∫

Ω

∫

Ω
Y1σml(r̂1) ·G(r1 − r2) ·Y1σml(r̂2) dΩ1 dΩ2 = ia4kR

(3)
1l (κ) R

(1)
1l (κ) ✭❇✳✸✮

❢♦r t❤❡ t❡r♠s ✐♥ ✭✷✳✸✹✮ t♦ ❣❡t t❤❡ ✜rst ♣❛rt ♦❢ t❤❡ st♦r❡❞ ♠❛❣♥❡t✐❝ ❡♥❡r❣② ❢r♦♠ ✭✷✳✸✼✮

❛s 4ωη−1
0 W

(M)
F0

= −a2κ2J2
0 R

(2)
1l R

(1)
1l ✳ ❚❤❡ r❛❞✐❛t❡❞ ♣♦✇❡r ❢♦❧❧♦✇ ❢r♦♠ ✭✷✳✸✾✮ 2η−1

0 Pr =

−Re〈J ,Lm J〉 = a2κ2J2
0 (R

(1)
1l )

2✳ ❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❡①♣❛♥s✐♦♥ ♦❢ t❤❡ ❢r❡q✉❡♥❝②



✷✸

❞❡r✐✈❛t✐✈❡ ♦❢ t❤❡ ●r❡❡♥✬s ❢✉♥❝t✐♦♥ ✭❇✳✷✺✮ ✐s ✉s❡❞ ❢♦r t❤❡ t❡r♠s r❡❧❛t❡❞ t♦ ✭✷✳✸✺✮

−2

ik2a4J2
0

〈J ,Lem J〉 =
∫

Ω

∫

Ω
Y1σml(r̂1) ·

∂G(r1 − r2)

∂k
·Y1σml(r̂2) dΩ1 dΩ2

= i
∂

∂κ

(
κR

(3)
1l (κ) R

(1)
1l (κ)

)
= i
(
κR

(3)
1l (κ) R

(1)
1l (κ)

)′

= i(R
(3)
1l R

(1)
1l +κR

(3)
1l

′
R

(1)
1l +κR

(3)
1l R

(1)
1l

′), ✭❇✳✹✮

✇❤❡r❡ ′ ❞❡♥♦t❡s ❞✐✛❡r❡♥t✐❛t✐♦♥ ✇✐t❤ r❡s♣❡❝t t♦ κ✱ ❣✐✈✐♥❣ 4ωη−1
0 WF1

= −a2κ2

2
J2
0 (κR

(2)
1l R

(1)
1l )

′✳
❈♦❧❧❡❝t✐♥❣ t❤❡ t❡r♠s ❣✐✈❡s t❤❡ ❡❧❡❝tr✐❝ ❛♥❞ ♠❛❣♥❡t✐❝ ◗✲❢❛❝t♦rs ❛s

Q
(E)
1l,F(κ) =

2ωW
(E)
F (κ)

Pr(κ)
= −

(
κR

(1)
1l (κ) R

(2)
1l (κ)

)′

2(R
(1)
1l (κ))

2
✭❇✳✺✮

❛♥❞

Q
(M)
1l,F(κ) =

2ωW
(M)
F (κ)

Pr(κ)
= Q

(E)
1l,F(κ)−

R
(2)
1l (κ)

R
(1)
1l (κ)

, ✭❇✳✻✮

r❡s♣❡❝t✐✈❡❧②✳ ❲❡ ♥♦t❡ t❤❛t R
(1)
1l = jl ❛♥❞ R

(2)
1l = nl ❝❛♥ ❜❡ ✉s❡❞ t♦ r❡✇r✐t❡ t❤❡ ◗✲

❢❛❝t♦rs✱ ❤♦✇❡✈❡r t❤❡ ❢♦r♠ ✇✐t❤ t❤❡ r❛❞✐❛❧ ❢✉♥❝t✐♦♥s s✐♠♣❧✐✜❡s t❤❡ ❝♦♠♣❛r✐s♦♥ ✇✐t❤
t❤❡ ❚▼ ❝❛s❡ ❜❡❧♦✇✳ ❚❤❡ ❞✐✛❡r❡♥t✐❛t❡❞ t❡r♠s ❛r❡ ❛❧s♦ ❡❛s✐❧② ❡✈❛❧✉❛t❡❞ ✉s✐♥❣ ✭❇✳✹✮
❛♥❞ ✭❇✳✷✸✮✳

❇✳✷ ❋❛r✲✜❡❧❞ t②♣❡ st♦r❡❞ ❡♥❡r❣② ❢♦r t❤❡ ❚▼ ❝❛s❡ WF

❚❤❡ tr❛♥s✈❡rs❡ ♠❛❣♥❡t✐❝ ✭❚▼✮ ❝❛s❡ ✐s ❣✐✈❡♥ ❜② τ = 2 ❛♥❞ ❣❡♥❡r❛t❡❞ ❜② t❤❡ ❝✉r✲
r❡♥t ❞❡♥s✐t② J(r) = J0 Y2σml(r̂)δ(r − a) t❤❛t ❤❛s t❤❡ ❞✐✈❡r❣❡♥❝❡ ∇ · Y2σml =
−
√
l(l + 1)Yσml /r✳ ❲✐t❤ t❤❡ ❡①♣❛♥s✐♦♥ ♦❢ t❤❡ ●r❡❡♥✬s ❢✉♥❝t✐♦♥ ✭❇✳✷✹✮ ✇❡ ❣❡t t❤❡

♣❛rt r❡❧❛t❡❞ t♦ t❤❡ ❝❤❛r❣❡ ❞❡♥s✐t② ✭✷✳✸✸✮

−ik

a4J2
0

〈J ,Le J〉 =
∫

Ω

∫

Ω

∇1 ·Y2σml(r̂1)G(r1 − r2)∇2 ·Y2σml(r̂2) dΩ1 dΩ2

=
ikl(l + 1)

a2
jl(κ) h

(1)
l (κ) ✭❇✳✼✮

❛♥❞ t❤❡ ❢✉❧❧ ●r❡❡♥✬s ❉②❛❞✐❝ ❡①♣❛♥s✐♦♥ ✭❇✳✷✺✮ ❣✐✈❡s

1

ika4J2
0

〈J ,Lm J〉 =
∫

Ω

∫

Ω
Y2σml(r̂1) ·G(r1 − r2) ·Y2σml(r̂2) dΩ1 dΩ2

= ik

(
R

(1)
2l (κ) R

(3)
2l (κ) + l(l + 1)

h
(1)
l (κ) jl(κ)

κ2

)
✭❇✳✽✮



✷✹

❢♦r t❤❡ ♣❛rt r❡❧❛t❡❞ t♦ t❤❡ ❝✉rr❡♥t ❞❡♥s✐t② ✭✷✳✸✹✮✳ ❚❤❡ ❡①♣❛♥s✐♦♥s ♦❢ t❤❡ ❢r❡q✉❡♥❝②
❞❡r✐✈❛t✐✈❡s ♦❢ t❤❡ ●r❡❡♥✬s ❢✉♥❝t✐♦♥ ✭❇✳✷✹✮ ❛♥❞ ●r❡❡♥✬s ❉②❛❞✐❝ ✭❇✳✷✺✮ ❣✐✈❡

Re

∫

Ω

∫

Ω
Y2σml(r̂1) ·

∂G(r1 − r2)

∂k
·Y2σml(r̂2)

−∇1 ·Y2σml(r̂1)
∂G(r1 − r2)

k2∂k
∇2 ·Y2σml(r̂2) dΩ1 dΩ2

= 2l(l + 1) nl(κ) j1(κ)− κ2(κR
(1)
2l (κ) R

(2)
2l (κ))

′ ✭❇✳✾✮

❢♦r t❤❡ ♣❛rt r❡❧❛t❡❞ t♦ ✭✷✳✸✺✮✳
❈♦❧❧❡❝t✐♥❣ t❤❡ t❡r♠s ❣✐✈❡s t❤❛t t❤❡ ♥♦r♠❛❧✐③❡❞ r❛❞✐❛t❡❞ ♣♦✇❡r ✐s

2η−1
0 Pr/J

2
0 = Re〈J , (Le −Lm)J〉/J2

0 = a3κ(R
(1)
2l )

2✳ ❚❤❡ ❡❧❡❝tr✐❝ ❛♥❞ ♠❛❣♥❡t✐❝ ◗
❢❛❝t♦rs ❛r❡ ✜♥❛❧❧② ❞❡t❡r♠✐♥❡❞ t♦

Q
(E)
2l,F(κ) = −

(
κR

(1)
2l (κ) R

(2)
2l (κ)

)′

2(R
(1)
2l (κ))

2
✭❇✳✶✵✮

❛♥❞

Q
(M)
2l,F = Q

(E)
2l,F(κ)−

R
(2)
2l (κ)

R
(1)
2l (κ)

, ✭❇✳✶✶✮

r❡s♣❡❝t✐✈❡❧②✳ ❲❡ ♥♦t❡ t❤❛t t❤❡ ❡①♣r❡ss✐♦♥s ❢♦r t❤❡ ❚❊ ❝❛s❡ ✐♥ ✭❇✳✺✮ ❛♥❞ ✭❇✳✻✮ ❛♥❞
❚▼ ❝❛s❡ ✐♥ ✭❇✳✶✵✮ ❛♥❞ ✭❇✳✶✶✮ ❛r❡ ✇r✐tt❡♥ ✐♥ ✐❞❡♥t✐❝❛❧ ❢♦r♠s ❜② ✉s✐♥❣ t❤❡ r❛❞✐❛❧
❢✉♥❝t✐♦♥s ✭❇✳✷✮✳

❇✳✸ P♦✇❡r ✢♦✇ st♦r❡❞ ❡♥❡r❣② WP

❚❤❡ st♦r❡❞ ❡❧❡❝tr✐❝ ❡♥❡r❣② ✇✐t❤ t❤❡ s✉❜tr❛❝t❡❞ ♣♦✇❡r ✢♦✇ ✭✷✳✻✮ ✐s ❛♥❛❧②③❡❞ ❜②
❍❛♥s❡♥ ✫ ❈♦❧❧✐♥ ❬✷✶❪✱ s❡❡ ❛❧s♦ ❚❤❛❧ ❬✸✸❪✳ ❚❤❡ ✐♥t❡❣r❛❧ ✭✷✳✻✮ ✐s ❞❡❝♦♠♣♦s❡❞ ✐♥t♦ ✐♥t❡✲

❣r❛t✐♦♥ ♦❢ t❤❡ ❡①t❡r✐♦r ❛♥❞ ✐♥t❡r✐♦r r❡❣✐♦♥s ✇❤❡r❡ ✇❡ ❤❛✈❡ ♦✉t❣♦✐♥❣ ✇❛✈❡s✱ u
(3)
τσml✱ ❛♥❞

r❡❣✉❧❛r ✇❛✈❡s✱ u
(1)
τσml✱ r❡s♣❡❝t✐✈❡❧② ✐♥ ✭❇✳✶✮✳ ❚❤❡ ❡①t❡r✐♦r ♣❛rt ✇❛s ❛❧r❡❛❞② ❛♥❛❧②③❡❞

❜② ❈♦❧❧✐♥ ✫ ❘♦t❤s❝❤✐❧❞ ❬✶✵❪✳ ❚❤❡ s✉❜tr❛❝t❡❞ ♣♦✇❡r ✢♦✇ ✐♥ ✭✷✳✻✮ ♦❢ t❤❡ ✜❡❧❞s ✭❇✳✶✮
❤❛s t❤❡ r❛❞✐❛❧ ❞❡♣❡♥❞❡♥❝❡

Pr =
1

2
Re

∫

Ω

E(r)×H∗(r) · r̂r2 dΩ =
J̃2
0η0

2|R(3)
τl (κ)|2

✭❇✳✶✷✮

✐♥ t❤❡ ❡①t❡r✐♦r r❡❣✐♦♥ r ≥ a ❛♥❞ ✈❛♥✐s❤❡s ✐♥ t❤❡ ✐♥t❡r✐♦r r❡❣✐♦♥ r < a✳ ❆s t❤❡
s♣❤❡r✐❝❛❧ ✈❡❝t♦r ✇❛✈❡s ❛r❡ ♦rt❤♦❣♦♥❛❧ ♦✈❡r t❤❡ ✉♥✐t s♣❤❡r❡ t❤❡② ❝❛♥ ❜❡ ❛♥❛❧②③❡❞
s❡♣❛r❛t❡❧②✳ ❚❤❡✐r ✐♥t❡❣r❛❧s ❛r❡ ❞✐✈✐❞❡❞ ✐♥t♦ ✐ts ❛♥❣✉❧❛r ❛♥❞ r❛❞✐❛❧ ♣❛rts✳ ❚♦ s✐♠♣❧✐❢②
t❤❡ ♥♦t❛t✐♦♥✱ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ♥♦r♠❛❧✐③❡❞ ❡♥❡r❣✐❡s w

(e)
τl ❛♥❞ w

(i)
τl ♦✉ts✐❞❡ ❛♥❞ ✐♥s✐❞❡

t❤❡ s♣❤❡r❡✱ r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡② ❛r❡ ❣✐✈❡♥ ❜②✱ s❡❡ ❆♣♣✳ ❇✳✺ ❢♦r ❞❡t❛✐❧s

w
(e)
1l =

∫ ∞

κ

∫

Ω

|u(3)
1σml(kr)|2k2r2 dΩ− 1 dkr

= κ− κ3

2
(| h(1)

l (κ)|2 − Re{h(1)
l+1(κ) h

(2)
l−1(κ)}) ✭❇✳✶✸✮



✷✺

❢♦r τ = 1 ❛♥❞ ❢♦r t❤❡ τ = 2 ♠♦❞❡s

w
(e)
2l =

∫ ∞

κ

∫

Ω

|u(3)
2σml(kr)|2k2r2 dΩ− 1 dkr = −Re{κ h(2)

l (κ)(κ h
(1)
l (κ))′}+ w

(e)
1l .

✭❇✳✶✹✮
❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♥♦r♠❛❧✐③❡❞ ❡♥❡r❣② ✐♥ t❤❡ ✐♥t❡r✐♦r ♦❢ t❤❡ s♣❤❡r❡ ✐s ❣✐✈❡♥ ❜②

t❤❡ ✐♥t❡❣r❛❧s

w
(i)
1l =

∫ κ

0

∫

Ω

|u(1)
1σml(kr)|2k2r2 dΩdkr =

∫ κ

0

x2| jl(x)|2 dx

=
κ3

2

(
j2l (κ)− jl−1(κ) jl+1(κ)

)
✭❇✳✶✺✮

❛♥❞

w
(i)
2l =

∫ κ

0

∫

Ω

|u(1)
2σml(kr)|2k2r2 dΩdkr = −Re{κ jl(κ)(κ jl(κ))′}+ w

(i)
1l . ✭❇✳✶✻✮

❲❡ ❤❛✈❡ t❤❡ ❡❧❡❝tr✐❝ ❛♥❞ ♠❛❣♥❡t✐❝ ◗ ❢❛❝t♦rs

Q
(E)
τl,P = |R(3)

τl (κ)|2
(

w
(e)
τl (κ)

|R(3)
τl (κ)|2

+
w

(i)
τl (κ)

|R(1)
τl (κ)|2

)
✭❇✳✶✼✮

❛♥❞

Q
(M)
τl,P = |R(3)

τl (κ)|2
(

w
(e)
τ̄ l (κ)

|R(3)
τl (κ)|2

+
w

(i)
τ̄ l (κ)

|R(1)
τl (κ)|2

)
. ✭❇✳✶✽✮

❆❢t❡r ❡①t❡♥s✐✈❡ s✐♠♣❧✐✜❝❛t✐♦♥s ✇❡ ❝❛♥ r❡✇r✐t❡ t❤❡♠ ❛s

Q
(E,M)
τ,P (κ) =

2ωW
(E,M)
P (κ)

Pr(κ)
= κ+Q

(E,M)
τ,F (κ), ✭❇✳✶✾✮

✇❤❡r❡ Q
(E,M)
τ,F ❞❡♥♦t❡s t❤❡ ❡❧❡❝tr✐❝ ❛♥❞ ♠❛❣♥❡t✐❝ ❢❛r✲✜❡❧❞ t②♣❡ ◗ ❢❛❝t♦rs ✐♥ ✭❇✳✺✮✱

✭❇✳✻✮✱ ✭❇✳✶✵✮✱ ❛♥❞ ✭❇✳✶✶✮✳ ◆♦t❡ t❤❛t t❤❡ s✉❜s❝r✐♣t ❊▼ ✐s ✉s❡❞ t♦ ❞❡♥♦t❡ ❊ ❛♥❞ ▼
✐♥ ✭❇✳✶✾✮✳ ❚❤❡ ❞✐✛❡r❡♥❝❡ κ = ka ✐s ❝♦♥s✐st❡♥t ✇✐t❤ t❤❡ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ ❛ st❛♥❞✐♥❣
✇❛✈❡ ✐♥ t❤❡ ✐♥t❡r✐♦r ♦❢ t❤❡ s♣❤❡r❡✱ ❝❢✳✱ ✭✷✳✶✶✮✳ ▼♦r❡♦✈❡r✱ t❤❡ ❡①♣r❡ss✐♦♥s ✭❇✳✶✵✮
❛♥❞ ✭❇✳✶✶✮ ✉♥✐✜❡s t❤❡ ❚❊ ❛♥❞ ❚▼ ❝❛s❡s ❛♥❞ ♦✛❡r ❛♥ ❛❧t❡r♥❛t✐✈❡ t♦ t❤❡ ❡①♣r❡ss✐♦♥s
✐♥ ❬✷✶❪✱ ❤❡r❡ ✇❡ ❛❧s♦ ♥♦t❡ ❛ ♠✐s♣r✐♥t ✐♥ ✭✻✮ ✐♥ ❬✷✶❪✳

❇✳✹ ❙♣❤❡r✐❝❛❧ ✇❛✈❡s

❚❤❡ r❛❞✐❛t❡❞ ❡❧❡❝tr♦♠❛❣♥❡t✐❝ ✜❡❧❞ ✐s ❡①♣❛♥❞❡❞ ✐♥ s♣❤❡r✐❝❛❧ ✈❡❝t♦r ✇❛✈❡s ♦r ♠♦❞❡s ❬✷✵❪✿





u
(p)
1σml(kr) = R

(p)
1l (kr)Y1σml(r̂)

u
(p)
2σml(kr) = R

(p)
21 (kr)Y2σml(r̂) + R̃(kr) Yσml(r̂)r̂

u
(p)
3σml(kr) = z

(p)′
l (kr) Yσml(r̂)r̂ + R̃(kr)Y2σml(r̂)

✭❇✳✷✵✮



✷✻

✇❤❡r❡ r ✐s t❤❡ s♣❛t✐❛❧ ❝♦♦r❞✐♥❛t❡✱ r̂ = r/r✱ r = |r|✱ k t❤❡ ✇❛✈❡♥✉♠❜❡r✱

R̃(κ) =
√

l(l + 1)z
(p)
l (κ)/κ✱ ❛♥❞ R

(p)
l (kr) ❛r❡ t❤❡ r❛❞✐❛❧ ❢✉♥❝t✐♦♥ ♦❢ ♦r❞❡r l✿

R
(p)
τl (κ) =




z
(p)
l (κ) τ = 1

1

κ

∂(κz
(p)
l (κ))

∂κ
τ = 2.

✭❇✳✷✶✮

❋♦r r❡❣✉❧❛r ✇❛✈❡s ✭p = 1✮ z
(1)
l = jl ✐s ❛ s♣❤❡r✐❝❛❧ ❇❡ss❡❧ ❢✉♥❝t✐♦♥✱ ✐rr❡❣✉❧❛r ✇❛✈❡s

✭p = 2✮ z
(2)
l = nl ✐s ❛ s♣❤❡r✐❝❛❧ ◆❡✉♠❛♥♥ ❢✉♥❝t✐♦♥✱ ❛♥❞ ♦✉t❣♦✐♥❣ ✇❛✈❡s ✭p = 3✮

z
(3)
l = h

(1)
l ✐s ❛♥ ♦✉t❣♦✐♥❣ s♣❤❡r✐❝❛❧ ❍❛♥❦❡❧ ❢✉♥❝t✐♦♥✳ ❚❤❡ ✐♥❞✐❝❡s ❛r❡ σ = {e, o}✱

m = 0, . . . , l✱ l = 1, . . . ❬✶✱ ✷✸❪✳ ■♥ ❛❞❞✐t✐♦♥✱ Yτσml(r̂) ❞❡♥♦t❡s t❤❡ ✈❡❝t♦r s♣❤❡r✐❝❛❧
❤❛r♠♦♥✐❝s ❞❡✜♥❡❞ ❛s

Y1σml(r̂) =
1√

l(l + 1)
∇×

(
rYσml(r̂)

)
✭❇✳✷✷✮

❛♥❞ Y2σml(r̂) = r̂ ×Y1σml(r̂) ✇❤❡r❡ Yσml ❞❡♥♦t❡s t❤❡ ♦r❞✐♥❛r② s♣❤❡r✐❝❛❧ ❤❛r♠♦♥✲
✐❝s ❬✶❪✳ ❚❤❡r❡ ❛r❡ ❛ ❢❡✇ ❛❧t❡r♥❛t✐✈❡ ❞❡✜♥✐t✐♦♥s ♦❢ t❤❡ s♣❤❡r✐❝❛❧ ✈❡❝t♦r ✇❛✈❡s ✐♥ t❤❡
❧✐t❡r❛t✉r❡ ❬✶✱ ✷✵✱ ✷✸❪✳ ❍❡r❡✱ ✇❡ ❢♦❧❧♦✇ ❬✷✸❪ ❛♥❞ ✉s❡ cosmφ ❛♥❞ sinmφ ❛s ❜❛s✐s ❢✉♥❝✲
t✐♦♥s ✐♥ t❤❡ ❛③✐♠✉t❤❛❧ ❝♦♦r❞✐♥❛t❡✳ ❚❤✐s ❝❤♦✐❝❡ ✐s ♠♦t✐✈❛t❡❞ ❜② t❤❡ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢
t❤❡ ✜❡❧❞s r❡❧❛t❡❞ t♦ t❤❡ ✜rst ✻ ♠♦❞❡s ❛s t❤❡ ✜❡❧❞s ❢r♦♠ ❞✐✛❡r❡♥t ❍❡rt③✐❛♥ ❞✐♣♦❧❡s✳
❚❤❡ ♠♦❞❡s ❧❛❜❡❧❡❞ ❜② τ = 1 ❛r❡ ❚❊ ♠♦❞❡s ✭♦r ♠❛❣♥❡t✐❝ 2l✲♣♦❧❡s✮ ✇❤✐❧❡ t❤♦s❡ ❧❛✲
❜❡❧❡❞ ❜② τ = 2 ❝♦rr❡s♣♦♥❞ t♦ ❚▼ ♠♦❞❡s ✭♦r ❡❧❡❝tr✐❝ 2l✲♣♦❧❡s✮✳ ❲❡ ♥♦t❡ t❤❛t t❤❡

❞❡r✐✈❛t✐✈❡s ♦❢ R
(p)
τn (κ) ❛r❡ ❡❛s✐❧② ❡①♣r❡ss❡❞ ✐♥ s♣❤❡r✐❝❛❧ ❇❡ss❡❧ ❛♥❞ ❍❛♥❦❡❧ ❢✉♥❝t✐♦♥s✱

✐✳❡✳✱

∂ R
(p)
τl

∂κ
=





∂

∂κ
z
(p)
l τ = 1

−R
(p)
τl

κ
+

l(l + 1)− κ2

κ2
z
(p)
l τ = 2.

✭❇✳✷✸✮

❚❤❡ ●r❡❡♥ ❢✉♥❝t✐♦♥s ❛r❡ ❡①♣❛♥❞❡❞ ✐♥ s♣❤❡r✐❝❛❧ ✇❛✈❡s t♦ ❛♥❛❧②③❡ s♣❤❡r✐❝❛❧ ❣❡♦♠❡tr✐❡s✳
❚❤❡ s❝❛❧❛r ●r❡❡♥✬s ❢✉♥❝t✐♦♥ ❤❛s t❤❡ ❡①♣❛♥s✐♦♥ ❬✶❪

G(r1 − r2) =
eik|r1−r2|

4π|r1 − r2|
= ik

∑

σml

jl(kr<) h
(1)
l (kr>) Yσml(r̂1) Yσml(r̂2), ✭❇✳✷✹✮

✇❤❡r❡ r< = min{|r1|, |r2|} ❛♥❞ r> = max{|r1|, |r2|}✱ ❛♥❞ Yσml ❞❡♥♦t❡s t❤❡ s♣❤❡r✐❝❛❧
❤❛r♠♦♥✐❝s✳ ■♥ ❛❞❞✐t✐♦♥✱ t❤❡ ❢✉❧❧ ●r❡❡♥✬s ❞②❛❞✐❝✱ G = IG✱ ❝❛♥ ❜❡ ❡①♣❛♥❞❡❞ ❛s ❬✶❪

G(r1 − r2) = ik
∑

τσml

u
(1)
τσml(kr<)u

(3)
τσml(kr>), ✭❇✳✷✺✮

✇❤❡r❡ τ = 1, 2, 3✳ ❲❡ ❛❧s♦ ✉s❡ t❤❡ ❢r❡q✉❡♥❝② ❞❡r✐✈❛t✐✈❡s ♦❢ t❤❡ ●r❡❡♥✬s ❢✉♥❝t✐♦♥ ❛♥❞
t❤❡ ●r❡❡♥✬s ❞②❛❞✐❝ ❡①♣❛♥s✐♦♥s✳



✷✼

❇✳✺ ❱♦❧✉♠❡ ✐♥t❡❣r❛❧s

❚❤❡ ✈♦❧✉♠❡ ✐♥t❡❣r❛❧s ♦❢ t❤❡ s♣❤❡r✐❝❛❧ ✈❡❝t♦r ✇❛✈❡s ❛r❡ ❣✐✈❡♥ ❜② ✐♥t❡❣r❛❧s ♦❢ s♣❤❡r✐❝❛❧
❍❛♥❦❡❧ ❢✉♥❝t✐♦♥s ❛s ❡✈❛❧✉❛t❡❞ ❤❡r❡✳ ❲❡ ❤❛✈❡

∫
x2z2p(x) dx =

x3

2

(
z2p(x)− zp−1(x)zp+1(x)

)
. ✭❇✳✷✻✮

❋♦r t❤❡ s♣❤❡r✐❝❛❧ ❍❛♥❦❡❧ ❢✉♥❝t✐♦♥ zp = h
(1)
p = jp +i np ✇❡ ❤❛✈❡

∫
x2| h(1)

p (x)|2 dx =
x3

2

(
| h(1)

p (x)|2 − Re{h(1)
p−1(x) h

(1)∗
p+1(x)}

)
. ✭❇✳✷✼✮

❚♦ ❡✈❛❧✉❛t❡ t❤❡ st♦r❡❞ r❡❛❝t✐✈❡ ❡♥❡r❣② ♦✉ts✐❞❡ ❛ s♣❤❡r❡✱ ✇❡ ♥❡❡❞ t❤❡ r❡s✉❧t

∫ ∞

a

(
x2| h(1)

p (x)|2 − 1
)
dx = a− a3

2

(
| h(1)

p (a)|2 − Re{h(1)
p−1(a) h

(1)∗
p+1(a)}

)
. ✭❇✳✷✽✮

❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✐♥t❡r♥❛❧ ❡♥❡r❣② ✐s

∫ a

0

x2| j(2)p (x)|2 dx =
a3

2

(
j2p(a)− jp−1(a) jp+1(a)

)
. ✭❇✳✷✾✮

❲❡ ❛❧s♦ ❤❛✈❡ ❢♦r τ = 1

∫

[a,b]×Ω

|u1σml(kr)|2 dV =

∫ b

a

| h(1)
l (kr)|2r2 dr ✭❇✳✸✵✮

❋♦r τ = 2✱ ✇❡ ✉s❡

k|u2σml |2 = k u2σml ·u∗
2σml = ∇× u1σml ·u∗

2σml

= ∇ · (u1σml ×u
∗
2σml) + u1σml ·∇ × u

∗
2σml = ∇ · (u1σml ×u

∗
2σml) + k|u1σml |2

✭❇✳✸✶✮

❛♥❞ ❤❡♥❝❡

∫

[a,b]×Ω

|u2σml(kr)|2 dV =
1

k2
Re
[
h
(2)
l (kr) R

(3)
2l (kr)r

]b
a
+

∫ b

a

| h(1)
l (kr)|2r2 dr, ✭❇✳✸✷✮

✇❤❡r❡ ✇❡ ❤❛✈❡ ✉s❡❞ t❤❡ ❲r♦♥s❦✐❛♥ r❡❧❛t✐♦♥ z∗z′ − z′∗z = −2i/x2✱ ❢♦r z = h
(1)
l (x)✱

❛♥❞ t❤❡ r❡❝✉rs✐♦♥ r❡❧❛t✐♦♥s ❢♦r t❤❡ s♣❤❡r✐❝❛❧ ❍❛♥❦❡❧ ❢✉♥❝t✐♦♥s ❬✸✺❪ ✐♥ t❤❡ ❧❛st st❡♣s✳
❚❤❡ t❡r♠s ❝❛♥ ❜❡ ❡✈❛❧✉❛t❡❞ ❛s b → ∞ ❜② ❝♦♥s✐❞❡r✐♥❣ t❤❡ ❛s②♠♣t♦t✐❝ ❜❡❤❛✈✐♦r ♦❢
t❤❡ s♣❤❡r✐❝❛❧ ❍❛♥❦❡❧ ❢✉♥❝t✐♦♥s✳

❆♣♣❡♥❞✐① ❈ ◗ ❢r♦♠ ❇r✉♥❡ s②♥t❤❡s✐s

◗ ❢❛❝t♦rs ❝❛♥ ❜❡ ❞❡t❡r♠✐♥❡❞ ❢r♦♠ t❤❡ st♦r❡❞ ❡♥❡r❣② ❛♥❞ ❞✐ss✐♣❛t❡❞ ♣♦✇❡r ✐♥ ❝✐r❝✉✐t
♠♦❞❡❧s ♦❢ t❤❡ ❛♥t❡♥♥❛✳ ❈❤✉ ✉s❡❞ ❝✐r❝✉✐t ♠♦❞❡❧s ♦❢ t❤❡ s♣❤❡r✐❝❛❧ ♠♦❞❡s t♦ ❞❡t❡r♠✐♥❡



✷✽

♣❤②s✐❝❛❧ ❜♦✉♥❞s ♦♥ ❛♥t❡♥♥❛s ❬✼❪✳ ❚❤❡ ♠♦❞❡❧s ❝❛♥ ❜❡ ❛❞❛♣t❡❞ t♦ s♠❛❧❧ ❛♥t❡♥♥❛s
t❤❛t ❡①♣r❡ss t❤❡ ◗ ✐♥ t❤❡ ❧✉♠♣❡❞ ❝✐r❝✉✐t ❡❧❡♠❡♥ts ❬✶✻❪✳ ❋♦r ❣❡♥❡r❛❧ ❛♥t❡♥♥❛s✱ ✇❡
s②♥t❤❡s✐③❡ ❛♥ ❡q✉✐✈❛❧❡♥t ❝✐r❝✉✐t ❢r♦♠ t❤❡ ✐♥♣✉t ✐♠♣❡❞❛♥❝❡ ✉s✐♥❣ ❇r✉♥❡ s②♥t❤❡s✐s ❬✷❪✳
❚❤❡r❡ ❛r❡ s❡✈❡r❛❧ ❛♣♣r♦❛❝❤❡s t♦ s②♥t❤❡s✐③❡ ❝✐r❝✉✐t ♠♦❞❡❧s✱ ❡✳❣✳✱ ❇r✉♥❡✱ ❇♦tt ❛♥❞
❉✉✣♥✱ ▼✐②❛t❛✱ ♦r ❉❛r❧✐♥❣t♦♥ s②♥t❤❡s✐s ❬✹✶❪✳ ❚❤❡ s②♥t❤❡s✐s ♠❡t❤♦❞s ❝❛♥ ♣r♦❞✉❝❡
❞✐✛❡r❡♥t ❝✐r❝✉✐t s♦ t❤❡ ❝✐r❝✉✐ts ❛r❡ ♥♦t ✉♥✐q✉❡✳ ■t ✐s ❛❧s♦ ♣♦ss✐❜❧❡ t♦ s②♥t❤❡s✐③❡
❧✉♠♣❡❞ ❝✐r❝✉✐ts ✇✐t❤ ❛♥ ✐♥t❡r♥❛❧ st♦r❡❞ ❡♥❡r❣② t❤❛t ✐s ♥♦♥✲♦❜s❡r✈❛❜❧❡ ❢r♦♠ t❤❡ ✐♥♣✉t
✐♠♣❡❞❛♥❝❡✳

❚❤❡ ❝✐r❝✉✐t s②♥t❤❡s✐s ✐s ❜❛s❡❞ ♦♥ ❡①♣r❡ss✐♥❣ t❤❡ ✐♥♣✉t ✐♠♣❡❞❛♥❝❡ ❛s ❛ ✭r❛t✐♦✲
♥❛❧✮ ♣♦s✐t✐✈❡ r❡❛❧ ✭P❘✮ ❢✉♥❝t✐♦♥ ✐♥ t❤❡ ❝♦♠♣❧❡① ❢r❡q✉❡♥❝② ✈❛r✐❛❜❧❡ s = σ + jω ❛♥❞
s✉❜s❡q✉❡♥t ♠❛♥✐♣✉❧❛t✐♦♥ ♦❢ t❤❡ P❘ ❢✉♥❝t✐♦♥ t♦ ✐❞❡♥t✐❢② t❤❡ ❝✐r❝✉✐t ❡❧❡♠❡♥ts✳ ❚❤✐s
r❡q✉✐r❡s ♠♦❞❡❧✐♥❣ ♦✈❡r ✇✐❞❡ ❜❛♥❞✇✐❞t❤s ❛♥❞ s❤♦✇s t❤❛t t❤❡ r❡s✉❧t✐♥❣ ◗ ❞❡♣❡♥❞s ♦♥
t❤❡ ❣❧♦❜❛❧ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ✐♥♣✉t ✐♠♣❡❞❛♥❝❡✳

❲❡ st❛rt t♦ ❝♦♥str✉❝t ❛ r❛t✐♦♥❛❧ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ ❛♥t❡♥♥❛ ✐♥♣✉t ✐♠♣❡❞❛♥❝❡✳
■♥ t❤❡ r❛♥❣❡ ω1 ≤ ω ≤ ω2 ✇❡ ✉s❡ ❛ r❛t✐♦♥❛❧ ❢✉♥❝t✐♦♥ ♦❢ ♦r❞❡r (m1,m2)✱ ✇✐t❤
|m1 −m2| ≤ 1✱ t❤❛t ✐s ✜tt❡❞ t♦ t❤❡ ✐♥♣✉t ✐♠♣❡❞❛♥❝❡ ✉s✐♥❣ t❤❡ ▼❆❚▲❆❇ ❢✉♥❝t✐♦♥
✐♥✈❢r❡qs✳ ❚❤❡ ♦r❞❡r ✐s ❝❤♦s❡♥ ❛s ❧♦✇ ❛s ♣♦ss✐❜❧❡ s✉❝❤ t❤❛t t❤❡ r❡❧❛t✐✈❡ ❡rr♦r ✐s
❜❡❧♦✇ s♦♠❡ t❤r❡s❤♦❧❞✱ ❤❡r❡ ✇❡ ✉s❡ 10−3✱ ❛♥❞ t❤❛t t❤❡ r❛t✐♦♥❛❧ ❢✉♥❝t✐♦♥ ✐s ❛ P❘
❢✉♥❝t✐♦♥ ❬✹✶❪✳

❇r✉♥❡ s②♥t❤❡s✐s ❬✷✱ ✹✶❪ ✐s ❛♥ ✐t❡r❛t✐✈❡ ♣r♦❝❡❞✉r❡✱ ✇❤❡r❡ t❤❡ ♦r❞❡r ♦❢ t❤❡ r❛t✐♦♥❛❧
P❘ ❢✉♥❝t✐♦♥ ♠♦❞❡❧✐♥❣ t❤❡ ✐♥♣✉t ✐♠♣❡❞❛♥❝❡ ✐s r❡❞✉❝❡❞ ✐♥ ❡❛❝❤ st❡♣ Zn → Zn+1✱ s❡❡
❋✐❣✳ ✾✳ ❍❡r❡✱ ✇❡ ♦♥❧② ♣r❡s❡♥t ❛ ❜r✐❡❢ ♦✈❡r✈✐❡✇ ♦❢ t❤❡ ❇r✉♥❡ s②♥t❤❡s✐s ❢♦r t❤❡ ♣✉r♣♦s❡
♦❢ ❝❛❧❝✉❧❛t✐♥❣ t❤❡ st♦r❡❞ ❡♥❡r❣②✱ s❡❡ ❬✷✱ ✹✶❪ ❢♦r ❞❡t❛✐❧s✳ ❋✐rst✱ s❡r✐❡s ✭C1, L1✮ ❛♥❞ s❤✉♥t
✭C2, L2✮ ❝❛♣❛❝✐t❛♥❝❡ ❛♥❞ ✐♥❞✉❝t❛♥❝❡ ❛r❡ r❡♠♦✈❡❞ ❜② ✐❞❡♥t✐✜❝❛t✐♦♥ ♦❢ t❤❡ ❛s②♠♣t♦t✐❝
❡①♣❛♥s✐♦♥ ♦❢ t❤❡ ✐♥♣✉t ✐♠♣❡❞❛♥❝❡ ❛♥❞ ❛❞♠✐tt❛♥❝❡ ❛t s = 0 ❛♥❞ s = ∞✳ ❚❤❡♥✱ t❤❡
s❡r✐❡s r❡s✐st❛♥❝❡ RB = mins=jω ReZ ✐s r❡♠♦✈❡❞✳ ❚❤✐s ❧❡❛✈❡s ❛ P❘ ❢✉♥❝t✐♦♥ ✇✐t❤
Z(jω0) = jXB✳ ❉❡♣❡♥❞✐♥❣ ♦♥ t❤❡ s✐❣♥ ♦❢ XB = ImZ(jω0) ❛ ♥❡❣❛t✐✈❡ ✐♥❞✉❝t❛♥❝❡
♦r ❝❛♣❛❝✐t❛♥❝❡ ✐s r❡♠♦✈❡❞✱ s❡❡ ❋✐❣✳ ✾✳ ❋✐♥❛❧❧②✱ ❛ r❡s♦♥❛♥❝❡ ▲❈ ❝✐r❝✉✐t ❛♥❞ s❡r✐❡s
✐♥❞✉❝t❛♥❝❡ ♦r s❤✉♥t ❝❛♣❛❝✐t❛♥❝❡ ❛r❡ r❡♠♦✈❡❞✱ s❡❡ ❬✷✱ ✹✶❪ ❢♦r ❞❡t❛✐❧s✳ ◆♦t❡✱ t❤❛t ❛❧s♦
RB = 0 ❛♥❞ XB = 0 ❛r❡ tr❡❛t❡❞ s❡♣❛r❛t❡❧②✳ ❚❤✐s ❧❡❛✈❡s ❛ P❘ ❢✉♥❝t✐♦♥✱ Zn+1 ♦❢ ❧♦✇❡r
♦r❞❡r t❤❛♥ Zn✳ ❚❤❡ ✐t❡r❛t✐♦♥✱ Zn → Zn+1✱ ✐s t❡r♠✐♥❛t❡❞ ✇❤❡♥ ❛ ♣✉r❡ r❡s✐st✐✈❡ ❧♦❛❞
r❡♠❛✐♥s✱ ✐✳❡✳✱ ImZn+1 = 0✳

❚❤❡ st♦r❡❞ ❡♥❡r❣② ✐s ❡❛s✐❧② ❝❛❧❝✉❧❛t❡❞ ✐♥ t❤❡ ✐t❡r❛t✐✈❡ s②♥t❤❡s✐s ♣r♦❝❡❞✉r❡✳ ❚❤❡
st♦r❡❞ ❡❧❡❝tr✐❝ ❛♥❞ ♠❛❣♥❡t✐❝ ❡♥❡r❣② ✐♥ ❛ ❝❛♣❛❝✐t♦r✱ C✱ ❛♥❞ ✐♥❞✉❝t♦r✱ L✱ ❛r❡ W (E) =
|V |2C/4 ❛♥❞ W (M) = |I|2L/4✱ r❡s♣❡❝t✐✈❡❧②✱ ✇❤❡r❡ I ❛♥❞ V ❞❡♥♦t❡ t❤❡ ❝✉rr❡♥t ❛♥❞
✈♦❧t❛❣❡✱ r❡s♣❡❝t✐✈❡❧②✳ ❋♦r s✐♠♣❧✐❝✐t②✱ ❝♦♥s✐❞❡r t❤❡ ❝❛s❡ ✇✐t❤ ❛ s❡r✐❡s ✐♥❞✉❝t♦r✱ ✐✳❡✳✱
ZB = jωLB✳ ❚❤❡ st♦r❡❞ ❡❧❡❝tr✐❝ ❛♥❞ ♠❛❣♥❡t✐❝ ❡♥❡r❣✐❡s ❛r❡ t❤❡♥ ✐t❡r❛t✐✈❡❧② ❣✐✈❡♥ ❜②

W
(E)
B,n =

|In|2
4ωC1

+
|Ṽ1|2C2

4
+

|Ṽ2|2
4ωC3(ωL3 − 1

ωC3
)2

+W
(E)
B,n+1 ✭❈✳✶✮

❛♥❞

W
(M)
B,n =

L1|In|2
4

+
|Ṽ1|2
4ωL2

+
|Ṽ1|2LB

4|Z̃|21
+

|Ṽ2|2L3

4(ωL3 − 1
ωC3

)2
+

|In+1|2L4

4
+W

(M)
B,n+1, ✭❈✳✷✮
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❋✐❣✉r❡ ✾✿ ■❧❧✉str❛t✐♦♥ ♦❢ t❤❡ ❇r✉♥❡ s②♥t❤❡s✐s ♦❢ ❛ ❧✉♠♣❡❞ ❝✐r❝✉✐t ❢r♦♠ ❛ r❛t✐♦♥❛❧
♣♦s✐t✐✈❡ r❡❛❧ ✭P❘✮ ✐♥♣✉t ✐♠♣❡❞❛♥❝❡ Zin = Z1✳ ■♥ ❡❛❝❤ ✐t❡r❛t✐♦♥ st❡♣✱ Zn → Zn+1✱
s❡r✐❡s ❛♥❞ s❤✉♥t ❝❛♣❛❝✐t❛♥❝❡ ❛♥❞ ✐♥❞✉❝t❛♥❝❡ ❛r❡ ✜rst r❡♠♦✈❡❞✳ ❚❤❡♥ t❤❡ s❡r✐❡s
r❡s✐st❛♥❝❡ RB = minω ReZ ✐s r❡♠♦✈❡❞✳ ❚❤✐s ❧❡❛✈❡s ❛ P❘ ❢✉♥❝t✐♦♥ ✇✐t❤ Z(ω0) = jXB✳
❉❡♣❡♥❞✐♥❣ ♦♥ t❤❡ s✐❣♥ ♦❢ XB = ImZ(ω0) ❛ ♥❡❣❛t✐✈❡ ✐♥❞✉❝t❛♥❝❡ ♦r ❝❛♣❛❝✐t❛♥❝❡ ✐s
r❡♠♦✈❡❞✳ ❋✐♥❛❧❧②✱ ❛ r❡s♦♥❛♥❝❡ ▲❈ ❝✐r❝✉✐t ❛♥❞ s❡r✐❡s ✐♥❞✉❝t❛♥❝❡ ♦r s❤✉♥t ❝❛♣❛❝✐t❛♥❝❡
❛r❡ r❡♠♦✈❡❞✱ s❡❡ ❬✷✱ ✹✶❪ ❢♦r ❞❡t❛✐❧s✳ ◆♦t❡✱ t❤❛t RB = 0 ❛♥❞ XB = 0 ❛r❡ tr❡❛t❡❞
s❡♣❛r❛t❡❧②✳

✇❤❡r❡ Ṽn ✐s t❤❡ ✈♦❧t❛❣❡ ♦✈❡r Z̃n ❢♦r n = 1, 2✳ ❖♥❡ ♣r♦❜❧❡♠ ✇✐t❤ t❤❡ ❇r✉♥❡ s②♥t❤❡s✐s
✐s t❤❛t ✐t ✉s❡s ♥❡❣❛t✐✈❡ ✐♥❞✉❝t♦rs ❛♥❞ ❝❛♣❛❝✐t♦rs ❬✷✱ ✹✶❪✱ s❡❡ LB ❛♥❞ CB ✐♥ ❋✐❣✳ ✾✳
❚❤✐s ✐s r❡s♦❧✈❡❞ ❜② tr❛♥s❢♦r♠✐♥❣ t❤❡ ❚ ❝♦♥t❛✐♥✐♥❣ t❤❡ ♥❡❣❛t✐✈❡ ❡❧❡♠❡♥t t♦ ❛♥ ✐❞❡❛❧
tr❛♥s❢♦r♠❡r✳

❚❤❡ tr❛♥s❢♦r♠❛t✐♦♥ ♦❢ ❛ ❚ ♥❡t✇♦r❦ ✇✐t❤ ❛r❜✐tr❛r② ✐♥❞✉❝t♦rs Lm✱ m = 1, 2, 3 ❛♥❞
❛ ❝❛♣❛❝✐t♦r C t♦ ❛♥ ✐❞❡❛❧ tr❛♥s❢♦r♠❡r ✐s ✐❧❧✉str❛t❡❞ ✐♥ ❋✐❣✳ ✶✵✳ ❲❡ ❛ss✉♠❡ t❤❛t L1 < 0
✐s ♥❡❣❛t✐✈❡ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ❇r✉♥❡ ✐♥❞✉❝t❛♥❝❡ LB ✐♥ ❋✐❣✳ ✾✳ ❚❤❡ ✐♥❞✉❝t♦rs ✐♥
t❤❡ ✐❞❡❛❧ tr❛♥s❢♦r♠❡r ❛r❡ M = L3✱ La = L1 + L3✱ ❛♥❞ Lb = L2 + L3✳ ❋r♦♠ t❤❡
❇r✉♥❡ s②♥t❤❡s✐s ❬✷✱ ✹✶❪✱ t❤❡ ✐♥❞✉❝t♦rs ❛r❡ r❡❧❛t❡❞ ❛s L1L2 + L1L3 + L2L3 = 0✱ ❛♥❞
❤❡♥❝❡ LaLb = L2

3 s❤♦✇✐♥❣ t❤❛t La > 0✳ ❚❤❡ st♦r❡❞ ♠❛❣♥❡t✐❝ ❡♥❡r❣② ✐♥ t❤❡ ❚ ❛♥❞
✐❞❡❛❧ tr❛♥s❢♦r♠❡r ✐♥ ❋✐❣✳ ✶✵ ✐s

W (M) =
|I1|2L1

4
+

|I2|2L2

4
+

|I1 + I2|2L3

4
=

|I1|2La

4
+

|I2|2Lb

4
+

Re{I1I∗2}M
2

. ✭❈✳✸✮

❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ st♦r❡❞ ❡❧❡❝tr✐❝ ❡♥❡r❣② ✐s W (E) = |I1 + I2|2/(4ω2C) s❤♦✇✐♥❣ t❤❛t
t❤❡ st♦r❡❞ ❡♥❡r❣② ✐♥ t❤❡ ✐❞❡❛❧ tr❛♥s❢♦r♠❡r ✐s ✐❞❡♥t✐❝❛❧ t♦ t❤❡ st♦r❡❞ ❡♥❡r❣② ✐♥ t❤❡
♦r✐❣✐♥❛❧ ❝✐r❝✉✐t r❡♣r❡s❡♥t❛t✐♦♥✳



✸✵

L2

C

L3

L1

a) b)

Lb

C

La

MI1 I2I1 I2

❋✐❣✉r❡ ✶✵✿ ❚r❛♥s❢♦r♠❛t✐♦♥ ♦❢ t❤❡ ❚ ♥❡t✇♦r❦ ✭❛✮ t♦ ❛♥ ✐❞❡❛❧ tr❛♥s❢♦r♠❡r ✭❜✮✳
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C

I1 I2

C
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❋✐❣✉r❡ ✶✶✿ ❚r❛♥s❢♦r♠❛t✐♦♥ ♦❢ t❤❡ Π ♥❡t✇♦r❦ ✭❛✮ t♦ ❛ ❚ ♥❡t✇♦r❦ ✭❜✮✳

❚❤❡ ✐♥t❡r♣r❡t❛t✐♦♥ ❢♦r t❤❡ ❝❛s❡ XB > 0 ✐s ♠♦r❡ ✐♥✈♦❧✈❡❞ ❬✷✱ ✹✶❪✳ ❍❡r❡✱ t❤❡ Π
♥❡t✇♦r❦ ✇✐t❤ t❤❡ ❝❛♣❛❝✐t♦rs C1, C2, C3 ❛r❡ ✜rst tr❛♥s❢♦r♠ t♦ ❛ ❚ ♥❡t✇♦r❦ ✇✐t❤ t❤❡
❝♦♠♣♦♥❡♥ts C = C1 + C2✱ L1 = LC2/C✱ L2 = LC1/C✱ L3 = LC3/C✱ s❡❡ ❋✐❣✳ ✶✶✳
❚❤❡ st♦r❡❞ ❡♥❡r❣✐❡s ❛r❡ ♥♦t t❤❡ s❛♠❡ ✐♥ t❤❡ Π ❛♥❞ ❚ ♥❡t✇♦r❦s ❢♦r ❣❡♥❡r❛❧ ❝♦♠♣♦♥❡♥t
✈❛❧✉❡s✳ ❍♦✇❡✈❡r✱ t❤❡ ❝♦♠♣♦♥❡♥ts ❛r❡ ♥♦t ❛r❜✐tr❛r② ✐♥ t❤❡ ❇r✉♥❡ s②♥t❤❡s✐s ❬✷✱ ✹✶❪✳
❚❤❡ ❝❛♣❛❝✐t♦rs ✐♥ t❤❡ Π ♥❡t✇♦r❦ ❛r❡ ❝♦♥str❛✐♥❡❞ ❛s C1C2+C1C3+C2C3 = 0 ❛♥❞ t❤❡
✐♥❞✉❝t♦rs ✐♥ t❤❡ ❚ ♥❡t✇♦r❦ s❛t✐s❢② L1L2+L1L3+L2L3 = 0✳ ❚❤❡ st♦r❡❞ ❡♥❡r❣✐❡s ❛r❡
✐❞❡♥t✐❝❛❧ ❢♦r t❤✐s ❝❛s❡✳ ❚❤❡ ❚ ♥❡t✇♦r❦ ✐s ✜♥❛❧❧② tr❛♥s❢♦r♠ t♦ ❛♥ ✐❞❡❛❧ tr❛♥s❢♦r♠❡r✱
s❡❡ ❋✐❣✳ ✶✵✳ ❲❡ ❝♦♥s✐❞❡r t❤❡ st♦r❡❞ ❡❧❡❝tr✐❝ ❡♥❡r❣② t♦ s❡❡ t❤❛t t❤❡ st♦r❡❞ ❡♥❡r❣✐❡s ❛r❡
✐❞❡♥t✐❝❛❧ ❢♦r t❤❡ Π ❛♥❞ ❚ ♥❡t✇♦r❦s ✐♥ t❤❡ ❇r✉♥❡ ❝❛s❡✱ s❡❡ ❋✐❣✳ ✶✶✳ ❲✐t❤ ♣r❡s❝r✐❜❡❞
✈♦❧t❛❣❡s V1 ❛♥❞ V2✱ ✇❡ ❤❛✈❡

4W (E) = |V1|2C1 + |V2|2C2 + |V1 − V2|2C3 = |V1|2C1 + |V2|2C2 − |V1 − V2|2
C1C2

C1 + C2

=
|C1V1 + C2V2|2

C1 + C2

=
|C1V1 + C2V2|2

C
✭❈✳✹✮

❢♦r t❤❡ Π ♥❡t✇♦r❦✱ ✇❤❡r❡ C1C2 + C1C3 + C2C3 = 0 ✐s ✉s❡❞✳ ❚❤❡ st♦r❡❞ ❡♥❡r❣② ✐♥
t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❚ ♥❡t✇♦r❦ ✐s

4W (E) =
|V |2

|ωL3 − 1
ωC

|2ω2C
=

|V |2C
|ω2LC3 − 1|2 ✭❈✳✺✮

✇❤❡r❡ V ✐s t❤❡ ✈♦❧t❛❣❡

V =

V1

jωL1
+ V2

jωL2

1
jωL1

+ 1
jωL2

+ 1
jωL3+

1
jωC

=
C1V1 + C2V2

C + C1C2

C3−
1

ω2L

= (C1V1 + C2V2)
ω2LC3 − 1

C
✭❈✳✻✮

t❤❛t ✐♥s❡rt❡❞ ✐♥t♦ ✭❈✳✺✮ ❣✐✈❡s ✭❈✳✹✮ ❛♥❞ s❤♦✇s t❤❛t t❤❡ st♦r❡❞ ❡❧❡❝tr✐❝ ❡♥❡r❣✐❡s ❛r❡
✐❞❡♥t✐❝❛❧ ❢♦r t❤❡ Π ❛♥❞ ❚ ♥❡t✇♦r❦s ❢♦r t❤❡ ❝❛s❡ C1C2 + C1C3 + C2C3 = 0✳ ❚❤❡ ❚
♥❡t✇♦r❦ ❤❛s ❛ ♥❡❣❛t✐✈❡ ✐♥❞✉❝t❛♥❝❡ L2 t❤❛t ✐s r❡♠♦✈❡❞ ✐♥ t❤❡ ✜♥❛❧ tr❛♥s❢♦r♠❛t✐♦♥ t♦
t❤❡ ✐❞❡❛❧ tr❛♥s❢♦r♠❡r✱ s❡❡ ❋✐❣✳ ✶✵✳
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❆♣♣❡♥❞✐① ❉ ❇♦❞❡✲❋❛♥♦ ♠❛t❝❤✐♥❣ ❧✐♠✐t❛t✐♦♥s

❲❡ ❝♦♥s✐❞❡r t❤❡ ❇♦❞❡✲❋❛♥♦ ♠❛t❝❤✐♥❣ t♦ ❞❡t❡r♠✐♥❡ ❛ ❜♦✉♥❞ ❢♦r ❧♦ss❧❡ss ♠❛t❝❤✐♥❣
♥❡t✇♦r❦s✱ s❡❡ ❬✶✷❪ ❢♦r ❞❡t❛✐❧s✳ ❯s✐♥❣ t❤❡ ❛s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥s ❛♥❞ t❤❡ ③❡r♦s ✐♥ t❤❡
❝♦♠♣❧❡① ❤❛❧❢ ♣❧❛♥❡ ❢♦r t❤❡ s❤✉♥t ▲❈ s❡r✐❡s ▲❈ ❝✐r❝✉✐t ✐♥ ❋✐❣✳ ✹✱ ✇❡ ❤❛✈❡ t❤❡ ✐♥t❡❣r❛❧
✐❞❡♥t✐t✐❡s

2

π

∫ ∞

0

ω2 ln
1

|Γ (ω)| dω =
2

Qc

+
2

3
Re
∑

n

λ3
n ✭❉✳✶✮

2

π

∫ ∞

0

ln
1

|Γ (ω)| dω =
2

Qg

− 2Re
∑

n

λn ✭❉✳✷✮

2

π

∫ ∞

0

1

ω2
ln

1

|Γ (ω)| dω =
2

Qg

− 2Re
∑

n

1

λn

✭❉✳✸✮

2

π

∫ ∞

0

1

ω4
ln

1

|Γ (ω)| dω =
2

Qc

+
2

3
Re
∑

n

1

λ3
n

✭❉✳✹✮

✇❤❡r❡ Qg = max{Qp, Qs}✱ Ql = min{Qp, Qs}✱ Qc = 3Q3
gQl/(3Q

2
gQl + 3Qg − Ql) ≤

Qg✱ Reλn ≥ 0✱ ❛♥❞ ✇❡ ❤❛✈❡ ❛ss✉♠❡❞ t❤❛t ω0 = 1✳ ❲❡ ❜♦✉♥❞ t❤❡ ✐♥t❡❣r❛❧s ✉s✐♥❣
maxω |Γ (ω)| = Γ0 ❢♦r ω ∈ ω0[1− B/2, 1 + B/2] ❣✐✈✐♥❣ t❤❡ ✐♥❡q✉❛❧✐t✐❡s

1

π
(B +B3/12) ln

1

|Γ0|
≤ 1

Qc

+
1

3
Re
∑

n

λ3
n ✭❉✳✺✮

1

π
B ln

1

|Γ0|
≤ 1

Qg

− Re
∑

n

λn ✭❉✳✻✮

1

π

B

1− B2/4
ln

1

|Γ0|
≤ 1

Qg

− Re
∑

n

1

λn

✭❉✳✼✮

1

π

B +B3/12

(1− B2/4)3
ln

1

|Γ0|
≤ 1

Qc

+
1

3
Re
∑

n

1

λ3
n

✭❉✳✽✮

❲❡ ♥♦t❡ t❤❛t t❤❡ ♠✐❞❞❧❡ ❡q✉❛t✐♦♥s ❛r❡ ✐❞❡♥t✐❝❛❧ t♦ t❤❡ ❇♦❞❡✲❋❛♥♦ ❜♦✉♥❞ ❢♦r t❤❡
❘❈▲ ❝✐r❝✉✐t ❬✶✾❪ ❢♦r ♠❛①✐♠❛❧ ◗ ✈❛❧✉❡ max{Qp, Qs}✳ ❚❤✐s ✐s ♥❛t✉r❛❧ ❛s t❤❡ ❝❛s❝❛❞❡❞
s❤✉♥t ✭♦r s❡r✐❡s✮ ❝✐r❝✉✐t ❝❛♥♥♦t ✐♠♣r♦✈❡ t❤❡ ♠❛t❝❤✐♥❣✳ ■t ✐s ❛❧s♦ s❡❡♥ t❤❛t ❛ ❝♦♠♣❧❡①
❝♦♥❥✉❣❛t❡ ♣❛✐r ❣✐✈❡s t❤❡ ♦♣t✐♠❛❧ λn ❢♦r B ≪ 1 ❛♥❞ t❤❛t t❤✐s ❝❛s❡ r❡❞✉❝❡s t♦ t❤❡
❜♦✉♥❞ ❢♦r t❤❡ ❘❈▲ ❝✐r❝✉✐t✳ ❚❤❡ s❡t ♦❢ ✐♥❡q✉❛❧✐t✐❡s ❛r❡ s♦❧✈❡❞ ♥✉♠❡r✐❝❛❧❧② ❢♦r Γ0

❣✐✈❡♥ B ❛♥❞ ❛ss✉♠✐♥❣ ❛ ❝♦♠♣❧❡① ❝♦♥❥✉❣❛t❡ ♣❛✐r λn✳

❘❡❢❡r❡♥❝❡s

❬✶❪ ❆✳ ❇♦strö♠✱ ●✳ ❑r✐st❡♥ss♦♥✱ ❛♥❞ ❙✳ ❙trö♠✳ ❚r❛♥s❢♦r♠❛t✐♦♥ ♣r♦♣❡rt✐❡s ♦❢ ♣❧❛♥❡✱
s♣❤❡r✐❝❛❧ ❛♥❞ ❝②❧✐♥❞r✐❝❛❧ s❝❛❧❛r ❛♥❞ ✈❡❝t♦r ✇❛✈❡ ❢✉♥❝t✐♦♥s✳ ■♥ ❱✳ ❱✳ ❱❛r❛❞❛♥✱
❆✳ ▲❛❦❤t❛❦✐❛✱ ❛♥❞ ❱✳ ❑✳ ❱❛r❛❞❛♥✱ ❡❞✐t♦rs✱ ❋✐❡❧❞ ❘❡♣r❡s❡♥t❛t✐♦♥s ❛♥❞ ■♥tr♦✲
❞✉❝t✐♦♥ t♦ ❙❝❛tt❡r✐♥❣✱ ❆❝♦✉st✐❝✱ ❊❧❡❝tr♦♠❛❣♥❡t✐❝ ❛♥❞ ❊❧❛st✐❝ ❲❛✈❡ ❙❝❛tt❡r✐♥❣✱
❝❤❛♣t❡r ✹✱ ♣❛❣❡s ✶✻✺✕✷✶✵✳ ❊❧s❡✈✐❡r ❙❝✐❡♥❝❡ P✉❜❧✐s❤❡rs✱ ❆♠st❡r❞❛♠✱ ✶✾✾✶✳
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❬✷❪ ❖✳ ❇r✉♥❡✳ ❙②♥t❤❡s✐s ♦❢ ❛ ✜♥✐t❡ t✇♦✲t❡r♠✐♥❛❧ ♥❡t✇♦r❦ ✇❤♦s❡ ❞r✐✈✐♥❣✲♣♦✐♥t
✐♠♣❡❞❛♥❝❡ ✐s ❛ ♣r❡s❝r✐❜❡❞ ❢✉♥❝t✐♦♥ ♦❢ ❢r❡q✉❡♥❝②✳ ▼■❚ ❏✳ ▼❛t❤✳ P❤②s✳✱ ✶✵✱
✶✾✶✕✷✸✻✱ ✶✾✸✶✳

❬✸❪ ▼✳ ❈❛♣❡❦✱ P✳ ❍❛③❞r❛✱ ❛♥❞ ❏✳ ❊✐❝❤❧❡r✳ ❆ ♠❡t❤♦❞ ❢♦r t❤❡ ❡✈❛❧✉❛t✐♦♥ ♦❢ r❛❞✐❛t✐♦♥
◗ ❜❛s❡❞ ♦♥ ♠♦❞❛❧ ❛♣♣r♦❛❝❤✳ ■❊❊❊ ❚r❛♥s✳ ❆♥t❡♥♥❛s Pr♦♣❛❣❛t✳✱ ✻✵✭✶✵✮✱ ✹✺✺✻✕
✹✺✻✼✱ ✷✵✶✷✳

❬✹❪ ▼✳ ❈❛♣❡❦✱ ▲✳ ❏❡❧✐♥❡❦✱ P✳ ❍❛③❞r❛✱ ❛♥❞ ❏✳ ❊✐❝❤❧❡r✳ ❚❤❡ ♠❡❛s✉r❛❜❧❡ ◗ ❢❛❝t♦r ❛♥❞
♦❜s❡r✈❛❜❧❡ ❡♥❡r❣✐❡s ♦❢ r❛❞✐❛t✐♥❣ str✉❝t✉r❡s✳ ❛r❳✐✈ ♣r❡♣r✐♥t ❛r❳✐✈✿✶✸✵✾✳✻✶✷✷✱
✷✵✶✸✳

❬✺❪ ❍✳ ❏✳ ❈❛r❧✐♥ ❛♥❞ P✳ P✳ ❈✐✈❛❧❧❡r✐✳ ❲✐❞❡❜❛♥❞ ❝✐r❝✉✐t ❞❡s✐❣♥✳ ❈❘❈ Pr❡ss✱ ❇♦❝❛
❘❛t♦♥✱ ✶✾✾✽✳

❬✻❪ ❈✳ ❏✳ ❈❛r♣❡♥t❡r✳ ❊❧❡❝tr♦♠❛❣♥❡t✐❝ ❡♥❡r❣② ❛♥❞ ♣♦✇❡r ✐♥ t❡r♠s ♦❢ ❝❤❛r❣❡s ❛♥❞
♣♦t❡♥t✐❛❧s ✐♥st❡❛❞ ♦❢ ✜❡❧❞s✳ ■❊❊ Pr♦❝✳ ❆✱ ✶✸✻✭✷✮✱ ✺✺✕✻✺✱ ✶✾✽✾✳

❬✼❪ ▲✳ ❏✳ ❈❤✉✳ P❤②s✐❝❛❧ ❧✐♠✐t❛t✐♦♥s ♦❢ ♦♠♥✐✲❞✐r❡❝t✐♦♥❛❧ ❛♥t❡♥♥❛s✳ ❏✳ ❆♣♣❧✳ P❤②s✳✱
✶✾✱ ✶✶✻✸✕✶✶✼✺✱ ✶✾✹✽✳

❬✽❪ ▼✳ ❈✐s♠❛s✉ ❛♥❞ ▼✳ ●✉st❛❢ss♦♥✳ ❆♥t❡♥♥❛ ❜❛♥❞✇✐❞t❤ ♦♣t✐♠✐③❛t✐♦♥ ✇✐t❤ s✐♥❣❧❡
❢r❡q✉❡♥❝② s✐♠✉❧❛t✐♦♥✳ ❚❡❝❤♥✐❝❛❧ ❘❡♣♦rt ▲❯❚❊❉❳✴✭❚❊❆❚✲✼✷✷✼✮✴✶✕✷✽✴✭✷✵✶✸✮✱
▲✉♥❞ ❯♥✐✈❡rs✐t②✱ ❉❡♣❛rt♠❡♥t ♦❢ ❊❧❡❝tr✐❝❛❧ ❛♥❞ ■♥❢♦r♠❛t✐♦♥ ❚❡❝❤♥♦❧♦❣②✱ P✳❖✳
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