
N. Brantut1
Department of Earth Sciences,

University College

London,

Rock and Ice Physics Laboratory,

WC1E 6BT London, UK;

Laboratoire de Géologie,
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Strain Localization and Slip
Instability in a Strain-Rate
Hardening, Chemically
Weakening Material
The stability of steady slip and homogeneous shear is studied for rate-hardening materials
undergoing chemical reactions that produce weaker materials (reaction-weakening process),
in drained conditions. In a spring- slider configuration, a linear perturbation analysis
provides analytical expressions of the critical stiffness below which unstable slip occurs. In
the framework of a frictional constitutive law, numerical tests are performed to study the
effects of a nonlinear reaction kinetics on the evolution of the instability. Slip instabilities can
be stopped at relatively small slip rates (only a few orders of magnitude higher than the
forcing velocity) when the reactant is fully depleted. The stability analysis of homogeneous
shear provides an independent estimate of the thickness of the shear localization zone due to
the reaction weakening, which can be as low as 0.1 m in the case of lizardite dehydration.
The potential effect of thermo-chemical pore fluid pressurization during dehydration is
discussed, and shown to be negligible compared to the reaction-weakening effect. We
finally argue that the slip instabilities originating from the reaction-weakening process
could be a plausible candidate for intermediate depth earthquakes in subduction zones.
[DOI: 10.1115/1.4005880]

1 Introduction

Rock forming minerals undergo chemical reactions and phase
changes as pressure and temperature conditions vary during burial
and exhumation cycles. These mineral changes can affect the
mechanical behavior of rocks, and thus modify the way they
accommodate tectonic stress and strain. Generally, the mineral
assemblage that forms during the reaction has different mechani-
cal properties from the starting assemblage, and can be either
stronger (reaction hardening) or weaker (reaction weakening).
Reaction weakening behavior has been extensively documented in
the case of rocks containing dehydrating minerals, such as serpen-
tinite or gypsum. Such thermal decomposition reactions constitute
an important class of mineral transformations that is thought to
play an important role in the earth’s tectonics [1,2].

These chemical reactions can affect the mechanical properties
of rocks in a number of ways: (1) they release volatiles (fluid
phase), (2) they result in a negative solid volume change (porosity
increase), and (3) the newly formed minerals generally have dif-
ferent mechanical properties from the starting materials. Effect (1)
has been largely documented experimentally (e.g., Refs. [1–5])
and theoretically (e.g., Refs. [6, 7]), and is related to the change in
effective stress applied on the fault that produces an apparent
weakening; it can be considered as an extrinsic weakening pro-
cess, as it does not affect the strength of the material itself. Effect
(3), which is an actual intrinsic reaction weakening behavior, has
mostly been reported from a series of experimental studies on
porous (and thus permeable) serpentinite aggregates [8–11]. In
these tests, evidences of ultra-fine grained superplastic olivine
have been reported during deformation of a serpentinite aggregate
at the dehydration temperature of serpentinite. This intrinsic
weakening mechanism is observed only at low strain rates, below

10�5 s�1: deformation experiments performed at larger strain rates
do not exhibit any weakening related to the reaction [10,12,13].

The problem addressed in the present paper is the possibility of
localization and slip instability in a reactive material undergoing
shear at the onset of a chemical reaction. We first derive the general
governing and constitutive equations, in the drained regime.
Second, we test the stability of slip across a shear zone that is
loaded remotely through an elastic body (in the well-known spring-
slider configuration). Using the same governing laws, we then test
the stability of homogeneous shear to spatial perturbations in order
to detect the possibility of shear localization and estimate the thick-
ness of the localized shear zone. The potential effect of pore fluids
is then investigated. Finally, the geophysical implications of the
reaction-weakening behavior are discussed.

2 Model Description

We consider a fully saturated layer of rock containing reactive
minerals undergoing shear deformation under drained conditions.
The deforming layer thickness is denoted h and is assumed to be
much smaller than the surrounding crustal block. The shear load-
ing is performed through an elastic medium, in the spring-slider
configuration (Fig. 1). We analyze here a 1D problem and con-
sider the variations of the various thermo-poro-mechanical quanti-
ties only in the direction normal to the layer (coordinate y).

2.1 Momentum Balance. At slow strain rates, inertial effects
can be neglected. Hence, the shear stress s and the normal stress r
are uniform throughout the layer. In particular we have:

@s
@y
¼ 0 (1)

The material inside the shear band undergoes inelastic loading
whereas the external loading block remains elastic. Continuity of
shear stress at the boundary of the shear zone implies that
s ¼ kðd1 � dÞ, where k is the spring stiffness (measured in Pa/m),
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d1 is the displacement applied remotely (at the loading end of the
spring), and d is the net slip displacement at the boundary of the
shear zone. In terms of stress and slip rate we thus obtain

@s
@t
¼ kðv1 � vÞ (2)

where �1 is the remotely applied slip rate and � is the slip rate on
the shear zone.

2.2 Energy Balance. The temperature evolution T(y,t) is
given by the equation of energy conservation inside the shear
layer. Heat is generated by dissipation of mechanical energy
(shear heating), and is partitioned into temperature increase and
reaction enthalpy, which is a heat sink when the reaction is
endothermic. We assume here that all the mechanical work is
converted into heat, i.e., the Taylor-Quinney coefficient is
assumed to be 1. Denoting m0 the mass of reacting mineral per
unit of total rock volume, DH the reaction enthalpy per unit mass
of reactant and l the extent of completion of the reaction, we
obtain [7,14,15]

@T

@t
¼ s _c

qC
þ dth

@2T

@y2
� m0

DH

qC

@l
@t

(3)

where s is the applied shear stress on the fault, _c is the strain
rate, q is the bulk density of the rock, C is the heat capacity of
the rock, and dth is the heat diffusivity. We emphasize here that
the convention of DH> 0 is taken for endothermic reactions;
hence the negative sign of the chemical source term on the right-
hand-side of Eq. (3).

For a constant shear zone thickness h and a given slip rate � at
the boundary of the shear zone, the strain rate is written _c ¼ v=h:

2.3 Reaction Rate. The reaction rate is assumed to be of first
order, with a temperature dependency following an Arrhenius
law:

@l
@t
¼ Að1� lÞ exp � Ea

RT

� �
(4)

where A is a pre-exponential constant, Ea is the activation energy
of the reaction, and R is the gas constant. Although probably too
simplistic, the formulation of Eq. (4) allows us to explore two fun-
damental characteristics of the chemical reaction: temperature de-
pendency and depletion.

One drawback of the Arrhenius formulation is that the reaction
rate is never exactly zero. Thus, over the long term, the reaction will
occur even at very low temperature, whereas it should be thermo-
dynamically prohibited. One way to overcome this inconsistency is

to introduce a cutoff temperature Tc below which the reaction rate is
assumed to be identically zero. To avoid any discontinuous jump in
the reaction rate at Tc, the reaction rate is linearized in temperature
immediately above Tc. The linearization procedure is depicted
graphically in Fig. 2. In addition, we also linearize the kinetics in
reaction extent.

Formally we have

@l
@t
� 0 if T < Tc

cTðT � TcÞ � cll if Tc � T

�
(5)

where cT and cl are the first order coefficients of the Taylor
expansion of the kinetics law around T¼ Teq> Tc and l ¼ l0:

cT ¼ Að1� l0Þ
Ea

RT2
eq

exp �Ea=ðRTeqÞ
� �

(6)

cl ¼ A exp �Ea=ðRTeqÞ
� �

(7)

From the definition of Tc given above, we have

Tc ¼ Teqð1� Teq=ðEa=RÞÞ (8)

2.4 Constitutive Model. We assume that the shear stress s is
a function of applied effective normal stress r0, strain rate _c and
reaction extent l:

s ¼ sðr0; _c; lÞ (9)

Small perturbation of shear stress are thus of the form

ds ¼ @s
@r0

dr0 þ @s
@ _c

d _cþ @s
@l

dl (10)

Here we focus on the rate-hardening, reaction-weakening case,
which means that we assume

@s
@ _c

> 0 ðrate hardeningÞ; @s
@l

< 0 ðreaction weakeningÞ (11)

These features are schematically shown in Fig. 3. In a linear sta-
bility analysis, these general assumptions are sufficient to detect
the onset of localization and unstable slip. However, in numerical
simulations we need to assume an explicit form of the constitutive
law. This choice is given as follows.

Fig. 2 Linearization of the Arrhenius law around Teq; the cutoff
temperature Tc is the intersect of the slope with the T axis

Fig. 1 Schematic of the spring-slider configuration. The fault
zone (thickness h) is loaded remotely through an elastic me-
dium of equivalent stiffness k. The constant effective normal
stress is r05 r - p, where p is the pore pressure.
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We assume fully drained condition (i.e., no pore pressure
change), and constant normal stress. The constitutive law is writ-
ten in terms of friction coefficient f,

s ¼ f ð _c; lÞr0 (12)

where

@f

@ _c
> 0 ðrate hardeningÞ; @f

@l
< 0 ðreaction weakeningÞ

This description has its roots in the general rate-and-state formula-
tion of friction, where the “state” has been identified to the reac-
tion extent. An explicit, although less general, constitutive
formulation can then be assumed in the form

f ð _c; lÞ ¼ f0 þ a lnð _c= _c0Þ � bl (13)

where f0 is a reference friction coefficient, a> 0 and b> 0 are
constitutive parameters of the friction law, and _c0 is a reference
strain rate.

The parameter a corresponds to the so-called “direct effect,”
which is based on the activation energy for sliding at asperities
[16–18]. The parameter b can be simply understood as the poten-
tial change in friction coefficient from the initial mineral assembly
(e.g., pure serpentine) to the new mineral assembly after the reac-
tion (fine-grained olivine and talc). In this framework, the
“evolution law” of the state variable is simply given by the reac-
tion kinetics (coupled to the heat equation).

This formulation is certainly oversimplified as compared
to the true frictional response, in the sense that the reaction
weakening is only observed experimentally at low strain rates
(below 10�5 s�1, see Refs. [8, 10]): the value of b should be ve-
locity dependent in such a way that, at high strain rates, the fric-
tion coefficient comes back to its value prior to dehydration.
Moreover, it does not take into account the large strain hardening
commonly observed during serpentinite dehydration (probably
due to compaction of the new mineral assembly, and olivine
grain growth). However, Eq. (13) provides the appropriate phe-
nomenological friction law at least to study the initiation of such
dehydration reactions.

3 Nucleation of Slip Instability

3.1 Summary of Governing Equations and Normali-
zation. Taking into account all the simplifications and assump-
tions described in Sec. 2, the system of equations governing
temperature, reaction extent, and stress on the fault becomes

@T

@t
¼ dth

@2T

@y2
þ sv

qCh
� m0

DH

qC

@l
@t

(14)

@l
@t
¼ cTðT � TcÞ � cll (15)

@s
@t
¼ kðv1 � vÞ (16)

Let us introduce the following notations:

v ¼ v1~v (17)

t ¼ h

v1
~t (18)

y ¼ h~y (19)

T ¼ Ta
~T (20)

s ¼ s0~s (21)

where Ta¼Ea/R and s0 is a reference shear stress. In the frictional
framework described in Eqs. (12) and (13), the reference shear
stress is s¼ f0r0. The governing equations are rewritten as:

@ ~T

@~t
¼Dth

@2 ~T

@~y2
þH~s~v�T

@l
@~t

(22)

@l
@~t
¼ CTð ~T � ~TcÞ �Cll (23)

@~s
@t
¼ Kð1� ~vÞ (24)

where the following non-dimensional numbers were used:

Dth ¼ dth=ðhv1Þ (25)

H ¼ s0=ðqCTaÞ (26)

T ¼ m0DH=ðqCTaÞ (27)

CT ¼ cTTah=v1 (28)

Cl ¼ clh=v1 (29)

K ¼ kh=s0 (30)

3.2 Stability Condition. The stationary solution of the sys-
tem corresponds to ~v0 ¼ 1. The interesting situation, relevant to
fault slip at depth in the Earth, is when the fault is sliding stably
before the chemical reaction significantly starts. This is obviously
the case here since we assumed pure velocity strengthening
behavior of the material. The question addressed here is whether a
small perturbation at the onset of the chemical reaction can drive
a slip rate instability. The solution we look at needs to be con-
strained by ~T0 ¼ ~Tc and l0¼ 0, and hence ~s0 ¼ 1. The stationary
temperature profile is a parabola: ~T ¼ �H=ð2DthÞ~y2 þ ~Tc.

This is physically valid only for a unique remote boundary con-
dition in temperature (otherwise the temperature becomes nega-
tive far from the fault). In the following, we only investigate
adiabatic perturbations, which can be seen as the most critical sit-
uation (heat diffusion will have a stabilizing effect), and the initial
temperature profile does not play any role.

Let us investigate the behavior of infinitesimal, adiabatic per-
turbations ð ~T1; l1; ~v1Þ around the stationary solution. The pertur-
bations satisfy the linearized system

@ ~T1

@~t
¼Hðð1þ aÞ~v1 � bl1Þ �T

@l1

@~t
(31)

@l1

@~t
¼ CT

~T1 �Cll1 (32)

a
@~v1

@~t
� b

@l1

@~t
¼ �K~v1 (33)

Fig. 3 Constitutive relation for the reacting rock. (a) For
constant strain rate, the shear stress decreases as reaction
progresses. (b) At a given extent of reaction, the shear stress
increases with increasing strain rate.
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where we recall that

a ¼ @~s
@~v

����
~v0 ; l0

(34)

b ¼ � @~s
@l

����
~v0 ;l0

(35)

Equations (31), (32), and (33) form a linear system of partial dif-
ferential equations. We look for solutions of the form

~T1

l1

~v1

0
@

1
A ¼ B1

B2

B3

0
@

1
A expðs~t Þ (36)

where s is the growth rate of the perturbation and the Bi are con-
stants. The linear system has a non-trivial solution (B1, B2,
B3)= (0,0,0) if its determinant is identically zero; this condition
gives a characteristic polynomial equation for the growth rate s:

s3 þ s2ðCTTþCl þK=aÞ þ sððCTTþClÞK=a
�CTHb=aÞ þCTHbK=a ¼ 0

(37)

Equation (37) is cubic in s and explicit formulas exist to obtain its
roots. However, we do not need the explicit expression of the
roots but only their signs. This can be done for instance by Des-
cartes’ rule of signs. It can thus be proven that Eq. (37) has only
negative roots if

K � Kcr ¼
CTHb

Cl þCTT
(38)

The inequality represented in Eq. (38) is the stability condition of
the linearized system. A more endothermic reaction tends to stabi-
lize the system (lower Kcr).). On the other hand, larger heat gener-
ation (parameter H) and larger reaction weakening tend to
destabilize further the system. The stability condition in Eq. (38)
does not involve the rate-hardening parameter a. Although intui-
tively unexpected, this can be understood from the fact that larger
rate-hardening induces larger shear heating and thus faster reac-
tion rate, which ends up in larger reaction-weakening. Further cal-
culations indicate that a appears as a stabilizing factor in the
stability condition if heat diffusion is included (for instance using
a membrane approximation). In any event, although a may not
necessarily enter in the stability condition, it has an influence on
the actual value of the growth rate, and we expect fast growth
rates (i.e., small s) when a is large.

The inequality in Eq. (38) is used to define a critical value, Kcr

or equivalently a critical stiffness kcr, below which the fault
motion is unstable. Using dimensional parameters, this critical
stiffness is

kcr ¼
s0

h

s0b
qCT2

eq=Ta þ m0DH
(39)

3.3 Numerical Example. A representative case discussed in
the introduction is that of lizardite dehydration reaction into talc,
forsterite and water:

5Mg3Si2O5ðOHÞ4! Mg3Si4O10ðOHÞ2 þ 6Mg2SiO4 þ 9H2O

(40)

The reaction enthalpy is calculated from standard enthalpies of for-
mation (values obtained in Refs. [19, 20]) and is DH¼ 0.24 MJ/kg.
For a rock containing 10 wt% lizardite, the mass of lizardite per
unit of rock mass is m0 � 250 kg/m3. The kinetic parameters are
extracted from laboratory data obtained on solid [21], and are
A¼ 2.91 1032/s and Ea¼ 528 kJ/mol. The equilibrium temperature

is assumed to be Teq¼ 450 �C. At the onset of the reaction, l0¼ 0,
and we obtain cT¼ 2.5 10�5/�C/s and cl¼ 2.1 10�6/s. The specific
heat capacity of the fault rock is around 2.7 MPa/�C. In the frame-
work of a frictional constitutive law, the rate strengthening effect
a can be estimated from velocity stepping tests performed in the
laboratory. The so-called direct effect a is of the order of 0.01, thus
a normalized rate strengthening parameter of a¼ a/f0 � 0.02 is rep-
resentative of serpentine rich fault rock [22]. The reaction weaken-
ing parameter b is not constrained by any direct experimental data.
However, Ref. [10] mentions that the yield strength of dehydrating
serpentinite at strain rate less than 10�6/s is effectively zero. Thus a
representative, conservative estimate of b can be of the order of
0.8, i.e., the fully reacted material is 80% weaker than the intact
one. The reference shear stress s0 depends on the initial effective
normal stress r0 and the initial friction coefficient f0 (see Eq. (12)).
At a depth of around 30 km, a representative value of s0 � 200 MPa
is chosen. Finally, we set a shear zone thickness of h¼ 1 m and a
remotely applied velocity of the order of a tectonic plate velocity,
i.e., �1¼ 10�9 m/s. This set of values (reported in Table 1) is used
to calculate the non-dimensional parameters appearing in Eq. (38).

In order to test the validity of the linear stability analysis, the
system can be solved numerically with the nonlinear reaction
kinetics. The cutoff temperature and a subsequent linear tempera-
ture dependence up to Teq is still needed to avoid reaction progress
at unrealistically low temperature, but the full Arrhenius law is
used above Teq and the depletion is always taken into account:

@l
@t
¼

0 if T < Tc

A
T2

eq

Ta
expð�Ta=TeqÞð1� lÞðT � TcÞ if Tc � T < Teq

Að1� lÞ expð�Ta=TÞ if Teq � T

8<
:

(41)

This kinetic law is schematically shown in Fig. 4. The system of
Eqs. (22), (23), and (24) is solved using MATLAB’S ODE15S
routine. The parameter values are given in Table 1. The stability
condition is then

Kcr ¼ 2:43; i:e:; kcr ¼ 5:84� 108Pa=m

We test four different values of spring stiffnesses across the
transition to stability, k¼ 3� 106 Pa/m, k¼ 3� 108 Pa/m,
k ¼ 6� 108 Pa/m and k ¼ 3� 109 Pa/m. The results are reported
in Fig. 5. It confirms that for k > kcr the motion is stable, whereas
it is not for k > kcr. Interestingly, the instability arising close to

Table 1 Parameter values used for the stability analysis of fault
slip. Reaction enthalpy is calculated from standard enthalpies of
formation for the lizardite dehydration reaction [19,20]. Kinetics
data correspond to the dehydration reaction of solid cylinders of
lizardite [21].

Parameter Symbol Value Unit

Friction coefficient f0 0.6
Rate strengthening parameter a 0.002
Reaction weakening parameter b 0.5
Specific heat capacity qC 2.7� 106 Pa �C�1

Shear zone width h 1 m
Initial effective stress r0 400� 106 Pa
Initial temperature T0 440 �C
Mass of reacting mineral m0 250 kg m�3

Remote slip rate v1 10�9 m s�1

Enthalpy change DH 0.24� 106 J kg�1

Thermal diffusivity dth 10�6 m2 s�1

Pre-exponential factor A 2.91� 1032 s�1

Activation energy Ea 528� 103 kJ mol�1

Equilibrium temperature Teq 450 �C
Cutoff temperature Tc 442 �C
Thermal dependency of kinetics cT 2.54� 10�5 �C�1s�1

Depletion dependency of kinetics cl 2.10� 10�6 s�1
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the transition are short-lived, because the reaction is rapidly
depleted and the source of the instability then vanishes. A similar
behavior is observed well inside the instability field (k¼ 3� 106

Pa/m) for high values of a: in that case, the stability condition is
unchanged but the growth rate of the instability becomes much

slower, allowing complete depletion of the reactant before the slip
rate reaches dramatically high values.

The value of kcr, and thus the stability, always depends on the
ratio s0/h. Thinner sheared layers require a higher stiffness of the
spring for stable slip. As explained previously, the shear stress
level s0 can be estimated from the friction coefficient and the
effective normal stress at the considered depth. However, the
shear zone thickness h is not constrained by any direct measure-
ment or calculation, and we simply assumed a constant value
throughout the calculations. In the following section, we investi-
gate the possibility of strain localization within the reactive mate-
rial during loading, in order to estimate the thickness of the shear
zone which could result from a strain localization process.

4 Strain Localization and Thickness of Shear Zone

4.1 Governing Equations Inside the Shear Zone. Stepping
back from the spring-slider configuration investigated in the previ-
ous section, we study here the strain rate evolution in space inside
a layer of reacting rock sheared at a given nominal strain rate _c0.
Without simplification on the heat diffusion, the governing equa-
tions are

@T

@t
¼ s _c

qC
þ dth

@2T

@y2
� m0

DH

qC

@l
@t

(42)

@l
@t
¼ cTðT � TcÞ � cll (43)

@s
@y
¼ 0 (44)

The system can be normalized by using 1= _c0 as a time scale andffiffiffiffiffiffiffiffiffiffiffiffi
dth= _c0

p
as a space scale. The non-dimensional variables are then

_c ¼ ~_c _c0 (45)

t ¼ ~t= _c0 (46)

y ¼ ~y
ffiffiffiffiffiffiffiffiffiffiffiffi
dth= _c0

p
(47)

T ¼ ~TTa (48)

s ¼ ~ss0 (49)

The set of governing equations is then rewritten as

@ ~T

@~t
¼ @

2 ~T

@~y2
þH~s~_c�T

@l
@~t

(50)

@l
@~t
¼ CTð ~T � ~TcÞ �Cll (51)

@~s
@~y
¼ 0 (52)

where we used the non-dimensional numbers defined in expres-
sions in Eqs. (26), (27), (28) and (29).

4.2 Localization Wavelength Selection. Let us call ~T0; l0

the spatially uniform (adiabatic) normalized temperature and reac-
tion extent satisfying Eqs. (50), (51), and (52) at a given time dur-
ing deformation. The normalized strain rate is thus equal to unity
everywhere. We introduce infinitesimal perturbations ~T1; l1; ~_c1

of temperature, reaction extent and strain rate, and study their evo-
lution in time. The perturbation verifies the linearized system

@ ~T1

@~t
¼ @

2 ~T1

@~y2
þH ðaþ 1Þ~_c1 � bl1

� �
�T

@l1

@~t
(53)

@l1

@~t
¼ CT

~T1 �Cll1 (54)

Fig. 5 Numerical illustration of the transition from slip instability
(solid red and black lines) to slip stability (dotted and dashed
block lines). The critical stiffness calculated from Eq. (39) is
kcr 5 5.75 3 108 Pa/m. For k 5 3 3 108 Pa/m (solid black line), the
growth rate of the instability is low, and the reactant is rapidly
fully depleted.

Fig. 4 Regularized reaction kinetics used in the numerical sta-
bility analysis
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a
@~_c1

@~y
� b

@l1

@~y
¼ 0 (55)

where we recall that

a ¼ @~s

@~_c
j~_c0 ;l0

(56)

b ¼ � @~s
@l
j~_c0; l0

(57)

Equations (53), (54), and (55) form a linear system of partial dif-
ferential equations. We look for solutions of the form

~T1

l1
~_c1

0
@

1
A ¼ B1

B2

B3

0
@

1
A expðs~tÞ expð2pi~y=~kÞ (58)

where s is the growth rate of the perturbation, ~k ¼ ~h=N is the nor-
malized wavelength, and where ~h is the normalized layer thick-
ness and N is an integer. The linear system has non-trivial solution
(B1, B2, B3)= (0,0,0) if its determinant is identically zero; this
condition gives a characteristic equation for the growth rate s:

a
b

sþCl

CT

� �
sþ 4p2

~k
2

a
b

sþCl

CT

� �
þ sT

a
b
�H ¼ 0 (59)

The roots of the above quadratic equation are:

sðkÞ ¼ � 1

2
Cl þ

4p2

~k
2
þCTT

�

6

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Cl þ

4p2

~k
2
þCTT

� �2

� 16p2Cl

~k
2
þ 4HCTb=a

s 1
A
(60)

When Re(s)< 0, the perturbation decays exponentially in time and
the spatially uniform solution is stable. Such a situation arises if

~k < ~kcr ¼ 2p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
aCl

bHCT

s
(61)

This defines a critical wavelength below which all perturbations
vanish in time. In terms of dimensional parameters, the critical
wavelength is

kcr ¼ 2p
T0

Ta

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
dth

_c0

qCTa

s0

a=b
ð1� l0Þ

s
(62)

If the initial deforming layer is thinner than kcr, a spatially homo-
geneous shear is stable and a constant shear zone thickness is a
reasonable approximation. If the deforming layer is thicker than
kcr, at the onset of the reaction, the deformation will localize to a
thinner zone. The actual value of kcr is determined by the competi-
tion between heat diffusion and shear heating, as well as the ratio
of rate hardening over reaction weakening effects. Large reaction
weakening effect (parameter b) and shear heating (product s0 _c0)
lead to a small critical wavelength. Concurrently, large rate
strengthening and heat diffusivity tend to induce a large critical
wavelength. The reaction kinetics enters via the activation temper-
ature Ta: a higher Ta (i.e., a higher activation energy) induces a
smaller kcr.

Using the numerical values reported in Table 1, the critical wave-
length at the onset of the reaction (l0¼ 0) is kcr � 10 m for a nomi-
nal strain rate of _c0 ¼ 10�9/s. At a strain rate of _c0 ¼ 10�6/s, the
critical wavelength is kcr � 0.3 m. Thus, if the initial shear zone is

1 m thick, localization of deformation is not expected to occur at
the onset of the slip instability, but only at later stages during slip.

The importance of strain localization can also be addressed by
rewriting the stability condition (Eq. (39)) in terms of a critical
shear zone thickness hcr. Instabilities arise if

h < hcr ¼
s0

k

s0b
qCT2

eq=Ta þ m0DH
(63)

For a high effective stiffness k¼ 6� 108 Pa/m (an initially stable
configuration), the critical thickness is only hcr � 0.65 m. In Fig.
5, we observe that the slip rate (and thus the strain rate) at the
onset of the reaction increases up to almost 10�7 m/s. At this
strain rate, the stability analysis predicts a critical wave length
threshold for unstable modes of the order of 0.1 m, which is lower
than hcr: the initially stable slip could thus become unstable due to
localization of deformation in a narrower shear zone.

Although the linear stability analysis allows an analytical pre-
diction of the smallest stable wavelength, we see in Eq. (60) that
the growth rate s of the perturbation is an increasing function of
the wavelength k (Eq. (60)). In other terms, the instability mode
with the highest growth rate corresponds to the largest wave
length (i.e. equal to the layer thickness). In order to investigate the
post-localization behavior and estimate the time evolution of the
shear zone as the reaction progresses, it is necessary to perform a
numerical, nonlinear stability analysis.

4.3 Long Term Behavior and Post-Localization Analysis. Here
we adopt the frictional formulation of the constitutive law
(Eq. (13)). In this case, the reference shear stress is s0¼ f0r0, the
rate hardening coefficient is a¼ a/f0 and the reaction weakening
parameter is b¼ b/f0.

We model a h¼ 1 m thick layer of reacting rock sheared at a
nominal strain rate _c0 ¼ 10�6 s�1 (a condition at which the weak-
ening effect is still observed experimentally) at 30 km depth, for
which we assume an initial temperature of 440 �C and an initial
effective stress of around 400 MPa. The numerical values of the
parameters used in the computations are reported in Table 1.

The governing equations for temperature (Eq. (50)), shear stress
(Eq. (52)) and the full, nonlinear reaction kinetics (Eq. (4)) are
solved by the method of lines. The space is discretised into uni-
form steps inside the layer (where deformation takes place) and
logarithmically spaced steps outside the layer. We use MATLAB’S

solver ODE15S to integrate in time, and make use of the constrain
that the average normalized strain rate throughout the layer is kept
constant and equal to unity:

Fig. 6 Contours of strain rate as a function of time and space
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1

h

ðh=2

�h=2

~_cdy ¼ 1 (64)

Figure 6 displays the successive profiles of strain rate across the
sheared layer as a function of time. As predicted by the linear sta-
bility analysis, localization occurs at early times. Localization
does not persist in the layer because of the depletion of the reac-
tant: we observe a subsequent “delocalization” of strain as the
reactant is depleted. The profiles of strain rate and reaction extent
are reported in Fig. 7 at the peak localization. Using the numerical
values reported in Table 1, the theoretical prediction for the local-
ization thickness computed using Eq. (62) is kcr � 7.4 cm. There
is a reasonable agreement between the numerical result and the
analytical prediction.

Starting from larger initial layer thickness does not change the
peak localization thickness, except when the reaction is fully
depleted before the thickness reaches its minimum.

5 Discussion

5.1 Effect of Pore Pressure. In the previous sections, we
have considered a dry or drained layer of rock. However, it is
interesting to discuss also the effect of pore fluid on slip stability.
It is demonstrated in Ref. [23] that, in absence of dehydration
reaction, thermal pressurisation of pore fluid alone is unlikely to
induce slip instabilities in the rate strengthening regime. However,
it was shown in Ref. [7] (e.g., Fig. 6), that dehydration reactions
could induce slip instabilities for constant friction coefficient, and
affect significantly the evolution of temperature and pore pressure
during unstable slip. In this section we explore the possible impor-
tance of pore fluid pressurization in the strain localization process
and slip instability compared to the reaction weakening effect.

5.1.1 Effect of Pore Pressure on Strain Localization. We
explore first the effect of pore pressure on strain localization and
wave length selection inside the sheared layer. Considering a fluid
saturated rock layer, conservation of fluid mass leads to the fol-
lowing pore pressure generation/diffusion equation as derived in
Ref. [7]:

@p

@t
¼ K

@T

@t
þ dhy

@2p

@y2
þ mw

1� n
qfb

�
@l
@t

(65)

where p is the pore pressure in the layer, K is the undrained ther-
moelastic pressurization coefficient [24], qf is the pore fluid den-
sity, b* is the elastic storage capacity of the rock, dhy is the
hydraulic diffusivity, mw is the mass of water that is released due
to the reaction per unit of rock volume (generally around 10% of
m0) and n is the ratio of pore volume creation to fluid volume

release due to the dehydration reaction. The friction law (Eq. 12)
is written in terms of Terzaghi effective stress:

s ¼ f ðr� pÞ ¼ f0 þ a ln
_c
_c0

� bl

� �
ðr� pÞ (66)

The equilibrium equation @s=@y ¼ 0 yields

a

_c
@ _c
@y
� b

@l
@y

� �
ðr� pÞ þ f0 þ a ln

_c
_c0

� bl

� �
@p

@y
¼ 0 (67)

At any given state of an undrained adiabatic spatially uniform de-
formation, the evolution in time of small perturbations regarding
the strain rate, the pore fluid pressure, the temperature and the
reaction extent is studied to determine the possibility of strain
localization. Using the dimensionless variables defined by Eqs.
(45)–(49) and ~p ¼ ðp� p0Þ=ðr� p0Þ where p0 is a reference pore
pressure, the governing linearized system for the perturbation
(Eqs. (53)–(55)) is modified to account for the pore pressure as
follows:

@~p1

@~t
¼D

@2 ~p1

@~y2
þB

@ ~T1

@~t
þP

@l1

@~t
(68)

@ ~T1

@~t
¼ @

2 ~T1

@~y2
þH ðaþ 1Þ~_c1 � bl1 � ~p1

� �
�T

@l1

@~t
(69)

@l1

@~t
¼ CT

~T1 �Cll1 (70)

0 ¼ a
@~_c1

@~y
� b

@l1

@~y
� ð1� bl0Þ

@~p

@~y
(71)

In the equations above, additional dimensionless numbers are
introduced:

D ¼ dhy=dth (72)

B ¼ KTa=ðr� p0Þ (73)

P ¼ mw
1� n

qf b � ðr� p0Þ
(74)

The perturbations are here again decomposed into Fourier modes
and solutions of the system presented in Eqs. (68)–(71) are
searched in the form of

~p1

~T1

l1
~_c1

0
BB@

1
CCA ¼

B1

B2

B3

B4

0
BB@

1
CCA expðs~t Þ expð2pi~y=~kÞ (75)

where s is the growth rate of the perturbation and ~k is the normal-
ized wavelength. By substituting the perturbation field Eq. (75)
into the governing Eqs. (68)–(71) we obtain a homogeneous alge-
braic system for the coefficients Bi (i¼ 1,4). Thus a nonzero solu-
tion is possible only if the determinant of the linear system
vanishes:

det

sþD4p2

~k
2 �Bs �Ps 0

H sþ 4p2

~k
2 HbþTs �Hð1þ aÞ

0 �CT sþCl 0

�ð1� bl0Þ 0 �b a

0
BBB@

1
CCCA ¼ 0

(76)

This results in a characteristic polynomial equation of degree 3
for the growth coefficient s for which we look for roots with posi-
tive real part corresponding to a perturbation which grows

Fig. 7 Strain rate (solid line) and reaction extent (dotted line)
profiles at the peak localization. The theoretical prediction is
shown in red.
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exponentially in time. We can again use Descartes’ rule of signs
to detect the signs of the roots. For b> 0, we find that the pertur-
bations decay exponentially in time for

~k < ~kcr ¼ 2p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
aCl

bHCT

s
(77)

which is exactly the same condition as in the drained case (Eq.
(61)). This proves that pore pressure has no effect on strain local-
ization in the reaction weakening regime. Note, however, that
thermal pressurization itself has a localizing effect in absence of
reaction weakening at very large strain rates [25–28]. In absence
of chemical reaction (@�=@t ¼ 0), the system degenerates and we

retrieve a critical wavelength ~kcr ¼ 2p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
að1þDÞ=ðBHÞ

p
com-

patible with the solution given by Refs. [26–28]. Figure 8 repre-
sents graphically the maximum real part of the growth rate ~s as a

function of the perturbation wavelength ~k. The parameter values
are taken from Table 1, and the hydraulic diffusivity was taken
equal to the thermal diffusivity (D¼ 1, a rather conservative esti-
mate). The growth rate is always larger in the presence of thermal
pressurization. For vanishingly small reaction weakening parame-
ter b (but with the chemical effect on the pore pressure still
included), a localization instability arises only when thermal pres-
surization is taken into account.

5.1.2 Effect of Pore Pressure on the Stability of the Spring-
Slider System. Using the notations in Eqs. (25)–(30), the govern-
ing linearized system for the perturbation (Eqs. (31)–(33) is
modified to account for the pore pressure as follows:

@~p1

@~t
¼ �Dhy ~p1 þB

@ ~T1

@~t
þP

@l1

@~t
(78)

@ ~T1

@~t
¼H ðaþ 1Þ~v1 � bl1 � ~p1ð Þ �T

@l1

@~t
(79)

@l1

@~t
¼ CT

~T1 �Cll1 (80)

�K~v1 ¼ a
@~v1

@~t
� b

@l1

@~t
� ð1� bl0Þ

@~p1

@~t
(81)

where Dhy ¼ dhy=ðhhyv1Þ, with hhy the characteristic hydraulic
diffusion length (according to the membrane approximation, see

for instance Refs. [29, 30]). Looking for solutions of the linear dif-
ferential system presented in Eqs. (78)–(81) of the form
Bi expðs~t Þ, non-trivial solutions for the perturbations are found
when the following determinant is identically zero:

det

sþDhy �Bs �Ps 0

H s HbþTs �Hð1þ aÞ
0 �CT sþCl 0

�ð1� bl0Þs 0 �bs Kþ as

0
BB@

1
CCA ¼ 0

(82)

In a similar way as in Sec. 3.2, Eq. (82) can be used to calculate a
critical stiffness Kcr below which the slip is unstable. In absence of
chemical pressurization (for P¼ 0), we note that thermal pressur-
ization (parameter B) has strictly no effect on the value of the criti-
cal stiffness. It confirms that thermal pressurization has a negligible
effect on slip instabilities compared to rate-and-state effects [23].
Figure 9 reports the calculated non-dimensional critical stiffness
Kcr as a function of the chemical pressurization parameter P and
for various hydraulic diffusivities (parameter Dhy). Using the pa-
rameter values given in Table 1 and mw¼ 0.1 m0, the parameter P
is estimated to be 0.17 (in the shaded area of Fig. 9). In this range,
the critical stiffness remains close to the one calculated without the
effect of pore fluid; chemical pore fluid pressurization has thus a
negligible effect. However, the critical stiffness significantly
increases for values of P greater than 1 and low hydraulic diffusiv-
ities: this shows the contribution of chemical pore fluid pressurisa-
tion on slip stability in the rate-strengthening regime.

As expected, the drainage conditions have a major influence on
the importance of pore fluid pressurization. However, permeabil-
ity and thus fluid diffusivity remains largely unconstrained and is
likely to be heterogeneous in space and time within fault rocks at
depth. Although mainly phenomenological at this stage, the
“intrinsic” reaction-weakening constitutive formulation described
in this study is thus likely to be a more robust and general source
of instability in reacting materials.

5.2 Applicability and Limits of the Model.

5.2.1 Choice of the Constitutive Law. The constitutive formu-
lation used in this study was stated in its most general assumptions
in Eqs. (9)–(11). The main hypothesis is that the material weakens
due to the chemical reaction. The weakening is assumed to be
“intrinsic,” in the sense that it is not related to a change in pore
fluid pressure (such processes have been discussed in the previous
section and in Ref. [7]). According to Refs. [8, 10], the intrinsic
weakening can be due to the production of fine-grained olivine

Fig. 8 Maximum real part of the normalized growth rate as a
function of the normalized perturbation wavelength, computed
from Eq. (76). Parameter values are reported in Table 1; hydrau-
lic diffusivity is equal to thermal diffusivity. In the reaction
weakening regime (b > 0, here b 5 0.83, solid lines), thermal
pressurization (TP) does not affect the stability condition and
the critical wavelength. In absence of reaction weakening
(b 5 0, dotted lines), localization is driven by thermal pressur-
ization (see Refs. [26–28]). The black dotted line never crosses
the ~s 5 0 line.

Fig. 9 Non-dimensional critical stiffness Kcr as a function of
chemical pressurisation parameter P, for various hydraulic
diffusivities. The shaded area corresponds to realistic values of
P. At low values of P, the critical stiffness converges to a fixed
value corresponding to the drained case.

031004-8 / Vol. 79, MAY 2012 Transactions of the ASME

Downloaded 14 May 2012 to 128.40.78.114. Redistribution subject to ASME license or copyright; see http://www.asme.org/terms/Terms_Use.cfm



products along microscopic shear zones, and to the creation of an
important porosity that is easily compacted. These two processes
have not been taken explicitly into account in the constitutive law
assumed throughout the present study. In particular, the observed
localization of fine grained olivine products along thin shear zones
does not correspond to the strain localization determined by the
calculations carried out in Sec. 4: the microscopic heterogeneities
have been averaged out by assuming a global reaction weakening
behavior. In that sense, the constitutive law is merely phenomeno-
logical, and a detailed micromechanical model would be needed
to estimate the various contributions of the two mechanisms to the
global observed weakening.

The stability analyses were performed using the linearized con-
stitutive law, with no additional assumption on the actual form of
the constitutive law. The analytical results are thus valid for any
type of constitutive law that exhibits a velocity strengthening and
reaction weakening behavior. We used a frictional law (Eq. (12))
in the numerical simulations of slip instability and strain localiza-
tion. However, at elevated pressure and temperature, as it is the
case at the conditions of serpentinite dehydration for instance,
rocks are generally ductile and follow different constitutive mod-
els than friction laws [31,32]. Ductile rheological laws take into
account the dependency of strength on physical conditions,
including strain rate, confining pressure, temperature, grain size,
pore pressure, or composition. There is currently no simple consti-
tutive law that explicitly accounts for the reaction-weakening
effect exhibited by Refs. [8, 10] (in particular, the weakening is
observed to vanish at strain rate higher than 10�5/s). An accurate
description could potentially be done by integrating the effects of
the mineral transformation in an effective medium model, using
experimental constraints on the rheology of the pure end-members
(in our case, serpentine and fine-grained olivine, if the data exist),
following the approach of Ref. [33]. In addition, experiments
could be done on partially dehydrated samples up to known reac-
tion extents (for instance monitored by the mass of the sample), in
order to relate directly the reaction extent to the measured
strength.

Although the use of more detailed constitutive laws is required
to study the nonlinear mechanical behavior of the shear zone dur-
ing an instability, at this stage the phenomenological friction law
constitutes a useful guide to establish the variety of behaviors
expected at the onset of the reaction.

5.2.2 Role of the Reaction Kinetics. As emphasized by Eq.
(39), the nucleation of slip instabilities depends on the reaction
kinetics, and in particular of the activation temperature Ta¼Ea/R.
For very high activation energy and low equilibrium temperature
Teq, the term T2

eq=Ta vanished in the expression of the critical stiff-
ness (Eq. (39)), which implies that the reaction kinetics has no
role in the actual stability condition. Physically, it corresponds to
a situation in which the reaction kinetics is dramatically acceler-
ated by slight temperature increases; the reaction is thus almost in-
stantaneous, provided that there is enough heat provided in the
system. Such a situation would arise when reactions are progress-
ing under thermodynamic control.

In that case, the reaction rate is controlled by the ratio of me-
chanical energy dissipated in the shear zone over the reaction en-
thalpy. In the adiabatic approximation, the linear system
governing the evolution of the perturbation ð ~T1; l1; ~v1Þ is thus

@ ~T1

@~t
¼ 0 (83)

@l1

@~t
¼H

T
ð1þ aÞ~v1 � bl1½ 	 (84)

and

�K~v1 ¼ a
@~v1

@~t
� b

@l1

@~t
(85)

The temperature is constant, since all the dissipated energy is con-
verted into latent heat of reaction. Looking for solutions of the
form Bi expðs~tÞ, we find that the growth factor is

s ¼
�KTþHb6

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðKT�HbÞ2 � 4HKTab

q
2aT

(86)

and hence the stability condition is

K � Kcr ¼Hb=T (87)

Remarkably, the inequality in Eq. (87) is strictly equivalent to the
condition in Eq. (38) for negligible effect of depletion on the reac-
tion kinetics. This confirms that the modeling approach described
in this study can potentially be applied to reactions and phases
changes occurring under thermodynamic control.

5.3 Relevance to Intermediate and Deep Earthquakes. The
mechanical model presented in the present study is based on
experimental observations of the apparent weakness of dehydrat-
ing serpentinite, independently from pore pressure effects [8–10].
Although mostly phenomenological, it captures the potential
instabilities arising from the reaction-weakening behavior of
rocks. Our model emphasizes the potential destabilizing effect of
metamorphic reactions occurring at depth in the Earth. In particu-
lar, it has been argued that inter- mediate (70–300 km) and deep
(300–700 km) focus earthquakes occurring along subductions
zones could originate from mineral reactions and phase transi-
tions, plastic instabilities or shear melting thermal runaway insta-
bilities (e.g., Refs. [34–38]). The reaction-weakening behavior
used in our model resembles the thermal runaway, except that the
constitutive law is only indirectly temperature-dependent, through
the thermal dependency of the reaction rate. In the case of serpen-
tinite dehydration, we emphasize that the instabilities generated
by the reaction do not rely on pore fluid pressurization. At low
depth, generally below 40 km, dehydration of serpentine induces
a positive total volume change, and thus chemical pore fluid
pressurization also contributes to the generation of instabilities
(see Sec. 5.1); however, at greater depth the total volume change
is negative (see for instance Ref. [39]) and pore fluid pressure is
expected to decrease (at least temporarily) during the reaction.
The intrinsic reaction-weakening process assumed here is thus an
interesting possibility for dehydration-induced earthquakes at in-
termediate depths.

Moreover, the slip instabilities arising during the mineral reaction
can be short lived if the reactant is rapidly depleted (see Fig. 5): such
transient slip events could correspond to slow slip events or low
frequency earthquakes commonly observed in subduction zones
(e.g., Refs. [40–43]).

We insist here that the reaction-weakening hypothesis is valid at
the onset of the reaction only, since strain hardening and rate
strengthening are also expected to increase during dehydration
[10,12,13]. The evolution of fault motion during the instability
itself would need to be constrained by numerical simulations
including a more realistic rheology for the dehydrating material. In
particular, it would be interesting to detect if the slip instabilities
arising from the reaction-weakening process could be prolonged
and/or maintained by thermo-chemical pore fluid pressurization.

6 Conclusion

The stability of fault slip in a reaction-weakening, rate-harden-
ing material has been studied. The reaction-weakening feature is
based on experimental deformation tests performed in drained
conditions during serpentinite dehydration, and may originate
from the formation of fine grained reaction products [8,10].
The stability condition is expressed in terms of critical stiffness of
the surrounding medium, and mostly depends on the amplitude of
the reaction-weakening effect, the reaction kinetics, the reaction
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enthalpy and the ratio of ambient shear stress over shear zone thick-
ness. The slip instabilities arising during the reaction have the fol-
lowing characteristics: (1) they are driven by shear heating through
the temperature dependency of the kinetics, (2) they are independent
from thermo-chemical pore fluid pressurization, and (3) they are
expected to stop when the reactant is fully depleted. They constitute
a reasonable candidate for intermediate and deep focus earthquakes,
and support the hypothesis of transformation-induced faulting.

The stability analysis of homogeneous shear indicates that
strain localization is expected during the reaction, down to a mini-
mum finite wavelength. Numerical estimate of this wavelength
yields values of the order of 0.1 to 1 m, depending on the strain
rate and reaction kinetics. It is thus unlikely that localization
bands can be seen in laboratory tests (indeed, Ref. [13] brings
experimental evidences of homogeneous strain in serpentinite
deformed during dehydration), but it is possible in the field at
larger scale. The strain localization is also a destabilizing factor
by itself, since it accelerates the macroscopic strain- weakening
behavior of the rock during the reaction.

The model described in the present work is an attempt at under-
standing the possible consequences of metamorphism on the mechan-
ical behavior of rocks. Although based on simple consititutive
assumptions, it demonstrates that important effects are expected on
the stability of deep fault zones. On the basis of experimental observa-
tions, more advanced constitutive models for reacting rocks will be
developed in the future.
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