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Strategic and Tactical Asset Allocation and
the Effect of Long-Run Equilibrium Relations

André Lucas
Financial Sector Management, Free University, De Boelelaan 1105,
1081 H V Amsterdam, the Netherlands, alucas@econ. vu. nl

his article focuses on the relevance of long-term equilibrium relations

for financia decision making. Specia attention is devoted to optimal
asset alocation in the presence of possibly cointegrated time-series, eq.,
asset prices. Using a stylized asset allocation problem, the link is estab-
lished between the number of cointegrating relations and their precise form
on the one hand, and the optimal asset dlocation on the other hand. The
paper disentangles the different effects of long-term relations on optimal
asset  alocation with different planning horizons:  error-correction mainly
affects tactical asset alocation, while cointegration affects strategic asset
alocation. The paper also presents results on the effects of incorporating
an incorrect number of error-correction mechanisms in financial decision
models. Mis-specifying the number of cointegrating relations in a scenario
generator can induce either inefficient or overly risky financia management
decisons. The findings are illustrated using a stylized empirica example
from currency management.
(Cointegration; Error-Correction; Tactical Asset Allocation; Strategic As-
set Allocation; Mean Reversion; Non-Stationarity; Mis-specified Equilib-
rium Relationships; Currency Management)

1. Introduction

The uncertainty associated with possible future developments of economic
and socia circumstances constitutes one of the man complications in deci-
sion making in general and financial decision making in particular. Banks,
for example, have to assess the future prospects of aternative investment
opportunities in order to design a solid investment policy. Also, eg., pension
funds have to cope with several sources of uncertainty in strategic policy
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making. In addition to predicting the deveopments of returns on differ-
ent investment opportunities, penson funds have to forecast the long-term
movements in ther liddlites This involves meking forecasts of varidbles
like inflation (because of price indexed penson payments) and ageing (for
the desgn of sudanable contribution schemes).

In order to formdly include the future uncertainty in a financid decison
process, the decison maker needs a compact description of future possible
developments, i.e,, of possble scenarios. On easy and obvious way to achieve
such a description is by usng quantitative models for the economic (and so-
cd) environment. There are numerous papers in which quantitative models
are usd for financid decison making, see, eg., Boender and Romeijn (1991),
Carifio et d. (1994), Mulvey (1995), Condgli and Dempster (1996), Boender
(1997), Boender et d. (1997), Carifio and Ziemba (1997a,b), Dert (1997),
and Mulvey and Thorlacius (1997). In the present paper, the focus is on
multivariate time-series models to describe the range of possble scenarios
Time-series models have the attractive property that few a priori knowledge
about the working of the economic sysem is needed. By explaning the
behavior of a time-series by its own past and by the past of related time-
series, one obtains a st of scenarios that is consstent with the observed,
past behavior of those time-series.

An important issue over the last decade in time-series andyss concerns
the long-term or (non-)dationarity properties of time-series models. Loosey
speeking, a time-series is caled dationary in the present paper if the effect of
present circumstances on developments in the digant future diminishes and
eventuelly dies out. Since the semind paper of Nelson and Plosser (1982),
there has been an abundance of empirica literature demondrating that the
non-dationarity of most economic time-series is very difficult to rgect: the
effect of present economic developments is very pesstent. Good darting
references are Ooms (1994) and Hendry (1995). For financia time-series,
non-dationarity often emerges quite naurally as a result of the assumption
of efficient markets and the absence of arbitrage, see, eg., de Vries (1994)
for foreign exchange markets.

The longterm behavior of non-daionary timeseries differs markedly
from that of ther Hationary counterparts, see, eg., Section 2. Therefore,
when usng timeseries modds to generate scenarios for financid decison
making, it is important to meke the correct choice concerning the (non-
)Sationarity properties of the time-series under sudy. This is even more
important in  multivariste Settings, i, in Stuations where we consider sev-
erd economic variables smultaneoudy. It may wel be the case that two series
ae individudly non-daionary, while a trandormation of the two series is
dationary. For example, interes rates might be individudly non-gaionary,
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while the term-dructure of interest rates is dationary. Smilaly, in the con-
text of a penson fund, red edate prices and the consumer price level might
each be non-dationary, while some combination of the two series might be
dationary due to a patid hedging function of red edate investments for
inflation. Engle and Granger (1987) introduced the concept of cointegra-
tion as a formdization of the above issue. If there exists a dationay linear
combination of two non-dationary time-series, the two series are sad to be
cointegrated. A lucid explanation of the concept of cointegration can be
found in the dory of a drunk and here dog, see Murray (1994). Smilar to
the choice concerning the dationarity properties of univariate time-series,
the cointegrating properties of multivariate time-series modds can have im-
portant consequences for financid decisons based on scenarios that are gen-
erated by these models.

The god of the present paper is to obtan’ ingght into the interaction
between the cointegrating properties of econometric time-series modes on
the one hand, and financia decison modds on the other hand. In particular,
two questions will be addressed.

1. Do the cointegrating properties of multivariate time-series models, i.e,
the long-term time-series properties of scenario generators, have an -
fect on the (optimd) policies emerging from financid planning modds,
and if answered affirmatively, what can be sad about the rdative im-
portance of this effect for different planning horizons?

2. If the cointegrating properties of the time-series modd used for finan-
cia decison making are incorrect, what are the consequences for the
feeshility and efficiency of the adopted policy?

Although the literature on cointegrated time-series is enormous and dill
expanding repidly, no effort has yet been made to formdize the effect of the
cointegrating properties of timesies and time-series modds on (financid)
decison modds. Mogt theoreticd cointegration papers, on the one hand,
focus on new methods for testing for the presence of cointegrating relation-
ships and on distributional properties of proposed estimation and inference
procedures. Mogt empiricd cointegration papers, on the other hand, restrict
dtention to determining the number (and nature) of cointegrating relation-
ships in sysems of variables. Clements and Hendry (1995) discuss the ac-
curecy of the predictions obtaned with cointegrated and non-cointegrated
time-series models. It is the author’'s opinion that for decison purposes and
policy advise the andyss should be taken a sep further. For a financid de-
cdson maker, it is important to develop a generd understanding of the link
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between the long-run time-series properties of scenario generators and the re-
aulting optima financia policy. Moreover, the decison maker must be able
to assess the sendtivity of his adopted financid policy to mis-specification
of the long-term time-series properties of the scenario generating model used
for decison making. These issues have (to the author's knowledge) not yet
been addressed systematicdly in the exigting literature.

In this paper, | focus on the effects of cointegration on asset alocation.
Udng a dylized asset dlocation problem with a risk averse investment man-
ager, the effect of cointegration on the optimal asset dlocation is character-
ized andyticdly. The framework is in continuous time It tuns out that
for long-term or drategic assat dlocation, the long-run cointegrating proper-
ties of the timesaries ae of prime importance. Cointegrating combinations
of timeseries reved less long-term variability, and, therefore, less long-term
rsk. By contrast, for short-terem or tacticd asset dlocation, the most im-
portant mechanism concerns the time-serieSs reaction to temporary dates
of disequilibrium. If series ae cointegrated, they show error-correcting be-
havior. The eror-correction mechanisms dlow the financid decison maker
to aticipate future deveopments of key (financid) economic variables thus
affecting tacticd management decisons Concerning  the  mis-gpecification
of the cointegrating properties of time-series, we obtan a mixed conclusion.
For long-term decison problems, it seems advisable not to over-estimate the
number of cointegrating relaions. By contrast, for short-term forecasting it
gopears better not to under-estimate the number of reations.

The set-up of the paper is as follows. In Section 2, | introduce the con-
cept of cointegration and explan the main consequences of cointegration and
error-correction for forecasting and scenario andyss. In Section 3, | intro-
duce a dylized assat dlocation mode and characterize its solution using
dochadtic dynamic programming. In Section 4, | illugrae the findings from
Section 3 usng a gylized empirical gpplication on currency management.
The effect of modd mis-specification is consdered in Section 5, where | treat
the effect of imposng an incorrect number of error-correction mechanisms
in the modd dexribing the economy. In Section 6, | present some brief
conclusons and suggestions for future research.

2. Cointegration and scenarios

In this section | explan the notions of cointegration and error-correction,
especidly in ther rddion to forecading and scenario generation. Given the
dichotomy between the effects of cointegration on short-term versus long-
teem financia decison meking in Section 3, it gopears useful to plit the
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present expostion in two parts. Subsection 2.1 dedls with long-term char-
acterigics of cointegrated modes. Subsection 2.2 considers the short-term
behavior of such models.

2.1. Cointegration

In order to explain the notions of cointegration and error-correction and their
rdlevance for generating scenarios, | dart by introducing the class of Vector
AutoRegressive (VAR) time-series models. Consider the VAR model of order

D,

Ayt = [Mys1 + (I)lAyt—l +...+ (pp—lAyt—p—H + p + Et, (1)
with 3, € RF, A denoting the first difference operator Ay, = 1y, — 31, Il ad
®y,..., &, , denoting k x k parameter matrices, 4 € RF denoting a vector

of congtants, and &; denoting an independently and identicaly distributed
(i.i.d) eror teem. The VAR modd in (1) uses a linear projection of the
time-sries y, on its own past to obtan a prediction. VAR modes have the
advantage that the modeler has to rey on very little (possbly incorrect) a
priori information semming from, eg., economic theory. The VAR gpproach
is data oriented and, as such, able to produce scenarios that are compatible
with the past behavior of economic processes. For a fuller expodtion of the
merits of VAR models as opposed to, eg., structurd econometric models, see
Sims (1980).
Now for illugtrative purposes, consder a VAR modd of order one,

Ayr= p+ Iy + ep @yt = p+ (1 + My + Et. (2)
By repeated subdtitution, we obtain

t-1

vi= U+ + Y (I+ Mi(u+ &), (3)
1=0

Note that in order to exclude explosve behavior, the eigenvaues of (I + Il)
mugt lie ingde or on the unit crde If the egenvaues lie drictlly ingde
the unit circle, (3)shows tha the past has an ever diminishing influence
on the future, i.e, the impact of ¢ (or y) on y;,, decresses if f grows
to infinity. The clasicd example of this cae is Il = —J, in which case
(2) reduces to a pure white noise mode: the past has no influence on the
present. If @l eigenvaues lie indde the unit circle, the time-series y, is weekly
dationary, see, eg. Hamilton (1994). By contrast, if some of the roots of
(I + 1) lie on the unit circle, past observations have an everlagting impact
on future observations. A smple example is the case Il = 0O, in which case
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dl dgenvadues of (I + 1) lie on the unit circle. Modd (2) then reduces to a
pure random wak (with drift) modd.

Following Engle and Granger (1987) and Johansen (1988,1991), we re-
grict our atention to the case where the eigenvaues of (I + II) lie either
ingde the unit cirde, or a +1. This is the mog interesting case for most
economic (non-seasond) time-series. The number of non-unit egenvalues of
(I + 1) coincides with the rank of the matrix Il. Assume that Il has rank
0 < 7 < k, then Il can be decomposed as the product of two (k x r) matrices
aand 8,11 = aBT, where T denotes trangposition. Consequently, (2) can be
rewritten as

Aye= of yor + 1+ Er (4)

Now under the assumption that the time-series Ay, is dationary, it follows
directly from (4) tha BTy,_; must be dationary, as both Ay, and &, are
sationary processes, see adso Johansen (1991). So the r liner combinations
BTy, of the k posdbly non-dationary time-saries y,, ae daionary. Put in
the terms of Engle and Granger (1987), we say that there are r cointegrating
relationships between the edements of y,. The cointegrating relaions A7
ae ds cdled equilibrium redions

The fact whether or not a time-series is cointegrated has important con-
sequences for the scenarios that are generated. To illudtrate the main dif-
ferences between scenarios with different cointegrating properties, | gener-
ae 1 through 20-step-ahead predictions and corresponding (pointwise) 95%
confidence intervas usng a univariae verson of (3) with sandard normd
disurbance terms. The darting value is teken to be y, = 3, while y = 0.
Three different vadues of || = = are conddered. The case « = 0 corresponds
to the absence of cointegration, while 7 = -0.1 and = = -0.2 reaults in a
“cointegrated” or ddionary time-series. The results of the experiment are
presented in Figure 1.

It is clearly seen in Figure 1 tha the confidence bands for = = O are much
wider than for 7 = -0.1 or 7 = -0.2, egpecidly a long horizons. Moreover,
the conditiond mean of y; ogradudly adjusts to the long-term equilibrium
vdue (i.e, the unconditiond mean) 0 for -2 < g < 0, while it remans
condant for 7 = O.

Although the above example in Figure 1 is univarige and, drictly spesk-
ing, concens ddionarity rather than cointegration, the extenson to the
multivariate seiting with genuine cointegration is draightforward. If a vec-
tor time-series exhibits cointegration, certain linear combinaions of the series
will display behavior as for 7 = 0 in Figure 1, while other linear combina
tions (87y,) will behave like the plots for -2 < 7 < 0. So in the multivariate
sting, both the levd, the range, and the coherency properties of scenarios
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0 4 3 12 16 20

Figure 1 Forecast Intervals of an AR(1) Model (3) with gy, = 3 and Forecast
Horizon 0 through 20.

are dffected by the presence or absence of cointegration. It is intuitively clear
that such differences must dso have ther impact on the decisons that are
based on these scenarios. For example, if y; denotes the price of a specific as-
st category, this asset would be riskier in the long term and thus potentialy
less interesting, for # = O than for -2 < 7« < 0.

To condude this subsection, note that if 4 # 0, the timeseries may
disolay trending behavior. Agan, this is most esdly seen in the univariae
case. For m = O, the constant p in (2) then becomes the drift of a random
walk process, resulting in a trend term ut in the leves y,. For -2 < 7 < 0,
by contrast, u is directly rdated to the unconditiond mean of y,, o that the
determinidtic trending pat in y, eventudly levels off and becomes constant.
Both effects can be seen directly by-conddering the determinigtic function
of time in (3), Yoo + M)'u. Again, in the multivarigte setting the effects
ae dmilar. Certan liner combinations of the congant term cause linear
trending, while other combinaions have a bounded impact on the levels of the
seies. It is clear, therefore, that the cointegrating properties of the system
dso have important effects on the trending behavior of scenarios through
the gpecification and interpretation of deterministic regressors in (2), like the
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condant term.

2.2. Error-correction

In the previous subsection, the focus was on the long-run properties of coin-
tegrated systems. Cointegrating combinations of a time-series show much
less longterm variability than non-cointegrating combinations. This has di-
rect implications for decison making over long planning horizons. In order
to give an assessment of the effect of cointegration on short-term financid
decison making, we have to teke a dightly different point of view using the
concept of error-correction.

As mentioned in Subsection 2.1, the cointegrating relaions are aso caled
equilibrium relations. In fact, the dements of 37y, give the devidions from
the long-run equilibrium rdations, i.e, the equilibium erors An dtena
tive way to interpret the cointegrated VAR on the right-hand sde in (2) is
therefore obtained using the eror-correction model parameterization on the
left-hand sde in (2),

Ays = o(EE)t + p + &, (5)

where EE, = 7y,_; is the equilibrium error. (5) dealy shows that if
the time-saries variables y, are in a temporay date of disequilibrium, i.e,
FE, # 0, then y; will adapt towards the equilibrium. It is illudraive to
present a grgphic example of this behavior. Figure 2 presents some smulated
time-series based on the bivariate VAR modd

B

with ¢, i.i.d. standard normély distributed, ry = 75 = 0.1 = 4, and r, and r}
denoting, eg., a locd and foreign short-term interest rate, respectively. For
0 < g < 2, (6) is eror-correcting. This is clearly seen in the Figure 2. For
a = 0.01, and even clearer for ¢ = 0.05, we see that equilibrium errors (rf —r,)
afect the series in such a way that future equilibrium errors become smdler.
As a result, we see that the series for larger vaues of o Stay closer together,
I.e, the series are cointegrated. By contrast, for ¢ = O the equilibrium errors
do not seem to affect the pattern of the series, such that r: and r; may drift
arbitrarily far apart. Engle and Granger (1987) and Johansen (1991) formaly
prove the direct relation between cointegrated models and error-correction
models.

The relevance of error-correction mechanisms for short-term financid pol-
icy meking is evident. If y, is temporaily in a dae of disequilibrium, i.e,
BTy, # 0, we can predict pat of the near future developments of y, due to
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Figure 2: Realization of the Bivariate VAR Model in (6).

the working of the error-correction mechanisms. The partid predictability
of y; may cdealy have an impact on present decisons through the posshbility
to anticipate future developments in the (economic) dSate variables.

Concluding, cointegration entails the exisence of long-run equilibrium
relations between variables. Error-correction, on the other hand, describes
the reaction of series to temporary deviations from the long-run equilibrium
relations. The presence of long-run equilibrium relaions has important con-
sequences for:

1. the short-term predictability of the time-series

2. the levd of forecasts or scenarios;

3. the interpretation of determinisic terms in the regresson modd and
their effect on scenarios

4. the coherency digplayed by the smulated series over time

5. the confidence bands for forecasts, or put differently, the range of pos
sble scenarios.
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The firgt four consequences mainly affect the level or return dimenson of
a financid decison process. The fifth consequence, and to some extent aso
the fourth one, mainly affects the risk dimenson of the problem. In al cases,
however, it is intuitively clear that the presence or absence of cointegrating
relations is reevant for decison making. In the next sections, we formdize
these intuitive ideas and disentangle the effects of cointegration on long-term
and short-term  planning problems.

3. Analytical results

In this section | develop a dylized asst dlocation modd to qudify the
effect of the number of cointegrating relaions in a scenario generating model
on optima asst dlocetions. | firsd present the modd in Subsection 3.1.
In Subsection 3.2, | chaacterize the effect of cointegration on long-term or
drategic asset  dlocation. In Subsection 3.3, | discuss the impact of error-
correction on short-term or tactical asset dlocation.

3.1. The model

Condder an invesment manager that is faced with formulaiing a dynamic
invesment policy over a planning period [0, 7). The manager has initid funds
HO), while his cumulative funds a time ¢ are equa to F(t). At each point
in time, the manager has to decide what amount to invest in eech of n + 1
asset categories. Assat category O is a money market account giving a risk-
free return. The returns on the remaning asset categories ae stochadlic,
such that investing in one of these categories entails a risk. Assume that
the peformance of the invetment manager is measured by his cumulative
eanings F(t) , and that the manager, therefore, gets his utility from the totd
amounts of funds he has to manage. We assume that the utility function of
the manager is time-separable and that the manager uses a constant discount
factor over the planning period to maximize his expected utility. Formaly,
the manager tries to maximize

E, [ /0 Te#’tU(F(t))dt] | (7)

where p is the discount factor, T denotes the planning horizon, Ey[-] is the
expectations operator given the informaion available a time 0, and U(-) is
an increedng, concave utility function. Throughout this section, we will work
with a condant rddive risk averson (CRRA) utility function, dthough the
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results in Subsection 3.3 continue to hold for more generd utility functions.

We have DR — Fl-—’y/(l — f)/) for Y Sé 1,
(F) = { In(F) for y=1, ©

where v > 0 is Pratt's (1964) messure of rdative risk averson. It follows
exgly that —U"(F)F/U'(F) = v, such tha the investor is more risk averse
for higher vdues of v. The framework so far is dightly non-standard, in
that we consder an investment manager that has to pick an asset dlocation
only and derives his utility from the funds under management. In a more
dandard framework, we would condder an agent who derives his utility from
consumption and has to decide on an asset dlocation and a consumption plan
smultaneoudy, see, eg., Merton (1990). In the present paper we abstract
from the consumption decison for expodtory purposes. Incorporaing the
consumption decison in the modd would not dter the quditaive results on
the interaction between cointegration and (financid) decison making.

Assume that the return on asset category ; a time ¢ over an infinitesmaly
andl holding period dt is given by exp(r;(t)) — 1. Then the date variable
F(t) evolves as follows

dF(t) = F()a(t) {r(t) + Hdiag(r(t)r())T)}, 9)
with ()T = (zo(t), . . ., za(8), T(t)T = (ro(t), . . ., (1)), F(t)z:(t) denoting
the amount invested in asset category ¢ = 0,. .., n atimet, and > 2 z;(t) =

1. Equatiion (9) daes that the funds under management grow due to the
returns earned by investing the funds available a time ¢ in each of the n + 1
asst categories. The second order term in (9) is due to the possible stochastic
nature of the returns.

Given the utility of the manager in (7) and the evolution of the funds that
ae avaladle for investment, we now describe the nature of the (stochastic)
returns on each of the different asset categories. We assume that the return
vector r(t) is a function of dt, q(t), and dg(t), where ¢(t) is an m-dimensiond
diffuson process

dq(t) = pdt + T(q(t) = q(0) = pt)dt + LTdW, (10)

with 1V(t) a standard multiveriate Wiener process, and LTL = Q. It follows
that qt) follows an Orngein-Uhlenbeck process aound the deterministic
growth path ¢(0)+ut. The definiion () = r(t; dt, q(t), dq(t)) combined with
the evolution of q(t) described in (10) comprises a wide variety of stochastic
processes for the return vector r(t). For example, if q(t) is the logarithm of
asst prices at time ¢ and if 11 = O, we have r(t) = dg(t) while (10) reduces to
the familiar log-Brownian motion modd for asset prices. Alterndively, (10)
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could be used to describe the return process directly by defining q(t) = r(t).
Some specid care is needed for the trestment of the risk-free rate of interest.
In dl modes, we assume that ro(¢) does not depend on dq(t), such thet the
rik-free rate of interest from ¢ to ¢ + dt is known & time ¢.

The presence of the matrix IId¢ in (10) is of centrd interest in the present
paper. In most theoretica papers on asset dlocation, we find 1l = 0. By con-
sdering non-zero vaues of 1, we are able to study the effect of cointegration
and error-correction. The specification in (10) closdy follows the cointegrated
VAR modd presented in Section 2. Multiplication by the length of the time
intervd dt follows the approach taken by, eg., Phillips (1988) and Johansen
(1989) for sudying the power of cointegration tests under loca aternatives.
In fact, (10) presents a modd exhibiting local cointegration. Locad cointe-
gration has the advantage that we can employ continuoustime methods as
in Merton (1990) to obtain a direct characterization of the optimal asset d-
location. Given the discusson in the previous paragreph, we can dlow for
cointegration in the returns as wel as for cointegration in prices. Moreover,
by separating the time-series modd for ¢(¢t) from the asset returns r(t), we
dlow for dtuations where the time-series modd contains more variables than
asst prices only, i.e, m > nt 1. Such dtuaions can be of interext if the risk
of a gpecific asset category can be split naurdly into severad risk factors,
which can be modded separately. An example based on empiricd data is
presented in Section 4.

To complete the modd, we abstract from market impefections, eg., we
assume that short-sdling is dlowed and that the invesment manager can
borrow and lend fredy on the cepitd maket againg the risk-free rate of
interest 7o (-). Incorporating capitd market imperfections a the present stage
into the modd would unnecessarily complicate the expostion.

3.2. Cointegration and strategic asset allocation

In this subsection, | consider the effect of I # 0 on the “long-term” asset
dlocation resulting from the financid decison problem described in the pre-
vious subsection. For expodtory purposes, | make the following smplifying
assumptions.

Firgd, | assume tha the investment manager may decide on the compo-
gtion of his portfolio only once, namely a time ¢ = 0. The chosen portfolio
has to be kept until time T, & which time the invesment maneger is evau-
aed. So we have z(t) = x. By making this assumption we can abstract from
dl “short-terem” effects of cointegration caused by the ability of the man-
ager to adapt his asset dlocation to present economic circumstances. Such
short-term  effects are consdered in detail in Subsection 3.3.
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Second, | assume that there is only one (possible) cointegrating relation-
ship, i.e, | assume that the rank of Il is equa to one More gpecificdly,
assume  that

M= a\s, (11)

with @ and 4 column vectors in R™, A € R and a'a = B7 = 1. Redtricting
atention to one cointegrating vector does not affect the generdity of the
results derived below. Define A* = Ao, then we can distinguish three
dtuations. Firg, if \* = 0, there is no local cointegration as A = 0 and O
Il = 0. Second, if A* > 0, (10) is locdly explosive, as the eigenvaues of 1 + Il
lie on or outdde the unit cirde Findly, if \* <0, m — 1 eigenvduesof [ + Il
are equd to one, while the mth eigenvaue is smdler than one, such that ¢(t)
is locdly cointegrated. Given the focus of the present paper, | concentrate
on the third case, A* < 0. It is interesting to note that in the limiting case
A — —oo, the process 37q(t) is Saionary, see the comments in Phillips
(1988).

The third smplifying assumption made in this subsection concerns the
specification of the returns. | assume

rt) = r(t; dt, g, do) = r(dt, do). (12)

So nether the exact ingant in time ¢ nor the levd of q(t) affects the returns
on the different asset categories. An obvious example in which (12) holds is
when q(t) is the vector of log-assat prices. The amplification in (12) is made
in order to dlow for an explicit solution of the dochedtic differentia equation
(9). This expliat solution can then be used in maximizing the investment
manager’s utility a time T.

The following theorem can now be proved (see Appendix A).

Theorem 1 Given the model of Subsection 3.1 and the three simplifying
assumptions mentioned in the present subsection,

Eo(e”"TU(F(T)) = U(F(0)) . exp [h(z, 1) + 5(1 = 7)’z r,Q(t)r, z] . (13)

with h(-, -) a quadratic function in x that does not depend on «, S, or A,
re= 0r(0 ,0)/8(dq) a matrix of constants, and

Q) = fo (I+(e”'— )22 5) (I + (e - )%) ds- (1)

The matrix Q(t) in Theorem 1 is the covariance marix of g¢(t) given
g(0). Theorem 1 implies that if the invesment manager is dlowed to take

VERSION: AucuUsT 12, 1997 13



A. LUCAS
Asset Allocation and Long-term Equilibria

only one drategic decison a the stat of the planning period, cointegration
only affects this decison through the covariance mairix of the diffuson that
determines the asset returns. The fact that ¢(t) may temporarily be in a date
of disequilibrium, IIg(0) # O, does not affect the long-term decison process.
By contrast, the reative long-term riskyness of different asset combinations
has a direct effect on the optima asset alocation.

In order to obtan some more indght into the effect of cointegration,
consder the case |r,| # O with dominant cointegration \* — -co. Then by
choosing x = (r;)™'8, & 'r,Q(T)r, x reduces to BTQB(exp(2A*T)~1)/(2\*) —
0. Teking into account the sgn of U(F(0)), the second term in the exponen-
tid in (13) has a podtive effect on utility if 0 < v < 1, and a negative effect
if v > 1. So by choosing x = (r] )8, we incresse utility through this second
term for v > 1, while a decrease is edtablished for 0 < v < 1. Naurdly,
choosing x = (r;)~'8 ds dfects the first term in the exponentid in (13),
such that the composte effect on expected utility is ambiguous. The formu-
las show, however, that dominant cointegrating relations will be exploited by
the investors who are rdatively more risk averse. For extremdy risk averse
investors v — oo, the second term in the exponentia in (13) becomes domi-
nant and the optima assat dlocation becomes a direct linear transformation
of the cointegraing vector f.

So for long-term decison making, cointegration meatters as it reduces the
long-term  variability of the asset dlocations corresponding to the cointegrat-
ing reaions. ‘Though the results for A* > —oo0 and v < oo will be less
clear-cut than the results above, the quditative conclusons reman smilar.
Investors that are relatively risk-averse (y > 1) will inves in a portfolio that
lies closer to the cointegrating space. Investors with a risk averson param-
eter 0 < v < 1, by contragt, will inves in a portfolio further away from the
cointegrating space. This last concluson is intuitively cdear once we redize
that the varidble F(t) is log-normaly didributed in the present context. As a
result, decreasing the variance of z'r,q(T") aso decresses the expected vaue
of KT). If v > 1, this decresse in expected value does not outweigh the
variance reduction in the utility trade-off. The opposte holds for 0 < v < 1.

3.3. Error-correction and tactical asset allocation

After having dudied the effect of cointegration on long-term financid plan-
ning, we now turn to the short-term decison process. The modd is the same
as in Subsection 3.1. Note that we drop the three assumptions made in the
beginning of Subsection 3.2. Although we gick to the CRRA utility func-
tion in the present subsection, it should be kept in mind that the quditative
results obtained here remain vdid for more generd types of utility functions
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In order to concentrate on the short-term decison process, we assume
that the invesment manager can revise his portfolio any time in the future
The manager is thus faced with a dynamic decison problem, in which he has
to condruct an asst dlocation rule that produces the optima dlocation
given present economic circumdances. So the optimd dlocation rule will
generdly be a function of the economic date variables (q(t)), the funds under
management  (F(t)), and time (b).

Following Merton (1990, Chepter 4), we dat solving the dynamic opti-
mizetion problem by introducing the vaue function

V(F(t),q(t), t) = I?(%)X E, {V(F(t*), q(t*), t*) —f—/t e””’sU(F(s))ds} , (15)

where t* > ¢, and E,(-) denotes the expectetions operator conditional on the
information avalable a time ¢. We obtain the following result.

Theorem 2 A necessary condition for z* to be an optimal allocation rule
for the maximization problem with objective function (7) is

* - _VF ~
(1) = & VFFNi(H(Q(t)—q(O)— ut), q(t)), (16)
fori=1,....n, and zj(t)= 1 =" | z}(t), with z* the optimal investment

policy, Vr and \gr the first-order and second-order partid derivatives of V()
with respect to F', and f;(-,¢(t)) denoting a linear function for every value

of q(t).

Theorem 2 dates that the optima short-term asset mix generdly depends
on time, the amount of funds and the diffuson process q(t) (dl through Ve
and Vpp). If the vaue function is separable in t, q(t), and F(t), however,
the optima asset dlocation only depends on F(t) (through Vr/(FVrr)) ad
on q(t) (through fi;(-, -)), see for example Section 4 and Merton (1990). The
vector q(t) thus affects the optimd mix in two different ways Firs, q(t)
enters directly into p; due to the fact that the returns may be a non-linear
function of dq(t) and/or (dt,q(t)). For example if r(t) = dq(t) with q(t)
the vector of logarithmic asset prices, fi; only depends on Ilg(t) and not on
q(t) itsef. The effect of cointegration on the optima asset mix through the
second argument of f; is very limited. (Loca) cointegration for q(t) implies
redrictions on the behavior of q(t) through time, see aso Subsection 3.2.
These redrictions, however, are taken as given for the short-term decison
process and are not exploited in determining the optima asset dlocation. For
example, if q(t) contains a long-term and a short-term interest rate and if the
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soread between these interest rates is (locdly) dationary, then the optimad
ast mix takes the levels of the interest rates as given. It does not exploit
the fact that the term dructure may have forecasting power for the growth
rates of interest rates due to the cointegrating properties of the two series.
The possble explanatory power of cointegrating relations for future vaues of
q(t) is taken care of by the second argument of f;, namdy II(g(t) —q(0) —put).

In order to congder the effect of cointegration on the optimal short-term
asset dlocation in more detail, we again decompose 1l into «8", with o and §
being two k£ x » matrices of full column rank. Furthermore, for smplicity we
set ¢(0) = p = 0. Usng the linearity of [ in Tlg(¢), (16) shows thet it is not
the cointegrating relations or equilibrium erors B7q(t) per se that directly
affect the optima asset mix. What is more important is the way in which
the process ¢(t) reacts to equilibrium errors, i.e, the reative strength of the
eror-correction mechanism.  This mechanism is given by a87q(t) = Tg(t).
The intuition behind this finding is dear. If one of the dements of ¢(t) is
out of equilibrium, we anticipate a price movement towards the equilibrium
during the next period, i.e, an error correction, see Section 2. Under the op-
tima draegy, the investment manager tries to exploit these anticipated price
movements. Without loss of generdity we can assume that the cointegrat-
ing vectors 4 are normdized such tha 73 = |. The formd derivations in
Appendix A then reved that the effect of cointegration and error-correction
is drongest if the magnitude of the error-correction parameters o is large
compared to the variance of diffusion process ) = LTL.

The theoreticd analyss in this section has produced two clear-cut re-
aults. Fird, for long-term decison making based on a multivariate time-
series modd, cointegrating relationships matter for the long-term  variability
of portfolios. Temporary deviations from equilibrium reations appear to
have no influence on drategic decisons. By contrast, for short-term decison
making, the temporary deviations from longterm equilibria are of prime im-
portance. In fact, these deviations and the error-correction mechanisms in
the timeseries modd drive the optima dlocation rule. For the short-term,
it appears tha “error-correction” ingtead of “cointegration” seems the most
important characterigic of the time-saries modd. The next section applies
the findings of the present section to an empiricd data st usng a ylized
invesment  problem.

4. Empirical illustration: FOREX management

In this section we study a dmple internationd invesment problem with one
risky, and one risk-free asset. The risk-free asset is a one month depost,
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- 10US$/UKE
— (UK)%

Figure 3: UK and US 1 Month Interest Rates and 10US$/UK £ Spot Exchange
Rate.

giving a certain continuoudy compounded annuaized return of ro(t) per cent.
The risky asst is a one month depost in a foreign country, giving a certan
continuoudly compounded annualized return of rj(t) in the foreign currency.
The exchange (spot) rate at time ¢ is given by S(t) and denotes the amount of
foreign currency to be received for one unit of the loca currency. We use a red
data st to illusrate the main effects of cointegration and error-correction on
ast dlocation. The data are teken from Daastream and contain monthly
observations over the period January 1981 until August 1996. We take the
UK as the home country, and the US as the foreign country. The data are
visudized in FHgure 3.
We congruct the vector

q(t) = (ro(2), mo(t) = r3(2), In(S(t))".

Next, we model ¢(t) as a VAR process usng the empirical data a the monthly
frequency. This implies that we take dt ~ 1/12. The fird dement of the
vector ¢(t) is the UK interest rate, the second dement is the internationa
UK/US interest rate spread, and the third dement is the logarithm of the
oot exchange rate (in US$/UKE£L), which approximady eguas the exchange
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rate returns. Using standard order sdlection criteria like Akake's or Schwarz’
information criterion, we sdect a fird order VAR mode for qt). Usng the
cointegration tests as proposed in Lucas (1996), a cointegrating rank of » = 1
is found. In order to investigate the effect of cointegration, we also consder
a fully gaionay modd (r = 3) and a fully nondationary modd (r = 0).
In the cointegrated modd (r = 1), there appears to be a dgnificant long-run
equilibrium relation between the gpot exchange rate and the internationa
interest rate soread. For example, if domegtic (i.e, UK) interest rates are
high compared to the long-run equilibrium, the exchange rate rises, in this
cae implying a depreciaiion of the US dadlar vis & vis the UK pound. All
edimated modds are given in Appendix B. It remains to be mentioned here
that we use the specification of the VAR modd as explained in Section 2. This
is the form of the modd tha is mogly used in the empiricd cointegration
literature. As there is a dight difference between the discrete time modd
introduced in Section 2 and the continuous time model used in Section 3, we
have to re-specify f(t) defined below (A9) as f(t) = p + Ig(2).

In discussng the effect of cointegration and error-correction on optima
asxet dlocation for the above problem, we focus on tactica or short-term
asset dlocation. This is not uncommon in the present context of currency
management. Moreover, in order to implement the (long-term) results from
Subsection 3.2, we would need more ad hoc assumptions about, eg., the
length of the planning period and the magnitude of the discount factor. An
implementation of the short-term results from Subsection 3.3 requires much
less arbitrary choices in this respect.

Given the definition of qt), we have

ro(t; dt,q(t),dg(t)) = qo(t)dt (17)
5(1) explri(6)dt)

In 1
T Saeny ) (18
= (@) —a(t))dt  dga(t),
where the differentid operator must now be interpreted as the difference

operator over periods of one month, eg., dg.(t) is the one month (logarithmic)
exchange rate return. Usng the definitions bdow (Al) in Appendix A, we

ri(t, t+ h;aw), q(t + h)

I The models are estimated using usual discrete time methods instead of continuous
time estimation methods. The continuous time parameter estimates are obtained using a
first order approximation, i.e., dividing the discrete time parameter estimates by dt=1/12.
This first order approximation turns out to be adequate in the present context to illustrate
the main points involved.
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obtan

-
Tog = G0, Tit=40 —a1, Tog =0, 714=1(0,0,-1)", 7Togq= T1g =0,
Usng these equdities, (A9) reduces to

0=max (e *U(F)+ Vi + V. i+ Ltrace(Vyg . Q)+ Wep . F?. wyzl+

Il

Ve F {To,t + $1‘(Tl,t*To,t-ﬂ3+%w33)}), (19)

with fi3 and w43 the 3rd and (3,3)-element of z and €, respectively. (19) de-
temines the optima tacticd asst dlocaion for infinitesmaly smdl hold-
ing periods. In the present experiment, however, the invetment manager
is forced to hold his portfolio for the minimum period of one month. As a
result, the optima portfolio according to (19) might prove far too risky for
the invesment manager. This indeed turns out to be the case. Some preim-
inary experimentation with (19) reveded that dlocations that are optima
for infinitesmdly smdl holding periods can lead to unredidic dlocations
for a one month holding period. For example, in some cases more than 40
times® the amount of available funds is invested in one of the asset categories,
resulting in an invesment policy tha is both far too risky and difficult to
implement in practice. In order to avoid this unredigic behavior, | abgdan
from the possibility of short-sdes by requiring z; € [0, 1]. As a result, using
Theorem 2 the optimd policy folowing from (19) is

z1(t) = median(O, z1*(t), 1), (20)
with v
Vo F o FF- o (-a1 = (0,0, 1)(TIg(t) + 1) + 3wss) . (21)

Condgder the following trid solution for the vaue function based on com-
monly found separability results (see, eg., Merton, 1990),

1" (¢)

V(t, F, q) = e "U(F)g(q), (22)

for some function g(q). Subgtituting this candidate solution in (21) and (19)
and dividing by exp(—pt)U(F), (19) reduces for v # 1 to a second order
patid differentid equation for g(q) with vaying codffidents Asuming a

2 It should be noted that these unrealistic asset allocations are also partly due to
the crude first order approximation used to estimate the continuous time parameters, see
footnote 1.
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function ¢(.) exids that solves this patid differentid equation, z7* in (21)

reduces to .
=g = (0,0, 1)(Tg(®) + 1)+ ung

W33
thus samplifying the optimad asst dlocaion in (20). Equation (23) dealy
shows tha the optima asset dlocation is sabler for investors that are more
risk averse. Moreover, if exchange rate risk (ws3) is high, invesments in the
risky asset will be smdler in magnitude.

Figure 4 presents the optima vaues of xi and the corresponding vaues
for the funds under management if the optimd dynamic dSraegy is goplied
monthly over the observation period. Three vaues of the risk averson pa
rameter v are consdered.

The firg thing to note in Figure 4 is that it can meke a condderable
difference whether or not a cointegrated or non-cointegrated mode is used
to forecast the returns. The differences become redly apparent for v > 1.
For v = 1, we have the logarithmic utility function U(F) ~ In(F). In this
case, the differences between the optima asset dlocations for different vaues
of the cointegrating rank r are reativedy wesk, which gppears in line with
the results of Subsection 32. For y = 1, therefore, the amount of funds
under management F' is approximately equa over the whole sample period
for dl three modds conddered. If follows directly from intuition and from
(23) that if we incresse the risk averson parameter v, the optima fraction
invested in the risky US depost should lie closer to zero if dl remaning
model parameters reman condant. This is clealy seen by looking a the
left-hand Sde plots in Figure 4. It is driking to note that the variation
over v in the optima vaue of z; is much smdler for r = 1 than for r = 0
(ad r = 3). As a realt, the tota amount of funds under management
for 7 = O decreases as we increase v, while FHt) remans reatively condant
for the optima dlocations based on r = 1. The smdler amount of funds for
r = 0, caused by lower average returns on the managed portfolio, is a natura
consequence of the reduction in risk. By contrast, the sability of F{t) for
r = 1 illudrates that the cointegrated modd does quite wdl in this case
in forecasting future excess returns of the risky asset category. This can be
expected given the test results discussed earlier. Using cointegration teds,
the cointegrated VAR with one cointegrating relation seems the best modd.
Therefore, the difference dationary mode with 7 = 0 is mispecified, as a
dgnificant regressor is omitted from the modd: the equilibrium error

dt) - 623(T0(t) - r,(t)) + 117T0(t),

see Appendix B. Further testing reveds that the UK interest rate is in-
ggnificant in this equilibrium rdaion, and tha we only obtan a rdaion

1" (t) (23)
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Foure 4: Optimal Fraction z} Invested in the US by a UK Investor and the
Cumulative Funds under Management, Starting from F(0) = 1.

between the USIUK exchange rate and the UK/US interest rate spread. In
particular, a high UK/US interest rate spread causes an upward pressure on
the USUK exchange rate, which gppears a plausble result. Omitting this
rdaion as an explanaory vaidble in the VAR in differences (as for »r = 0)
results in a lack of forecasting power of the corresponding time-series moddl.
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As a find note to Fgure 4, it is interesting to see that the results for
r =1 and r = 3 ae quite Smilar. Only for high vadues of the risk averson
parameter ~, the cointegrated moded seems to do a better job at forecasting
future returns than the fully dationary modd. Thee issues are invedtigated
in more depth in Section 5.

5. Model Mis-specification

The findings in Sections 3 and 4 indicate that the presence or absence of coin-
tegrating relations in a timeseries model used for financid decison making
may have important consequences for financia policy making. Therefore, it
is interesing to know the effect of usng a misspecified cointegrating rank in
the time-saries modd. In paticular, it is important to find out whether the
effects of fixing the cointegrating rank r too high or too low are symmetric.
The reaults in Figure 4 suggest that it is more important not to choose r too
low than it is to st r too high. This indeed turns out to be the case for
short-term  management  decisons.  For long-term policy making, much more
care is needed. The present section invedtigates these issues in more detail.

In order to dlow for misspecification of the cointegrating rank of the
diffusion ¢(t) in (10), we have to introduce some additiona notation. Let
p*, 2, 1%, and r* denote the true drift term, covariance matrix, impact
matrix, and cointegrating rank of the process ¢(¢). Note tha these vaues
are not necessxily used by the manager in his decison modd. By contrad,
the manager uses p™, O™, II"™, and r™ to determine his optima dynamic
aset dlocation. For example, assume that r* = 1 and tha the investment
manager is unaware of the concepts of cointegration and non-Stationarity.
The manager will in that case use dther a dationary (r™ = 3) or a difference
stationary (r™ = 0) modd to base his financid decisons on. Consequently,
there will be a discrepancy between the true modd generating the ¢(¢) and
the mode used by the manager. We consder two different cases. Fird,
Subsection 5.1 considers the case [I™ = 0 (™ = 0) and r* > 0, such that
the investment manager underspecifies the true cointegrating rank. Second,
Subsection 5.2 looks a the case r™ > 0 and r* = O, such that we get an
idea of the effect of underestimating the cointegrating rank of ¢(¢). Both in
Subsection 5.1 and 5.2 the focus is on short-term policy making. Subsection
5.3 contains some comments on the effect of mis-gpecified cointegrating ranks
for long-term policy making.
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5.1. Too much non-stationarity: r™ < r*

Assume that the manager uses a difference dationary modd ™ = 0 and
[I™ = 0, while the true data generating process is either dtaionary or coin-
tegrated, r* > 0. Equation (4) then clearly shows that the manager uses a
mis-specified scenario generator to base his decisons on, as relevant error-
correction mechanisms are omitted from the modd by redricting r™ to zero.
Apat from the fact that the manager mis-specifies the dynamics of q(t),
sting r™ too low compared to r* aso has consequences for the parameter
esimates obtained by the manager. Assume that in line with the spedifi-
cation used in Sections 2 and 4, the true data generating process is given

by
dq(t) = p*dt + M*q(t)dt + (L*) TdW (¢), (24)

where (L*)TL* = Q*, and that the manager uses the model
dq(t) = pmdt + (L™)TdW (¢), (25)

where (L™)TL™ = Q™. Assume that we observe the process q(t) generated
by (24) from time -K to O, with K > 0. If gandad maximum likeihood
procedures (or ordinary least-squares) procedures are used by the manager
to fix the vaues of p™ and Q™ based on observed data, we get

m o fi)qu(t)
e
* *\T
:u+; awdt + £ w(—x)
= pu +—/ t)dt + Op(K~1/2), (26)

and

gn _ Loxlda(t) = prdt)(da(t) - pmd)
- K

= (27)

So dthough the variance of the process q(t) is estimated correctly, the es
timate of the drift term is inconsgent, i.e, p* # p™. This even holds for
long observation periods K — oo. Together the misspecification of p* and
r* generdly lead to incorrect predictions of future returns and, consequently,
to suboptima asset dlocation drategies. This clearly emerges in the case
of tacticd asset dlocation from the application in Section 4. As mentioned
before, forma cointegration tests indicate that r* = 1 for the gpplication
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discussed in Section 4. The right pands in Fgure 4 illudtrate that underesti-
mating the true cointegrating rank indeed leads to suboptima performance.
The amount of funds under management is genedly lower, indicating that
the portfolio based on the dynamic dlocation drategy for »™ = O genedly
underperforms with respect to the portfolio obtaned with +™ = ¢* = 1
The effect is more pronounced for investors that are more risk averse, i.e,
investors with a higher vaue of 4. Appendix B aso corroborates the above
findings The etimaes of () ae dmilar for » = 0, 1,3. By contrad, the
edimates of the condant teem for » = O are an order of magnitude smaller
than the edtimates for v = 1.

5.2. Too much stationarity: r* < r™

We now turn to the case r™ > r* such that the investment manager overesti-
mates the cointegrating rank of ¢(t). Overestimating the cointegrating rank
results in a number of redundant parameters in the VAR modd describing the
behavior of ¢(t). So the VAR modd is over-specified in this case. Egtimates
of the modd paameters will thus be consgent, but generdly inefficient. If
the number of observations used for the estimation process is large enough,
we therefore obtan p* =~ ™, II* =~ II™, and @* =~ Q™ for r* < r™. Con-
sequently, the dynamic optima asset dlocation of the manager generdly
coincides with the true optima policy. This dands in shap contrast with
the results obtained in Subsection 5.1. The findings are corroborated by the
results in Appendix B and Fgure 4. The right pands in Figure 4 indicate
that the performance of the optima policy based on r™ = 3 is approximately
equal to that based on ™ = r* = 1. Both policies outperform the alocaion
Srategy based on r™ =

5.3. Cautionary remarks

Although it might seem advisble given the results in Section 4 and Subsec-
tions 51 and 5.2 to overesimate rather than to underestimaete r*, one should
remember that the results in this section are based on continuous time and
asymptotic ~ gpproximations. Therefore, some cautionary remarks are in or-
der if the results of this section are to be applied in practice. These remarks
ae expecidly rdevant if long-term decison problems are involved.

The firg remark concerns the application of dHatistica theory for test-
ing in modds that overestimate the cointegrating rank of a time-seies sys
tem. Phillips (1991) d ealy shows that the datisticd theory for determining
whether paticular parameters in the VAR modd for ¢(t) are sgnificant or
not, is a mixture of standard and non-standard didribution theory if one

VERSION: AUGUST 12, 1997 24



A. LUCAS
Asset Allocation and Long-term Equilibria

does not account for the correct cointegrating rank. This should be kept in
mind when peforming further modd sdection for the scenario generator if
r™ > r*. Furthermore, dthough the redundant regressors for »™ > r* do
not effect the condstency of the reevant parameter edtimates, the implied
efficiency loss can subdanttidly affect the edimates and thus the financid
decigons in finite samples

The second remark is even more important and concerns the finite sample
bias in the edimate of the parameter matrix Il in (1). As is wdl known,
see, eg., Andrews (1993) and Abadir et d. (1994), the edimae of the first
order autoregressve parameter (I + 11) is generdly biased towards zero in
finte samples. This bias becomes worse in higher dimensons, see Abadir
et d. (1994). The bias in the autoregressve parameter results in ‘too much
dationarity’ for certain lineer combinations of ¢(t). As wes explaned in
Figure 1 in Section 2, the dationarity properties of a multivariate time-series
model have a large impact on the long-term characteristics of scenarios that
are generated with these models. Therefore, for longterm decison making,
the finite sample bias might prove quite important. By contrast, this bias
is less important for short-term policy making, as only one-step-ahead or
few-sleps-ahead predictions are needed in that case. As illudtrated in Figure
1, the differences between dationary models and non-stationary modes only
become clear a longer horizons.

The above remarks are in line with recent findings of Chrigtoffersen and
Diebold (1997). They indicate that from a generdized mean squared error-
perspective, it is important for long-run forecasting not to under-estimate
the integrating rank of a time-saies. Put differently, they dam tha one
should not over-edimate the cointegrating rank of a system if the time-series
model is primarily used for long-run forecasting. Concluding, we can say
that for short-term forecasting the results of Subsection 51 and 5.2 indi-
cate that one should not impose too many unit roots in order not to miss
any advantageous investment opportunities caused by short-term  disequilib-
rium dtuations. For long-term planning problems, the cautionary remarks in
the present subsection apply, indicating that one should be careful in over-
edimating the cointegrating rank.

6. Conclusions
In this paper | investigated the effect of the long-term properties of multivari-
ate time-series modds on optima short-term and long-term asset dlocation.

The prime focus was on the interaction between contemporary econometric
time-series methods and financid decison making. The absence or presence
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of long-run equilibrium rdaionships i.e, cointegrating relations, turned out
to be important for financid planing. For longterm decison making, it
proved important that cointegrating combinations of timeseries generdly
show less varidbility than non-cointegrating combinations. This has con-
sequences for the risk characteritics of long-term policies. For  short-term
decison making, it proved important that cointegrating models are error-
correcting: short term  deviations from long-run equilibria are annihilated
over subsequent periods. The error-correction property affects the optimal
financid decison through the partid predictability of short-term  economic
developments in dates of temporay disequilibrium. The andytica results
in the paper were corroborated usng a smal gsylized empiricd illugtration.

Given the importance of the cointegrating propeties of a time-series
modd for financid decison making, the paper dso addressed the effect of
usng a misspecified cointegrating rank. For short-term policy making, it
turned out that is better to over-etimate rather than to under-estimate
the cointegrating rank. If the cointegrating rank is set too low, profitable
short-term investment posshilities are missed because one does not exploit
the error-correcting behavior of the time-series process. Over-estimating the
cointegrating rank has not got a substantial adverse effect for short-term pol-
icy making. Short-term decisions require only one-step-ahead or few-steps-
ahead predictions. Because the differences between predictions of time-series
models with unit roots edimated and unit roots imposed are generdly fairly
close if the prediction horizon is short, it is intuitively clear tha too large a
cointegrating rank should have little impact on short-term decison making.
By contragt, for longterm decison meking predictions from modds with unit
roots imposed can be subgtantially different from the forecasts based on mod-
els with etimated unit roots. Therefore, based on findings of Chrigtoffersen
and Diebold (1997), it seems preferable for long-term planning problems not
to over-edimate the cointegrating rank.

Acknowledgements
| thank Guus Boender, Cees Dert, and Pieter Klaassen for hdpful dis
cussons. Address correspondence to: Andre Lucas, ECO/BFS, Vrije Uni-
vadtet, De Boddaan 1105, 1081HV Amgerdam, the Netherlands. Email:

aucas@econ.vu.nl.

VERSION: AUGUST 12, 1997 26



A. LUCAS
Asset Allocation and Long-term Equilibria

A. Proofs

This Appendix contains the proofs of the main theorems of this paper.

Proof of Theorem 1. Using the fact that r(t) = r(t; dt, q, dg) and the evolution
of g(t) as given by (10}, we obtain

ri(t) = i 4(; 0,4, 0)dt + 1i4(t; 0, ¢, 0) "dg + 1(dg) Trigq(t; 0, ¢, 0)dgq + op(dt), (Al

with riy = Or;/0(dt), rig = 9r:/8(dg), and rigq = r;4/0(dg)T. This follows
easily by noting that r;(¢; 0, ¢,0) = 0, i.e., if the holding period is zero and asset
prices are constant, returns are zero. Using the assumption in (12), we have that
rig = ri4(,0,0,0), mig = 7i4(£0,9,0), and Tigy = Tiq(t;0,4,0) are constant.
Combining (9) and (Al), we obtain

ar =z (

ridt + rodg) + Lzitrace{(riqq + r,,-,qr;,rq)Q}dt (A2)

n

i=0

and 0
((—iFE,) = xTqur;xdt, (A3)

with Tqa matrix with ith row equal to TiTq- Moreover,

dF dF\? .
dln(F) = - - : (?) = g rodg + h*(z)dt, (Ad)
with n
W (z) =z re+ 3 ) itrace{(r;gq + rigrig)Q} = 3z rQr] o (A5)
=1
Prom (A4) it follows that
F(t) = F(0)  exp[z Tr(g(t) ~ q0)) + h*(z)1]. (A6)

Note that q(t) is normally distributed with mean q(0) + .t and variance-covariance
matrix Q(t), with

t
Q(t) = /0 exp(SH)Qexp(sHT)ds, (A7)

see, e.g., Phillips (1988). Using the normality of q(t) and the CRRA utility func-
tion, we obtain

Eo(e "U(F)) = U(F(0)) . exp [ (@ =M (h*(z)+ z"rqn) = p) t

J1- 7% rQ(t)rga| (A8)
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The result now follows by noting that

. aRT
exp(sIl) = ] + (" - l)aq_ﬁ.

Q.£.D.

Proof of Theorem 2. Following Chapter 4 of Merton (1990, Chapter 4) and
using (Al), we obtain the Bellman-Dreyfus fundamental equation for optimality
(compare (A2) and (A3))

0=  max e PU(F) +Vi+vq . i+ 2trace (Vge. Q) +
zo+...+xn=1 2

n
Ve . F- Z T [n-,t + 1o + strace{ (rj g4 + ri’qr;’rq)ﬂ}+] +
=0

n n
iVrr F?. Z Za:iacj {trace(n,qro,qQ)} , (A9)
i=0 j=0
with subsripts of the value function V() indicating the variable of differentiation
(e.g., V; indicating the partial derivative of V(-) with respect to t), z = ()= u+
(g(t) —q(0) — ut), and ry4, 754, and r; 44 as defined below (Al). It is immediately
seen that the objective function in (A9) is quadratic in z (with negative semi-
definite Hessian). Therefore, differentiating (A9) with respect to z and solving the
first order conditions, we obtain the desired result.

Q.ED.

B. Estimates

This appendix presents the estimates of three models for continuously compounded
annualized returns on one-month deposit accounts in the UK (100-7o per cent) and
the US (100 rj per cent) and the logarithm of the spot exchange rate between the
US and the UK (s). All models are vector autoregressive of order 1 and differ in the
cointegrating rank that is imposed. Using the cointegration testing methodology
of Lucas (1996), we find a cointegrating’ rank r of 1. In all models, the vector ¢(t)
denotes

g(t) = (ro(t),ro(t) = r5(t), s(t))". (B10)
As we use monthly data to estimate the model’s parameters, we let g(n) denote
the value of ¢(t) in month n. Note that the estimates below are multiplied by
12 (= 1/dt) before the numbers are substituted in the formulas of Sections 3 and
4. This amounts to taking a first order approximation to the continuous time
estimates. The models are now presented in (B11) through (B16).
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B.l. Difference stationary model: r =0

—0.0005
g(n + 1) = q(n) = ( 0.0002 ) + €(n), (B11)
-0.0023
with
4488 3664 -3.665
Var(e(n)) = 1075 [ 3664 7.960 -0.096 |. (B12)

-3.665 -0.096 121.500

B.2. One cointegrating relation: r=1

0.0014
gln+1)=gq(n) = ( 0.0053 ) ( 1.1665 -6.2266 1.0000 ) q(n) +
—0.0456
—0.0011
—-0.0021 | + &(n), (B13)
( 0.0180 )

with
4478 3.627 -3.342

Var(s(n)):lo*f’( 3627 7821 1103 . (B14)
-3.342 1103 111.100

B.3. Fully stationary model: r =3

—0.0065 —0.0387 —0.0060 0.0040
gin+1) —g(n) = 0.0495 —0.0795 —0.0086 | g(n)+ | 0.0012 | +e&(n),
0.0793  0.2255 —0.0659 0.0155
(B15)
with
4292 3.439 -3.430
Var(e(n)) = 107 ( 3.439 7.425  0.456 ) . (B16)
-3.430 0.456 109.600
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