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ABSTRACT This paper treats strategic joining and pricing policies in an M/M/1 retrial queue with orbital
search which is motivated by the application in call centers, where the server will make orbital search
or remain idle whenever he completes a service, the orbital search time follows exponential distribution.
Given a natural reward-cost structure and imposed on an admission fee, all arriving customers decide
to whether to join the orbit or balk when they find the server busy. Using queueing theory and game
theory, we first analyze the Nash equilibrium mixed joining strategy for individual customer. Further we
investigate the optimal joining probabilities and corresponding admission pricing problems that maximize
the administrator’s revenue and social profit, respectively. Finally, we present some numerical examples
to demonstrate the effect of some system parameters on the sensitivity of the solutions of the individual
maximization, administrator’s maximization and social optimization.

INDEX TERMS Retrial queue, orbital search, pricing, joining probability, Nash equilibrium.

I. INTRODUCTION

In daily-life situations, customers are often forced to leave
the service area when their services can’t immediately begin
at their arrival epochs. However, these customers repeat their
request after staying some time in a virtual waiting room
(called as orbit). Queues with such characters are called as
retrial queues. Generally, customers in the orbit can access
to the server according to four different retial policies when
the server becomes idle: the first is the classical retrial policy,
in which the intervals between successive repeated attempts
are exponentially distributed with rate nv, when the number
of customers in the orbit is n, see Yang and Templeton [1] and
Falin [2]; the second is the constant retrial policy, in which
repeated customers in orbit form a queue according to first-
come-first served (FCFS) and only the customers at the head
of the orbit queue can request a service after an exponen-
tially distributed retrial time with rate o(1 — 8,,0), when
the orbit size is n and §, 0 denotes Kronecker’s delta func-
tion, see Fayolle [3], and Farahmand [4]; the third is the
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linear retrial policy, in which time intervals between suc-
cessive repeated attempts are exponentially distributed with
parameter (1 — §,,0) + nv, when the orbit size is n, see
Artalejo and Gomez-Corral [5]; the forth is the general retrial
time policy, which is the generalization of the second by
assuming that the retrial time is governed by an arbitrary dis-
tribution and that the customer at the head of the orbit queue is
allowed access to the server, see Falin [2]. In recent decades,
retrial queueing systems have been extensively investigated
due to their applications in practical situations, such as call
centers, communication systems, computer networks, neu-
ral networks and inventory-production systems et al., see
the books [6], [7], recent literatures [8]-[16] and references
therein.

Most existing literatures assume that upon the comple-
tion of a service, the server does nothing but stays idle in
the system until the next customer from the outside or the
orbit arrives. This assumption ignores the initiative of the
service provider and is not applicable for some real situ-
ations, especially in systems with human servers such as
call centers, mobile phone, information and communication
network, etc. For example, in a call center of a credit card
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company with an interactive voice response units (IVRUs)
(see [17]) and without a waiting buffer, an incoming call
can be served immediately when the operator (server) is idle
at his arrival epoch, otherwise, he may hang up and retry
to access to the server later with probability g or leaves
forever with probability 1 — g. Such a retrying caller is said
to be in orbit. In practice, the callers in the orbit can be
regarded as a waitlisted calls and the operator will search
for a customer from the wait list to inform the customer
to pay or to offer some different proposals during his idle
period. The main goal of the operator is to reduce waiting
times of the calls in the orbit. This motivates us to consider
such a retrial model with interaction between the server and
the orbit. About recent work on retrial queues with server-
orbit interaction, readers are referred to Arivudainambi
and Dodhandaraman [13], Dragieva and Phung-Duc [18],
Krishnamoorthy et al. [19], Chakravarthy et al. [20],
Deepak et al. [21], Gao and Wang [22] and references therein.
It should be remarked that in [19], [21] and [22], the orbital
search time is neglected and authors mainly focused on
the system performance measures for the considered retrial
queues. However, to the best of our knowledge, few papers
consider the economic analysis for the retrial queue with
server-orbit interaction. Hence, in this work our objective is
to study the strategic joining and pricing policy for a retrial
queue with server-orbit interaction from the economic view
point.

The economic analysis of queueing systems is concerned
with customers’ decisions to join or balk based on a given
reward-cost structure, which incorporates the customers’
desire for service as well as their unwillingness to wait. More
specifically, on one hand, there is a reward of R units for
each customer that completes a service in the system, which
quantifies his/her satisfaction and/or the added value of being
served. On the other hand, there also exists a waiting cost of C
units per time unit as long as a customer remains in the system
(in queue or in service), which quantifies his/her unwilling-
ness to wait and/or lost benefits. In such queueing system,
customers are selfish and want to maximize their own net ben-
efit. Therefore, this system can be modeled as a symmetric
noncooperative game among customers. The economic anal-
ysis of queueing systems can be traced back to the pioneering
works of Naor [23] and Edelson and Hildebrand [24], where
an observable and an unobservable single-server queue were,
respectively, studied. for a detailed introduction to this area
and reviews on the economic analysis of various queueing
systems, readers are referred to the books of Hassin [25],
Hassin and Haviv [26]. Since the works of Naor [23] and
Edelson and Hildebrand [24], the economic analysis of vari-
ants of the M/M/1 queue has been extensively studied.
Economou and Kanta [27] discussed the equilibrium balking
strategies of an observable M/M/1 queue with breakdowns
and repairs. Li e al. [28] extended the results in Economou
and Kanta [27] to the unobservable case and mixed balk-
ing strategies were presented. Wang and Zhang [29] and
Yu et al. [30] studied the M/M/1 queue with balking and
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delayed repair in observable and unobservable cases, respec-
tively. Boudali and Economou [31], [32] studied the strate-
gic behavior of customers in M/M/1 queueing systems with
catastrophes, in which all customers are removed whenever a
catastrophe occurs. Boundali and Economou [33] considered
equilibrium joining strategies of a batch service queueing
systems in observable and unobservable cases.

Recently, economic analysis of the retrial queueing sys-
tems has increasingly attracted attention of scholars. Retrial
queueing systems are more appropriate in various fields, such
as telephone switching systems and call centers, telecom-
munication networks with retransmission, etc. The strate-
gic analysis of retrial queueing systems was initiated by
Economou and Kanta [34], where they considered equilib-
rium customer strategies and social-profit maximization in
the M/M/1 constant retrial queue. Afterwards, these results
were further extended by many authors. Wang and Zhang [35]
investigated the equilibrium and socially optimal balking
strategies in the observable and unobservable M/M/1 classical
retrial queue. Wang and Zhang [36] studied the customers’
Nash equilibrium strategies and socially optimal strategies
in an M/M/1 retrial queue with constant retrial policy and
delayed vacations, in which the socially optimal pricing
strategy was also determined. Wang and Li [37] studied the
joining strategies of the SUs in cognitive radio networks with
random access in the noncooperative and cooperative cases.
Wang et al. [38] considered the customers’ strategic behavior
and social maximization problem in an M/M/1 retrial queue
with constant retrials under N-policy. Gao et al. [39] treated
the economic analysis for an M/M/1 retrial queue with an
unreliable server, in which limited idle period and single
vacation were introduced into the retrial queue. Recently,
Zhang et al. [40] studied the optimal pricing strategies for
a retrial queue with service interruptions and general service
times, which is used to model a cognitive radio system. To the
best of our knowledge, there are no papers dealing with
the economic analysis of the retrial queue with server-orbit
interaction. Our contributions of this work are as follows:

« We introduce the server-orbit interaction schedule into
an M/M/1 retrial queue, which can effectively reduce the
sojourn time of the customer in the orbit.

« We extensively investigate the optimal joining strate-
gies, respectively, from the aspects of the individual,
the administrator and the social planner. More specially,
on one hand, we identify the Nash equilibrium joining
probability for the customers, see [34], on the other
hand, we obtain the optimal joining probabilities that
maximize the administrator’s profit and the social net
benefit per unit time, respectively.

o« We consider the revenue-optimal pricing problem
(i.e., the optimal price which is selected to induce the
customers to behave in the joining policy that maximizes
the administrator’s profit per unit time), and the social-
optimal pricing problem (i.e., the optimal price which
is selected to eliminate differences between the optimal
joining probabilities of the individual and the social).
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The remainder of this paper is organized as follows.
Section 2 provides a detailed description of the model and its
application. Sections 3 and 4 present individual equilibrium
joining strategies and the administrator’s maximization prob-
lem, respectively. Section 5 considers socially optimal joining
strategies and socially optimal pricing problem. Section 6
gives some numerical experiments. Conclusions are given in
Section 7.

Il. MODEL DESCRIPTION AND ITS APPLICATION

A. MODEL DESCRIPTION

In this section, we consider an M/M/1 retrial queue with
orbital search with following characters:

o Customers arrive at the system according to a Poisson
process with rate A. The service times of the customers
are independent and follow exponential distribution with
rate .

o An arriving customer immediately begins his service if
he finds the server available at his arrival epoch, other-
wise, he joins the retrial orbit with probability g or leaves
the system with probability g(= 1 — ¢). The customers
in the orbit are permitted to access to the server under
the FCFS discipline when the server becomes idle. The
retrial time is exponentially distributed with rate «, i.e.,
the constant retrial policy is adopted in this paper, see
[34] for details.

o After serving a customer and finding that there are
customers in the orbit, the server begins searching for
the customer from the ahead of the orbit with proba-
bility 8 or remains idle in the system with probability
B(= 1 — B). And assume that the server always remains
idle in the system when no customers are in the orbit
at the service completion epochs. The search time is
assumed to be exponentially distributed with rate 6.
If there are customers arriving during the search period,
the server immediately stops the search and begins
serving the newly arriving customer.

o All the random variables defined above are mutually
independent.

For the above queueing system, we are interested in the
strategic joining policy of the customers who find a busy
server upon their arrivals and pricing policy from the insights
of the individual, the administrator and the social, respec-
tively, under a reward-cost structure as follows:

o Each customer receives a reward of R units after com-
pleting his service, and bears a sojourn cost of C units
per unit time which is incurred for the delay in the
system.

« To maximize his revenue per unit time, the administrator
of the system charges a price p on each customer who
enters the system, where R —p > € which ensures that
the customers who find the sever idle or in the search
period do enter in the system and receive their service
immediately.

« All customers are risk neutral and aim to maximize their
own expected benefit. Decisions made by customers are
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irrevocable, in the sense that neither reneging of entering
customers nor retrials of balking customers is allowed.

B. PRACTICAL APPLICATION

Consider a system of bank call center which is based on
communication network, in which there is a single operator
(server) who is responsible for product marketing service.
Typically, a primary incoming call (customer) is immedi-
ately assigned to the operator by an Automatic Call Dis-
tributor (ACD) if the operator is idle upon its arrival epoch;
otherwise, the incoming call either leaves forever and seeks
service elsewhere with some probability g, or is queued at
the ACD (called as “‘retrial orbit” in queueing terminology)
according to FCFS with probability g. When the operator
becomes idle, the call at the head of the queue is initiated
by the ACD (automatically) to receive its service after an
exponentially distributed time (called as ‘“‘constant retrial”
in queueing terminology). To reduce sojourn times of the
calls in the queue, the operator may actively search for the
customer in the orbit to initiate the service with some prob-
ability B8 and the search time is exponentially distributed
(called as “orbital search” in queueing terminology). Assume
that primary incoming calls arrive at system according to
a Poisson process and the service times of incoming calls
are i.i.d., exponentially distributed. Then such a bank call
center system can be modelled as an M/M/1 retrial queue with
orbital search.

In the bank call center system, on one hand, customers
hope to accept their services in time and can obtain a reward
R after completing their service (for example, obtain certain
products at a discount price), however, under a certain cost
structure, customers may suffer a heavy loss if their sojourn
time in the system is longer (assuming that there exists a
sojourning cost of C units per unit time). On the other hand,
according to the benefit principle, which is made in the
business requirements of the bank call center, bank call center
imposes a service fee, say p, on each customer to make a
profit. Under the above reward-cost structure, each customer
is allowed to take his own decision to join or balk to max-
imize his own benefit. Therefore, the optimization problem
becomes a game among customers and the first objective is
to find the Nash equilibrium points. The second objective is
that the administrator of the system and the social planner
have to solve the profit maximization problems by taking into
account the joining behavior of the customers.

In the next section, we aim to study the individual
equilibrium joining strategy.

Iil. INDIVIDUAL EQUILIBRIUM JOINING STRATEGY
To study the individual’s Nash equilibrium strategy, we first
discuss the steady-state distribution of the system.

The state of the system at time ¢ can be described by a pair
{(N(), J(1)),t = 0}, where N(¢) is the number of customers
in the orbit, J(¢) is 0, 1 or 2 according as the server is idle,
in search period or busy at time ¢. Then the stochastic process
{(N(t), J(1)),t = 0} is a continuous time Markov chain with
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FIGURE 1. Dynamic diagram of the retrial queue with orbital search.

state space Q2 = {(0,0)} U {(0,2)} U {(n,j) : n > 1,j =
0, 1, 2}. Transition rate diagram of {(N(¢), J(¢)),t > 0} is
given in Fig.1.

Let p = %, we have the following results.

Theorem 1: For the M/M/I retrial queue with orbital
search, we have that

(1) The stationary condition of the system is gp < 1.

(2) Under the steady-state condition qp < 1, define the
steady-state distribution of {(N(t), J(t)),t > 0} as follows:
Aim PN = nJ@®) = j)j = 0,2,n = 0;

Jj = 1,n > 1. Then the steady-state distribution are given as:

Tnj =

700 = —B,
00 =7

B .,
Tho = BE", n>1,
n,0 A+ a é =

Bu n
T, = —BE&", n>1,
ettt =
o = BE", n=>0.

where

— -1
n 1 ué B B
B‘[X+1—g+1—s<x+a+/\+a+e>] ’

& =qp.

Proof: (1) From Fig.1, we see that {(N(¢), J(¢)), t > 0}
is a continuous time quasi-birth-death (QBD) process. Using
the lexicographical sequence for the states, the infinitesimal
generator Q is given by

Ay (o
A B C
A B C
Q= A B C ,
A B C
where
[—A A 0 O 0
Ay = , C ,
"7l g+ u)} ’ [0 0 Aq]
[0 o 0 0 o
Ai=[(0 a+0|, A=|(0 0 a+06]|,
0o o 0 0 0
[—(A + ) 0 A
B = 0 —A+a+0) A ,
B Bu —(Aq + 1)
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0O 0 0
C=|0 0 O
0 0 Ag
LetD = A +B + C, then
[—(\ + ) 0 Ao
D= 0 —-A+a+0) At+a+6

and D is obviously a generator matrix, its associated sta-
tionary probability vector d = (dy, di, d2) can be derived
by dD = O, and des = 1, where O, = (0,0,0),e3 =
(1,1, DT,

Thus we have d = (/5#()»+a+0) ,BM()»-‘:-O!) (A+a)()~+a+9))
where w = Bub + (A + a)(h + a + u + 6). From
the Theorem 3.1.1 in [41] which states that the necessary
and sufficient condition for stability of QBD process is
dCes; < dAes, then we obtain that gp < 1 is the stationary
condition for our retrial system.

(2) The balance equations for the stationary distribution are
given as follows:

ATT0,0 = UTT0,25 (nH
A+ a)mpo = Bumn2 n=1, 2
A+a+ e)nn,l = ﬁﬂnn,Z n>1, (3)
(Ag + wWmo,2 = Amo,0 + (o + )y, 1 + amy o, @
(Ag + Wmp 2 = ATt 0 + amyg1,0 + ATy
+(+ 0wy +Agmp—12, n>1.
)
Using (1),(2),(3), we obtain that
w
0,0 = —70,2, (6)
)\’_
Bu
T[I’L,O = A+ann,29 n Z 17 (7)
Bu
= — > 1. 8
TTn,1 )\+a+0ﬂn,2 nz= )

Inserting (7) and (8) into (5), we find that {m,2,n =
0,1,2,---} satisfies the following homogeneous linear
difference equation with constant coefficients

w[BAO +a(d +a + 9)]”11—&-1,2
—[BAOu + (A +a + O)au + Ag(h + u)]mn,2
+rgr+ o)A+ a4+ 0)mp_12=0, n>1. 9

The characteristic equation corresponding to (9) has two roots
1 and &, then we obtain that

T2 =A+BE", n>0, (10)

_ , A0t (Atat0)

where & = g 1530 o Graton = 4P-

Inserting (10) into (4), we obtain that A = 0. So
o = BE", n=>0. (11D

From (6), (7), (8) and (11), and using normalization condition
> oo + ma2) + Yoo a1 = 1, we can calculate
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that B = [% + oy + £ (% + ﬁ)] ! which com-
pletes the proof of Theorem 1.

Let IT; be the stationary probability that the server is busy,
then 1, = B/(1 — &). Due to the PASTA property, we can
get the effective arrival rate in the retrial orbit as follows

rgB
Aeff = Aqlly = ——. (12)
1-&
On the other hand, from Theorem 1, the expected number of
customer in the orbit is given by

o0 o o
E[N] = Znnn,o + Znnn,l + Znnn,z
n=1 n=1 n=1

=1+ﬂu+ﬂu 352'(13)
Ata Ata+0] (1-§)
Applying Little’s law and using (12), (13), we obtain the
mean waiting time of a customer in the orbit as follows

E[N] _ C
)\eff _1_5

_ Ao+ ta+0)—Bub
where C1 = = 5 e rato)]

Denote by E[W,|J = 2] the expected sojourn time of a
customer in the system given that he finds the server busy
upon his arrival, then we have

E[W,] =

’

Sl
1—-&

In the sequel, we first assume that p < 1. Based on (14),
we can derive the equilibrium joining strategy for the
customer.

Theorem 2: In the M/M/I retrial queue with orbital search
and p < 1, there exists a unique mixed equilibrium joining
strategy ‘enter the orbit with probability q, while finding the
server busy’, where

HMUZHZEMH+%=

1 R-p

0, — < — <L,
2 RC
qe = qz’ LeSTpre, (15)
R —
17 —p>U(31
C
where
1 1 Cy
Le:_+cl7 Ue:_
2 w 1—p

U o (Rmp 1\
qe—;[l C1< c M) } (16)

Proof: Assume that all customers follow a given entering
strategy g. Then from (14), we can obtain the expected net
benefit of a tagged arriving customer who finds the server
busy and decides to enter the orbit as

Se(q) = R—p — CE[Ws|J =2]

Ci 1
=R-—p-C +—, (17)
l—gp n
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which indicates that S.(¢g) strictly decreases for g € [0, 1],
its unique maximum and unique minimum are, respectively,
given by S,(0) =R —p — CL, and S,(1) =R — p — CU,.

To determine the equilibrium point g, we consider three
cases:

o Case I. when ﬁ < R%p < L., we have S.(q) < 0 for all

q € [0, 1]. In this case, the best response for the arriving
tagged customer who finds the server busy is balking.
That is, g, = 0 is the unique equilibrium point and we
have the first branch of (15).

e Case II. when L, < % < U,, which yields that

Se(0) > 0 and S.(1) < 0. Then the equation Se(g) = 0
has a unique root in [0, 1], denoted by g, which is given
by (16). In this case, g. = g is the best response. The
reason is as follows:
From (17), the expected net benefit of a tagged customer
that enters the orbit with probability ¢’ given that the
server is found busy at his arrival epoch, when the others
follow a strategy g is given by F(q',q) = ¢'S.(q).
Following from the definition of ¢., we can see that
F(ge, qe) > F(q', qe), for every ¢’ € [0, 1], then g, is a
(symmetric Nash) equilibrium (see [35]), which means
that g, is a best response against itself, that is, if all
customers follow it, no one can benefit by changing it.
Then we have the second branch of (15)

e Case III. when R—Ep > U,, we have S.(q) > 0 for all
q € [0, 1]. In this case, the best response for the arriving
tagged customer who finds the server busy is entering.
That is, g = 1 is the unique equilibrium point and we
have the third branch of (15).

By Theorem 2, we see that S.(g) is a strictly decreasing
function. Whenever the entering probability ¢ adopted by
other customers is smaller than ¢,, the expected net benefit
of a tagged arriving customer is positive if he choose to
enter the orbit when he finds the server busy at his arrival
epoch, then the best response is 1. If ¢ = ¢., any strategy
is the best response because the expected net benefit of the
tagged customer is always 0. If ¢ > ¢,, the best response
of the tagged customer is 0 because the expected net benefit
of the tagged customer is negative. This illustrates that the
best response is a non-increasing function of the strategy
selected by other customers, which shows that an “Avoid the
crowd” (ATC) situation exists.

Remark 1: In the M/M/1 retrial queue with orbital search
and p > 1, following the familiar analogue, when p > 1
and gp < 1, there exists a unique mixed equilibrium joining
strategy ‘enter the orbit with probability g, while finding the
server busy’, where

IV. ADMINISTRATOR’S PROBLEM
In this section, we discuss the profit maximization problem
of the administrator, who charges an entrance fee p on the
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customers for completing their services. We are interested in
the joining strategy gpry wWhich maximizes the administra-
tor’s profit per unit time.

Theorem 3: In the M/M/1 retrial queue with orbital search
and p < 1, there exists a unique mixed equilibrium joining
strategy ‘enter the orbit with probability qyr,r while finding
the server busy’, where

R

0, E < Lprof%
dprof = C]pmf, I;é?rof = E = Uprof, (18)
L E > Uprof,
where
11 O+ w20+ )+ a+6)?
Lprnf = ———-+ 2M 5 (19)
wo A Ap2(BAO +a( +a +0))
U 1 1+ W2 +a) (A +a+6)?
P T A MBurb+(ta+0)apn—A(ita))?’
(20
: 1+ A( ) @1
o = — — =),
A+a)A+a+0) C u

N wA+A—ou(Bro+alr +a+6))
Torof = . (22)
M —o+a)r+a+0)

Proof: For a given joining strategy g, denote by Spor(q)
the administrator’s net profit per unit time, 1*(¢) the mean
effective arrival rate, p(q) the entrance fee levied by the
administrator to induce the joining strategy ¢g. Then

Spror(q) = X" (@)p(q), (23)

where 1*(g) is given by

Al
w+Arg

The objective of the administrator is to maximize his own
net profit, which means that the expected net benefit of a
tagged arriving customer finding the server busy and deciding
to enter the orbit can’t arrive to positive value. Then by (17),
we have that

A(g) = A[l —glh] = (24)

Cy 1
R—p-C +—1=0,
l—gp 1
which leads to
C 1
p(q):R—C(l +—>. (25)
—qp u

Inserting (24) and (25) into (23) yields

Al Ci 1
Spror (@) = —2— (R-C +—
pros (@) u+kq( (1—61/0 u))
A
=<R_9+9) "
nw o A) u+Aq

_ Cuh+a)A+a+6)

Burd + (A +a + Napu—rgh + )]’

(26)
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From (26), we can obtain that

S o (@ = F1(@f2(q),

where
i) = ] Crpt(h 4+ a)* (M + o + 6)?
(1 +AD*Burd + O + a + 0)(ap — rg(r + a)))?
x (0(BA0 + (h+ o + Ot — Aqh + @)
(1 +129)).
(@) = o (Burd + (A + a + 0)ap — Ag(h + a)))
— (1 + A9).

Obviously, fi(¢) > 0 holds for any g € [0, 1]. Because f>(q)
can be rewritten as

f2(@) = Aq(1 —o (A +)(A +a +0))
— [+ 1) —o(BAub +ap(r + o +0))],

which shows that f>(g) is a decreasing function. The root of
H(@ =0isqg= quf, which is given by (22). We can easily
testify that 0 < Dprof <1 % Lyws < R/C < Uppy, where
Lyror and Uy,or are given, respectively, by (19) and (20). From
SI’,mf(q) =0 < f>2(q) = 0, we have the following three cases:

o CaseLIfR/C < Lyyf, whichis equivalent to q;ykrof < 0.
In this case, f2(q) < 0 for any g € [0, 1], which leads
to Sl’wf(q) < 0, g € [0, 1]. Therefore, Sp,of(g) is a non-
increasing function, which indicates that the best joining
policy is gpror = 0.

o Case IL If Lyyyr < R/C < Upyyr, which is equivalent to
0< q;mf < 1. In this case, f2(g) > 0 for g € [0, q;mf]
and f2(q) < Ofor g € [q},,,,. 1], which yields S[’)mf(q) >
0 for g € [0, g,,,,] and Sl’)mf(q) < 0for g € [q},, 1].
Therefore, Sp,r(q) attains its maximum at q;mf, i.e., the
best joining policy iS gprr = q;mf.

o Case III. If R/C > Uppy, which is equivalent to
q;mf > 1. In this case, f2(q) > O for any ¢ € [0, 1],
then Sl’,mf(q) > 0 holds for any ¢g € [0, 1], which shows
that Sy, () is an increasing function, so the best joining
policy is gpror = 1.

Remark 2: In the M/M/1 retrial queue with orbital search
and p > 1. In this case, 0 < q;mfp < 1 always holds for
R/C > Lyyyr. The unique mixed equilibrium joining strategy
‘enter the orbit with probability gp,,r While finding the server
busy’, where

R
0, E < Lprofs

" R
qpmf, E = Lprof-

dprof =

In the next, we give the administrator’s optimal price,
which is selected to induce the customers to behave in the
joining policy gpf. First we present the result when p < 1.
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Corollary 1: In the M/M/1 retrial queue with orbital search
and p < 1, the optimal pricing that induces the customers to
behave in the optimal joining policy qprr to maximize the
administrator’s net profit is given by

R
R - CL,, E < Lppof,
" R
Pprof = Pprof» Lprof = E = Upmfa
R
R-CU,, E > Uprof;
C 1
where py . =R —C 1—q;l,afp +

Proof: From Theorem 3 and (25), we can readily obtain
the expected result.

Remark 3: In the M/M/1 retrial queue with orbital search
and p > 1, the optimal pricing that induces the customers
to behave in the optimal joining policy gp,,r to maximize the
administrator’s net profit is given by

R - CL,, < Lprofa
Pprof =

alx Q=

p;rof’ = mef'

V. SOCIALLY OPTIMAL PROBLEM

Now we can proceed to discuss the problem of the social
optimization, that is, we focus on the joining strategy gsoc
which maximizes the social net welfare per unit time. we have
the following result.

Theorem 4: In the M/M/I retrial queue with orbital search
and p < 1, there exists a unique mixed joining strategy
‘enter the orbit with probability g, while finding the server
busy’ which maximizes the social net welfare per unit time,
where

R
0, E < Lsoc,
R
dsoc = Y qiper  Lsoc < C < Usocs 27)
R
1, E > Usoes
where
G4 te+ni+a) 1
ET AM2(BAY +a(h +a+0) A
U WA+ W+ o+ 0)(Br0 +a(h +a +6) 1
soc = -

ABAUO + (@ + A 4+ O)(ap — A + a))]? A

. 1 <1+§> A+a)(A+a+0)
(M)A +a+0) C ) Bro+a(r+a+0)’
. _ AFull —t(Br0 +al +a +0))]

Dsoc = T — 2+ )+ a + 0)]

Proof: For a given joining strategy ¢, the social net
welfare per unit time, denoted as Sso.(g), is the sum of the net
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profit of the administrator per unit time and the net benefit of
a customer per unit time, then

Ssoc(q) = A [1 —qIl2]p + A(1 = TI2)(R —p — C/p)

Cy 1
+rgIl ([R—p—C +—
Il—gp 1

_ pAR+0)
m+Ml—¢q)
Cu(Brb +a(r +a +6))
Burl + (o + A +60)apu — rgla + 1))
Following the same line with the proof of Theorem 3, we can
obtain the result (27).

Remark 4: In the M/M/1 retrial queue with orbital search
and p > 1. In this case, 0 < ¢§,.0 < 1 always holds for
R/C > Lg,.. The unique mixed equilibrium joining strategy
‘enter the orbit with probability g,,,r While finding the server
busy’, where

0, < Lprof ,

qsoc =

*
Gsoc» > Lyoc.

Al mAO =

In the next, we give the socially optimal price which is
selected to induce the customers to behave in the socially opti-
mal way, i.e., the social planner aim to eliminate differences
between the optimal joining probabilities of the individual
and the social. For the scenario p < 1, we have the following
Corollary.

Corollary 2: In the M/M/1 retrial queue with orbital search
and p < 1, the optimal pricing that induces the customers to
behave in the optimal joining policy qsoc is given by

R
C(Lsoe — Le), E < Lsoc,
R
Psoc = P?gc, Lsoc < E < Usoc, (28)
R
C (Usoe — Ue) , E > Usoc,
where
C 1
* =R—-C|——++—). 29
Poc (1 — g M) @

Proof: Because any customer is selfish to maximize
his own net benefit. Then the social optimal price should
be selected to eliminate the differences between the optimal
joining probabilities of the individual and the social. From
Theorem 4, when g < Lgoc, the socially optimal joining
probability g5, = 0. In this case, let p = C(Lsoc — L), then
B2 < L.,and g, = 0. This indicates that pyoe = C(Lgoc—Le)
is the optimal price that induces the customers to behave in the
socially optimal joining policy, and we obtain the first branch
of (28). Along the same line, we can obtain the third branch
of (28).

When L, < g < Uy, the socially optimal joining
probability is g .. Solving the equation ¢},. = ¢} with
respect to p yields p = p¥ . which is given by (29).
If such price1 is levied on customers, then the inequality

L, < R%p =+t lc_—lp holds. In this case, psoc = pi. is the
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optimal price that induces the customers to behave in the
socially optimal joining policy, and we obtain the second
branch of (28).

Remark 5: In the M/M/1 retrial queue with orbital search
and p > 1, the optimal pricing that induces the customers to
behave in the optimal joining policy gpr is given by

C(Lsoe — Le), E < Lyoc,
Psoc = R
p;koc’ E

VI. NUMERICAL EXAMPLES

In this section, we present some numerical examples to show
the tendency of the joining probabilities ge, gprof, gsoc and
optimal prices ppof , Psoc With some parameters.

Fig.2 gives the curve of ¢, vs the admission fee p, which
shows that the individual joining probability g, is non-
increasing as function of p. The reason is that for a larger
admission fee p levied on the customer, a smaller proportion
of customers are willing to join the orbit for their service.

0.8
06 -
07

0.6

04-
0.3
0.2

0.1-

FIGURE 2. ge vs.p (A, 1, 8,0, , R, C) = (2,3,0.55, 1, 7.5, 20, 5).

For (A, u,a,p) = (2,3,7.5,2.5), we plot the curves
de» Gsoc> Gprof VS- B, 0, R, and C, respectively, in Fig.3(a)
@,R,C) = (1, 18,5), Fig.3(b) (B,R,C) = (0.55,18,5),
Fig.3(c) (B,0,C) = (0.55,1,5) and Fig.3(d) (8,0,R) =
(0.55,1, 18). It is noted that g, gsoc, gpros are increasing
in Fig.3(a)-(c), and decreasing in Fig.3(d). On one hand,
that is because as § and 0 increase, the sojourn times of
customers in the system will decrease and then reduce the
total cost, which encourages the customers to enter the orbit.
On the other hand, that is because larger value of R attracts
more customers to join the orbit and large cost per unit
time C easily discourages customers to join the orbit. Lastly,
Fig.3(a)-(d) also shows that g, > ¢soc > qprof generally
holds for relatively large R, however, due to selfish individual
always want to maximize his own benefit, when R is relatively
small, g, < gsoc might happen, as shown in Fig.3(c).

For (A, n,@) = (2,3,7.5), we plot the curves
Dsocs Pprof V8. B, 0, R, and C, respectively, in Fig.4(a)

,R,C) = (1,6.5,5), Figd(b) (B,R,C) = (0.55,
6.5,5), Figd(c) (8,6,C) = (0.55,1,5) and Fig.4(d)
129324
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FIGURE 3. ge, Gsoc, Gprof Vs- B: 0, R, and C, respectively.
(B,0,R) = (0.55,1, 18). Under the given values of these

parameters and in given intervals, we examine that pp,,r =
R — CL, and py,. = p} . in Fig.4(a) and in Fig.4(b).
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Optimal prices

0 01 02 03 04 0.5 06 07 08 09 1
¥
(a) Optimal prices P,

rof and Py VS 4

Optimal prices
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(b) Optimal prices Poro
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Optimal prices
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(c) Optimal prices P e and P, VS R

Optimal prices

Cc
(d) Optimal prices Pocor and P, V8 o}
FIGURE 4. psoc, Pprof Vs- B: 0. R, and C, respectively.
Fig.4(a)-(c) indicate that more customers are encouraged

to enter the orbit for their service when , 6 and R increase,
so the system administrator and social manager can benefit
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more from higher entrance fee, then pyoc, ppros are non-
decreasing in Fig.4(a)-(c) as function of 8, 6 and R, respec-
tively. However, less customers would like to enter for larger
value of C, then the optimal price of the administrator is
decreasing as function of C, as shown in Fig.4(d). However
the social manager always want to maximize the social net
welfare and coordinate the difference between, when C is
relatively smaller or larger, the optimal socially price pyoc 1S
increasing, as shown by the curve of py,. in Fig.4(d), which
is corresponding the first branch and the third branch in (28).
When C is relatively moderate, the optimal socially price
Psoc 18 decreasing as function of C, the reason is that the
social manager can incite the customer to enter the orbit by
reducing the admission fee when the cost C increases during a
moderate interval, which is corresponding the second branch
and the third branch in (28).

VIl. CONCLUSION

This paper has developed an extensive discussion of the
joining probabilities and optimal pricing problems for an
M/M/1 retrial queue with orbital search, where arriving cus-
tomers have the option to decide whether to enter the obit
or not when finding a busy server. When the server becomes
idle, the customers in the orbit can either actively access to the
server or be searched by the administrator of the system for
their service. For this model, we have investigated the individ-
ual equilibrium joining probability and presented the optimal
joining probabilities and corresponding optimal prices from
the perspective of system administrator and social manager.
As extensions of this work, one can consider the equilibrium
balking strategies and optimal pricing problems for the retrial
queue with linear retrial policy and orbital search or the retrial
queues with many servers and orbital search. In the so called
linear retrial policy, the intervals between successive repeated
attempts of the customers in the orbit are exponentially dis-
tributed random variable with parameter v, = a(1 — §,,0) +
nv when the orbit size is n, §,,0 denotes kronecker’s delta
function. Obviously, v, depends on the number of customers
in the orbit when v > 0, however, the retrial policy used in
this paper is a special case of the linear retrial policy when
v = 0. Moreover, retrial queues with many servers are more
realistic in practice. Further investigation of the equilibrium
balking strategies and optimal pricing problems for these
retrial queues would be worth studying.
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