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Result (overview)

m New proof of [Fawzi and Renner, arXiv:1410.0664] based on concavity and
monotonicity of the operator logarithm

m Strengthening/generalization of the inequality

Notation

m Relative entropy: D(p|o) := tr(p(log p — log o)) if supp(p) < supp(o)
and +0o otherwise

m (von Neumann) entropy: H(p) := —tr(plog p)

m Conditional mutual information (CMI):
I(A:C|B):= H(AB) + H(BC) — H(ABC) — H(B)
m Fidelity: F(p,0):= H\/ﬁ\/EHI

m Measured relative entropy Dy(p|o) := sup{D(M(p)|[M(c)) : M(p) =
D tr(pMy)|x Xx| with ) M, = id}, where {|z)} is a finite set of orthonor-
mal vectors

Result (formal)
Let

T, A := conv (T%\l/)

g,
Main result

For any o € P(A), any p € S,(A), and any N' € TPCP(A, B) there exists
a recovery map Ry a7, € Ty ar, such that

D(plo) = DIN(P)|N(@)) > Dus(p|[(Roar o N) ()
2 210 F(p, (Rowp o N)(p)) -

s 9 e 0,24 p e o, 27r]><d2>

B The recovery map satisfies (Rynrp 0N )(0) =0
m For p = papc, 0 = ppc, and N(+) = tre () we reproduce [2, ]

B The second inequality was proved in [9] using Hadamard’s three line theorem

What is known

1973 Strong subadditivity: I(A: C|B) =0 [3, 4]

1975 Monotonicity of relative entropy (data processing inequality):
D(pllo) = D(N(p)|N (o)) = 0 [5, ]

Oct. 2014  For any papc there exists a recovery map Rp_.pc such that [2]
I(A:C|B) = —2log F(papc: Re—pc(pan))
Recovery map has the form of a rotated Petz reocvery map

Nov. 2014  For any papc there exists a recovery map Rp_.pc such that [I]
I(A:C|B) = Du(pasc|Re—pc(paB))

> —2log F(papc: Re—pc(paB))

April 2015 For CMI lower bound there exits a universal recovery map
(that only depends on ppc) & unitaries commute [7]

May 2015  For any o, N there exists a recovery map R, n (rotated Petz

with commuting unitaries) such that (R, o N)(0) = o and [9]
D(pllo) — DN (p)|N (o)) = —2log F(p, (Ron 0 N)(p))

Proof
Proposition D(pllo) — D(N(p)|N(0)) = lim inf LD (2™ (Ry 5 0 NE™)(p®™))
Proof sketch for the Proposition.

B Py (X) commutes with H

B Pinching inequality: Py (X) > |spT1(H)\X for all X € P(A)

B For any p € P(A) we have |spec(p®")| = O(poly(n))

B Operator logarithm is concave and monotone

O

With the proposition the main result follows from together with the ”Piani”-
argument [6], which shows that for any n € N
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Pinched and rotated Petz recovery map
m For H =3 Agfz)Xz|let Py =3 .\ _\|rXx| and define the pinching map

P : P(A)5sX— > PyXPyeP(A)

Aespec(H)

m Pinching recovery map for n € N
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m For o =314, M D let UY = Dkefdr] €XP (1) P with 9 € [0, 2m]* 4 let us
define a rotated Petz recovery map
TS+ P(B) > P(A)

Xp > ULo? NT(N (o) 72U XU N (0)72) o2 UL

m For any ne N
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Discussion and open problems

B Universality: a recovery map that does not depend on p [to appear]
(Here the measured relative entropy bound becomes important)

B Does the Petz recovery map satisfy all these inequalities?

B The pinching recovery map (for n = 1) does not satisfy the inequalities
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