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Result (overview)

n New proof of [Fawzi and Renner, arXiv:1410.0664] based on concavity and
monotonicity of the operator logarithm

n Strengthening/generalization of the inequality

Notation

n Relative entropy : Dpρ}σq :“ trpρplog ρ´ log σqq if supppρq Ď supppσq
and `8 otherwise

n (von Neumann) entropy : Hpρq :“ ´trpρ log ρq

n Conditional mutual information (CMI):
IpA : C|Bq :“ HpABq `HpBCq ´HpABCq ´HpBq

n Fidelity : F pρ, σq :“
∥∥?ρ?σ∥∥

1

n Measured relative entropy DMpρ}σq :“ suptDpMpρq
›

›Mpσqq : Mpρq “
ř

x trpρMxq|xyxx| with
ř

xMx “ idu, where t|xyu is a finite set of orthonor-
mal vectors

What is known
1973 Strong subadditivity: IpA : C|Bq ě 0 [3, 4]

1975 Monotonicity of relative entropy (data processing inequality):
Dpρ}σq ´D

`

N pρq}N pσq
˘

ě 0 [5, 8]

Oct. 2014 For any ρABC there exists a recovery map RBÑBC such that [2]
IpA : C|Bq ě ´2 logF

`

ρABC ,RBÑBCpρABq
˘

Recovery map has the form of a rotated Petz reocvery map

Nov. 2014 For any ρABC there exists a recovery map RBÑBC such that [1]
IpA : C|Bq ě DM

`

ρABC
›

›RBÑBCpρABq
˘

ě ´2 logF
`

ρABC ,RBÑBCpρABq
˘

April 2015 For CMI lower bound there exits a universal recovery map
(that only depends on ρBC) & unitaries commute [7]

May 2015 For any σ, N there exists a recovery map Rσ,N (rotated Petz
with commuting unitaries) such that pRσ,N ˝N qpσq “ σ and [9]
Dpρ}σq ´D

`

N pρq}N pσq
˘

ě ´2 logF
`

ρ, pRσ,N ˝N qpρq
˘

Pinched and rotated Petz recovery map

n For H “
ř

x λx|xyxx| let Pλ :“
ř

x:λx“λ
|xyxx| and define the pinching map

PH : PpAq Q X ÞÑ
ÿ

λPspecpHq

PλX Pλ P PpAq

n Pinching recovery map for n P N

Rn
σ,N : PpBbnq Ñ PpAbnq

XBn ÞÑ pσ
1
2 qbnPσbn

´

pN :qbn
”

`

N pσq´ 1
2

˘bnPN pσqbnpXBnq
`

N pσq´ 1
2

˘bn
ı¯

pσ
1
2 qbn

n For σ “
ř

kPrd1s
λkPk let Uϑσ :“

ř

kPrd1s
exppiϑkqPk with ϑ P r0, 2πsˆd1 let us

define a rotated Petz recovery map

T ϕ,ϑ
σ,N : PpBq Ñ PpAq

XB ÞÑ Uϑσ σ
1
2N :

`

N pσq´ 1
2UϕN pσqXBU

ϕ:
N pσqN pσq

´ 1
2

˘

σ
1
2Uϑ:σ

n For any n P N

Rn
σ,N

`

¨
˘

“
1

p2πqd1

ż

r0,2πsˆd1
dϑ

1

p2πqd2

ż

r0,2πsˆd2
dϕ pT ϕ,ϑ

σ,N q
bn

`

¨
˘

(1)

Result (formal)

Let

Tσ,N :“ conv
´

T ϕ,ϑ
σ,N : ϑ P r0, 2πsˆd1 , ϕ P r0, 2πsˆd2

¯

For any σ P PpAq, any ρ P SσpAq, and any N P TPCPpA,Bq there exists
a recovery map Rσ,N ,ρ P Tσ,N , such that

Dpρ}σq ´D
`

N pρq
›

›N pσq
˘

ě DM
`

ρ
›

›pRσ,N ,ρ ˝N qpρq
˘

easy
ě ´2 logF

`

ρ, pRσ,N ,ρ ˝N qpρq
˘

.

Main result

n The recovery map satisfies pRσ,N ,ρ ˝N qpσq “ σ

n For ρ “ ρABC , σ “ ρBC , and N p¨q “ trCp¨q we reproduce [2, 1]

n The second inequality was proved in [9] using Hadamard’s three line theorem

Proof

Proposition Dpρ }σq ´D
`

N pρq
›

›N pσq
˘

ě lim inf
nÑ8

1
nD

`

ρbn
›

›pRn
σ,N ˝Nbnqpρbnq

˘

Proof sketch for the Proposition.

n PHpXq commutes with H

n Pinching inequality: PHpXq ě 1
|specpHq|

X for all X P PpAq

n For any ρ P PpAq we have |specpρbnq| “ Oppolypnqq

n Operator logarithm is concave and monotone

With the proposition the main result follows from (1) together with the ”Piani”-
argument [6], which shows that for any n P N

1

n
min

µPPpTσ,N q
D
´

ρbn
›

›

›

ż

dµpϕ, ϑq pT ϕ,ϑ
σ,N ˝N qpρqbn

¯

ě min
µPPpTσ,N q

DM

´

ρ
›

›

›

ż

dµpϕ, ϑq pT ϕ,ϑ
σ,N ˝N qpρq

¯

Discussion and open problems

n Universality: a recovery map that does not depend on ρ [to appear]
(Here the measured relative entropy bound becomes important)

n Does the Petz recovery map satisfy all these inequalities?

n The pinching recovery map (for n “ 1) does not satisfy the inequalities
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