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Abstract When circularly polarised light is passed through

a granular material under boundary stresses patterns—‘light

stripes’—are seen in the resulting images which have been

traditionally associated with the directions of major princi-

pal stresses in the equivalent continuum. In this paper the

passage of polarised light through a single spherical particle

under stress is studied experimentally and analytically. The

effect of placing the particle within a layer of particles, a layer

of thickness 2–3 particles, and within a mass of particles is

investigated experimentally. The appearance of light stripes

is a visual reinforcement of effects seen at the particle level

provided the level of stresses in individual particles is low.

The implications for quantitative photoelastic interpretation

of granular media are discussed.
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1 Introduction

Photoelasticity is one of a number of experimental methods

which use light as an information carrier. It belongs to so

called ‘full field’ optical methods [24], in which spatially

extended light beams propagate in free space, illuminating

and creating images of entire objects. Polarised light is used

for photoelastic methods.

When birefringent materials are viewed using polarised

light, patterns can be observed which are linked to the stress

state in the material. Photoelastic studies of models of struc-

tural elements are used to reveal the internal stress distribu-

tions. A mass of particles of birefringent material subjected to

boundary stresses also shows structured information which is

related to the applied stresses but the detailed interpretation

of this information is less clear, in part because the contin-

uum estimate of macroscopic stress is quite different from the

actual stresses experienced within the individual particles.

‘Experts in soil mechanics use Coulomb’s law by assum-

ing that the shear stress τ is related to the normal stress σn

by τ = µsσn . In doing so they implicitly admit that a stress

tensor can be defined in a granular material (which is far from

evident) [...] The assumption turns out to be justified in most

situations.’ [7]. The use of Mohr–Coulomb descriptions of

failure of soils is confidently applied at the macroscopic scale

where the sample or geotechnical prototype is considerably

larger than an individual particle and we can reasonably treat

the soil as a continuum.

However, photoelastic studies on granular materials have,

perforce, in many cases been performed using small num-

bers of particles. For Duran [7], a ‘small number’ of particles

means fewer than 8,000 but analysis of strain features in sands

and other granular materials [13,17] suggests that the frame

of observation should have all dimensions of at least ∼ 300

particles so that a two-dimensional section would require

123



396 D. Muir Wood, D. Leśniewska

some 300 × 300 ≈ 105 particles and a three-dimensional

assembly would require some 300 × 300 × 300 ≈ 3 × 107

particles in order to smear out the patterns of localised defor-

mation that are observed. It seems likely that the interpreta-

tion of test results must account for the size of the granular

assembly and its degree of spatial order and disorder.

Tests described by Leśniewska and Muir Wood [15] were

performed on ‘large’ particle assemblies (containing typi-

cally of the order of 106 glass particles in a sample with

section roughly 180 × 230 ≈ 4 × 104 particles with thick-

ness around 20 particles—though this is of course still much

smaller than the number of particles in a full-scale geotechni-

cal structure). Linking photoelastic observations with fields

of strains deduced from particle movements revealed some

features (especially at micro-scale), which have not been

observed in previous photoelastic studies of granular mate-

rials. That paper provided some initial results and thoughts

concerning the possibilities of parallel viewing of an assem-

bly of glass particles under polarised light and under unpolar-

ised light with the conclusion that it was certainly possible to

extract information about the displacement and strain fields

and also possible to extract some information concerning the

stress conditions within the granular sample. However, the

present paper explores more fully the theoretical possibili-

ties and implications of passing polarised light through an

assembly of glass particles subjected to some external stress

field.

We will show how the features seen in a large granular

assembly can be related to the features seen in a loaded single

particle having dimensions in the range of typical sand grains

(∼ 1 mm). From the photoelastic effects in such tiny objects

we can deduce possible implications of the micro scale effect

on the whole sample response. We will also point out the spe-

cific problems related to the interpretation of photoelastic

observations obtained from large assemblies of three dimen-

sional grains—the methods of analysis commonly used in

continuum photoelasticity cannot be automatically employed

for such assemblies.

2 Interpretation of photoelastic images

Figure 1 belongs to the class of transmission images which

start with a uniform light source of known intensity and col-

our. Such images show the intensity of light (or other radi-

ation) that has come through the sample [19]. The intensity

of transmission of the light at each point is a measure of the

photoelastic effect in the specimen along that path. The use

and interpretation of photoelastic images of granular materi-

als have been discussed in several classic papers: Dantu [4],

Wakabayashi [26], Drescher and De Josselin de Jong [6],

Drescher [5], Dyer [8], Allersma [3], Liu et al. [16]. However,

while each of these authors notes the ‘light stripes’ that are

Fig. 1 Close-up of ‘light stripes’ seen in assembly of glass particles

under polarised light. (For experimental configuration see Fig. 19.)

seen when loaded masses of appropriate granular materials

are viewed with polarised light (e.g. Fig. 1), the physical

interpretation of these features has largely been qualitative

and somewhat uncertain.

The mathematical description of the behaviour of light in a

double-refractive material presented in this paper is based on

a plane stress model of photoelastic material, starting from

the assumption that the material is mechanically and optically

homogeneous and the stress distribution is plane and homo-

geneous over the sample thickness. In soil mechanics a model

made of three dimensional grains is regarded as deforming in

plane strain when it is placed in a rectangular container pre-

venting any significant macroscopic deformation in the direc-

tion perpendicular to the plane of loading. Such model tests

have been used to validate solutions of many standard soil

mechanics problems. The plane strain constraint is an overall

kinematic constraint for the assembly but individual particles

will have no detailed awareness of the nature of those more or

less distant boundaries and will feel themselves neither under

plane stress nor under plane strain. Model tests [3–5,8,26]

have been made on samples built of a very large number

of grains, such that the grain diameter is much smaller than

the typical dimensions of the problem. These authors were

aware that the assumptions of the photoelasticity theory, such

as homogeneity of the sample and stress homogeneity over

the sample thickness, were not fulfilled at the grain scale, but

they assumed that they would nevertheless be fulfilled mac-

roscopically: ‘...it is presumed that the optically determined

stress components describe a two-dimensional stress state in

the plane of the sample, which is in agreement with the aver-
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aged stress.’ [3] Allersma’s approach is equivalent to treating

the macroscopically plane granular sample as a plate made of

imperfect but uniform photoelastic material (with voids), but

the imperfection is neglected in the applied optical measure-

ments which have been developed for plane continuous mate-

rial. While this may be satisfactory as a first step in studying

granular materials by photoelasticity, more detailed consider-

ation is required to take account of the double photoelasticity

of the particles—at the macro scale (imperfect plate) and at

the micro scale (each grain exhibits its individual photoelastic

response). We can easily imagine that both phenomena can

be present with different intensities, depending on the partic-

ular test conditions. The ‘light stripes’ described in classical

papers on photoelastic granular materials definitely belong

to phenomena at the grain scale.

The interpretation of light stripes or photoelastic force

chains as principal stress trajectories comes from the simple

reasoning, recalled by Allersma: ‘Since the chains transmit

the largest forces it can be reasonably supposed that the light

stripes represent the principal stress trajectories.’ Validation

of this statement has been performed using photoelastic mea-

surements based on the assumption that concepts taken from

continuum photoelasticity would also be valid for granular

materials. Not all available experimental data support such

an interpretation. There still exist open questions regarding

exact interpretation of previously investigated light stripes or

force chains. The range of very small deformations was not

accessible to previous researchers for technical reasons and

it was not possible to extract information from photoelastic

images before clear light stripes formed at large deforma-

tions.

Recently the use of photoelastic observations of gran-

ular materials (with small numbers of particles) has been

taken up vigorously by Behringer and his colleagues (e.g.

[9,10,23]) reporting studies of single layers of photoelas-

tic discs made of polymer material under various classes

of boundary loading. However, Fig. 2 comes from the pio-

neering work of Drescher and De Josselin de Jong [6]. Such

photographs show very clearly that the boundary stresses are

carried through chains of highly loaded particles, while some

particles (which remain light in Fig. 2) carry little or no stress.

Figure 3 uses lines of thickness proportional to the contact

force between adjacent particles to join the centres of those

particles. The strong force chains in this two-dimensional

assembly that is being subjected to shear by rotation of the

two visible inclined boundaries OA and OD are quite appar-

ent. While these force chains cannot be described as straight

or parallel it seems that there is a general dominant direc-

tion which is more or less aligned with the major principal

stress direction deduced from a continuum interpretation of

the discrete forces between the particles and the rigid bound-

aries. An exactly similar conclusion is regularly drawn from

the results of discrete element analysis (DEM) (e.g. Fig. 4).

Fig. 2 Two-dimensional assembly of photoelastic discs under polar-

ised light [6].

Fig. 3 Network of contact forces extracted from photoelastic image

(Fig. 2) [6]

These strong force chains readily buckle and re-form when

the direction of major principal stress is rotated. Many of the

force chains observed seem to form closed loops, producing

a characteristic cellular structure, visible in Figs. 2, 3 and 4,

but also apparent at higher magnification in Fig. 1.

Tordesillas et al. [22] use photoelastic observation of

assemblies of around 3,000 discs (‘small’ granular assem-

blies, according to the classification of Duran [7]) to extract

information that can be used to inform the development of

constitutive models based on particle level observations. ‘To

elucidate the mechanism for dissipation, we probe the behav-

iour of the force chain network where energy is primar-

ily stored. Initially aligned with the major principal (most
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Fig. 4 Network of contact forces in discrete element analysis of two-

dimensional assembly of discs (Maeda, personal communication)

compressive) stress axis, force chains accumulate stored

potential energy, concurrent with the steady growth of the

normal contact forces during the jamming stages or rise in

stress ratio.’ [22] However, they suggest that the force chains

linking the more heavily loaded particles are only initially

aligned with the major principal stresses.

Both numerical simulations and experiments (for example,

Geng et al. [10]) show that, as one might expect, repetition

of experiments under identical macroscopic conditions—but

different particle arrangements—typically leads to substan-

tially different force chain patterns each time, especially

when the granular sample consists of a limited number of

grains—which is to say that the ratio of sample size to par-

ticle size is low. Geng et al. note that ‘this large variability

under repetition suggests that a statistical approach might

be the most appropriate one. This approach might take the

form of averaging a single realisation over large regions of

space. …[This] is implicit in typical macroscopic models of

stress propagation for granular materials.’ However, a three-

dimensional assembly of grains is not composed of a series

of two-dimensional assemblies of grains.

This paper explores some of the related questions through

the observation of single particles, single layers and multiple

layers of spherical glass particles under polarised and non-

polarised light.

3 Photoelasticity: circularly polarised light

The refractive index of a birefringent material is modified

slightly by the application of stress. The changes in refractive

index are sufficiently small for it to be reasonable to assume

Fig. 5 Arrangement of circular polariscope

that a light ray passing through the material remains straight.

The effects of such birefringence are best observed using cir-

cularly polarised light in a polariscope: a typical arrangement

is shown in Fig. 5. A summary of relevant elements of ana-

lytical photoelasticity is contained in the Appendix: a more

detailed treatment can be found in Ramesh [18], Aben [1],

for example. Exactly the same polariser setup was used in

all the two-dimensional and three-dimensional models pre-

sented here. The polarisers were of diameter 300 mm and

were manufactured in the Institute of Fundamental Techni-

cal Research in Warsaw; they and the monochromatic sodium

light sources have been used for scientific measurements per-

formed over the past 40 years. The camera used for all the

images, with polarised and unpolarised light, was a Sony

Cybershot with resolution 2,560 x 1,920 pixels.

For light passing through a material under plane stress,

the intensity Iq of the emergent light that is perceived is:

Iq = Ia sin2 �/2 (1)

where Ia accounts for the intensity of the incident light and �

is a phase difference which is proportional to the local differ-

ence of principal stresses in the plane orthogonal to the light

ray (12) (Appendix). An example of the relationship between

light intensity and magnitude of the stress difference (12)

(Appendix) at one point of a loaded piece of glass is shown

in Fig. 6 for two different values of C and for h = 8 cm. The

two values of C represent the lower and upper limits estab-

lished for common glass, according to Aben and Guillemet

[2]. The higher the value of C the more frequent the zero

points for the light intensity function, resulting in alternat-

ing dark and bright fringes within the material as the load

is increased. Correspondingly, the higher the value of C , the

less monotonic the relationship between load and intensity

of transmitted light.

The dark fringes in a piece of photoelastic material are

easy to distinguish with the naked eye in contrast to the mono-

chromatic ones which form a bright background. An example

is shown in Fig. 7 for a plane glass disc of 20 mm diam-

eter, 1.2 mm thick, under diametrically opposing loads. As

the magnitude of the load is increased the disc first devel-

ops two bright regions immediately adjacent to the points of
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Fig. 6 Light intensity as a function of principal stress difference

application of the loads (Fig. 7 images 1 and 2); these then

spread across the disc eventually filling its whole volume

with monochromatic fringes (Fig. 7 images 3–7); then a first

black fringe develops at the points of loading, corresponding

roughly to 15% of the disc strength (Fig. 7 images 8–15) and

extends across the disc forming a figure of eight when the two

opposite black fringes merge, and then an ellipse as the load

rises further. If the load is increased further still, additional

monochromatic and dark fringes appear. Figure 8 shows the

load-displacement curve obtained in one of four compres-

sion tests on glass discs identical to that shown in Fig. 7. The

estimated load levels at which the successive dark fringes

started to develop in Fig. 7 are also marked (points i–iv). The

disc shown in Fig. 7 was broken when the fourth range of

dark fringes was beginning to develop, after 50 load incre-

ments. The average disc strength was 38.27 MPa (breaking

force/diametral cross-section). The average stress increment

(0.8 MPa) could then be calculated by dividing the ultimate

load by the number of load steps for each disc—thus neglect-

ing the initial non-linearity of the load-displacement curve.

It can be seen from Fig. 7 that there exists a period in

the loading history (images 8–15), when an elongated bright

fringe appears in the middle of the disc—its longer axis of

symmetry obviously coincides with the direction of diam-

etral loading. This direction could be properly deduced at

this stage of the test by measuring the locations of maxi-

mum image intensity. However, at later stages of loading

(images 16–50) detection of the maximum image intensity

would be of no use, because darker regions appear along the

loading axis as a result of natural fringe pattern evolution

with increasing load. For a single disc (grain) or for small

two dimensional assemblies of discs, symmetry of the fringe

pattern could be used instead of light intensity to deduce the

loading direction. The problem becomes much more com-

plex when large, three-dimensional granular assemblies are

considered and no individual fringe patterns can be traced.

The validity of a method of finding principal stress directions

Fig. 7 Plane glass disc of 20 mm diameter, 1.2 mm thick, under dia-

metrically opposing loads, viewed with circularly polarised light

Fig. 8 Compression test on single plane glass disc of 20 mm diameter,

1.2 mm thick such as that shown in Fig. 7

based on the maximum image intensity must depend on the

level of applied load, as Fig. 7 clearly shows.

Patterns of fringes, similar to those obtained in a single

glass disc (Fig. 7) can be seen at the particle contacts in

Fig. 2 (bright background 16) (Appendix). Some particles

in this figure clearly show dark internal stripes because of

the high stress level generated by the contact forces within

individual particles. Whether we can reach contact forces in

a granular assembly which take us beyond the monotonic

link between intensity and load—beyond the first half fringe

range—depends on the material of which the particles are

made: the urethane rubber used by Utter and Behringer [23]

is much more optically sensitive than the glass of Fig. 7 and

produces fringes at much lower stress.
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Fig. 9 Starlite beads

3.1 Three dimensional states of stress

Plane stress provides a simple case for which the effects of

the internal material stresses on the transmission of polar-

ised light can be readily calculated. However, in general we

will be concerned with objects which are subjected to fully

three-dimensional states of stress. According to Aben and

Guillemet [2, p. 86] ‘The simplest way to investigate stresses

in a three-dimensional transparent specimen is to put it into

an immersion bath and pass polarised light through it. Trans-

formation of the state of polarisation which can be measured

on many rays, contains information about the stresses in the

model. This method is named integrated photoelasticity.’

The direction of passage of the light ray (the z-direction,

for example) provides a reference axis which will in gen-

eral not coincide with any of the principal axes of the three

dimensional stress state. However, for the plane orthogonal

to this ray, the xy plane, there will be stresses σxx , σyy, τxy

from which we can calculate ‘secondary’ principal stresses,

σ ∗
1 and σ ∗

2 , [18]:

σ ∗
1

σ ∗
2

= (σxx + σyy)/2 ±
√

[

((σxx − σyy)/2)2 + τ 2
xy

]

(2)

with the principal direction of these ‘secondary’ principal

stresses calculated at angle θ to the horizontal in the usual

way:

tan θ = 2τxy/(σxx − σyy) (3)

The retardation δ can then be calculated from (12) as before

with σ1 and σ2 replaced with σ ∗
1 and σ ∗

2 .

Fig. 10 Single spheroidal glass particles: a Loaded by steel jaws;

c Viewed under polarised light; b Results of compression test
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3.2 Particulate material

We are concerned with the transmission of polarised light

through a particulate material. We begin by repeating the

experiment recorded in Fig. 7 with glass particles which are

(nearly) spherical (Fig. 10) and with glass particles which

have a more angular shape (Fig. 13), to check whether it is

possible to observe photoelastic fringes in such small grains

(having dimensions ∼ 1 and ∼ 3 mm). The spherical parti-

cles were made from glass having slightly different refraction

index from the angular particles (1.52 and 1.47 respectively).

The glass particles were immersed in a fluid with refractive

index close to that of the glass, so that there was no refrac-

tion of light rays entering particles obliquely. It turns out to

be rather easy to consult tables of refractive index in order

to choose oils of correct refractive index—the choices are

unlikely to be unique and local availability will in the end

dictate which oil is used. The clove oil, used as an immer-

sion liquid for the spherical particles (Starlite beads, both

annealed and unannealed), was manufactured and supplied

by Pollena Aroma in Warsaw, Poland. For the individual

crushed Pyrex glass particles rizella oil was chosen; as only a

small amount was necessary it was bought in a pharmacy in

Gdansk. The success of the matching of the refractive indi-

ces is evident in the pictures that are presented. For both

spherical and angular particles we can see the progressive

formation and spread of fringes as the applied load is in-

creased. Seven orders of exceptionally regular dark fringes

were observed within the grain of Fig. 10 before it crushed.

The value of crushing force estimated for seventh order dark

fringes in 1.25 mm thick glass (grain diameter) should lie be-

tween 1.35 and 1.53 kN, if we assume values of photoelastic

constants typical for glass [14]. The maximum force recorded

during crushing tests on spherical grains was 1.44 kN. From

this example we can see that the presence (or absence) of

the dark fringes could be a good indicator of the local stress

level in granular assemblies, provided that direct observation

of individual grains were possible [21]. But recall that in this

discussion we have ignored the fact that the observed fringes

are a quasi-plane stress equivalent interpretation of the trans-

mission of the polarised light through a three-dimensional

particle under three-dimensional stresses.

There is a slight lack of symmetry observed in the images

of the loaded single glass bead viewed using polarised light

(Fig. 10). This arises because the Starlite beads are not per-

fectly spherical and because the loading configuration con-

sists of rough jaws which are progressively closed but which

are not precisely parallel. The particle is of the order of

1 mm diameter so that the handling and loading of the sin-

gle particle are somewhat subtle. However, the purpose of

showing Fig. 10 is to demonstrate that a particle subjected

to an approximately diametral loading viewed under polar-

ised light shows patterns which might be interpreted (as for

the disc, Fig. 7) as successive fringes of stress difference

in the specimen under test. However, the particle is in fact

under a very non-uniform state of internal stress and the sim-

ilarity of the patterns to those seen in really 2-dimensional

assemblies (Fig. 7) could confuse the user into thinking

erroneously that the bands in Fig. 10 also refer immedi-

ately to principal stress differences in the three-dimensional

assemblies. It is this message that is important—the pre-

cise details of the loading of the single sphere are less rele-

vant.

A visual feel for the complexity of the photoelastic pat-

terns can be obtained by employing Matlab to convert origi-

nal photoelastic intensity images into colour coded intensity

images [19]. To obtain such an image, the original photo-

elastic picture in RGB colour separation has to be turned

into a black and white image, based on 0–255 grey scale.

The lowest possible intensity is then zero (black), and the

highest 255 (white). A grey scale intensity image can then

be plotted as a colour coded intensity map. A series of such

maps, corresponding to the first nine load steps from Fig. 10

are shown in Fig. 11. Matlab can automatically detect the

minimum and maximum intensities of the black and white

image.

The values of the maximum intensities for all the loading

stages applied to the spherical particle of Fig. 10 are plotted

in Fig. 12 as a function of the corresponding load level. For

the present purpose we are not concerned with the location

of the maximum intensity within the grain: it is sufficient to

know that the maximum intensity occurs for a certain load

level at some point in the image, and that the intensities at

any other points inside a grain can not be higher than this

maximum. The graph in Fig. 12 presents rough data and obvi-

ously includes some statistical scatter (the statistical analysis

of the intensity data is of minor significance for the present

study). It can be seen that, after the first five load increments,

there is a rapid increase of maximum intensity between 6 and

13 load increments. At about 15 load increments the value

of maximum intensity stabilises at its ultimate value (with

some statistical scatter). The first time that the ultimate value

of maximum intensity is reached corresponds to the upper

limit of the half fringe load range and at the same time to the

upper limit of the monotonic relationship between intensity

and load. A graph like that of Fig. 12 can thus help to define

the experimental conditions under which a simple photoelas-

tic response will be produced within a grain (central bright

stripe), and thus a corresponding monotonic relation between

load and intensity.

Crushed glass also exhibits dark fringes under increas-

ing load; however, the fringes are much less regular. The

grain in Fig. 13 shows fringes similar to the first and sec-

ond order dark fringes observed in spherical grains. This

would give an estimate of crushing force between 0.46 and

0.53 kN, which is substantially higher than the experimental
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Fig. 11 Light intensity maps for images of single particle in Fig. 10, loading stages 1–9

average strength of crushed glass grains of 0.17 kN (standard

deviation 0.06 kN). But the grain shape is irregular and the

state of internal stress quite different from the spherical par-

ticles.

The stress state in a single spherical particle loaded across

a diameter is axially symmetric about this diametral axis of

loading but a ray of light travelling through the loaded par-

ticle will encounter continuously varying three-dimensional

stress states as it passes. We can compute the resulting effect

by repeated application of (13) (Appendix) (Fig. 14), divid-

ing the material through which the light ray passes into a

sequence of infinitesimal slices each with a different second-

ary principal stress state and each with a different incremental

effect on the polarisation of the light ray.

For the j th element of the model of thickness δz through

which the light passes we need to know the orientation θ j

of the secondary principal stresses (3) and the relative retar-

dation � j = [2Cπδz/λ](σ ∗
1 − σ ∗

2 ). Then for this layer the

transforming matrix becomes:

M j

=
[

cos � j /2 − i sin � j /2 cos 2θ j −i sin � j /2 sin 2θ j

i sin � j /2 sin 2θ j cos � j /2 + i sin � j /2 cos 2θ j

]

(4)

Each element of the material will produce a slightly different

transformation M j of the light passing through it, in a cumu-

lative manner. The light emerging from the analyser is then

the accumulation of all these successive transformations:

(

Ex

Ey

)

=
1

2

[

1 −i

−i 1

]

×
N

∏

j=1

M j ×
[

1 i

i 1

] (

0

1

)

k exp iωt

(5)

The stresses in a spherical particle of radius R loaded

diametrically parallel to the x axis with a small but finite

contact area defined by the angle α (Fig. 15) have been cal-

culated by Russell and Muir Wood [20]. We want to analyse

numerically the photoelastic effect for a ray passing through
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Fig. 12 Image intensity and particle loading for single spherical par-

ticle (Fig. 10)

Fig. 13 Single particle of crushed glass under diametral loading

this particle. We are considering a sphere with its centre at

x = y = z = 0 and the light ray travelling in the z direction.

The sphere is loaded across a diameter coincident with the x

axis. We consider a cube of positive space of side R (bounded

by the planes x = 0, y = 0, z = 0, x = R, y = R, z = R)

containing one octant of the sphere. For points on an x, y

grid we can divide the cubical space occupied by a sin-

gle particle of radius R into N elements in the z direc-

tion. Given x and y, the boundary of the sphere lies at

zs =
√

R2 − x2 − y2 and for z > zs the light is passing

through unstressed clove oil with no transformative effect.

For 0 < z < zs we have an element of thickness δz = R/N

and spherical coordinates (Fig. 15) � = tan−1(z/y),� =
tan−1[

√

(z2 + y2)/x], r = [
√

z2 + y2]/ sin �. We can cal-

culate the stresses σxx , σyy, σzz, σyz, σzx , σxy . We are

Fig. 14 Polariscope with model divided into infinitesimal layers

2α

force f: stress =f/πR2sin2α

R

x

y

zΩ

Φ

r

Fig. 15 Spherical particle under diametral loading

concerned only with the stresses in the x, y plane orthogonal

to the light ray and can compute the secondary principal

stresses and their orientation in this plane. The orientation θ

is given by:

tan 2θ =
2σxy

σxx − σyy

(6)

and the principal stress difference is:

σ ∗
1 − σ ∗

2 = 2

√

√

√

√

[

σ 2
xy +

(

σxx − σyy

2

)2
]

(7)

For each element we can calculate θ and � and then

form the matrix product to deduce the overall retardation,

the orientation and ellipticity of the emerging polarised light

(5). From symmetry, the light ray passes through the octant

of the sphere twice, in opposite directions (the effects for

−R < z < 0 are the mirror image of those for 0 < z < R).
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Fig. 16 a Calculated effect of passage of light through single particle

under diametral loading; b Spheroidal particle under diametral loading

(compare Fig. 10c)

We end with a distribution of the apparent principal stress

difference for an equivalent layer of thickness 2R under uni-

form stress. The result for the single sphere is shown in Fig. 16

where the colours indicate the resulting retardations. The cor-

respondence with the photoelastic observations for the sin-

gle spherical particle in Fig. 10 is apparent. Evidently the

analysis ensures precise symmetry of the loading whereas,

as noted, the experimental configuration slightly loses this

ideal symmetry (Fig. 10).

The results of two-dimensional discrete element model-

ling (Fig. 4) show the very irregular nature of the network of

contact forces which generates the internal stresses in the par-

ticles. And the results of three dimensional discrete element

modelling confirm our expectation that, even for a configura-

tion which has an overall plane strain constraint, every section

through the model orthogonal to the direction of zero strain

is different. The light ray thus passes through a sequence of

particles and surrounding fluid (Fig. 17), each particle loaded

differently and in a different orientation relative to the ray,

and each particle having a complex internal stress state result-

ing from the particular combination of contacts with adjacent

particles to which it is subjected.

We could in principle repeat the procedure used for the sin-

gle sphere and calculate the cumulative effect of passing a

light ray through the entire assembly. Of course for the actual

assembly of particles the stress state in any single particle will

Fig. 17 Light and particles

be much more complex than that shown in Fig. 16 because

any one particle will in general experience multiple contacts

with different contact forces in different orientations. Given

the nature of the granular material (Fig. 17) this cumulative

effect would be most readily calculated numerically but the

calculation for a fully three-dimensional particulate assem-

bly is beyond the scope of this paper. The analysis of the

passage of light through a single loaded sphere provides an

illustration of the typical building block of the numerical

process.

However, given the form of (5), we can propose that the

eventual result will be equivalent to the product of a large

number of random matrices. Within any single particle there

will be some continuous correlation between the stress state

in successive infinitesimal elements through which the light

ray passes. However, there will be no correlation between the

stress states in successive particles: hence the deduced ran-

domness. Typical results show that such repeated multiplica-

tion ends with an asymptotic matrix which lacks information

(e.g. [27]).

4 Model tests

The material being used here consists of Starlite glass ballo-

tini (Fig. 9) which can be seen to be more or less spherical

and more or less single sized. As supplied these particles are

not completely free of internal stresses as a consequence of

the manufacturing process—the rapid cooling of the glass

leaves the outside of the particle in a state of tension. It is

necessary to anneal the particles—heating them up to a tem-

perature of 500◦C for a period of 2 h and then allowing them

to cool extremely slowly. The glass of the particles has a

refractive index of 1.524. In order that the assembly of par-

ticles should be perfectly transparent to the incident light it

is necessary to immerse the glass particles in a fluid having

the same refractive index (according to the principle of inte-

grated photoelasticity). As noted above, clove oil proves to

be ideal for this purpose. The light ray is then able to pass

freely and without significant refractive deviation through

the particle assembly.
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Fig. 18 a Particle boxes 1.4 and 2.6 mm thick containing approxi-

mately one and two layers of particles respectively; b Particles viewed

under polarised light; c Superposition of polarised and unpolarised im-

ages (a) and (b); d Enlargement of particles under load

A series of simple test boxes have been made with

dimensions 20×30 mm and thicknesses 1.4 and 2.6 mm. The

thinnest of these boxes can only contain a single layer of

particles. The 2.6 mm box can contain two layers of parti-

cles—though of course the particles do not actually sit in

independent layers. In each case, the particles are deposited

in the box and then saturated with oil, with care being taken

to ensure that no air voids remain. A rudimentary ‘footing’

has been used to load the particles simply to confirm that

in these almost two-dimensional assemblies the force chains

through the spheres (not discs)(Fig. 18) correspond qualita-

tively with those anticipated from numerical analysis (Fig. 4).

The images shown here were taken in circularly polarised yel-

low sodium light. Saturation with clove oil in this test was

not quite perfect: a few air bubbles are visible under the left

side of the ‘footing’.

The top pair of photographs (Fig. 18a) show the particu-

late material seen with white light (unpolarised). The indi-

vidual particles can be seen, and the overlapping of particles

in the thicker box (right-hand image) is very clear. The pair

of photographs (Fig. 18b) show the same assembly seen with

circularly polarised light and the third pair (Fig. 18c) super-

imposes the images from (a) and (b) to show more clearly

the relationship of the features that are seen to the particles

themselves. Finally, the pair of images (Fig. 18d) shows a

close-up view of part of the superimposed images (Fig. 18c).

The eye is drawn to the bright regions in images (Fig. 18b,

c). These can be seen to link particle contacts and to be of

a scale which is smaller than the individual particles. The

enlarged images (d) reveal a hint of patterns within individ-

ual particles which are, as expected, similar to those seen

for the single sphere (Fig. 10, images 6 and 7, for example).

We note that many particles in the assembly are carrying

no or almost no load. Close observation also reveals some

dark bands, linking particles which are less heavily loaded

so that the bright region appears only local to the contacts

with neighbouring particles. There may also be shear stress

transmitted through some contacts which will distort the dis-

tribution of stresses within the particle and hence the nature

of the resulting photoelastic effects near particle contacts.

The second (right-hand) set of pictures in Fig. 18 relate to

a sample which is 2.6 mm thick. The particles no longer lie

in plane layers but the sample is thin enough that all parti-

cles can still be seen. Superimposing the normal white light

view of the particles onto the polarised image reveals bright

paths passing through the heavily loaded contacts, with dark-

ness in the less heavily loaded particles. But the result is

now dependent on the three dimensional nature of the mate-

rial. The force chains do not stay in one plane but dodge

to and fro depending on the positions of the particles and

their contacts. While similar qualitative interpretative state-

ments can be made, it is now less obvious exactly how the

bright regions are associated with individual particles and

certainly not with any particular layer within the material.

Even though the models are roughly two dimensional, the

glass particles seem to be diametrally loaded—the internal

photoelastic effects observed within individual grains form-

ing the force chains resemble the early stages of the test

shown in Fig. 10.

The tests reported by Leśniewska and Muir Wood [15]

looked at various aspects of the response of a special plane

strain model test in which Starlite glass balls were subjected

to loads and deformations in a box of thickness 20 mm. In

such a box there are many ‘layers’ of particles which are

expected to interact to produce the overall response, although

no individual particle will feel itself constrained to sit in any

one layer parallel with the plane of straining and will interact

with particles in adjacent ‘layers’ and may well even move

into an adjacent layer as the mass of particles is deformed.

The glass particles are pluviated into the box and then

saturated with oil. The dramatic effect of immersing the par-

ticles in a fluid having the same refractive index can be seen

in Fig. 20. The granular material is loaded by a somewhat

articulated surface footing (Fig. 19) the segments of which
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Fig. 19 Box used for loading of glass particles of width 20 mm

Fig. 20 Assembly of glass particles being saturated with clove oil

are loaded individually to guarantee an adequate stress level

for birefringence to be seen. The granular material is con-

tained by a movable ‘wall’ which is supported at two levels.

Once the surface load has reached the chosen value, the wall

supports are released in a series of small displacement steps

so that the wall itself translates and rotates under the pressure

transmitted through the mass of glass particles.

The sodium lamp provides approximately uniform illu-

mination over a roughly circular area which covers the area

of the apparatus of interest. The dark areas to the top and

bottom left of Fig. 21 are thus areas of low illumination.

First we look at a single image (Figs. 21, 22). This sam-

ple was loaded at the surface in steps of 0.2–3.2 MPa and

then unloaded to 1.6 MPa. The ‘wall’ was released in steps

of 0.0625 mm. This image comes after the 8th displacement

of the wall. Seen as an overall image the presence of ‘light

stripes’ is very evident. However, when one looks in detail

at patches of the overall image some of the texture of these

bright regions can be detected. Our observations of single and

double layer samples (Fig. 18) now lead us to understand that

the observation of a bright region in the thick sample will be

the consequence of strongly loaded particles existing some-

where through the thickness of the sample. These particles

are responding to the contact forces in their vicinity. There is

an impression from two-dimensional discrete element anal-

ysis that the strong force chains are somewhat aligned in the

direction of the major principal stress but the DEM results in

Fig. 4 indicate that the force chains are not locally straight.

The smaller images in Figs. 21 and 22 show detail of the

complete image. The texture is much finer than the size of

individual particles and even in regions of rather low stress

there is a hint of some preferred directions to the texture

which are visually indicated as much by the bright stripes as

by dark stripes. Dark stripes are somewhat visible in the sin-

gle layer of particles (Fig. 18) and possibly indicate chains

of particles which are actually transmitting significant shear

at the contact so that the axes of symmetry of the stress state

within the particle are not aligned across the loaded diameter.

Second we look at a pair of successive images (Fig. 23).

Besides other features they show a faint, brighter, wedge

shaped area in the top right corner of the image, which is

slightly more distinct in the second image. The existence of

a ‘rigid’ wedge-shaped block of the granular material, a sort
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~5 particles

Fig. 21 Detail of polarised light image—regions near ‘wall’

of Coulomb wedge, is not unexpected for an experimental

scheme which develops active soil pressure on an inflexible

retaining wall. Figure 23 shows that the rigidity of the wedge

comes from the increased number of highly ordered force

chains within its volume. The chains are slightly arched and

somewhat parallel to the wedge boundary. They join together

the bottom of the first loading segment and the back of the

‘wall’.

The amount of visual information included in an original

photoelastic image of a large 3D granular assembly far

exceeds the information which is contained in a typical exam-

ple of continuum photoelasticity (for example, a structural

model) or in an image representing a small, one layer granu-

lar sample. Different methods of analysis, suitable for man-

aging large amounts of visual data, have to be developed.

Such methods should allow the elimination of unimportant

information without the simultaneous loss of significant data.

Whether particular features are important or not depends on

the phenomenon being studied.

The simplest way to visualise changes introduced into

photoelastic images by any variation of boundary conditions

is to subtract one image from the other. The images exist

as matrices of image intensity values (RGB format) and it

is straightforward to perform arithmetic operations on them.

The images of Fig. 23 are separated by a small movement

of the wall of 0.0625 mm which leads primarily to a rota-

tion about the toe of the wall with most of the displacement

occurring near the top, near the loaded articulated surface.

To the naked eye the images look more or less identical.

Thus Fig. 24a shows the effect of subtracting the second

image from the previous image, pixel by pixel. The differ-

ences are enhanced in order to improve the visualisation.

The colour coding generated by MATLAB indicates areas

where the brightness is higher in the first image by com-

parison with the second. There is a bright crescent-shaped

region extending downwards from the edge of the first ‘foot-

ing’ (Fig. 19). The interpretation must be that in this region

some of the particles through the thickness of the model are

either leaving strong force networks or, although staying in a

network, subjected to lower contact forces. Figure 24b shows

the complementary effect of subtracting the first image from

the subsequent image, pixel by pixel. Now there is a bright

region near the top of the ‘wall’ (Fig. 19) and also a less bright

region extending back into the model from the edge of the

first footing. The interpretation must be that in these regions

some of the particles through the thickness of the model are
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~5 particles

Fig. 22 Detail of polarised light image—regions away from ‘wall’

Fig. 23 Polarised light images

(a) before and (b) after small

displacement of ‘wall’
(a) (b)

either joining strong force networks or, already in a network,

being subjected to higher contact forces.

The same brighter wedge as in Fig. 23 can be (even more

easily) recognised after the subtraction. Its appearance in

Fig. 24b means an increase in brightness of the force chains

located within the wedge, after the wall movement (positive

result of subtraction). This suggests that the wedge became

more rigid after the displacement (leading to increased

loading of force chains). If so, no significant deformation

should be expected within its volume. The bright cres-

cent-shaped area visible in Fig. 24a represents correspond-

ing weakening of the granular material (unloading of force

chains). It would be expected then that significant defor-

mation would be concentrated in this area. The correctness
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Fig. 24 a Subtraction of next image from previous image; b Subtraction of previous image from next image (Fig. 23)

Fig. 25 Contours of calculated shear strain and volumetric strain for

loading increment matching the two polarised images in Fig. 23

of such a reasoning can be confirmed by comparing these

subtracted photoelastic images with the relevant strain fields

obtained by other independent methods. The most suitable

seems to be digital image correlation (DIC).

5 Digital image correlation

Even when viewed under white light the virtually transparent

particulate material retains sufficient visual contrast and tex-

ture for successive photographs to be compared to detect

relative movements within the material. The techniques of

Particle Image Velocimetry [29] or Digital Image Correla-

tion [12] can be used to determine displacements and hence

fields of strain. Our interest here is to compare some aspects

of the texture of these strain fields with the texture seen in

the images taken with polarised light. The texture now is

an effect of the transmission of the unpolarised white light

through the entire 20 mm thickness of the sample and it is

not possible to identify individual particles.

Determination of fields of strain by comparison of succes-

sive images taken with normal white light has been achieved

using the program GeoPIV [28]. The discussion of the nec-

essary numerical checks to ensure that the results are valid

is contained in that paper and also in Leśniewska and Muir

Wood [15]. Two sets of results are shown here. First, Fig. 25

shows maps of incremental shear and volumetric strain for

the increment of wall displacement corresponding to the pair

of polarised light images in Fig. 23. These maps have been

calculated from displacement fields obtained using a 32×32

pixel correlation window on an 8×8 grid. The average parti-

cle diameter is about 13 pixels. The strains are concentrated

in regions which define some sort of mechanism between the

‘footing’ and the ‘wall’. The strain concentrations (both shear

and volumetric) are situated along the wedge of Fig. 24b;

however, there is no continuity in either plot. They seem

to coincide roughly with the bright crescent of Fig. 24a,

as expected. This confirms the interpretation proposed for

the subtracted images in the previous section. The volumet-

ric strains fluctuate around zero with regions of expansion
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Fig. 26 Comparison of textures

of polarised light images and

calculated strains for region in

top corner of model beside wall

(b )

(c)

(a) 

(d) 

alternating with regions of compression. The scale of these

fluctuations is of the order of 2–3 particles, as seen more

clearly in Fig. 26 which shows an expanded view of a small

region of the shear strain and volumetric strain fields near

the top of the wall. This scale matches the length scale of

the strain patterning seen in tests reported by Hall et al. [13]

using Schneebeli rods as a two-dimensional analogue of a

granular material and performed in the Grenoble 1γ 2ǫ appa-

ratus which is able to impose a general system of controlled

normal and shear strains to a plane assembly of the rods. The

rods were also somewhat (but a little less) single-sized.

Figure 26 also shows the expanded views of the polarised

light images of Fig. 24a, b. There is texture in both sets of

detailed views but the scale of the texture of the polarised

light images is of sub-particle level.

6 External stress level

We have seen that the nature of the visible photoelastic effects

inside a single grain depends strongly on the level of the load

applied. The effect can be geometrically simple, taking the

form of a bright elongated central stripe, which clearly indi-

cates the direction of particle loading (Fig. 7, images 11–15,

Fig. 10, images 7–11); or it can be quite complex, as a result

of the multiple and often irregular dark fringes that appear

at higher loads (Figs. 7, 10, 13). In large, multilayer gran-

ular assemblies, it is not possible to trace the response of

individual grains to the applied boundary stresses, and the

overall picture will benefit if it represents the amplification

of the simple photoelastic effect in those individual grains.

However, even in small 2D samples grains are not uniformly

loaded, as Fig. 2 shows, and each grain exhibits the fringe

pattern characteristic of the different stages of its potential

loading history.

The same procedure can be applied to granular assemblies.

Fig. 27b (column A) shows photoelastic images representing

the early stages of the test shown in Fig. 21. The images are

cut off from the whole field image—they cover the area indi-

cated in Fig. 27a. The test begins with the steady increase

of the loading applied to the individual articulated surface

‘footings’ (Fig. 27) before the ‘wall’ is allowed to move lat-

erally (Fig. 21). A visual inspection of the images shows that

bright stripes form from the first loading step (0.2 MPa) and

become more distinct with increasing load. The width of the

bright stripes does not exceed the average grain diameter and

grows with applied load. There is an impression that both

the brightness and the number of the stripes increase with

the applied load. However, we do not know the position of the

bright stripe within the granular assembly—the photoelastic

images of Figs. 21 and 22 are a mere projection of 3D fea-

tures on a plane—so we cannot be sure whether we observe

a single force chain (which seems unlikely) or a visual prod-

uct of several superimposed chains. The fact that the width

of the observed bright stripes does not exceed the average

grain diameter, even for loads higher than those indicated in
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Fig. 27 Image intensity for

wall test (Fig. 21)

Fig. 28, suggests that they can be built of monochromatic

fringes within individual particles, corresponding roughly to

images 4–10 in Fig. 10.

Turning the photoelastic images into colour coded inten-

sity maps (Fig. 27b, column B) allows us to inspect the char-

acter of the relation between maximum image intensity at

each step of the test, and the external load applied to the

articulated surface footings. The result is shown in Fig. 28,

which covers the full range of the external loading tested

(0–3.2 MPa). The curve thus obtained for the large gran-

ular assembly has a similar character to that presented in

Fig. 12 for a single spherical grain. The initial intensity drop

in Fig. 28 can be explained by possible grain rearrangement

at the beginning of the test.

There is an approximately linear part of the intensity

curve between 0.4 and 1.0 MPa of external load—the load
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Fig. 28 Image intensity and loading stage for wall test

range within which the maximum intensity related to the

applied load does not exceed its ultimate value in any point

of the granular sample. The load range 0.4–1.0 MPa roughly

defines the range of monotonic relation between image inten-

sity and load. There is then an approximately constant ulti-

mate value of maximum image intensity (about 231 on the

0–255 scale) (Fig. 28) above 1.0 MPa of external load. In

other words, there is at least one point (pixel) within the

area under inspection where this ultimate value of image

intensity is reached. Consequently we can expect a non-

monotonic (sinusoidal, above half fringe order) relationship

between the light intensity and the applied load at at least

some points of the sample in this load range. Dark fringes

can appear within some grains, which are not easy to detect

for the complete assembly, but which possibly influence

local values of image intensity. It suggests that no quanti-

tative photoelastic measurements based on image intensity

should be performed outside the load range of the linear

(or at least the monotonic) part of the intensity-load func-

tion.

This also seems to be important if arithmetic operations

are to be performed on digital intensity images. For exam-

ple, Voloshin and Berger [25] used 16 exposures of the same

photoelastic field to obtain an average result with reduced

random noise; Haake and Patterson [11] used a large number

of scans and subtracted the dark noise from subsequent inten-

sity readings; Geng et al. [9] used a series of images of 2D

assemblies in order to obtain an average response and also

subtracted successive images to remove the linear hydrostatic

head effects. Figure 24a, b of this paper also show an exam-

ple of subtracting images, in order to obtain an incremental

photoelastic response to varying boundary conditions. A sys-

tematic study of the meaning and applicability of arithmetic

operations on photoelastic images is still lacking.

7 Conclusions

Some simple non-standard post-processing procedures are

also demonstrated for photoelastic images, making use of

the Matlab Image Processing Toolbox. These are intended

to help in extracting as much ‘hidden’ information as possi-

ble from photoelastic images. The response of photoelastic

materials such as glass to varying test loading conditions is

an example of such hidden information: the material is rel-

atively insensitive (in terms of the link between change in

stress and change in image intensity) so that small changes

in some regions are easily obscured by more stable parts of

the photoelastic image.

For a two-dimensional continuous stressed material,

loaded in plane strain, such as the disc in Fig. 7, the image

conveys information about a continuous stress field which

is uniform through the thickness of the model. Concepts

such as principal stresses and principal axes of stress have

a clear and certain meaning. The dark regions appear (as

multiples of principal stress difference) in sequence as the

load is increased. The intensity of the transmitted light does

not vary monotonically with the principal stress difference.

Arithmetic operations—such as addition or subtraction—on

the intensity of the light recorded in successive pairs of such

images have no particular significance since an increase in

intensity may indicate either an increase or decrease in the

principal stress difference (Fig. 6).

However, the images of the three-dimensional particle

assembly do not relate to a continuous uniform stress field

but to an integrated effect of varying stress states through

the various particles. Individual particles within a granular

assembly will be subjected to very different internal stress

states as the boundary stresses are varied. Within any one

loaded particle there will, if the stress level is not too high,

be a central region of enhanced light intensity which may be

somewhat parallel to the global direction of major compres-

sive principal stress. However, the photoelastic observation

for the complete assembly is a three-dimensional averaging

of information through the thickness of the sample. Numer-

ical analyses using Discrete Element Methods quantify the

variations of the force chains through 3D assemblies and

could be used to compute the expected effect of passage of

polarised light, extending the procedure used here to com-

pute the apparent retardation produced by a single spherical

particle (Fig. 16).

Large 3D granular assemblies require methods of analy-

sis different from standard methods of continuum photoelas-

ticity. There exist fully observable photoelastic effects even

within very small individual grains—this effect can spoil the

results of any macro scale photoelastic measurements to an

unknown extent. It may be possible to control the photoelas-

tic effect in individual grains simply by controlling maximum

image intensity and adjusting the external load so that it does
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not exceed the maximum level for the monotonic relationship

between stress difference and photoelastic output. Full-field

observation supported by the Matlab Image Processing Tool-

box makes such control possible. A simple procedure for

verifying the conditions of photoelastic model tests based on

maximum intensity check has been proposed in this paper.

Model tests presented in this paper seem to confirm the

accepted interpretation of the existence of a relation between

the orientation of the ‘light stripes’ and the principal stress

directions. There has been no attempt made in this paper to

determine the latter, either experimentally or theoretically,

partly because more experimental data are necessary to study

the problem over a wider range of numbers of grains included

in the granular sample (and also over a range of ratios of load-

ing dimension to grain diameter), and partly because it would

be difficult to use continuous mechanical or photoelastic the-

oretical concepts to study a sample containing either a limited

number of grains (there is a problem of definition of stress) or

a large number of grains (because of the possible problems

in interpreting the photoelastic data). The principal stress

directions at the loaded boundaries of the sample are usually

known, however, so it is possible to look for a local rela-

tion between them and the ‘light stripes’ visible in the same

region. Visual inspection of Fig. 18, for example, suggests

that the arrangement of the grains significantly affects the

direction of the force chains for a small granular assembly.

However, the influence is greatly reduced for a large granular

assembly, because of the averaging of the photoelastic effect

over a large number of grains. More systematic experimen-

tal study employing some statistical approach is necessary to

quantify the problem; that is beyond the scope of the present

paper.

Light stripes, lines of brightness seen for complete parti-

cle assemblies, must come about as a result of the reinforcing

effect of bright regions in individual particles which happen

to be more or less coincident in location orthogonal to the

light ray. The transformation of the polarised light ray pass-

ing through all the variously loaded particles is controlled by

the multiplicative effects of internal stresses which bear little

resemblance at the micro-scale to the macroscopic concept

of stress in the granular material.

Light stripes seen in samples of crushed glass or glass

spheres under modest external stresses could be the inte-

grated effect of monochromatic fringes of less than half fringe

order in some of the particles in the sample. In such a case a

monotonic relationship between the stress within the strongly

loaded particles and light intensity would exist. Maximum

light intensity appears in Fig. 10 for about the 7th image

segment (about 70 MPa). We cannot be sure of the level of

stress generated in individual particles for any particular foot-

ing load—in principle they could be much higher than the

external load and possibly exceed 70 MPa. It is probable that

all the published tests made on large numbers of grains in

macroscopically plane stress (& strain) conditions known to

us have been performed within this half fringe range. Image

processing tools give a chance to study them in detail [25].

Classical photoelasticity is not of much use here because the

local light intensity does not correspond to any overall con-

tinuum stress field.

The dimensions of the light stripes are quite different from

the dimensions of small-scale strain features seen within the

granular material: the strain features have a structure of the

order of a few particles whereas the light stripes have a struc-

ture which appears to be of sub-particle size. In fact detailed

examination of the images taken using polarised light sug-

gests that the light stripes themselves are in some way an

optical illusion which breaks down into a linear speckle when

magnified. The experiments with two-dimensional assem-

blies (Fig. 2) and discrete element analyses (Fig. 4) indicate

a typical dimension of the network of strongly loaded con-

tacts of the order of 5 particle diameters so that one might

anticipate that only one in five of particles through the thick-

ness of the sample would be experiencing the high internal

stresses. It is also evident from Fig. 10 that the bright zone

within an individual particle does not extend over the full

width of the particle.

The classical qualitative interpretation of light stripes in

terms of major principal stress directions seems plausible.

However, the quantitative interpretation of the intensity of the

light transmitted in these polarised images remains uncertain.
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Appendix: Photoelasticity: circularly polarised light

Light from a monochromatic source passes through a linear

polariser and then a quarter wave plate set with its axis at π/4

to the axis of polarisation. We can imagine the incident light

being built up of waves in horizontal x direction and vertical

y direction, with relative phase υ,

Ex = ax cos ωt; Ey = ay cos(ωt + υ) (8)

We can represent this as a vector, (ax ay)
T , so that the effect

of a linear polariser with its axis at π/2 to the horizontal is to

eliminate the x component of the light. This can be described

by a multiplying matrix:
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(

0 0

0 1

)

(9)

The effect of the quarter wave plate is to speed up one wave

and to slow down the other wave by the same amount:

1
√

2

(

1 i

i 1

)

(10)

where i =
√

−1. The emergent light is circularly polarised

(1/
√

2)(1 1)T , taking ay = 1 for convenience.

The light passing through the model under stress splits

into waves vibrating in the directions of the in-plane princi-

pal stresses. (We will describe this shortly.) The light then

passes through a second quarter wave plate with its axis at

π/2 to the axis of the first quarter wave plate:

1
√

2

[

1 −i

−i 1

]

(11)

and finally through another plane polariser which can be ori-

ented with its axis either horizontally—so that it transmits

only the x-component of the light emerging from the quar-

ter wave plate—or vertically—so that it transmits only the

y-component. In the absence of any effects occurring in the

model the resulting pictures would then be entirely dark and

entirely bright, respectively.

For a material of thickness h, under plane stress with prin-

cipal stresses σ1 and σ2, the incident light splits along the

principal axes and a relative retardation δ between the two

waves is introduced leading to a phase difference � = 2πδ/λ

where λ is the wavelength of the light and

δ = h(n1 − n2) = hC(σ1 − σ2) (12)

where C is the photoelastic constant, linking differences of

stresses with differences of refractive index n1 and n2 in the

two principal directions.
The transforming matrix for the light ray passing through

the stressed material is:

M =
[

cos �/2 − i sin �/2 cos 2θ −i sin �/2 sin 2θ

i sin �/2 sin 2θ cos �/2 + i sin �/2 cos 2θ

]

(13)

where θ is the angle between the direction of the major prin-

cipal stress and the horizontal. The emerging light ray can be

described by

(

sin �/2 exp(−i2θ)

cos �/2

)

k exp iωt (14)

where k is a general amplitude. The human eye responds

to intensity of light, which is proportional to the square of

amplitude—the frequency is high ( f = 5.1 × 1014 Hz) and

the time dependent component of the wave is not of impor-

tance. The intensity Iq that is perceived is therefore:

Iq = Ia sin2 �/2 (15)

where Ia accounts for the intensity of the incident light.

If the axis of the analyser is rotated to be aligned with the

vertical, one gets a background that is bright. In this case the

analyser will transmit the Ey component and the intensity Iq

is

Iq = Ia cos2 �/2 (16)

For both dark and bright fields the intensity is independent of

θ and hence the light extinction condition (Iq = 0) is only a

function of �. Thus only isochromatics will be seen when cir-

cularly polarised light is used, with location dependent on the

magnitude of the principal stress difference through (12). In

the general two-dimensional case where the stress difference

varies from point to point in the model and a monochromatic

light source is used, looking through the analyser, black and

monochromatic bands will be visible covering the whole sur-

face of the model, the centre of each band representing a con-

tour of constant principal stress difference. Such bands are

termed fringes [14]. In the dark field arrangement the inten-

sity is zero for � = 2mπ so black (dark) fringes correspond

to 0, 1, 2,…wavelengths. In the bright field arrangement the

intensity is zero for � = (2m + 1)π (odd multiples of half-

wavelengths) with black fringes corresponding to 0.5, 1.5,

2.5 wavelengths. If we count the black fringes that appear

then we can deduce the level of the principal stress differ-

ence:

(σ1 − σ2) = Nλ/Ch = N Fσ /h (17)

where N is the fringe order, and Fσ = λ/C is a material

constant (see 12).
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