STRICHARTZ ESTIMATES FOR A SCHRODINGER OPERATOR
WITH NONSMOOTH COEFFICIENTS

GIGLIOLA STAFFILANI AND DANIEL TATARU

ABSTRACT. We prove Strichartz type estimates for the Schrodinger equation
corresponding to a second order elliptic operator with variable coefficients. We
assume that the coefficients are a C? compactly supported perturbation of the
identity, satisfying a nontrapping condition.

1. INTRODUCTION

The Strichartz estimates provide a good quantitative measure of the dispersion
phenomena for various dispersive equations such as wave, Schrédinger and KdV. As
it turns out, they are very useful in the study of various corresponding semilinear
equations. A new difficulty arises in the study quasilinear problems, namely that
one needs to deal with operators with rough coefficients.

Recently there has been considerable progress in deriving Strichartz type results
for the linear wave equations with nonsmooth coefficients. As it turns out, in order
to obtain full dispersive estimates one essentially needs to control two derivatives
of the coefficients. Wave operators with C? coefficients are considered in Smith [15]
in 24 1 and 3 + 1 dimensions and in Tataru [20] in any dimension; this can be
further relaxed to 9%g € L'(L°), see Tataru [18]. As the work of Chemin and
Bahouri [2],[1], Tataru [19],[18] and finally Klainerman and Rodnianski [13] has
showed, these results are fundamental in order to improve existence and uniqueness
results for quasilinear wave equations. In this paper we derive Strichartz type
estimates for a Schrodinger operator with nonsmooth coefficients. The situation
here is more complex because a Schrodinger operator does not enjoy the property
of finite speed of propagation. A localization argument, trivial in the case of the
wave operator, here requires considerably more care. But once this localization has
been made rigorous, the setting becomes very much like the one used in Tataru [20]
and the results follow by applying the method of the FBI transform. For the
constant coefficient case we refer the reader to the survey article [6] and also to the
endpoint result in [10].

In this first paper, in order to make the localization simpler we assume that
outside a large ball the operator we consider has constant coefficients. We plan to
investigate the same questions in a more general setting in a future paper.

Before we go to the details of the presentation of the problem we considerin this
paper, we would like to recall that the Scrodinger operator, with smooth variable
coefficients, appears in many papers concerning questions on well-posedness and
smoothing effect (see Doi [5] [4], Creg, Kappler and Strauss [3], Kapitanski and
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Safanov [9] [8], Kenig, Ponce and Vega [11] and Rolvung [14]). As mentioned above,
in our work the coefficients are instead relatively rough. But the FBI approach is
very effective in treating this nonsmooth situation.

We now start by introducing the initial value problem (IVP) we will be working
with and some notations. We write the IVP with a Schrédinger operator of variable
coefficients as

(1)
where
° (Al)
a* e [L(CHY) N OO (L®)(R x R™),  a*(t,z) = 6% outside R x B(0,1).

e (A2)
a¥J(t,x) is real and symmetric and there exists § > 0 such that

{ (10 — > = 1 0k (t,2)0;)u = 0
u(z,0) = uo(z), ze€R",

n

S1E < > aMi(t m)g; < 5TEP,

k,j=1
forany t € R, z,£ € R™.
In the rest of the paper we denote with P the differential operator

(2) P - Zat Z 8ka

k.j=1

(3) A, = i Opat

We write a(z,£) = Z,” LaM (z )fkfj and note that by (Al) and (A2) we have
a(z,&) > 0. We also denote with H, the Hamiltonian vector field associated to a
function ¢ € C*(T*R™), that is

Hy = Z(aﬁj q0z; — 0x;40%; )-
j=1
It is not difficult to prove that, by (A2), H, is complete in T*R"™. We denote with
Sirap the set of all (z,£) € S*R™ = {(,£); a(z,§) = 1} such that the complete

integrable curve of H, through (z,¢) is contained in a compact set. Then property
(A3) is defined as

[ ] (A3) St’rap = @
Remark 1. One could also consider an operator with lower order terms
= (10 — Z Onaki (t,x)0;) + ij(t,x)ﬁj + c(t, z)).
k,j=1 j=1
Here we decided to consider only the case b(xz,t) = ¢(x,t) = 0 in order to simplify

the presentation. However, our arguments apply with few changes if for instance
b, ¢ are bounded and compactly supported.

We now state the main theorem of the paper.



DISPERSIVE INEQUALITIES FOR VARIABLE COEFFICIENT SCHRODINGER 3

Theorem 1. Assume (A1), (A2) and (A3), then for any T > 0, the unique solution
u of (1) satisfies

(4) lull a(po,17,27) < Crlluoll L2

for any pair' (q,r) such that

2

(5) 7+E:§, 2<qg<oo forn#2
q T 2
2 2

(6) -+ -=1, 2<qg<oo, formn=2.
q

Remark 2. Using arguments similar to those in [18] one can relax the C? assumption
on the coefficients to

82a7k 3a3keL1 (L°° )7 j=1,---,n

where 33; denotes the set of coordinates complementary to ;. This suffices in order
to guarantee the same regularity of the Hamilton flow which we use in this paper.

Note that for (¢,r) = (00,2) (6) is a straightforward energy estimate, therefore
by interpolation it suffices to prove it for ¢ < r. The proof of Theorem 1 relies on
the following localization. We split the solution u of problem (1) into v = xu and
w = (1 — x)u, where x is a smooth characteristic function of the set B(0,1) in R™.
Observe that supp w C R™/B(q, 1), where A, = A. Then the functions v, w solve
the inhomogeneous Cauchy problems

(10y — Ag)v = f(x,t)
" o) =i
respectively

(i0 — A)w = — f(z,1)
(8) { w(x,0) = (1 - x())uo(x).

The inhomogeneous term f has compact spatial support and is given by

f= [P7X]u'

Our first step, in the next section, is to use local smoothing to establish the sharp
L? regularity of v and f. Using an argument ? due to Doi [5, 4] we prove that (see
Theorem 2)

(9) [0l 2 vz + 111l 2 g2 S lluollzz-
In Section 3 we establish the LI(L") estimates for w,
(10) lwllzary S WAz o1z + [w(0)]] 22

For this we use a classical approach. Note, however, that here the dispersive esti-
mates are combined with local smoothing, therefore we cannot employ directly the
dispersive estimates for the constant coefficient Schrodinger equation. It is essential
that the inhomogeneous term f has compact spatial support.

1Such a pair is usually called admissible.
2In Doi’s paper the coefficients a®J are independent of ¢, but as he observes in [4], the proofs
work also when the coefficients are functions also of the time variable.
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The last part of the paper is devoted to the proof of the Strichartz estimate for
the ( compactly supported ) function v, namely

(1) ollzagorr,ery < 10l 3 g + 1Pl o v

This inequality is obtained using arguments similar to those in Tataru [20]. The
main idea is to use the FBI transform to construct a microlocal parametrix for
the Schrodinger equation. The parametrix is good enough so that it yields the
Strichartz estimates by using stationary phase methods.

2. LOCAL SMOOTHING
We first introduce a new space of functions that appears in Doi [5, 4].

Definition 1. Let A : Rt — RT be a positive integrable smooth nonincreasing
function. We define
X3 =A{f@)/[Ifllxs < oo},
where
1F15; = () D52 F, D2 F) || £l

where (-, -) is the inner product in L(R™).

The local smoothing result we need is contained in the following well-posedness
theorem:

Theorem 2. Assume (A1), (A2) and (A3). Then there exists a unique solution u
of (1) such that u € C([0,T], L*) U L*([0,T], XY). Moreover

(12) lull 22 jo,77,x9) < lluol|p2-

Regardless of the choice of the function A this implies the estimate (9).

Remark 3. The proof of this theorem is due to Doi [5, 4] in the case when the
coefficients a*7 are smooth and asymptotically flat. Then one obtains the estimate

lull 22 po.1y,x5) S llwollmre-

for any s € R. But if one wants it only for s = 0 (L2- theory), then the weaker
assumption a*/ € C? is enough.

For completeness we recall below the two propositions which, combined with a
classical Garding inequality, give Theorem 2.

Proposition 1. Assume (A1) and (A2) and that there exists ¢ € S° such that
Huq > —1.
Then there exists a unique solution u of (1) such that
u e C([0,T), L*) U L*([0,T], X),
where 3

lull% = ((Haq)" (z, D)u, u) + CllulZ..

3In the standard Weyl calculus one writes
(@@ D@ = @~ [ [ oot 0)/2.9u00)

(see for example [7], Chapter 18).



DISPERSIVE INEQUALITIES FOR VARIABLE COEFFICIENT SCHRODINGER 5

with a large constant C. Moreover,

T
/0 lul% (7) dr < Juol?.

Proposition 2. Assume (A1), (A2) and (A3). Let A : Rt — R be an integrable
nonincreasing positive smooth function. Then there exists ¢ € S° and ¢ > 0 such
that

Huq > eX(|z])|€] = 1 in T*R™.

Remark 4. The proof of the propositions is basically due to Doi [5, 4]. It is not
difficult to see how they imply Theorem 2. One considers the L? energy functional

E(u(t)) =< Q"u(t), u(t) >r2 +Cllu(t)]|L>-

Then
d

aE(u(t)) =<i[A, Q"]u,u >p2 .

But modulo an L? bounded error, i[A, Q¥] ~ (H,q)"”. Now the conclusion of the
Theorem follows from Garding’s inequality combined with Gronwall’s inequality.

The main difference here is that we are not dealing with classical symbols, but
with nonsmooth symbols of the type described in Taylor [21] III, p. 45. To convince
the reader that the assumptions on the symbols are sufficient we state and prove
below, under our conditions, the main lemma used in Doi’s argument. The function
q in Proposition 2 can be obtained after an algebraic transformation from the
function g below.

Lemma 1. Assume (A1), (A2) and (A3). Then there exists a 0-homogeneous
symbol q : R x T*R™ — R such that

(13) 07 0g05q] < Capm(1 + |2])[¢[71*,
(14) Haq 2 I
for any &, x € R™ and any multiindex (m, a, 3).

Proof. We first observe that it suffices to do this for fixed ¢. Indeed, if a function
q satisfies the above conditions for some ¢ then it satisfies the same conditions for
t nearby. Hence we can use a partition of unit with respect to the time variable to
put together the choices of ¢ for fixed time.

Recall that a*/ (x) = 6%/ for any € R"/B;. Then we define

(15) qi(z,€) =z - £lg™
and we notice that for x € R"/By

and

(16) Hoqy =Y 280.,q1 = |¢].
J

We have to modify g; smoothly inside the ball so that (14) holds everywhere. Set
b = y/a and let @}, be the Hy flow and II the natural projection from T*R™ into
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R™. Let x € C§° be a positive function such that x = 1 on |2| < 2 and x = 0 on
|z| > 4. We set xr(x) = x(x/r), for r > 0. We define

02(2,6) = —/OOO va(IT o @y (2, €)) dh,

for any (z,¢€) € {(x,&) € T*R" a(t,z,€) = 1} = S*R™. Then Hyqs = x2 and ¢ is
bounded by the non-trapping condition (A3). Since the flow Hy is of class C*, it
also follows that go € CL _(S*R™). We claim that the function

q(x,&) = qu(@,€) + M2 ()2 (2, 6),

satisfies

(17) H,g21 in S™R"

provided that M is large enough. Indeed, for M > 4 we have
x

Hoq = Hoqi + M2 x3(x) + M_%G£Xa:(M)-

If |x| < 1 then the second term is positive and dominates the other two for large

M. If |x| > 1 then the second term is nonnegative, but the first term is positive

and dominates the last one for large M.

Finally, we extend ¢ as a 0-homogeneous symbol in T*R™. Then (17) implies
(14). However, insofar (13) holds only for large . To remedy this we observe that
(14) is stable with respect to small C! 0-homogeneous perturbations of g. Thus we
can approximate the ¢ we have constructed with a smooth replacement which still
satisfies (14).

O

3. A CONSTANT COEFFICIENT DISPERSIVE/LOCAL SMOOTHING ESTIMATE
The dispersive estimate (10) for w follows from the following more general result:

Theorem 3. Consider the initial value problem

(18) { P(D)w:f(xat)

w(z,0) = wo(x),
with f supported in [0,1] x B(0,1). Then for any admissible couple (q,r) we have

(19) lwllpaery S llwollzz + 1l L2o,1],m-1/2)-

This result shows that the Strichartz estimates are compatible with the local
smoothing norms introduced by Kenig-Ponce-Vega [12] in connection to the local
well-posedness problem for semilinear Schréedinger type equations.

The compact support assumption in time is not needed in dimension n > 2.
However, for n = 1 the fundamental solution decays only like t_%, therefore there
is an obstruction to (19) coming from the low frequencies in f.

With the exception of the end-point result (which corresponds to ¢ = 2) one
can give a very simple proof of the Theorem using a lemma of Christ and Kiselev.
As observed by Tao, this lemma allows one to reduce inhomogeneous estimates
to homogeneous ones; in our case, it reduces the Theorem to the much simpler
Lemma 3 below (modulo the homogeneous Strichartz estimates, which are known).
For completeness we give the lemma in the formulation which was used in a similar
context by Smith-Sogge [16].
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Lemma 2. Let X and Y be Banach spaces and assume that K(t,s) is a continuous
function taking its values in B(X,Y), the space of bounded linear mappings from
X toY. Suppose that co < a < b < oo, and set

b ¢
Tf0) = [ Ko f(s)ds WO = [ Kt ds
Assume that 1 < p < q < oo and
T fllLa(rap),y) < CllfllLr(a,b),x)-
Then
IW fllaqanyy < Clfllee(as),x)-

Then one uses the lemma by setting X = H~'/2(R"), Y = L"(R"),p = 2,q > 2,
with (g,7) an admissible couple,

1
Tf(x,t) = / A f (1) dt,
0
and
t
Wf(x,t) = / A £ (2 ¢ dt .
0

In our case we also want to get the endpoint estimates. The idea of the proof
is the same, namely to reduce the problem to the corresponding estimates for the
homogeneous Schréedinger equation. The argument is somewhat more complicated
but it is self-contained.

Proof of Theorem 3. We start with a Lemma in which we compute the regularity
of the Fourier transform of f on the characteristic paraboloid 7 = £2.

Lemma 3. If f € L>(R, H-Y/2(R")), with support in [0,1] x By, then

(20) 1f ¢, = €)1z S Il oy, m-172)-

Taking the Fourier transform of f, the estimate would follow from

1FE T = 160z S 1+ 1D 7% e + 111 +1€) 206l e + 1L+ €))%, fll»

which is equivalent to

I +1ED 72 fllzzaey S N +IEDT2 Fllz + 1A +1ED 20 fll 2 + (1 +1€) 720, f] 12

where the first norm is taken with respect to the surface measure on the character-
istic set K = {7 = [£|?}. But this follows easily from the trace theorem. Note that
one has to use the £ derivative for large £ and the 7 derivative for small £. &

The next step in the proof of the Theorem is to obtain a decomposition of u
into a sum of truncated L? solutions to the homogeneous equation modulo a nice
remainder. Let x be a function of one variable whose Fourier transform is compactly
supported and so that y — ﬁ is bounded.Then x is smooth and behaves like the
Heaviside function at 4ooc.
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Lemma 4. Let w solve the equation
where f is supported in [0,1] x B(0,1). Then there is a decomposition

n
w = x(t)wo + ZX(:F%')UJ?[ +w
j=1

so that the functions w]i solve the homogeneous equation (i0; — A)w]i =0 and
(21)
™ — 1€

- + % AT~ s\ =
fon@)lis + 3o O + (a+int+ — 5|>%) Bl S 1 s

To construct the functions w; we start with a nice partition of unit with respect
to & namely 1= ¢(£) + 37—, ¢ (€), so that

supp ¢o C B(0,20), supp ¢; C {|¢] < £2¢}\ B(0,10).
We set the spatial Fourier transforms of the initial data for w; as

wo(0)(€) = do(E)F(£,€9), wH(0)(€) = (&) (£, €2).

Then, by Lemma 3, (21) holds for the w;’s. It remains to verify the estimate for
w. We have

Wo (1,8) = G0 (&) f(6,6%)0,—g2, Wy (1,€) = ¢F(E)F(€,62)0,—¢2.
Hence . R
X(t)wo (T, €) = ¢o(€) F(£, €)% ( — €2).

For j = 1,...,n we denote by f;- the vector of all coordinates except £;. On the

paraboloid we write
& =& (&) =+,/T— (&)

Then )
Or—g2 = W‘Ssj:@i(s;w)
and
— ¢ /'7 i ) A ) / ~ /
KFoure - LS T fig 6k ) (e - € ()
J 97

Now we are in a position to estimate the Fourier transform of w. Outside a neigh-
borhood of size 1 of the paraboloid we have |7 — £2| 2 (1 + [£]) and

o == fr-¢)"

so the conclusion follows. Near the paraboloid, on the other hand, we have

where

BN G (O R
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L f(7,€) SE (L &5 ()

G =GO e e @S O IMFE 6.
We estimate each term separately. For gy we have
_ ]E(éa’r) — f(é-’éﬂ) s 2 1 2
9o = ¢o(§) ( r——i0) (x(r—&) - (7'—52—10)> f(&:€7))

which is bounded in the range |£],7 < 1 due to our compact support assumption
on f. It remains to estimate g; in the range

AT ={lgl <2+, [€> 10, ¢ —&(r, &) < 1}

We decompose it as before,

fA(T7 f) - f(T’ 6;‘75]#(73 E;))

+ +
9; = ¢j (5) (T _ 52 _ Z’o)
e e H ;
(Wm(@ gne)) - %) 16677

For the first term we observe that in A;t
Ir =& = [€llg; — & (7 E))I-

Then we bound the increment of f by its derivative to get

— ro¢t ’ .
||¢]i(§)f(77€) B {(2;5]_756)(7_’ gj)) HL2(A]_i) < |||§|*18§jf||L2(Aji).

Since f has compact support, it follows that O, f has the same regularity as f
Then we get the desired estimate.

The bound for the second term in the region A; follows from the L?(H _%)
regularity of f; indeed, due to the choice of x it is easy to verify that

N SICR AN ) ¢7 () 1
WX(:':(&.] - fj(’r, 6]))) - (7_ _22 — ’LO) 5 1+ |£| .

This concludes the proof of the Lemma. &.

Now we conclude the proof of the Theorem. We know that the LY(L") estimates
hold for L? solutions to the homogeneous equation. This gives the correct bound
for x(t)wo and x(Fz;)w;. It remains to look at w. We can use a Littlewood-Paley
decomposition to reduce the estimate for w to the case when w is frequency localized
in the region |¢| ~ A. Thus we substitute @& with Wy = Y(|€]/A)@), where y is a
smooth characteristic function of the interval [1,2]. Then we foliate its Fourier
transform with respect to translated paraboloids,

N /R TA(E, €2 + 5)0r_eoyds.

If we denote by w,  the solution to the homogeneous equation with initial data
’(1}87)\(0) = 1]],\(5,52 + S) then

wy(z,t) :/eiStuN)S,)\(x,t)ds.
R
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Hence, using the Strichartz estimates for the homogeneous equation,

[oalzean S [ IEEE + 5)uzds.

From Cauchy-Schwartz with respect to s we get

||1D||2Lq(y) S (/(,\1/2 + )\—1/2|5|)2|@|2(£752 + s)d§ds) </ AN+ s)—2ds>

>
which after the change of coordinates 7 = s + |£|? gives
o170y S IA(ETYAYZ + X727 — 1€P2])]| 72

Given the bound for @ in (21), this concludes our proof. O

4. THE LOCALIZED VARIABLE COEFFICIENT ESTIMATE

Here we prove that the Strichartz estimates hold locally for the variable coeffi-
cient Schroedinger equation, in the context provided by local smoothing.

Theorem 4. Assume that (A1) and (A2) are satisfied. Let (q,7) be an admissible
pair. Then for any v supported in a fixred compact set we have

(22) lvllLaczry < Nvllpzmz + | Pollpzg-1/2.
whenever the right hand side is finite.

This implies (11) after a truncation in time. Note that the first term on the
right can be estimated by the second whenever local smoothing holds. For this one
needs the nontrapping condition (A3). Our result is formulated in such a way so
that we avoid the need for a nontrapping assumption.

The argument is fairly long, so we provide a brief outline here. N\ 4.1 contains
several localization type arguments. More precisely, we use a Paley-Litlewood de-
composition to reduce the problem to the corresponding dyadic estimates at fixed
frequency \. Simultaneously we truncate the coefficients of P at frequency v/

In N 4.2 we describe the FBI transform and show how to conjugate pseudodif-
ferential operators with respect to it. Conjugating the operator P with respect
to the FBI transform in X 4.3 we get two ode’s in the phase space. One of these
ode’s is along the gradient flow of p and provides an elliptic estimate away from
the characteristic set of P in X 4.4. The other one is along the Hamilton flow of p
and corresponds to propagation of singularities. In N 4.5 we study the regularity
of the gradient flow, which in X 4.6 yields a nice representation (parametrix) of the
function v in terms of certain oscillatory integrals which are reminiscent of Fourier
integral operators with complex phase.

The last step is to prove the estimates for the oscillatory integrals, using sta-
tionary phase and Stein’s complex interpolation theorem. In W 4.7 we set up the
interpolation argument. The easy part in the interpolation, namely the reduction
to a pointwise bound for an oscillatory integral, is carried out in R 4.8 and N 4.9.

The estimate for the oscillatory integral requires a careful analysis of the regu-
larity of the Hamilton flow, which is done in W 4.10. This opens the way for the
short range estimate in N 4.11 and the long range estimate in R 4.12.
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4.1. Reduction to dyadic estimates. Given a smooth function s supported in

[1,2] so that

Z s(277z) =1,

JEL
we define the multipliers

sx = s(ATH(r2 + €4)7)
which are supported in the region at frequency A. We also define the multipliers
U,\ = Z S\
p<A
which select the frequencies A and lower. Correspondingly, let
P)\ = i@t — 8,-af\j8j, CL?)\J = Uﬁaij

be the “mollified” operator obtained from P by truncating the coefficients at fre-

quency A2. The new coefficients aij are a small perturbation of a*, in the sense
that

(23) la® = a || < ATN(102a7 | + [9pa ||| o ).
Then we claim that (22) reduces to the corresponding dyadic estimates,
1 _1
(24) ||S,\uHLq(Lr) < )\2 ||S,\UHL2 + A2 HPAS/\UHL2-

In order to obtain (22) from (24) we square (24) and sum over A\ = 27, j > 0.
We get (22) provided we can handle the errors and show that

Y IPASy = SaPyull? _y S llull? .
A=27

This would in turn follow by summation from

(25) [(PSx = SxP)ullr> < min{]|u]l g, Allullz2},

where the two bounds on the right are used for the low (< A) respectively for the
high frequencies in u. The first part of (25) reduces to

lay Sx = Sxna |2z S AT
and further, by (23), to the commutator estimate
Ifa®, Sx]llz2 2 S AT
This is a consequence of the following bound for the kernel K of the commutator:
K(ta,sy)l = (a7 (t,a) — ad(s,y) A" 2502t — 5), A — )]
S AT+ A2t — 8|+ Az —yH) Y.

For the second part of (25) we move all the derivatives to the left of the coeffi-
cients, so that they are only used at frequency A,

8Z-aij8j = 8¢ajaij — 82 (@-a”)
and similarly for ai\j. Then we need to show that
laX Sx = Sxa"||zp2 S AT, (8za¥)Sn — Sn(0pa¥)|[p2r2 S 1.

But the first bound was proved before and the second is trivial.
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4.2. The FBI transform and error estimates. The FBI transform has been
an essential tool in the proof of the Strichartz estimates for the wave equation with
nonsmooth coefficients in [19, 20, 18]. We plan to use a similar strategy here. The
Schrédinger equation, however, has a different scaling. Thus the first step is to
introduce a modified FBI transform adapted to this case. Our results here parallel
the corresponding results in [19].

The FBI transform of a temperate distribution f in R x R™ is a holomorphic
function in C"*! defined as

n 2
20 (Bf)nz) = e [ R C f(s,y) ayas
where ¢, = PR R S el Set

2 2.2
2=t—it, z=x—1if, ®(z0,2)=e AT,

Then the operator T) is an isometry from L?(R™*!) onto the closed subspace of
holomorphic functions in LZ(C"*1). One inversion formula is provided by the
adjoint operator:

n = 2 _
f(s,y) = cn)\S( 2 /@(20, z)e_%(z_y)ze_%(zu_sy(TAf)(zo,z)dzdidzodéo.

The FBI transform of a function f can also be expressed in terms of the Fourier
transform of f,

(27)
T f(z0,2) = cn)\S(TQ) e3E N /67%(’775)26”‘”’67g(efT)Qe“‘QtTf()\QG, An)dn d6.

Given a compactly supported symbol (¢, x, T, &) we define the rescaled operators

Dy D,
= tv IR
Q}x Q( T A2 A )
Then our main result deals with the problem of conjugating the operator @, with
respect to Th. We define our candidate for the conjugated operator as

O = alt,7,7,) + 00—~ AE) + 1ae(305 ~ A,

1
—iA
Define also the remainder

Ry g =ThQx — QxT.
Then our main result is
Theorem 5. Assume that 02q,0iq € Li%,(C5°). Then
[Bnallzszz <A™

and

19 = A Raglla—rz < eA™2.

This theorem shows that the approximation we consider is precise up to one
derivative. The proof is identical to the proof of Theorem 1 in [19].
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4.3. Conjugation and the ode’s in the phase space. Set
Uy = T,\S)\u.

Then we try to get good L? estimates for vy. The function Syu can then be
recovered from

Sxu = Ty dvy.
Observe first that vy is concentrated in the region
U={lal <2, 7 <I6P+Ir] <4}
Indeed, outside this region we have
[oallzz ey < e Saul 2

which is a straightforward consequence of the representation formula (27). Hence
it suffices to get good estimates for vy in the region U.
Start with Syu as in (24), i.e. satisfying

A\2Syu e L2, A zP\Syue L2

Since the coefficients of P are C?, we can use Theorem 5 for vy in U. Note that
P is a second order operator, therefore compared with Theorem 5 we need another
A2 factor in the conjugation. We get

(28) Aoy € L2, AP, € L2

and also

(29) (0 —X)vy € L, X0 — XE)Pavy € L.
Here

- 1 1 1
Since the operators i(9: — A{) and (9 — iA§) coincide on holomorphic functions,
combining the second relation in (28) with the first in (29) we get

(30) Apuy € L3,

Away from the paraboloid K = {p = 0} this yields an additional Az gain for the
L? norm of vy compared to (28). This translates into a 1/2 derivative gain in the
physical space, which suffices for our estimates by the Sobolev embeddings. Hence
it suffices to study vy further in a small neighborhood of the characteristic set
K ={p(t,z,7,§) =0} in U.

To get good L? estimates for vy it is useful to eliminate first the weight ® using
the substitution

w = (I)%’U,\.
Also set
g = )\(I)%p)\v)\.
Then from (28), (29) we get
(31) N e L2, /\%g € L?

respectively

(32) dew € L?,  Oeg e L2
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Using the trace theorem, this yields
(33) Niw e LK), Aige L*(K).

The relation between w and g is obtained by conjugating P, with respect to ®,
i.e. by replacing 0z — A{ by Og:

1 1
(34) {/\p + jipxag —l—pg(g@z — )\5)} w = g.

On the other hand, since vy is holomorphic, the operators %az — X and 0: — A

acting on it are interchangeable. After the conjugation with respect to <I>%, this

implies that the operators %BI — A¢ and O are interchangeable when acting on w.

Consequently, from (34) we get a second equation, namely

1 1
(35) {/\p + jipx(gaz - )\f) ergag} w=g.

The first equation is an ode along the Hamilton flow of p, while the second
equation is an ode along the gradient curves of p. Our strategy is now to use the
(34) to obtain good estimates for w on the characteristic paraboloid K, and then
to use (35) to obtain good decay rates away from the paraboloid.

4.4. Estimates away from the paraboloid. We use (34) and (35) to decompose
w into two parts,
w = wi + W

where w; solves the inhomogeneous equation

(36) [)\p + pm(aﬂ — 7)\§> + pgag] wr =g, wl‘K =0
and ws solves the homogeneous equation
(37) AP + pe(0r — iAE) + peOc]we =0,  wyx = w.

Correspondingly we split Syu into uy + uy with
wi = T2 w;.

We claim that w; satisfies the following bound

(38) \wy € L2,

This implies that u; is one half derivative more regular than S)u, which is exactly
what is needed in order to get the LZ(L") bounds in the Strichartz estimates simply
from Sobolev embeddings.

Since A2g € L2, (38) would follow from an estimate of the form

(39) lwillz2 S A2 gl 2

It suffices to do this in the region p > 0. The argument in the region p < 0 is
symmetric. Let ¢ be a positive nonincreasing function to be chosen later. We
multiply the equation (36) by )\*%gf)()\% p)wy and integrate by parts. This gives

274 [ 6O pong dode = [ 0, €)un Pude,

where
W, €) = 222 pp(A2p) — &' (A2p)|Vp|2 — G(ATP)A2 A, ¢p.
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This implies (39) provided we can choose the function ¢ so that

c(1+¢*(p)) + Co(p) < pe(p) — ¢ (p)

for a large constant C' and some small constant c. But this is easily achieved if we
take for instance
o(p) = max{ezc(l*p), 1}.

Note that this integration by parts argument requires in effect just one derivative
for the coefficients of P, together with the fact that they are frequency localized in
a ball of radius v/A. This suffices in order to guarantee that A,p has size at most
A7
4.5. The gradient flow. The next step in our analysis is to estimate wq using
(37). To achieve that we need to compute the regularity of the gradient flow of p
with respect to the (z,¢) variables. Throughout this analysis (¢,7) are fixed. This
is related to the infinite speed of propagation phenomena.

Suppose we start with initial data (¢, z,7,&) on the characteristic set K = {p =
0}. Denote by ¢ the natural parameter along the flow, chosen so that ¢ = 0 on K.
Set (z4,&,) the image of (z,&) along the flow. Then (z4,&,) solve the equations

{ Oqg = pa(q,&q) x(0) =z
04€q = pe(wg,&y)  £(0) =&,
The following result describes the regularity of the gradient flow. Although our

operator P has C? coefficients, in effect C! suffices for the arguments involving the
gradient flow.

Theorem 6. Assume that P has C' coefficients with Fourier transform supported
in B(0,vX). Then

10207 4]
la|—1
020 (64— ©) Cagh T ecenVdl la| + 18] > 0.

|

‘_
Caph T ecasVNld laf + 18] > 0

IN

A

Thus the gradient flow blows up exponentially on the A2 scale. This is, however,
compensated by the fact that the fundamental solution to (37) exhibits Gaussian
decay on precisely the same scale.

Proof. The linearization of the gradient flow is given by the system

0qY = Pzl + Dagh
40 g
(40) { 9N = Peay + Peen.
This implies the inequalities

{ 10gy| < c(VAly| + [n])
10gn| < c(lyl =+ In])-
If we take (y,n) = (0x2q,0:€;) then the Cauchy data in (40) is (1,0). Thus we
obtain the bounds
|Opg] < eVl 18,6, < ATz eV

If we take (y,n) = (0cxq, 0¢&q) then the Cauchy data in (40) is (0,1). Then we get
the bounds : )
(Bl < AR o (g, — )] < A EeeVll,
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The rest follows by induction. O

4.6. The oscillatory integral for wus. The function us (which we need to esti-
mate) can be expressed in terms of wsg, and further in terms of the trace of w on
the paraboloid. This computation is carried out in the following theorem:

Theorem 7. Assume that P has C' coefficients frequency localized in B(0,v/')).
Then we have

Uy = )\7%V)\5Kw
where V is an integral operator,

3(n+2)

(Vyw)(s,y) =X~ 1 /er(y—x)ei’\zT(‘g_t)e_A;(t_s)zG(t,m,y,§)w(t,x,7‘, &)dxdedt
with a kernel G satisfying

(41) 0200 G(t, 2, €)] < caph'® e A,

Proof. We have

A2

us(s,y) = P /ei)‘é(zfy)ei)‘%(s*t)efT(tfs)Qefg(xfy)ng(t,:z:,T, &)dtdxdrde.

Now we choose ¢ = 0 on the characteristic set K = {T = a(t,z,£)}. Then (¢,z,¢,q)
can be interpreted locally as a new set of coordinates by

(t7 x, §7 Q) - (t7 .’L'q7 §q7 a/(t7 x, g))
In these new coordinates we write

us(s,y) = )\W/eiz\éq(wq—y)ei/\2a(t,%€)(s—t)e—%(t—S)Qe—%(wq—y)z’

’UJQ(t, m(p a(ta 'r7 €)a gq)dtdqua(ta Jj, g)dgq

Since wy solves the ode (37) we can represent it as

’U}Q(f, xq’ a/(t7 $7 g)’ é‘q) = F(t’ m? 67 q)w(t7 ',1:7 a/(t’ m? 6)7 5)

where F' is the solution to the homogeneous equation

[aq + )‘(p(ta xq,a(t,x,f),ﬁq) - sz(ta xq7a(tax7£)a§q) : fq)]F =0 F(t,’lj,g,O) =1

After the change of variable, uy has the form

52t / N (20— N a(2.6) (s—1) = 22 (t=5)° = 3 (2g—1)?

a(xqv a(t» x, f)v gq)

us(s,y) =

F(t,z,&,q) w(t, z,a(t,z, &), &)dtdrdldg

Iz, &, q)
or, recombining the exponents,
up(s,y) = AZED / / GNE(E—) NPT (51) = A (1) LiA(Eq—E) (2q—1) o= 3 (g —1)°
K JR
I(zq,7,&q)

eiz\ﬁ(zqfw)F(t,x,g’ q) wa(t, x, 7, §)dtdxdldg.

Az, &, q)
Then

G(t,x,&y)ZA%/Re(t,x,&y,q)dq
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where

o o a2 B 0(zq,a(t,z,8),&)
e\, 6, Y,q) = el/\(fq &)(@q y)e ;(Iq v) ez)\g(:rq i)F t,x, 57 q 1
@89.9) PR

Hence in order to obtain (41) it suffices to show that
la|
|8§‘8§e(x7 £y, Q)‘ < Caﬁ)\Te—c/\(z—yfe—c)\qQ.

This, in turn, would follow from

(42) 6§a§e“<fq—f><wq—y>e—%%-W‘ < CapA '3 emeNEY) eV
(zq,alt, z,£), &) lal VR

43 ot AR L VAL U I I b S A

) S 0,80 = s

(44) 10208 (1, 2,€,q)] < caph T e,

The bounds (42) and (43) can be easily obtained from Theorem 6. For (44) observe

that
}7(t7 T, 57 q) = e>‘ f()q iPa (t,m{;,7755)557p(t,zq,7',§q)dq

therefore
ei)‘ﬁ(I*fL’q)F(t, z,6,q) = e J§ ipa (t:25,7,€5) (€6 =€) —p(t,25,7,€5)dq

Since p ~ g we obtain the desired Gaussian decay, therefore it remains to show that

. laf+1
N2 O (ipe (b, 2, 7,€0)(€g — €) — Pt 74, T, €))] < Caph 5 eV,

This again follows from Theorem 6. (]

If we use the equation (34) on K then we get
[—P20¢ + POy — iApel)| w = —ig.

Furthermore, on K we have

peé = agl = 2a = 27
therefore

(Hp — 2iAT)w = —ig.
Taking into account the bound (33) for the trace of g on the paraboloid, we need
to prove the estimate

(45) IVAdKwl|La(rry < A ||(Hp — 200w 12 (k)

for all w supported in K N U. Note that, since w is compactly supported, the
operator Hy, — 2i\7 can be replaced by Hj, — 2iA\7 + 1.

Given (t,z,7,€) on K we denote by (t,z,T,£,) its image along the Hamilton
flow (¢ and 7 rest unchanged). Then (45) is equivalent to

Theorem 8. Let a(x,§) be a smooth compactly supported function, which is 0 near
E=0and1l in1/4<|¢| <4. Then

(46) HV)\a(l‘75)5KL||L2(K)4>L<I(LT) ,S A%

where L is the operator along the Hamilton flow with kernel
L(h,h) = eQi’\T(h_E)sgn(h - ﬁ)e‘lh_m

which is an inverse for H, — 2iA1 + 1.
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This is further equivalent to the corresponding bound for the operator

= "\« N = Vo KQ >
47 Z = (VaaL)(VaaLl)® = VyaLL*gaVy
namely

3
(48) 1Z 1| o (1 y—Larry S A2

The operator LL* is an integral operator along bicharacteristics, with kernel
l(h,ﬁ) _ e2i)\7—(h7ﬁ)ef\h7ﬁ|.

Next we use complex interpolation to prove the estimate (48) for the non-endpoint
case 2 < r < ¢. Then, due to (a simple modification of) Theorem 4 in [19], the
endpoint estimate (corresponding to r = 2) follows from the non-endpoint estimate
and the bound for the kernel Hz of Z,

|Hz(s,9,5,9)] < A" 5(1+2s — 3) 7%
which is a special case of (51) (or a simple consequence of (54)).

4.7. The complex interpolation. Here we set up the complex interpolation ar-
gument in order to prove (48) for 2 < r < ¢. First we need to break our operator
into a short range and a long range part with respect to time, on the scale of A\=3/2.
Let x be a smooth function, compactly supported and equal to 1 in a neighborhood
of the origin. Then for € > 0 we set

Xe(z) = x(ex).
Given an integral operator W with kernel K(s,$,y,%) and a smooth, bounded
function x we denote by W, the operator with kernel K (s, 3, y,§)xc(s — 3).
Now consider two analytic family of operators
Wi = Vaap™(t,2,7,€) LV
where Lj, Lg are the operators along the Hamilton flow of P with kernels

lé _ 9h9—1e—|h\e2ihm(t,z,£)7 l§ — gpf—Le—Inlg2ihAT

and p? is the distribution
p~l = (p+i0)"" —(p—i0)~".
Then
7 =W =W¢?.
We combine these two families, using W, for the short range and W92 for the long

range,

Z0:W1 §+W92—W2 3,
0,12 0,12

so that we still have Z; = Z.
Choose ¢1, 6, so that the points
11 11 1
-, =,0 - =1 —,0,0
(2u27 )7 (q77’7 )7 (qlu 5 1)
are collinear. Then our estimate follows by interpolation from the following;:
||ZQHL2_,L2 <1 RO=0

< AR R — g,

(49)

||Zg||L(1/1 (Ll)—qul (Loo)
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4.8. The L? estimate. We first prove that W, W are L? bounded. It is easy to
see that for RO = 0 the operators Lg are L? bounded. Hence it remains to prove
that Vy is L? bounded.

The kernel of VA Vy is

— ) St / A= D)E GNP T(s—5) = 32 (t—5)*+(t-5)%)

< Gt,z,&y)G(t ,6,9)0”(t,x,7,§)dtdrdrdg.
Integration in (7, £) yields

sns) /ecx<yw>2ecx<gz>26*f((tsm(tg)?)
2

(T+ Ay — gl + X2|s = 5))N
A2+ Ny — g + A|s — )N

and the L? boundedness follows.
To transfer the result to Zy we use the following simple Lemma, proved in [20]:

dxdt

‘KO(Sa §,y, g)|

A

Lemma 5. Let T : L? — L? be a bounded operator. Then the operators T, are
bounded from L? into L?, uniformly in € > 0.

4.9. The L% (L') — L% (L>) estimate. This would follow from the following
bound on the kernel of Zy,

(50) |Ko2(5,5,,5) < A3 s — 5770, RO =6y,
Observe that

2 2
2ottt g
Q1 2
This follows from the relation
2 2
-+ E — n+ _ 0
q r 2

which, by (6), holds for the first two points in (49) therefore it must also hold for
the third.
Then it suffices to prove that

(51)  |Koz(5,5,4,0) S A2 F 1+ N%s —3))"CF ™ 1<Re<

2
which requires that
RO n+2 —ERG)

(52)  [Kwy(s,3,5,9)] S e 275 (14 A%s — 3) =3

|s — 3] < A3
respectively

(53)  [Kwa(s,5,5,9) SAT2TF (@4 N%s —3)"CF M s 5> enE

Our aim is to eliminate the parameter # and reduce these estimates to simpler
ones. Towards this goal denote by F" the translation by h along the Hamilton flow.
Then introduce the kernel H" of the operator

Zh = VaaF" e s o 0 e —0aVy.
Theorem 9. The kernels H" satisfy the following estimate:
(54) [H"(5,5,9,9)| S A2 (14 A2[s = 5)) 73 (1 + VAN = ) = h)) ™. e~
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Now we prove that (54) implies (52) and (53). Observe that as a particular case
of (51) for @ =1 we also obtain a bound for the kernel Hz of Z:

Corollary 1. The kernel Hy of the operator Z defined in (47) satisfies the bound
(55) |Hyz(s,y,3,§)] < eX" 273 (14 A2|s — )7 %.

To prove that (54) implies (52) we claim that the kernel Ky, can be represented
as

(56) Kywa(s,5,9,9) = V(s —5)" ! / oh’~te M H" (s, 5,y,7) dh.
Indeed, observe first that
Lj= / Ono=tem M pheihAagp,
Then it remains to verify that
Vaap O Fre?hAaqy (s,5) = (A2(s — 8))?7 1 Vhad g Fhe?hAeqVy (s, 3).
For this we take advantage of the special form of the symbol,

p(xag) =T a(t,x,f).

and also of the fact that ¢, 7, a(x, &, 7) are preserved along the Hamilton flow. Then
the only part which depends on 7 in the integral expression for the kernel of
Vaap~lethraphaV, (s, §) is

;o /ewT(s—é)(g —1)(r —a(t,z,¢)) "dr

()\2(5 . 5))07161‘,\%@@,5)(575)

— ()\2(8 _ g))@—l / ei)\QT(s—§)5Kd7_.

This concludes the proof of (56). Combined with (54) this gives (52) provided that
we verify the inequality

/""H((1 + VA = )TN + e N dh < ex "3,

for .
1§9§n; . sl < AR

But this is straightforward.
To prove that (54) implies (53) we compute in a similar manner

KW: (8’ gaya g) = (>\2(S - §) - Ah’)gil / haileilthh(‘S? 57 yyg) dh
Combined with (54) this gives (53) provided that we verify the inequality
/ Ih)P7Y A2 — AR|PH (1 + VAAs — A)) N 4 e N dh < A2 (A2s)0 !

for

1<0< ls| > A%,

This is again straightforward.
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It remains to prove the kernel bound (54). The integrand involves the Hamilton
flow (z,&) — (xn,&n). Hence, our next goal is to study the regularity of the flow
map.

4.10. The regularity of the Hamilton flow. Here we obtain precise bounds on
the derivatives of the flow map F” with respect to £&. Observe first that if the (C2)
coefficients a* have Fourier transform supported in [¢| < v/A then the following
relations hold:

(57) 109679 | < caX" T, 0| > 2

We start with a weaker result which we strengthen afterwards:

Lemma 6. Assume that the coefficients of P are of class C?, with Fourier trans-

form supported in B(0,v/X). Then the following bounds hold

(58) 0¢zn] < A1+ RVN)IEL ol > 1
0g€n] < (1 + VA= o] > 1

Proof. We use induction with respect to a. For a = 1 the functions (Osxp, 0¢&n)
solve the linearized system

(59) % ( Y ) = A(h) ( Y > A(h) = ( age(wn, &) age(Th, &n) )

n n —Qz2(Th,En)  —aze(Th, En)

with initial data
(v )=(2)

Since A(h) is bounded, it follows that the solutions remain bounded. Furthermore,
the Cauchy data of the first component is 0, therefore the first component can be

bounded by ch.
For the induction step, compute

d .. o.d .
a5 = 08 gyn = O aclon. G
and

d d
a5 06 6n = 0¢ & = — 0 ag(2n, &)

Then the functions (%8?:1%, %8?5,5) solve a system of the form

i ()= (5)+ (56)

with zero initial data, where the inhomogeneous term (7(h),7j(h)) can be expressed
in terms of the lower order derivatives as a sum of products of the form

Jou | [z .
(021 0g2a) (xn, ) [T 0 n) T (05 €n)
k=1 k=1

where
1< on| +og| <o, 1< o] o[ <ol =1 D |of]+ ]l = |af

Since the coefficients of P are of class C?, with Fourier transform supported in
B(0,V), it follows that

log =2

(021 0¢%a)(wn, &) < Caranh™ 2, aa| > 2
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Then, given the induction hypothesis, we can bound both g(h) and 7(h) by (1 +
t\f)\)‘a'_l and the desired bound follows by integrating the system. |

We can use the above Lemma to produce an expansion of zp,&, in terms of
powers of h:

Lemma 7. Assume that the coefficients of P are of class C?, with Fourier trans-
form supported in B(0, \f/\) Then the following estimates hold:

(60) xy = 2 + hag + h*g(h, x,€)

(61) &n =&+ hm(h,z,§)

where g, m satisfy the following bounds:

(62) |02 m(h,x,)l,10¢ g(h, 2, )] < (1+hV/A)*I7,

Proof. We have

h
- d
Tp = :B—I—hag—F/O (h—h)%x;bdh

h
= x4+ hae + / (h = h) f(x;,,&;)dh
0
where f can be computed from the flow equation,
f(z,€) = agoae — ageay
Then it suffices to estimate the derivatives
|08 f (2, &0)| < 1+ R(RVN)*171,
By hypothesis
10207 f(2,6)| < ca sV

so this can be easily done using the previous Lemma. The estimate for &, is
similar. (]

Another straightforward consequence of Lemma 6 is the following bound for the
Gaussians in our kernel:

Lemma 8. For £ in a compact set and away from 0 we have

08G(t,an, )| < cae™ N =D (14 BVA)?,

It is somewhat more difficult to prove a related result for the exponent in the
“bad” oscillatory term in our kernel,

on(t,z,§) = Al(§ — zn)&n + 2ha(t, z,§)]
Choose & so that g = Zj. By (60) we have
|, — &n| & bl — ]
Hence it follows that
(63) (@ —y)? + (=& <z —y)* + (zn — §)7]

Now we can state our result
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Lemma 9. For £ in a compact set and away from 0 we have

(64) 106 (@n(t.2.8) + hAae(t,2.) ) | < (1+Alwn —§)%) (1 + AV
and
(65) 02 0n(t. 2. )] < ca(l+ Man —§)°) (1 +hVN)?, [a] > 2

In the case when |h| < \™2, we can replace (64) with
(66) 10¢ (¢n(t,2,) + AF — 2)€) | < (14 Man — §)*)(1 +hVA)

The above bound on the second and higher derivatives of the phase shows that
we can replace the phase by a linear one modulo a factor which can be included
in the Gaussians. This will allow us later to work with phase functions which are
linear in &.

Proof. Observe that
(67) En - e, = hag(t, x, )
Indeed, this is trivially true at h = 0. If we use the linearized equations (59) then

we get

%(Eh ) aixh) = —Qg - agxh + & - (a@ag:ch + aggagfh)
Since a is homogeneous of order 2 in &, this implies that

d

%(fh - Ocwp) = (azO¢n + agdebn) = Ogalt, xp, &) = Oealt, z,€)

Hence (67) follows.
Then the first derivative of ¢y, is
aE¢h(t7x7§) = )‘((g - xh)aﬁgh —|—2ha§(t,$7§))
BA@em(t, 2, €))( — on) + A — wn) + hAag(t,,€)
= hA@em(t, 2,€))(F — zn) + A(F — ) — h*Ag(t, 2,€))

Now (65) follows easily from the bounds on the derivatives of z, in Lemma 6 and
the bounds on the derivatives of g,/ in Lemma 7. To prove (64) it suffices to
observe that the ¢ gradient of ¢y (t,z,&) + hAfae(t, x, &) vanishes at & = £&. Then
we can use (65) with |a| = 2 to obtain

[0e(n (1 2, €) + hAgag(t, 2, ) S (1+ Man = §))(1+hvV2)*[€ = €]
Thus (64) follows by (63). O

4.11. The short range kernel estimate. We want to estimate the kernel
n 2
Hh(gvgvsvy) = AS( 2+2) / G(t7§7I7y)G(t7£h7xh7g)67>\7(t78)2
K
e—%(t—5)2eiAZT(g—S)eikﬁ(ac—y)eugh(g—xw62M7hdtdxd7_d€

n (54) for h < A~2. Due to Lemmas 8,9 and the gaussian bounds (41) on G, the
integrand can be represented in the form

=A@y =A@ o= (1-9)% o= 37 (1-8)° VT (5=9) GINW=D) {1y 5] 7, €)
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where f is bounded, compactly supported away from £ = 0 and has bounded
derivatives in &. Hence the kernel H" can be represented as

Hh(§7ﬂ,8,y) = )\w/ e~ A@=Y)? g=eA@=7) A T(5-3) iAE (T—y)
K
2 2 -
e T = e (=97 £y 5o €)dtdodrde

To estimate this we use standard oscillatory integral estimates of the form

1+ |y )N

i(y&+Ts) -5
69 [ et < (0l + 1) (o

for f smooth, compactly supported, vanishing near 0. What is important in these
oscillatory integral estimates is that the characteristic set K = {p = 0} has n
nonvanishing curvatures (see e.g. Stein [17] 8.3.1 and 9.1.2). The decay given by
the first factor on the right is sharp in the cone of directions in the conormal bundle
of KN supp f. Away from this cone, the integral is rapidly decreasing. Since f is
supported away from 0 it follows that our oscillatory integral is rapidly decreasing
in a conical neighborhood of y = 0. This motivates the second factor in the right
hand side of (68).
From (68) we obtain

3(n+2)

(s, 5,p,9) < AT (14 N2s—3) 7 (

1+ Ay — 9 )N
14+ Ay —g| + A?|s — 3§

/6_%(t_s)26_%@_5)26_6)\@_?})2B_CA(m_g)zdtdl‘
Then the desired bound (54) follows after integration in z,t.

4.12. The long range estimate. As in the short range estimate, our strategy
will be to replace the phase function by a linear one and treat everything else as
a perturbation. This time the derivatives in ¢ are of the order of (h\ﬂ)m, but
this is compensated by the fact that our estimates are localized in ¢ on the scale of
(VX)L

Again, due to Lemmas 8,9 and the gaussian bounds (41) on G, the integrand
can be represented in the form

Eh(S,y,§,ﬂ7t,x,7, 5) = efc)\(wfy)2efc/\h2(§7€~)2e*%(tfs)QefL;(t7§)2
62')\27—(575) 6ih}\§p€ (t’mé)f(ta Y, g7 €L, 5)
where f satisfies

(69) 02 f| < call+hVA)"

Here é depends on ¢, z, y, ¥ but this does not matter since we estimate the ¢ integral
first. We need to prove that

3(n+2)
2

| Buddode] < x4 20s = 6)7 (VA - 8) = 1) 4 )
K
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This follows after a straightforward integration in x, ¢t from the corresponding bound
for the integral with respect to &,

’/ eMzT(S_g)eih)\gpg(t,z,é)e—d\hz(f—é)Qf(g)df‘ S
K

(14 M) — §|)‘%((f/\(A(s —35) - h))_N 4 e

for f compactly supported away from 0 and satisfying (69). In the region |¢ —£ |21
we have }
08 =MD" f(g)] < e

therefore the stationary phase estimate (68) yields a bound of efclh%‘(l + A?|s —
5)~% for the integral.

It remains to consider the case when f is supported in a small neighborhood
of £. In this case we must necessarily have |£] = O(1). The argument simplifies
considerably if we take into account the fact that a is quadratic in £&. Then we can
make the substitution

The new phase function is

A2a(€ +€)s — BA(E + E)pe(§) = Aal€)s + A(As — h)Epe(€) + Na(E)s

and the estimate to prove is
2 . & 242 n -N
’/Kem Tsez)\(Asfh)gaE(t,m,f;“)efc)\h 13 f(f)dé‘ 5 (1 + )\23)75 (\/X(/\S _ h))

with f supported in a small neighborhood of 0.
If |[As| < |As — h| then the phase is nondegenerate, and a simple integration by
parts yields

AeiAQTseiA(Ash)gpg(t,z,é)ec)\hQEQf(g)dfl 5 (h\//i\)7%<

hv/ A N
(14 A2|s] +)\|h|))

which is more than we need.
Finally, we consider the interesting case, i.e. when |[As — h| < |As|. Then
As = O(h). After a linear change of coordinates we can assume that a(¢) = £2. Set

t=2As, z = (As — h)ag(&).
Then we have to show that

3 2 262 n -N
(q0) | [ e emﬁe—wf(f)dg\s<1+A|t|>-2(1+fA|x|) L el S S

where

|0°f] < ca(VAR])®
We interpret the last integral as a convolution of the Fourier transforms of eME ¢
242
respectively e "¢ £(£). We have

7/\t2§27

12
|/eia:§ei)\t§267)\t2§2d£| — (M + M2)"F e T

n z2
SJ (A )_5 —ci-
While

| [ eee e pleag) s (VR 1+ Ll
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Then their convolution is bounded by

7%670% * —n ﬂ -N -5 m —-N
(A1) (tVA) (1+tﬁ) S ()= (1 + ﬁ)

Replacing x by Az we get (70).

(1
2]
(3]

(10]
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