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ABSTRACT. Strictly regular elements play a role in the structure theory of
Freudenthal triple systems analogous to that played by idempotents in nonassocia-
tive algebras with identity. In this paper we study the coordinatization of reduced
triple systems relative to a connected pair of strictly regular elements and use the
explicit form of strictly regular elements in terms of the coordinatization to prove
uniqueness of the coordinatizing Jordan algebra, as well as several generalizations
of known results regarding groups of transformations related to triple systems.
Finally, we classify forms of a particularly important triple system (the representa-
tion module for the Lie algebra E7) over finite, p-adic or real fields.

Following Freudenthal [7], Meyberg [9] and Brown [1] have introduced an
axiomatic approach to the study of the ternary algebraic structure of the minimal
dimensional module for the Lie algebra E,. In particular, this module is one of a
class of ternary algebras we refer to as Freudenthal Triple Systems (FTS). In
this paper we analyze further the internal structure of such algebras using as a
basic tool the Peirce decomposition relative to a pair of supplementary strictly
regular elements. Using this decomposition we obtain, in a manner similar to [1],
a coordinatization theorem—every simple, reduced FTS is isomorphic to M), &

a member of a small class of Jordan algebras specified in $1. In $6 we analyze
the forms of strictly regular elements in () and use the results to show

(Y = MR) if and only if Jand & are norm equivalent. In §7 the action of the
group of g-similarities on the strictly regular elements is studied, yielding con-
jugacy theorems generalizing a result of Brown [1], as well as information regard-
ing ratios of similitudes generalizing results of Faulkner [4] and Seligman
(unpublished). Results of this section are useful also in the classification problem
for Lie algebras of type E.. In the final section we classify completely all forms
of M), I exceptional central simple, for finite, p-adic, or real fields.

In [5], symplectic algebras (an asymmetric version of FTS’s) are studied,

yielding different proofs of several results obtained in this paper.
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We assume throughout that all algebras are finite dimensional and all fields

are of characteristic # 2, 3.

1. Construction of a class of FTS’s. A Freudenthal Triple System is a vector
space I with trilinear product (x, y, z) — xyz and skew bilinear form (x, y) —
(x, y) such that

Al. xyz is symmetric in all arguments;

A2. q(x, y, z, w) = (x, yzw) is a nonzero symmetric 4-linear form;

A3, (xxx)xy = (y, x)xxx + (y, xxx)x for x, y €L,

A2 is equivalent to

A2'. (x, yLz'z)= - (xLz'z, ¥) (x, xL_ )#0 where L, :z—xyz

Linearizing A3 completely yields

uv)yz + (zuv)xy + (xuzlvy + (xvz)uy
(1) =(y, Wyxvz + (y, v)xuz + (¥, 2)xuv + (y, x)uvz
+ (s xvZ)u + (y, xuz)v + (¥, uvx)z + (y, uvz)x.,

The prototype FTS is constructed as follows: Let JN, 1) be the quadratic
Jordan algebra of an admissible cubic form N with basepoint 1, T(a, &) the
associated trace form, a — a” the associated quadratic mapping and @ x b =
{a + ) = a® = b*, By [10], assuming T(a, b) nondegenerate, we have PLL
N(a)a, N(1) =1, T(a x b, c) =6N(a, b, c). Define WJ) =Ha,, a, a,, a,)| a, €F,

a, € 3} and define on M(J) the forms
(x, y) = a,8, - a,B; + Tla,, b,) - Tla,, b))
g{x) = 12(4a1N(al) + 4a2N(a2) - 4T(a':, ag) + (T(al, az) - alaz)z)

Whete X = (al, az: al) az)y Y = (Bl’ st bl: bz)'
We let ¢(x, y, z, w) denote the linearized form of g(x) and define xyz by

q(w, %, y, z) = (w, xyz) for all w e M(T).

Since { , ) is clearly nondegenerate, the product is well defined. One easily
sees that Al and A2 are satisfied. That A3 is valid follows directly from the
arguments of Brown [1, Lemmas 9 and 10(d)].

Since the proof of A3 depends only on the fact PLA N(a)a, we can construct
a degenerate case I(3J) as follows. Let J(Q, ¢) be the Jordan algebra of the qua-
dratic form Q with basepoint ¢ (10], T(a, b) = Q(a, b*), and define a’ =N(@) =0
for all @ € 3. IS) is once again a FTS with nondegenerate form (, ) if Q is
nondegenerate. The algebra obtained in this manner can also be realized in terms
of a skew bilinear form on 2 vector space I (see foh.

For later use we establish
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1972] FREUDENTHAL TRIPLE SYSTEMS 315

1.1 Lemma. If 30 = X(Q, c) is the Jordan algebra of a nondegenerate
quadratic form, there is a quadratic Jordan algebra (N, 1) such that W) is
isomorphic to a subalgebra of ).

Proof. Let % =3, @ J,¢ be a sum of copies of Iy, I, = Fu+ N. Define a
quadratic form Q, on 30 by Qo(au +a+bt)=a’- Q'Sla*, b). Q, is a nondegen-

erate quadratic form and the Jordan algebra

= Fe @30 with cubic form N as in
{10, p. 506] and basepoint e is the algebra of an admissible form. Moreover, it
is easy to check that ¢: (a, B, 4, b) — (a, B, a, bt), a, b € J, is a linear
transformation of W(So) into M) which preserves both (-, ~) and g(-), hence

is an isomorphism,

2, Ideals in Freudenthal triple systems. A subspace M of a FTS M is an
inner ideal if RMN C N, an ideal if MNMC N. Clearly ideals are inner, but the
converse can be shown to be false. I is simple if there are no proper ideals in M.

Simple FTS’s are characterized by
2.1 Theorem. N is simple iff (-, -) is nondegenerate.

Proof. If x € R = radical of (-, =), 0 =(x, yLz'w) == (xLz'w, y) for all
y €M by A2', thus R is an ideal. Conversely, assume N£ {0} is a proper ideal
of M. For y €M with g(y) £0, 1) with u=v =y =z yields 3xL§y =
2y, )yyy + 2%, yyy)y + 9(y)x. Writing T = Fy @ Fyyy @ (Fy ® Fyyy)* and
considering the action of Lf{y on summands yields

2) Lyy is nonsingular if g(y) #£ 0,

An immediate consequence is that ! contains no element with g(y) £ 0. Further,
if q(y) £0 we have yyy £0. For x € % we consider w = (yyy)yx = (x, y)yyy +
(x, yyy)y € R and note that wL  =(x, Walyly + (x, yyy)yyy € % also. Since

(1) implies

(3) a(yyy) = 99(y)?

we have yyy ¢ . If either (x, y) or (x, yyy) is nonzero, we must thus have
wLyy =k w, k_=(x, yyyx, y)~ L Equating coefficients then yields g(y) = ki
for any x with (x, y) # 0. Since kxy +yyy € R, previous remarks imply

0 =q(k_y + yyy), but direct computation of g(k_y + yyy). yields 49(y)3 £0, a
contradiction. Thus for all y € I with g(y) # 0 we have (x, y) =0. A density
argument then implies x € R so NC R,

2.2 Corollary (to proof). R is the unique maximal ideal in M and M/R is

simple,

2.3 Corollary. The systems W) of $1 are simple.
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While simple FTS’s may contain inner ideals, we have the following restriction

on their structure.

2.4 Theorem. Le: M be a simple FTS, 8 CM an inner ideal, x, y eN. Then
(x, y) = 0= xxx,

Proof. By (2), 4(z) = 0 for all z € so by linearization (w, zzz)=0 for all
w,z e, If 3?0 denotes the radical of (-, -) v for x € ?Ro, u€el, (xxx, u)=
(xxu, x)=0 so xxx e R=1{0}. If x ¢ 3%0, weN with (x, w)£ 0, (xxx)xw =
(w, x)xxx by A3 and the above remark. Now for any u €I, (w, x){(u, xxx) =
(u, (xxx)xw) = = (uxw, xxx)= 0 so xxx € R = {0} and the triviality of the product
is established.

Assume now there are x, y € R with '(x, y)# 0. Then uLx'xLy’x =
(y, ul -+ (y, uLx’x)x for all z €M by (1). Since the product in % is trivial
ith'xLy.; =0 and (y, uLx'x) = 0. Thus (y, x)uLx‘x =0 so Lx'x =0,

From (1) with z= x we have forall », v, y € T,

4) (xuv)xy = (y, xyxuv + (y, xuv)x

so, for u, z €M with (z, x) = (&, x) = 0 we have (y, )z, xuu) = (z, (xuu)xy) =
((xzy)xu, u)= 0, the last equality following from expansion of (xzy)xu via (4).

Again assuming (x, y) # 0 we have (xLu’u, 2)=0 forall z, u € (Fx)* and,
since (, ) is nondegenerate xL  =oa x, a, € F. From (4) with v=1u, 0=
Zau(y, x)x so a, =0. Now for any v el (vLu'u, x)=10 so ﬂLu'u C(Fx)* forall u €
(Fx)* and (Fx)* is an inner ideal. Moreover, for all z, w € T, (xLz' o X) = (xxz, w)=0
since Lx'x =0 so FIM C(Fx)t. For y €M with ¢(y) £ 0 this implies (x, y)£ 0,
(x, yyy) # 0 and (yyy)yx = (x, y)yyy + (x, yy»)y € (Fx)*. Taking inner products
with x yields 0= 2(x, y}{x, yyy), a contradiction. Thus we have for all x, y €7,
{x, y) = 0 as desired.

2.5 Corollary (10 proof). Let % be a simple FTS, x €M such that L, .=0.
Then x = 0.

We remark that for symplectic algebras, the analogue of Theorem 2.1 has been
proved in [2].
Henceforth we restrict attention to simple FTS’s.

3. Strictly regular elements in simple FTS’s. » €M is strictly regular if
mLu'u C Fu. Such elements play a role in the structure theory of FTS’s analogous
to that of idempotents in nonassociative algebras with identities. If u is strictly
regular, (2) implies g(u) =0, so 0= gfu)u= uLiu = Biu where wux = B, u. Thus
B, = 0. Now taking x = u =z in (1) we obtain B, B, u= 2y, u)B,u and since, by
Corollary 2.5 there is v €M with § # 0 we have
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1972] FREUDENTHAL TRIPLE SYSTEMS 317

yLu, w = 20y, wu,
) 9(u, u, x, y) =2y, w)(x, u) for all x, y € 1.
In determining explicit forms of strictly regular elements for Corollary 6.3 we
shall need

3.1 Lemma. u € is strictly regular if and only if uuu =0 and u €
Range L

u
Proof. Clearly strictly regular elements have the desired properties.

Conversely, if v € with vuu =, (1) implies forall y €M, yL, ,= 2(y, wu, so

u
u is strictly regular.

We have the useful

3.2 Corollary. If I, is a simple subsystem of the simple system M, u el
is strictly regular in ml if and only if it is strictly regular in M.

Proof. The lemma clearly implies if « is regular in ml it is regular in %,
Conversely, if it is regular in |, either » Egﬁluu or mluu = 0, the latter being
impossible by Corollary 2.5.

We call M reduced if M contains a strictly regular element u. In such a
system one can show by straightforward calculation, using (5) and (1) repeatedly,
that for w €} with (w, u)#0, v = 3uLw,w +6(u, ww + (@, W™ Yy, www)u is a
strictly regular element in I satisfying (x, v) = 3(x, ul )+ 6(u, w)? =
12(u, w)2 £ 0. A pair of strictly regular elements are supplementary if {u, v)= 1.
After replacing v in the above argument by a suitable scalar multiple we have

proved

3.3 Theorem. Let M be a simple FTS. Then M is reduced if and only if N

contains a pair of supplementary, strictly regular elements.

3.4 Corollary. W is reduced if and only if M contains an element x with
q(x) = 12B%, B € F*.

Proof. If u, v are supplementary, strictly regular elements, g(z + v) = 12.
Conversely, if g(x) = 1282, direct computation using (1) shows (8~1/12)(xxx) +
Yox = u, (~ B=1/12)(xxx) + Yx = v are strictly regular with (z, v) = — 8. After
suitable scaling, we see that ! contains a pair of supplementary strictly

regular elements.

3.5 Corollary. If F is algebraically closed, every simple FTS over F is
reduced.

In studying the groups related to ! in §7, we need
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3.6 Lemma. If x € M satisfies q(x) = 12ﬁ2, x is uniquely expressible as

the sum of two (nonorthogonal) strictly regular elements.

Proof. The elements u, v of the proof of Corollary 3.4 give one pair of such
summands. If x = ' + v’ is another such expression, (', v') = a, direct
computation yields ' = %x — (@™ 1/12)(xxx), v’ = Y%x + (™ 1/12)(xxx) and thus
a= 1 f, which yields the uniqueness.

In the case F not algebraically closed we have

3.7 Corollary. Let x €M, g(x)#0, M = Fx + Flxxx). Then M_ contains
either zero or two elements (projectively) with www = 0. If such elements exist

they are strictly regular and span the space 1 .

Proof. Let Q be an algebraic closure of F. In Mg we have x =u + v, u, v
supplementary strictly regular elements spanning (I ),. Moreover, glau + Bv) £0
if aBf #0, hence (au + Bv)(au + Bv)(au + Bv) £0 unless @ or B =0. Thus at
most two such w exist and they are strictly regular. Moreover, if x + oxxx €M
is strictly regular, a = +B71/6 where ¢(x) =128?% (in Q), hence B € F and
X — axxx € Wx as desired.

We note that if one considers the FTS I obtained from the system of
Freudenthal [7] by symmetrizing the ternary product, the strictly regular elements
turn out to be precisely the elements of the manifold related to the group E..
Also, it is a consequence of Corollary 6.2 that the rank one elements of the
symplectic algebra used in the study of an E, geometry [3] are precisely the

strictly regular elements of the symmetrized algebra.

4. The Peirce decomposition of a simple, reduced FTS. It uy, u_, are

supplementary, strictly regular elements of I, (1) and 5) imply

6) xLil,u2=—3(x, ul)u_l+3(x, u_jyuy +x.
Thus on (Fu; @ Fu__l)L we have Lil,uz =1d, so (Fu, ® Fu_l)l =Med_,

where ﬂnc is the eigenspace for the eigenvector ¢ of L Moreover, since

up,u_1’
(-, —) is nondegenerate and its restriction to Ful & Fu_1 is nondegenerate,

we have

N-Fu ®@Fu_®0 60 -N,60 00 6N_

1 1

since (5) implies Fu_ is the eigenspace for L with eigenvalue - 2e.

ul,u-1
A2' and the fact that (-, -) is skew imply that all Peirce spaces are totally

isotropic. The nondegeneracy of (-, —)"DI o then implies dim §m1 =dim .Sm_l.
1 -1

For e = 1 we have

4.1 Lemma. (i) MM, M_, CM

2¢ = e
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(ii) SUIG.‘H!R.‘IRZ( = §m-—sgmumlk = {0};
Gii) BRI, = {o};

(iv) RAM_, CT_;

(v I2_J, M

—€2e =
(vi) &Rfmg)tfg%u;
(vit) Wffmﬁﬂ_egiﬂf.

20

Proof. (i) is direct from the definition while (ii) follows from the definitions
and the orthogonality relations among the Peirce spaces. For (iii) we expand
XY H_ using c(xeulu_l) =%, and (1) to obtain 4e XU_ K= 0. Since (1) also
yields (xxuJuu_, =- dxxu,) we have (iv). (v) now follows directly from A2’,
the preceding results and the orthogonality relations. (vi) again follows from an
expansion of x x %  using €x =x uyu_,, (1), the orthogonality relations and
previous results. (vii) is then a direct consequence of the orthogonality relations.

From (v) we obtain immediately, by taking inner products with u, and using

A2',
(7) xfy_eu_e=_(x€,y_e)u_6.

For the coordinatization theorem of §5 we need a means of identifying the
spaces §ml and SJR_I in a manner consistent with the forms g( - ), (-, —). We
define t: EDII—» &R_l as follows: if, for all y Egﬁl, (ul, yyy) =0, let a, -.., a,
be a basis for M, ¢/, .-, a' a dual basis for 3_, relative to (-, -) and
define t by at= Zai'; if there is y € ?IRl with ("1' yyy) = A £ 0, define ¢ by

at = — ‘/zayul + %A'l(ul, yya)yyu,. We then have

4.2 Lemma. Forall a, b Efml,
(i) (a, bt) = - (at, b);
(i) (u_,. atatat) = (1/12)\Mu,, aaa);

(iii) t is nonsingular.

Proof. (i) is immediate from A2’ in the latter case and from the definition
in the former.

In the case y exists with (u, yyy)= A £ 0 one can use A2’ to obtain
((uya)u,yalu ya), u_,) = (uys (uyya)(u,ya)u_,)ya) and then expand
((u,ya)(u,ya)u_,)ya using (1), A2', (7) and the orthogonality relations to obtain

(ul}’a)(ul)’a)(ul)’a) = (‘6()/““: u1><_’)’}’a, u1) + (2/3)<)’)’}’n u1>(aaa’ ul))u—l

for all a € Wll. Linearizing yields

(ulya) (ulya) (ulyb)
(8) = (- 4(yab, u,)(yya, u;) -~ 2(yaa, u) (yyb, u,)

+Q@/3Kyyy, u)laab, u Yu_,.
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(ii) then follows by direct computation with repeated use of (8). In this case also

we derive from (1), Lemma 4.1, and the orthogonality relations 3(yyx)u1y =

2(u1, yyy)x for all x € m_l. Thus Lul'y is surjective, hence bijective from 9)21

o J_,.
As a consequence of (ii) and (iii) in the case (yyy, up) #0, we have

(u_, bbb) =0 forall b € M_, if (yyy, uy) =0. Thus (ii) and (iii) follow trivially

in this case.

Since yt £0 for y as above, we thus see that ¢ is also bijective.

4.3 Corollary. For ¢ as above, x, z € 9R1, (ctztu_ )t =(- )\/12)(xzu1).

Proof. In case (z;, yyy) =0 on I, the nondegeneracy of (-, -) and the
fact that Wll, W_l are dual relative to the form imply both sides are zero. In the
remaining case, it suffices to compute inner products with all w € ?Hll, but by the

lemma

(w, (xtztuml)t) = - {wt, xtztu_,) = —(u_,, xtztwt)

= (= M12Xu,, xzw) = (-« A/12Xw, xzu,) as desired.

1’

We note finally that (1), Lemma 4.1 and the orthogonality relations yield

(9 (xxul)u_l(xxul) = - (16/3)(111, xxx)x for all x € ?]ﬁl
and
(10) xxy =2{y, x)x —l/z(xxul)un_ly for x € My, y € n_,.

5. Coordinatization of simple reduced FTS’s. Using the results of $4 we

prove, in a manner analogous to that in (1],

5.1 Theorem. Let N be a reduced, simple FTS over F. Then M = M)
(see 1) where X is
(i) the quadratic Jordan algebra of an admissible cubic form with basepoint,
or

(i) the quadratic Jordan algebra of a nondegenerate quadratic form.

For proof, we show that the Peirce space Wll can be endowed with the
structure of a Jordan algebra of one of the above types in such a way that the
map ¢: au; + Bu_, +a+ bt — (a,B,a, b), t as in $4, is an isomorphism of
triple systems. In particular, it will suffice to show ¢ is an isometry relative to
both the skew bilinear forms and the quartic forms (see Lemma 6.6). As in $4
we begin with a pair (ul, u_l) of supplementary, strictly regular elements and
distinguish cases: (i) («,, xxx) =0 on My, Gi) (uy, xxx) £0 on T,. In case
(ii) we pick y € Wll with <”I’ yyy) =12XA # 0 and in case (i) we set A =1. Using
t as in $4 we define T(a, b) = A" Ya, bt) and N(a) = ()\'1/12)(111, aaa) on M.
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The nonsingularity of ! and nondegeneracy of (-, -) imply T( -, -) is nondegen-
erate and Lemma 4.2(i) implies it is symmetric. We can thus define a commutative
product on M, by T(a x b, ¢) =6N(a, b, c). Lemma 4.2 and the nondegeneracy of
T(a, b) yields @ x b= - (A" !/2)(atbtu_,). Together with Corollary 4.3 this
implies (a x a) x (a x a) = 8N(a)a.

Defining a® - Ya x a we thus have aw = N(a)a. Moreover, in case (ii) a
straightforward calculation using the form of ¢ yields T(a, b) = - d,d, log N|y.
Since by definition N{y) =1, ?Htl(N, y) is a quadratic Jordan algebra of the cubic
form N, basepoint y [10].

In the first case we consider I as Jordan algebra of a quadratic form Q with
basepoint @, where Q is defined as follows: let * denote the mapping Qe+
2108, maa -2 aa. and set Qa) = 4T(a, @*). The Jordan trace form is
then just T{(a, b). In this case we clearly have N(a)=a" = 0 forall a ¢ .

An inspection of the known orthogonality relations, (10), Lemma 4.1 and the
definitions yields, for x, = @ u, + Bu_,+a, + b.t, (xl, xz) =o,f8, - Blaz +
MT(a,, b)) - T(b,, a,)),

glx)) = 12(- 4A2T(a’;, by) + 4ha Na,)) + 4)\ZBIN(b1) +WT@ b))~ a,B ).

Replacing the pair (u;, «_,) by (A~ lul, Au_,) (which again are supplement-
ary, strictly regular elements) we may assume A =1 so a comparison with the

forms of $1 yields the result.

6. Uniqueness of the coordinate algebra. An element x € M is rank one if
L, . has one dimensional image. Among the rank one elements are the strictly
regular elements. In this section we determine the form of all rank one elements
in (), J= J(N, 1), and use the result to study the coordinate algebra in an
arbitrary reduced simple FTS.

The results of Springer [11], [12] show that if dim >3, = SN, 1) is
either central simple of degree 3 or of form = Fe + 30’ 30 the Jordan algebra of
a quadratic form Q (10]. We need the following facts about these algebras.

(11) I a" = 8" = 0, there is ¢ € Jwith ¢ = 0 such that (a x c) x b £ 0.

(12) f 0£a €S, dima x I >1.

For algebras Fe 4+ ‘:30, (11) and (12) are consequences of elementary com-
putations using the explicit form of a” (given e.g. in [10, p. 506)). For central
simple algebras, (12) follows from 1.1(a) of [4]. For (11), since a £0, a" = 0,

3 must be reduced, hence spanned by elements ¢ with ¢ = 0. It thus suffices
to show (a x J) x b £0. For this we can clearly use a field extension argument
to assume F algebraically closed, hence  split. The transitivity of the norm
preserving group on fc € Jjc” = 0}, together with the easily established fact that
(e; xJ)xb#0 for 0£b €S, e denoting the first diagonal idempotent in a

coordinatization of Jj, gives the result.
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We can now establish

6.1 Lemma. Let & = (N, 1) be as above, dim X >3. x € WT) is rank one
if and only if x =(a,a_,, a;,a_,), a, €F, a_ €Y where either
(i) for some e, ae,éO and a, = ae‘la‘ic, a_,= a;ZN(a-e) or
(i1) a =a_; =0, a: =0 and if a_, £0, a, = (a_(x z_c), some z__¢€ .

Proof. The results of $5 imply u;=(1,0,0,0), u_, =(0,1,0, 0) are
supplementary, strictly regular elements in J(J) and the related Peirce spaces
e ?Rl =(0,0, %, 0), 9]?_1 = (0, 0, 0, J). Using the results of 34

to evaluate products we obtain

(13) u_fxx:(Bl,B_l,bl, b—-l)

are %Zt': Fu

where

B_=4ea,a_ ~2¢Ta;, a_,), B, =—2€a€2,

€

b_,=-2¢a.a_, b, =2e(a,a, ~2a" ),

(14) cfxx:(Bl, ﬁ-l’bl’ b—l)

where
/3_€=—26a_€T(a ),

b =2ela,a_.c, ~Tla_,, ca, - Ta_,,a)c, +2a, xc)xa_),

c€)+125N(c€,a€,aE), Bc =25a€T(c€,a

-€? -€

b_, =26(2C1€(d€ X c€)+ T(ce, a_ )a_t, —2(a"__6 x ce))’ c €§Dl€.

€ €

Assume now L _ has l-dimensional image.
.

Casel. a;a_, #0. Then u_,
Equating the components from ¥__ then yields - (pa, + T(c,a_Na_, =
#

¢ X (2a6a€ - 2a_6). (12) then implies a a, - af‘ =0, one of the desired

conditions. Moreover, we have a; = 0 if and only if a_,= 0 and since x =

xx =v # 0, hence c xx =pv, p € F.

Quuy + @_qu_y clearly does not satisfy the condition on Lx’x, a, £0, e=t1,
The above equation also yields p=-aZ lT(cf ,a_,) so, equating coefficients

of u_, in (13) and (14) we have, forall ¢, c € %, an;lT(ce, a_c)T(af, a_c) -
4ea_,T(c,, a_e) == 2£a_€T(a_€, c() + 4€T(c,, ag). The nondegeneracy of T( -, -)
and a} ™ af"lT(af, a_Ja_, = a;‘la:flT(af, ag)a_e =
3a:€1a;lN(a€)a_€ which completes the proof that x is of type (i).

Case 2. a_#0, a_,

immediately u xx =0, hence T(a,, a_) =0, ag =0.

=a_.a_, imply 3a_€a
= 0. Analyzing the Peirce components of u, xx gives

The argument from Case 1 also yields a a = af'-c' Since in this case

N(a_)=0/3)a,Ta_,a)=0, x is again of type (i).
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Case3. a =0, e= %1, Clearly rank x =1 implies either # xx =0 or
u_.xx=0so Tla, a_))=0. If a* ,é 0, m L__=F(0,0,a"  0), but then
analysis of ¢, xx yields Nlc_j,a_j,a_;)=0 for all ¢ €3, hence a’ | =0,

a contradiction. Arguing similarly we obtain a;' = 0. Equating Peirce coordinates
e)a_f = T(af, c_()a_e— 2(a_( X C-e) xa,. (11)

then implies that for suitably selected ¢ with ¢* =0, a_ =a,x(a_ xc_)=

of ¢, xx thus yields pT(c,, a_

-€

a,xz, as desired. If a__=0, the conditions are satisfied by z, = 0.
Conversely, if x has the form (i) or (ii), a straightforward calculation using

(13), (14) and well-known identities (e.g. [4, 1.1-1.6]) relating T( -, -), N(-)

and x yields in each case yxx = 2(y, x)x for all y € I{S) so x is rank 1.
6.2 Corollary. If 3= 3N, 1), dim I >3, x € M is strictly regular if and

only if it is rank one.

Proof. We have already observed that strictly regular elements are rank one
and the final observation of the proof of the lemma, together with the lemma,
implies every rank one x satisfies yxx = 2(y, x)x, hence x is strictly regular.

Corollary 6.2 is false if J is the Jordan algebra of a nondegenerate quadratic
form, as x =a, + b_,, T(a, b) =0, is easily seen from (13) and (14) to be rank
one but not strictly regular.

6.3 Corollary. If T is reduced, simple, N is spanned by strictly regular

elements,

Proof. It suffices to assume = I(3). If J = JW, 1), a density argument
shows J is spanned by elements a with Na) #0. T(S) is then clearly spanned
by tuy, u_,lula, A € Fl where @, ¢ is as in Lemma 6.1(i) with a = A,
a_,=a. If dim >3, W is stnctly regular by Lemma 6.1. If dim 3‘ =1or 2,
3 is isomorphic to a subalgebra of an algebra S(N c) 3 of dimension 3.
Corollary 3.2 then implies 2\ ¢ is smctly regular in I(J). If Jis Jordan
algebra of a quadratic form, @, .., @ _ a basis for J, J3) is spanned by
{ul, U_ys 0, 0, a, ,0),(0,0,0, a )i where the latter elements are seen to be
strictly regular in W(S) by xmbeddmg TS) in W(S) 3 S(N 1 ) by Lemma 1.1
and applying Lemma 6.1 and Corollary 3.2.

6.4 Corollary. If T is simple, x, y € W strictly regular, there are strictly
regular elements x = xg, x,, -, x, =Y such that (x, x, ) #0.

Proof. By recoordinatizing we may assume x = u,y=(a, a_,a,a_,)
If a_,#0, n=1 suffices. If ay#£0, n=2, x, =u_, suffices. Thus we
assume a; =a_, =0. If a -1 #0, pick & € ¥ such that T(, a_ );éO For
suitable choice of A, b _1 =%y, 7 =2 suffices. Finally, if a -1=0, a, # O there is

¢ €3 such that T(c, a )— 0. Taking x,_, = =cy yields (x _,, xn);é 0 and
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by the above arguments x, i <n -1, exist satisfying the conditions.
Suppose now I is reduced, simple, u,, u_, a pair of supplementary strictly
regular elements. The Jordan algebra structure coordinatizing M ($s) is largely

determined by the trilinear form N

bl

UI’u_l(a, b, c)= (”1’ abc) on the Peirce space

|+ As a step in proving uniqueness of the coordinate algebra we have
6.5 Lemma. Let (u;, u_,), (v, v_,) be supplementary pairs of strictly

regular elements in M. Then Nu1 “_1 is equivalent to a scalar multiple of
vy, v—l’

Proof. We consider first the case Uy =v,. For this, we note that the
results of §4 imply that (Fu)t=Fu, @M ®M_,, M in the Peirce decompo-
sition relative to (z, #_,). The cubic form N(x) = (uq, xxx) on (Fu;)* has
radical (= 1{y| Niy, x,x)=0 Vx € (Fu, YY) Fu; + M_| by Lemma 4.1. The form

Nul u 1(a, b, ¢) on ml is thus clearly equivalent to the form induced on
(Fu )*/Rad N by N. Since this latter form is independent of the strictly regular

is equivalent to N . We denote the
ul,u—~1 up,v-1

form thus by Nul. By definition of Nu1 it is clear that Nam1 = CLNu1 for

a € F*. Also, if (uy, u_l) are a supplementary pair of strictly regular elements,

element «_, it follows that N

Lemma 4.2(ii) implies N, ) is equivalent to a multiple of N . Now if u; £vg,
- z
Corollary 6.4 implies there exist strictly regular  =x,, x,, ..., x =v, such
n

n

F” such that N_ is equivalentto a. N _ , which gives the desired result.
xi i+l x5 41

that (x, x, ;) # 0. The above remarks then imply there exist @, ..., a in

We need also

6.6 Lemma. Let M, i=1,2, be simple FTS’s. ¢: My — M, is an
isomorphism if and only if q,(x¢) = q,(x) and (x¢, yp), = (x, y); for all
X,y 62)]11.

Proof. Since 9]21. are simple, (-, —), are nondegenerate by Theorem 2.1,
hence A2 implies that the product is completely determined by the forms and one
direction is clear. If ¢ is an isomorphism, applying ¢ to A3, considering A3
for x = x¢, y = y¢ and comparing when x =y yields q,(x¢p) = q,(x). If x £y,
we obtain, upon subtracting the two resulting equations, (y, x); — (¥, x¢b),Ixcrepxcp
=0 for all x, y. In particular, if y is fixed and x satisfies xdxdxch £ 0,

(y, x) =(y¢, x$). A density argument then implies this result is valid for all x, y.

We let Aut M denote the group of automorphisms of the simple system I,

GO(SIR) =1{¢ € Hom (M, M| q(x¢) = g(x) vx € T} and
QM = {¢ € Hom (M, M| (x¢p, yp) = (x, y) Vx, y € T

Then we have
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6.7 Corollary. Aut It = G (T N 0 (M)
We can now prove

6.8 Theorem. M(F) = M(R) only if there is n: § — & a linear isomorphism
such that Ng(’”l) = pNS(a) forall a €%, some p € F*.

Proof. Let u,(3)=(1,0,0,0), «_,(¥)=(0,1,0,0). Then u(3J) are
supplementary strictly regular elements in T(F). If ¢: M) — MR) is an
isomorphism, q.‘)(u((%)) = v, are supplementary, strictly regular in J(®) by Lemma
3.1. It is easily seen, for example from (14), that Nu1(3) = 12N3', Nul(R) =
12N g, N, as in Lemma 6.5. Since ¢ must preserve Peirce spaces, it must map
N(3), onto the Peirce 1-space for the pair (v, v_,). Lemma 6.6, together with

the definition of N thus implies Nu1 @) is equivalent to N Lemma 6.5

1(8)
then yields the desired result.

The converse of this theorem is proved in §7.

6.9 Corollary. If 3 is Jordan algebra of an admissible cubic form N with
basepoint ¢ and IJF) = MR), ¥ and R are isotopic.

Proof. By the theorem there exists 7: § — ® such that Ng(an) = pN4(a)
for all @ € 3. In particular, this implies Ng #£0, hence R is algebra of a
nondegenerate cubic form. The results of [10] (Theorem 2 and final remarks of

$4) imply that 7 is an isomorphism from  to .@((c")—l).

7. Groups related to reduced simple FTS’s. In this section we study the
action of the group G(1) = {5 € Hom (M, M)} g(x7) = pg(x) Vx € M, some p € F*}
on the triple system M. We call p the ratio of 7. In the case M = W), &
exceptional simple, this is an algebraic group of type E, {11. In an auxiliary
manner the group Q(M) = {n € Hom (M, M| (xn, yn) = &x, y) for all x, y € M,
some & € F*} also arises.

We note first, as a consequence of the results of $6

7.1 Lemma. If x €t is rank one, q(x, x, y, y) = 2a§ for all y €T, some
a, € F.

Proof. Since x is rank one and since strictly regular elements span I by
Corollary 6.3, for all y € 1, yL, = p(y)u where p is a linear functional on Tt
and u=zL,  for some fixed, strictly regular z € M. 1f w Lz, WL, »y)=
- {w, yL, =0 forall y €I, hence p(w)=0. This implies p(y) = B(y, u)
forall y €, some B € F*, and p(z) =1 implies B =z u)~!. Now
qlx, x, y, y) =(y, ny’x) = (z, u)’l(y, u)? and (z, u) = {z, ZLx,x>: qlz, z, x, x) =
(x, xL, =2, z)? give the result.

7.2 Corollary. If 7 € GM), n has ratio in (F*)?.
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Proof. Let u,, u_, be supplementary strictly regular elements in N so
qug, up, u_jou_yy=2u_, ul)2 =2. Since “‘rank one’’ is definable entirely in
terms of ¢ (q(u, u, x, y) =0 forall y €M, all x €N, N’ some 7 -1 dimen-
sional subspace) u;7 is rank one. By the lemma, q(uln, i, u_y1n, u_lq) =2a?

2

for some a. Thus ratio = a“ as desired.

If every rank one element in M is strictly regular we obtain a further cesult.

7.3 Lemma. If rank one implies strictly regular in I, G(M) C Q(M), and if
7 bas ratio p in QM) it has ratio p? in G(M).

Proof. Let 7 € G(M)be of ratio p’. By the argument of the preceding
corollary, u strictly regular in Tt implies un rank one, hence strictly regular.
Thus 2z, y)? = q(u, w y, ¥) = p~*qlun, un, yn, yn) = 2p™ Xun, yn)? so (un, yn)=
tp(u, y) for all y € M. Since for any vy i=1,2, {un, (yl +y2)17)= to@n v +,)
= tplu, y,) *p(u, y,), the sign is dependent only on u. We can thus partition
the set of strictly regular elements into classes X, ¢ = ¥1, depending on the
sign of p occurring. If (4, v) £0, u v strictly regular, € (4, v) = (un, vp) =
—(vn, uny=—¢ (v, uy=¢€ (u, v) so ¢ =€ and u v are in the same class. In
particular, #,, #_, (for some given coordinatization) are in the same class, say
X
X . is of form (ii) of Lemma 6.1. For such an element (0, 0, a,, a_l) we must

1
have also (0, 0, a,, 0),0,0,0,a_ 1) in X_1 by an additive argument as above,

Moreover, the classes X, and X_, are orthogonal, hence every element of

but the same argument implies u; + ©,0,0, a_l) €X_,, hence u; €X_,, or
u_, + (0, 0, a,, 0) €X_»
follows that @_, =a, =0 and X_, = {0}. Thus the sign of p is constant for all

hence u_,; € X_,, both of which are impossible. It

strictly regular », all y € ll. Since the strictly regular elements span I the
result follows.

In particular, Corollary 6.2 implies that the result of the lemma holds for
M = M), I the Jordan algebra of an admissible cubic form, a result analogous
to that in [3, Lemma 1]. The result is false, however, when J is Jordan algebra
of a quadratic form since in this case g(x) = 12B(x)? where B(x) is a quadratic
form. It is easy to show that there is T € Hom (¥, M) such that B(xT) = AB(x)
forall x € M but (xT, yT) £ *Ax, y).

It is clear that the results 6.6, 6.7, 7.2 and 7.3 remain valid when the trans-
formations in question are replaced by their semilinear analogues. The same will
be seen to be true of Lemma 7.5, though for brevity we restrict our attention to
the linear case.

We define now a particularly simple type of transformation from IJ,) o
I(3,) which preserves forms up to scalar multiples. Let J;, J, be Jordan
algebras as in §1, N,. N, rhe associated cubic forms and 7 € Hom (31, 32)
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such that N,(an) = pN,(a) forall a € J,, some p € F*, 7 bijective. Let 7 be a
permutation on {1, —1} and A € F*. Define 7" € Hom (3,, 3;) by TZ(?' bn) =
T (a7] b), T ( - ) denoting the trace form on 3 Clearly T (“Tl , bp) =
T,(a, &) for all a, b €3,. We have also (an) 2 _ ﬁlrl* 1, (-”7)* 1)”2 p‘lahq
and Nz(‘"l )=p 1Nl(a) since these are trivial 1f 3}. are algebras of quadratic
forms and are 1.21 and 1.22 of [4] if Si are algebras of cubic forms.

One can verify easily that the linear mapping defined by

iy uy — Ay S B ’\ZP”(-l)n’

1s) o1 «
a, —Man),,, a_,—lay )(-1)71’ A € F*,

satisfies ¢,(xp}) = /\qu(x) (xn), ynn)2 = (ImMx, y), for all x, y € M(T,).
This gives immediately the converse to Theorem .8,

7.4 Theorem. If there is bijective 1) € Hom (J, 8) such that Nglan) =
pNg(a) forall a €, some p € F*, then M) = MRK).

Proof. Take 1]; and use Lemma 6.6.
We also have half of the characterization of a class of elements of G(ISY)),

namely

7.5 Lemma. Let u,, €= 11, be the usual supplementary, strictly regular
elements in W). ¢ € GW) leaves invariant Fu, + Fu_, if and only if there is
n € Hom (3, J) such that Nlan) = pN(a) for all a €, a permutation m of
{1, -1} and X € F* such that ¢ = g).

Proof. Clearly 7} is of the desired type. Suppose ¢ € G(Il) leaves

Ful + I""u_l invariant. ¢ is nonsingular since otherwise g(x, y, z, w) = (x, yzw)
=0 for some x, all y, z, w €M, which implies (Fx)! is an ideal in the simple
algebra M. From Corollary 3.7 we have, since ¢ € G(T), ueqﬁ = Pelleys T 2
permutation of {1, - 1}. Replacing ¢ by ¢, = <7S(I117)_1 we may assume % ¢, =
Pete- This implies q(x¢p,) = (p,p_)2q(x), (v, yb,) = pp_£%. . For
A=pp_, we have ¢, = qSl(I’,\)_l is an automorphism by Corollary 6.7. Thus
¢, maps Peirce spaces onto themselves. Denoting by a, (resp. a_l) the
element (0, 0, 4, 0) (resp. (0, 0, 0, @), @ €, we define 1, € Hom (¥, J) by
ap, =lan), . Again writing u b, = p u, and noting p,p_, =1 we have p_ L =pTl
Applying ¢, to u; +a; and evaluating ¢(-) yields N(a) = p,N(an,) and
similarly N(a) = p_,N(an_,). Since (alq’)z, _1$)=1(a,, b_,) we have

Tlan,, by_,) = T(a, b), hence 17 =M *~1 It follows immediately that b, = 711
where 7= 1,, hence ¢ = T)I 1]" as desired.

We now have

7.6 Theorem. Let (g, u_y), (v, v_|) be supplementary pairs of strictly
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regular elements in M, M simple. Then there is ¢ € Aut M such that u ¢ =
E 3
Peler P EF .
Proof. Replacing the pairs {(«,), (v,) by suitable scalar multiples (’176),
(v ) we can coordinatize M to obtain M= M), MW = K) where J, & are
Jordan algebras with cubic forms (1/12)/\/'\-l Tor (1/12)N'\ S respectively.

By Lemma 6.5 there is 7 3 R such that Nglan) = PNy (a) for all a €, some
p € F*. The mapping ¢ = 7), is thus an automorphism with the desired properties.

7.7 Corollary. Aut W acts transitively on the set of strictly regular elements

(taken projectively).

Proof. The result follows immediately from the fact that every strictly
regular element can be embedded in a supplementary pair (see proof of Theorem

3.3).
7.8 Corollary. G(I) acts transitively on the set of strictly regular elements.

Proof. Immediate from Corollary 7.7 and the fact that ¢ € Aut M, p € F*
implies p¢ € G(M).

We denote by R(J) the subgroup of F* of all p such that there is 7 €
Hom (5, ) with N(an) = pN(a) for all @ € . We then have

7.9 Corollary. The number of conjugacy classes of supplementary pairs of
strictly regular elements in W) under the action of Aut () is the index of
R(Y) in F*.

Proof. If u;, u_, are the canonical strictly regular elements in M),
Theorem 7.6 implies that any supplementary pair is conjugate to a pair
()\u Al 1)- It thus suffices to determine the number of conjugacy classes
among theee pairs. Suppose ¢ € Aut I(J), v ¢ = p,u,. Lemma 7.5 implies
b = ’71 and the fact that ratio ¢ =1 (Corollary 6.7) implies A =1, hence
py ERQ). If ud=p.u_,, u1¢l(l,-1)‘P~l y S0 p_y €R(J). Since p, =
p:{, Py € R(J). Thus (A u,, )\"lu_]) is conjugate to (8,u,, &_,u_,) if and
only if A,87" € R(S).

Since the results of §3 show that elements x with q(x) = 12 are uniquely
expressible as sums of supplementary pairs of strictly regular elements, Corollary
7.9 could also be phrased in terms of conjugacy classes of elements with
q(x) = 12. In the particular case M = M), I reduced, exceptional simple, the

fact that R(%) = F* gives as a special case the result of Brown [1].

7.10 Theorem. If ¥ is reduced, exceptional simple, Aut W) acts
transitively on the set of x € W) with q(x) =12.
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8. Simple FTS's over special fields. In this section we apply the techniques
of Galois descent to show that, over special fields, the FTS forms of M(J), J
exceptional central simple Jordan, are always reduced. N

Using the usual terminologx of Galois descent, if ’\Fj C K are fields and M is
a FTS over K, and F-form of I is an F-subspace of I, closed under the product
of %, such thae KM = ¥, dim, % = dimy % If K is finite Galois over F with
group G it is well known [8] that the F-forms of K are in one-one correspondence
with the homomorphisms 7: G — Saut 'g}fl Saut b the group of semilinear auto-
morphisms, Where 7(s) is s-semilinear. The correspondence is given simply by
r)HW {xF?ﬁ]xn(s)«x Vs €Gl.

If Em is an F-form of SR x €, A3 with x =y yields (xxx)xx = g(x)x, hence

q{x) € F for all x € M. This implies (y, xxx) € F for all y €M and that ¢
induces a nontrivial quartic form on . 1f ¢(x) /0, x and xxx are linearly
independent in §m hence in M, so A3 implies (y, x) € F for all y €¢ M. A density
argument then shows (-, --) induces a skew form on M and M is a FTS.

Let T be an arbitrary FTS over F such that Mg is simple, © an algebraic
closure of F. Suppose BB ¢ F*\F and x € I with g(x) = B. Then WK is
reduced, simple for K = F(B), B - (8/12)", by Corollary 3.4. In fact, Lemma
3.6 shows that in WZK, x is uniquely expressible as a sum of strictly regular
elements «;, u_,. By the results of §5, for suitable 6:‘ € K*, we can coordina-
tize My as MT) relative to the pair 4y =8y, W= d,u_,. The Galois
descent characterization of forms of WK shows that M is the fixed point set of
some semiautomorphism ¢ of period two on WK‘ Since x¢p = x, u ¢ - Pty SO,
by the semilinear analogue to Lemma 7.5, ¢ - 7];; for some permutation 7 of
{1, - 11, some A € K, and some semilinear map 7: J — J such that N{ap) -
pN(@)® for all @ ¢, s denoting the nontrivial F-automorphism of K. Since ¢
is a semiautomorphism we must also have A - 17 by Corollary 6.7 and, since
qu, I we have either 772 I if m= 1 or 7]*ﬁ pif #-(@Q,-1).

If w1, 7,¢- P&, so ¢ -1 implies p,py - 1 and thus Py yS for
some y € K* . ¢ thus fixes y° ul which is strictly regular, hence M contains a
strictly regular element and is reduced.

NE)

If #/ | we have for ‘JRK

8.1 Lemma. W is reduced if and only if there is a € X, N(a) £ 0 and
& ¢ K¥ such that an Sa’.

Proof. If M is reduced, M is spanned by strictly regular elements by
Corollary 6.3. Thus there is strictly regular y = (a, B, a, b) € M(I) with a £0
such that y¢ - y. Since ¢ interchanges 2, and ¥'_, this implies 8/ 0 and
Lemma 6.1 thus implies & . = 8a”, N(a) £ 0 which establishes the necessity of
the condition.
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Conversely if an= da" (note that this immediately implies J is not the
algebra of#a quadratic form), (8%5)"la = a1l = ~afp*-1 = _ p~lap) =
—-p~18%" -~ p~182N(a)a (using conditions relating n and # preceding (15),
$7). Thus p=— 8°82N(a) and it is easy to verify that ¢ fixes the strictly
regular element y = (p§75, 871, - 4, 8a”) since 7" = - 7 implies p = - p.

An immediate consequence of the lemma is that, for suitably selected fields
F, there exist nonreduced, simple FTS’s. The simplest example involves
K= F(\/;), a quadratic extension of F with nontrivial automorphism 0. Let J
be Jordan algebra of a quadratic form over F and let 5= vu(l ® @) act on RPR
The semilinear map ¢ = 7]()‘1’-1), A=-1 p= \/;—1-, is a semiautomorphism of
5”(31() of order 2 which fixes a simple F-form I which cannot be reduced since
n is nonsingular and a* =0 forall a e 3,(. A less trivial example occurs if F
is taken to be the rational function field Q(x,, x,, X3 xg)y K= F(\/?i). The
semilinear map C(s) given in [6] acts on a split exceptional algebra & over K
and has property aC(s) £ &(a x a) for all a €5, N(a) £0. Thus the semiauto-
morphism 77()‘1,_1), A=-1, = V= 1C(s) defines a nonreduced F-form of M)

We have finally

8.2 Theorem. Let I be an F-form of a FTS M), I exceptional simple.
Then N is reduced if F is [inite, real, p-adic, or algebraically closed.

Proof. The algebraically closed case is just Corollary 3.5. In the remain-
ing cases pick x €M with ¢(x) = B£0. If B/12 is a square, ! is reduced by
Corollary 3.4, We thus assume K = F(B), B = (8/12)%, is a quadratic extension
of F such that I, = MS), S an exceptional Jordan algebra, and such that
x=uy +u_,, 4, the canonical strictly regular elements (see above remarks).
Tt is thus the fixed point set of a semiautomorphism 1]7); as above. If 7 is the
identity, M is reduced. Thus we assume 7= (1, -1), A=-1, r]*= ~7n It
suffices to show that, for the given fields, such an 7 always satisfied the con-
ditions of Lemma 8.1, For this we replace 7 by —Bn = ;; to obtain ;* = 7]—and
observe that precisely this result is proved in {6, Lemma 3 and preceding
statements and proof of Theorem 51.

Note. The theorem is also true if F is an algebraic number field. A proof
of this fact will be incorporated in a forthcoming paper by the author on class-

ification of Lie algebras of type E,.
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