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Preface

Preface

This book is the first monograph where the problem of strong (mean-
square) approximation of multiple Ito and Stratonovich stochastic inte-
grals is sistematically analyzed in the context of numerical integration of
stochastic differential Ito equations.

This monograph for the first time successfully use the tool of multiple
and iterative Fourier series, built in the space Ly and poitwise, for the
strong approximation of multiple stochastic integrals. The aforesaid means
were not used in this academic field before.

We obtained a general result connected with expansion of multiple
stochastic Ito integrals with any fixed multiplicity k£, based on general-
ized multiple Fourier series converging in the space Lo([t, T]*). This result
is adapted for multiple Stratonovich stochastic integrals of 1 — 4 multiplic-
ity for Legendre polynomial system and system of trigonometric functions,
as well as for other types of multiple stochastic integrals. The theorem
on expansion of multiple Stratonovich stochastic integrals with any fixed
multiplicity k£, based on generalized Fourier series converging pointwise
is verified. We obtained exact expressions for mean-square errors of ap-
proximation of multiple stochastic Ito integrals of 1 — 4 multiplicity. We
provided a significant practical material devoted to expansion and approx-
imation of specific multiple Ito and Stratonovich stochastic integrals of 1
— 5 multiplicity using the system of Legendre polynomials and the system
of trigonometric functions. We compared the methods formulated in this
book with existing methods of strong approximation of multiple stochastic
integrals.

This monograph open a new direction in researching of multiple Ito and
Stratonovich stochastic integrals. This book will be interesting for spe-
cialists dealing with the theory of stochastic processes, applied and com-
putational mathematics, senior students and postgraduates of technical
institutes and universities, as well as for computer experts.

The basis of this book is composed on chapters 5 and 6 of the mono-
graph: Kuznetsov D.F. Stochastic Differential Equations: Theory and Prac-
tice of Numerical Solution. SPb: Publishing house of the Polytechnical
University 2010, 816 p. 4th edition (in Russian).

It is well known, that Ito stochastic differential equations are adequate
mathematical models of dynamic systems of various physical nature which
are under the influence of random disturbances. We can meet the math-
ematical models built on the basis of Ito stochastic differential equations
or systems of such equations in finances, medicine, geophysics, electrotech-
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Preface

nics, seismology, chemical kinetics and other areas [7] - [21]. Importance
of computational solution of Ito stochastic differential equations is arisen
from this circumstance.

It is well known, that one of effective and perspective approaches to nu-
merical integration of Ito stochastic differential equations is an approach
based on stochastic analogues of Taylor formula for solution of this equa-
tions [24], [25], [48]. This approach uses finite discretization of temporary
variable and performs numerical modeling of solution of Ito stochastic dif-
ferential equation in discrete moments of time using stochastic analogue of
Taylor formula.

The most important difference of such stochastic analogues of Taylor
formula for solution of Ito stochastic differential equations is presence
of so called multiple stochastic integrals in them in the forms of Ito or
Stratonovich which are the complex functionals in relation to the compo-
nents of vector Wiener process. These multiple stochastic integrals are sub-
jects for study in this book. In one of the most common forms of record used
in this monograph the mentioned multiple stochastic Ito and Stratonovich
integrals are detected using the following formulas:

T ta . )
J[iﬁ(k)}:r,t — /¢k(tk) .. ./¢1(t1)dwgl) . dwgz’“) (Ito integrals),
Y t

*tQ

J*[ Tt = / Ui (tr) - / 1t dwt1 ). thk (Stratonovich integrals),

where ¢;(7); l = 1,...,k — are continuous functions at the interval [¢, 7]
(as a rule, in the applications they are identically equal to 1 or have poly—
nomial shape; w, — is a random vector Wlth m+ 1 component: W f
Whenizl,...,mandwp =T;%,...,0. =0, 1,...,m; fT(), z—l,...,
— are independent standard Wiener processes.

The given multiple stochastic integrals are the specific objects of the
theory of stochastic processes. From one side, nonrandomness of weight
functions ¢;(7); I = 1,..., k is the factor simplifying their structure. From
the other side, nonscalarity of Wiener process f; with independent com-
ponents f); ¢ = 1,...,m, and the fact, that functions ¢(7); I = 1,...,k
are different for various [; [ = 1,..., k are essential complicating factors of
structure of multiple stochastic integrals. Considering features mentioned
above, the systems of multiple stochastic Ito and Stratonovich integrals
play the extraordinary and perhaps the key role for solving the problems
of numerical integration of stochastic Ito differential equations. We want
to mention in short, that there are two main criteria of numerical methods
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convergence for stochastic Ito differential equations: a strong or mean-
square criterion and a weak criterion where the subject of approximation
is not the solution of stochastic Ito differential equation, simply stated,
but the distribution of stochastic Ito differential equation solution. Both
mentioned criteria are independent, i.e. in general it is impossible to state,
that from execution of strong criterion follows execution of weak criterion
and vice versa. Each of two convergence criteria is oriented on solution of
specific classes of mathematical problems connected with stochastic differ-
ential equations.

Using the strong numerical methods, we may build sample pathes of
stochastic Ito differential equation numerically. These methods require the
combined mean-square approximation for collections of multiple stochastic
Ito and Stratonovich integrals. Effective solution of this task composes the
subject of this monograph. The strong numerical methods are using when
building new mathematical models on the basis of stochastic Ito differential
equations, when solving the task of numerical solution of filtering problem
of signal under the influence of random disturbance in various arrange-
ments, when solving the task connected with stochastic optimal control,
and the task connected with testing procedures of evaluating parameters
of stochastic systems and other tasks.

The problem of effective jointly numerical modeling (in terms of
the mean-square convergence criterion) of multiple stochastic Ito or
Stratonovich integrals is very important and difficult from theoretical and
computing point of view.

Seems, that multiple stochastic integrals may be approximated by mul-
tiple integral sums. However, this approach implies partition of the interval
of integration of multiple stochastic integrals (this interval is a small value,
because it is a step of integration of numerical methods for stochastic dif-
ferential equations, and according to numerical experiments this additional
partition leads to significant calculating costs.

The problem of effective decreasing of mentioned costs (in several times
or even in several orders) is very difficult and requires new complex inves-
tigations (the only exception is connected with a narrow particular case,
when 41 = ... = i # 0 and ¢1(s),...,¥r(s) = ¥(s). This case allows
the investigation with using of Ito formula. In more general case, when
not all numbers 74,...,7; are equal, the mentioned problem turns out to
be more complex (it can’t be solved using Ito formula and requires more
deep and complex investigation). Note, that even for mentioned coinci-
dence (i1 = ... = i # 0), but for different functions ¥1(s),...,¥x(s)
the mentioned difficulties persist, and relatively simple families of multiple
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stochastic Ito integrals, which can be often met in the applications, cannot
be expressed effectively in a finite form (for mean-square approximation)
using the system of standard Gaussian random values. The Ito formula is
also useless in this case and as a result we need to use more complex but
effective expansions.

Why the problem of mean-square approximation of multiple stochastic
integrals is so complex?

Firstly, the mentioned stochastic integrals (in case of fixed limits of inte-
gration) are the random values, whose density functions are unknown in the
general case. Even the knowledge of these density functions would hardly
be useful for mean-square approximation of multiple stochastic integrals.

Secondly, we need to approximate not only one stochastic integral, but
several multiple stochastic integrals which are complexly depended in a
probability meaning.

Often, the problem of combined mean-square approximation of multiple
stochastic Ito and Stratonovich integrals occurs even in cases when the
exact solution of stochastic differential Ito equation is known. It means,
that even if you know the solution of stochastic differential Ito equation,
you can’t model it without enganging combained numerical modelling of
multiple stochastic integrals.

Note, that for a number of special types of stochastic Ito differential
equations the problem of approximation of multiple stochastic integrals
may be simplified but can’t be solved. The equation with additive vector
noise, with scalar non-additive noise, scalar additive noise, equation with
a small parameter is related to such types of equation. For the mentioned
types of equations, simplifications are connected with the fact, that either
some coeflicient functions from stochastic analogues of Taylor formula iden-
tically equal to zero, or scalar noise has a strong effect, or due to presence of
a small parameter we may neglect some members form the stochastic ana-
logues of Taylor formula, which include difficult for approximation multiple
stochastic integrals.

Furthermore, the problem of combined numerical modeling (proceeding
from the mean-square convergence criterion) of multiple stochastic Ito and
Stratonovich integrals is rather new.

One of the main and unexpected achievements of this book is successful
usage of functional analysis methods (repeated and multiple generalized
Fourier series (converging in Lo([t,T]*) and pointwise) through various
systems of basis functions in this academic field.

The problem of combined numerical modeling (proceeding from the
mean-square convergence criterion) of multiple stochastic Ito and Stra-
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tonovich integral systems was analyzed in the context of problem of nu-
merical integration of stochastic differential Ito equations in the following
monographs:

[I] Milstein G.N. Numerical integration of stochastic differential equa-
tions. Kluwer, 1995, 228 p. (translation from edition to Russian language,
1988);

[I1] Kloeden P.E., Platen E. Numerical solution of stochastic differen-
tial equations. Berlin: Springer-Verlag, 1992. 632 p. (2nd edition 1995, 3rd
edition 1999);

[ITI] Milstein G.N., Tretyakov M. V. Stochastic numerics for mathemat-
ical physics. Berlin: Springer-Verlag, 2004. 596 p.;

[IV] Kuznetsov D.F. Stochastic Differential Equations: Theory and
Practice of Numerical Solution. SPb: Publishing house of the Polytechni-
cal University, 2007. 777 c. (2nd edition 2007, 3rd edition 2009, 4th edition
2010; in Russian).

Books [I] and [III] analyze the problem of mean-square approximation
only for two elementary multiple stochastic Ito integrals of first and second
multiplicities (k = 1 and 2; ¢1(s) and 12(s) = 1) for the multivariable case:
11, 12 =0, 1,...,m. In addition, the main idea is based on the expansion
of so called process of Brownian bridge into the Fourier series. This method
is called in [I] and [III] as the method of Fourier.

In [II] using the method of Fourier, the attempt was made to perform
mean-square approximation of elementary stochastic integrals of 1 — 3 mul-
tiplicity (K = 1,...,3; ¥1(s),...,93(s) = 1) for the multivariate case:
t1,...,23 = 0, 1,...,m. However, as we can see in chapter 6, the results
of monograph [II], related to the mean-square approximation of multiple
stochastic integral of 3 multiplicity, cause a number of critical remarks.

The main purpose of this monograph is to detect, validate and adapt
newer and more effective for applications methods (than presented in books
[I] - [III]) of combined mean-square approximation of multiple stochastic
Ito and Stratonovich integrals.

Talking about the history of solving the problem of combined mean-
square approximation of multiple stochastic integrals, the idea to find bases
of random values using which we may represent multiple stochastic inte-
grals turned out to be useful. This idea was transformed several times in
the course of time.

Attempts to approximate multiple stochastic integrals using various in-
tegral sums were made until 1980s, i.e. the interval of integration of stochas-
tic integral was divided into n parts and the multiple stochastic integral
was represented approximately by the multiple integral sum, included the
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system of independent standard Gaussian random variables, whose numer-
ical modeling is not a problem.

However, as we noted before, it is obvious, that the interval of integration
of multiple stochastic integrals is a step of numerical method of integration
for the stochastic Ito differential equation which is already a rather small
value even without additional splitting. Numerical experiments demon-
strate, that such approach results in abrupt increasing of computational
costs accompanied by the growth of multiplicity of stochastic integrals (be-
ginning from 2nd and 3rd multiplicity), that is necessary for building more
accurate numerical methods for stochastic Ito differential equations or in
case of decrease of the numerical method integration step, and thereby it
is almost useless for practice.

The new step for solution of the problem of combined mean-square
approximation of stochastic integrals was made by G.N. Milstein in his
monograph [I] (1988), who proposed to use converging in the mean-square
sense trigonometric Fourier expansion of Wiener process, using which we
may expand a multiple stochastic integral. In [I] using this method, the
expansions of two simplest stochastic integrals of 1st and 2nd multiplicities
into the products of standard Gaussian random values was obtained and
their mean-square convergence was proved.

As we noted, the attempt to develop this idea was made in monograph
[IT] (1992), where it is obtained expansions of simplest multiple stochastic
integrals of 1 — 3 multiplicity. However, due to the number of limitations
and technical difficulties which are typical for method [I], in [II] and follow-
ing publications this problem was not solved more completely. In addition,
the author has reasonable doubts about handling of the method of series
summation, given in [II], related to integrals of 3rd multiplicity (see section
6.1.4).

It is necessary to note, that the method [I] excelled in times or even in
orders the method of integral sums considering computational costs in the
sense of their diminishing.

Regardless of the method [I] positive features, the number of its limita-
tion is also outlined: absence of obvious formula for calculation of expan-
sion coefficients of the multiple stochastic integral; practical impossibility
to make exact calculation of the mean-square error of approximation of
stochastic integrals with the exception of simplest integrals of 1st and 2nd
multiplicity (as a result, it is necessary to consider redundant terms of
expansion and it results to the growth of computational costs and compli-
cation of numerical methods for stochastic Ito differential equations); there
is a hard limit for a system of basis functions in the course of approxima-
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tion — it may be only trigonometric functions; there are some technical
problems if we use this method for stochastic integrals whose multiplicity
is higher than 2nd (see 6.1.4). It is necessary to note, that the analyzed
method is a concrete forward step in this academic field.

The author thinks, that the method presented by him in chapter 1
(hereafter, the method based on multiple Fourier series) is a breakthrough
in solution of problem of combined mean-square approximation of multiple
stochastic integrals.

The idea of this method is as follows: multiple stochastic Ito integral of
multiplicity £ is represented as a multiple stochastic integral from the cer-
tain non-random discontinuous function of k variables, detected on the
hypercube [t,T]¥ , where [t,T] — is an interval of integration of mul-
tiple stochastic Ito integral. Then, the indicated nonrandom function is
expanded in the hypercube into the generalized multiple Fourier series
converging at the mean-square in the space Ls([t, T]¥). After a number of
nontrivial transformations we come (theorem 1) to the mean-square con-
vergening expansion of multiple stochastic Ito integral into the multiple
series of products of standard Gaussian random values. The coefficients of
this series are the coefficients of multiple Fourier series for the mentioned
nonrandom function of several variables, which can be calculated using the
explicit formula regardless of the multiplicity & of the multiple stochastic
Ito integral.

As a result we obtain the following new possibilities and advantages in
comparison with the method of Fourier [I].

1. There is an obvious formula for calculation of expansion coeflicients
of multiple stochastic Ito integral with any fixed multiplicity k. In other
words, we can calculate (without any preliminary and additional work)
the expansion coefficient with any fixed number in the expansion of mul-
tiple stochastic Ito integral of preset fixed multiplicity. At that, we don’t
need any knowledge about coefficients with other numbers or about other
multiple stochastic Ito integrals, included in the analyzed collection.

2. We have new possibilities for explicit calculations of mean-square er-
ror of approximation of multiple stochastic Ito integrals. These possibilities
are realized using exact formulas (see chapter 4) for mean-square errors of
approximations of multiple stochastic Ito integrals. As a result, we won’t
need to consider redundant terms of expansion, that may complicate ap-
proximations of multiple stochastic integrals.

3. Since the used multiple Fourier series is a generalized in the sense,
that it is built using various full orthonormal systems of functions in the
space Ly([t, T]), we have new possibilities for approximation — we may use
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not only trigonometric functions as in [I] but Legendre polynomials as well
as function systems of Haar and Rademacher-Uolsh (see chapters 2 and 5).

4. As it turned out (see chapter 5), it is more convenient to work with
Legendre polynomials for building approximations of multiple stochastic
integrals — it is enough just to calculate coefficients of the multiple Fourier
series, and approximations themselves appear to be simpler than for the
case of the system of trigonometric functions. For the systems of Haar and
Rademacher-Uolsh functions the expansions of multiple stochastic integrals
become extremely complex and ineffective for practice (see chapter 2).

5. The question about what kind of functions (polynomial or trigono-
metric) is more convenient in the context of computational costs of approx-
imation turns out to be nontrivial, since it is necessary to compare approxi-
mations made not for one integral but for several stochastic integrals at the
same time. At the same time there is a possibility, that computational costs
for some integrals will be smaller for the system of Legendre polynomials
and for others — for the system of trigonometric functions. The author
thinks, that (see bottom lines in tables 6.2 and 6.3) computational costs
are 3 times less for the system of Legendre polynomials at least in case
of approximation of special family of multiple stochastic integrals of 1 — 3
multiplicity. In addition, the author supposes, that this effect will be more
impressive when analyzing more complex families of multiple stochastic in-
tegrals. This supposition is based on the fact, that the polynomial system
of functions has a significant advantage (in comparison with the trigono-
metric system) for approximation of multiple stochastic integrals for which
not all weight functions are equal to 1 (compare formulas (5.4), (5.5), (5.7),
(5.8) with formulas (5.43), (5.48), (5.47), (5.46) correspondently).

6. The Milstein method leads to repeated series (in contrast with multi-
ple series taken from theorem 1 in this book) starting at least from the third
multiplicity of multiple stochastic integral (we mean at least triple integra-
tion on Wiener processes). Multiple series are more preferential in terms of
approximation than the repeated ones, since partial sums of multiple series
converge in any possible case of joint converging to infinity of their upper
limits of summation (lets define them as py, ..., px). For example, for more
simple and convenient for practice case when p; = ... = p; = p — o0. For
repeated series it is obviously not the case. However, in [II] the authors
unreasonably use the condition p; = po = p3 = p — oo — within the
frames of the Milstein method.

7. The convergence (see chapters 1 and 5) in the mean of degree 2n,
n € N of approximations from theorem 1 and convergence with probability
1 for some of these approximations is proven.
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Let’s deal with the content of this monograph according to chapters.

Chapter 1 is devoted to expansions of multiple Ito stochastic integrals.
The new method of expansion of multiple stochastic Ito integrals based
on the generalized multiple Fourier series and converging in the mean-
square sense is formulated and proven. This method is generalized for the
case of discontinuous full orthonormal systems of functions in the space
Ly([t,T]). Using the example of multiple stochastic Ito integrals of 2nd
and 3rd multiplicity it is demonstrated, that expansions from theorems 1
and 2 are similar for a particular case: ¥1(s), ¥a(s), ¥3(s) = 1(s); i1 =i =
13 = 1,...,m with well-known representations of multiple Ito stochastic
integrals based on Hermit polynomials. The convergence in the mean of
degree 2n, n € N of expansions from theorems 1 and 2 is proven.

Chapter 2 is devoted to expansions of multiple Stratonovich stochastic
integrals. We adapt the results of theorems 1 and 2 for expansions of mul-
tiple Stratonovich stochastic integrals in the first part of this chapter. The
theorem about expansion of multiple Stratonovich stochastic integrals of
2nd multiplicity (theorem 3) is proven for the case of twice continuously dif-
ferentiated functions 1 (s) u 12(s) (i1,42 = 1,...,m). We obtained similar
expansions for multiple Stratonovich stochastic integrals of 3rd multiplicity
for the cases of system of Legendre polynomials and the system of trigono-
metric functions when ;(s), ¥a(s), ¥3(s) = 1 (i1,42,i3 = 1,...,m). The
generalization of some of these results (theorem 4) for the system of Le-
gendre polynomials and binomial expressions ¥;(s) = (t—s)% (j = 1, 2, 3)
are given in the following cases:

1. il 751'2, 2.2#1.3, il #Zlg, and ll, 12, 13:0, 1, 2,...;
2. ’L-1:Z'27é7:3; llzlz#l;; andll, l2, 13:0, 1, 2,...;
3. ?:1752'2:2'3; ll#lzzlg andll, l2, l3:0, 1, 2,...;
4. ’il,iQ,igz 1,...,m; ll 212 :lgzlandl:O, 1, 2,....

In the second part of chapter 2 we analyze another approach to expan-
sion of multiple Stratonovich stochastic integrals of any fixed multiplicity
k, based on the generalized repeated Fourier series converging pointwise.
We analyze in detail the cases when £ = 1, 2, 3 and propose generalization
for the case of fixed k (theorem 5).

In chapter 3 we analyze versions of the theorem 1 for other types of
multiple stochastic integrals. We formulated and proved analogues of the-
orem 1 for multiple stochastic integrals according to martingale Poisson
measures (theorem 7) and for multiple stochastic integrals according to
martingales (theorem 8).

Chapter 4 is devoted to obtainment of exact expressions for mean-square
errors of approximation of multiple stochastic Ito integrals, created us-
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ing theorem 1. We analyzed the case of any fixed k and pairwise various

1 1. = 1,...,m, as well as the cases when £ = 1, 2, 3, 4 and any
21, el zk 1,...,m. Here k — is a multiplicity of multlple stochastlc Ito
integral.

In chapter 5 we provide a significant practical material, based on the
results of chapters 1 and 2. We got approximations of specific multiple
stochastic Ito and Stratonovich integrals with multiplicities 1 — 5 using
theorems 1 — 4 and the system of Legendre polynomials. For the case
of trigonometric system of functions using theorem 1 and the results of
chapter 2 we obtained approximations for specific multiple stochastic Ito
and Stratonovich integrals with multiplicities 1 — 3. We obtained a big
number of formulas for mean-square errors for developed approximations.

Chapter 6 is devoted to other methods of mean-square approximation
of multiple stochastic Ito and Stratonovich integrals. We analyzed Milstein
method and compared it with the method based on theorem 1. We also
analyzed a combined method and a method of integral sums of mean-square
approximation of multiple stochastic integrals. We represented multiple
stochastic Ito integrals based on Hermit polynomials.

In chapter 7 we gathered a support material which may be used while
reading this book. We provided concepts of stochastic Ito and Stratonovich
integrals, of Ito formula, of stochastic Ito differential equation, of stochastic
integrals according to Poisson random measures and martingales, of various
variants of Taylor—Ito and Taylor—Stratonovich expansions for solution of
stochastic Ito differential equation.

Dmitriy F. Kuznetsov April, 2011

The book was published in Russian (http://www.math.spbu.ru/diffjournal
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ferential Equations and Control Processes”, no.3, 2017, pp. A.1-A.257
(ISSN 1817-2172), http://www.math.spbu.ru/diffjournal/
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Chapter 1

Expansions of multiple Ito stochastic
integrals based on generalized
multiple Fourier series, converging in
the mean

This chapter is devoted to expansions of multiple Ito stochastic inte-
grals, based on generalized multiple Fourier series converging in the mean.
The method of generalized multiple Fourier series for expansions and mean-
square approximations of multiple Ito stochastic integrals is derived here.
In this chapter it is also obtained generalization of this method for discon-
tinuous basis functions. And here is given a comparison of derived method
with well-known expansions of multiple Ito stochastic integrals based on
Ito formula and Hermit polynomials. As well as the proof of convergence
in the mean of degree 2n, n € N of considered method is obtained.

1.1 Introduction

The results of this chapter are fundamental for following chapters of this
monograph and perhaps for the book in whole. For the first time we use
power tool of generalized multiple Fourier series converging in the mean in
order to derive expansions of stochastic integrals.

The idea of representing of multiple Ito and Stratonovich stochastic in-
tegrals in the form of multiple stochastic integrals from specific nonrandom
functions of several variables and following expansion of these functions us-
ing Fourier series in order to get effective mean-square approximations of
mentioned stochastic integrals was represented in several works of the au-
thor. Specifically, this approach appeared for the first time in [49] (1994).
In that work the mentioned idea is formulated more likely at the level of
guess (without any satisfactory grounding), and as a result the work [49]
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contains rather fuzzy formulations and a number of incorrect conclusions.
Nevertheless, even in [49] we can find, for example formulas (4.3), (4.21),
(4.22). Note, that in [49] we used multiple Fourier series according to the
trigonometric system of functions converging in the mean. It should be
noted, that the results of work [49] are true for a sufficiently narrow partic-
ular case when numbers i1, ..., 7; are pairwise different; 71,...,7: = 1,...,m
(see formula (1.1)).

Usage of Fourier series according to the system of Legendre polynomials
for approximation of multiple stochastic integrals took place for the first
time in [32] (1998), [34], [35], [37] (1999), as well as in [36] (2000). In par-
ticular, you can find formulas (5.3) — (5.8), (5.18) in this works. Note, that
the approach taken from work [49] was formulated, proved and generalized
in its final variant by the author in [42] (2006) (theorem 1 in this book).

The question about what integrals (Ito or Stratonovich) are more suit-
able for expansions within the frames of distinguished direction of re-
searches has turned out to be rather interesting and difficult.

On the one side, theorem 1 conclusively demonstrates, that the struc-
ture of multiple Ito stochastic integrals is rather convenient for expansions
into multiple series according to the system of standard Gaussian random
variables regardless of their multiplicity.

On the other side, the results of chapter 2 convincingly testify, that

there is a doubtless relation between multiplier factor 1, which is typical

for stochastic Stratonovich integral and included into th26 sum, connecting
stochastic Stratonovich and Ito integrals, and the fact, that in point of
finite discontinuity of sectionally smooth function f(z) its Fourier series
converges to the value (f(z — 0) + f(z +0)). In addition, as it is demon-
strated in chapter 2, final formulas for expansions of multiple stochastic
Stratonovich integrals (of second multiplicity in the common case and of
third and fourth multiplicity in some particular cases) are more compact
than their analogues for stochastic Ito integrals. The expansion of multi-
ple stochastic Stratonovich integrals of any fixed multiplicity & based on
repeated Fourier series and obtained in chapter 2 [35] is also seems inter-
esting.

And still, estimating the results of chapter 1 and 2 of this monograph,
the author adhered to the judgment, that the structure of multiple stochas-
tic Ito integrals is more suitable for expansion in multiple series according
to the system of Gaussian random variables.

Actually, when proving theorem 1 for the case of any fixed multiplicity k&
of multiple stochastic Ito integral we used multiple Fourier series converg-
ing in the mean. The deduction of theorems 3 -8 for multiple Stratonovich
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Chapter 1. Expansions of multiple Ito stochastic integrals

stochastic integrals of 2nd, 3rd and 4th multiplicity in addition to the
results of theorem 1 required also usage of the theory of repeated or mul-
tiple Fourier series converging pointwise, and resulted to more complex
researches than those that were performed for proving of theorem 1, which
nevertheless didn’t provide common results (we analyzed the cases of mul-
tiple Stratonovich stochastic integrals of 2nd, 3rd and 4th multiplicity,
where the results related to integrals of 3rd and 4th multiplicity have an
individual pattern, although they are of vital importance for practice).

Expansions of multiple Stratonovich stochastic integrals of any fixed
multiplicity k£ obtained at the end of chapter 2 are rather interesting but
include repeated series, approximation of which is less convenient than
approximation of multiple series.

1.2 Theorem on expansion of multiple Ito stochastic
integrals of any multiplicity

In this section we will get the expansion of multiple Ito stochastic in-
tegrals of any fixed multiplicity k£ based on generalized multiple Fourier
series converging in the mean in the space Ly([t, T]").

Assume, that (€2, F, P) — is a fixed probability space and {F}, t € [0, T}

— is a non-decreasing collection of o-algebras, defined at (2, F, P).

Assume, that f(t,w) def ft, t € [0,T] — is a standard Wiener process,

which is Fy—measurable for all ¢ € [0,T], and process fia — fa for all
A >0, t > 0 is independent with the events of o-algebra Fa.

Hereafter we call stochastic process & : [0,7] x Q@ — R! as non-
anticipative when it is measurable according to the family of variables
(t,w) and function &(t,w) def & is Fy-measurable for all ¢ € [0, 7] and &;
independent with increments fian — fa for A > 7, ¢ > 0.

Let’s examine the following multiple Ito and Stratonovich stochastic
integrals:

T t2 . .
JW®lre = [ute) ... [ r(t)dwi .. dwi, (1.1)
t t
«T xl2 _ _
T e = [ e(te) ... [ wa(t)dwy, .. dwy?, (1.2)
t t
where ¢l(j‘); l=1,...,k — are continuous functions at the interval [¢, T7;
w = £ when i = 1,...,m; w = t; i1,...,iy = 0, 1,...,m; f®
(¢=1,...,m) — are independent standard Wiener processes.
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1.2 Theorem on expansion of multiple Ito stochastic integrals

The problem of effective jointly numerical modeling (in terms of the
mean-square convergence criterion) of multiple stochastic Ito integrals, as
we mentioned before, is very important and complex from theoretical and
computing point of view. The exception is a very marrow particular case,
when i1 = ... =4 # 0 and ¥1(s),...,¥r(s) = ¢¥(s) (see this chapter and
chapter 6). We can analyze this case using the Ito formula.

This problem, as we will see in this chapter, cannot be solved using
the Ito formula and it requires deeper and more complex investigation for
the case when not all numbers 71, ..., %; coincide among themselves. Note,
that even in case of such coincidence (i1 = ... = i # 0), but with vari-
ous ¥1(S), ..., ¥x(s) the mentioned problem persists, and relatively simple
families of multiple stochastic Ito integrals, which can be often met in the
applications, cannot be expressed effectively in a finite form (for mean-
square approximation) using the system of standard Gaussian random val-
ues. The Ito formula is useless in this case, and as a result we need to use
more complex but effective expansions.

Assume, that {¢;(z)}2, — is a full orthonormal system of functions
in the space Lso([t, T]); ¥1(7), ..., ¥r(T) — are continuous functions at the
interval [t, T7.

Let’s analyze the following function

t) . k(ty), i <...<t
K(ty, ..., t) = {gl(oglerw‘fs’fé k), t Eety, .ty €8, T

The function K(ti,...,%) is sectionally continuous in the hypercube
[t, T]%, i.e. the hypercube may be cut in finite number of parts using the sec-
tionally continuous surfaces in such manner, that the function K (¢y, ..., )
is continuous in each part and has limits at the border of part, and it may
have gaps along these cuts.

At this situation it is well known, that the multiple Fourier series of
function K (t1,...,t;) € La([t,T]*) is converging to this function in the
hypercube in the mean-square sense, i.e.

1 k k
lim HK(tl, c ey tk) — i . pz Cjk---jl ll:Il qul (tl) = 0, (13)

P1;---,Pr—200

=0 jix=0
where || f]| = < oty .. ty)dty .. dtk> " and we have Parseval equality
[t,T7*

y41

Pk
: = i 2
[t !] A tdh = T2 e 2 Cige (1)
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Chapter 1. Expansions of multiple Ito stochastic integrals

Let’s formulate the basic theorem:
Theorem 1. Assume, that the following conditions are met:

L. ¢i(7); i+ =1, 2,...,k — are continuous functions at the interval
¢, T].
2. {¢j(z)}329 — s a full orthonormal system of continuous functions

in the space Lo([t, T).
Then the multiple stochastic Ito integral J[®)|z; of the form (1.1) is
expanded in the multiple series converging in the mean-square sense

J[p®]r, = lim, z z Cj.. JI(H gj

D1, Pp—200 _ Jk =0

_kl_gt > by (Tl1)AW7('fll) - Oy (le)Awg:)>7 (1'5)
(ll,...,lk)EGk

where Gy = Hi\Ly; He = {(l1,.. ., lg) - L,..., 5, =0, 1,..., N — 1},
Lk:{(ll,...,lk): Ii,.... =0, 1,...,N — 1;
lg#lr(g#’l"), gar:]-a"'ak};

T :
i) tf (bjl(s)dwg“) — are tndependent standard Gaussian random vari-

ables for various i; or j; (if 3, # 0);

k
Cjk---j1 = / K(tl, cey tk) ll:Il d)jl (tl)dtl .. dty; (1.6)

[¢,T]*

t) . k(te), ti < ... <t
K(ty,...,t) = {gl(otierwif:é k), kot te €[, T).

Proof. At first, let’s prove preparatory lemmas.
Let’s analyze the partition {7;}_, of interval [t,T] for which

t=1n<...<7w=T, Ay= max Ar; - 0with N =00, (1.7)
0<j<N-1

where AT]' =Tj+1 — Tj
Lemma 1. Assume, that condition 1 of theorem 1 is met. Then

N-1 jo—1 k

J[p )]Tt =Llim. > ... > [[#%i(m)A TZ w. p. 1, (1.8)

_>Oojk0 71=01=1
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1.2 Theorem on expansion of multiple Ito stochastic integrals

where AW( i) = W(i’)+1 — W( W5 =0, 1,. ' {le}N_l — partition of in-

terval [t, T] satzsfyzng the condztzon (1. 7) he'remafter w.p.1” means "with

probability 17.
Proof. Proving it is easy to notice, that using the property of stochastic

integral additivity, we can write down:

N-1 Jo—1 k

J[¢(k ]Tt = Zo Zo 11_11 J[¢I]Tgl+1ﬂ'gl +eny wp.1, (1.9)
Jk
where
N—1 Tkt 8 . .
en= [ ti(s) [ Gra(r) I ] pdwli) dwl 4
jk=0 Tjk Tjk
3
+ ZIG[¢k r+1] X
Jh—rp1—1 "Tk—rtl 5
x Y Wre_r(s) / ¢k—r—1(T)J[¢(k r 2)}T7tdw(7lk r1) g () 4
Jk—T_O Tig—r Tih—r
Ja—1
[¢3 ]N Z J[ ]T]2+17Tj27
Jj2=0
N-1 jr—1 Jm+1—1

G[ ] Z Z Z Hj[wl]mﬂam

Jr=0jr-1=0 im=0 Il=m

Jh)so = /@/JI(T)dW(”)
0
171)7(5) déf (wma 'Qz)m-}-l) ceey ¢k)a ¢£k) déf ¢(k) = (d)h ceey 1/)/6)

Using standard evaluations (7.3) and (7.4) for the moments of stochastic
integrals, we obtain

Lim. ey = 0. (1.10)
N—=oo
Comparing (1.9) and (1.10) we get
%) — Jo—1 k
J[PP]rs = Z Z I J{$)ry 0.7 Wop-1. (1.11)
Jk =0 =0/=1
Let’s rewrite J([ti], ., in the form
. T]l+1 .
Ty 1, = Gi(m) AW 1+ [ ((r) = (7)) dw ™
le
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Chapter 1. Expansions of multiple Ito stochastic integrals

and put it in (1.11).

Then, due to moment properties of stochastic integrals, continuity (as a
result uniform continuity) of functions ¢;(s) (I =1,...,k) it is easy to see,
that the prelimit expression in the right part of (1.11) is a sum of prelimit
expression in the right part of (1.8) and of the value which goes to zero in
the mean-square sense if N — co. The lemma is proven. O

Remark 1. The result of lemma 1 may be generalized, i.e. the function
Pi(s) in (1.8) may be replaced with a stochastic process ¢s from the class
Ms([0,T]) (see sect. 7.1)

Remark 2. It is easy to see, that if AW%) in (1.8) for some l €

{1,...,k} is replaced with (AW%;))I); p = 2; iy # 0, then the differential

dw,gl”) wn the integral J[d)(k)]T,t will be replaced with dt;. If p = 3, 4, ..., then
the right part of the formula (1.8) with probubility 1 will become zero. If we
replace Awgi) in (1.8) for somel € {1,...,k} with (A7), p=2, 3,...,
then the right part of the formula (1.8) also with probubility 1 will be equal
to zero.
Let’s define the following stochastic integral'
. N-1 )
k]l.m. | Z ® (15,...,75,) H AWTH def J[@}T,t. (1.12)
=00 g .jk=0
Assume, that Dy, = {(t1,...,tx) : t <t1 <...<tx <T}. We will write
O (t1,...,tx) € C(Dy), if ®(t1,...,tx) is a continuous in the closed domain
D;. nonrandom function of k variables.
Let’s analyze the multiple stochastic integral of Ito type:

5

I[® kdéf/ /Cbtl,... dw,g). dw,g ),

where ®(1y,...,1x) is a nonrandom function of k variables.
It is easy to check, that this stochastic integral exists in the mean-square
sense, if the follovving condition is met:

/ /<I>2 (t1, ..., tp)dty ... dty, < co.
Using the arguments Wthh similar to the arguments used for proving
of lemma 1 it is easy to demonstrate, that if ®(¢1,...,%;) € C(Dy), then
the following equality is fulfilled:

1[® ’“}d:ef/ /<I>t1,... pdwl) | dwi =

22



1.2 Theorem on expansion of multiple Ito stochastic integrals

— Jo—1 k ]
= Lim. Z Z Q(7j,,...,7,) 11 Aw() w.p.1. (1.13)
N=oo =0 Ji1= =1 n
In order to explain, let’s check rightness of the equality (1.13) when
k = 3. For definiteness we will suggest, that 41,190,723 =1,...,m.
We have

t3 to

T
1018 [ [ [0t 1o t5)dwf) def def?) =
ttt

N—1 Tiz t2
— 1.im. B(ty, to, 7. )dw' ™ dw'® Awlis) =
Noroc j3Z=0t/t/ (b1, ta, 7 )dwi, “dw,” Awr

N-1j3—1 T2+ bz

—1. t.t dwi™ dw? Awlis) —
o £ ] [

1]3—1 Tia#t  Tia .
= l.i.m. / (/ /) tl, t2, T_]3 th th AW%z) =
N—o0 j3 0j2=0 7}, Ty

N—1js=1ja—1 T2t Tir 41 (i)
— 3
T SRS [ et
N-1js—1 T2+ T2 .
Him. X% [ [ @b, ) dwy dwi? Awl) (1.14)

Tjg
N=00  ja=0 jo=0 Tio Tjo

Let’s demonstrate, that the second limit in the right part of (1.14) equals
to zero.
Actually, the second moment of its prelimit expression equals to

N—1j3—1 Tzl T2 ~1j3—11

Z Z / /(I) tl,tQ,TJS)dtldtgATJB S M2 Z Z (ATJ‘Q)QAT]'S —)0,
J3=0752=0 7}, 7}, J3=0 j2= 02

when N — oo. Here M is a constant, which restricts the module of function
®(t1,t9,t3), because of its continuity; A1 = 741 — 7;.
Considering the obtained conclusions we have

T t3 t2
1), ¢ ///@ (tr, ta, t3)dwi D dw() dw(® =
t

N—1js=1jp=1 Tiz#t Tl (i)
=lim. ¥ Y Y [ [ @ty ta, 7,)dwy dwi) Awl) =

N=00  j3=0 j,=0 j1=0 Tjy  Tj
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Chapter 1. Expansions of multiple Ito stochastic integrals

—1j3—1jp—1 T2l T+l

= Lim. Z XX [ [ (@t te,) — Bt 7)) X
0 j3=0jo=051=0 75, 7}

X dw,g )dW,S 2) A (i2)

Tis
T T.
1.73 1]2_]_ Jo+1 7j1+1

Him Y 55 [ [ @m.m) - 2m,m.m)

N=00 j3=04,=0/1=0 7j, 3,

X dw,g )dW,S )Aw(i3)

Tj3
N—-1j3—1j2-1 .
+Lim. > Y M CD(TJI,TJZ,TB)AW(”A (iz )Awgm. (1.15)
N=00 j3=0j,=0j1=0 J3

In order to get the sought result, we just have to demonstrate, that the
first two limits in the right part of (1.15) equal to zero. Let’s prove, that
the first one of them equals to zero (proving for the second limit is similar).

The second moment of prelimit expression of the first limit in the right
part of (1.15) equals to the following expression:

N—1j3—1jp—1 Ti2+1 Tir+1 )
Z Z Z / / ((I)(tl,tg,Tj3)—(I)(tl,’l'j2,7'j3)) dtldtgATj3. (116)

J3=072=0751=0 75, 75

Since the function ®(t1,t2,%3) is continuous in the closed bounded do-
main Dj3, then it is uniformly continuous in this domain. Therefore, if the
distance between two points in the domain Dj is less than 6 > 0 (§ > 0
and chosen for all € > 0 and it doesn’t depend on mentioned points), then
the corresponding oscillation of function ®(#1, t5, t3) for these two points of
domain Dj is less than .

If we assume, that A7; < 0 ( =0, 1,...,N — 1), then the distance
between points (t1, t2, 7j,), (t1, 7j,, 7j,) is obviously less than 4. In this case

|(I)(t17t27 Tj3) - (I)(tb Tj27Tj3)| <E.

Consequently, when A7; <4 (j =0, 1,..., N —1) the expression (1.16)
is evaluated by the following value:

N=1Ja=1jo=1 T _ )3
g2 > > > AT AT, AT, < &TQQ

j3=0 j2=0 j1=0 6

Because of this, the first limit in the right part of (1.15) equals to zero.

Similarly we can prove equality to zero of the second limit in the right part
of (1.15).

24



1.2 Theorem on expansion of multiple Ito stochastic integrals

Consequently, the equality (1.13) is proven when k = 3. The cases when
k = 2 and k > 3 are analyzed absolutely similarly.

It is necessary to note, that proving of formula (1.13) rightness is sim-
ilar, when the nonrandom function ®(¢y, ..., %) is continuous in the open
domain D; and bounded at its border.

Assume, that

N-1 k .
Lim. T ® (15, ..., m,) [T Aw® & 7)),
=1

. . Tiy
N—ro0 ] ] .717"'7.7/6:0
JQ#JT;Q#T; Q7r:17"'ak

Then we will get according to (1.13)

T t2 . .
JRlf =[...[ £ (Bt,....t)dwi? ... dwi?), (1.17)
t

(t1,eetr)

where summation according to derangements (¢y, .. ., tx) is performed only
in the expression, which is enclosed in parentheses, and the nonrandom

function ®(¢y,...,%;) is assumed to be continuous in the corresponding
domains of integration.

Lemma 2. Let us assume, that the following condition is met

to

T
/.../(I)Q(tl,...,tk)dtl...dtk < o0,
t t

where ®(ty,...,t,) — is a nonrandom function. Then

NE:
m {11

T to
}SCk/.../(132(151,...,tk)dtl...dtk, Cr < .
t t

Proof. Using standard properties and estimations of stochastic integrals
(see sect. 7.1) for & € Ma([to,t]) (see also sect. 7.1) we have

M{ 2} :t/tm{|§7|2}dr, M{

Let’s denote

[e.ar,
to

fean
to

1< w0 [m{e ) ar
§ (1.18)

ti1

l 11 (

BNt = [ - [ Bty ti)dwi L dw,
t t
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Chapter 1. Expansions of multiple Ito stochastic integrals

where [ =1,..., k—1and £[®] , , & ®(ty,..., 1)

In accordance with induction it is easy to demonstrate, that &[]
Ms([t, T']) using the variable ;1.

Subsequently, using the estimations (1.18) repeatedly we can be led to
confirmation of the lemma. O

Lemma 3. Asume, that p;(s); i =1,...,k — are continuous functions
at the interval [t,T]|. Then

(@)

tl-‘rl 7777 it E

k
11 Jlelze = J[@)F) wp.1 (1.19)
=1

~

T .
where J[pilr: = %fgol(s)dwg“); ®(t1,...,tx) = Il wi(t;)) and the integral

J[CD]% is defined by the equality (1.12).
Proof. Let at first 4 #0; [ = 1,..., k. Let’s denote

T

l

det "~ (i)
ey = ZO ei(j) Aw;r.
]:
Since

k k k /1-1 k
11 Jledn—1I Jleirs = z(n J[sog]T,t) (Teiln — Teir) ( I J[gog]N),

=1 =1 =1 \g=1 g=l+1

then because of the Minkowsky inequality and inequality of Cauchy-
Bunyakovsky

k k 2\\ 5 k 1
(M{I Tty = 1T Tlednd| ) < Oy (M {17y = Tlerel'))
. . ) (1.20)
where C} < oc.
Note, that
N-1
Jaly — J@lrs = Zo JAv]r, 01,
g:
where o
TG r, = [ (0i(7y) = pi(s)) dw.

Since J[A¢y);,,, -, are independent for various g, then [27]

N-1 4
M{ 'Zo JAGI7 .7 }"'
J:

4 N-1
}: Zo M{‘J[Agpl}mhrj
J=
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1.2 Theorem on expansion of multiple Ito stochastic integrals

2}. (1.21)

2y j—1
+6 Z M{‘J A‘Pl Tj+1,Tj }Z M{‘J[A@Z]Tqﬂﬁq

Because of gausswmty of J[Ayi]r,,, .-, we have

Tj+1,5

Tj+1

M {‘J[Awl]ml,nf} = / (pi(7) — @u(s))ds,

Tj

Tj+1

V=3( ] o) - ate)as)

7j

M {‘J[A(pl]ﬁ'ﬂﬁj

Using this correlations and continuity and as a result the uniform conti-
nuity of functions ¢;(s), we get the situation when the right part of (1.21)
tends to zero when N — oc.

Considering this fact, as Well as (1.20), we come to (1.19).

If for somel € {1,...,k} : w;" = t;, then proving of this lemma becomes
obviously simpler and 1t is performed similarly. O
According to lemma 1 we have

N-1 Ih—-1

JW( )] t—llm Z Z ¢1(Tll)...¢k(le)AW i) AWTZ’: =

N—oo I= li=

N-1 Ir—1 )
Y Y Ky m) AW L Aw =
L= 11=0
N-1 ,
=Llim. > ... Y K(n,...,7)Awi) . Awl) =
N=oo =0  1,=0 k
N-1
= Lim. > K(m,..., le)Aw h L Awle =
N—-oo ll lk =0 t
lg# s q#r; gor=1,...,k
to

_ /T / (K(tl, o t)dw™ .dw,ﬁi’“)) , (1.22)
t

tla Jt)

;—l

B

1.
N—

8
a-
— O

=

k

where derangements (¢, . ..,t;) for summing are executed only in the ex-
pression, enclosed in parentheses.
It is easy to see, that (1.22) may be rewritten in the form:

T

to
J[p®p, = ) / K, t)dwi L dwi,
t

tl) 7 t
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Chapter 1. Expansions of multiple Ito stochastic integrals

where derangements (¢1,...,%) for summing are performed only in the
values dwg ) dw§ ), at the same time the indexes near upper limits of
integration in the multiple stochastic integrals are changed correspondently
and if ¢, changed places with ¢, in the derangement (¢1,...,%x), then i,
changes places with 4, in the derangement (i1, ..., ).

Note, that since integration of bounded function using the set of null
measure for Riemann integrals gives zero result, then the following formula
is reasonable for these integrals:

/G(tl,...,tk)dtl...dtk_ Z 7 7Gt1,... ty)dty . .. dtg,
t

[t’T]k t17 -t t

where derangements (t1, . ..,t;) for summing are executed only in the va-
lues dtq,...,dt;, at the same time the indexes near upper limits of in-
tegration are changed correspondently and the function G(ti,... ) is
considered as integrated in hypercube [t, T*.

According to lemmas 1 — 3 and (1.17), (1.22) with probubility 1 we get
the following representation

JpWr, =

to

1 k T . .
t

t (tl,...,tk)

+R11)“1,;fm7pk = Z Z Cjk g1 X

=0 jx=0
N-1
x1.i.m. > &4, (11,) - . . Dj, (le)AW i) AWT;’“
N—oo Zla lk =0 k
lg#l; q#r; qr=1,...,k

=5 3 G 1im z %(m)...¢jk<m>Aw$fl> Al -

—Lim. > bjy (Tll)AW o Pji (le)AWg:)) + R%%mk -

N=00 (1,...,04) Gy

SRS o ﬁ(n -

Jj1=0 Jr=0
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1.2 Theorem on expansion of multiple Ito stochastic integrals

Slim S g (n)AWED g () AW ) + Ri,
& (lla"'alk)EGk

where
T b
Ry = ) / ./ (K (t1, o th)—
tl; ) t t
-5 S o e )ant? a0
= Jk
where derangements (t1, ..., %) for summing are performed only in the
values dwgl) : th( ), at the same time the indexes near upper limits of

integration in the multiple stochastic integrals are changed correspondently
and if ¢, changed places with ¢, in the derangement (¢1,...,%x), then i,
changes places with 4, in the derangement (i1, ..., ).

Let’s evaluate the remamder R ;P of the series.

According to lemma 2 we have

T ta

wfimry) < s T (k-

tl: 7 t

— Z Z C]k g1 H qul(tl))zdtl Loodty =

=0 jx=0
2
—c [ (K(tl,.. W - 5 .Y i H%(t,)) dty .. dty — 0
[t,T] =0 jx=0

if p1,...,pr — o0, where the constant C} depends only on the multiplicity
k of multiple Ito stochastic integral. The theorem is proven. O

1.3 Expansion of multiple Ito stochastic integrals
with multiplicities 1 — 6

In order to evaluate significance of theorem 1 for practice we will demon-

strate its transformed particular cases for k =1,...,6:
T
[n(t)dwf) = 3 0, (1.24)
t J1=0

to

T
/¢2(t2)/¢ (tl)dwi(' )dw'g ) = Z OC]2]1 ( .71 Jz) 1{’&1 12750}1{.71 Jz})
t t J1sJ2=
(1.25)

29



Chapter 1. Expansions of multiple Ito stochastic integrals

Tl = 3 Cj3j2j1< 166 = Lo Liimi Gl -

J1,J2,33=0

(1) (i2)
—Lipmig 0} L (o=3s} G — Linmisz03 1 (=535 )

o0 4 .
J[¢(4)]T,t: 3 Cj4___j1<1:[ Cj(lu)_

v inds =0
~Lfirminto) L (=i} CJ4 — =it L=t G —
~Limiro) L 5i=i G G = Limisro) Liinmi G Gt —
1{22—24760}1{32—34}@1 CJ3 _1{13—14760}1{33—14}@ Cz +
L =iz0y g =jo} Lis=iazt0} L (a=ja) +
L =isz0y L=} Lin=ia0} L (o=ja} +

+1{i1=i4750} 1{j1=j4} 1{i2=i3750} 1{j2=j3}> )

00 5 .
T = 3 cj5___j1([[ (i _

o5 =0
~Liminro L= G G G = Limioroy Liiimin G G G -
~1fiymis0 L (=i G CJg G = Lz =i G G G -
~Lipmiy 0y =i G G G0 = Liminpo Liinmin G G G —
—Lgi,=is 20 15 15}@1 CJ3 CJ(4 Y- Lig=isz0} g J4}C31 C2 CJ(;5)
~Ligmivpor L=} G G0 G = Liaminpoy L 35}@1 G+
+1{z'1=z'2¢0}1{j1=j2}1{i3=i4¢0}1{j3=j4}4j5 +
+Lgi=is0) L jr=iy Lismisroy Lgsmin) G+
+Lgimiy0) L jr=ioy Liamisroy Lgimin) G+
+1 (i) L (=i} L= L ominy G +
+Lgiriy 20} L =i L inmioro) Liamint G +
+Lgisiy 20} L =i Liamioror Lsimint G +
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1.3 Expansion of multiple Ito stochastic integrals

1 gimiy0) L= ity Lgamin G +
+1gismiy0} L) it Lgamio) G +
+1{ir=i0) L i mj} Liis=ioto) L (io=in) G- +
ity 20} L o) ity Lgomint G+
+1{iy=i 20} L (=i} Litaminto) L iamin) G +
+Lgismiy0) L o) Lismisror Lgsmin G +
1 iymiy0) Lo Uit Lgimint G+
1ty L jomji Liomist) Liinmint G+

(1)
+1{i2:i57é0} l{jzzjs} 1{i3:i47é0} 1{j3:j4}Cj1 ) ) (1'28)

00 6 .
J[¢(6)]T,t - Z Cjﬁ---jl (1:[ C](l“)_

J1y--,J6=0
— L =ig20y Ly, JG}CJ Js J(i4) J(s) Liiy=ig01 14, J6}CJ J3 J(j4) J(:S)
~Liiyiorot L Gs=int G G GG = Limioroy Liiemin G G606
~Lfiymioro L Gsmin G o 3(33) 5 = Limingoy L= G CJ4 Cy(f) )

) ~(i5) ~(i6) ) ~(i5) ~(i6)
1{11 13760}1{]1 J3}CJ J4 Js  Sje _1{11 24760}1{]1 J4}€J J3 Js e

(i4) ~(is) (i5) ~(is)
1{11—15¢0}1{31—J5}CJ CJs CJ? Cja _1{22—23¢0}1{J2—J3}CJ C4 CJSS Cjée

) +(i5) ~(i6) ) ~(ia) (i6)
1{22—24750}1“2—]4}@1 ]3 325 Jje 1{12—25750}1{32—]5}4.]1 J3 J:4 j;6
) ~(is) »-(i6) ) ~(i4) +(i6)
~Lmiry L (iamin G G GG —1{13 257&0}1{]3 GGG

) +(i3) +(i6)
—1lg,- 25#0}1{34—35}CJ Jz 1313 j:6

1 im0} L =i} L=t o= G G
11, i Lo} Lisminrio) L amio G G
1 iy =0} L (=) Limio0) L s G Cge
1 im0} L =i} Limisro L amin G G
11,0y Lo Liaminto) L iamin G G
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Chapter 1. Expansions of multiple Ito stochastic integrals

1 im0} L =i} Lismioro) L umin) G G
11,0y L= Liaminto) L (gamin) G CJG
1 im0} L =iy Limioro L amio) G G
im0} L =iy Limioro L Gomint G G
L im0} L =i} Limioto) L (amint G G
1 im0} L =i} Limiato L amin G G
+14i, =20} L (=i} Limiaro) =i G Cja
1 im0} L iamio) Limioroy L Gumint G e
1 fio=ig0} L {jo=ju} Lis= 15#0}1{33—35}CJ JG)
L im0} L iamio) Lismisroy L smint G G
1 im0} L o=} Linmiaroy L gomin G i
1 iy L= Liaminto) L iamin G G
iy, 20} L) Lirmis0} L =i Gl ]4)
L1y L= Liamirio) L (gamin G C%
1 im0} L o=} Liimioro L Gumio) G G
1 iy L= Liamino) L gamin G G
L iy L=} Lisminto) L ismio) G CM
1 iy} L o=} Limioko L Gumint G s
1 figmin0) L o=} Liis=iaro) L =i} G C;;,
L iy} L o=} Lii=ioro L =it G s
+1{16—@2¢0}1{16—J2}1{11—Z4¢0}1{91—J4}CJ3 35)
1 figmi0} Lo} Loty L) G CJ5
1 im0} Lo} Lirmioror Lmin G G
L1y Lgomio Liaminto) L umin G G
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1.3 Expansion of multiple Ito stochastic integrals

L ig=is20} L {(jo=js} L {in=isz0} 1 J4}CJ J5
+1{26—l3750}1{J6—J3}1{11—157@}1{]1—35}4.] J4

+1{16 Z3750}1{% Js}l{h “7&0}1{31 J4}CJ J5

(i5)
+1{16—l3¢0} 1{J6—J3} 1{11—12750} 1{]1 _J2}CJ4 J5

(i2)
1 im0y Ljomiat Liamis o L Gamin GG

1 figmiat0) L o=} Liia=iot0} L (2=} G @3
1 iy} L) Loty Lomin G G
1L im0} L o=} L =ioto L G1=io) G i
L im0} L o=} L =i L 1=t G i
1 iy} L) Loty Lo} Gl C%
1 iy} Ljomin} Li=isro) L is=int G "

+1{16 Z5750}1{% Js}l{h zzﬁé()}l{ﬂz J4}CJ1 J3

(i)
1 fig=is 203 1 jo=js} L{io= 137'50}1{32_]3}CJ i1

F1Lgig=is201 L {o=js} L i =iu20} 1 Gy J4}CJ J3
+1{16—15750}1{J6—J5}1{11—137@}1{31 Js}CJ C4

L im0} Liomio} Lirminto L =it G s

—Liis=in 20} Lja=ii} Lin=is0} L (io=js} L{is=ia 20} L {Gs=3s}
—Liig=ir 20} L{jo=ji} L{in=ia0} L (go=3a} Lis=is 20} L {ja=3s}
~Lig=ir 20} Ljo=ji} Lin=is20} L (=3} Lis=is 20} L {js=js}
~Lig=io 20} Ljo=jo} L{ir=is20} L (5 =js} Lia=ia 20} L {js=ja}
—Liis=in20} Ljo=io} L{in=iaz0} L (1 =ja} Lis=is 20} L {js=3is}
—Liig=is 20} L{jo=jo} L{ir=iaz0} L g =5} Lia=is 20} L {ja=3s}
~Lig=isz0} L (o=} Lin=is0} L (1=} L{in=ia 20} L {jo=5s}
~Lig=is 20} Ljo=ja} L{ir=ia20} L (g =ju} Lo =is 20} L {jo=s}
~Liig=is 20} L{js=jo} Lir=ia0} L (g1 =5} Lia=is 20} L {js=js}
—Lig=is20} Ljo=ja} Lir=is0} L g =i} Lia=ia 20} L (o=}
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Chapter 1. Expansions of multiple Ito stochastic integrals

~Lig=ia 20} Ljo=ja} Lir=is20} L (51 =g} L i =is 20} L {jo=js}
~Lig=ia 20} Ljo=ja} Lir=ia0} L (g1 =g} Lo =is 20} L {js=js )}
—Lis=is 20} Lja=is} Lin=iaz0} L (n=ja} Lio=is 20} L {1o=3s}
—Liis=is20} Lja=is} Lin=ia#0} L (=0} Lis=ia 20} L {Gs=3s}

—1{¢6=z’5¢0}1{j6=j5}1{i1=i3¢0}1{j1=j3}1{i2=i4¢0}1{j2=j4}> ) (1.29)

where 14 — indicator of set A (14 = 1, if condition A is executed and
14 = 0 otherwise).

1.4 Expansion of multiple Ito integrals of any multi-
plicity k

Lets generalize formulas (1.24) — (1.29) for the case of any multiplicity
of the multiple stochastic Ito integral. In order to do it we will introduce
several denotations.

Let’s examine the unregulated set {1, 2, ..., k} and separate it up in two
parts: the first part consists of r unordered pairs (sequence order of these
pairs is also unimportant) and the second one — of the remains k — 2r
numbers.

So, we have:

({:[917 92}7 DI {g?r—la g?r};}a {gla e ey Qk—QTJ})a (130)
pa}rt 1 pa;c 2

where {g1,92,---,92-1, 92, @1, -, -2} = {1,2,...,k}, curly braces
mean irregularity of the set taken in them, and the round braces — regu-
larity.

Let’s call (1.30) as partition and examine the sum using all possible
partitions:

aglgza---,gzr—lgzr,%---Qk—2r' (1'31)
({{91792}, s 7{927‘—17 g?r}}: {QIa .. an—Z'r})
{915927 cee592r—1592r,41,5 - - - ’qk—21‘} = {1725 .. 7k}

We give an example of sums in the form (1.31):

Z a9192 = a12,
({91,92})
{91,92} = {1,2}
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1.4 Expansion of multiple Ito stochastic integrals of any multiplicity

Qg,gogsgs — 1234 1+ Q1324 + A2314,

>
({{g91,92},{93,94}})
{91392593794} = {17 27 37 4}

Agigs,q10 = 012,34 T 13,24 + Q14,23+

>
({g1,92},{q1,92})
{91592, q1, Q2} = {15 2,3, 4}

+a93,14 + G24,13 + 34,12,

Qg gs.q1q2q5 = 312,345 + @13 245 + Q14,235+

({gla 92}7 {Qb‘]% Q3})
{91,925 q1,92, q3} = {1’ 2, 37 4, 5}

+a15,234 + 023,145 + Q24,135 + A25,134 + A34,125 + 35,124 + A45,123,

> Qg,gs,9591,q1 — 312,345 T Q13245 + Q14,23 5+

({{g1,92}, {93, 94} }, {1 })
{915927937 94, ql} = {17 2,3,4, 5}

+a12.354 + Q13254 + Q15234 + Q12,543 + Q15243 + Q1425 3+

+a1534,2 + 013542 + Q14,532 + G52,34,1 + A5324,1 + A54,23,1-

Now we can formulate the basic result of theorem 1 (formula (1.5)) using
alternative more comfortable form.

Theorem 2. In conditions of the theorem 1 the following converging in
mean-square sense expansion is valid:

(k) 3 T
JW W re= Y Cj.i <1H G+
. LA

]1,...,jk:0
[3] r
T
+2 (=" 2 I 1, =i, #01%
r=1 ({{91392}7 ) {927‘—15921“}}’ {CIb .. 7qk—2r}) s=1
{91592,"'a921"—1792r1q1’"'7Qk—27‘}:{1a2a"'ak}
k-2 (iql) 1 2
Xl{j925_1= Jon, } 11:11 qul . ( .3 )

In particular from (1.32) if £ = 5 we obtain:

00 ) .
T = 3> Ch (T ¢~
jla"'7j5=O =1
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Chapter 1. Expansions of multiple Ito stochastic integrals

g 3 .
(iq,)
_ ({91, 92}, {91, @2, a3}) 1{2’91: ig27é0}1{jg1: jgz}l[[l qulqz n
17 2 9 1’ 2, 3 -
{91,92,q1,92,93} = {1,2,3,4,5}

+ Z 1{i91= i92 7’50}1{.7-91: jgz}x
({{91,92}, {93, 94} }: {ar })
{gl,gQag3ag4aq1} = {172737475}

(iqy )
Xl{i.‘}g: ig4 7é0}1{jg3= jg4}qu1 )
The last equality obviously agree with (1.28).

1.5 Comparison of theorem 2 with representations of
multiple stochastic Ito integrals, based on Hermit
polynomials

Note, that rightness of formulas (1.24) — (1.29) can be collaterally veri-
fied by the fact, that ifi; = ... =ig=1=1,...,m and ¥1(s),...,¥s(s) =
¥(s), then we can deduce the following equalities which are right with
probability 1:

JpWr, = %5T,t:
T, = o (e~ Ary),
Ty = o (5, — 36ruay),
Tp®)p, = % (67, — 667, Ay + 3A%,),
J[p® ), = % (67, — 1063, Az + 150747 ,)
T[], = é (85, — 1564 Ag, + 4562, A%, — 15A3,)

T _ T
where 07, = %f Y(s)df®), Ay = tf 1?(s)ds, which can be independently

obtained using the Ito formula (see sect. 7.2).
When k = 1 everything is evident. Let’s examine the cases k£ = 2, 3.

When k£ = 2 (we put p; = ps = p):

@, — 1 SOOI R
[¢ ]T,t p1—>Io% Z ]2J1C31 ng 'ZO nn

J1,52=0 J1=
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1.5 Comparison of theorem 2 with representations of multiple stochastic Ito integrals

= Li.m. (Xp: Jlil (Chojr + Cjijn) CJI b )+ Z Ciis ((CO)Q B 1)) -

P00 0 jo=0

“lim (£°F 0,000 + ) Z 2 () 1)) =

_>
p=ro0 ]10]20

=i (5 2 GGG+ 3 6 ((¢7) 1)) -

J1,J2=0 ]1 =0
J1772
1 & 2 1 2
pl_g.} ( (Z CJ1C]1 ) - 53-120 le) = 5 (5T,t - AT,t) . (1.33)

Let’s explain the last step in (1.33). For stochastic Ito integrals the
following estimation [5] is right:

w{ e} < sl ([ ) (L3

where ¢ > 0 — is a fixed number; f, — is a scalar standard Wiener process;
& € My([t, T]) (see sect. 7.1); K, — is a constant, depending only on g;

df;

/T\fT|2dT < 00 w.p.1; M{(/T|§T|2d7‘>%} < 0.
t t

Since
I ; ()
5Tt - Z CJ1€31 = /(¢(S) - Z Cj1¢j1(8))dfs )
J1=0 t J1=0
then using the estimation (1.34) to the right part of this expression and
considering, that

7<¢( Z C31¢]1( ))2d8 —0

n=

if p — oo we obtain

/¢ )df®D = g -1im. zcﬁgh,q>o (1.35)

p—o0

N2
Hence, if ¢ = 4, then it is easy to conclude, that 1.i.m. <j1§::0 C;, CJ(?) _

p—00

5T,t'
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Chapter 1. Expansions of multiple Ito stochastic integrals

This equality was used in the last transition of the formula (1.33).
If k=3 (we put p; = ps = p3 = p):

p
J[¢(3)]Tt T lp1—>m ( Z CJ3J231CJ1 J2 CJs Z CJ3J1]1CJ:; o

J1,J2,§3=0 J1,J3=0

Z CthJl ,71 2 C31J231C32)> -

J1,52=0 J1,52=0
i (% G (OO S (O O+ G )
T pSoo L A J3J2J15j1 Sj2 Sjs oz Jsjij1 J1j1J3 J1dsii) Sjs
J1,J2,J3=0 j1,j3=0

p j1—1lja-1
(Z Z Z ( Jsj21 + CJsth + C32J1J3 + CJstjl

0 j2=0 j3=0

+Cj1j2j3 + Cj1j3j2) CJ(I)CJ(;)CJ(;)—F

g o o (2 ()
+ Zo Zo( jajrjs + Cjujsjs T .73.73.71) (ng ) le +
J3
I )2 (), <& ()
+ 20 Z (Ciagrir + Chvjugs + Cirjair) (le ) Cis T '20 Ciiiuin (le ) -
J3= n=
< (i)
- Z (Cj3j1j1 + Cj1j1j3 + Cj1j3j1) ng ) =
J1,73=0
p Jji—1lja—1
p (Z Z Z C.hCJzCJBCﬁ C'J2 CJ3
0 j2=0 j3=0
J1—1 ) Ji—1 AN\ 2 s
ty 2 SO0 (¢)) 60+ 5 38 chon (¢F) s
=0 j3=0 =0js=
+ Z ( J1 ) 5 Z 0321013<J(2)> =
Jl ,Jj3=0
— lim. 1 i C. C. C C(i)c(i)ggi)_F
P00 6 P J1~J293591 D)2 d)3
PR o i A
p -1 si—1 )
+ Z Z J1 (@3) le + Z Z J3 (C.h) CJ(;)—i_
J1_0J3_0 =073=0

)

Ly i 1 < 1) ~(2) ~(2
+6j2200?1 <CJ(1)> 9 Z 020 CJS) L.m. <_ Z Cj10j20j3cjg1)<j<2)<.g(3)

p—o \ 6

Jl J3= J1,J2,53=0
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1.6 On usage of full orthonormal discontinuous systems of functions

p n-—l1 . p -l , 3
(3% Saren (@) ar s X Yoo (@) ¢ 2 o (d))
o $ See, (@ et S <>Jh_ ()
Ji—1 J1i—1 (i)

+ Z Z .71 (C]3 ) C_h + Z Z .73 (Cﬂl ) C]S +
2 /1=0j5=0 2 =0 j3=0
L & s (i 3 ¢ 2 (i)
+6 Z CJl ( ) Z Cj10j3cj3 ) =
71=0 2 j1ja=0
. 172 i) 3 1 d 1 1
(1.36)
. . . : p ()3
The last step in (1.36) is arisen from the equality l.i.m. ( X C; G, ) —
p—)OO ]1:0

&%, which can be obtained easily when g = 8 (see (1.35)).

In addition, we used the following correlations between the Fourier
coefficients for the examined case: C};, + Cj;, = C;,Cj,, 2Cj; =
CJ217 Cj1j2j3 + Cj1j3j2 + Cjzjsjl + Cjzjljs + Cj3j2j1 + Cj3j1j2 - Cj1Cj2Cj37
2 (Cjijuis + Chrjain + Ciojnis) = C5,Chyy 6Cjijyj, = Cj, and the formula
(2.162) if £k = 2, 3.

Cases k = 4, 5, 6 can be analyzed similarly using the formula (2.162)
when k =4, 5, 6.

1.6 On usage of full orthonormal discontinuous sys-
tems of functions in theorem 1

Analyzing the proof of theorem 1, we can ask a natural question: can
we weaken the condition of continuity of functions ¢;(z); 7 =1, 2,...7

We will tell, that the function f(z) : [t,T] — R! satisfies the condition
(x), if it is continuouse at the interval [¢,7T] except may be for the finite
number of points of the finite discontinuity, as well as it is continuouse
from the right at the interval [¢, T7.

Afterwards, let’s suppose, that {¢;(z)}72, — is a full orthonormal sys-
tem of functions in the space La([t,T]), moreover ¢;(z), j < oo satisfies
the condition (x).

It is easy to see, that the continuity of function ¢;(z) was used sub-
stantially for proving of theorem 1 in two places: lemma 3 and formula
(1.13). It’s clear, that without damage to generality, partition {Tj}j-vzo of
the interval [¢,7T] in lemma 3 and formula (1.13) can be taken so ”small”,
that among the points 7; of this partition will be all points of jumps of
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Chapter 1. Expansions of multiple Ito stochastic integrals

functions ¢1(7) = ¢;,(7), ..., wr(7) = ¢, (7); j1,-.-,Jk < 00 and among
the points (7j,,...,7,); 0 < j1 < ... < jr < N — 1 there will be all points
of jumps of function ®(¢y,..., ).

Let’s demonstrate how to modify proofs of lemma 3 and formula (1.13)
in the case when {¢;(z)}52, — is a full orthonormal system of functions
in the space Ly([t,T]), moreover ¢;(z), j < oo satisfies the condition (x).

At first, appeal to lemma 3. Proving this lemma we got the following
relations:

N-1 4 N-1 4
M{ Z J[A@Z}Tjﬂjj }: Z M {|J[A(Pl:|7'j+1,7'j‘ }+
7=0 7=0
N-1 9y J=1 2
+6 3 M{[J1AG, [ b S M{|T1AG -} (1.37)
7=0 q=0
Tjt1
M {180l } = [ (o) = ei(s))?ds, (1.38)
Tjt1

M {17181, () —ls)ds) . (139)

F=3(/

Tj
Propose, that functions ¢;(s); | = 1,...,k satisfy the condition (%),
and the partition {7;}}5' includes all points of jumps of functions ¢;(s);

Tj+1
I = 1,...,k. It means, that, for the integral | (¢i(7j) — @i(s))*ds the

subintegral function is continuous at the interval [7;, 7;+1) and possibly it
has finite discontinuity in the point 7;41.

Let u € (0, A7) is fixed, then, because of continuity which means
uniform continuity of the functions ¢;(s); I = 1,...,k at the interval
[T, Tj+1 — p] we have:

Tj+1 Ti41—H

[ Galm) = als)ds = [ (ou(m) = uls)) s+
+ /+ (1(1) = i(5))’ds < e*(A1j — p) + M?p. (1.40)

Obtaining the inequality (1.40) we proposed, that Ar; < §; j =
0, 1,...,N —1 (0 > 0 is exist for all ¢ > 0 and it doesn’t depend on
s); lei(mj) —i(s)| < e if s € [Tj41—p, Tj11] (because of uniform continuity
of functions ¢;(s); I =1,...,k); |@i(1;) — wi(s)| < M, M — is a constant;
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1.6 On usage of full orthonormal discontinuous systems of functions

potential point of discontinuity of function ¢;(s) is supposed in the point
'Tj_|_1.

Performing the passage to the limit in the inequality (1.40) when p —
+0, we get

Tj+1

/ (e1(1j) — @u(s))ds < e*A;.

7j

Using this estimation for evaluation of the right part (1.37) we get

"

N-1
Z J[A(pl]Tj-H,Tj
7=0

4 N-1 N-1  j-1
} < €4<3 (A1) +6 3 A7 S ATq> <
j=0 ' =0

<3 (6(T—t)+ (T —1)?). (1.41)

This implies, that M{

3 remains reasonable.

Now, let’s present explanations concerning the rightness of the formula
(1.13), when {@;(x)}52, — is a full orthonormal system of functions in the
space La([t,T']), moreover ¢;(x), j < oo satisfies the condition ().

Let’s examine the case k = 3 and representation (1.15). We can demon-
strate, that in the studied case the first limit in the right part of (1.15)
equals to zero (similarly we demonstrate, that the second limit in the right
part of (1.15) equals to zero; proving of the second limit equality to zero in
the right part of the formula (1.14) is the same as for the case of continuous
functions ¢;(z); 7 =0, 1,...).

The second moment of prelimit expression of the first limit in the right
part of (1.15) looks as follows:

4
} — 0 when N — oo and lemma

N-1
Z '][A(pl]TjJrl,Tj
3=0

N—1j3—1jp—1 7ozt Tir+1

S XX [ ] @yt ) — @t 7, 7,)) dhidt ATy,

33=052=051=0 75, 7
Further, for the fixed p € (0, A7j,) and p € (0, A7j,) we have

Tjg+1 Tj1+1
| (®(ts,ta,75) — ®(tr, 75, 73,)) dtadlty =
Tj Tj

2 1

Tjo+1—H Tjo+1 Tj1+1—P Tj1+1

:< [+ ] )( /[ + )((I)(tl’t%Tjs)_(I)(tlasz,Tj3))2dt1dt2

Tjo Tig+1—H Tj1 Tj1+1—pP
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Chapter 1. Expansions of multiple Ito stochastic integrals

Tio+1—HTj1+1—=P  Tjp+1—H Tji41 Tjg+1  Tj1+1—P Tjo+1  Tjp+1
Tjy Tjy Tia  Tjp+1—=P  Tjg+1—H4  Ti1 Tja+1—H Tj1+1—P

X ((I)(tl,tz,Tjg) — (I)(tl,Tj2,Tj3))2 dt1dty <

e (Atj, — p) (Atj, — p) + MPp (ATj, — p) + MPp (A1j, — p) + M(fofé)
where M — is a constant; A7; < 6;7 =0, 1,...,N—1 (6 > 0 is exists for
all ¢ > 0 and it doesn’t depend on points (t1, 2, 7j,), (t1, Tj,, 7j5)); We also
propose that, the partition {Tj}jy:_ol contains all points of discontinuity of
the function ®(¢1,1,t3) as points 7; (for every variable).

When obtaining of (1.42) we also suppose, that potential points of dis-
continuity of this function (for every variable) are in points 7j, 41, Tj,+1, Tjs+1-

Let’s explain in details how we obtained the inequality (1.42). Since
the function ®(tq,t9,t3) is continuous at the closed bounded set Q3 =
{(t1,ta,83) = 11 € 75, Tje1 — plit2 € [Tjo, Tjour — il B3 € [T, Tjorr — V] 1,
where p, u,v — are fixed small positive numbers (v € (0, A7y,), p €
(0, A7j,), p € (0, A7j,)), then this function is also uniformly continous at
this set and bounded at closed set D3 (see sect. 1.2).

Since the distance between points (t1, 12, 7j,), (t1,7j,, Tj;) € Q3 is ob-
viously less than 6 (Ar; < d; 7 =0, 1,...,N — 1), then |®(¢1,t,75,) —
®(t1,7j,,7j,)| < €. This inequality was used during estimation of the first
double integral in (1.42). Estimating of three remaining double integrals we
used the feature of limitation of function ®(ty,t,%3) in form of inequality
|®(t1, b2, 755) — P(b1, 75, T )| < M.

Performing the passage to the limit in the inequality (1.42) when p, p —
+0 we obtain the estimation

Tjo+1 Tj+1
/ / tl,tQ,TJS —CI)(tl,Tj2,Tj3))2dt1dt2 S €2AT]‘2A7'J'1.
T2 Tn

Usage of this estimation provides

N—1j3=1jy—1 Ti2¥1 Tir 1

S Y X [ ] @t te,m) — @t 7, 7)) dhdb ATy, <

J3=072=051=0 75, 75

N-1j3—1jp—1 _ )3
< 82 Z Z Z AleATjQATj3 < EQM
j3=0 j2=0 j1=0 6
The last evaluation means, that in the considered case the first limit in
the right part of (1.15) equals to zero (similarly we may demonstrate, that
the second limit in the right part of (1.15) equals to zero).
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1.7 Remarks about usage of full orthonormal systems in theorem 1

Consequently, formula (1.13) is reasonable when k = 3 in the analyzed
case. Similarly, we perform argumentation for the case when k£ = 2 and
k> 3.

Consequently, in theorem 1 we can use full orthonormal systems of func-
tions {¢;(z)}32, in the space Ly([t,T]), for which ¢;(z), j < oo satisfies
the condition (x).

The example of such system of functions may serve as a full orthonormal
system of Haar functions in the space Lo([t,T]) :

1 1 T —1
¢0($) = ﬁ7 ¢nj($) = ﬁ@ng’ (m) )

wheren =0, 1,...;5=1, 2,...,2" and functions ¢,;(z) has the following

form: _ _
2%a T € []2_"17 32_"1 + 2n1+1)
‘Pn]( ) { 22, [ +2n+1, an)
0 othervvlse
n=0,1,...;5=1, 2, ..., 2" (we choose the values of Haar functions in

the points of discontinuity in order they will be continuous at the right).
The other example of similar system of functions is a full orthonormal
Rademacher-Walsh system of functions in the space La([t, T):

1 z—1 Tz —1
¢o(z) = T — 1’ Oimy..mi () = \/7%”1( —t) ©- Pmy (T—t)’
where 0 <my < ...<mg; my,...,mp=1,2,...; k=1, 2,...; onp(x) =
(_1)[2m$]; z€|[0,1];m=1, 2,...; [y] — integer part of y.

1.7 Remarks about usage of full orthonormal systems
in theorem 1

Note, that actually functions ¢;(s) of the full orthonormal system of
functions {#;(s)}52, in the space La([t,T]) depend not only on s, but on
¢ T.

For example, full orthonormal systems of Legendre polynomials and
trigonometric functions in the space Ly([t, T]) have the following form:

¢j(s,t,T>=@P (- T;t>T2—t>’

Pj(s) — Legendre polynomials;
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Chapter 1. Expansions of multiple Ito stochastic integrals

. 1 when 57 =0
¢;(s,t,T) = N ﬁsin%f;t) when j = 2r — 1.
\/ﬁcos%;(ft_t) when j = 2r

r=1, 2,....

Note, that the specified systems of functions will be used in the context
of realizing of numerical methods for stochastic differential Ito equations
for the sequences of time intervals: [Ty, T1], [T1, T3], [Ts, T3], - - -, and spaces
Ly([To, T1]), Lo([T1, To]), La([T3, T3]), - - - .

We can explain, that the dependence of functions ¢;(s,¢,T") from ¢, T'
(hereinafter these constants will mean fixed moments of time) will not affect

the main characteristics of independence of random variables. C((;llth =

T .
{¢jz(87t,T)dW§’l); u#0;1=1,.. k

Indeed, for fixed ¢, T" due to orthonormality of mentioned systems of
functions, we have:

(i) (ir)
M {C(.;;)Tatc(.;r)T;t} - 1{il:ir¢0}1{jl:jr}7
where (i, = [ 8j(s,t, T)dw(; i1 £ 031, r =1, k.

. T '
On the other side random variables C((.;llng;tl = tfl ;. (s, t1, T)dw(® and

. T .

C((;-QTQ by = i ;. (s, ta, Ty)dw!) are independent if [t;, T1] N [ta, Ty] = O (the
) t2

case T} = to is possible) according to property of stochastic Ito integrals.

Therefore, two important characteristics of random variables C((;ng’t
which are the basic motive of their usage are stored.
In the future, as it was before, instead of ¢;(s,t,T) we will write ¢;(s)

and instead of C((;gT’t we will write CJ@ for brevity sake.

1.8 Convergence in the mean of degree 2n of expan-
sion of multiple stochastic Ito integrals from the-
orem 1

Creating expansions of stochastic Ito integrals from theorem 1 we stored
all information about these integrals, that is why it is natural to expect,
that the mentioned expansions will be converged not only in the mean-
square sense but in the stronger probability meanings.
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1.8 Convergence in the mean of degree 2n

We will obtain the common evaluation which proves convergence in the
mean of degree 2n, n € N of approximations from theorem 1.
According to notations of theorem 1:

T _
Ry = Y [ [ Ry gt te)dESY L df (1.43)
(tli“'th) t t
def
Rpl---pk (tla sy tk) = K(tla < ) Z Z Cjk Ji H ¢]l(tl)
J1=0 Jk=0
For definiteness we will consider, that iy,...,4 = 1,...,m (it is ob-

viously quite enough for unified Taylor-Ito expansion (see sect. 7.9 ) and
we can see decoding of other notations used in this section at the text of
proving of theorem 1.

Note, that proving of theorem 1 we obtained, that

M{ (B2 ")?} < Cy / / (b ti)dty . dty =

(tla atk
=Cy [ R _,(t,...,t)dty...dtg, Cy < oco.
[¢,T]
Assume, that

tl t2 . .
Mg ) 2 [ [ Ry, i) B =2, 3, R+ 1,
t t

T b
k) def (k) k def : '
77151931,1? é 77 ,ta 77 Tt é / Rpl -Pk tla < "tk)dft(fl) © ‘dft(ljk)
t t
Using Ito formula (see sect. 7.3) it is easy to demonstrate, that

t

th srdfT)zn} —n(2n - 1) [ u{( / sudfu)%_zsz}ds.

to
Using the Holder inequality in the right part under the sign of integra-
¢ 2n
tion if p = n/(n—1), ¢ = n and using the increase of value I\/I{ (f defT> }
to
with the growth ¢, we get:

n—l t

M{Q/t é}dfT)%} < n(2n — 1)<M{q gTdfT>2n}> " / M{E))hd
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Chapter 1. Expansions of multiple Ito stochastic integrals

Raising to power n the obtained inequality and dividing it on

(] )]

we get the following estimation

M{(/t gTdfT)zn} < (n(2n — 1))”</t (M{ﬁﬁ”})%ds)n- (1.44)

0

Using estimation (1.44) we have

M{(n{)*"} < (n(2n — 1))"

j tkt 2”}) dt] <

|

173

j( (2n—1)) l/ tk 1t 2n}) ndty— 1] ) dtk]n:

t

n(2n —1))"

g

QnZF/

t

= (n(2n — 1) [ [(M{(n2)2 )ty 1dtk]" <.

T t t3 n
.. < (n(2n -1)) // / M{( 77t2t 2”} ndts .. dtk—ldtk] =
t t t
= (n(2n — 1))k i / / ot t)dty . dty| <
<(m@n—1)"Den -0 [ R (b, te)db ]

[t,T]*
The next to last step was obtained using the formula

n

M{ (D)2} = 2n—1”[/ (o t)dh

t) ,
which follows from gaussianity of ng,)t = [ Ry, p.(t1,. .., tk)dft(f D,
t

Similarly we estimate each summand in the right part of (1.43). Then,
from (1.43) using Minkowsky inequality we finally get

M{(Rf )™} <
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1.8 Convergence in the mean of degree 2n

1

OG> 2n
/Rf,lu_pk(tl,...,tk)dtl...dtk]) )

[¢,T]*

< <k!<(n(2n 1)) (25 — 1)1

= (kN2 (n(2n — 1))"*=D(2n — )N

n
[ RL (.. th)d dtk] .
[t,T]*
(1.45)
The inequality (1.45) means, that approximations of multiple stochastic
Ito integrals, obtained using theorem 1, converge in the mean of degree 2n,

n € N, as according to this theorem . %:]k an...pk (t1,...,tg)dt1...dty — 0
when py,...,pr — 0. ’
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Chapter 2

Expansions of multiple stochastic
Stratonovich integrals, based on
generalized multiple and repeated
Fourier series

This chapter is devoted to expansions of multiple Startonovich stochas-
tic integrals. We adapted the results of chapter 1 (theorem 1) for multiple
Stratonovich stochastic integrals of multiplicity 1 — 3. Also, we consider
other approach to expansion of multiple Stratonovich stochastic integrals
of any fixed multiplicity k£, based on repeated generalized Fourier series
converging pointwise.

2.1 Expansions of multiple stochastic Stratonovich
integrals of 1st and 2nd multiplicity

Assume, that v1(7), 12(7) — are continuously differentiated functions
at the interval [¢, T]. For the case k = 1 we obviously have

/mn@ = ¥ e,

J1=0
where the series converges in the mean- square sense;

T
Cj, = [ ¢r(t)dy, (t)dty; ¢, /% (t1)dE); i = 1,...,m.
t

According to the standard connectlon of stochastic Stratonovich and Ito
integrals with probability 1 we have

T
TP = TP + %1{z‘1=z‘2¢0}/@bl(tl)%(tl)dtl- (2.1)
t
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2.1 Expansions of integrals of 1st and 2nd multiplicity

On the other side, according to theorem 1

T t2 . .
[alts) [a(tn)defV ) =y cm( WG = Loy L) =
t t

.717.72 =0

— Z C]Q_hC] J2 1{21_12750} Z CJIJI

J1,52=0 J1=0
The following natural questions take place: is it legal the partition of
limit in two limits in the last formula and is the following equality reason-
able (it proves the possibility of such partition):

T (o.0]
5 | st = 5 G (22)
t J1=0

Since if 1 (s) = 1)a(s) the equality Cj;, = %C’fl is realized, then in this
case the equality (2.2) is a conclusion of Parseval equality.

In order to check the equality (2.2) in the general case it is enought to
demonstrate, that

> Cpii (t)dnlt) = un(t)va(t), 23)
J1,j2=0 2

where the multiple series converges uniformly according to variable ¢; at
the interval [t, 7.

Evidently upon integrating the equality (2.3) and using the orthonor-
mality of functions ¢;(7) we get the equality (2.2), that in its turn will
mean that o

P®Plre= 2 CilfY, (24)
J1,J2=0
where the series converge in the mean-square sense.

Let’s prove (2.2) in more general case.

In order to prove (2.3) we should refer to the facts taken from the theory
of multiple Fourier series, summarized in accordance with Princeheim.

For each § > 0 let’s call the exact upper edge of difference |f(t') — f(t")|
in the set of all points t’, t"” which belong to the domain D, as the module of
continuity of function f(t) (t = (¢1,...,tx)) in the k-dimentional domain
D (k > 1), moreover distance satisfies the formula p(t',t") < 6.

We will declare, that the function of k (k > 1) variables f(t) (t
(t1,...,tx)) belongs to the Holder class with the parameter 1 (f(t) € Cl( ))
in domain D if the module of continuity of function f(t) (t = (t1,...,t))
in the domain D has the order O(9).
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Chapter 2. Expansions of multiple stochastic Stratonovich integrals

Let’s analyze the full full orthonormal system of functions {¢;(z)}32, in
the space Lo([t,T7).

We will declare that systen satisfies the condition (xx), is the system
{#;(x)}52, is such that for any function of k variables, which is continuous

at the hypercube [t, T]* and belongs to the class C*([t, T]%) its multiple
Fourier series (summarized using the method of rectangular sums) at the
[t, 77" built according to the system of functions {¢;(z)}32, converge uni-
formly to this function within [t, 7]¥ and it converge at the border of the
hypercube [t, T]*.

In 1967, L.V. Zhizhiashvili proved, that the rectangular sums of multiple
trigonometric Fourier series in the hypercube [t,T]* of the function of k
variables converge uniformly in the hypercube to this function, if it belongs
to C*([t, T)*); a > 0 (definition of Holder class with the index o > 0 may
be found in the well-known mathematical analysis manuals).

It is also well known, that for rightness of the similar statement for
Fourier-Haar series, at least for a two-dimensional case, it is enough to
have only continuity of function of two variables in the square [t, T]2.

The author thinks, that for double Fourier-Legendre series the simi-
lar formulation will be true, if the function of two variables belongs to
CY([t, T]?). If this condition is not enough, then at least the result will be
correct if the function is constant in [t,T]? (it corresponds to ¢;(7) = 1;
i =1,2,3 in the following arguments).

Note that, according to (5.36), (5.37) the formula (2.2) is right, at least
ify1(r)=t—71, (1) = 1, 91(7) =1, ¢a(7) =t — 75 Y1(7), Ya(7) =t — 74
()=t —7) Ya(r) =1, (1) =1, (1) = (t—1)% 7 € [t, T

Let’s analyze the auxiliary function:

' _ [ a(t)n(t2), t1 >t
K (t17t2) = {¢1(t1)¢2(t2)7 t <ty t1,t2 € [taT]

and demonstrate, that it belongs to C*([t, T]?).
Let’s analyze the increment: AK' = K'(t1,ty) — K'(t},t5), where

Vit — )2+ (e — 13)2 < 6, (t1,t2), (t],15) € [t, T]™

Using the Lagrange formula for v (¢]), 2 (t]) at [min{t¢1, ¢]}, max{t1, ¢} }]
and for ¢y (t5), ¥a(t3) at [min{te, t5}, max{ts, t3}] we will come to the rep-
resentation

{— ¢2(tl)¢1(t2), t1 > to . ¢2(t1)¢1(t2), > ¢
M {¢1(t1)¢2(t2)’ <ty {¢1(t1)¢2(t2)7 t% < tz +00).



2.1 Expansions of integrals of 1st and 2nd multiplicity

Hereafter, it is clear, that the difference staying in the right part of the
last equality is different from zero and equals to

£ (Y1(t1)2(t2) — 1(t2)ya(t1)) + O(6) (2.5)

on the set: M = {(¢1, %) : min{ty, t1+e} < to < max{ty,t1+¢}; 1 € [¢,T]},
where € = (17 — t1) — (t5 — t2) = O(9).

Since we have |ty — t1] = O(d) on the set M, then using the Lagrange
formula to 12(t2), ¥1(t2) at the interval [min{¢;,t2}, max{t;,t2}] and sub-
stituting the result into (2.5), we will get, that K'(t1,t2) € C([t, T]?).

Let’s expand the function K'(t1,s) in the square [t, T]? into the multiple
Fourier series, summarized using the method of rectangular sums, i.e.

nm ny LT

K'(ty,ty) = lim 2 2 [ | K (t1,42)¢5 (#1) 5 (82)dtrdto ¢, (#1) 5, () =
J1=V72=0¢ ¢

ni N2

= im0 > <7¢2(t2)¢j2(t2)(Zz%(tl)cbjl (tl)dt1> dta+

+ [ 1(t2)85, (t2)<¢/ ba(t1) ), (tl)dh) dt2> (1) 95 (t2) =

ni N9

= nhlnlzn_lmo jlz=0 jQZZO (Cjzjl + lejz) ¢j1 (t1)¢j2 (tZ)' (26)
Obtaining (2.6) we replaced the order of integration in the second re-
peated Riemann integral.
It is easy to see, that putting t; = t3 into (2.6), separating the limit in
the right part in two limits and renaming 71 by 79, 72 by 71, n1 by ny and
ny by ny in the second limit, we will obtain

ni N9

hr(t)da(tr) =2, lim >0 37 Clhyj b5 (1)), (E1)-

J1=0352=0

The required equality is obtained.

So, the following theorem is reasonable.

Theorem 3. Assume, that the following conditions are met:

L. (1), a(T) — are functions continuously differentiated at the inter-
val [t, T].

2. {¢j(z)}329 — s a full orthonormal system of functions in the space
Ly([t, T]) which satisfies if k = 2 to condition (xx) (see p.50), moreover its
each function in the case of finite j satisfies the condition (x) (see p.39).
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Chapter 2. Expansions of multiple stochastic Stratonovich integrals

Then, the multiple Stratonovich stochastic integral of the second multi-
plicity

xt2

J* [y Tt—/ (o t2/ 1(t dft dft(;2) (41,2 =1,...,m)
18 expanded into the converging in the mean-square sense multiple series

F?, = Lim. S 5 Ciopn (),

PLP2r00 120 5> =0

where the meaning of notations introduced in the formulations of theorems
1 and 2 1s remained.

Let’s demonstrate expansions of multiple stochastic Stratonovich in-
tegrals of second multiplicity using Legendre polynomials, trigonometric
functions, Haar functions and Rademacher-Wolsh functions.

Using Legendre polynomials:

*T
Far — =i

t

«T . _ $)3/2 . 1 .
ety (T 1) ( (ir) (zl))
/(t T)dfT 9 <-0 + \/§C1 )

t//dfT(il)dfs(- lCo“ (i2) | Z \/r {C(ll)C(lz) _ Ci(il)Ci(?l)}]-

For system of trigonometric functions:

*T

/df7(_“) — mgéu),

t

N

*T
: T —t V2 =1

[ ryaer = L= g 22 5 —45121],

t T p=1T
EYAEY

: : 1 i 1 >21 i

//df7('21)df5§22) = 5( - t) [CO + — Z N 27‘ 1 r)l 2(r)+
t t Tyr=1T

(6
+V2 (G - )}]
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2.1 Expansions of integrals of 1st and 2nd multiplicity

Using the system of Haar functions:

*T
[ dg = VT,
t

N

7T(t — 7)df") = L ( Wiy 22 Criy )

2 n=0j=
) ' —¢ 2 . oo 2" . 3 i
[ [aetaet = (@6 + 5 5 G d - )
t n: :

2" 2m2 .
+ Z Z Z Cﬂ2]2,n1]1 nzj)z 7(1111J)1>’

n1,n2=0 j1=1 jo=1
o efo(i=1 T\ =T\ G\
0”1222<2< on +2n+1) _< on ) ~ \on ’
_ nytny L (j2—1 1 ;-1 1 71 — 12
anjm"ljl =2 <<<m1n{ Qn2 t ona+1?  9my + 2ni+1 h 2m
< {j2—1 j1—1} j1—1>2)
—| max , — X
AL WAL AL
Xl{ma {]22"21’ J21"11}<min{j227:21+2"21+1’ j217;11+2"11+1}}_
((1nin] 22 31—1+ 1\ a-1\?
2”2 ’ 2”1 2n1+1 2711
Jo—1 1 -1y 51-1)\?
—<ma,X{ 2”2 + 2n2+17 2”1 } - 2”1 X
Xl{max{ X +2n2+1, 2n1 }<m1n{2n2, Ant +2n1+1}}+
. [J2 N J1
+(<m1n{ o in} - 2n1) -
Jo—1 I -1 1 71 \?
_<max{ om "o gm Tomet ) T om) )X

X 1{max{ U] +2n2+1, ]27:]_1+2n1+1 }<m1n{ PION 2"1 }} B

. [32—1 1 7 J1
A + onat1? omi [ om )
J2—1 j1—1 1 } J1 )2>
_ — X
(max{ 2”2 ) 2”1 + 2n1+1 2711

93
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>< 1 ]2 1 .]1 1 1 ;
max + m]n + Y
{ { 2n2 > 2™ 2“ 1 }< { 2n2 2“2 1> 2™ }}

. T .
¢ = [ oo(r)dED, O = [gpy(r)dED; n =0, 1,...;5=1,2,..., 2" —
0 y T nj g T

are independent as a whole according to lower indexes or if i # [ (i, | =
1,...,m) standard Gaussian’s random variables; i1, 79 = 1,...,m.
For the system of Rademacher-Wolsh functions:

«T
[ e = V=g,
t

R C(g )+ Z éml---mk %i)mk>’

2
t 1<mi<...<mg <00
1<k<00
*T xs
. . T —t ) ,
/ / df i) geliz) — ; (CO(H)C(SZQ) n
t t

Y GGG = GG

1<mi1<...<mp<o0
1<k<o0

T G G G ),

1<ni1<...<ng; <oo
1<mi<...<myp, <00

1<k1,k2<0
where
B 2m1_1 2mE —1
le---mk = Z (_1)81 ce Z (_l)skx
s1=0 sp=0

X 1{max{2ml 5 ,2mk }<m1n{ 8217;1_11 ,,%kmikl}} X

min 2m1 Y Y 2mk X 2m Y 7 2mk Y

3 2m1—1 2™k —1 2m—1 2"k —1
Crenpgmiemiy = 20 (=100 20 (=1)% 30 (=1)"... 3 (=1)%
s1=0 sk, =0 ¢1=0 qr,=0

X ]. s s +1 1 +1
s k . s1+1 k1 51 qk2 . q+1 qk2
{max{yn—ll,,zm—il}<mln{ﬁ,,2m—kl}} {max{ﬁ,...,zn—@ <min 2T17""2"—k2

1 ag Sk . . +1 Gyt . [s141 Skl
q q
{max{max{lel,...,znk2 } max{ ST - ,2mé }}<m1n{m1n{ I 5 2’%162 ,ming ..., 2,,1%1

o4

X




2.1 Expansions of integrals of 1st and 2nd multiplicity

(( { ,{ql—{—l qk2+1} ,{Sl-l—l Sk1+1}}
X [ [ min{ min e , min e, 0 —
2m 22 2m 27k
I T A
X 2m1,..., kal
) o st e )
MAX) MAXY Doy -+ Gy (5 TAXY Gy e
2
S1 Sk
_max{ﬁ, S g }) )-I—
max{max{;Tll,...,zlzcé },min{ Szl,rfll,...,zl%:ll}}<min{min{q21%1,...,?n?—k+21}, 1}}
( ) {sl—l—l sk1+1} {31 Sk, })
X [ min e — max{ —,..., X
2m 21k 2m 21k

1 1
X<min{min{q1+ ,...,Qk2+ }, 1}—

+2-1
{

9m 2mk
i i Jin S )
—max{max{ —,..., , min s ;
oni QMokey amy QM

T T
" = TP, () 0 = b (T)AED; 0 < mu << g
k, my,..., mpy = 1, 2,... — are independent as a whole according to
lower indexes or if p # g (p, ¢ = 1,...,m) standard Gaussian random
variables; i1, 1o =1,...,m.

‘ Apparently, due to its complexity (in comparison with expansions ac-
cording to Legendre polynomials and trigonometric functions), the given
expansions performed using Haar and Rademacher-Wolsh systems repre-
sent more theoretic interest than practical one.

Let’s provide some additional remarks in the context of analyzed prob-
lem.

Note, that the following statement is reasonable.

Assume, that &m, Wm, pn;m, m = 0, 1, 2,... — are sequences of
random values, moreover

l.i.m. = L.i.m. = l.i.m. =
N0 €n,m ¢, 111 fn,m Hms L L fn,m Pn,

where ( — 1s a random value. Then

Jim lim M{(&nm — C)z} = lim lim M{(&nm — C)Q} = 0.

m—00 N—00

We prove this fact as in deterministic case using the inequality:
M{(z —y)*} < 2M{(z — 2)’} + 2M{(z — y)°}

95



Chapter 2. Expansions of multiple stochastic Stratonovich integrals

instead of the inequality: |z — y| < |z — 2| + |z — y|.
Assume, that

bam =3 3 Ciii €D ¢ = Pp@)p,.

J1=0 j2=0

Let’s take for u,, and p, the following formulas

Z Z ij ) J;Q and Z (Z lecj ) J1

Jz =0 =0 J2

correspondingly.
Actually, since

m 0.¢) n

M{(gn,m_ﬁ‘m)2}: Z > 0322]17 M{(&nm — Pn)2}_ Z Z C]22_71)

Jo=0j1=n+1 =0 jo=m+1

Z JzJ1 — Z J2]1 Z 3231 — Z 32]1’

Jj1=0 J1,j2=0 J2=0 .71;.72—0

Z .72]1 - / K2(t17t2)dt1dt2 < 00,
.717.72—0 [t,T]2
then

Lim. l.i.m. = Pn.
n—00 é-nm o m—00 fn,m Pn

Then, using the statement given before, we will obtain

J*[¢(2)]T,t ZO Z zJ1 _](2 )7 J*[ ] ZO Z CJZJI .71 J2 )7
J2= J1=

where the series converges in the mean-square sense, i.e. for example for
the first case

Jig Jim M (76— 32 3 0,60 F =0

J1=0j2=0

The possibility to generalize theorem 3 to the case of multiple stochastic
Stratonovich integral of any fixed multiplicity k£ seems quite natural. But
this problem as we will demonstrate in the next section turned out to be
rather difficult.
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2.2 About the expansion of integrals of 3rd multiplicity

2.2 About the expansion of multiple stochastic Stra-
tonovich integrals of 3rd multiplicity. Some rela-
tions for the case of weight functions of general
form

Investigating the problem connected with a possibility to generalize the-
orem 3 for the case of multiple stochastic Stratonovich integrals of 3rd mul-
tiplicity, the author didn’t obtain general results. However, he has noticed
some interesting and useful practical facts.

In particular, we will show in this chapter, that in the case ¥ (7), ¥2(7),
P3(T) = 1; 41,149,793 = 1,...,m and the system of Legendre polynomials
or the system of trigonometric function, generalization of theorem 3 for
stochastic Stratonovich integrals is correct.

In addition in this chapter, we will show, that for some combinations of
indexes 11, 19,73 and the functions ¢ (7), ¥a(7), ¥3(7) of polynomial type
or even for some more general smooth functions, generalization of theorem
3 (case of Legendre polynomials) for stochastic Stratonovich integrals of
3rd multiplicity is also correct.

We will also analyze the more general situation for which using the
formulas, obtained in this section, we may formulate sufficient conditions
of correctness for generalization of theorem 3 for stochastic Stratonovich
integrals of 3rd multiplicity in more general case using the terms of number
series convergence.

In the following sections of this chapter we will denote full orthonormal
systems of Legendre polynomials or trigonometric functions in the space
Lo([t, T)) as {6,(x)}2,.

In the mentioned sections we will also pay attention on the following
well-known facts about these two systems of functions.

Assume, that f(z) — is a bounded at the interval [t,T] and section-
ally smooth function at the open interval (t,T). Then the Fourier series

o0 T
‘Zo Ci¢i(z); C; = %ff(zr;)qﬁj(a:)da: converges at any internal point x of the
J:

interval [t, T to the value 1 (f(z — 0) + f(z + 0)) and converges uniformly
to f(z) in any closed interval of continuity of the function f(x), laying
inside [t, T]. At the same time the Fourier series obtained using Legen-
dre polinomials converges if x =t and x = T to f(t + 0) and f(T — 0)
correspondently, and the trigonometric Fourier series converges if © =t
and z = T to 5 (f(t+0)+ f(T —0)) in case of periodic continuation of
function.

So, let’s try to develop the approach described in the previous section
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Chapter 2. Expansions of multiple stochastic Stratonovich integrals

for multiple stochastic Stratonovich integrals of 3rd multiplicity.
Let’s write down the relation connecting the stochastic Stratonovich and
Ito integrals of 3rd multiplicity:

T s .
TN, = TP, + %1{1'1:1'2} /¢3(t3) /@bz(tz)% (t2)dt2dft(;3)+
¢

t

T t3 )
+%1{2-F,-3} [ s(ts)a(ts) [ n(tr)dfs dts, (2.7)
t t

which is correct with probubility 1 and ;(7), ¥2(7), 13(7) — are contin-
uously differentiated functions at the interval [t, T7].

From here we see, that there are the following particular cases:

1. 71, 19, 73 are pairwise different;
2. ’L.1:Z'27E’L‘3; 3. 2'17&2‘2:2.3; 4. Z'1:’L.37é2'2; D. i1:i2:i3.

Here we propose, that 71,149,353 =1,...,m.

It is clear, that in the first case multiple stochastic Stratonovich and
Ito integrals are simply the same. It also relates to the any multiplicity &,
therefore we may use theorem 1 for these integrals.

Let’s analyze the second particular case.

From theorem 1 if 41 = iy # 13 follows, that

J[d)(g)]T,t — Z Oj3j2j1 (CJ(M)CJ(H)CJQB) . 1{J1=J2}<](:3)) .
J1,J2,J3=0
If we could rewrite the last equality in the form
I = % CipnGh GG - X Cigiy”
J1,J2,J3=0 J1,33=0
and could demonstrate, that in the mean-square sense

t

/3¢2(t1)¢1(t1)dt1dft(:3), (2.8)

t

T
o (i) _ 1
> CupinG, = 3 t/ YP3(ts)

J1,J3=0
then we will obtain
*11(3) — S
T e = > Chppy I1 G0 (11 =12 # 43), (2.9)
J1,J2,J3=0 =1
where the series converges in the mean-square sense.
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2.2 About the expansion of integrals of 3rd multiplicity

The author doesn’t have a proof of equality (2.8) in the general case
(leaping ahead we can note, that this equality is true in some practically
important cases: theorems 4 — 6). We will only demonstrate here, that

t3

5 z Claiin / s (ts) / o(t) 9 (t1)dty dE) (2.10)

J3=0j1=

where the series E converges in the mean-square sense, and the series E
J3=0 71=0
converges in the common sense.

In accordance with the Ito formula, the last equality may be rewritten
in the following form

T
Z Z Cgsgm = / (t1)va(t1) / V3t dft3 dty.
J3=0j1= t

Let’s show, that

sUs(ta) 1 (t)e(tr), t < ts
t17t3 0 11 > t3 =

s13(t1)th ( )2(t1), ti=t3

=5 5 Onn i (1)65()0 ), (2.11)

where t1,t3 € [t,T] and the convergence of series according to ¢; and t3 is
uniform at the intervals of continuity of expanded functions.
Let’s analyze the auxiliary function

P3(ts)a(ta)i(t), €1 <tz <ts
K (t1,t9,t3) = 4 3(t3)thr(t2)ha(t1), t2 <t1 <t3, t1,t2,t3 € [t,T).
0, otherwise

Let’s fix t1, ¢y and expand the function Kj(t1,1s,t3) using the variable
ts at the interval [t, T'] into the Fourier series:

Jja=0

N T
Ky(t1,t2,t3) = Y <¢1(t1)¢2(t2) /¢3(t3)¢j3(ts)dtsl{t1<t2}+
to

T
o (t)a(t2) [ Pa(ts)ds (ta)dtsl s, =iy +
12
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Chapter 2. Expansions of multiple stochastic Stratonovich integrals

T
e (t2)ta(t1) [ Ps(ts) s, (t3)dt31{t2<t1}> Gis(ts) (ts# 1, t2).  (2.12)

It is easy to see, that the function staying in the parentheses looks as
follows

T
Kj,(t1,t2) = {:ﬁigggﬁgi;: 2 é Z ; Wis(s) = a(s) S/¢3(t3)¢j3 (t3)dts.

Therefore, this function belongs to the Holder class C1([t, T]?) (see the
previous section). Let’s expand it in the square [t,T]? into the multiple
Fourier series, summarized according to Princeheim and substitute the re-

sult into (2.12):

o0 b1 P2

Ké (tla to, t3) = Z lim Z Z ( Jajedr T Cﬂzhh) d)Jl (tl)(rbh (t2)¢J3 (t3)

j3=0 P1,P2—0 =0 j,=0

Thinking t; = t2 in this equality, which is correct if t3 # t1, t2, we get
(see the previous section):

%Ké(tlatlatza): io: io: Ciajoin s (81) #4, (1) b5, (83)  (t3 # 11).

J3=0 j2,51=0

Let’s analyze the auxiliary function

([ )3(t3)a(ta)r1(tr), t1 <t <3
P3(ts)i(ta)a(th), ta <t <t3

K4(t17t27t3) = 9 :ﬁ;gig;:ﬁig:;;:ﬁig:ig: ii 2 Itf:lj’ i zz ) tlatQat?) € [t7T}
U1(t3)a(t2)s(th), ta <ta <t
| a(t3) Y1 (t2)s(ty), ta <t3 <ty

Let’s expand this function in the cube [t,T]? into the multiple Fourier
series, summarized according to Princeheim

K4(t1a ta, t3) ny n2,n3—>oo ZO ZO Z ]3J2J1 H bji (tl) (2'13)
J2=0j3=0

where

3
0.7(31.7).2.7.1 - / K4(t17 ta, t3) ll:Il ¢jl (tl)dtldt2dt3-

t,T]?
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2.2 About the expansion of integrals of 3rd multiplicity

The function Ky(t1,ts,t3) is selected in such manner, that after using
the property of additivity of Riemann integrals and usage of integration
order replacement in these integrals we could get the equality:

1
C( L= Cj3j2j1 + Cj3j1j2 + Cj2j1j3 + Cj2j3j1 + Cj1j2j3 + Cj1j3j2' (2'14)

J3J2J1

Substituting (2.14) into (2.13), proposing in the obtained equality, that
t1 = to = t3 and separating the limit in the right part of obtained equality
into 6 limits we get:

Rl = 3 Chundi ()66, (0).

jl 7j27j3:0

Since

DN |

iol Ciaoir 831 (t1) 05, (1) =

j13j2:0

Ry (t1,0) = St (0)a(n) [ ()85 (s)ds

and because of the well-known statement about reducing the limit to the
repeated one we come to (2.11). The equality (2.11) is proven.
Let’s analyze

L / () N i) ’
M{<§¢1(t1)¢2(t1) [ dalta)df — 30 G % stjzjlcbjl(tl)cbjz(tl)) }:
31

Jjs=0 J1,52=0

- M{(Zr<Kz(t1,t3) — Y balts) 3 stjzjlfﬁjl(t1)¢jz(t1))dft(:3)>2} .

Jj3=0 J1,J2=0

T
/<K2 (t1,13) — Z i (t3) Z Cliajojs P (tl)d),?z(tl)) dts.

J3=0 J1,Jj2=0

The right part of the last equality converges to zero if n — oo because

of uniform convergence of the series according to t3 € (¢,7), t3 # t1 (¢ is
fixed).
So, in the mean-square sense

'Zo CJ(§3) Z OCJ3J231¢J1 (t1) @), (t1) = ¢1 (t1)12(t1) /¢3 (t3) dft
J3= J1,j2=
Considering Parseval equality we have
{</ Z G Y Ciggindi (0) s, (t1)dt—
t J3= J1,J2=0
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Chapter 2. Expansions of multiple stochastic Stratonovich integrals

T , )
/ Z CJ(;B Z CJ33231¢31 (tl)d)h (tl)dt1> } <
t

J3=0 J1,J2=0
7
t

T n ) 2
L/( Yih)wa(h) /¢3 (t3)dts — > ( 2 Chpjn®i (t1)¢j2(t1)> >dt17
t

J3=0 \j1,j2=0

;io: ( > stjmfﬁjl(t1)¢j2(t1))zdt1=

Ja J1,J2=0

where L — is a constant.
Because of continuity (here ¢;(7) are assumed to be continuous) and
nondecreasing of members of functional sequence

n 00 2
wnlt) = X 3 Ciidit)os(t))
J3=0 \j1,52=0

and because of the property of continuity of the limit function
1 T
u(t) = 797 (0)v5(4) [ 3 (ts)dts
tq

according to Dini test we have a uniform convergence u,(t1) to u(t1) at the
interval [¢t,T] (t1 # t3, tsisfized).

That is why, performing the passage to the limit under the sign of inte-
gration in the last equation we obtain in the mean-square sense

o0 . T
2 CJ(; / Z Clsjoii P (t1)¢32 (t1)dtr = _/¢1 (t1)ta(t1) /¢’3 (ts dft3 )dtl
J3=0 t J1,J2=0

Replacing the sign of integration in the left part of this equality and
the sign of the right series (that is possible due to uniform convergence of
the last one according to ¢; at the interval [¢, T, t; # t3, tsisfized). and
taking into account orthonormality of functions ¢;(7), we come to (2.10).

Let’s analyze the third particular case.

From theorem 1 if 4y # iy = 73 follows, that

00 . .
J[¢(3)}T,t — ' Z CJ3]2J1< ](11) '7(21) ](3) 1{J2 J3}C] )
J1,J2,j3=0
Again, if we could write down
J[¢(3)}T,t - Z Cj3j2j1 J(:l) ](;1) 3(23) - Z CJ3J3J1 e
j17j27j3=0 .717.73—0
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2.2 About the expansion of integrals of 3rd multiplicity

and could demonstrate, that in the mean-square sense

t3

e i) 1 i i
> CiiaiiG) = 5 [ alta)alts) [ vn(tr)dES dts (2.15)
t

j17j3:0 t

then, because of connection between stochastic Ito and Stratonovich inte-
grals we could get:

00 3 .
TW9re= Y Cipy ILGY (in # 12 = ig),
j17j2)j3:0 =1
where the series converges in the mean-square sense.
Let’s only demonstrate here, that in the mean-square sense

t3

> Y il = % [ s(ts)ialts) [ n(t)dfl dts, (2.16)
t t

Jj1=033=0

00 . . 00
where the series 3. converges in the mean-square sense, and the series -

J1=0 J3=0
converges in the common sense.

Let’s demonstrate, that

SUs(t3)va(ts)vi(tr), t < ts
Kj(t1,t3) = 0, fo>ts =

Ls(t) v (t)a(t), 1 =ts
- § ioj Cj3j2j1¢j1(t1)¢j2(t3)¢j3(t3), (217)

J1=0J2,j3=0
where t1,t3 € [t,T] and the series converges uniformly according to ¢; and

t3 in the intervals of continuity of expanded functions.
Let’s analyze the auxiliary function

P3(ts)a(ta)1(t1), €1 <ty <t
Kj(t1,te,t3) = 4 3(ta)a(ts)hr(t1), t1 <t3 <ty , t1,t2,t3 € [t,T)].
0, otherwise

Let’s fix t9,t3 and expand the function Kj3(t1,1s,t3) using the variable
t1 at the interval [t, T'] into the Fourier series.

00 2

Ks(ti,t2,13) = Y <¢2(t2)¢3(t3) /¢1(t1)¢jl (t1)dt11 g, <3+
¢

71=0

63



Chapter 2. Expansions of multiple stochastic Stratonovich integrals

to

+a(t2)¥s(ts) [ Whi(0) s, (t1)dt1 Lptymiy +

t

Ss(talts) [ (0)05, ()0 L e )95, (0) (0 7 o 1) (219

It is easy to see, that the function staying in the parentheses looks as
follows

{Zigzggi EZ;: Z i 2 3 i (s) = a(s) /S¢1(t1)¢jl (t1)dt;.

Therefore, this function is related belongs to the Holder class C1([¢, T]?)
(see the previous section). Let’s expand it in the square [t,T]? into the
multiple Fourier series, summarized according to Princeheim and substitute
the result into (2.18):

00 b2 D3

Ky(ty,ta,t3) = > lim 3 37 (Ciyjjy + Chajaii) G (t1) 5, (L2) B, (3)-

]1:0p2ap3 o0 j2=0 j3=0

Taking ¢t = t3 in this equality, which is correct if ¢ # to, t3, we get (see
the previous section):

(it ts) = > >0 Gy (0)65(19)65(0) (1 #15).

J1=0 j2,53=0

The equality (2.17) is proven. The following proving of relation (2.16)
is similar to the case which was investigated earlier.

In the fourth particular case the considered stochastic Ito and Strato-
novich integrals with probability 1 will be the same, but as it follows from
the theorem 1 the series

o0 3 .
z 0]3]1 ll:[l Cj(lzl)7

332,51 =0

generally speaking, may not converges to stochastic Stratonovich integral
J*[@Z)(?’)]T,t when ’il = 'i3 7é 'i2.
In this case let’s use the theorem 1 and formula (2.7) if 4; = i3 # is.
Nevertheless, close connection of formulas (2.8) and (2.10), as well as
formulas (2.15) and (2.16) is non-random. In particular, in the following
sections we will demonstrate, that for the case ¥1(7), ¥2(7), ¥3(7) = 1
and the system of Legendre polynomials or the system of trigonometric
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2.3 Expansions of integrals of 3rd multiplicity. Case of Legenrdre polynomials

functions the formulas (2.8) and (2.15) passes to formulas (2.10) and (2.16)
correspondently.

Besides, let’s demonstrate, that within the frames of the mentioned
case the generalization of theorem 3 for multiple stochastic Stratonovich
integrals of 3rd multiplicity is correct.

2.3 Expansions of multiple stochastic Stratonovich
integrals of 3rd multiplicity, based on theorem
1. Case of Legendre polynomials

2.3.1 The case (1), ¥a(7), ¥3(7) = 1; 41,49,i3=1,...,m
Assume, that ¢1(7), ¥2(7), ¥3(7) = 1 and {¢;(z)}32, — is a full or-

thonormal system of Legendre polynomials at the interval [¢, T7.
In this section we will prove the following expansion for multiple stochas-
tic Stratonovich integral of 3rd multiplicity:
T *t3 *lo ' ' . 00 ' .
[ ] [aEaEPaEP = > Crpi(iPP (2.19)
t t t J1,J2,J3=0
where the series converges in the mean-square sense, its coefficients has the
following form:

T s S1
Cj3j2J'1 = /¢j3 (8)/¢j2(81)/¢j1 (82)d82d81d8 (i17i27 13 = 1; .- '7m)'
t t t

If we prove the following formulas:

b1 DP3 00 1 s ) 1 '
Li.m. C. ) def C. ():_T_t§<(z3)+_(13)>’
P1,p3—>00 ]1ZOJ320 JsJij Jl% 0 JsJij 4( ) C() \/gcl
(2 20)
P1,p3—00 7120 =0 s, 31,33_0 VEVEVY ~ 2 \[
(2.21)
lim. 21: pz3 C def i C C i2) =0 (2 22)
P1,p3—00 J1=0 j5=0 31-7371 o JiJsj )

then in accordance with theorem 1, formulas (2.20) — (2.22), standard
relations between multiple stochastic Stratonovich and Ito integrals, as
well as in accordance with formulas (they also follows from theorem 1):

1 T ; 1 3 i3 (i3
if/dsdfT(“) = (T —1)° (go +7§1 ) w. p. 1,
t t
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Chapter 2. Expansions of multiple stochastic Stratonovich integrals

1 Tro 1 s [ i 1

= [ [dtiva :—T—t§<(“)——(“)> p. 1

Z/t/ S T 4( ) €0 \/ggl w. D
we will have

t3 to

x (ia) 0 (i1) »(i2) »(is)

1 ? )
///d dft dft = Z Cj3j2j1 j11 j22 j33 o
t tt

jl 7j27j3=0

[T | L T
_1{i1:i2}§t/t/d8df7(z3) — 1{i2:i3}§t/t/df§“)d7-

It means, that the expansion (2.19) will be proven.
At first, note that the following relations result from formulas (2.10),
(2.16)

1

T
1 3 i3 i3
Z Z CJBJlJl _/ T t df i) = Z(T_t)i (C(g ) Cl( ))a (223)
t

+
S

=075:=0 2

Z Z 0133331 =

0]3 0

NJIr—l
Mlb—k

T T T
L aoar =L [ sy
t t t

T

1 T . 1 s [y 1o 1
— r—py [ ag@ o [ (4 dfm)):_T_“( (i) _ LG _ (zn):
(=0 [t [emopae) = Sr-? (6 - 5 - d

1

R N W NI B N (2
= =} (¢ - ). (2.24)

The series ZO in the left part of the formula (2.23) and the series ZO in
J3 J1

the left part of the formula (2.24) converges in the mean-square sense. The
number series %%0 in the left part of the formula (2.23) and the number
n=
series %0 in the left part of the formula (2.24) converges in the common
sense.”’
Let’s examine (2.23). It follows from (2.23), that

0 1 s
Y. Cojjy = (T — 1)z, (2.25)
7120 4
S Cuyg = ——(T — )} (2.26)
j1=0 SR 4\/g ’ -
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2.3 Expansions of integrals of 3rd multiplicity. Case of Legenrdre polynomials

Z Cijin = 0, Js > 2. (2.27)
J1=0

Let’s check formulas (2.25) — (2.27) by direct calculation. Let’s examine
(2.25). We have

oo

(T —t):

C(000 = Ta

T s $1
COj1j1 = /¢0(S)/¢j1(51)/¢j1(82)d82d81d8 =
t i t

1 T s 2 '
§/¢0 ) (/ ¢j1(81)d31> dS; n Z 1. (228)
t
Here ¢;(s) looks as follows:
27 +1 T+t 2 :
¢j(z) = 7]17_1513 <<8 - ) T—t) ; J 20, (2.29)

where Pj(z) — is a Legendre polynomial.
Let’s substitute (2.29) into (2.28) and calculate Cy;,j,; 7 > 1:

2

(/ P (y dy) ds =

R ( [ 551 (Paal) - Png(y))dy) ds =

2]1 +1 T
0j1j1 — /

2

VT —t * )
=—— [ (P; —P; d 2.30
St 7 1) | (Brer((6) = Puca(2()"ds (2.30)
where z(s) = (s — %) Ti_t, and we used following well-known properties

of Legendre polynomials:
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Chapter 2. Expansions of multiple stochastic Stratonovich integrals

From (2.30) using the property of orthogonality of Legendre polynomials

we get the following relation
3 1

Pfl 1(3/)) dy =

_(T—t)3< Lo, )
8251+ 1)\25,+3 25,1/

where we used the relation

Then
o0 (T —1t)? (T—t)%(J 1 © 1 )
Cojujr = - . — <+ > — =
lez:o o 6 8 1{:1 27 +1)(21+3)  jiSi4it—1
(T —t): (T —1t):2 (l 1 = 1 )
= -+ -3+ : =
_(T-tr (T-t) (_ 1+1>_<T—t)%
6 8 2 3 2) 4

The relation (2.25) is proven.
Let’s check correctness of (2.26). Represent Cjjj, in the form:

1 T S 2
Crjujp = §/¢1(8) (/ ¢j1(51)d81> ds =
t t

3 2
T —1)2(2j; + 1 7 ,
(1) ]1 /P1 (/ le(yﬂdyl) dy; j1 2> 1.
—1

Since functions

2
y
(/ Pj1(y1)dy1) s =>1
1
are even, then, correspondently functions
2
(/ (n d@/l) dy; j1>1
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2.3 Expansions of integrals of 3rd multiplicity. Case of Legenrdre polynomials

are uneven.
It means, that Cy;,;, = 0; 71 > 1.
Besides

[\SI[9)

'I—‘\I—l

V3(T -1
16

y(y +1)°dy = LLL\_/;)

N
.

Croo =

Then

(1[5

ic.. —C —|—§C-- _(T-t
= 15171 100 = 1511 4\/3

The relation (2.26) is proven. Let’s check correctness of formula (2.27).
We have

o0

S 2
ZO Jsjiji — /¢]3 (/ ¢j1 (51)d81> dS; j3 > 2. (2.31)
t

n=

It is easy to see, that the integral fgbjl (s1)ds; is a Fourier coefficient for
t

the function

1, s1<s
K{(s1,5) = {0 oihervvlse s1,8 € [t,T).

The Parseval equality in this case looks as follows:

2 T s
(/ ¢, (s1) d81> = /Kz(sl,s)ds = /d31 =s—1t. (2.32)
1= + Y

J

Taking into account the nondecreasing of functional sequence

2
Un( (/ ijl 31 dSl) )

J1=

continuity of its members, as well as continuity of limit function u(s) = s—t
at the interval [t, T'] we have according to Dini test the uniform convergence
of functional sequence uy,(s) to the limit function u(s) = s—t at the interval
¢, T].

Then from (2.31) and (2.32) using the uniform convergence of functional
sequence uy(s) to the limit function u(s) at the interval [¢,T] we have

2
(/ b, (51 dsl) ds =

.73.71.71 = / ¢]3
.7

j1 1=0
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Chapter 2. Expansions of multiple stochastic Stratonovich integrals

/ i (5)(s — t)ds = 0; js > 2. (2.33)

Obtaining (2.33) we used the well-known feature of Legendre polynomi-

als:
1

| Piw)ytdy =0; j > k. (2.34)
~1

The relation (2.27) is proven.

Let’s prove the equality (2.20). Using (2.26) we get

P ps (i) (T ) (i3) P p3 (is)
Z Z 0.73.71.71 Z COJl.hCO \/_ Cl + Z Z CJ331]1 =
033 .71— 0J3—2
D1 ) (T ) 1 25142 )
= Z COjljlc-(g%) \/* ClZ3 + Z Z Cj3j1j1 3(23) (235)
J1=0 j1=0 jz=2,j3—even
Since

3 2
T—1)2(251+ 1255 +1 | Y
Cj3j1j1 = ( ) ( 16 ) /])Js (y) /])]1 (yl)dyl dy

-1

2
and the degree of polynomial (}J P; (yl)dy1> equals to 2j; + 2, then using
-1

(2.34) we get Cj,j,j, = 0 for j3 > 251+ 2. It explains the circumstance, that
we put 2j; + 2 instead of p3 in right part of the formula (2.35).

Moreover, the function ( | Pj (yl)dy1> is even, it means, that the
>
y
function Pj,(y) ( J Pj(y1)dy1| 1is uneven for uneven j3. It means, that
-1

Cj,jij, = 0 for uneven js3. That is why we summarize using even j3 in the
right part of the formula (2.35).
Then we have

j2l 2j1+2 (is) 2p; +2 (ia)
> X GGy = X Z ClojiinGis - =
71=0 j3=2,j5—even 13=2,j3— even ; — '3—

2p1+2 P

= Z Z 0.73.71.71 . (2-36)

J3=2,j3—even j1 =0

We replaced % by zero in the right part of the formula (2.36), since
Cj3j1j1 =0for0< n < %
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2.3 Expansions of integrals of 3rd multiplicity. Case of Legenrdre polynomials

Let’s put (2.36) into (2.35):

A (T = 1) (i
22011 ZC011CZ3 C3+
2020 J3J1] =0 717150 4\/5 1
2p1+2 D1
+ X Z CJ3J1J1 . (2.37)

J3=2,jz—even j1=

It is easy to see, that the right part of the formula (2.37) doesn’t depend

on ps.
If we prove, that

S

2
lim M { ( 3 pz i () — E(T — 1)} (gé’s) 1 —d’”)) } — 0,

P1—0 =0 j3=0
(2.38)
then the relaion (2.20) will be proven.
Using (2.37) and (2.25) we may rewrite the left part of (2.38) in the
following form:

1 (T )% i 2142 p 2
lim M ( ZO Cojljl - )CO Z Z CJ3J1J1 ) =

p1=o0 j3=2,j3—even j; =

2 (T-1)%° 2p1+2 2
= hm Z COj1j1 — 7) + hm Z Z CJB]IJI) =
"0

J3=2,j3—even \j1=0

2p1+2

= lim > Z Cmm) : (2.39)

p1—=00 Jjz=2,j3—even

If we prove, that

2p1+2 2
p}I_rgo ' > Z CJ3J1]1) =0, (240)
J3=2,j3—even \j1=0

then, the relation (2.20) will be proven.
We have

2p1+2 21 2
> > Chijiin | =
J3=2,j3—even \j1=0

2

2p1+2 2
- % . PZ (/ s (s (/ b, (51 dsl) ds) =
t J1=0

J3=2,j3—even
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Chapter 2. Expansions of multiple stochastic Stratonovich integrals

1 2m+2 T N . ) ,
- 1.7'322,]'§—even (t/ ¢j3 (S) ((S - t) o le%-H (t/ ¢j1 (31)d81> ) ds) —

2
2p;+2

1 T 00 s 2
— 1j3=2,j§—even (t/ ¢j3(5) j1=%+1 (t/ ¢j1 (81)d81) ds) <
2p1+2 T 00 s 2 2
<1 pZ (/ | G5 (s) | X (/Qsjl(Sl)dSl) ds) : (2.41)
4.73—2,33 —even \} ji=p+1 \3
Obtaining (2.41) we used interrelations (2.32) and (2.33).
Then we have
s 2 2
(/cbjl(sl)dsl) - I=0RATY (/ ) _
t
T _ ¢ z(s) / , 2
= 4251+ 1) (/1 ( j1+1(y) - le_l(y)) dy) =
T —
42 f 1y (Pt (2(5) = Py ((9))°
T —
2(241 +t 1) (P (=) + Pl (2(9)) (2.42)
where z(s) = (3 — %) TL_t

For the Legendre polynomials the following well-known estimation is

correct:
K

P, < ;
| n(y) | \/m(l . y2)% Yy
where the constant K doesn’t depend on y and n.

The estimation (2.43) may be rewritten for the function ¢,(s) in the
following form:

€ (—1,1); ne N, (2.43)

n+1 K 1
[ 9nlo) |< n VT (oot )
K 1
. 1 Ki=KV2 se (t,7). (2.44)
T - (-5 %))
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2.3 Expansions of integrals of 3rd multiplicity. Case of Legenrdre polynomials

Let’s estimate the right part (2.42) using the estimation (2.43):

(t/s ¢j1(81)dsl>2 < 2(2le_+t1) (]ff2 + Kz) = 1( o <

(T —t)K? 1

257 (1 (:()2)}
where z(s) = (s — T) 72,

Substituting the estimation (2.45) into the relation (2.41) and using in
(2.41) the estimation (2.44) for | ¢;,(s) | we get:

<

; s € (t,T), (2.45)

2p1+2 P1 2
> (Z Cj3j1j1> <

J3=2,js—even \j1=0
2
§ (T —t) K*K? 2?52 r ds S 1|l
16 Js=2,j3—even | } ( T+t) 2 \2 1 1= +1j12 a
s 1_((8_T)T——t)> e
2 2
(T - )P KK (py + 1) /1 dy ( 5 i) (2.46)
pr— 3 . - -
64 Ha—y)i) \umit
Since .
d
/ 7,‘1/& < 00 (2.47)
) (1 _ y2)4
and
© 1  Fdzr 1
Y o< === 2.48
n=p1+l .712 IXZE P ( )

then from (2.46) we find:

2p1+2 2 C(T =t 3 1
> Z CJst) < ( )2(p1 +1) — 0 with p; — oo, (2.49)
J3=2,j3—even b1

where the constant C' doesn’t depend on p; and T — ¢.
From (2.49) follows (2.40), and from (2.40) follows (2.20).
Let’s examine proving of the equaity (2.21). From (2.24) we get

1
4

MIC»J

Z CJ3J30

Jj3=0

T —t)3, (2.50)
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Chapter 2. Expansions of multiple stochastic Stratonovich integrals

le

o 1
2 Clsjain = —m(T —t)?, (2.51)

J3=0
Z Clajoin = 0, 1 > 2. (2.52)
J3=0

Let’s check formulas (2.50) — (2.52) by direct calculation.
Let’s examine (2.50). We have

xO xO
> Cjajso = Cooo + D Clyjs0;
J3=0 713=1
T —t)3
Cooo = r—v: 6 ) ;

c (T—1t)> 7 P2 .
73330 = W,{ J3+1 )+ Js— 1(3/)) Y=

(T—t)i 1 1 .
= . < . + — ) ; J3 > 1
8(2j3+1) \2j5+3  2j3—1

Then

ol

o0 (T—1): (T—1t) (, 1 © 1 )
Ciuino = + . Y — =
jgz=:o ol 6 8 '3{:1 (275 + 1)(273 + 3) j32=1 4j5 — 1

(T-t): (T-t): (= 1 © 1 )
~ 6 s (2? —1 3 X;Jg 1)‘

le

452

(T -1 ( ) (T —t)2
-6 4
The relation (2.50) is proven. Let’s check the equality (2.51). We have

T

J3.73J1 / )/S¢j3 (31) 71¢j1 (82)d82d81d8 =
t t

t

T
/ 82 d82/¢]3 31 d51/¢]3
t

1 7T T 2
= 5/%(52) (/ ¢j3(sl)dsl) dsy =
t S2

74



2.3 Expansions of integrals of 3rd multiplicity. Case of Legenrdre polynomials

_ (T — t)%(2j31'g 1)v25:+1 /1 P (y) (/1 Pj3(y1)dy1) dy; js > 1. (2.53)

-1

Since functions )
1
(/ Pj3(y1)dyl) ;g3 > 1

are even, then functions

Pi(y) (/ Pj3(y1)dy1) dy; g3 =1

Y

are uneven.
It means, that Cj,;,1 = 0; 73 > 1.

Moreover
V_T—tgl (T —t)?
Coor = 2d =
001 = /1 y(1 y= 1 \/§
Then \
o0 o0 (T —1t)2
Ci...1 = Coo1 + Ciii=———"=—.
jgzzjo i1 = Coot j3Z=1 s Wi

The relation (2.51) is proven.
The equality (2.52) may be proven similarly to (2.27). We have

oo

o 17T T 2
> Ciojin = 22 5 | 6i.(s2) ( / ¢j3(81)d81) dsy =
0 Jj3=0 t S9

J3=
1 7 ?
— §/¢j1(82 (/ ¢J3 81 dSl) d32
t J3=0

S2
1 T
= 5 [ $i(s2)(T = s2)ds2 = 0; j1 > 2, (2.54)
t
where we used the Parseval equality in the following form

2 7 T
(/ ¢]3 81 dSl) = /K2(81, 82)d81 = /dSl =T — S9, (255)
=0 t S2

52

. 1, So < 81 .
K (s1,52) = {0, otherwise ’ 1> %2 e [t, 7]
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and the fact, that the series in the left part (2.55) converges uniformly
according to Dini test. The relation (2.52) is proven.
Using the obtained results we have:

p1 D3 i) (T _ t)% pP3s D1
Z Z 0333311 Z 093330C0 - T/g Z Z 0333311 =
J1=073=0 Jj3=0 J3=0j1=2
Ps , (T — t)% ps 2j3+2 i)
— C' 'OC(“) A S + ¥ Y ChiiGi 2.56
jsz;o ST 4\/g im0 =2 even Y (2.56)
Since

3 2
T —t)2(293+1 \/2 +1 )
Cj3j3j1 = ( ) ( '7316 L / (/ yl dy1) dy; 33 > 1,

1 2
and the degree of polynomial ( | P}, (yl)dy1> equals to 2j3 + 2, then using
y

(2.34) we get Cj,j,;, = 0 for j1 > 253+ 2. It explains the circumstance, that
we put 2j3 + 2 instead of p; in the right part of the formula (2.56).

2
Moreover, the function ( /P (yl)dy1> is even, it means, that the func-

1
tion P}, (y) < 1{ Pj3(y1)dy1> is uneven for uneven j;. It means, that Cj,;,;, = 0

for uneven j;. It explains summation of only even j; in the right part (2.56).
Then we have

D3 2j3+2 ) 2p3+2

(i1) _ o)
2 2 GupGl= o X 5 Ciajsin iy~ =
j3=0 j1:2,j1—even j1:2,j1—even .73 .71_

2p3+2 D3

= Z Z 0.73.73.71 . (2-57)

J1=2,j1—even j3=0
We reptaced 2.2 by zero in the right part of (2.57), since Cj,j,;, = 0 for

0< g3 < &= 2.
Let’s substitute (2.57) into (2.56):

P P . (T — t)% (i)
C’3 31 C3 3 C 2 - C +
ZOJBZ J3J3J JSZO 7373050 4\/—
2p3+2 D3
+ Z Z CJ3J3J1 . (2'58)

J1=2,j1—even jz=0
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2.3 Expansions of integrals of 3rd multiplicity. Case of Legenrdre polynomials

It is easy to see, that the right part of the formula (2.58) doesn’t depend

on px.
If we prove, that

2
lim M z pz C; _ 1(T— t)s (g“l) - ig“l’) =0
p3—00 0420 J3Jsi 4 0 \/g 1 )
(2.59)
then (2.21) will be proven.

Using (2.58) and (2.50), (2.51) we may rewrite the left part of the for-
mula (2.59) in the following form:

2p3+2 D3

3 2
. P3 T —¢t)2 i
lim M { ( 'Z—O Cj3j30 o %) C(g : + Z Z CJ3J331 ) } =

P3—00 J1=2,j1—even j3=0

2p3+2

3 2
P1 T —t)2
= lim Z Cj3j30_( ) ) + lim Z Z CJsth) =
=0

p3—o0 j1=2,j1—even

2p3+2

2
= lim > Z CJ3J3J1) )

P30 j1=2,j1—even

If we prove, that
' 2p3+2 2
lim > Z 0.73.73.71) =0, (2.60)

p3—00 J1=2,j1—even

then the relation (2.21) will be proven.
From (2.53) we get

2p3+2 Ps 2
Z Z Cj3j3j1 =
J1=2,51—even \j3=0
2
2p3+2

1 T ’
e 2 (/%(82 = (/% $1 dSl) d82) =

J1=2,j1—even \ So

2

_1 ZIEQ (/ ;i (s2) ((T— S2) — i (/ ¢j3(51)d51) )dsz) =

4j1:2,j1—even t J3=p3+1 \s,
9 2
1 2p3+2 T oo
=4 X [ 85.(52) / s (s1)ds1 | dsy| <
J1=2,j1—even |\ } J3—p3+1 S2
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2

<K (/|¢j1<sz>| > (/ %(sﬁdsl) d) (2.61)

J1=2,j1 —even t J3=p3+1 \s,

In order to get (2.61) we used the Parseval equality (2.55) and relation

(2.54). Then we have
T 2
(/ ¢j3(81)d31) =

= T=t) b s = Po (s(5))?
= T D) (Pjs+1 (2(s2)) — Pjy—1 (2(s2)))
T—t

se(t,T), (2.62)

where z(s2) = (s2 — Tft) 72
In order to get (2.62) we used the estimation (2.43).
Substituting the estimation (2.62) into relation (2.61) and using in (2.61)

the estimation (2.44) for | ¢;, (s2) | we get:

2ps+2 D3 2
> (Z ngjw'l) <

J1=2,j1—even \j3=0
2
T—t)K K2 2st2 |1 d o 1
< ( ) 1 Z S . Z — —
16 J1=2,j1—even | % (1 — ((52 — %) TL—t)2>4 ja=ps+1J3
2
T — 13 KK? O(}t 4 o 1)?
_ (T—1) i(ps+1) /7?! ( 3 __2) , (2.63)
64 “1 (1 —g?)d ja=ps+1J3
Using (2.47) and (2.48) from (2.63) we find:
2p3+2 2 C T — ¢ 3 1
) 2 Cmm) e )2(p3 1) 0 with p3 — 00, (2.64)
j1=2,j1—even D3
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2.3 Expansions of integrals of 3rd multiplicity. Case of Legenrdre polynomials

where the constant C' doesn’t depend on p3 and T' — t.

From (2.64) follows (2.60) and from (2.60) follows (2.21). Relation (2.21)
is proven.

Let’s prove the equality (2.22).

Since 1(7), ¥2(7), 1¥3(7) = 1, then the following relation for the Fourier
coefficients is correct (see section 1.2):

Cj1j1j3 + Cj1j3j1 + Cj3j1]1 - 20321 sta
where C; =0 for j > 1 and Cp = T —t. Then w.p.1
> Gl = 3 (2C205 — s — Civis) (7
2 CiisinGy = 2 |5%1.C = Chuguis = Clainin ) G - (2.65)
J1,J3=0 J1,j3=0

Therefore, considering (2.20) and (2.21), w.p.1 we can write down the fol-
lowing;:

[ele} . 1 .
Z lejsjl 3(22) = §CS’C(SZZ Z 0.71.71.73 Z CJ3J1J1 () =
J1,73=0 J1,93=0 J1,33=0
1 8 (i) 1 é(zZ 1 @v
= — T — t 2 JE— 2 - _
M (CRR N
]‘ 3 22 22 _
— 0 —=(1 = U. .
(T =1)2 (G -+VFC 0 (2.66)

The relation (2.22) is proven. So, we have proven the following expansion
for multiple stochastic Stratonovich integrals of 3rd multiplicity for the case
of Legendre polynomials:

*T *t3 *t2

. . . 00 . . .
///dft(liﬂdft(;z)dft(;s) — Z Cj3j2j1 ;31) J(le) J(;s)’ (2.67)
t t t

j1:j2 aj3:0

where the series converges in the mean-square sense,

T ] 51
Cj3j2j1 = /¢j3(8)/¢j2(81)/¢j1(82)d32d81d8
t t t

and ’il,’ig,’ig, = 1,...,77?,.
It is easy to see, that the formula (2.67) may be proven for the case
i1 = i9 = 13 using the Ito formula (also see section 6.3):

«T *t3 *t2

/ / / df{Vdff dff) = (/ df (" ) = < (o)’ = Comef ¢,
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Chapter 2. Expansions of multiple stochastic Stratonovich integrals

where the equality is fulfilled with probability 1

Let’s analyze expansions of specific multiple stochastic Stratonovich and
Ito integrals using obtained results and the system of Legendre polynomi-
als.

Assume, that

to

1l1 ll::’t f t— tk /(t —t )lldft dft )
t
*T
/(
t

*tz .
LU = [ =) [ (=) aE L dEY
t
where t1,...,0.=1,...,m; l1,..., [ =0, 1,....
The direct calculation according to theorem 1 provides:

55y =~ (S + IS +
+5 I(gig) ( I — Io(gml)> N

~(7 - ) [0 (0 + vBe - i) +
L (i) | 1ot i )
1y 3 L (s 3) G

+4 {ll—lQ} (CO + C]_ 3\/_4'2 4
1 (zl) 1 ( 11 )>
_1 L -

+4 {ia=is} (CO \/§C 3\/_C2 + G i |+

1 2 1 2 162
ot (@ - 5 + @R + i),
16 = VT =",

*(i1d2) _
[00 -

[co“ )+ % T {““c(’”—c}“’c@-(?%}],

lllz T 1112 T_t 2 12 ’il
Il(g )= - 9 Ioé ) | 4)L/§Co C1()+

= (0 GG - (+2)¢7Es ¢ )
, Py .
V(20 + 1)(26 + 5)(2i + 3) (26 — 1)(26 + 3)

+2

1=0
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(infaia) > y (i) pli) i)
DT’t a i=1,j=0,k=i Ni]kKi+1,k+1,’“++l+1Ci Cj P
2i>k+i—j>—2; k+i—j — even
S (1) (i) ~(is)

t PV NiikKk+1,i+1,M+1Q Cj Cp ' —

Z—].,]—O k:]_ 2
2k>k+i—j>—2; k+i—j — even

— > N K. pri s () i) ~is)

Z:l,]:o,k:l+2 ZJk /L+1,k—1,—2‘l<.7, CJ Ck

2i+2>k+i—j>0; k+i—j — even

00 i+1 i i .
i=1,j=0 k=1 TR

2k—2>k+i—3j>0; k+i—j — even

_ % N K. k+_7‘<-_(i1)c(i2)<~(i3)_
i=1,j=0,k=i—2,k>1 1) 2—1,]€+1,—21 ? J k

2i—2>k+i—j>0; k+i—j — even

00 1—3 j ; j
— EDSEDS Nijk Ky 14 MQ(“)C](ZZ)CISB)‘I'
i=17=0 ¥=1 Ul

2k+2>k+i—5>0; k+i—j — even

i=1,j=0,k=i ik 1 k-1, 160 65 Gk
2i>k+i—j>2; k+i—j — even
SER (i) ~(ia) -(is)
- i—lzj—O & Nije K11 =066 G

2k>k+i—3>2; k+i—j — even

, 00 2j ,
G%Bt) == {k ' > ijkKj+1,k+1,§+1C/§ZB)+
=)

j=1 k — even

j—1

+ Y NipKpaaeaG -

k=1, k — even
2j—2

(i3)
- D NjjeKj_1p1,sG =
k=j—2, k>1, k — even

3 (i
o > ijkKk+1,j—1,§Ck Y-

k=1, k — even
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Chapter 2. Expansions of multiple stochastic Stratonovich integrals

2542 (is)
23
o > NJJk‘KJ+1 k—1,56K T
k=j+2, k — even
Jj+1 (ia)
3
- > Nijje Ky _1j41,5C +
k=1, k — even
o (i3)
13
+ X NG5G0+
k=j, k — even

J—1 ,
+ > ijkKk—l,j—l,g—lgg%)} ;

k=1, k — even

2i+2 i)
~— 9 Z 2 NuiKiiiin-iG 0 —

=1 \j=0, j — even
2t

—2 Z NlJle 10— 11—3912

j=2, j —even

2i—2

+ Z N@JiK —-1,-1,3-1- lC }

7=0, 7 — even

where
1
Ny —
ik J (2k+1)(25 +1)(2i + 1)’
K _ Om—k@hGn—k 2n +2m — 4k + 1 (2k—1) <
ik Artr—k o+ 2m—2%k+1 g =

On the other hand, in accordance with (2.67) we may use more compact
expression:

1
Tl = - (1R 4 1 4

1
+§I(§;3,3 (100(2”2) - Ioéml)> -

s [1 1) i2 /2 2 1 2
~(T - 0} [( G0 (6 + VB - o)+ (D)

or

I(%Oz;,?) - Tt (Ié )Iltgml) + I(g )Iugzm)> +

+§](§iT3,2 ([oo(lm) Ioéml)> —
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2.3 Expansions of integrals of 3rd multiplicity. Case of Legenrdre polynomials

—(T—1)? F

i) o(is) [ i i L G, L (iyigis
S0 (2 + VB — il ) + DR+

V5
1 (i3) 1 (i1) (i1)
+1{i1=i2}511?,t ~ Lii=ig} 3 ((T —t) Iy, + flL) )
where

[1(2t = _5( )% (Co + 7(1 ) ;

T
CJ@ = [ ¢;(s)dfD; {;(z )}520 — is a full orthonormal systems of Legendre
t

polynomials at the interval [t, T].

Let’s prove some generalizations of expansion (2.67) for the situation,
when 9;(17) = (t — 7)% I; = 0, 1, 2,... are fixed natural numbers; i =
1, 2, 3.

2.3.2 The case 11(7),¢2(7) = (t — 1), ¥3(7) = (t — 7)b; iy = 4a # i3

In this section we will prove the following expansion for multiple stochas-
tic Stratonovich integral of 3rd multiplicity:

*T *S *81

[ =) [(t—s1)" [ (8= 52)'df DG =
t t t
_ R o i) i) g s ) s
T Z 0 J3J2J1571  SJ2 53 (?’1_2275237 11,192,113 = 7"'7m)7 ( . )
J1:J2,)3=
where the series converges in the mean-square sense; [,l3 =0, 1, 2,... and

S1

T s
Cloni = [ 03s(8)(t— )" [(t—51)'5,(s1) [ (t—52)'8;, (52)dsadsrds. (2.69)
t t

t
If we prove the formula:

NN

o T s .
> Cigin Gy =< [t =) [(t — s1)"ds,df, (2.70)
J1,J3=0 t t
where the series converges in the mean-square sense and the coefficients
Cj,j.j, has the form (2.69), then using theorem 1 and standard relations
between multiple stochastic Stratonovich and Ito integrals we get the ex-
pansion (2.68).

Using theorem 1 we may write down:

1 T S ) 12[+l3+1 -
5 [t =9)" [(t = s)"dsadf = 2 3 Gt wp. 1,
t t J3=0
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Chapter 2. Expansions of multiple stochastic Stratonovich integrals

where
T s
/ t—sl3/t—31 dslds
t t
Then
b3 D1 (is) 1 2l+l+1
Z Z C’J3J1J1 - 5 Z CJ3CJ
J3=071=0 j3=0
2+ls+1 1. (i) (i)
- Z Z CJ331]1 - 501'3 ng + Z Z CJBJIJI .
J3=0 \ji= Ja=2l+13+2 j1=
Therefore
2
) b3 Pp1 1 T I s 2l
pl,%olggoo M { (JZO Z CJS]IJl 5/ (t—s) 3/ t — s1)%dsidf() | § =
3=0j1= t t
‘ 2A+13+1 1. \2
— p}I_r)%o ZO Z C]3J1]1 - §Cj3) +
J3 j1=0

P3 P1 (i3) 2
+ lim M ( > 2 Chjiy j33) : (2.71)

Pr:ps=00 Ja=20+13+2 j1=0

Let’s prove, that

2
. D1 1 -
p}l—r)%o (jlzzo Cj3j1j1 — §Cj3> = 0. (272)
We have
1. 2
(z CJ3.71.71 _ §OJ3> =
J1
1 D1 ] 2

Z/¢]3 t_S </¢]1 81 t—Sl dsl) ds—
.71 Ot t

s 2
/gb]3 (t—s) l3/ t— 51 2ld81d8) =
t

S

— i (/ ¢4, (s)(t — 8)l3 (/ ¢, (51)(t — s1) dSl) / t—s1) 2ldS1) S)

t J1=0 t

([ aatore—s ([t suas -

t
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2.3 Expansions of integrals of 3rd multiplicity. Case of Legenrdre polynomials

_j =§+1 </S iy (s1)(t = Sl)ld31> - /S(t - 81)2ld81) ds) =
1 (7% . s l 2 2
_ Z (/ ¢j3(3)(t - S) 3j =§+1 (/ ¢j1 (81)(t — 81) dsl) ds) ) (2_73)

In order to get (2.73) we used the Parseval equality, which in this case
may look as follows:

2 T
(/ ¢, (51)(t — s1) d81> = /KQ(s,sl)dsl, (2.74)
t

J1=0

where

_f({t—s1), s1<s. T
K{(s, 1) = {O, otherwise 8,51 €T

Taking into account the nondecreasing of functional sequence

n

un(s) = 3 ( / 85, (1)t — sl>’dsl)2,

71=0

continuity of its members and continuity of limit function
S
/ t— 81 ldsl
t

at the interval [t,T] in accordance with Dini test we have uniform con-
vergence of functional sequences u,(s) to the limit function u(s) at the
interval [t, T7].

From (2.73) using the inequality of Cauchy-Bunyakovsky we get:

D1 1 - 2
> Cigjiin = 505 | <
2

1, 21 r 2 1 il 2
< & (T —1t) 3/¢j3(s)ds(T —1) = i(T — ¢)2stle (2.75)

when p; > N(e), where N(¢) is found for all € > 0.
From (2.75) it follows (2.72).
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Chapter 2. Expansions of multiple stochastic Stratonovich integrals

Further
3
Z Z Cagml Z Z CiasjiirGjs - (2.76)
=0 j3=2l+13+2 =0 j3=21+I3+2

We put 2(j;1 + 1 + 1) + I3 instead of ps, since Cj,j,5, = 0 for j3 > 2(j; +
[ 4+ 1) + l3. This conclusion follows from the relation:

2
Js]1]1 - /¢33 t - 5 (/ ¢J1 81 t — 81) d31> ds =

1 T
= 5/¢j3(S)Qz(j1+z+1)+l3(8)d8,
t

where Qa(j, +1+1)+1,(8) is a polynomial of the degree 2(j; + 1+ 1) + 3.
It is easy to see, that

p1 2(j1+l+1)+13 ) 2(p1+Hl+1) 413 py

Z Z Cj3j1j1 .](;3) = Z Z CJ3J1J1 : (277)

J1=0 j3=2l+I3+2 J3=2l+I3+2 j1=

Note, that we introduced some coefficients Cj,;,;, in the sum ZO which
J

equals to zero. From (2.76) and (2.77) we get:

p1 P3 (is) 2 2(pi+i+1)+l; py (is) 2
M (Z . Z Cj3j1j1€j3 ) =M Z Z CJsjlh =
.71:0.73:21+l3+2 ]3—2l+l3+2 ]1

2(p1+l4+1)+ls / oy 2
= Z 2 Cj3j1j1 =
33:2l+l3+2 '1:0

s 2 \2
/gbj1 (t —s1) dsl) ds) =
t

1 21+ 1)+ n 2
-

il
D> (t/T%( t—sl:z()(t/s% t—sl)dsl)st):

Js=2l+13+2

/ ¢.73

(P1+l+1 )+l 1 pl
J1 =01%

]3—2l+l3+2

ja=2l+13+2

1 2(p1+I+1)+13 s
= 4 Z /¢33 (/ t - 51 2ldsl—
t t

86



2.3 Expansions of integrals of 3rd multiplicity. Case of Legenrdre polynomials

> ( / 83 (s)(t - sl>ldsl)2) 45)2 _

Ji=p1+1
2(p1+l+1 )+s 2 2
= /¢J3 (/ ¢J1 81 t— 81) d81> ds .
]3 2l+l3+2 t ]1_p1+].
(2.78)

In order to get (2.78) we used the Parseval equality of type (2.74) and
the following relation:

/¢j3(S)Q2l+1+z3(S)ds =0; g3 > 20+ 1413,
t

where Q24141,(s) — is a polynomial of degree 21 + 1 + I3.

Further we have )
(/ ¢, (s1)(t — Sl)ld81) =
2

z(s)
(T t)2l+1 2] + 1
= 021+2 / (1+y)dy| =

(T _ 75)214-1
W2, + 1) (L 2() (P (+(9) = Prct (2(9))) -

[ (Bnl) = Py (1 +9) ) <

2041 s 2l 5
< sagr e (o= ) (Paa el6) = B (sl

-1

2(s) 2
+? (/ (Pji+1(y) — P1(y) (1 +y)“dy) ) <

(T—t)2l+1 2141 5 9
< gy, 37y (2 (s () + Py (2(6) +

z(s) z(s)

+2 [ (1 +y)* 2y [ (Pia(y) —le—l(y))2dy> <

(T_t)2l+1 2[+1 2 2
< gy 37y (2 (Pl () + Py (2(e) +
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Chapter 2. Expansions of multiple stochastic Stratonovich integrals

z(s)

+2z_1(8_t B +P2(w)dy) <

1
£)2+1 2
_22]1+ 2(Pji 1 (2()) + Py (2(s)) +
12 2(s)
—1 /1 i1 (¥) + P () dy), (2.79)
where z(s) = (s _ %) Ti_t

Let’s estimate the right part of (2.79) using (2.43):

2
(T . t)2l+1 K2 K2
d < X
(/ P ) 22 +1) \ji+2 | g
12 2(s)
dy
1 T | <
( ( 5 2l /1 1— )2)
2l+1K2 l27T
< 25% ( 5 + 20 — 1) (t.T) (2.80)
where z(s) S TL_

S) =
From (2 7) ( 80) we get:

D1 D3 (13) 2
M > CuiiG ) <

j1=0 j3=2l+I3+2

1 2o+ + (T B s l 2 2
<p 2 1a@le- 9t £ ([ensu- a)a) o
J3=2l+13+2 t Ji=p1+1 \}
1 2p1+l+1)+ls (T . s 2 2
< Z(T—t)% > ( / | djs(s) | >0 / b, (s1)(t — sl)ldsl) ds
j3:2l+13+2 t j1=p1+1 t

<

(T — t)4l+2l3+1 KAK2 2o +i+1)+1s T 92ds
1 Z /
t

16 J3=2l+13+2

2
2r T ds S|
+ T Y | <
2l =1 (1 — (z(s))2)4) Ji=p1+1 112)

38



2.3 Expansions of integrals of 3rd multiplicity. Case of Legenrdre polynomials

2
- (T _ t)4l+2l3+3K4K12 2p1 + 1 /1 2d /1
- 64 i (1- % % 11_ yi) —

< (T — pyti+als+sg 2Pt 2p + 1
N i
where the constant C' doesn’t depend on p; and T' — ¢, and

o= (T

From (2.71), (2.72) and (2.81) follows (2.70), and from (2.70) follows
the expansion (2.68).

— 0 when p; — o0, (2.81)

2.3.3 The case ¢3(T),¢2(T) = (t - T)l, ¢1(7’) = (t - T)ll; 13 = 19 7& 11

In this section we will prove the following expansion for multiple stochas-
tic Stratonovich integral of 3rd multiplicity:

*T *8 *S1
[ =) [(t—s1)" [ (t— 50)" DG ) =
t t t

O
_ (i1) f(i2) ~(i3) (: __ - S S
= Z Cj3j2j1 g1 Sja Sjs (Z3 =12 75 11, 11,112,113 = 1, ceey m), (2.82)
j15j27j3:0
where the series converges in the mean-square sense; [,[; =0, 1, 2,... and
g q bl ) ) b )

S1

T s
Cisinis = [ 655(8)(t =)' [(t—51)'85,(51) [ (t—52)",(s0)dsadsrds. (2.83)
t t

t

If we prove the formula:

Mlb—k

xO
> Cj3j3j1

T s
== [(t—s)" [(t— s)"df{ds, (2.84)
J1,93=0 t t

where the series converges in the mean-square sense and the coefficients
Cj,j,j, has the form (2.83), then using theorem 1 and standard relations
between multiple stochastic I[to and Stratonovich integrals we get the ex-
pansion (2.82).

Using theorem 1 we may write down:

2/t—sﬂjt—slqu1:
t
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Chapter 2. Expansions of multiple stochastic Stratonovich integrals

14 -
5/ (t —s1) / s)mdsdfs(fl) =
t S1
1 2l+h+1
— 5 > C'hCJ w. p. 1,
J1=0
where
T T
/ )(t — 1) /(t )X dsds;
t S1
Then
P1 D3 (i1) 21+L+1
Z Z CJ3J3J1 PN Z Cth
J1=073=0 2 J1=0
214+04+1 / p3 1 - (i) D1 D3 (i1)
= 'ZO 'ZO Cj3j3j1 - §Cj1 le + ' 2§l " 'ZO Cj3j3j1 J1
Nn= J3= n= 1 J3=
Therefore
2
lim M if:()’ 1775—32’/815—5 lldfl1 =
P1,p3—00 =0 j3=0 JSJ&h 2 4 +
2l4+1;+1 [/ p3 1-~ 2
— i C. .. —=C,
p31—r>%o jlzzo _3220 J3J3J1 ) Jl) +

P13 =200 j1=21+11+2 j3=0

Y41 b3 (ir) 2
+ lim M ( > 2 Chjgi jll) : (2.85)

Let’s prove, that

C*j1>2 = 0. (2.86)

_ 2
) -

( /qﬁjl (s2)(t — s2) 1d52/¢J3 (s1)(t — s1) dsl/qﬁjg t—s) ds—
J3=01%

DN | =

lim (Z 0333331 -

—00
bs J3=0

We have

DN | =

D3
(_Z Cligjsjs —

J3=0

o [ 8=t [ s)ﬂdsdsl) _

S1
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2.3 Expansions of integrals of 3rd multiplicity. Case of Legenrdre polynomials

1 p3 T 2
( /¢J1 82 t— 82 (/ ¢j3(81)(t— Sl)ldsl) dso—

]3_0 t

—;/@JQXL-QW/u—stwQ)-

S1

411(/¢31 si)(t —s1)" ( 0(/92593 ) —/(t—s)2lds)d31) =

= i (t/ i, (51)(t — s1)" (S[(t — 5)%ds—
—.iﬂ(/%ﬂﬂﬁ—@wa —/@—sW@)@l _

In order to get (2.87) we used the Parseval equality, which in this case
may look as follows:

;i(/@xgu—@w% — [ K%(s, s1)ds, (2.88)

where

(-9 s1<s,
K(Sasl) - {O, otherwise ; 5,81 € [t7 T]

Taking into account nondecreasing of functional sequence

continuity of its members and continuity of limit function
T

u(s1) = /(t — 5)%ds

S1

at the interval [t, T], according to Dini test we have uniform convergence
of the functional sequence u,(s1) to the limit function u(s) at the interval
¢, T].
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Chapter 2. Expansions of multiple stochastic Stratonovich integrals

From (2.87) using the inequality of Cauchy-Bunyakovsky we get:

b3 1 ~ 2
Z stjzjl - 501'1) <
3=0

1 T T o T 2\ 2

< 1/¢§1(31)(t —s)dsy [| Y (/ i (s)(t — S)IdS) ds; <

t t \Js=p3+1 \$;

<12T t2llT2 ds (T t—lT ¢)2h+1g2 2.89

< e (T=1 t/%(sl)sl(—)—;(—) £ (2.89)

when p3 > N(e), where N(¢) is found for all € > 0.
From (2.89) follows (2.86).
We have

ps 2(j3+I+1)+l

D3 D1 .
Z Z CJsJ3Jl Z Z Cj3j3j1 CJ<11)‘ (2‘90)

j3:0 ]1:2l+ll+2 ]3_0 Jl—2l+l1+2

We put 2(j3 + 1 + 1) + [; instead of p;, since Cj,j,;, = 0 when j; >
2(js + 1+ 1) + ;. It follows from the relation:

T T 2
Cj3j3j1 = %/gbjl (82)(t — 52)11 (/ ¢j3 (31)(t — sl)ldsl) d82 —
t S2

1 T
- 5/¢j1(52)Q2(j3+l+1)+ll(82)d82,
t

where Qa(j,+i+1)+1, (8) — is a polynomial of degree 2(j3 + 14 1) + ;.
It is easy to see, that

p3 2(js+I+1)+] 2(p3+I+1)+1 ps

Z Z Cj3j3j1 J(fl) = Z Z CJ3.73.71 . (291)

Jj3=0 j1=2I+1+2 J1=2l+L+2 j3=

p
Note, that we included some coefficients Cj,;,;, in the sum 'io’ which
J3=
equals to zero.

From (2.90) and (2.91) we get:

D3 gl (1) 2 2(ps+1+1)+1l; ps 2
M (Z ) Z Cj3j3j1 J1 ) =M ' Z Z CJ3J3J1 =
J3=0 j1=21+11+2 J1=214+1;+2 j3=0
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2.3 Expansions of integrals of 3rd multiplicity. Case of Legenrdre polynomials

2(ps+1+1)+l [ ps 2
= Z Z Cj3j3j1 =
J1=2l+11+2 )3=0

2

T 2
/925;1 (2)(t = 52)" (/¢j3(81)(t—81)ld81) d32) =

.73 Ot

>

2(pa++1)+l 12
J1=21+1;+2

2
1 2(s+H+1)+0

= — Z (/ ¢]1 (82)(t — 82 2 (/ ¢J3 81 t — 81) dsl) dSQ) =

4 o442 2

1 2(ps+i+1)+h T

=- > (/ Bji (s2)(t — s2)" (/(t — 51)%dsi—

4 =oiin+2 J

-5 (/ aﬁjg(sl)(t—sl)ldsl))d@) _

J3=p3+1 \s2

1 2(ps++1)+0

=7 = (t/¢jl(82)(t—82)l > (/‘1533 (s1)(t = 1) dsl) d52) :

J1=2l+11+2 J3=p3+1 \s,

(2.92)
In order to get (2.92) we used the Parseval equality of type (2.88) and
the following relation:

T
/(bjl (S)Q2l+1+ll(8)d8 =0; 1 >20+1+14,
t

where Q24141 (s) — is a polynomial of degree 21 + 1 + 1.

Further we have
T 2
(/ s (51)(¢ — Sl)ld81) =

(T . t)2l+1(2j3 + 1) (I(/l

22l+2

= P, (y)(1+ y)ldy) =
52)

(T _ t)2l+1
- 22l+2(2j3 + 1)

((1 + 2(52))' (Pjg-1 (2(52)) = P (2(52))) —
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Chapter 2. Expansions of multiple stochastic Stratonovich integrals

2041 sy — 1)\ 2 5

+F(/<%ﬁww—f%1@»u+yV1@)>§
&(

52)

(T =)™ (a1 (2
< 22l+1(2j3+1) <2l (‘P]3+1( ( ))"’ P3 1( (82)))+

+H2 [ (1+y)"dy / J3+1(y)—Pj3—1(y))2dy> <

2(s2) 2(s2)

(T =t (o (o
< gy (2 (Pt (o) + PRy (s(ea)) +

2072 Sy — 2[-1 1 ) )
+2?l—ll (1 ((T_:)> ) / (Pr1(y) + Pr_i(y)) dy) <
2(

32)

2141
< %<2 (Pj23+1 (2(s2)) + Pj23—1 (2(82))) +

~ 2(2j35+1)
2[ _ 1 / ]3+1 ]3 1( )) dy) (2.93)
where ) _ ,
2(s2) = (SQ_ 5 >T—t'

Let’s estimate right part of (2.93) using of (2.43):

T 2
l (T _ t)2l+1 KZ K2
(S[ Gj;(s1)(t — s1) d51) < 2@ £ 1) (],3 3 + . ) X

2
(@—@(»ﬁ ”—1/ 5)

L (TR (( (2 4+ P ); se(t,T), (2.94)
1_ 2




2.3 Expansions of integrals of 3rd multiplicity. Case of Legenrdre polynomials

From (2.92) and (2.94) we get:

D3 Y41 (ir) 2
M Z Z Cj3j3j1 jl S

3=0 j1=2l+11+2

2(pg+1+1)+1;

T T 2 2
< 1 - L 3 ; t—s1)ld d
<72 | @ji(s2) | (E—s2)" X2 i (s1)(t — s1)'ds1 | dsg
]1—2l+l1+2 t J3=ps+1 \s,
1 . 2ps+i+1)+L [ T 00 T l 2 2
<=0 S [ i(s) | X | [ i)t —s1)'dsi | dsy
Ji=2l+L+2 \% Jjza=p3+1 \sy

+

3 (T — t)4l+211+1K4K2 2(p3+l+1 + f 2dss

16 (82)) )%

W=

2r 7 © 1 2
) | <
21_1 mpar1J3 )
t 232))) J3=p3

2
(T . t)4l+2l1+3K4K12 2p3 + 1 1
S - / 3 / 1 S
64 e 1 — 4 2l -1 1 — )4

N P3
where the constant C' doesn’t depend on p3 and T' — ¢, and

d(sg) = <52— T+t> T2

2 -t
From (2.85), (2.86) and (2.95) follows (2.84) and from (2.84) follows the
expansion (2.82).

—~~— — 0 when p3 — oo, (2.95)

2.3.4 The case ¥;(7),9%a(7),¥3(1) = (t — 7)}; d1,49,93=1,...,m

In this section we will prove following expansion for multiple stochastic
Stratonovich integral of 3rd multiplicity:

*T *8 *S1

[ =) [(t—s1) [ (t— 50)'df D) =
t

t t
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Chapter 2. Expansions of multiple stochastic Stratonovich integrals

o (ir) -(i2) f(ia) ;-
= Z Cj3j2j1 Ji Sj2 Sy (Zl’ 12,13 =1,..., m)a (2'96)
J1,J2,33=0
where the series converges in the mean-square sense; [ =0, 1, 2,... and

81

T s
Cisinii = [ 655(8)(t = 9)' [(t = 1)y (s1) [ (t — 52)'j, (s2) dsadsrds. (2.97)
t t

t

If we prove the formula:

S i) = 2
Z j1j3j1<j3 _07 (98)

J1,J3=0
where the series coverges in the mean-square sense and the coefficients
Cj,j,j, have the form (2.97), then using theorem 1, relations (2.70), (2.84)
when [y = I3 = [ and standard relations between multiple stochastic
Stratonovich and Ito integrals we have expansion (2.96).
Since 1(s), ¥a(s), 13(s) = (t — s)! the following relation for Fourier
coefficients takes place

2
Cj1j1j3 + Cj1j3j1 + Cj3j1]1 - 2C]1 nga

where Cj,j,;, has the form (2.97) and

T
/ gb]l t—s ds,
*
then w.p.1
& (i2) = 2 (i2)
> CiiainG' = 2o (20310 —Cj1j1j3—0j3j1j1> P (2.99)
J1,53=0 J1,53=0

Taking into account (2.70) and (2.84) when I3 = [ = [ and the Ito
formula we have with probability 1:

00

Z Cj1j3j1 = Z Z CJ3CJ Z 0]131]3 () _
J1,53=0 J1_0 j3— J1,53=0

ioj C,ia (1) =
J3J1J15)3
J1,j3=0
1 1 T 1 T s
l 21 2

:QJZ:OCJZI/“_S §t/t—s) t/(t—sl) ds,df() —
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2.3 Expansions of integrals of 3rd multiplicity. Case of Legenrdre polynomials

1L o r 1 7e(i 1 ’ '
== 2 [ (t — 5)!afli2) t — )3 1gfli)
2 le:() CJI %/( S) S + 2(2l + 1) t/( S) S
1 / i o [ (i2)
— T — )21 [ (¢ L gf iz " 341 gpia) | —
sy (107 (=) [( = o)
1 ! T (T t)21+1 T )
=3 C? [(t—s)lafl) — t — s)ldfl?) =
2 0 Jt/( ) 2(20 + 1) t( )
1 & e r 21 ’ I 7e(i
= | X O~ [(t—9)"ds| [(t —s)af) =0
J1= t t
Here, the Parseval equality looks as follows:
00 I T (T o t)2l+1
2 2 21
jlzzo Ci jlzzo Ci t/(t s)“ds ST

and
T

_ l .
/(t — s)ldf) = ¥ C’j3CJ(;2) w. p. L.
t J3=0
The expansion (2.96) is proven.
It is easy to see, that using Ito formula (see sect. 7.3) when iy = iy = i3

we get:
*T *8 *81

[ =) [(t—s1) [ (t— 50)'df D) =
t t t
1<T N I (Jz i)’
== [/(t—s dfs(“)> == Ci, GV =
6 t/( ) 6 '1220 Ji5n
l (i2) ~(ir) o(in)
= ' Z 0Cj3j2j1€j“ Cj“ Cj“ w. p. 1. (2100)
J1,]2,]3=

The last step in the formula (2.100) was made on the basis of formula
(1.36) derivation.
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Chapter 2. Expansions of multiple stochastic Stratonovich integrals

2.3.5 Theorem about expansion of multiple stochastic Strato-
novich integrals of 3rd multiplicity, based on theorem 1.
Case of Legendre polynomials

Let’s combine in one statement the results obtained in the previous
sections.

Theorem 4. Assume, that {¢;(z)}52, — is a full orthonormal system
of Legendre polynomials at the interval [t,T]. Then, for multiple stochastic
Stratonovich integral of 3rd multiplicity

*T *t3 *t2
]l";(lilliz;?;) _ / (t - t3)l3/ (t— tz)lz/ (t— tl)lldft(fl)dft(;Z)dft(;3)
t t t
(i1,19,i3 = 1,...,m) the following converging in the mean-square sense
expansion
Izl(z?lf;i) = 2 Cijpi ()¢l (2.101)
J1,J2,J3=0

15 reasonable for each of the following cases:

1.’i17éi2, Z.27é’i3, ’i17£i3 cmdll, l2, 13:0, 1, 2,...;

2. 212227523 a’ndll:lg#lg andll, lz, l3:0, 1, 2,...;
3. ’1:1752'2:7;3 andll#lzzl;; andll, lQ, 1320, 1, 2,...;
4. il,ig,ig,: 1,...,m; 11:l2:l3:l andle, 1, 2,...,
where

S1

T s
3332]1 / l— 3 l3¢33 / t— 51 l2¢32 31) /(t - 82)ll¢j1 (82)d82d81d8.
t t

t

Let’s note, that for expansion of multiple stochastic Stratonovich inte-
grals of 2nd and 3rd multiplicity theorems 3 and 4 will be very useful.

2.4 Expansions of multiple stochastic Stratonovich
integrals of 3rd multiplicity, based on theorem
1. Trigonometric case

In this section we will prove the following expansion for multiple stochas-
tic Stratonovich integral of 3rd multiplicity:

1 xt3 xt2

[ [ ] VA = S CinidVe e (2.102)

t t t J1,J2,J3=0
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2.4 Expansions of integrals of 3rd multiplicity. Trigonometric case

where series converges in mean-square sense,

T S s1
Cj3j2j1 = /¢j3(3)/¢j2(81)/¢j1(82)d82d81d8
t t t

and {¢;(z)}52, — is a full orthonormal system of trigonometric functions
in the space Ls([t, T7]).
If we prove the following formulas:

A ) def s Gs) 1 T .
p},;gr—r}oo 'Z—O Z CJleJl - Z 0033]”1 = 5//d8df7§23), (2.103)
J '73 ]1:.73 t t
g (i) def > i 177 i)
p11;1%3r—1>100 jzo Zo CJ3J391 Z_o 0931391C =5 / / df;'Vdr, (2.104)
1=UJs3 J1,J3 + ot
b1 ps
(i2)
p},1173r—r>loo Z Z 0311331 Z Cyum = 0. (2.105)

=0js= .71;]3—0

then from theorem 1, formulas (2.103) — (2.105) and standard relations
between multiple stochastic Stratonovich and Ito integrals the expansion
(2.102) will follow.

We have:

& (T—-t)> & () , & (i2)
) Z CininC = 5 1 Conjuoin &™) + X Cozjirji-16Y+

j4=0 j1= 6 ji=1 =1

nojw

yai

b1 . P3
+ Z 02]3,0,04.;; + Z Z 02]352.71a2.71<.2

Jz=1 Jjs=1j1=1
D3 y41

b3 '
TR 02%’231_1291_1@ + 2 C2j3—1,0,0C§j33)_1+

Js=1j1=1 Js=1

D1 b3 N

P3
+ Z Z C2.73 12.7172.71C2j3 1+ Z Z 02]3 12]1 12]1 1(2.73 19 (2.106)

Jja=1j1=1 Jjs=1lj1=1

where the summation is stopped when 251, 251 —1 > py or 2j3, 273 —1 > p3
and

_ (T —t) (T —t) VAT -t):
Coa121 = ST Co1-121-1 = Tgazz 0 G200 = 47r—2l22’107
s (2107

4l
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Chapter 2. Expansions of multiple stochastic Stratonovich integrals

(var—0? | _
3 167212 = 21
V(T2 _
— e > T =21 3
C2r,2l,2l = ) C2r,21—1,2l—1 = 9 _ﬁ£T2;2t)2’ r=1-

0, 7 # 21 "

L0, 7 #£ L, r#2l
(2.109)

After substituting (2.107) — (2.109) into (2.106) we get:

((6+2 £ 5) -

\/i b3
i 3321] C2J3 1) (2.110)

Using theorem 1 and the system of trigonometric functions we find

N|w

b3 D1
Z Z C]3J1]1 () - (T - t)

]3 0]1 0

1 T s . 1 T
S [ [ dsidfl) = 5 [(s — t)dfl) =
2 t t 2 t
1 3 ( (s V2 21 i3
= Z(T — ) (C(g )~ s 2—31 ;C2(r—)1>' (2.111)

From (2.110) and (2.111) it follows

2
Pz D1 1 T s .
l.i.m. M { ( Z Z C]3Jl]1 ) - § //dsldfs(zi‘})) } =
J t t

P1,p3—0 3= 0.71 0
: (L, 1 &1 1)’
= lim. (T—t)P°||z+—=> = —-=
p171%3r_r>loo ( ) 6 + 27'('2 ji=1 ]% 4 +

1 [n? b3 1))
+— - sy ==
871'2 ( 6 J3Z:1 ];%

So, the relation (2.103) is executed for the case of trigonometric system

of functions.
Let’s prove the relation (2.104). We have

P13 (T—t)2 Ps (i)
Z Z CJ3J3J1 = 6 + Z 02J3>233,0C0 + Z 02j3—1;2j'3—170C0 +
=043=0 Jj3=1 Jjz=1
P11 P3 D1 Pp3
+ Z Z 02J3,2J3a2.71—1<2]1 1+ Z Z 02,73—1 2j3—1, 2]1—1C2jl 1+
=1 j3=1 J1=1j3=1
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2.4 Expansions of integrals of 3rd multiplicity. Trigonometric case

b1 P3
+ Z 000231 1C211_1 + Z Z 023372J372]1C2
=l 1=1j3=1
b1 D3
+ 3 Y Coiri12:G5 + Z Coo21 G5, (2.112)
J1=1j3=1 j1=1

where the summation is stopped, when 233, 293—1 > p3 or 271, 271 —1 > pq
and

T —t)2 3(T —t)? V2(T —t)?

Cao10 = (&TTQ)’ Co—121-1,0 = %, Co0.2r = %3
(2.113)

V2(T —t)2
Co—121-1,2r—1 = 0,Cp0,2p-1 = %, Cao1,2r-1 = 0; (2.114)
r
3
3 _\/51(6::;2_;2)2 , 7 =21
_\/§(T2—7;)2 — 9]
Coro19r = 1ol , Co—121-1,2r = { %}2’5)%, —1
0, 2l !
L0, 7 # 1, r# 2l
(2.115)
After substituting (2.113) — (2.115) into (2.112) we get:
b1 D3 3 1 1 P31 (ir)
$ & ot = -0 (G4 g £ ) 467
~0/-=0 J3j3J ( ) 6 271'2 i ]32, 0
\/5 D1
Zl Czjl_1 (2.116)
.71_

Using the Ito formula, theorem 1 and the system of trigonometric func-
tions we find

o0 1 i
2 ér—)1>- (2.117)
From (2.116) and (2.117) it follows
1 D3 1 T s () 2
p},'z%égl(;o M (20]32 0333331 - §t/t/df811 ds) _
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Chapter 2. Expansions of multiple stochastic Stratonovich integrals

2
1 1 &1 1
= lim. (T—tP|(Z+:5 > 5—=
P1,p3—0 6 272 js=1J3 4

1 2 o1
a2 (F‘E@)) -

So, the relation (2.104) is also correct for the case of trigonometric sys-
tem of functions.

Let’s prove the equality (2.105).

Since (), ¥2(7), 1¥3(7) = 1, then the following relation for the Fourier
coeflicients is correct:

2
Cj1j1j3 + Cj1j3j1 + CJ3J1J1 - C CjB?

2 n
then w.p.1
3 (i2) - 2 (i2)
3 Chaady? = .ZO<QCJIC = G = i) G- (2119
J1,J3= J1,J3=

Taking into account (2.103) and (2.104) w.p.1 let’s write down the fol-
lowing:

o0 i 1 i )
> Cj1j3j1<'.7(; = 5034(32 - Z CthJsC 2) Z CJstC ) —

J1,73=0 J1,73=0 J1,53=0

V2 &1

1 2 (i2 3 2 2
= (T - i - —<T—t>3[cé’ Y5y |-
T =17

\[Z ] —o.

From (2.103) — (2.105) and theorem 1 we get the expansion (2.102).
The expansion (2.102) may be also obtained by direct calculation ac-
cording to theorem 1:

T t3 to

/ / / EP A = S (I

jl aj2aj3:0

_1{i1=i2}<_i(T_t) l _\[Z CQ ]

~0f (£ 5-T) ) -

oW

1 selin o 1 op
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2.4 Expansions of integrals of 3rd multiplicity. Trigonometric case

1 \/i > 1 i1
TRCESSVONN
T =17

1 s (X1 w2 (i1)
—(1T'—1)> — - — !
+5 5T —1) (EITQ G)Co >+
! W (i2)
+1{i1:i3}ﬁ(T —t)2 1; i g) Gy (2.119)

where - .
> Cans GGG = (@ 0 (L G+

J1,42,J3=0

2\/—Zl {rlOC C2r10C)}+

+#{ Wil —2gf o) 4 (PPl }]‘L

I X 1 i1 2 1
+—27r2 Z lrg _ lg{ éi) 2(; )Co Coz 21
rT,‘l#:ll
+ Czr 1 21 1 0 Co“ Czr 1 21 1} - —C2r 1 0 2 )1]

& 1 1 1
+Zl—{ rlO C2r12rC C2r12r COz+C2r12r C(gz)}
r=1 4
1

{3C2r 1 2r2 1 ol3 +Cz 2r C 6C2r 1 2r 1 0(12)4'

+3C2r 1 2r 1 0 2C2 2r sz +C2 27’ C(g“)}] T

872

4\[7T{§[ [C2T12m12m+C2r12rC2:7i1+

rom=1
‘|‘C2r 1 2m 2(m 1— Czr 1 2m 1] +
1
—l—m[ Cg (m+r) 27« éﬁ) —C 1C2r 1 2m

—Cz (m+r) 1C2 CQ +C2 (m+r) Czr 1 2m 1”+

o0

+ X

m=1,l=m+1LTM

ﬁ [Cz o +§2 1(21 G —
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Chapter 2. Expansions of multiple stochastic Stratonovich integrals

—§2(i 1(2 1 + CQ C2 §2 ]

1

+l(l ) [ C2 +<2 —162;21)—1 2(;3)_

_Cg 1C2 21 1 CQ C2m 1 21 1”})

Since % 1 — %2 and according to theorem 1:
T
1 «f
/t_T _§(T_t) l - Z Czr 1]
t
then, from (2.119) we get the required expansion:

T t3 tp T

5 Cas (i) () i) / / / di e a4+ 1, i)y / [ P dr+
t

.715.725.73

T*tg *

=11

2.5 Expansion of multiple stochastic Stratonovich in-
tegrals of any fixed multiplicity k£, based on gen-
eralized repeated Fourier series

*
~

2

(i)
-y / / dsdf( dfi e ag™ .

eo-\
e—

2.5.1 The case of integrals of 2nd multiplicity

Let’s analyze the approach to expansion of multiple stochastic integrals,
which differs from the approaches examined before [34], [35], [46] (pp. 262
— 266), taking multiple stochastic Stratonovich integrals of 2nd multiplicity
as an example.

Thus, let’s analyze the multiple stochastic Stratonovich integral of the
following type:

1 to

TN = [ alts) [ a(t)dEL S iryin=1,...,m,
t t

(i) (4) (0)

where w; ' = 7 when ¢ = 1,....m; wy’ = &5 41,...,0, = 0, 1,...,m;
f6) (i = 1,...,m) — are independent standard Wiener processes; ()
(I = 1,...,k) — are continously differentiated functions at the interval
[t,17;
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2.7 Expansions of integrals of any multiplicity

Let’s analyze the function

1
K*(t1,t2) = K(t1,t2) + 51{t1:t2}¢1(t1)¢2(t1):

where 1,1ty € [t,T] and K (t1,t3) has the form:

t t t1 <t
K1) = {0l fr <ty g, e o)

Due to lemmas proven in chapter 1 and formula

to

T
PPl = [a(ts) [ r(t)dwi dw®) + g / bt (t2)ds
t t

with probability 1, we have

N—-1N-1
TPy =lim. ¥ ¥ K*(n,,n,)AwAw wp1,  (2120)

N—=0o 1,—0 1,=0

where the sense of formula (1.8) notations is kept.
Let’s expand the function K*(t1,ts) using the variable ¢;, when ty is
fixed, into the Fourier series at the interval (¢,7) :

K*(t,t) = 3 Gy, (b)gi, (1) (b £1,T), (2.121)

Jj1=0
where
T

Cj\(t2) = [ K*(t1,12)¢;, (1) dty = /K tr, ta) ¢y, (t1)dty =
t

= a(t2) f¢1(t1)¢j1(t1)dt1,

{#;(2)}529 — is a full orthonormal system of continuous functions at the
interval [t, T7.

The equality (2.121) is executed pointwise in each point of the interval
(t,T') according to the variable ¢;, when ¢y € [¢, T is fixed due to sectionally
smoothness of the function K*(¢1,?2) according to the variable ¢; € [t,T]
(tz — 18 ﬁxed).

Note also, that due to well-known features of the Fourier series, the
series (2.121) converges when t; = ¢,7 (not necessarily to the function

K*(tq,19)).
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Chapter 2. Expansions of multiple stochastic Stratonovich integrals

Obtaining (2.121) we also used the fact that the right part of (2.121)
converges when ¢; = ¢, (point of finite discontinuity of function K (¢1,t2))
to the value

% (K (s — 0,4) + K(ts + 0, 5)) = %wl(@)%(tz) = K*(ta, t).

Function Cj, (¢2) is a continuously differentiated one at the interval [¢, T7.
Let’s expand it into the Fourier series at the interval (¢,7'):

Cii(t) = Y Cintin(ts) (b #,T), (2.122)

J2=0
where

to

T
J2]1 /le t2 ¢Jz t2 dt? = /¢2 t2 ¢Jz (t2) /¢1(t1)¢j1 (tl)dtldt27
t

t

and the equality (2.122) is executed pointwise at any point of the interval
(t,T); the right part of (2.122) converges when ¢t3 = ¢,T (not necessarily
to G (1),

Let’s substitute (2.122) into (2.121):

K'tt) = 3 % Cpidin (s (t); (b,ta) € ((T)%  (2123)

n =0 J2=0

moreover the series in the right part of (2.123) converges at the boundary
of square [t, T]* (not necessarily to K*(t1,t2)).
Hereafter, using the scheme of proving of theorem 1 and (2.120) w.p.1

we get:
P1 D2

T Pr, = 2 2 CinGy G + BT, (2.124)
N J2

where

to T t

RBP: = 7/Gp1p2 (t1,t2) th th _|_//Gp1p2 (t1,t2) dwt th it
t bt

T
+1{i1:i2¢0}/GP1P2 (thtl)dtl;
t

of . p1 P2
G (t1,12) & K* (b1, t2) — ,ZO _ZO Clajr 1 (£1) 95, (t2);
J1=U 2=
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2.7 Expansions of integrals of any multiplicity

P1, p2 < 0.
Using standard evaluations (7.3) and (7.4) for the moments of stochastic
integrals, we obtain

to

M{(Rp”” } n(f [ (G (t1,12))™" dtrdta+
t t

T t1 T
t [ [ (Gpups(t1,42))™" dtadts + 15,mi,0) [ (Gipups(t1,11))" dtl), (2.125)
t t t

where C,, < oo — is a constant which dependsonnand T—¢t; n =1, 2,...
Note, that due to assumptions proposed earlier, the function Gy, , (t1, t2)
is continuous in the domains of integrating of integrals in the right part of
(2.125) and it is bounded at the boundary of square [¢, T?.
Let’s estimate the integral in the right part of (2.125):

T
0< t/ t/ (Coupa (1, t2))™" dbrdts = ( / /) o (1, £2)) " dtrdty <

<3 max (Gpups (t1,12))"" AT AT; + M Sp. <

i=0 j=0 (t1,b2) €[, Tipa ]X[75,7j44]

2n
A (Gp1p2 (tz(plm)a t§p1p2))> - (Gp1p2 (Tia Tj))Zn‘ ATiATj + MSI‘E S
J:

Nel
—|—§Z
N

) 1 1
<SS Gonlr))™ Ay 1 (T = 1 = 32 (14 1) + M,

(2.126)
where D, = {(t1,t2) : to € [t + 26,7 —€|,t; € [t +¢&,ta —¢]}; T =
D\D.; D = {(t1,t2) : ta € [t,T],t1 € [t,t2]}; € — is any sufficiently small
positive number; St_ is area of I';; M > 0 — is a positive constant limiting
(Gp,p, (t1, t2))*"; (tz(p 172) t(plp 2)) is a point of maximum of this function, when
(tl,tg) € [Tz',TH_ﬂ [TJ,TJ_H] 7, =t + 2e +1A (’L =0,1,..., N), ™ =T —¢;
A= (T—-t—-3¢)/N; A <¢e; e >0 — is any sufficiently small positive
number.

Getting (2.126), we used well-known properties of integrals, the first
and the second Weierstrass theorems for the function of two variables, as
well as the continuity and as a result the uniform continuity of function
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Chapter 2. Expansions of multiple stochastic Stratonovich integrals

(Gpupy (t1,2))*" in the domain D, (Ve; > 0 38(e;) > 0, which doesn’t
depend on t1, ta, p1, p2 and if v/2A < §, then the following inequality takes
place:

2n "
‘(Gplm (t’(plm)’ t§p1p2))> — (Gpip (i Tj))2 <e).
Considering (2.123) let’s write down:

p}l_I)%opll_I)n (Gp1p2 (tl, tz)) — 0 when (tl,tg) € D,

and execute the repeated passage to the limit lim lim lim in inequality
e—+0 P1—00 p2—

(2.126). Then according to arbitrariness of €; we have

Goups (t1,12)) ™" dtrdty = 0. (2.127)

T

lim lim /

P1—>00 Pa—00
t

”‘\H—
N

Similarly to arguments given above we have:

T t1
. . 2n
p}l_r)%opll_r)%ot/t/ P1D2 tl,tg)) dtgdtl = 0, (2128)
T
lim lim [ (Gyp,(t1,t1))>" dt; = 0. (2.129)

P1—00 pa—00
t

From (2.125), (2.127) — (2.129) we get

lim lim M{(RpP)"} =0; neN.

P1—00 P2 —00

The last equality and (2.124) provide a possibility to write down:

J[ ]Tt_ Z Z C]ZJICJ _72 7

0]2 0

where convergence of the repeated series is regarded in the mean of degree
2n; n € N.

It is easy to note, that if we expand the function K*(¢1,t3) into the
Fourier series at the interval (¢,7T") at first according to the variable t9 (¢
is fixed), and then expand the Fourier coefficient of the obtained series

i(tr) [ alta) s, (t2)dts
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2.7 Expansions of integrals of any multiplicity

into the Fourier series at the interval (¢,7") according to the variable ¢,
then taking into account, that

T T
[ 10085, (1) [ alte) by, (t2)dtadts = Ciyj,,
t

t

we will come to the following formula of expansion of multiple stochastic
Stratononovich integral of second multiplicity:

J[ ]Tt_ Z Z CJ2J1CJ J2

=0j1=

2.5.2 The case of integrals of 3rd and 4th multiplicity

In the previous section we examined the following equality:

1 o0
¢1(t1) (1{t1<t2} + 51{t1=t2}) Z /¢1 tl ¢.71 tl)dt1¢J1 (tl) (2130)

J1=0

which is executed pointwise at the interval (¢,7'), besides the series in the
right part of (2.130) converges when t; = ¢, T.
Using (2.130) we get:

£ 5 ) / Valt2) 0 (t2) [ 1 (00) o, (11) gy, (1), (1) =
= ji:o V3 (ts)ia(t2) t/%(tl)% (t1)dty (1{t2<t3} + %1{t2=t3}) ), (t1) =

1 1
= Y1(t1)P2(t2) s (ts) (1{t1<t2} + il{tlth}) (1{t2<t3} + 51{t2=t3}> . (2.131)

On the other side, the left part (2.131) may be represented by expanding
the function

to

Ualts) [ a(t)5,(12) [ 1 (1), (1) dtndt

into the Fourier series at the interval (¢,7") in the following form:

||M8

i i  Chsn ()6 (1265 (1), (2.132)
J1=072=0
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Chapter 2. Expansions of multiple stochastic Stratonovich integrals

where
T i3 to
Ciojui = [ s(ts) b (ts) [ ¥a(ta) din(ta) [ (), (1) dtrdtadts.
t t t

So, we get the following equality:

Z Z Z OJ3.72.71¢.71(t1)¢32(t2)¢93(t3)

J1=0j2=0j3=0
1 1
= 1 (t1)Ya(t2)s(t3) (1{t1<t2} + 51{t1=t2}> (1{t2<t3} + 51{1:2:1:3}) =

3 1
= II ¥u(tr) (1{t1<t2}1{t2<t3} + 51{t1=t2}1{t2<t3}+

1 1 )
o Ln<n}Lin=t) + Zl{tlth}l{t2=t3}> K (1, 1, 13), (2.133)

which is executed pointwise in the open cube (¢, T')3, moreover series (2.132)
converges at the boundary of the cube [t, T]3.
Using (2.130) and (2.133) we get:

© 00 ta t3 to
'Zo 'Zo 'Zo Ya(ta) / ¥3(t3) @, (13) / Va(ta)dj, (t2) / P1(t1) @, (t1)dt1dtadts X
J1=V 2=V 3= t t t

3
X H ¢Jl (tl)

l

=1
Z Z ¢4 t4 (1{t3<t4}+ 1{t3 t4})

J1=0372=0
t3 to
xh3(ts) [ Ya(ta)ds,(ta) [ 1(tr)ds, (tr)dtrdtads, (82, (1) =
t t

1
= 4(t4) <1{t3<t4} + 51{t3:t4}) X

X i > s (t3) /3 Va(t2)dj, (t2) /2 P1(t1) @y, (t1)dtidtady, (t2) ¢, (t1) =

n =0 j2=0

1 3 2 1
= ¢4(t4) <1{t3<t4} + 51{t3=t4}> ll:ll ¢l(t1) ll:[l (1{tl<tl+1} + 51{tl=tl+1}> -
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2.7 Expansions of integrals of any multiplicity

4 3 1
= l[[l i) l[ll <1{t,<t,+1} + 51{”:%}) : (2.134)

The left part of (2.134) may be lead by expanding the function

t4 t3 to

V4 (t4) /¢3(t3)¢j3(t3) /¢2(tz)¢j2 (t2) /101(751)92%1 (t1)dt dtadts

t t t

into the Fourier series at the interval (¢,7") to the following form:
00 00 00 00 4
2 2 2 2 Chgspoiy 11 63(81), (2.135)
J1=0352=0353=0 j4=0 =1

where C}, j,j,j, is defined using the formula (1.6).
As a result we get the following equality:

0o o0 00 00 4 4 3 1 def
Z Z Z Z Cj4j3j2j1 H (bjz (tl) = H ¢l (tl) H (1{tl<tl+1} + 51{tl=tl+1}> =
J1=0 j2=0j3=0 js=0 =1 =1

=

—_

©F K* (1, ta, ts, t), (2.136)

which is executed pointwise in the open hypercube (¢, T)% moreover the
series in the left part of (2.136) converges at the boundary of hypercube
[t, T

Due to lemma 1, remark 2 and formula of connection between multiple
stochastic Stratonovich and Ito integrals:

T t3 1) . ) .
TWO) = [s(ts) [ talte) [ea(tr)dwi dwi? dwi +
t t t

1 T s .
+§1{i1:i27é0}/1/13(t3) /¢2(t2)¢1(t2)dt2dw§3 )+
t t

1 T t3 i
+§1{i2:i3¢0}/¢3(t3)¢2(t3) /¢1(t1)dW§1 ) dts
t t

with probulity 1, we get:
N-1N-1N-1 _ . ,
J W =lim. 3 ¥ % K*(Tll,nw713)Aw§j11)Aw§j§)Aw§j33) (2.137)

=0 [3=0 l5=0 1,=0

where the equality is fulfilled with probability 1.
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Chapter 2. Expansions of multiple stochastic Stratonovich integrals

Hereafter, using the scheme of theorem 1 proving and (2.137) w.p.1 we
get:

b1 P2 P3

T ], = ZO ZO ZO Clsinin SV ) o R (2.138)
1 J2=V 73

where

N—-1N-1N-1
P1P2P3 : Z1 7,2 23
RT,t = Lim. Z Z Z GPIPZPB(TZU Tlys Tlg)AW AW AW

=00 1,0 [y=0 [, =
def « b1 P2 ps3
Gpipops (t15 2, 13) = K (t1,t0,13) — D0 D0 D Chuiniy @i, (1) 94, (t2) @5 (£3)-
J1=0 72=0 j3=0
Using formula (2.163) for muliple sum we get:

N—-1N-1N-1
Rp1p2p3 —llm Z Z Z Gp1p2p3(Tll,T12,Tl3)AW i) AW 12 AW 23 =

N—=0o 1.=0 1,=0 I,=
N—1l3—11,—1

=lim 5 5 5 (Grupar (10> T 7, ) AW Aw (i) A )4

Tl
N—=00 1,—01,=01,= 3

Z 7 1
+GP1P2P3 Tlys Tlgy Tly Aw 1 AW 2 AW 3) —|—

'l K3 (3
G p1pows (T1y Tis, T ) AW AW Z)Awglf)—l—

( )

+Gpipops (Tt T11, 71, ) AW “ AW 22 AW 13 _|_
( )
(

(Z ) (i2) (i3)
P1P2p3 Tl3s Tlys Tll)AWTl; AWT; AWTll3 +

-I—Gp1p2p3 (Tlg, un Tl2)AW$§;)AW$§f)AW$§j)> +
A SRS (i) Ay () Ay )
—I_%Vl—glo 1320 122 ( D1P2P3 (7'1277'127773)AWT121 AWle AWTZSS +
—|—Gp1p2p3 (7'12, T3, Tl2)AW7(.2)AW7(_f32)AW$f23)+

+Gp1p2p3 (773’ Tly» Tl2)AW7('2)AW7('Z)AWgQ3)> +
N-11l3-1 ) ) .
+Lim. Z Z ( P1P2P3 (Tlm Tl3, Tls)AWSI)Awgz)Awgg)_*'
N—oo I5=0 l;= 1 3 3
+GP1P2P3 (7737 Tl Tl3)AW7(;;)AW7(;12) AW%?‘F
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2.7 Expansions of integrals of any multiplicity

+GP1pzp3 (773) T3 Tll)AW(“)AW(’?)AW(ZS)> +

N-1
+Lim. Z GP1P2P3 (Tl3’ Tl3s 773)AW(“)AW(”)AW(@3) =

N—oo l3

t3 to

T
- ///Gplpzp3 t17t27t3)dwt th th +
t tt

T t3 to
+///Gp1p2p3(t1at3at2)dW§“)dW,§ )dW,g )—l—
ttt
T t3 12
+///Gp1p2p3(t2atlat3)dwt( )dW,g )dW,g )—I—
t tt
T t3 to .
[ [ [ Goupapalta, ta, tr)dwi P dw() dwi)+
t tt
T t3 to
+///GP1P2P3(t37t27t1)th th th -|—
t tt
T t3 to
+///Gp1p2p3(t3,t1,tz)dw§ )dw,§ )dw,g )—|—
t tt

T ts .
+14i,=iat0) | | Gupans (b, 1o, t3)dtadwiy +
t t

T t3 .
+1{i1:i3750}//Gp1p2p3 (t27t37t2)dt2dw§;2)+
t t

T t3 .
+1{i2=i3750}//GP1P2P3 (t3’t2’t2)dt2dwgl)+
t t

T t3
= l3¢0}/ / Gy (t1, T, t3) AWt +

T t5 '
+1{i1=i3#0}//Gp1p2p3(t3vtlvtB)deQ)dt?rf'
t ot

T t3 '
+1{i1:'52750}//Gp1P2p3 (t37t37t1)dwg3)dt3-
t t
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Chapter 2. Expansions of multiple stochastic Stratonovich integrals

Now, using standard estimations for moments of stochastic integrals we
will come to the following inequality:

M(RRE™)™ ) <

t3 to

//< DP1P2p3 t17t27t3)) + (GP1P2P3(t17t37t2))2n+
t t

<o
2 2
+ (GP1P2P3 (th t1, t3)) + (Gp1p2P3 (t27 t3, tl)) " + (GP1P2P3 (t37 t2, tl)) " +

+ (Gp1p2p3 (t37 t1, tz) )2n> dtdtydts+

t3

T
2n
+ / / (1{21—22750} ( P1P2D3 (t27 t2, t3)) + (GP1P2P3 (t37 i3, tZ)) >+
t t

2 2
+ 1{i1=¢3¢0}<(Gp1p2p3 (ta, t3,12))"" + (Gpipops (t3, T2, 13)) ”>+

+1i,=iy 0} ((Gp1p2p3 (t3,2,2))™" + (Gpyppy (2, L3, t3))2"> dtzdt3)- (2.139)

It is important, that integands functions in the right part of (2.139) are
continuous in the domains of integration of multiple integrals and in accor-
dance with comment to the formula (2.133), are bounded at the boundaries
of these domains, moreover, everywhere in (¢,7')® the following formula
takes place:

lim lim lim Gy pp,(t1,t2,t3) = 0. (2.140)

P1—>00 Pa—0O0 pP3—00

Further, similarly to (2.126) (two dimensional case) we realize the re-

peated passage to the limit lim lim lim under the integral signs in
P1—00  Pa—00 pP3—0

the right part and we get:
lim lim lim M{(RpP)"} = 0.

P1—00 Pa—X0 p3—00

The last relation in it’s turn means, that

xS o 0

[y M—ZZZQW e, (2.141)

=0 j2=0 j3=

where the repeated series converges in the mean of degree 2n (n — natural),
that is

i lim SR (i2) o)) "
Pll—rgo Pll—{%o pll—{%o M{<J [ }Tt o ZO]QZO]:;Z C-73-72JI J2 SJ3 ) } = 0.
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2.7 Expansions of integrals of any multiplicity

2.5.3 The case of integrals of multiplicity &

In this section we will formulate and prove the theorem about expansion
of multiple stochastic Stratonovich integrals of any fixed multiplicity k& of
the form (1.2), based on the repeated Fourier series according to the Leg-
endre polynomials or the system of trigonometric functions. This theorem
provides a possibility to represent the multiple stochastic Stratonovich in-
tegral in the form of repeated series of products of standard Gaussian
random variables.

Let’s define the following function on the hypercube [t, T]*

k-1

K(tl, ... ) lH ’()bl(tl) H 1{tl<tl+1}7 k > 2 (2142)
1

Let’s formulate the following statement.

Theorem 5. Assume, that the following conditions are met:

L. Yi(7); i=1,...,k — are continuously differentiated functions at the
interval [t,T].

2. {9(z)}520 — 1s full orthonormal system of Legendre polynomials or
trigonometric functions in the space Lo([t,T]).

Then, the multiple stochastic Stratonovich integral J*W(k)}T,t of type
(1.2) is expanded in the converging in the mean of degree 2n; n € N,
repeated series

00 00 k
J*[¢(k)]T, = ZO Z Jk---J1 H _71 7 (2143)
n= k=0 I=1
, T .
where CJ(;’) = {qul(s)dwg”) — are independent standard Gaussian random
variables for different i, or j; (if 3y # 0);
k
Cioi = | K(tr,--te) I 65 (t)dts .. dti. (2.144)
AL =1

Proving of the theorem will consist of several parts.
Let’s define the function K*(ty,...,%;) at the hypercube [t, T]* as fol-
lows:

k k-1 1
K*(tly .- 7tk) = H ¢l(tl) H 1{tl<tl+1} + El{tlztlﬂ}‘) =
= l

=1
k—1 k 1 k-1 r k-1
- H ¢l(tl)<H 1{tl<tl+1} + Z H 1{tsl:tsl+l} l:[ 1{tl<tl+1}>‘

=1 P yeeny s1=1 =1
sp>...>871 l7ésl ..... sr

(2.145)
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Chapter 2. Expansions of multiple stochastic Stratonovich integrals

Particular cases of (2.145) for k = 2, 3, 4 were examined in detail
earlier.
Theorem 6. In conditions of theorem 5 the function K*(t1,...,t;) is

represented in any internal point of the hypercube [t, T|* by the repeated
Fourier series

00 00 k
Kty .. t) = 32 - 22 Ciq I 85 (t), (2.146)
J1=0 Jr=0 =1

where Cj, . j, has the form (2.144). At that, the repeated series (2.146) con-
verges at the boundary of hypercube [t, T|F.

We will perform proving using induction. This theorem is already proved
for the cases £ = 2, 3 and 4.

Let’s introduce assumption of induction:

tr1

>0 Z Vp—1(tr—1) /W 2(tk—-2)0j, ,(tk—2) - -

J1=072=0 Jr—2=0

b2 k-2
/ (t1)¢j, (t1)dtr . . . dtr— [T ¢5(t1) =
=1
— k=2 1
= [I 1(t) l[Il <1{t,<t,+1} + 51{t,:t,+1}> . (2.147)

Then
> - Z¢ktk/¢k1tk1¢gk1(tk1)
J1=0 j2=0 Jr—1=0
ty k-1

/d}l(tl)qul (tl)dtl ... dtk—l ll:ll ¢jl (tl) =

= i i s Un(t) <]—{tk1<tk} + %1{t“=tk}> Yp—1(tr—1) %

J1=0 j2=0 Jr—2=0

tk—l t2

k—2
X[ Groa(teoa) @i s (tes) - [ r(ta) gy, ()t . .. dty_s T 3 (t) =

t
1 o0 o0 o0
= ¢k(tk) (1{tk1<tk} + 51{tk1=tk}> Z Z c Z wk—l(tk—l) X
71=0j2=0 Jrk—2=0
tp—1 to k—9

X / Vr—2(th-2)Pjs_, (tr—2) - - -/@bl(tl)(bﬁ (t1)dtr...dtr—2 I (1) =
i =1

t
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2.7 Expansions of integrals of any multiplicity

k-2

1 1
- ¢k(tk) (1{tk1<tk} + _1{tk1:tk}> H wl(tl) H <1{tl<tl+1} + 51{tl=tl+1}> =

k-1

1
— H Yi(t) H <1{tl<tl+1} + él{tlztlﬂ}) . (2.148)

On the other 31de, the left part of (2.148) may be represented by ex-
panding the function

k(tk) /¢k 1(tk=1) P, (tr—1) /¢1 (t1) ¢, (t1)dt1 . . . dtg—s

into the Fourier series at the interval (¢,7') using the variable t; to the
following form:

Z Z CJk g H ¢Jz (tl)
J1=0 Jr=0

The theorem 6 is proven. O
Let’s introduce the following notations:

8[52y81 def
J [¢(k)]1£t H1 Lii,, =iy, 110} X

T tsl+3 tsl+2
< [rtr) - [ araltsrs) [ Galtas)dss(tasn)x
t t t
t3l+1 t31+3 tsl+2
X / Yo—1(ts—1) - - - / Vs, +2(ts,+2) / g, (s, 41) s 41 (ts,41) X
¢ t ¢

tsl +1

/ Wo-1(ts,1) / Yi(t)dwit) L dwy Dt adwit

.dw (“I )dtslHd ) dwi, (2.149)
«T
T Mg, = / / i (t)dw) . dwi®), (2.150)
T
Ire= [ i(ts)- /¢1 (t)dwi" .. dw(®), (2.151)
t

where in (2.149)~(2.151): »® € (g, ... 1), 0 € g,
Akal:{(sl7"'781): Sl>8l—1+17---782>81+1;
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Chapter 2. Expansions of multiple stochastic Stratonovich integrals

Si,..s1=1,... k—1}, (2.152)

(st,...,81) € App; | = 1,...,[%} i, =0, 1,...om;s=1,... k; [z] — is
an integer part of number z; 14 — is an indicator of set A (14 = 1 if the
condition A executed and 14 = 0 otherwise).

Let’s formulate the theorem about connection between multiple stochas-
tic Ito and Stratonovich integrals J[/®)]z;, J*[¢o®]r; of fixed multiplicity
k.

Theorem 7. Assume, that ¥;(7); i =1,...,k — are continuously dif-
ferentiated functions at the interval [t,T].

Then, the following relation between multiple stochastic Ito and Strato-
novich integrals is correct:

5] ¢

T =T+ 3 50 X TPl wpd, (2153)

(Sr;---;sl)EAk,r
where 2@) 18 supposed to be equal to zero.

Proof. Let’s prove the equality (2.153) using induction. The case k = 1
is obvious.
If £ =2 from (2.153) we get

. 1
TPy = TP + S TPk, wp.1. (2.154)

Let’s demonstrate, that equality (2.154) is correct with probability 1
In order to do it let’s examine the process ny,+ = a(te)J[U1]n,; t2 € [t, T
and find its stochastic differential using the Ito formula:

Aty o = J[W1]i dtha(ta) + 1 (t2) 1 (t2)dw (D). (2.155)

From the equality (2.155) it follows, that the diffusion coefficient of process
Nioyts T2 € [, T] equals to 1, 40301 (t2)a(ta).

Further, using the standard relation between stochastic Stratonovich
and Ito integrals (see sect. 7.2) with probubility 1 we will obtain the relation
(2.154). Thus, predicating of this theorem is proven for k = 1, 2.

Assume, that predicating of this theorem is reasonable for certain k£ > 2,,
and let’s prove its rightness when the value k is greater by unity. In the
assumption of induction with probability 1 we have

J* [,(p(k‘—f—l)]T’t —

1
X T fawle) =

(37‘7""51)6-’4/0,7‘

ﬁ
I M ol
Lol

oy a0 e+
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2.7 Expansions of integrals of any multiplicity

= / ¢k+1(T)J[lﬁ(k)]f,tdwg'““)-i‘
t

1
1 .
Yo X[ eIl dwlie, (2.156)

(87y-,81) €Ak, t

Using the Ito formula and standard connection between stochastic
Stratonovich and Ito integrals, we get with probability 1

«T

. 1
| e (TP dwl) = Tt + DTS, (2.057)
t

A
[ ()T dwli) =
t

T[] if s, =k —1,
_ (2.158)
TS 4 It i s, <k - 1.

After insertion of (2.157) and (2.158) into (2.156) and regrouping of
summands we pass to the relations which are reasonable with probability
1

T p®* VN, = Jp®+ V], + Y JEEe (2.159)

ST)"')SI)EA/H-LT‘

—
” M i
[

1
127
when k is even and

5]+

J*[,(p(k'—l—l)}T’t — J[¢(k,+1 ] ?Z

1 ! Spyeen,S1
> . 2 J N (2.160)

SpyeesS1) €AW 11 1

when k' = k + 1 is uneven.
From (2.159) and (2.160) with probubility 1 we have

5]

F V], = T, E S Tl (261)

ST,...,Sl)E.Ak_H,T

1
2"
The relation (2.161) accomplishes proving of the theorem. O
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Chapter 2. Expansions of multiple stochastic Stratonovich integrals

Let’s analyze the stochastic integral of type (1.12) and find its represen-
tation, convenient for following verbal proof. In order to do it we introduce
several notations. Assume, that

N-1 Ja—1

() Do 2 A(jy,...05k)

Jk =0 .71 0(.717 7.7k)

jsr+2_1j8r+1_1 js1+2—1j51+1—1 Jo—1

(k) N-1
Co CuSV(@ =X . 8 Y X Y L F X

Jsr+1=0J5.1=0 Js1+1=0js; -1=0 71=0

X > ar
r i i H I.]sl Jsl+1 (Jla ij)
ll;ll Ijslyjsl+1 (.715"'5.7k) =1

where
r .\ def : :
1:[ 517.751+1 (]17 v 7]k) - Ijsrajsr+1 tte Ij517j51+1 (.717 e 7]k)7
() ’ N -
CSO"'CSISN (CL) ( ) H sl;Jsl+1(]17"'7]k) - (]17---,]k>,

Jl;Jl+1(]q1"'"]q27]l’]q3’"'7]‘]k—27]l7]q1<:—17""]qk) -

def / . . . . . . . .
= (]qm s Jary JIH1, Jgzy - -y Jqe—oy T+ Jqpys - - - 7]gk);

here [ = L, 2,...5 ! 7& qrs-->92,035 -y k-2, qk—1,-- -G = 1, 2,...;
S1,.-,8 =1,...,k—1; s, > ... > sq; TP scalars; q1,...,qr =
1,...,k; expression J > | means the sum according to all possible de-
Jql?"'?]qk
rangements (g, .- ., Jg.)-
Using induction it is possible to prove the following equality:

N 5 ()
Z Z Ay ,e.ri) Z Z Csr .G, SN (Cl), (2.162)
Jk=0 J1=0 =0 sr,...,51=1

sr>...>81

where £k =1, 2,...; the sum according to empty set supposed as equal to
1.
Hereafter, we will identify the following records:

Ay yensiie) = Ygrwgiv) = Agr-oaie

In particular, from (2.162) when k = 2, 3, 4 we get the following for-
mulas

—1N-1 ( (2)
Z Z A(jy1,52) (a) + ClSN (a) =
J2=0j1=0
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2.7 Expansions of integrals of any multiplicity

N-1j2—1 N-1

=2 2 2 GG T X GG =
J2=0j1=0 (j1,j2) J2=0
N-1j2—1 N-1
Z Z (a’th + a’hh) + Z a’JQJQ)
J2=03j1=0 ja=0

NSNS 3) (3)
z_: Z_: Z_ (J1,J2,33) :SN (a)+clsN (a)+

+CQSN (CL) + CgClsj(\?,’)(a) =
N—-1j3—1j2—1 N-1j3—1
=2 > X X A(jyjajs) T Z Z > A(jagags) T
G5=0 j2=0 j1=0 (ju,ja,3) J8=0 J2=0 (j2,j2Js)
N-1j3—1 N-1

+ Z Z Z A(j15343) + Z Ajzjsjs) =

J3=0 j1=0 (41,j3,73) Jj3=0
N-1j3—1j2—1
= D > > (jogs + Wnjsip T Qingujs T Aoy T Asng + Ajjng) +
J3=0 72=03;=0
N—-1j3—1
+ 20 D (Wjags T+ Wy T Wgjagn) +
343=0 j2=0
N-1j3—-1
+ jzo JZO (ajlj'sjs + Ajsjy js + aj3j3j1) +
3=0J1=

Z aJ3J3J3’ (2163)

Jj3=0

NS S (4) (4) (4)
Z_ Z_: z_: z_: ,]1,]2,,73,]4) = SN (a) + CISN (a) + CQSN (a)‘l_

+C38(a) + C2C18 (a) + C5C1SY (a) + C5C2SY (a) + C3CoCLSY (a) =
N-1j4—1j53-1

N—-1j4—1j3—1j2—1
= Z Z Z Z Z A(j1273j4) + Z Z Z Z a(j2j2j3j4)+
J4=0 j3=0 72=0 1=0 (j1,j2,3,j4) J4=073=0j2=0 (j2,j2.J3.J4)

N—-1j4—17j3—1 N—-1j4—1j—1
+ Z z Z z QA(j1535374) + Z z Z Z Q(j172j4ja) +
J4=0 j2=0 j1=0 (j1,52,44,J4)

j4:0 J3:0 ]1:0 (jl7j37j37j4)
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N-1js—1 N—-1js—1

+ Z Z Z A(j3535374) + Z Z Z a(j2j2j4j4)+

§4=0 js=0 (j3,j3,3,ja) J4=0J2=0 (j2,32,44,a)
N—1js4—1 N-1

+ 2 X X G T 2 Qg =

j4:0 ]1:0 (j15j45j45j4) ]4:0
N—-1j4—173—1j2—-1
= 2 2 2 > (Wjajsis T Wujojads T Wrjajoje + Wrjajeset
J4=0 ]3=0 ]2=0 ]1=0
T jajsjs T Arjajajs T Ujojijsja + Xajrjags T Xojajijs T Ujojajaji T Vjajajijat
Fjyjajji T Ujsjrjojs + Ujsjujaje + Ujsjoija T Wjsjajaji T Wjsjsjrjo T Vjsjajoji T
+@jjijsgs T Qiagijsis T Wajogris T Tjsjnjsin T Viagsjngs T Vjajsgin)
N-1j1—1j3—1
+ Z Z Z (aj2j2j3j4 + Qjsjajajs + Ajs s jaja + Qjsjsjags + Qjsjsjajo + aj2j4j3j2+
]4=0 ]320 ]220
+aj3j2j2j4 + Qjyjojajs + Qjsjrjago + Qjyjojs o + Qjyjsjajo + aj3j4j2j2) +
N-1js—173-1
+ 2 > X (@sjagia t Vsjsjags T jagsgs T Dsjagain + Wsjagus T ajujagsT
74=0 j3=071=0
+aj1j3j3j4 + Qjyj3js 1 + Ajyj35153 + Qg1 535453 + Qj1 547353 + aj4j1j3j3) +
N—-1js—1j52—1
+ Z Z Z (aj4j4j1j2 + Qjyjsjasa + Ajyj1jago + QAjyjojasn + Qjyjojija + aj4j1j2j4+
74=0 j2=071=0

+jjajage T Cojujein T Cjojainis T Cirjajeie T Wrjojais + Vjajijaja) +

N—-174—1
+ Z Z (aj3j3j3j4 T Qjgjsjsjs T Ajsjsjajs + aj4j3j3j3) +
]4=0 _73=0
N—-1js—1
+ Z Z (aj2j2j4j4 + A jajoja + QAj2jajago + QAjyj2jaja + QAjyjajago + a’j4j4j2j2) +
74=0 j2=0
N—-174—1
+ Z Z (aj1j4j4j4 + Ajs51j4ja + Qjyjajrja + aj4j4j4j1) +
74=071=0
N-1
+ Z Ajsjajaja
Ja=0

Possibly, the formula (2.162) for any k£ was founded by the author for
the first time.
The relation (2.162) will be used frequently in the future.
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2.7 Expansions of integrals of any multiplicity

Assume, that a(;, ;) = @ (75,,.-.,7j,) H AW( W where ® (t1,...,1) —

is a nonrandom function of k£ variables. Then from (1.12) and (2.162) we
have

J[@)) = SOy«

r=0 (sr,...,Sl)GAk,r

N-1 jsr+2_1jsr+1_1 j31+2_1j81+1_1 ja—1

xlim. Y ... Y Y .Y Y .Y ) X

Je=0 Jor+1=0 Js.1=0 Jsy+1=0js; 1=0 J1=0 r
T T 1 1 H I]sl Jsl_,’_l (Jl) )]k)

x| D (’le, ce 7Tj51717 Tj81+1,7'j51+1, ooy T 19 Ty Tispqrs » 7Tjk) X
XAW . Aw (o1 1) Ay (it Aw (g 41)
31 1 Tjsl+1 Jsl—i-l
AW(ZST )AW(ZST) Aw(zsr‘f'l) Aw(“‘?) —
TJsr 1 JsT—i-l TJSr-‘rl Tik
— — (k)sh -8
=Y Y et w, (2.164)
r=0 (Srr--asl)eAk,r
where
) T ts,+3 tsp+2 tsy t51+3 t31+2 tsl 2]
k,‘ 81 5e005S
@) = [ .. /////// 3 X
t t ot ot t T
T Vg0 (1 est)

X | P (tl, e 7t81—17 t31+1, t81+1, cee tsT—lytsr-i-l; tsr+17 cee tk) X

xdwgl). dwi’“ l)dwgsl)dwg?ﬂ) dwiint?)

1+1 +1 tsl+2
- dwlim ) dwln) gl gyfiee) | qe), (2.165)

def

and Z 1, k > 2; the set Ay, is defined in theorem 11 (see (2.152); we

suppose that right part of (2.165) exists as Ito stochastic integral.
Remark 3. The summands in the right part of (2.165) should be under-

sl+1(t1a ooy tr)
it 1s necessary to perform replacement in the right part of (2.165) of all
paz"rs (thez'r number is r) of differentials with similar lower indezes of type

stood as follows: for each derangement from the set lﬁl L, .t

dwt dw by values 1yi—;101dt).

123



Chapter 2. Expansions of multiple stochastic Stratonovich integrals

Using standard evaluations for the moments of stochastic integrals we
get:

2n ol ()S10000150
b<ows  x mine

r=0 (sp,...,81)EAL 7
k)s1,--,8r 2n
M {\fp@]gg 1 } <

2"}, (2.166)

T ts,+3 tsp+2 ts, t31+3 t31+2 tsl to
81...Sp
cope [ T T T ] s
t t t i t t i t ll:ll Itsl 1 (t15e-e5tk)
X@Zn (t17 s 7t81—17 t81—|-17 t31+1, T tsr—la tsﬁ-la tsr—l-la R tk‘) X
thl R dtsl—ldtsl-}-ldtsl-}-Q R dtsT—ldtsr+1dtsT+2 R dtk, (2167)

where derangements in the course of summation in (2.167) are performed
only in ®%*(...); Cpi, C2L" < o0,
Lemma 4. In condztzons of theorem 5 wvalid the follouning relation

JIK) = T W]z, w. p. 1. (2.168)

Proof. Substituting (2.145) in (1.12), using lemma 1 and remark 2, it
is easy to see, that w. p. 1

JIK gy = T M]r E > T, (2.169)

ST,...,Sl)EAk,T

1
) 2 (
where the meaning of theorem 7 notations is kept.
The affirmation of lemma results from (2.169) in accordance with theo-
rem 7. O
Using lemmas from the proof of theorem 1 we get:

k
J [ ]Tt — Z 2 C]k ]1 H CJ [ ..pk]g“} Ww. p- 17
J1=0 Jx=0
where stochastic integral J [Rpl___pk]}’f 35 defined in accordance with (1.12) and

Ryt t) = K* (b1, ) = 3 ... % G, hnasjl(tz) (2.170)

Jj1=0 Jk=0
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2.7 Expansions of integrals of any multiplicity

— f¢,71( )dws )7 P1y- .-, P < O0.

At that, the following equation is executed pointwise in (¢, T)* in accor-
dance with theorem 6:

lim ... lim Ry, ,(ti,...,t) =0. (2.171)

pP1—0 pk—>oo

Lemma 5. In conditions of theorem 5

lm ... km M{‘J[Rpl...pk}%

pP1—>0 Pr— 0 ’

2n
}:0, n € N.

Proof. According to (2.145) and (2.170) we have the following in all
internal points of the hypercube [t, T*:

Ry p (b1, .. te) =

k k—1 k—1 1
= 1—[1 ( )(H 1{t1<t1+1} + Z Z H {tsl—tsl-i-l} H 1{t1<t1+1}>

sr,--81=1 =1
sp>...>81 l;ésl ..... sr

- Z Z CJk Ji H ¢Jl(tl) (2-172)

=0 Jx=0
Due to (2.172) the function R, _p,(t1,...,%) is continuous in the do-
mains of integration of stochastic integrals in the right part of (2.164) and
it is bounded at the boundaries of these domains (let’s remind, that the
repeated series
00 00 k
2 2 Gy 1T ¢ (11)
51=0 =0 I=1
converges at the boundary of hypercube [t, T%).

Then, taking Ry, p, (t1,...,tx) instead of ®(¢y,...,¢x) in (2.166), (2.167)

and performmg the repeated passage to the hmlt lim ... lim under
pP1—00 Pr— 0

the integral signs in these estimations (like it was performed for the two-
dimensional case), considering (2.171), we get the required result. Lemma,
5 and theorem 5 are proven. O

Note, that in accordance with theorem 9 we may approximate the mul-
tiple stochastic Stratonovich integral J*[1)*)]7; using the expression

J*[w( ] - ZO ZO CJk J1 H le y P1,-.-, Dk < Q. (2173)
= Jk
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Chapter 3

Expansions of multiple stochastic
integrals of other types, based on
generalized multiple Fourier series

In this chapter we demonstrate, that approach to expansion of multiple
stochastic Ito integrals considered in chapter 1 (theorem 1) is essentially
general and allows some transformation for other types of multiple stochas-
tic integrals. Here we consider the versions of the theorem 1 for multiple
stochastic integrals according to martingale Poisson measures and for mul-
tiple stochastic integrals according to martingales. Considered theorems
are sufficiently natural according to general properties of martingales.

3.1 Expansion of multiple stochastic integrals ac-
cording to martingale Poisson’s measures

Let’s introduce the following stochastic integral in the analysis:

//Xk th, V) - //Xl t, y1) 7 (dtr, dyn) . .. 0O (dty, dyy),

(3.1)
where ®* & X: 4, ... ix =0, 1,...,m; v (dt,dy) — are independent
Poisson measures, which defines on [0,7] x X (see sect. 7.6); 7 (dt, dy) =
v (dt,dy) — TI(dy)dt — are martingale Poisson measures; i = 1,...,m;

pO(dt,dy) € T(dy)dt; xi(r,y) = %(r)e(y); Z/Jz( ) [T — RY
oi(y) : X = RY xi(s,y) € Ho(IL [, T)), I = 1,...,k; — is a class of
nonanticipative random functions ¢ : [0,7] X Y X oy §R1 for which

| [ M{le(t,y)P}TI(dy)dt < oo
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3.1 Expansion of integrals according to martingale Poisson’s measures

(see sect 7.6).

Theorem 8. Assume, that the following conditions are met:

L. i(7); i =1, 2,...,k — are continuouse functions at the interval
¢, T].

2. {#;(®)}520 — 1is a full orthonormal system of functions in the space
Ly([t, T]) each function of which for finite j satisfies the condition (x) (see
p.39).

3. [o(y)PH(dy) < oo; I=1,...,k; s=1,2,... 2k

X

Then, the multiple stochastic integral according to martingale Poisson
measures P[X(k)]T,t 18 expanded into the multiple series converging in the
mean-square sense

o0 k
1
PxPlre= > Cj.j <H o —
J1yeesJk=0 =
—lim. Z H Qb_]T 7-l /907' . Tlr? Tlr+1)7 dY))? (32)

N=00 (1, 1) Gy r=1
Gk:Hk\Lk; Hk—{(ll,...,lk) . ll,...,lk_O, 1,...,N—1},

Lk:{(ll,...,lk)Z ll,...,lk:O, 1,...,N—1;
lg#lr(g#r); 9,7'21,---,79};

7r](-l’”) = tff ¢;(T)ei(y)o W (dr,dy) — are independent for different i, # 0
X

and uncorrelated random variables for different j;

k
Ciyy = / K(ti,...,t) 11:11 b;, (t)dty .. . dtg;

[¢,T]*

() - e(te), B <. <t
K(t,... t) = {0’ b). - Ui .t €[4T,

Proof. This theorem may be proven as well as theorem 1. Small differ-
ences will take place only in proving of analogues of lemmas 1 — 3 for the
considered case.

Lemma 6. Assume, that 1;(7) — are continuous functions at the in-
terval [t, T], and the functions ¢;(y) are such, that){ lor(y) [P TI(dy) < oo;

p=1, 2;1=1,..., k. Then, we have with probability 1:

- Jjo—1 k

P[ (k )] Ty _III& ZO ZOZH /Xl(TJHY) . )([TJHTJH-I) dY)a (3'3)
Jk N 1x
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Chapter 3. Expansions of multiple stochastic integrals of other types

where {T;, }2:01 — 18 partition of the interval [t, T, which satisfies the con-
dition (1.7), 79([r,s),dy) = 09([r,s),dy) or vO([r,s),dy); the integral
Plx®z, dzﬁe’r’s from the integml Plx®z; by the fact, that in P[x®]r,
instead of 7 (dty, dy;) stay v (dty, dy;); 1 =1,..., k.

Proof. Using estimations of stochastic 1ntegrals according to Poisson
measures (see sect. 7.7), and the conditions of lemma 6, it is easy to note,
that the integral sum of the integral P[x*]r; under conditions of lemma, 6
may be represented in the form of prelimit expression from the right part
of (3.3) and of value, which converges to zero in the mean-square sense if
N — 0. O

Let’s introduce the following stochastic integrals in the analysis:

N-1

. i f k
Lim. Z (I)(TjU' . TJk H /901 TJnle-H) dy) « [¢]§“,1)57
N=00 gy, jk=0 I=1x

T to
/.../Cb(tl,... /<p1 )7 (dty, dy) . /gok o) (dty, dy) &

t t

where the sense of notations included in (3.3) is kept; ®(¢1,...,tx) :
[t, T]* — R! — is bounded nonrandom function.
Note, that if the functions ¢;(y); I = 1,..., k satisfy the conditions of

lemma 6, and the function ®(¢1,...,1t) is continuous, then for the integral
P[@]gﬂ 35 the equality of type (3.3) is reasonable with probability 1.
Lemma 7. Assume, that forl = 1,...,k the following conditions are

executed: g/(7,y) = hi(7)oi(y); the functions hy(7) : [t,T] — R! satisfy
the condition (%) (see p.39) and the functions o;(y) : X — R! satisfy the
condition [ |pi(y)[PT(dy) < o0; p=1,2,3,...,281 Then

b

kT ) k
H //gl S y ” dS dY) [(I)]T,t wp]-7 (I)(th s 7tk) = H hl (tl)
I=1% x =1

Proof. Let’s introduce the following notations:

N-
Ty & Z a1(75, ¥)7([15, 7j41), dy), J[Gi)rs —//gl s,y)7" (ds, dy).

\

0x
It is easy to see, that

{1 Jlai — 1 Jain, = 32(T1 Jlaine) Glaly = Jlalna) ( 11 Jlax)

I=1\¢g=1 q=I+1
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3.1 Expansion of integrals according to martingale Poisson’s measures

Using Minkowsky inequality and inequality of Cauchy-Buniakovsky to-
gether with estimations of moments of integrals according to Poisson mea-
sures [2] (see sect. 7.7) and conditions of lemma 7, we get

(m{
where C;, < 0.
Since it is clear, that

k

II J{g]~ — ﬁ JG)rs

2D2g%é“MU@M—ﬂwmﬁf,@®

N-1
Jalny — Jglr: = Zo JIAG 1705
q:

Tg+1

JAG i, = [ [ (alryy) — (s, y)) 9% (ds, dy),
e X

then due to independence of J[Ag] for different ¢ we have [27]:

Tq+15Tq

N—1 4 N-1 4
M{ ZO J[Agl]Tj_H,Tj }: ZO M {‘J[Agl}Tj+I,Tj| }+
J= J=

). (3.5)

Then, using estimations of moments of stochastic integrals according to
Poisson measures [2] (see sect. 7.7) and the conditions of lemma 7, we get,
that the right part of (3.5) converges to zero when N — oco. Considering
this fact and (3.4) we come to the affirmation of lemma. O

Proving of theorem 8 according to the scheme used for proving of theo-
rem 1 using lemmas 6, 7 and estimations of moments of stochastic integrals
according to Poisson measures (see sect. 7.7), we get:

N-1 9y I
+6 Z() M {‘J[Agl]Tj+1,Tj } ZO M {‘J[Agl]Tq+1,Tq
J= q=

M{(Rg 7)) < G TT [ o3 Ty) x

(Kt ot = 3§ 0 T 3000 -ty <

Jj1=0 Jk=0

<G [ (Koot = 0 8 G T 64(0) dir -0

[t,T]k J1=0 jx=0
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Chapter 3. Expansions of multiple stochastic integrals of other types

if p1,...,pr — oo, where constant C; depends only on k (multiplicity of
multiple stochastic integral according to martingale Poisson measures) and

k
R = Po¥lne = 3 . 3 o (T

71=0 Je=0 =1

—Lim. H ¢;,(7,) /SOr [Tlr,TlT+1),dY)>-
N=00 (1y,...0)€Gy r=1
Theorem 8 is proven. O
Let’s give an example of theorem 13 usage. When 41 # 19, 11,10 =
1,...,m according to theorem 13 using the system of Legendre polynomials
we get

//902 Y1 //@1 ya) 012 (dty, dyq) o' (dty, dy,) =
t X

T_t (1%1 2%2 ( ) (17'1) (17i1) (27i2)
—T< +121\/4@71(@ T )>

T
//901 (y1)? i) (dty,dy,) = VT — tﬂ(()l,zl)7
t X

J
orthonormal system of Legendre polynomials in the space Ls([t, T).

where 7 {T}g (D)ouy)p) (dr, dy); 1 =1, 2 {6;(r)}320 — is a full

3.2 Expansion of multiple stochastic integrals ac-
cording to martingales

Assume, that the fixed probability space (€2, F, P) is preset and assume,
that {F;,t € [0,T]} — is a non-decreasing collection of o-subalgebras F.
Through Ms(p, [0,T]) we will denote a class of F;-measurable for each
t € [0, T] martingales M;, and satisfying the conditions M {(Ms — Mt)2} =
fsp(T)dT, M{|M; — M|’} < Cpls —t|, where 0 < t < s < T; p(1) —
i
is a non-negative, continuously differentiated nonrandom function at the
interval [0,7]; Cp < co — is a constant; p = 3,4, ....

It is obvious, that the martingale from class Ms(p, [0, 71) is D-martingale
2].

Assume, that {7;}, — is a partition of interval [0, T], for which

O=mp<n<..<7y=T, max |7j4; —7j| = 0 when N — oco. (3.6)
0<j<N-1
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3.2 Expansion of integrals according to martingales

In accordance with features of the function p(7) we will write the condi-
tion of membership of F;-measurable for each ¢ € [0,7] stochastic pro-
cess &;t € [0,7T] to the class Ha(p,[0,T]) (see sect. 7.5) in the form

D%M{|ft|2}p(t)dt < 0.

Let’s assume the step random function ft(N) at the partition {Tj}é-vzo as

follows: ft(N) = &, with probability 1 when ¢ € [1;_1,7;); 7 = 1,..., N.
In the section 7.5 (see also [2]) we defined the stochastic integral from the
process & € Hs(p, [0,T]) according to martingale. In accordance with it,
the stochastic integral according to the martingale M; € Ma(p, [0,7]) is
defined by the following equality

Nl N def i
Lim. Y ¢ (M, - M) [&dM, (3.7)
J=0 0

N-ooo —

where {7;};_ — is a partition of the interval [0, T'], satisfying the condition

(3.6); ft(N) — is any sequence of step functions from Hs(p, [0, T), for which
T
[ Mg — &Y p(t)dt — 0 when N — co.
0

Using Q4(p, [0,7T7]) let’s denote the subclass Ma(p, [0, T]) of martingales
M;,t € [0,T], for which in case of some a > 0 the following estimation is

true:
g

where 0 < 6 < 7 < T g(s) — is a bounded non-random function at the
interval [0,T]; K4 < oo — is a constant.
Using G, (p, [0,T]) let’s denote the subclass Ma(p, [0, 7]) of martingales
My, t € [0,T], for which
n
M{ } < 00,

where 0 < 6 < 7 < T; n € N; g(s) — is the same function, as in the
definition of Q4(p, [0, T7).

Let’s remind (see sect. 7.1), that if (&)™ € Hy(p,[0,T]) when p(t) = 1,
then the estimation [2] is correct:

"

/Tg(s)dMs
0

4 T
b< K [ lg(o)ds,
0

/Tg(s)dMs
9

[ea] L < (ot [ulePa 0<o<r <7 (38)
4 0
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Chapter 3. Expansions of multiple stochastic integrals of other types

Assume, that
to

Jly %dﬁf/wktk Sn(e)dM M =0,1,. . m,
t

where M () (r=1,...,k) — are independent for different i = 1, 2,...,m.

Let’s prove the following theorem.

Theorem 9. Assume, that the following conditions are met:

L. Mlll € Q4(p7[t T]) Gn(p,[t,T]), n = 274a"'a2k; k € N7 URES
,...m;l=1,... k.

2. {gbj(x)}]o-‘;o — 45 a full orthonormal system of functions in the space
Lo([t, T), each function of which for finite j satisfies the condition (%) (see
p.39).

3. Yi(r); 1 =1, 2,...,k — are continuous functions at the interval
¢, T].

Then the multiple stochastic integral J [¢(k)]£‘p/{t according to martingales
15 expanded into the converging in the mean-square sense multiple series

T = S i (TTE0-

jh"'ajk 0

—Lim. % (/)JI(TZI)AMM gb]k(flk)AM(“k))
N=oo (11, . 1k)€EGk

where Gy, = Hi\Lrx; He ={(l,. .., k) : l1,...,[p=0,1,...,N — 1},
Ek:{(ll,...,lk)t ll,...,lk:O, ]_,...,N—l;
lg#lf‘(g#r)a gaT:17"'7k};

E (i) f(bj,( )dM &) — are independent for different iy = 1,...,m; | =

1,....k and uncorrelated for various j; (if p(t) — is a constant, iy # 0)
mndom variables,

k
Clpoi = / K(t1,. .., tk) ll:Il ¢ (t)dty . . . dty;

[¢,T]*

t). . k(te), i< ... <t
K(ty,...,t) = {gl(otierwif:é k), t kot te €[, T).
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3.2 Expansion of integrals according to martingales

Proof. In order to prove theorem 14 let’s analyze several lemmas.
Lemma 8. Assume, that M" € My(p, [t,T)); 4 = 1,...,m; | =
L,...,k, and oi(1); ¢ = 1, 2,...,k — are continuous functions at the
interval [t,T.
Then
N-1 Jo—1 k

TP, =lim. ¥ .Y [[ei(r)AMYY wp.1, (3.9)
N=oo =0 ji=0i=1 :
where {Tj}é-v:() — 145 a partition of the interval [0, T], satisfying the condition

of type (3.6).
Proof. Since (see sect.7.5)

u ( 9/ sdes“’“))Z} - 9/ M{[€,[2} p(s)ds,

M{<9/ fsd8>2} < (r—0) 9/ M{J&,[2}ds,

where & € Hy(p,[0,T));t <0 <7 <T;4=1,....m; 1 = 1,...,k,
then the integral sum of integral J[»*"]}, in conditions of lemma 8 may
be represented in the form of prelimit expression from the right part (3.9)
and the value, which converges to zero in the mean-square sense when
N — c0. O
Assume, that
N—1 k

Lim. Y ®(r,...,7,) [[ AMED & 1[e)f) (3.10)

N—oo ; _ =1 Jt )
where {7;}7_, is a partition of the interval [0, T}, satisfying the condition
of type (3.6).

Lemma 9. Assume, that MY € Qup,[t,T)), G.(p,[t,T]); r =
2,4,...,2% 4 =1,...om; 1 =1,...,k, and g1(s),...,gx(s) — are func-
tions satisfying the condition (x) (see p.39).

Then

E T , k
lnl [ a(s)dM& = I[@)F) wpd, B(ty,... 1) = lnl ai(ty).
1 -

Proof. Let’s denote
T

N-1 _ ‘
Hgly € Y a(m) AMED, Iglr, € [ gi(s)dm{.
j=0 /
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Chapter 3. Expansions of multiple stochastic integrals of other types

Note, that

k k k rsl-1 k

11 Moy — 11 Zalrs = 3= (11 Zlodre) (laly = Tlalro) ( 1 Tlaw).
=1 =1 =1 \g=1 g=Il+1

Using the Minkowsky inequality and inequality of Cauchy-Bunyakovsky,
as well as the conditions of lemma 9, we get

i k 21\ 2 k ol
<M{z:1 [gl]N—ll;[lf[gl]T,t }) < Okl:ZI(M{|I[gl]N_I[gl]T,t| NE (3.11)

where C), < oo — is a constant.
Since

N-1 Ta+l

I[gl]N_I[gl]Tat - Z I[Agl]Tq-i-l,Tq? [Agl]Tq-HaTq o / (gl (TQ) - gl(S)) dMs(l’il))

q=0 Tq

for different ¢ we have [27]:

s

then due to independence of I[Ag]

m{
N-1 j—1

+6 3 M{|I[Agl,. [ } S M{|T[Ag,. [ }- (3.12)
7=0 q=0

Then, using the conditions of lemma 9, we get, that the right part of (3.12)
converges to zero when N — oco. Considering this fact and (3.11) we come
to the affirmation of lemma. O

Then, using the proven lemmas and repeating the proof of theorem 1
with correspondent changes we get:

M {(Rg{%”"pk)Z} < C / (K(t1, o ,tk)_

[t,T]*

Tg+15Tq

N-1

2: Ipﬁgdn+hﬁ
Jj=0

4 N-1
} =2 M {‘[[Agl]ﬁ'ﬂﬁj
3=0

- Z E Ce-rii H ¢gl(tl)>zp(t1)dt1 - p(te)dty, <

=0 Jx=0
2
77" A% g
when py,...,pr — 00, where the constant Cy depends only on k (multi-

plicity of multiple stochastic integral according to martingales) and

Rpl’ = J[ ] Z Z C]k J1<H f;l &

J1=0 Je=0
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3.3 Remark about full orthonormal systems of functions with weight

—lim. ¥ ¢31(TZI)AM1“ ¢Jk(nk)AM<“k>>
N—=oo (1 1,)€Ck

Theorem 9 is proven. O

3.3 Remark about full orthonormal systems of func-
tions with weight in the space Ly([t,T])

Let’s note, that in theorem 14 we may use the full orthonormal systems
of functions not only with weight 1 but with some other weight in the space
La([t, T1).

Let’s analyze the following boundary-value problem

(p(2)@'(2))' + q(2)®(2) = —Ar(z)P(2),
a®(a) + fP'(a) =0, y®(a) + §®'(a) = 0,
where functions p(z), g(z), r(z) satisfy the well-known conditions and «,
B, v, 6, A — are real numbers.

It has been known (V.A. Steklov), that eigenfunctions ®y(z), ®1(z),. ..
of this boundary-value problem create a full orthonormal system of func-
tions with Weight r(z ) in the space Ls([a,b]), as well as the Fourier series
of functlon JVr(z)f(z E Ly([a,b]) according to the system of functions

V() Po(z), /r( <I>1 ), - .. converges in the mean to this function at this
interval, moreover the Fourier coefficients are defined using the formula

b
Cj = [ r(z)f(z)®;(z)dw. (3.13)
a
Note, that if we expand the function f(z) € Lo([a,b]) into the Fourier
series in accordance with the system of functions ®y(z), ®1(z),..., then
the expansion coefficients will also be defined using the formula (3.13) and
the convergence of Fourier series will take place in the mean with weight
r(z) to the function f(z) at the interval [a, b].
It is known, that analyzing the task about fluctuations of circular mem-
brane (common case) the boundary-value problem appears for the equation
of Euler-Bessel with the parameter A and integer index n :

r’R"(r) + rR(r) + (\*r* —n®) R(r) = 0. (3.14)

The eigenfunctions of this task considering specific boundary conditions
are the following functions

J, (uj%), (3.15)
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Chapter 3. Expansions of multiple stochastic integrals of other types

where r € [0, L], uj; j =0, 1, 2,... — are ordered in ascending order
positive roots of the Bessel function J,(u); n =0, 1, 2,....

In the task about radial fluctuations of the circular membrane the
boundary-value task appears for the equation (3.14) when n = 0, the eigen-
functions of which are functions (3.15) when n = 0.

Let’s analyze the system of functions

V2

U;(r) = m%(%f); j=01,2... (3.16)
where
Jn(z) = nifo(—l)m @)M : T(m+1DT(m+n+1))7"

— is the Bessel function of first genus and

o0

I'(z) = /e_’“'a:’z_lda:
0
— is a gamma-function; p; — are numbered in ascending order positive

roots of the function J,(x), n — is a natural number or zero.

Due to the well-known features of the Bessel functions, the system
{¥;(7)},Z, is a full orthonormal system of continuous functions with weight
7 in the space Ly([0,T]).

Let’s use the system of functions (3.16) in the theorem 14.

Let’s analyze the multiple stochastic integral

T s
dMWdM?,
0/‘0/ T S

where )
MY = [ raf;
0

f0) (i = 1,2) — are independent standart Wiener processes, 0 < s < T;
M® — is a martingale (see sect. 7.5), where p(7) = 7. In addition, M{¥
has a Gaussian distribution. It is obvious, that the conditions of theorem
14 when k = 2 are executed.

Repeating the proof of the theorem 14 when k£ = 2 for the system of
functions (3.16), we get

T s o
[ [aMPaM® = 3 GG
00

2 )
J1,§2=0
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3.3 Remark about full orthonormal systems of functions with weight

where the multiple series converges in the mean-square sense and

T
G = [wj(r)am?
0

— are standard Gaussian random variables; 7 = 0,1,2,...; ¢ 1,2;

M{cP¢PY = o;
T s
Cj2j1 - /qujz(s)/qujl (T)deS'
0 0

It is obvious, that we may get this result using another method: we can
use theorem 1 for multiple stochastic Ito integral

T s
[ Vs [ v/rdfDde?),
0 0
and as a system of functions {;(s)}52, in the theorem 1 we may take

V2s )Jn(“j ); j=012....

= ——Jpl=s
T Jn1(k; T

As a result, we would obtain

9;(s)

T s 00
[ Vs [ VraEDdE? = Y Cidi G
0 0

J1,52=0

where the multiple series converges in the mean-square sense and

T
G = [ 6i(r)dt?
0
— are standard Gaussian random variables; 5 = 0,1,2,...; 7 = 1,2;

M{G ¢} = 0;
T s
Cj2j1 = /\/§¢j2(5)/\/;¢j1 (T)deS.
0 0

Fasy calculation demonstrates, that

7 2(s — 1) 1 o
di(s) = (T_t)Jn+1(Nj)Jn (T_t(s—t)>, i=0,1,2,...
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Chapter 3. Expansions of multiple stochastic integrals of other types

— is a full orthonormal system of functions in the space Ly([t, T1).
Then, using theorem 1 we get

T s e} - ~ ~
/\/S — t/\/’r — tdfT(l)dfs(Q) = Z 00j2jlg;11)<'](22);
Y + J1,J)2=

where the multiple series converges in the mean-square sense and
G = [ ¢i(r)dt?
t

— are standard Gaussian random variables; 5 = 0,1,2,...; ¢+ = 1,2;

M{GGY = o;

T s
éj2j1 = / VS — t(gjz(s) / VT — tQ;jl (T)deS.
t t
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Chapter 4

The exact calculation of mean-square
errors of approximation of multiple
stochastic Ito integrals

This chapter is based on results of chapter 1 (theorems 1 and 2) and
adapt this results to practical needs (numerical integration of Ito stochastic
differential equations). Using Parseval equality and relations for multiple
sums we derive the exact (not estimate) expressions for mean-square errors
of approximations of multiple Ito stochastic integrals. Exact formulas for
such mean-square errors for stochastic integrals of multiplicity 1 — 4 are
derived.

4.1 The case of any k£ and pairwise different ¢, ..., 7 =
I,....m

At first, let’s build mean-square approximations of multiple stochas-
tic Ito integrals J[/'®]r; of type (1.1) for pairwise different iy, ...,4; =
1,...,m (in this case they coinside with the correspondent stochastic
Stratonovich integrals) in the form of truncated multiple series, into which
they expand in accordance with the approach, based on multiple Fourier
series, converging in the mean (theorem 1).

Assume, that J[¢®* )]q“ “I — is approximation of multiple stochastic Ito

integral J[y®* }Tﬂf for pairwise different #,...,7 = 1,...,m, which looks
as follows
J[w(k ](Ih = ZO ZO CJk J1 H CJ ) (41)
= Jk

where numbers ¢; < oo satisfy the following condition on the mean-square

139



4.1 The case of any k£ and pairwise different i1,...,ix =1,...,m

accuracy of approximation:

M{ (T = Tle®lr) ] <e, (42)

¢ — is a fixed small positive number.

Theorem 1 provides a possibility to calculate accurately the mean-square
error of approximation of multiple stochastic Ito integral of any fixed mul-
tiplicity k.

Let’s examine the case of pairwise different #1,...,7; = 1,...,m.

Lemma 10. Assume, that i1,...,1 = 1,...,m and pairwise different.

Then, the mean square error of approzimation (4.1) of the multiple
stochastic Ito integral J [¢(k)}T,t 1s detected using the formula

M{(J[w(k)]%,;”’q’“ —J[z/)(k)}T,t)Q} = [ K¥ti,....ty)dts ... dty—

[t,T]*

- Z Z Jk .71; (43)
J1=0 Jx=0
convergence in (4.3) takes place in the sense of limit when qq, . .., qx — 00.
Proof. We have
X T to
M{(® 1)} = [wit) .. [wit)de .. di, =

t t

= [ Kty te)dts ... dt. (4.4)

[¢,7]*

The Parseval equality in our case looks as follows

/K2(t1,...,tk)dt1...dtk= lim Z 2 2

[t’T]k qi,---qk ji= =0 Jk—

Then
M{ ([P = Tle®18%)") = M{ (T ®P]r,)"} -

—oM (TP ]r TP+ M{ (@) (45)
Since according to theorem 1 we have

o0

TPn={ T =% S o, TG0+ S

j17"'7jk 0 .71 =0 Jk 0
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Chapter 4. The exact calculation of mean-square errors of approximation

then )
M T = M)} (46)
Substituting (4.4) and (4.6) into (4.5) we get
M{@Wﬁmy—waﬁfmf}: [ Kt te)dt . dt—
[¢,T]*
iy {(J[w(k)]al},;{--aqkf} , (4.7)
Considering (4.7) and the relation
M{(‘][d)(k)]%, an) } 2 Z Jk J1?

J1=0 Jk=

which is reasonable for pairwise different ¢1,...,7; = 1,..., m, we come to
affirmation of lemma 10. The lemma is proven. O

4.2 The case of non-pairwise different ¢,....7 =
I,....,m

Proving lemma 10, we practically established the following formula for
any 21,...,0 =1,...,m:

M{waﬁ;%—JWWhgﬂ: /]@my“jgﬁbnﬁﬁ—
[t.T]*
492 (M {J[w(k)]%;..,(Ik})Q M {(J[z/)(k’)}(jl},%...,Qk)Q} _ (4.8)

Hereafter, calculating the mean-square error of approximation of multi-
ple stochastic Ito integrals we have to calculate mathematical expectations
from multiple sums of random variables with complex multiindex coeffi-
cients. Accordingly, formula (2.162) will be useful.

We will demonstrate systematically, by the example of multiple stochas-
tic Ito integrals of 1st, 2nd, 3rd and 4th multiplicities, that there are no
any technical problems for getting the analogue of (4.3) for any 41, ..., =
1,...,m (for simplicity hereafter we assume, that ¢; = p).

4.2.1 The case k=1

In this case according to lemma 10 we get

M {(J[¢(1)]3“t - J[¢(1)]T,t)2} = [ K*ty)dth — Z

Y
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4.2 The case of non-pairwise different i1,...,7, =1,...,m

4.2.2 The case £k =2 and any i1, =1,...,m

When i; # i3 we get the required formula from lemma 10. Let 41 = 1o =
1=1,...,m.
We have

T t

M{(J[y } [ 43 t2/ (h)dtrdty = [ K3(t1, ta)dtrdty.
t [¢,T]?

Since
M {JWJ@)]I%J} = 07
where
(i) ()«
J[¢(2)}g“t: Z CJ2]1 jo Z lejm

7 J1,J2=0 71=0

then, according to (4.8) we get

M{ (T = T P1r) } = [ K (0, a)dndts =M { (T ,)}

[t.T]?
(4.9)
Then, using (2.162) we get
@ )2 S ’
M {(‘][¢ }T,t) } {( Z CJ2.71CJ o Z Cj1j1> } =
J1,J2= J1=0
q . . . .
= M{ Z Cj2]1Chhgjf)gy(z)c](;)gj(z)}_
J1,J152,J5=0
p 2 2
_2< Z lejl) (Z CJl]l) =3 Z j1]1
J1=0 Jj1=0 J1=0
J2—1
+ ZO Z ( J2gt + C.721J2 + 2Cj1j1 Cj2jz + 2Cj2j10j1j2) (Z Cth) . (4'10)
.71— .71—
Substituting (4.10) into (4.9) and considering, that
p J2—1 5
Z Jl]l + Z Z ( J2J1 +C.71.72) = Z 32J17
J1=0 J2=031=0 J1,52=0
J2—1 p P 2
Z J1J1 + 2 Z Z CJlJ10J2J2 = Z Cj1j10j2j2 = (Z lejl) )
Jj1=0 =07:=0 J1,J2=0 J1=0
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Chapter 4. The exact calculation of mean-square errors of approximation

D 5 p J2—1 D
Z Cj1j1 +2 Z Z Ciijr oy = _ Z Cj132 Claji
71=0 J2=071=0 J1,J2=0

finally we get

M {(J['Qb@)]g“,t - JW(Z)]T,t)Q} = / K?(ty, ty)dtydty — Ep: Chi—
T

2 J1,J2=0

p
= 2 Cj5Chyjy (4.11)

jl 7j2:0

4.2.3 The case k=3 and any i,i2,13=1,...,m

The case of pairwise different ¢1, %9, 23 is analyzed in lemma 10, that is
why we have to analyze 4 cases (it is assumed, that i1,i9,73 = 1,...,m):

1. i1:i2§£i3; 2. 2'175’1;222'3; 3. ’1:1:’1:3752'2; 4. i1:i2:i3.
Let’s start from the first case:

M {(J[@b(?’)]T,t)Z} = / K?(t1,ta, t3)dt dtadts; M {J[¢(3)]]:I)“,t} =0,
[t,T]?

where
p N .
J[w(?))]%t - Z Cj3j2j1 ( 9(11) ;21) 3(33) B 1{j1=j2}<.](33)> ’
So, in our case we have

M{(Tzs = TWO) = [ K2ty ta, ts)dtrdtadts—M { (J6®)) "}

[t.T]?
(4.12)
Further using of (2.162) we get

p . .
M{ (T} = M{_ X GGy (G = 12y ) X

“

‘737]37]27.757.717.7120
p p ' . ' '
B M{ Z Z Cj3j2j10j3]'§ji J(:l)g;h) J(;l)gj(h)}_

! !
. .o . 1 2
J3=0 ja,55,41,51 =0

(i1) ~(i1) (i3) ~(i3) | _
G = L= ) 67¢) }—

! !
1 3
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4.2 The case of non-pairwise different i1,...,7, =1,...,m

—2 i (Z CJBJlJl) i (Z CJSJ131>2 -

J3=0 \j1 73=0 \j1
Ja—1 5
=3 Z Z( J3J1J1) + Z Z Z ( Jaj2d1 +CJ3J1J2
J3=0j1= =042=07,=0

3 CJWI)Q. (4.13)

1=

p
+2Cj1j1 Clsjaga F 2Cjajs Clgjnga) — ZO<
J3=0\j

Substituting (4.13) into (4.12) and considering, that

p Ja—1 5 p 5
Z J3J1J1 + Z Z ( JsJj2Jt + CJ33112) - . Z CJ3J2J17
J3,J1=0 J3,J2=0j1=0 J3,J2,J1=0
p J2—1 D
Z 333131 +2 _ Z Z Clajijr Clagajs = . Z Clsjiji Clisjoge =
J3,51=0 J3,J2=071=0 J3,J2,51=0

73=0 \j1=
p  Jo—l1 D
Z b T2 X Y CiiiiCipin = X CijuinClaoin
J3,J1= J3,J2=0 j1=0 J3,J2,J1=0

finally we get

D) p
ML, — J®1r) = [ KAt b, ty)dhdbadts — Y. C2 —

[t J3:92,J1=0
b - - .
o Z Cj3j1j20j3j2j1 (21 =1y # 23).
.737.727,71:0

In the 2nd and 3rd case similarly to the previous reasoning we corre-
spondently get

9 p
MO, = J®10) |} = [ KAt ty)dbdbadty - Y C2 -

[t.TF J3,32,J1=0
p -
iy Z Cj2j3j10j3j2j1 (21 #ip = 23).
J37.72)]1:0

D) p
ML, — J@1r) = [ KAt b, ty)dhdbadts — Y. C2 —

[t T3 J3:J2,)1=0
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Chapter 4. The exact calculation of mean-square errors of approximation

P
- Z Clajaii Clrjas (11 =15 # 12).
.733.72a.71:0
In the 4th particular case when ;(s), 12(s), ¥3(s) = 1 with probubility
1 we have (see sect.6.2):

iy 1 s N3 3
oo = 5@ =0 (V) - 3¢V).

In more general case, when 11(s), ¥a(s), ¥3(s) = (t — s); | — is a fixed
natural number or zero, with probability 1 we may right down (see section

6.2):
110171 1
]l(lll;,tz )= 6 ((

sivinin) _ L (N3 i) _ e~ v o(00)
Iy, ™ = ¢ (&))" o, _JZ:OCJ'CJ' :

.\ 3 )
Il(qzv,lt)> - 311(;’,13A1T,t> )

T T
where A, = tf(t — s)%ds, C; = {(t — 5)'pj(s)ds; {¢;(s)}32y — is a full

orthonormal system of Legendre polynomials at the interval [¢, T7.
If the functions ¢4 (s), ..., 1¥3(s) are different in the 4th particular case,

then calculation of the value M {(J (O, — J [¢(3)]T,t)2} becomes more

difficult then in all cases analyzed previously.
Nevertheless we will calculate the specified mean square error of appro-
ximation.

According to theorem 1 when £ = 3 and #y = 12 = i3 = 1,...,m we
have:
J[d)(?))]T’t - Z OCj3j2j1 (CJ& CjoJé - 1{J'1=J'2}CJ'3 - 1{j2=j3}<j1 - 1{j1=j3}Cj2>
J1,J2,)3=

and correspondently

P
Tk = X |G (Cga CiaGis = L=} Gis = Lga=js}Cin — 1{j1:j3}Cj2),
J1:J)2:)3=

where for the sake of simplicity we assumed, that CJ@ = ;-
According to (4.8) it is enough to calculate only M {(J [¢<3)]1},t)2}.
We have

p
M {(J [¢(3)}?,t)2} = 'V'{ > Clisais Cgngt Cir St G Gy i G } -
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4.2 The case of non-pairwise different i1,...,7, =1,...,m

p p
-2 Z M{ Z Cj3j2j1 Cjéjéjé le <j2 Cj3 Cjé

jéZO j17j27j3ajé:0

!

J3=0 J1,32,43,J1=0
D p
-2y M{ Yo Cipnin CinisinCi 6o Cis s

_]é:(] jlaj2aj37jé:0

p p
-2 M{ Y. Cijojy jgjgjilengngCji}—
}+

p
+ Y (CipinClhsingi + Cijsin Cinogi + Cisgojs Civogi +
Ji,32,53=0

+2Cj3.72j2 Cj1j1j3 + 2Cj3j2j2 Cj1j3j1 + 2Cj3j3j1 Cj2j1j2) .

According to (2.162) when k = 4 and k = 6 we have:

D
M{ > Clsjogr Ottt Gin Gt Gia Gt Cis Cjé} =

jl ;]{ aj%jéaj&jé:()

p Jja—1ljx—1
=15 Z Clrnia + 22 2 2 2 Cluni Clgont
J3=0 J3=072=0 j1=0 (j1,j1,J2,2,J3,J3)

p Jj3—1
+3 Z Z Z C(j3j3j10j3j3j1)+

J3=0J1=0 (j1,41,J3,53,J3,J3)
p j3—1

+33 > > Clisiii Cisjrgn);

J3=0 j1=0 (ji1,j1,51,j1.J3J3)

p
M{ > Gl jéjéjégjlthngjg} -

jl Jj27j37jé:0

p Js—1
=3 Z CJsJ3J3 J3Jads + Z Z Z CJ3J1]10j3jéjé);
Jj3=0 =071=0 (j1,41,J3.J3)

b
M{ > ngmlcjgjgj{Cﬁ@z%cﬁ} -

jl7j2>j37ji=0

J3—1
=3 Z CJstJs J3J373 + Z Z Z 01333310331331)
Jj3=0 =071=0 (j1,51,J3,J3)

b
M{ > Gl jéjéjéCjICjQngng} -

jl 7j27j37jé=0
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where, as usual

P J3—1
=3 Z Clajajs C dbisiy T > > > C(msjlcjémg)
-73_ -73 0-71 0(.717.717.737.73)
>, —is a sum according to all possible derangements
(jla"':jk)

(415 ---, Jr), new symbol of type C;, ;,C;

is1..j,) means, that performing

derangements the index of value Cy, ;,Cj.,, ) is (1. Jijis1.--Jx) =

(j1---, k), as, if we assumed ay;

In princ1ple,
may be conside

Jueji) — C(j1---jl_cjl+1---jk)_ in (2'162)'
the mean-square error which is a subject of interest for us
red as found according to formula

M {(‘]["p(?’)]g’,t - J[¢(3)]T,t)2} = / K*(t1, by, t3)dtydtadts—M {(J[¢(3)]g",t)2} :

since the value

[t,T]?

M {(J [1&(3)]1}7,5)2} is calculated. For the avoidance of doubts

let’s right down the line of sums including in the obtained formulas in the

expanded form

Z C(jsjljl Cj3j§j§) - Cj3j1j1 Cj3j§j§ + Cj3j1j3CJ1J2J'+

(J1,J1,035J3)

+Cj3j3j1

Chignis + CirgajsCiiisiy T Chugsin Chsisit, + CivgrgsCiagaini

Z 0333131 CJéJé]l - Cj3j3j1 Cjéjéjl + Cj3j1j3cj§jéj1+
(.715.715.737.73)

+CJ3J1J1

013]3]3 + C]1J3J3 CJéJé]l + Cj1j3j1 Cj§j§j3 + Cj1j1j3 Cjéjéj:s;

. Z . C(j3j3j1 Cjéjljé) = Cj3j3j1 Cjéjljé + Cj3j1j3C]3J1J3+
(J1,J1,33,73)

CJ331]1

>

+C?.

>

+C?.

Jajijt

CJéJ3Jg + Cj1j3J3 CJ§J1J3 + Cj1j3J1 CJ§J1J3 + leleB CJéBJg’

C(j3j3j1 Cj3j3j1) - 2Cj1j1j3 Cj3j3j3 + 2Cj1j3j1 Cj3j3j3+

2
+ 2C}14335Cjsjrjs T 2C555141 Cisajs T Clajyjst

+ 20j1j3j3 Cj3j3j1 + 2Cj311j3 Cj3j3j1;

J1J3J3

2
+CJ3J$J1

o C(j3j1j10j3j1j1) = 2Cj3j3j10j1j1j1 + 20j3j1j30j1j1j1+

+ 2C,5,5, Cirjsjs + 2C53515. Chijugs + 2C5.5555Cinjrjn +
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4.2 The case of non-pairwise different i1,...,7, =1,...,m

2 2
+C.71.73.71 Cj1j3j1 C(j1j1]3 +C

J1j1js?

Z C(j3j2j1 Cj3j2j1) = 2Cj1j1j2 Cj2j3j3 + 20j1j1j2 Cj3j2j3+

+2Cj1j1j2 Cj3j3j2 + 2Cj1j1j3 Cj2j2j3 + 20j1j1j3 Cj2j3j2 + 2Cj1j1j3 Cj3j2j2+
0313211032%33 + 201112]'1 Cj3j2j3 + 2Cj1j2j1 Cj3j3j2 + 209'1]'3]1
CJ2J3Jz CJ1J3J1 + 2Cj1j3j1 Cj2j2j3 + 20j1j2j2 Cj1j3j3 + 2Cj1j2J3
C]1]2]2 CJ3J1]3 + 2Cj1j2j3 Cjzjljz + 20j1j3j2 Cj2j1j3 + 20j1j3]3

Q

J3J242 +

Q

J1J352 +

Q

JaJ1je +

Q

17342 CJlejz + 2lejzj3 Cj3j1j2 + 20j1j2j2 Cj3j3j1 + 203'1]'2]3

CJ .72.73.71+
+2C152j Claiaii + 2C0s32 Cingogi  2C5153j Clisioii + 2C51j05s

CJ

+2C;

Q

Jaj2J1 +

Q

ojii Chajsis T 2Ch031 1 Ciagngs + 2Chajig Ciagago + 2Cju

jsivi Ciegsgs T 2Csj15 Clagajs + 205013 Clsings + 2Cjajugs
+2C,5152Cisisjr + 2Ch013s Chagain + 2Cj1js Clsogi + 2Cjsugo
+2C5,5155Ciajojr + 2C313. Chagain + 2C5jsj1 Chagogi + 2Cjasgy
+C2 i+ Cr i +Cr i +Ch s+ Cos 4+ Co

J1J3J2 J1J2J3 J2Jsi1 J2J1J3 Jaje1 J3j1J2"

J3J242 +

Q

J3jij2 +

Q

J3j2J1 +

Q

J3j2j1 +

We will make one remark concerning calculation of the mean-square
error of approximation for the multiple stochastic Stratonovich integral of
3rd multiplicity of the following form:

*t3 xto

[ [ dEPat e € i =1, m,
t t

\?%

Since

* (419213 119213 1 T i T ;
[O(SOT,t )= [(goom) + El{ilzb}//dsdf}( s) 4 1{12 %3}//dfs( Ddr =
t Y Y

L 1 3 : 1 :
— ](112213) + 71 i T —¢)2 < (is) + (13)> +
0007 4 {1—2}( ) o \/§C1
i = 0 (6 — ) (4.19)
4 19=13 \/g Y



Chapter 4. The exact calculation of mean-square errors of approximation

- T
where CJ@ = [ ¢;(s)dfD; {p;(x )}520 — is a full orthonormal system of
¢
Legendre polynomials at the mterval [t,T], then

*(i14213)p (i12i3)p 1 3
Iooéif 106027113 + Zl{ilzig}(T t)? (Coz3 + 7C1z3 )

1 2 1 1
+ 3 Li=i (T — 1) <Co’ - TCf ) , (4.15)
where Iééloi;ff)p — is the approximation of multiple stochastic Ito integral
1§52, which has the following form:
p S
Iégl(;;ztg) = Z OCj3j2j1< J(fl) J(;z) J(3 V- 1{@1 zz}l{h J2}<J3
J1,J25)3=

_1{%'2:%'3}1{3'2:]'3}(3(:1) - 1{1'1:%'3}1{3'1:]'3}@(;2))'
From (4.14) and (4.15) we finally get:

w(igisin #(igizin)p) 2 igizin iginin)p\ 2
m{ (s - ml) = w{ (e - iy @ae)

It is obvious, that formula (4.16) will also be correct for trigonometric
system of functions.

4.2.4 The case k=4 and any 11,19,13,04 = 1,...,m

The case of pairwise different ¢1,...,74 is examined in lemma 10, so
we just need to analyze the following particular cases: 1. 11 = iy # 13, i4;
?;3 75 i4; 2. ’il = ’i3 75 ’ig,’i4; ’iz 7é ’i4; 3. il = ?:4 75 ’iz,i3; ’ig 75 ’i3; 4.
Gg = 93 F 11,%4; 11 7 4y O. Gg = 44 F 11,13, 41 # 13; 6. 43 = g F 11,1%2;
’i17£’5'2; 7.’i1:’i2:i37é’i4; 8.’5'2:2‘3:’&'47&2‘1; 9.’i1:'i2:'i47é’i3; 10.
’il = 23 = i4 7'é ’i2; 11. ’il = iQ = i3 = i4; 12. il = ’ig 7é ’Lg = i4; 13.
?:1:7:3#7;222'4; 1421:7,47522:’53

Let’s start from the 1st particular case. According to theorem 1 we have:

Tl = X Ciunn (GGG = 14276

jl 7j27j37j4:0

(1) ~(i1) ~(is) »-(ia)
T, = > Ocmsjzjl ( POUOLS RS FATele) )
J1,J2,)35)4=
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4.2 The case of non-pairwise different i1,...,7, =1,...,m

Since M{J [1[)(4)]1},,5} = 0, then according to (4.8) for calculating
the mean-square error M {(J (W1, — J [¢(4)}T,t)2} we need to calculate

M{ (T}
Using (2.162) when k& = 4 we have:

p q . . . .
= L (1) (1) (41) (i1)
= 2 M{. 2 Ciugaiai Ciasds S TS G TG TS )T |~
J3,J4=0 J1,31,J2,J5=0
q q
— 2 i Cigantit = 2 ClagsioiCiaiassss +
.727.737.747.7120 .727.737.747.75:0
q
+ - Z Cj4j3j2j20j4j3jéjé =
.727.737J47.7§=0

p

q . . . .
1) i) () A(in)
= > (M{ > Cj4j3j2j1Cj4j3j§j{C((;l)T,tC(JZ'{)T,tC(JZ'2)T,tC(JZ'§)T,t}_

J3,J4=0 J1,J1,92,55=0
2
(Z CJ4J3J2J2> ) =

Jj2=0
p

J2—1
2
= Z ( Z J4J3J1.71+ Z Z( J4.73]2J1+C]4.73J1]2+

J3,J4=0\ j1=0 J2=07j1=0

2
+20j4j3j1j1 Cj4j3j2j2 + 20j4j3j2j1 Cj4j3j1j2> (Z CJ4J3J2J2> ) =

Jj2=0

b V4
— 2 . . . . . . . .
- Z C]4]3]2J1 + o Z CJ4]3J1]20]4J332J1°
J1,J2,J3,J4a=0 J1,J2,33,J4a=0
Therefore

M{ (T D8, — T W)r) "t = [ K3, ta)dt . dts-
T

p b
o Z CJ4]3J2J1 T Z Cj4j3j1j20j4j3j2j1 (21 =iy # 13,14; 13 7 Z4)-

J1,J3,J2,51=0 Ja,335J2,J1=0

For particular cases 2-6 we get in the complete analogy:

M{ (T D8, — T W)r) = [ K3t ta)dt . ds—

[¢,T]*
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Chapter 4. The exact calculation of mean-square errors of approximation

p D
2 . . .. .
o Z CJ4]3J2J1 o Z Cj4j3j2j10j4j1j2j3 (21 =13 7é 12,745 12 7& Z4);

J1,J3,J2,51=0 Ja,33,J2,J1=0

M{(T D, — T W)r) ) = [ K3t ta)dh . dta-
0y

p Y4
9 . . . .
o Z CJ433]2J1 o Z Cj4j3j2j10j1j3j2j4 (Zl =14 7£ 12,13; 12 7£ 23);

Ja,33,32,J1=0 Ja,33,J2,j1=0

M{(J[w(‘l)}%t—J[w(‘l)}T,t)z}: [ K(ty,... ta)dty . dta—
T)

p D
2 . . .. .
N 2 CJ4933231 o > Oj4jsj2j1 Cj4j2j3j1 (22 =13 7 11,%4; 11 F Z4)§

J1,J3,J2,51=0 Ja,J3,J2,51=0

M{(J[w(‘l)]’},t—J[w(‘l)]T,t)Z}: [ Kty ta)dty . dts—
it

p b
9 . . . .
- Z CJ4JstJ1 o Z Cj4j3j2j10j2j3j4j1 (22 =1 7’é 11,13, U1 7’é ZS);

j47j37j27j1_0 j47j37j27j1:0
2
M {(J[w(‘l)]%t — J[p®]r,) } = [ Kt,...,ta)dty ... dts—
[t 1]
L 2 P . . .. . .
o Z CJ4J3]2J1 o Z Cj4j3j2j10j3j4j2j1 (ZS =14 7é 11,12, U1 7é 22)-
j47j37j2’j1_0 j47j3;j27j1:0

For the 7th particular case (i; = i3 = i3 # i4) we have:

, i ~
T, = ¥ 00143'3]'2]'1 (leCjojsCﬁ — L=} GisGia—
J1:J25)35)4=

_1{J'1 =J'3}Cj2 Gis — 1{j2=j3}<.j1 5]’4) )

rae ¢ = (¥ = ¢V = ¢, ¢V = G

P
M {(J [¢(4)]g“,t)2} = Z M{ Z Cj4j3j2j1 J4J§J§J{CJ1CJ1CJQCJ2CJ3CJ3}

Ja=0 J15J1>J2,0553,35=0
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4.2 The case of non-pairwise different i1,...,7, =1,...,m

p p
—2 . Z M{. _ Z Cj4j3j2j1 Cj4j§j§j§Cj1 gjz@%@é}_
J3,Ja=0 J1:J2,J3,35=0
p p
=2 >, Mo > i ClagsisisGin CjQngst}—
J3,J4=0 J1:J2543,35=0
p p
=2 > My > Gl Ciggins i GGl Cj{}+
J3,j4=0 J1,J2,43,41=0
p
+ X (Ciiinioi2Clhsgsinis + Clisgssois Ciniinin T Cingajain Cladodois T
J1,J253,J4a=0
+2Cj4j3j2j20j4j1j3j1 + 2Cj4j3j2j20j4j1j1j3 + 2Cj4j3j2j30j4j1j1j2) 3

Then, according to (2.162) when k = 6 and k£ = 4 we have:

p
M{ > Cisjsingr Ciatisit Cin CjiCJijéstcjé} =
jl;ji,j2;jé;j3;jé=0
p ja=lja—1
=15 Z vinis + > 2 > > Clisjsjois Cisaioin) T

J3=072=0 j1=0 (j1,51,J2,42,]3-J3)
p Jjs—1

+3> > > Clisjajoin Cinjjsiny+

J3=0j1=0 (j1,J1,J3,3:J3,J3)
p Jj3—1

+3 Z Z Z C(j4j3j1j10j4j3j1j1);

j3:0 .]120 (]1 ;jl 7j1 7j1 ;j33j3)

p
M{_ 2 Clhiginis CiugigisCin ngngCjé} =
J1,J243,J3=0
p Js—1

b
= Z JaJ3J3Js J4J3J2]2 + Z Z Z C(J“”Ul CJ4J31232) ;
3=0 J3=0j1=0 (j1,41,73,J3)

p
M{_ 2 Chugsioin Ciads it Cin Cjojsﬁjé} =
J1,52,J3,35=0
p Js—1

b
= Z JaJ3J3Js J4Js]3]3  + Z Z Z C(J4J3]331 CJ4J3JIJ3);
3=0 J3=0j1=0 (j1,41,73,J3)

D
M { > Chigsiein Ciagiitit CirCi2CiaCit } =
j17j27j37j{=0
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Chapter 4. The exact calculation of mean-square errors of approximation

p J3—1
=3 Z C]433J3J3C]433J3]3 + Z Z Z C(J4J3J3chj4j§j§jl)'
j3=0 J3=071=0 (j1,j1,53,3)

Combining obtained equalities we calculate the mean square error of
approximation, which is of interest to us, using the formula:

M{ (T, — TWr) ) = [ K3t ta)dty - dta—

[¢,7]*

-M{(T 1)} (4.17)

For the 8th particular case (i9 = i3 = i4 # 4;) we have:

, ) _
T = X Cipi (Cjongj4Cj1 ~ Lo SisCia —

J1,J2,J3,J4a=0
—1,233 GG — Lis=51Cin le)’
Where Cj(lz) = CJ(ZB) — C_](M) — CJ) Cj(h) — 5,7)
(4)p |2 L
M {(J [ 1) } =2 M{ 2 Chijsinis Cigigisin G Cis i ngCj4ng}—

j1=0 .727.727.737.737.747.74 =0

p D
—2 Z—O M { z Cj4j3j2]1 CJiJéJéJl CJ2 st Cj4 Cjﬁ } -

j2aj3aj4aj!1:0

b D
-2 > 'V'{, 2 Chigainin Cltgs i G Cis Q-@g}—
J1,4=0 J2,33,J4,35=0
b b
-2 > M{_ 2 Chugagei Cltgissn G2 G Cjé}+
J1J1=0 J2,J3,54,33=0
b
+ o Z (Cj4j2j2j1 Cj4j3j3j1 + Cj4j3j4j1 Cj2j3j2j1 + Cj4j4j2j1 Cj3j3j2j1+
]17.727j37j4:0

+2C},45iajs Ciajoingr + 2Cujujnjs Chajsisir + 2Cujujajs Clajogain) -

Then, according to (2.162) when k = 6 and k£ = 4 we have:

p

M{ Z Clagsjis CJiJéthJz Cjé Gl Cjé G Cji} =

]27]27.737.737.747.74 =0
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4.2 The case of non-pairwise different i1,...,7, =1,...,m

p ja—1lj3—1
=15 Z ]4]4]4]1 + Z z Z Z C(j4j3j2j1cj4j3j2j1)+

J4=0 j3=0 j2=0 (ja,j2,j3,3,j4.J4)
p Ja—1

+3 Z Z Z C(j4j4j2j10j4j4j2j1)+

j4:0 ]2:0 (jQ,jQ ,j4;j47j47j4)
P Ja—l

+3 Z Z 2 C(j4j2j2j10j4j2j2j1);

J4=0 j2=0 (ja,j2,j2,52,j4,j4)
p
M{ > Cigajoin jijéjéj1Cj2§j3Cj4Cji} =
J2,J3,J4,§4=0
p Ja—1

p
= Z Jajajaj J4]3]3]1 + Z Z Z CJ4J2]2JICJ4.73.73.71)

J4=072=0 (j2,52,j4,j1)

p
M{. 2 Chgsioin jangAlejoj3€j4Cjé} =
.72;.73;.7;135.7420
p Jja—l

p
- Z Jajajad ]4]4_74]1 + Z Z Z CJ4,72.72]1CJ4J4J4.71);

74=072=0 (j2,j2,j4,]a)
p
M{_ P Cj4j3jzj1Cjijijéjlchghcﬂcjé} =
.72;.757.737.74:0
Ja—1

p
= Z Jajajaji J4J4J4Jl + Z Z Z CJ4J4J2J10]4J432J1)‘

J4=072=0 (j2,j2,j4,]4)

Combining the obtained equalities and using (4.17) we will get the mean
square error of approximation which is of interest to us.
Let’s analyze the 9th particular case (i; = 1o = 14 # 13):

, i ~
T, = Y Cijui (leCjoj4Cj3 ~ L=} CinCis—

j17j2aj3:j4:0
_1{J'1=J'4}Cj2<j3 - 1{j2=j4}Cj1 st)’
where g}il) = Cg@) = CJ("‘*) = (j, gj@) = Ej;

p p
M{ (Tl W) = & M{ 2 G jijsjéjichCJ2CJ4CJ{CJ'5CJ£}_

j3:0 j17j17j27j57j4’j411=0
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Chapter 4. The exact calculation of mean-square errors of approximation

D D
-2 > { Yo ChignjoinCitisisisCia Cjoj4Cja}—

]3;.75:0 .747.727jlaj =0

M

p
—2 OM{ > ijmlCjajsjéjaélej2Cj4Cj5}—

j3;jzl1: j15j27j4ajé:0

p p
-2 > M{_ 2 Clhigaaii j;jsjAjileCjoj4Cji}+
J1:33=0  \j1.j2,41,51=0
p
+ > O(ijjzjzcjmjljl + Cliagojs Croiois T Clhagsiain Chagein T
J1,]2,]3,J4=

+2C},4032js Clsjsinir + 2Cudaiais Cirjsinge T 2Cujejujs Clajsina) ;

b
M { 2 Cj4j3j2j1 Cjijsjéj{ C]& CJ'2 Cj4 Cj{ ng Cj}1 } =
jl 7j{7j2’jé7j47j1’1=0
p Ja—1lja—1

=15 Z J4J3J4J4 + Z z Z Z C(j4j3j2j10j4j3j2j1)+

~74 =0 -72_0 ]1:0 (.71).713.723.727]47.74)

Ja—1
+3 Z Z o Z o C(j4j3j4j10j4j3j4j1)+
J4=0 j1=0 (j1,j1,J4:J4,J4,Ja)

p Jja—l1
+3 Z Z 2 C(j4j3j1j1Cj4j3j1j1);

.74 0.71_0 (j15j13j17j15j43j4)

y4
M{ > Clisjoin jajzjéjéleCjzﬁana} =
jlaj2aj4ﬂj411:0

p p ja—1
= Z JaJ3jaja J4J3Jz]2 + Z Z Z 0343331]1 CJ“BJQJQ)
= J4=071=0 (j1,51,J,Ja)

y4
M{ > Chigsiain CitgsisiiCin Cjoj4Cj5} =
jl)j2)j4ﬂjé:0

P p ja—1
= Z jadsiais Citiaindy T 22 22 2 Clugsini Citininit);
= 34=071=0 (j1,j1,41,J4)

¥4
M{ > Chigsjoin Citgsiiit Cin Cjoj4Cj{} =
j17j27j47j{:0
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4.2 The case of non-pairwise different i1,...,7, =1,...,m

p Ja—1
=3 Z CJ433J4J4CJ433J4]4 + Z Z Z C(J4J3]1310]!1]314J4)
j1=0 Ja=031=0 (j1,j1,j1,Ja)

Similarly in the 10th particular case (i1 = i3 = i4 # i2) we have:

, i ~
JWwW .= X Cijuii (Cj1Cj3<j4Cj2 ~ Lji=3s)GiaGio—

J1,J2,33,J4a=0
— 145,233 CisCir — Ligs=ia}Cin Cj2>7
where CJ@I) = Cg(iB) = CJ(“) = (j, gj@) — fj;
(4) P 9 p p
M {(J [ Y1r,) }: > M > Clivgsgain Ctbingt Cir Cit Gis G Cia iy (—
j2:0 j17ji7j37jéaj4)j!1=0

p p
-2 > 'Vl{ > Cj4j3j2j1Cjijéjzjécjlfjschgjé}_

jéanZO j1:j37j4;j111:0

D D
-2 ) M{ Y. Clisjoin jijéjzjalestCj4Cj§}—

J2,34=0 J1,J35J4,J5=0

p D
-2 > M{ > Cj4j3jzj1Cjéjijzjicjlgjgcﬂgji}+

jzlpj2:0 j17j3)j4aji:0
p
+ X (ChigngeisChisirgein + CisjainjsCirgaingr + Chagagain Cisiajoin +
J1,J2,53,J4a=0

+20j4j3j2j4 Cj3j1j2j1 + 20j4j4j2j1 Cj1j3j2j3 + 20j4j4j2j1 Cj3j1j2j3) 3

b
M{ 2 Cladagais Ot gyt Cin Gy GGy GG J;;} =
j17j17j37j:137j47jz’1=0
p Ja—1lj3-1

=15 Z ARV IDIDY > Cliagsioi Cisjainin) T
Ja=0

.7420 .73:0 ]1:0 (jl:jl aj33j37j47j4)
p Ja—l1

+3 Z Z Z C(j4j4j2j10j4j4jzjl)+

74=0 71=0 (]1 »J1 >j47j47j47j4)
P Ja—l

+3 Z Z Z C(j4j1j2j1Cj4j1j2j1);

.74 0]1_0 (jlajlyj17j17j47j4)
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Chapter 4. The exact calculation of mean-square errors of approximation

p
M{_ P Cj4j3jzj1CjijéjzjéCﬁCJ'zCﬂCjA} =
]17.735.745.71,1:0
Ja—1

p
Z JajaJ2Ja J4]3]2]3 + Z Z Z CJ4J1]2J10.74.73.72.73)

J4=0 j1=0 (j1,j1,j4,j4)

P

M{- Z CwsjzylCJiJéJzJ4C11€J'3CJ'4CJ'é} =
]1).73;.745Jé_0

p p Ja—1

Z Jajajaja J4J4J2J4 + Z Z Z CJ4J4121103431]2J4)

=0 J4=071=0 (j1,j1,44,J4)

D
M{ > Cj4j3j2j1Cjijijzj{CﬁC%CﬂCj{} =

j17j37j47j{=0

P Ja—l
=3 Z ClujsgeisCitgigain T 22 22 22 Clisjaiois Ciiiioin)-
]4 =0 .74 0.71_0 (.715.715.747.74)

Let’s go to the 11th—14th particular cases. Using theorem 1, we will take
the expression for approximation in this cases. For the 11th particular case

(’il == ’ig = 23 = 'i4)2

P 4
JWe., = D 0(1]-43-3]-2j1 (lHl G = Li=33CiaCin — L=} oGl —
J1,02,)3,]4= =

—145,2311CiaCis — Liia=4s}CirCis — Lia=3a}CinCis — Ls=ia} Cin Gt
1= Ge=ja} + Li=js} Lo=ja} T 1{j1=j4}1{12=j3}>a (4.18)

where C;il) — CJ@) — C](i3) — Cj(iz;) =
For the 12th particular case (i; = is # i3 = 14):

p . . .
J[¢(4)]£},t - Z Cj4j3j2j1 (Cng)CJ(zl)CJ(SB)CJ(zi ) 1{31 JZ}CJ CJ4

jlanaj3aj4:0
1{J3_J4}CJ CJz +1{31_J2}1{J3_J4}>
For the 13th particular case (i; = i3 # i = i4):
p A
JWh, = 3 Cj4j3jzjl< WP — 1y

J1,J2,J3,J4=0
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4.2 The case of non-pairwise different i1,...,7, =1,...,m

1{J2—J4}CJ Cyz + 1{31_J3}1{J2—J4}>
For the 14th particular case (i; = i4 # 9 = i3):

J[¢(4)]g“,t — Z Cj4j3j2j1 (C;II)C](41)C_7(22)CJ(3 ? 1{]1 J4}CJ C.13

jl 7j27j37j4:0

_1{J2 J3}CJ C +1{Jl J4}1{J2 33}>

Due to some bulkiness we will not examine these particular cases and
will make several remarks (it will not be principally difficult to analyze
particular cases 11-14 in comparison with the previous).

It is easy to see, that in the 11th—14th particular cases the following
expression is executed:

M {J[w(‘”]’%,t} = 0.
Within the frame of 11th particular case when 1 (s),...,%4(s) = 1, as

we mentioned before, with probability 1 the following formula is correct
(see sect.6.2):

11910171 (T t) 1 1)) 2
T = aign = .7 ((6) = 6 (7)) +3).
In more general case, when 91 (s), ..., ¢¥4(s) = (t—s)'; | — is a fixed nat-
ural number or zero, with probubility 1 we may write down (see. sect.6.2):

L 1 o\ 4 i) 2
T = 2 = g ()" =6 (1) A+ 3 (00,)°),

. lininini 1 .\ 4
J [¢(4)]T,t = Izl%;?“m = 2 (Il(;,lt)) 3
T

[th Z Cj CJ“ Ath - /( S)Qldsv
t
where in the next-to-last formula we propose, that the expansion of stochas-
tic integral is performed using Legendre polynomials.
It is obvious, that the main difficulty which will be met in the 11th—14th

particular cases when calculating M {(J [10(4)]5’1’,5 —-J [@/1(4)];@,5)2} or, accord-

ing to formula (4.17), when calculating M {(J [¢(4)]1%,t)2}, it will be con-
nected with calculation of the following mathematical expectation (11th
particular case):

p

M{ > CJ4.73.72.71 JiJéJéJiChCh ChCJzCh CJ3CJ4CJ4}

jl 7j17j2 7j27j37j37j47j4 0
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Chapter 4. The exact calculation of mean-square errors of approximation

According to (2.162) when k = 8 we have:

p

M{. p> Ciagsinin Ot 34 Sin Gt CjojéCj3ngCj4Cja} =
J1J01

D p ja—1
—_— 2 . . . - . . . .
=105 Z Cj4j4j4j4 + 15 Z Z o Z o C(J4J4J4JICJ4J4J4J1)+
Ja=0 J4=071=0 (j1,51,54,J40,J4,]4,]4,J1)
p ja—1
+15 Z Z Z C(j4j1j1j10j4j1j1j1)+
Ja=071=0 (j1,41,41,51,1,41,J4,]4)
p ja—1
9> > X CliuinChibgant
.74=0 ]120 (.717.717.715.715.747.747.745.74)
p Ja—1j2—1
+3 Z Z Z Z C(j4j4j2j1Cj4j4j2j1)+
.74:0 .72:0 -71:0 (j17j1 7j27j2 7j47j47j47j4)
p Ja—1lj2—1
+3 Z Z Z o Z o O(j4j2j2j10j4j2j2j1)+
Ja=072=0 j1=0 (j1,j1,52,J2,J2,J2,4,J4)
p Ja—1lj3—1
+3 Z Z Z Z C(j4j3j1j10j4j3j1j1)+

p Jja—1lj3—1ja—1

+ Z Z Z Z Z O(j4j3j2j10j4j3j2j1)'

According the scheme proposed above we may, increasing metodically
the multiplicity k& of the multiple stochastic Ito integral and separating
various particular cases which correspond to various combinations of in-
dexes #1,...,4 = 1,...,m, calculate accurately the mean-square errors of
approximations of the multiple stochastic integrals, obtained in accordance
with theorem 1.

4.3 Some peculiarities of calculation of mean square
error of approximation for the systems of poly-
nomial and trigonometric functions

Using the example we will demonstrate, that for the case of trigonomet-
ric system of functions the approximation on the basis of formula (4.1) may

be developed in such manner, that the error M {(J [, —J [w(Q)]T’t)z}
(41 # 19) will turn out to be significantly less, than the right part of (4.3).
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4.3 Some peculiarities of calculation of mean square error of approximation

Assume, that the following trigonometric system of functions is taken
as the system of functions {¢;(s)}%,

1 when 5 =0

1 \/* 27rr .
(5) = 2sin when j =2r — 1, 4.19
;(s) T —1 /3 52” (4.19)

when j = 2r

where r =1, 2,...
Using the theorem 1 for the system of functions (4.19) to the multiple
stochastic Ito integral of type

T s
6272 //df7('l2)df§“)a i17i2 - ]-) e, My ’1:1 7é i2,
t t
we get

241 1 1 2)
I(%;,t)zi( —t)[Coi ¢+ = Z { SR — ¢ R+

+\/_(CQr 16 = e 1) }] (4.20)

T N
where C dof tfc;S (s)df®; £ (3 = 1,...,m) — are independent standard

Wiener processes. At that, the series (4.20) converges in the mean-square
sense.
According to (4.1) it is necessary to write down

1211)q 1 11 12
Io(oTt) —5( _t)[CO + — Z { o 27’ 1 Czr 1 2r
‘H[(Czr 1Go” Co“ 2r—1> }] (4.21)
From (4.20) and (4.21) when 41 # 42 we have:
(i991) (i21)g 2 . 3(T - t)2 7T_2 . d i
M {(IOOT,t ‘[OOTt ) } - 27'('2 6 = 7,,2 : (422)

It is easy to see, that the right part of (4.22) may be decreased three-
fold, if instead of the approximation of type (4.21) we take the following
approximation [23]:

201 1 i1 P 1 41
I(%qft) _§(T—t)[§éi )Cé”Jr;T_E_JlT{ (r o 1 C2r 1 27’
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Chapter 4. The exact calculation of mean-square errors of approximation

+v/2 (C2r 16 = e 1)} + g\/qu (f(gil)C(gi2) - Cé“)fé’”)], (4.23)

where

: 1 x> 1 4 ™™ 41
() = S~ NO,1); g = — — S —
gq ,—aq r:§|-1 r CQr—l ( ) )7 Ay 6 = 7’2.
At that, the Gaussian random variables ¢\?, ¢§9, ¢{) EDir=1,...,¢
1 =1,...,m are independent in total.

From (4.20) and (4.23) when i1 # i we get
(i2i1) (i2i1)q) 2 _ (T - t)
w{(fy - 1)} = S (- S (4.24)

i.e the right part of equation (4.24) is tree-times less then the right part of
equation (4.22).

The given method of advancing approximations of multiple stochastic
integrals [23] is generalized for the case of integrals of third multiplicity
[24]. Apparently, analyzing stochastic integrals of higher multiplicity, than
the third one, we cannot propose the universal method for introducing
additional random variables as it was made in (4.23). As a result, in each
case we have to act individually.

You may omit it selecting the full orthonormal system of Legendre poly-
nomials at the space La([t,T]) as a system of functions {;(s)}52.

Let’s remind, that in chapter 2 using the system of Legendre polynomials
for i1 # 192 we got the expantion:

(i) _ L=t i) o) | o> 1 (1) (i2) _ plin) o(io) ]
IOOT,t - 9 lcﬂ CO +izzl\/m{g_1€l Cz gz—l}a

which doesn’t require perfection, as in the case of trigonometric system of
functions.
It is easy to see, that

(i142) (i142)g 2 _ (T - t)2 1 - 1 1
M {(IOOT,t IOOTt > } - 2 2 ; . : (425)
From (4.24) and (4.25) we get:
i2i1 1211 )q 2 T - t 2 X 1
M {(IéoT,t) I(goTt) ) } Gl > 5 <

< (T—t)? Tdz (Tt

A qx2_ 2m2q q

(4.26)
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4.3 Some peculiarities of calculation of mean square error of approximation

and (T )2 .
(i) _ i)\ _ (L —8)" &
M - 1) =5 3 e S
(T—-t)*F 1 (T —t)? 2 ‘ (T —t)?
de = — In|1— C! 4.9
=7 4z 1" g Mg | SC - (420)

correspondently, where Cy, Cy — are constant.

Since the value T' — t plays the role of integration step in the numer-
ical procedures for stochastic differential Ito equations, then this value is
sufficiently small.

Keeping in mind this circumstance, it is easy to note, that there is such
constant Cj3, that

L L 2 - 2
M { (1) - 1)) < em{ () - 12} @)
where Il(fijf;)tq — is the approximation of multiple stochastic integral
Il(fi:j;f;)t from the class (5.1), which has the form (4.1) for gy = ... =g = ¢

and 41,...,0,=1,...,m; k> 2.
From (4.26), (4.27) and (4.28) we finally get:

M {(Iffi:i;?t - ) }< o=t ; mb) (4.29)
where C' — is a constant.

Note, that the estimation (4.29) is general enough, and at the same
time it is rather rough. Significant part of this chapter has been devoted to
obtaining the exact expressions for the left part of (4.29) when k =1, ...,4.
These exact expressions provide a possibility to minimize the length of
sequence of standard Gaussian random variables, required for combined
approximation of multiple stochastic integrals.

162



Chapter 5

Approximation of specific multiple
stochastic Stratonovich and Ito
integrals

In this chapter we give huge practical material about expansions and
approximations of specific multiple Ito and Stratonovich stochastic inte-
grals using theorem 1 and systems of Legendre polynomials and system
of trigonometric functions. Considered multiple Ito and Stratonovich inte-
grals are included into stochastic Taylor expansions (Taylor-Ito and Taylor-
Stratonovich expansions). Therefore, results of this chapter may be very
useful for numerical solution of stochastic differential Ito equations. Expan-
sions of multiple stochastic Ito and Stratonovich integrals of multiplicity
1 — 5 using of Legendre polynomials and expansions of multiple stochastic
Ito and Stratonovich integrals of multiplicity 1 — 3 using of trigonometric
functions are derived.

5.1 Approximation of specific multiple stochastic in-
tegrals of multiplicities 1-5 using Legendre poly-
nomials

In this chapter we provide considerable practical material (based on the-
orems 1 — 7) about expansions of multiple stochastic Ito and Stratonovich
integrals of the following form:

T t2 . .

L = [ =) [t —t) ey dEY, (5.1)
t t

O = [ =) [ (= t)af . df,
t t
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5.1 Approximation of integrals of multiplicities 1-5 using Legendre polynomials

where 11,...,0.=1,...,m; ly,..., [ =0, 1,....
The full orthonormal system of Legendre polynomials in the space
Ly([t, T]) looks as follows

@@ 6@ =2 R (e~ T3 22 62

where Pj(z) — is a Legendre polynomial. It is well-known [28], that the
polynomials P;(z) may be represented for example in the form

1 &, j

This representation, as we know, is called an equality of Rodrigues Note
some well-known features of polynomials P;(z):
Pi(1)=1; Pjy1(-1)=—-Pj(-1); j=0,1, 2, ...,

dPjii(z)  dPj_(x)
dx dr

=2+ 1)Pi(z); j=1, 2,...,

1 . .
0 itk #j
Pa:P-a:da::{z el
JP@PBEdr =1 2 eyl
U+ DP(z) +iPia(z)
P — =1 2, ...
L ](x) 2]+1 Y .7 ) b b
Pn(.fU)Pm(.ﬁC) = Z Km,n,k‘Pn—{—m—Qk‘(x))
k=0
where
A kOkOp— 20+ 2m — 4k + 1 (2k — )N
K, = . : = m<n.
o, Artr—k 2n+2m — 2k + 1’ @k g =

Considering these features and using the system of functions (5.2) we
get the following expansions of multiple stochastic Ito and Stratonovich

integrals: . '
I = VT — ¢, (5.3)

, T — t)3/2 . 1 .
) _ ( (i) (u))j 5 4
11y B o —\/ggl (5.4)
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Chapter 5. Approximation of specific multiple stochastic Stratonovich and Ito integrals

iy _ (T=0 iy  V3.ay 1
Ile,t =3 G+ 7@1z + ﬁ@l ;
[O(gmz _ [COZI lz + Z — {C(h)c(zz) _ Ci(il)gi(?l)}] 7
192 T - 192 T—1 2 1) ~(i2
101(”): 5 Io(()H)_( 4)[\/§Col Cl(z)-l-
w3 (U 267 - G+ e (e )
S\ J2i+1)(2i+5)(2+3) (2i—1)(@2i+3)/]

117,2 T 2112 T - t 2 1 12 il
Il(g )= - Ioé ) 1 ) [\/ggo ¢+
((z +D¢ng™ - <z‘ +2)¢¢ e )1
; + oo : :
V(20 + 1) (20 + 5)(2i + 3) (26 — 1)(2i + 3)

+2

1=0

1149 119 1 G145 i1i 1
Il(OT,t) ]10( )+11{11212}(T_t)2, I(ng,t) 101( )+11{11:7/2}(T_t)27

I*(217,27,3) —_ 1
000, = T _y

1 7 7,17,2 127,1
L1 (5 1) -

s [1 (i)) (is) [ ~(is iy L G,
(-0} [ (67 + VB - o) +

(I(ngrs)I (i2i1) + I(ll)l (1223)> 4+

1 (ivigi
+ZD%; l3)]

or in general form:

fS‘é’olT’i“) - Z OJBthC(“)CJ(?)CJ(?);
J1,J2,J3=0

T s S1
Ciaiain = [ 652(5) [ ¢3(51) [ 6 (s2)dsodsds,
t t t
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5.1 Approximation of integrals of multiplicities 1-5 using Legendre polynomials

1rs

iy #(i1igi 1 1 i i
I(SOOT,E) = ]OéOT,t ? + 1{%1212}51( ! o 1{i2:i3}§ ((T )[(g ) + [1( ))

Tt (T —t)° (i)
T (2122) — _( T (1112) _ — 1] (1112) l 22) (11 +
02, 4 00T, ( ) 017, 8 3\/5C2 CO

(i+2)(i+ 3G — (i + D+
V(2i 4+ 1)(20 + 7)(2i + 3)(2i + 5)

(P 4i= 3G — (2 +3i - 1)@-("2)4}?:%)
V(20 +1)(2i + 3)(2i — 1)(2 + 5)

+35 Co 22“‘2(

, (5.11)

(T_t)3 ia) ~(i1

3 lg\/gCo G '+

(i 264G — (1+2)(+3)GYC |
V(204 1)(20 + 7)(2i + 3)(2i + 5)

(4 3i — GG — (@ +i - 3)@“2%5.’:%)
V(20 4+ 1)(20 + 3)(2i — 1)(2i + 5)

Tt
1-2((11112) — _( i )

Ioos — (T = 0I5, +

L (iy) iy
g s &

1=0

, (5.12)

1112 T lllz T 2112 1122 T_t 3 ]- ’il ’L'2
I1§ ):—( 1 )Ioé - ( 5 )(Ilé )+101( )>‘|‘( )l—ﬁ( )C1( it

o (4 1)(i+3) (¢3¢ — (¢
; ( V(20 +1)(2i + 7)(2i + 3)(2i + 5)

(i+1)? (G2 = ™) ) 51
V(20 +1)(26 + 3)(2i — 1)(2i + 5) /) '
192 162 1 192 192 1
I(gZZ;,t) 102(2 2 )_61{Z1=12}(T_t)3’ 12(67;) 12(()1 @ )_61{i1=i2}(T_t)37 (514)
. iy 1
]1(?11;? = 111(;; )~ 1, —iny (T — 1), (5.15)

6
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Chapter 5. Approximation of specific multiple stochastic Stratonovich and Ito integrals

) T — 72 ) 11 (i1
= (Col +i¢1 +%<§) \fcg ) (5.16)

() > . (i) - (i2) (i)
D i=1 jz=:0 k=i NZJkK +1,k+1, Hll-}-lg Cj k +
2i>k+i—j>—2; k+i—j — even

00 i—1 ; .
+ ) Z > Niijk+1 i+1 m_FlCi(“ C_] )C/SJZ3)_
1=1,j=0 k=1 ’ > 2

2k>k+i—j>—2; k+i—j — even

_ > Nigh By g s (VP () -
i=1,j=0,k=i+2 WETTLE-L, ¢ k
2i4+2>k+i—j>0; k+i—j — even
% iFl (i1) (i2) +(i3)
- D> Nigr By 1 pimiG GG —
i=1,;=0 k=1 AL

2k—2>k+i—j>0; k+i—j — even

(X) -

) NipK, bic i2) - (is) _
i=1,j=0k=i—2,k>1 ik 1 gy b ¢ C G
2{—2>k+i—352>0; k+i—j — even

o0 Z_3 .1 .2 .
- o 1= Niijk+1,i—1,H$ici(l GG+
2+2>k+i—j>0; k+i—j — even
S NijeK, i2) (52
+ i:1j§0 i ijk —1,k—1, k+l ktizj 1Cz C Ck +
2i>k+i—j>2; k4i—j — even
o0 1—1 .1 i .
+ o 2 NigeK 1y ess GGG, (5.17)
2k2k+i—j2’2; k+i—j — even
where
Ny — 1
TETN 2k +1)(25 + 1)(2i + 1)’
K k_am kQkOn—k 2n+2m —4k+1 k—(2k_1)”'m<n
i Atk m+om—2k+1’ 5

Let’s analyze approximation 1052”2)q of multiple stochastic integral

100(2”2 obtained from (5.6) replacing oo on g.
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5.1 Approximation of integrals of multiplicities 1-5 using Legendre polynomials

It is easy to prove, that

(2122) (2112) 2 _ (T B t)Z 1 a 1

Then, using lemma 10 we get:

1119 1112)q 2 112 11%2)q 2
M { (1 - 1y ))}=M{(IO§ - 1)) =
T—-t)*(5 q g 1
:( ) Z 2 _ -2 _ - 2
16 \9 “S4i2—-1 F(20—1)2(20+3)

(1 +2)2 + (i +1)2
_;)(22—{—1)(224-5)(22%—3) )

(5.19)

We proposed i; # 49 in formulas (5.18), (5.19). Let’s examine (5.7), (5.8)
for il = ig :

101 T —t)? i1 2 1 i1) (%1
i — L ; ) l(cé’ ) + 560G+

1 i) ~(i1 1 i1)) 2
- Z{\/(Qz +1)(2i + 5) (2 + 3)C"( G - (26 — 1)(2i + 3) (C"( )> }] ’
(5.20)

161 T —t)? i1 2 1 1) (11
Ilé”)z—( : ) Kgéz)) _{_ﬁcéz)dz)_}_

3 1 i) ~(i1 1 i) 2
+z'zzo{_\/(2i—l- TETHE et G D@y ()Y

(5.21)

from which, considering (5.3) and (5.4), we get

111,1 117,1 T - t 2 il 2 1 il il il 21
ri g5 =~ (G o) = ) w1
(5.22)

Obtaining (5.22) we supposed, that equations (5.7), (5.8) are executed
with probability 1. Complete proof of this fact will be given in this chapter.
Note, that it is easy to get equality (5.22) using Ito formula and formulas
of connection between multiple stochastic Ito and Stratonovich integrals.
Direct calculation using (5.20), (5.21) gives:

M {(115““) - Ii‘é?,fl)q)Q} =M {(fé"f?,fl) - I )2} -
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Chapter 5. Approximation of specific multiple stochastic Stratonovich and Ito integrals

(-t 1 = 2
=16 L2 @ )@+ 5) @3 i @ik

+<z§qo:+1 (20 — 1)1(2z' + 3))2 ’

where 101(““) Ilé““ detected from (5.20), (5.21) replacing oo by g.

On the other side, formula (4.11) provides a possibility to get more
comfortable expressions from the practical point of view, but for multiple
stochastic Ito integrals:

. 2 . 2
m{ (e - 1)} = m{ () - 16} =

T —t) 9 1 g 1
:(16)<__Z(2 : : 2—22 — 5o 5
0 (20 4+ 1)(2¢ + 5)(2i + 3) =1 (20 —1)%(2i + 3)
(5.23)
In tables 5.1 — 5.3 we have calculations according to formulas (5.18),
(5.19), (5.23) for various values of ¢. In the given tables ¢ means right

parts of these formulas. It follows from (6.36), that

()
L = S wop L. (5.24)

In addition, using the Ito formula we have:

(T —t)°
3

from which, considering formula (5.14) we get:

Iy + Tt = 162 Iy - w.p. 1,

12(51111) + 105117/1) I(ngl,ZIgFl,z W. p. 1. (525)

Let’s check whether formulas (5.24), (5.25) follow from (5.11) — (5.13),
if we suppose 7; = 73 in the last ones.
From (5.11) — (5.13) when i; = 45 we get:

1111 llll T 2111 2121 7,1%1
) 4 i) = T oy (10 4 1)

S8 (5(67) + 5oz, (5.26)
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5.1 Approximation of integrals of multiplicities 1-5 using Legendre polynomials

1101 T - t 2 *(2111 T - 1101 1101 T - t 3 11 2
R = (RS D BRI (L I

4 2
(5.27)

It is easy to see, that from (5.26) and (5.27), considering (5.22) and (5.3)
— (5.6), we actually obtain equalities (5.24) and (5.25), and it indirectly
confirm rightness of formulas (5.11) — (5.13).

On the basis of presented expansions of multiple stochastic integrals
we can see, that increasing of multiplicities of these integrals or degree in-
dexes of their weight functions leads to noticeable complication of formulas
intended for mentioned expansions.

However, increasing of mentioned parameters lead to increasing of or-
ders of smallness according to 1" — ¢ in the mean-square sense for multiple
stochastic integrals, that lead to sharp decrease of member quantities in the
expansions of multiple stochastic integrals, which are required for achieving
acceptable accuracies of approximation. In the context of it let’s examine
the approach to approximation of multiple stochastic integrals, which pro-
vides a possibility to obtain mean-square approximations of the required
accuracy without using common expansions of type (5.10).

Let’s analyze the following approximation:

q1

[y Okﬂ(g“ ¢
1,5,k=0

(i3) (i1) (i2)
L=y =Sk — Yao=ip 1=mG " — Liii=is} L{i=i) G >, (5.28)

where ’il,iQ, i3 = 1, I and

z

Crji = [ $i(2) [ ¢5(v) /y ¢i(w)dzdydz =

t t

_ V(@i + 1)(2j8+ D(2k+1) (T —t)*2Cyji;

¥4

Chji = /Pk(z)/ﬂ(y)/yﬂ(i’?)dxdydz;

P(z); i=0, 1, 2,... — are Legendre polynomials.
In particular, from (5.28) when i1 # 2, ia # i3, 11 # i3 we get:
(419283)q1 _ n i1) (7’3)
Iogor, " = % CszCz C el (5.29)
i,J,k=0
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Chapter 5. Approximation of specific multiple stochastic Stratonovich and Ito integrals

Note, that due to the results obtained in chapter 2, the right part of the

(111223)(]1

formula (5.29) determines approximation gy, " of multiple stochastic
Stratonovich integral 10531;?3 , but for any pos&ble i1,%9,t3=1,...,m:

prliviaida _ S~ o i) fli2) p) o s
0007 = > Ok G Gk (41,192,953 = 1,...,m).
i,J,k=0
We will remind, that formulas for mean-square errors of approximations
of type (5.28) obtained at the beginning of chapter 4 for various combina-
tions 71, 19, 23 are look as follows:

111213 111213)q 2 T—1 3 & . .. .. .
M {([(goom) ](gooﬂ) ) } = r-o"_ > C,fji (i1 # 9,11 # 13,19 7 13),

6 i, =0
(5.30)
1921 192 2 (T - t)3 &
R
1,5,k=0
q1
— > CiiClji (11 # 12 = 13), (5.31)
1,J,k=0
.1.2. Lia 2 T _ t 3 g1
M {(I(%gT,Ztg) I&)OZT?) ) } - ( 6 ) - C/%ji_
i,5,k=0
qi
— > CkiCijx (i1 =13 # 1a), (5.32)
1,5,k=0
1 Ly 2 T — ¢ 3 q1
w { (i — agggy} = 20 S g
1,7,k=0
q1
- Z Ckljcka ( 11 = 12 7é 33) (5.33)
1,5,k=0

For the case 17 = 49 = i3 = ¢ it is comfortable to use the following
formulas:

1 1 s :
Ioég;)t = 6( t)? (Co ) [ozoléTt = 6( t)> ((Co ) - 3C(§Z)) w. p. 1.
(5.34)
In more general case, when 1 (s), ¥a(s), ¥3(s) = (t — s)%; | — is a fixed
natural number or zero, with probubility 1 we may write down

i) _ L ((:@0\> 470
iy, = 5 ((IlT,t> 3[lT,tAlT,t> :
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5.1 Approximation of integrals of multiplicities 1-5 using Legendre polynomials

T

'y 1 )
Illth) = 6 ([l(:r)t> ) ]th Z C]CJ ) Ath - /(t - S)2ld8'
t

T

where C; = [(t — s)'¢;(s)ds; {¢;(s)}32y — is a full orthonormal system of
¢

Legendre polynomials at the interval [¢, T7].

Now, it is clear, that for approximation of stochastic integral 10(2010%3) we
may use formulas (5.28) — (5.34) instead of complex expansion (5.10). We
may act similarly with more complicated multiple stochastic integrals. For
example, for the approximation of stochastic integral 10(61()’5;?:;4) according to
theorem 1, we may write down:

q2

oo™ = 3 Cuug (¢ -
i,J,k,1=0

~Limi L= G G = Limig Ly GG
~ L= L= G G = Lmig L= (G
~ Loy =G = Lipmig L (G
= = L=t L=y + Li=igp L= Lio=ip L=y +
Tli=i L= (o=js) 1{j=k}> )

where
u z

Ciri = [ &u(u) [ du(2) [ ¢i(v) /y $i(z)dwdydzdu =

t t

_ V(2 +1)(25 + 11)6(2k +1)(20+ 1) (T — 1)Cus

Cirji = /Pl(u)/qu(z)/zPJ(y) /y P,(z)dzdydzdu.

-1 -1

In chapter 4 we obtained accurate formulas for the mean-square error
of approximation M {(J [¢(4)}‘113,t —J [1/)(4)]:,1’,5)2} for various combinations of

indexes 41, 99, i3, 74. Considering in these formulas, that ¢1(7),...,¥s(7) =1
N
we will get M {(1(1118;3:4)112 . [((]610%;3:4)> } .
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Chapter 5. Approximation of specific multiple stochastic Stratonovich and Ito integrals

Table 5.1: Check of formula (5.18)
2/(T—t)2 01667  0.0238  0.0025  2.4988-10~* 2.4999 - 105

q 1 10 100 1000 10000

Table 5.2: Check of formula (5.19)
16s/(T —t)* 0.3797 0.0581 0.0062 6.2450 - 10°% 6.2495-10°°

q 1 10 100 1000 10000

The case when ¢; = ... = 14 = ¢ in chapter 4 was analyzed partly,
however in this case with probability 1

T — )2 AN 4 A\ 2 T — $)? A 4
1, = T (6" 6 ()" +8) s, = T (o)

In more general case, when 91 (7),...,%4(7) = (t — 7)}; | — is a fixed
natural number or zero, with probability 1 we may right down the following:

1 N ! A\ 2 2
Il(lzlzlz,)t Y ((Il(;,)t) —6 (II(;D Ay, +3(A,) ) ;
) (%) r
Illl;;zz Y ([lﬂ) Ith Z CJCJ , Aip, = /(t —5)"ds,
t

where in the next-to-last formula we propose, that the expansion of stochas-
tic integral is performed using Legendre polynomials.

Assume, that ¢ = 6. In tables 5.4-5.10 are given the exact values of
coefficients Cyj; when 7,5,k = 0,1,...,6.

Calculating the value of expression (5.30) when ¢; = 6, i1 # i9, i1 # 13,
i3 # 19 we get the following approximate equality:

L 2
M{(Iégg;fj) I§gse) }% 0.01956(T — ¢)°.

Let’s choose, for example, gz = 2. In tables 5.11-5.19 we have the exact
values of coefficients Ciji; 2,7, k,1 = 0,1,2. In case of pairwise different

Table 5.3: Check of formula (5.23)
16¢/(T —t)* 0.0070 4.3551-107° 6.0076-107% 6.2251-10~*" 6.3178-10~*

q 1 10 100 1000 10000
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5.1 Approximation of integrals of multiplicities 1-5 using Legendre polynomials

Table 5.4: Coefficients Cij

k=0 k=1 k=2 k=3 k=4 k=25 k=6
. 4 —2 2
. 2 —2
DO S
J=2 5 i5 708 3% 08 0 0
. —2 2 2 —2 8
j=3 0 % 35 315 5 593 0
- —8 2 2 —2 10
j=4 0 0 35 &3 503 % 287
- —10 2 2 —2
J= 0 0 0 593 99 To87 13
. —4 2 2
Table 5.5: Coeflicients C_’ljk
k=0 k=1 k=2 k=3 k=4 k=25 k=6
. 2 —4 2
. 2 —4 2
_] = ]_ 1—52 08 ﬁ 0 , E 04 0
J=2 I 108 0 105 0 1155 0
. —2 8 —38 20
J=3 3 0 ) 315 04 3165 0 ) 9009
- — 6 —6
] = 4 0 m 0 \ % 074 m 0 "
J=5 0 0 593 0 5009 0 6135
. —10 4
11, 19, 13, 24 we have the following equality:
4 2
(ivizisia) (ivisiging\ 2| _ (T —1) 9
M {(IOOIOST:?f - OOIOSTZ4 2) Y > Clkji- (5.35)
1,J,k,1=0

Note, that it is easy to check correctness of the following equalities (see
(5.7), (5.8), (5.11) — (5.13)):

00 o0 T — 2
Sow-yeon - T (5.36)
i=0 i=0 4

® 20 S & (T—1t)

where

019 = [ 45(2) [ $5(0)(t — y)dyda,

C%:/@@W—mf@@wwa

t

174



Chapter 5. Approximation of specific multiple stochastic Stratonovich and Ito integrals

Table 5.6: Coefficients Cojy
k=0 k=1 k=2 k=3 k=4 k=5 k=6
0 0

i=0 5 0 s 0 75
i=1 3 o 0 71 0 g5 0
j= = 0 0 0 = 0 =003
i=3 3 315 0 g5 0 iz 0
i=4 5 0 0% 0 s 0 5900
j= 0 = 0 o 0 e 0
j= 0 0 = 0 =8 0 sores
Table 5.7: Coefficients é3jk
k=0 k=1 k=2 k=3 k=4 k=5 k=6
j=0 0 = 0 = 0 = 0
i=1 1 0 71 0 g5 0 509
i=2 % o 0 s O s O
i=3 33 0 g5 0 w5 O 5509
i=4  F g5 0 w5 O ww 0
J=95 ETI?? 0 % 0 ﬁ 0 761527265
J= 0 % 0 % 0 785272& 0
Table 5.8: Coefficients C_'4jk
k=0 k=1 k=2 k=3 k=4 k=5 k=6
j= 0 0 = 0 = 0 T
j=1 0 = 0 T 0 S 0
i=2 i3 0 o 0 a0 75045
i=3 & g5 0 i 0 oo 0
j= = 0 = 0 0 0 T3
i=5 3 oo O ww O im0
=6 0 a5 O mm 0 To555
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5.1 Approximation of integrals of multiplicities 1-5 using Legendre polynomials

Table 5.9: Coeflicients é5jk

k=0 k=1 k=2 k=3 k=4 k=5 k=
j= 0 0 0 = 0 S 0
j= 0 0 T 0 e 0 T
j= 0 e 0 o 0 e 0
i=3 0 7oz O g O 53905
J= % ﬁ 0 902@ 0 1534153 0
i=5 g 0 w5 0 e U 5o
J= % ;11_5 0 7g5272(?5 0 41g$01 0

Table 5.10: Coefficients C_'6jk

k=0 k=1 k=2 k=3 k=4 k= k=6
j= 0 0 0 0 T 0 T
j= 0 0 0 005 0 e 0
ji=2 0 0 =003 0 T 0 TE
j= 0 05 0 = 0 e 0
j=4 %8)7 0 ﬁ 0 ﬁ 0 1884955
J=95 % % 0 761527265 0 ﬁ 0
J= ﬁ 0 % 0 1859255 0 0

Table 5.11: Coefficients Cogp
=0 =1 =2

_ 2 =2 2
— =2 2 =2
k=1 5 15 21
_ =2 2 2
k - 15 35 105

Table 5.12: Coefficients Cyyy
=0 =1 =2

_ 2 =2 2
k=0 5 9 35
— =2 2 =2
k =1 45 35 45
_ =2 2 2
k =2 21 45 315
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Chapter 5. Approximation of specific multiple stochastic Stratonovich and Ito integrals

Table 5.13: Coefficients Cogp;

=0 I1=1 1=2
_ —2 2 —4
k=0 3 a1 105
_ 2 —4 2
k=1 5 105 05
4 —2
k=2 15 05 0

Table 5.14: Coefficients Coyx

=0 I=1 1[=2
_ 2 —2 —2
k=0 3 e 105
_ 2 —2 2
k=1 3 705 315
_ -2 2 -2
k=2 3F 3 315

Table 5.15: Coefficients Ci1;

I=0 I=1 1=2
k=0 E @0
k=1 = 0 512
k=2 Th 0

Table 5.16: Coefficients Cagp;

=0 =1 =2
_ 2 —2
k=0 T 35 0
_ 2 —2
. — 2
k=2 5 05 0

Table 5.17: Coefficients C_'glkl

I=0 I=1 [=2
_ 2 —2 2
k=0 5 e 315
_ 2 2 —2
k=1 435 315 25
_ —2 2 2
k=2 5 25 Ti55

Table 5.18: Coefficients Ciop

=0 =1 =2
—2 2 —2
k=0 3¢ 15 105
_ 2 -2 2
k=1 & 105 325
2 —2 —2
k=2 25 3165
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5.1 Approximation of integrals of multiplicities 1-5 using Legendre polynomials

Cjj = /dh )(t — ) fcbj(y)(t — y)dydsz,
t
C3) = /¢>J / — y)*dydx,

6% = [ gy(@)t - o) f 8)(y)dyds,

{#j(z)}329 — is a full orthonormal system of Legendre polynomials in the
space Lo([t,T)).

Note, that equalities (5.36) and (5.37) together with the theorem 1 when
k = 2 and formulas (5.9), (5.14), (5.15) confirm formula (??) for multi-
ple stochastic Stratonovich integrals [fé;f:z), 151(3},22), I;é;,l’:r"), Ifl(le’:r"), 15‘53{?);
il,iz = 1,...,m.

Let’s analyze approximations for the following four multiple stochastic
Ito integrals:

qs3 . .
I = 3 o(¢e e -

Z’JJ

(i3) (i1) (i2)
—L=in =1 Gk — Y=} Li=1G = Lja=is) L{i=1}G; );
qa . .
i = 3 cl(cfgg-
1,J,k=0
(i) (1) (i2)
L =i =G — Yap=i) Lii=ryG " — i =g} L{i=k}G; )
(419213)g5 & 100 i1) )
IlOOTt = Z kji (Cz C C
1,J,k=0

(i3) (i1) (i2)
=i} M=) — Yaa=i) L= G — Lii=ig) Li=r); )

..... g6 . . . . .
[(gz)l(]za(l]?:%)qe — | k; OCrlkji (Cﬁ%)Cl(u) é%)gj(m)@(ll)_
27.77 7 7T=

~Lirmin =G GG = 1z Loy G G0 -
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Chapter 5. Approximation of specific multiple stochastic Stratonovich and Ito integrals

~1s=iy L= G GG - 1{@-1—@-5}1“—7«}(]@) (“)C("“)—
Ly Ly GG ) — iy Ly GG ¢ -
_l{iz:is}l{j:r}é}'Zl le Cl” — 1{i3=i4}1{k:l}Q ij ¢lis) —
_l{iszis}1{k=r}@'(i1)€](i2)€l(i4) - ]-{z'4=z'5}]-{l:r}Ci(il)CJ(iZ)C]gig)‘f‘
1 giminy Limi Liiymin Lirmty G 4 Lgiyming Lpimiy Lpigmio Lm0
L4 =i L= i La=n G+ Lmio Lmi Lmi L=+
-|-1{i1=i3}1{i=k}1{i2=i5}1{j=T}Cl(i4) + 1{i1=i3}l{i:k}l{i4:i5}1{l:r}§;i2)-|-
11,20y L= L (iamis} L=k € + Liimin) Limty Liaminy Lij=ry G+
L Limty L= L=y Liminy o=y Lmiay =iy G
11,2 L i=r) Linmin o= G + Liymio) L=y Liymin L=y G+
1 giymis) Ljmiy Lpiamio) La=ry G + Lpipmig Loy Lissminy Lipeny (0
+1{i2=i5}1{j=r}1{i3=z—4}1{k:l}C§“)> ,
where

T z Yy
Cl = / t— 2) (2 / éi(y) / ¢i(z)dzdydz =
t t t

_ /(@2 + 1)(2] + 1)(2k + 1)( _pie,

o = /qs / () [ éu(e)dedydz =
VJ2i+1)(25 +1)(2k + 1)

5 =
= T (T — )2 Cyjis

Cilp = /m /aﬁ; /t—x@( \dedydz

_ V@i+1)(25 + 1) (2k + 1)( Hic,

16
G = [ 6,0) [ 1) [ 64(2) [ 6,(0) [ éu(e)ddydzdudo =
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5.1 Approximation of integrals of multiplicities 1-5 using Legendre polynomials

Table 5.19: Coefficients Chop
=0 =1 l=2

_ -2 —2
_ 2 —2
k=2 0 2 0

3465

Table 5.20: Coefficients CQpy
k=0 k=1 k=2
j=0 -2 u =

15 15
=1 =2 =2 6
15 15 35
i=2 3 T
2 +1)(25 +1)(2k+ 1) (2l + 1)(2r + 1 5 -
_/( )(25 + 1)( e )( )( )(T_t)zcﬂkﬂ,
where , ,
O = — [ P(2) [ Pi(y) [ Pi(x)(@ + 1)dadydz
-1 -1 -1
1 2 Y
Cit =~ [ Pu(2) [ Piw)(y+1) [ P(a)dwdydz
-1 -1 -1
1 Z Y
C,Sf} / Pi(z)(z+ 1 / Pi(y / P;(z)dzdydz;
-1 - -1
~ 1 v U z Y
Conji = [ Po(v) [ Bi(w) [ P(2) [ Piy) [ Pi(z)dadydzdudv.
-1 -1 -1 -1 -1

Assume, that ¢35 = q4 = g5 = 2, g¢ = 1. In tables 5.20-5.36 we have

the exact values of coefficients 0,29}, CRit, CB; 4,5k = 0,1,2; Crji;
t,7,k,[,r=0,1.

Table 5.21: Coefficients C9;
k=0 k=1 k=2

) — =6 22 =2

=0 5 45 105
;= =2 =2 26
J=1 9 105 315
- 22 —38 =2
J=2 105 315 315
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Chapter 5. Approximation of specific multiple stochastic Stratonovich and Ito integrals

Table 5.22: Coefficients C%9:

2k

k=0 k=1 k=2
- —2 2 4
J=0 7 o1 05
- —22 4 2
J=1 35 05 105
- -2

Table 5.23: Coefficients C100

0jk
k=20 k=1 k=2
R =2 2 2
J=0 3 15 15
1 =2 -2 2
= 15 15 35
2 =2 —4
= 15 35 105

Table 5.24: Coefficients C{y
k=0 k=1 k=2

R =2 2 2
J=0 5 45 21
J=1 15 105 105
— 2 =2 =2
J=2 35 63 105

Table 5.25: Coefficients C'QIJQ,?
k=0 k=1 k=2

J=0 15 105 105
R =2 =2 2
J=1 21 315 105
— =2 —2
=2 105 315 0

Table 5.26: Coefficients C’g},?

k= k=1 k=2
_ —4 8
=0 3 . 0
j=1 2 0 %
4 —16
=2 15 105 0
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5.1 Approximation of integrals of multiplicities 1-5 using Legendre polynomials

Table 5.27: Coefficients C?0

1jk
s —4 4 4
J=0 =5 i 05
_ -4 P 4
- 15 105 105
- 4 —8
J=2 3 105 0

Table 5.28: Coefficients C910

25k
k=0 k=1 k=2

= —4 4 4
15 105 105

i=1 3 10 315
= 0 0

Table 5.29: Coefficients Cogor

r=20 r=1
_ 4 —8
1=0 4 =3
_ —4 8
=1 3 105

Table 5.30: Coefficients Coygsr

r=20 r=1
_ 4 —16
1=0 45 315
— —4 4
l=1 315 315

Table 5.31: Coefficients Cyyg;

r=20 r=1
_ 8 —2
A B

Table 5.32: Coefficients Co;1r

r=20 r=1
_ 8 —4
=0 55 315
— 2
I=1 0 2
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Chapter 5. Approximation of specific multiple stochastic Stratonovich and Ito integrals

Table 5.33: Coefficients Cogiyr

r=20 r=1
4
— 8 -2
=1 35 05

Table 5.34: Coefficients Ciggy

r=20 r=1
_ 8 —4
=0 1 =
_ —16 2
=1 55 is

Table 5.35: Coefficients Cigyr

r=20 r=1
_ 4
=0 54 0
_ 4 —8
=1 35 7T

Table 5.36: Coefficients Cy11;,

r=20 r=1
—_ 2 —8
=0 915
_ 2
=1 2 0
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5.2 About Fourier-Legendre coefficients

In case of pairwise different i1, ..., %5 from tables 5.20-5.36 we have
o L 2 T — ¢)° qs
wf (nt - gy} = 2 5 (o s
| | 60 i.j k=0

~ 0.00815429(T — t)°,

i inia) s 2 (T—t)5 0 9
w{ (i - ) b= S 3 (o) e
@,J,k=0

~ 0.0173903(T — t)°,

.. L. 2 T — 1t 5 qs 9
M {(I(gf)lf;?) _ ((]611112113)(15) } — ( n ) _ | Z (C](c)?zl) ~
i,5,k=0

~ 0.0252801(T — t)°,

5
M { [ lisiaisiais) _ plisisiainas\ 2| _ (T =1)° i‘*: 2~
000007 000007 - 120 rlkji ™
i;jakalar:()

~ 0.00759105(T — t)°.

5.2 About Fourier-Legendre coefficients

As we can see from the results of this chapter, the most labor-intensive
work while building approximations of multiple stochastic integrals is con-
nected with calculation of coefficients

k
Cioi= [ K(tr,.-., 1) ZHI ¢, (t)dty . . . dty; (5.38)
1, 7)" =

k k-1 _
151 Yi(tr) lgl Yctyy ik >2

YP1(t) ifk=1
Here (t1,...,t) € [t,T]%; {¢;(z)}52, — is full orthonormal system of
functions in the space Ly([t, T).

K(ti, ... t) =
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Chapter 5. Approximation of specific multiple stochastic Stratonovich and Ito integrals

The aim of this section is to identify some features of calculation of
Fourier coefficients C}, _;, (k — is fixed) for expansions of multiple stochas-
tic integrals from the stochastic Taylor-Ito and Taylor-Stratonovich expan-
sions (see sect.7.8) when using the system of Legendre polynomials.

For classical Taylor-Ito and Taylor-Stratonovich expansions [22], [24])
(see sect.7.8) in (5.38) it is necessary to assume, that ¥ (s),..., ¥r(s) =
and for unified Taylor-Ito and Taylor Stratonovich expansions [43] [4
[48]) (see sect.7.9) — W (s) = (t —s)o;9q=1,...,k;1,=0, 1, 2,...

So, we will calculate the integrals

4]
1,
6],

Jk 1T /¢Jk tk /¢3k 1 tk 1 /C[)Jl tl dtl dtk_ldtk;

to

T
it = [(t— i)y, (1) ... [ (t = 12)"y, (1)t .. dty,
t

t

where {¢;(r)}32, — is a full orthonormal system of Legendre polynomials
in the space Ly([t, T]).

We have .
() | ap—
where
1 tr to
Ajk---jl = / ij (tk) / ij—1 (tk—l) .. / le (tl)dtl o dtp_qdty; (5.39)
1 1 21

{P,(z)}r>y — is a full orthonormal system of Legendre polynomials in the
space Lo([—1,1]) :

"2, (5.40)

(=1)"(251 — 2q1)!
' — @) — 2q1)!

() ~20dt, ... dty.

X
,_\\,_.
~
S~

B
N—r
[
ES
ko
)
=
\

185



5.2 About Fourier-Legendre coefficients

So, calculation of éjk---jl reduces to calculation of integral

Pk--P1

’l—‘\v—l

ta
(te) - [(t)Pdty . dt; pry-- o pe=0, 1, 2,.... (5.41)
-1

Ay
Now, examine C]; J’“l We have

k
o (DO b o (L) g\t
CJk Jkl = ok II v2i+1- IJk Jio

=1 2

where

1

to
IJlllc le1 - /(1 + tk)lkpjk(tk) .- /(1 + tl)llpjl (tl)dtl Loudty =
21 1

sp=0 s1=

Ik 1 to
=3 . z G [ ()™ Pyt - [ ()7 Py (t)dt - dt,

where C¥ — is a binomial coefficient.
Further t
2

o [ ) Pty . dty =

I—‘\I—‘
w

B 1 [3] [3] l_k[ (=1)2(2j; — 2q,)!
20+t =T =iz @l (G — @) (G — 2q)!
1 to
x [ (et () dy
1 1

Consequently, calculation C’Jl; . again reduces to calculation of integral
(5.41). Calculation of integral (5.41) is not a problem:

1
I, = 1— (=17,
D1 I +1 ( ( ) )
1 1 —1)ptl
i = (1= () - CUED (1 )
p1+1\p1+p2+2 P2+ 1
I _ 1 ( 1 < 1 (1 _ (_1)p1+p2+}73+3) .
PP+ 1 \pr +p2+2 \p1 +p2 +p3+ 3
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Chapter 5. Approximation of specific multiple stochastic Stratonovich and Ito integrals

(_1)p1+p2+2

I (1 ) -

ps+1
1+1
. (_1)1) * ( 1 (1 _ (_1)P3+P2+2) _
p2+1 \ps+p2+2
-1 p2+1
_( ) (1 _ (_1)p3+1)
p3+1

Actually, the integral of type I, , may be calculated for various values
k using computer packs of symbol transformations of type DERIVE or
MAPLE.

It will not be easy if we use trigonometric functions instead of Legendre
polynomials. It is connected with the fact, that integrals

Jk Jr /¢Jk tk /¢3k 1 tk 1 /d’gl tl dtl dtk_ldtk;

T to
Civh = [t =) s (tn) ... [(t = t2)" @y, (t1)dtr ...ty
t t

where {¢;(z)}72, — is a full orthonormal system of trigonometric functions
in the space Ly([t,T7]) :

. 1 for =0
¢i(s) = = \[stW —)  when j = 2r — L.
vi-t ﬁcos%;(_t ) when j = 2r
r = 1, 2,... "ramify intensively” for various combinations of indexes
J1,---,Jk 1.e. in cases of various combinations of indexes 7j1,...,J; the

mentioned integrals are calculated using significantly different formulas,
moreover the number of these formulas grows abruptly with the growth
of multiplicity of stochastic integral. It is obvious, that even when k = 4,
calculations become very complicated.

Let’s explain the mentioned idea using an example.

Using trigonometric functions, for example, there could be a necessity
to integrate the product of the following form:

. 2nr(s—t) . 2mq(s —t)

>
sin—r——sin—>— (r,q > 0),

which equals to
1 2m(r + —1
( oS (r+q)(s—1)

2

2n(r — q)q(s — t)
T _ ¢ + cos T4
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5.3 Approximation of integrals of multiplicities 1-3 using the trigonometric system

It is clear, that integrating the last expression the following cases may
occur:
l.r+qg#0and r —q # 0;
2.r+qg#0and r—q=0;
3.r+g=0and r—q=0.

In each of three cases, the primitive function will be calculated using
”its own formula”.

If we use in previous reasonings the system of Legendre polynomials,
then there are no different cases and integration will be more simple.

Since the product of two polynomials is a polynomial and integrating
polynomials we actually use only the formula of primitive function from
the power function with non-negative degree index.

5.3 Approximation of specific multiple stochastic in-
tegrals of multiplicities 1-3 using the trigonomet-
ric system of functions

Let’s examine approximations of some multiple stochastic integrals of
the following types

T to '
1zl lkz:‘t /t_t /( _tl)lldft(fl : dft )
t
RO = [t [ (=)t df,
t t

obtained using theorems 1 — 4 and using the trigonometric system of func-
tions:

15 = VT =", (5.42)

T—1t)2] 11 2/L 1 i1 1
(=0 %(z @ vaen), )

e

(i1)g _
[lzT,tq - 2

201 1 1 2
IO(g”):ﬁ(T_t)Col z + = Z {r 27’1 C2r12r

g\/@ (Rl céi%;”))], (5.44)

‘H[(Cm« 160" Co“ i 1)}+
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Chapter 5. Approximation of specific multiple stochastic Stratonovich and Ito integrals

s (1 iy (i) (i a N AP
Iigors " = (T—t)z(écé“)cé”)cé“)+2v o (6676 - 6067 ¢Y)

gV (GG = 2P0 + ) +

1%[ {Cz 10C Cz 10C)}+
2\/_r 1 " "
1 d 1 Z'1 7:2 7,1
+ﬁ HZI [7’2 l2{ ér) 2(1 )CO CO 21
r;él

+ C2r 1 21 1Co23 - Co“ Czr 1 21 1} C2r 1 0 2 )1] +

g
—|—Zl4—{ Ve — e P - PSP+ e C(gl)}
mr

r=1

82y {34% 1 2r2 1 ol3 +C2 r C 6C2r 1 2r 1 ézz)+

+3§2r 1 2r 1 0 2C2 27' sz +C2 27' C(gil)}] +

4\[7T{zq:[ [CQ g2m12m+<2r12r€2?11+

rm=1
‘|‘C2r 1 2m 2(m 1~ Czr 1 2m 1] +
1 ) ~lis)

C 1C2 Cz +CQ (m+r) C2r 1 2m 1H+

a q 1
t — |G- R (NN S e
nv,zzllzg_}_l m(l —m) [ 2(1 2(1-m)—1621—1 2

_§2(Z(})—m)—1C§;2)C2(:731)—1 + Cz( CQl 1 2m 1] +
1 3 .
(1 —m) [ Cz +C2 —1C§2n)—1 :23)—

S e U e el | |} (5.45)

_|_
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5.3 Approximation of integrals of multiplicities 1-3 using the trigonometric system

1211 1 1 i 11 7/2
R = (7 = 02564 - S e+
1 , ) , .
(ig) ~(i1) _ (i1) (i2)
o5 Vo (2uq " = u™) +

1 a 1 (i1) ~(i2)
+—F= [_—{ r— - Cr r T e S82r r— }+
2\/52 C2 1 0 \/* 2r—1 2 \/5 2 2r—1

1 2 1 3 1 1) (12
+7r2'r2< ( )Cl ‘|‘2C0Z 2r ——2\[ (r)l ér)l o) 2(:«) éi«)ﬂ*‘

1 4 1 (in)
+27‘(’2 2 12 — k2l - _CZk 1 2l 1]) (5.46)

k=1
kAl

igiy i1) +(i2) 1 1 i i1 i io
101( Ja _ = (T —t)? <——§0 ¢ +ﬁ /oy (56(52)&% )_é‘él)é‘é )) 4
i1) (ir) »(i2)
f \/Bq< )¢ §) — ¢ >+
1

72[ { Co“ o 1 Czr 1 ol2 +7{C2r 1 27‘ g«l) 2(:*2—)1}}+

+7%( GG — G+ =il 53«2)1+4\1f et +
I el (5.47)
=
Iy = (T—t)%[%ﬁgil) + \[1 2(2; r—icéi“ + Bquffl))Jr
L) e
where
fé = \/—a_quq;rl— C2r 1, Qg = %2 —;:74—12; ,U((]i) = Lﬁqré—lé C2(?;
S T e LCTL



Chapter 5. Approximation of specific multiple stochastic Stratonovich and Ito integrals

— are independent standard Gaussian random variables; 71, %9, i3 =
1,...,m.

Let’s analyze the mean-square errors of approximations (5.44)—(5.47).
From relations (5.44)—(5.47) when i1 # ia, 12 # 13, i1 7 i3 we get

2 (T —t)?/m? 41
M & (L6 — [ieie } = 7(— = —) 5.49
{( 007, 007, ) 972 6  Zr2) ( )

{ 137,27,1 13127,1)q>2} _

0007 00074 -
_(T_t)3{i<ﬂ-_2_i 1)_‘_&(7[—_4_ : l>_|_
N 472\ 6 [ r2)  32mi\90 ot

1 x4 5l +4rt = 3%
;é ;él

[2 k2
( ) T (5.51)
k=1 k=1

i1 ini1)q) 2 1 (7 7 1
S R

r=1T
5 (mt &1 | P4k
— | = = — =555 (- 5.52
T3 <90 El 7'4) (Hzl Hzl) B(? — k) } (5:52)
k#l k£l
It is easy to demonstrate, that relations (5.50), (5.51) and (5.52) may
be represented using lemma 10 in the following form:
(i3i211) (i3i211)q 2 _ 4 1 &1
M { (i~ 25 ) ) = (T -0 o= X -

1 1 2 5%+ 4r* — 3722
— A —or } (5.53)

32rt vt 4rt rgl r22 (r2 — [2)?
r#l
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5.3 Approximation of integrals of multiplicities 1-3 using the trigonometric system

1201 7,211 2 T_t41 1 ql
M{([lg I >)}:( ){___ 1_

4 9 27'('27.:17"2
5 L1 1.4 K412
—_ty oy 2T 5.54
871'4 z:l 7‘4 ’/T4 k,lzl [2 (l2 — k2)2}, ( )
k£

iain)a) 2 T—-v*(1 1 4.1
M{<[0( ) _ gl )q)}:u{___ 1

4 9 27?2/ r?
5 L1 14 P4k?
———= ) = — 5.9
87T4 7; 7’4 7T4 k,zl:l k2 (12 - ]{22)2} ( )
k£l
Comparing (5.53)—(5.55) and (5.50)—(5.52), note, that
e o 24 k? s
= P Tt 5.96
Z k2 (12 — k2)? Z 2(12 - k2 48 (5.56)
7 k1
® 51*+4rt —3r2*  97*
3 + 4r et 9w (5.57)

22z —12)° 80

r#l

We will mention approximations of stochastic integrals Iféi}fl), [01(““)

and the conditions of selecting the number g using the trigonometric system
of functions:

i = (1 - t)z(_é (Céil)) 2f VA 2\/1%2 VB G+
+2\1/§ é erlfr? ( g})géil) a W< g«l—)1>2 2\/_( (“)) ) B —CQT 1< ]

2“ 112 kz[ - C2k 1 2l 1])
k£l

191 1 i1 2 1 1 1 1 i) ~(i1
B = (0 (1 () - e - L s

I T 1 3 (i) \? @1)\2 () <z'1)) 1) (m]
+2\/§1§1 LrQr? (2\[( 27"—1) 2\[( ) 2r Co 7TT,C2T—1 0|+
l Cz C2 +C§ZI) 2(;1)D

T s P — k2
[
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Chapter 5. Approximation of specific multiple stochastic Stratonovich and Ito integrals

Table 5.37: Check of formula (5.53)
g/(T —t)3 0.0459 0.0072 7.5722-107% 7.5973-107° 7.5990 - 1075

q 1 10 100 1000 10000

Then we will get
(i11) *(iri1)q 2 (4191) (i1i1)q 2
M (It = Iisd) b = S (ng = I
T—-t)'r2 /ot 41 1 g9 1
kST
4 m\90 ‘Tt d —1 12

g 12 + k2
_ . 5.98
(kklzﬂl kklz;éll) k2(l2 - k2)2] ( )

Considering (5.56) we will rewrite relation (5.58) in the following form

M {(1—01(““) ]01(““) >2} M {(]1511“) - Iléml) )2} -

(T — t)4 17 1 41

4 [240 3m? = r? 71'4 Z
1 /4. 1\2 1 4 [I?+ k2
+7r4 (2 742> it 2 2 K2(12 — k2)?2

k;él

In tables 5.37 — 5.39 we check numerically formulas (5.53) — (5.55),
(5.59) for various values g. In tables 5.37 — 5.39, ¢ — means the right parts
of mentioned formulas.

Formulas (5.56), (5.57) appear to be very interesting. Let’s confirm nu-
merically their rightness (tables 5.40, 5.41; €, — is an absolute deviation of
multiple partial sums with the upper limit of summation p for series (5.56),
(5.57) from the right parts of formulas (5.56), (5.57); convergence of mul-
tiple series is regarded here when p; = ps = p — oo, which is acceptable
according to theorem 1).

Using the trigonometric system of functions, let’s analyze approxima-
tions of multiple stochastic integrals of the following form:

(5.59)

*To

J(A(,tk ) / /dw i)
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5.3 Approximation of integrals of multiplicities 1-3 using the trigonometric system

Table 5.38: Check of formulas (5.54), (5.55)
4e/(T —t)*  0.0540 0.0082 8.4261-107* 8.4429-107° 8.4435-107°

q 1 10 100 1000 10000

Table 5.39: Check of formula (5.59)
4e/(T —t)*  0.0268 0.0034 3.3955-107* 3.3804-107° 3.3778-107°

q 1 10 100 1000 10000

Wherew f ) i=1,. mlf)\l—landw =r7if ; =0.

It is easy to see, that approximations J(A(ZQA?))Tt, J()f:?j\z;)zfl)) 7, of stochastic

(1211) *(igi2i1)

integrals J T J()\3 doA)T,t A€ detected by the rlght parts of formulas

(5.44), (5.45), where it is necessary to take CJ( = fgbj( )dwD; iy, dg, i3 =
0, 1,....,m
Since . .
t/¢j(8)dW§0) = { TO_ ! gz ;8 :
then it is easy to get from (5.44) and (5.45), considering, that in these
equalities CJ@ = fgbj(s)dwgi); 11, 19, 13 =0, 1,...,m, the following family

of formulas:

2 1 3 (i, \/i 7 1 3 RS
Tyt = o (T =) G + —(Z Gy + \/a—qg(gw)) ,
- T \p=1T |

oig _ 1 [y V2(&1 g )|
Tt =50 = 07 = 22 ( % e+ e )

00i s[L (@) 1 1 a6 .
Tt = (0 = OF [+ s (3 a6 + VB )+

+ 1 <i 1C2(i1)1+\/07§(i1)>]
2\/577— r=1T " > ’

Table 5.40: Check of formula (5.56)
Ep 2.0294 0.3241 0.0330 0.0033 3.2902-107*

q 1 10 100 1000 10000
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Chapter 5. Approximation of specific multiple stochastic Stratonovich and Ito integrals

Table 5.41: Check of formula (5.57)
Ep 10.9585 1.8836 0.1968 0.0197 0.0020

q 1 10 100 1000 10000

J(OIO)T,t - (T - t) lggo - ﬂﬂ <7§1 ﬁCzr + \/E,ltql2 )

(i300)g s[1 (i) 1 91 Gy i
Jaooyre = (T — 1) lgCo HEWor <§1 C Bplis) ) —

2\/571' i 2r—1 q5q )

J*(Oizil)q — ( (i1) ~(i2) i1) lz
ore = (T — )%= +72\[ \/_5 Go '+

2\[2@< D) 2u”c())+
2\/—2[ r1012)+#{2(r4 — 25 }]

1 (g 1
+27T2Z7'2—l2l(r) + CQ'[‘ 12l)1‘|+
rl=1
r#£l

‘l‘Z[ {rer C2r12r}+

+ {3C2r 1+ Ve }Da

8m2r

(igiz0 LoGis) (i) _ 1 is) ~(i2)
Tl = (=02 (66 - S v+

1 is) ~(i2) is) (i)
—|—2\/§7T2\/E<Hé G —QH((I G >+

+ﬁ2l —C2r10 7r1 { 204 C% + C H‘F
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5.4 Convergence with probability 1 of expansions of stochastic integrals

21212 [l + )+
r;ﬁl

L7l in) (i2)
+T_§[R{_ or— 12r +C2r 1GCor }"‘

+ {3C2r 1Gor- 1+C2 27’ }D,

8m2r
*(i30i1)q __ 2 1 (i1) +(i3) 1 (i1) ~(i3) (i) ~(i1)
Jaoyr: = (T —1) <6Co o +72ﬁW\/CTq(€q o &Y Co >+

1 . Ny
- (i1) »(is) (i3) ~(i1)
"oV Bu (6" + 6™ +

2\[7«i1l {Czr T C2r 1 0 }+
+L{ (i) ¢lia) 4 o fia) (i }] ”ZI C2r G-
r;él

-2 s {3+ YY)

5.4 Convergence with probability 1 of expansions of
some specific multiple stochastic integrals

Let’s address now to the convergence with probability 1. Let’s analyze
in detail the multiple stochastic integral of type:

g = 5[4 + £ (GG - ). s0)

When 41 = i3 from (5.60) we get the following equality:

w(iin) _ Lo (A0
Too,., —2(T t) (Co ) :
which is correct with probability 1 and may be obtained using the Ito

formula.
Let’s examine the case i; # 45. First, note the well-known fact.
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Chapter 5. Approximation of specific multiple stochastic Stratonovich and Ito integrals

Lemma 11. If for the sequence of random values &, for some p > 0 the
number series

gM{W}

converges, then the sequence &, converges to zero with probubility 1.
In our speciﬁc case:

*(i1i2) i1) i1) ~(i2) (i2)
i = 5@ + 3 \/r (e - ()] +é,
T— i1) ~(i2) i1) ~(i2)
gn 9 i %_1 \/r {Cz IC’L C z—l} )
T—1)? X 1
M{|&,[*} = / R (ty,t)dtydty = ( ) > PR (5.61)
: i=n+1 3" — 1
[t.T]?
© 1 © 1 2 Co.
< dr = —-In|l — < — 5.62
Z_n+14i2—1_n/4az2—1$ 2" 2n—|—1‘ i Co<oo, (562)

T t,
. :
&9 Y [ [ Rty to)dfVdf =
(tit2) ¢t
= [ Ru(ty, ta)dfVdfS; Ro(ty,t1) = 0.
[t, 17
Therefore, taking p = 2 in lemma 11, we may not prove convergence of
&, to zero with probability 1, since the series

gMﬂm

will be majorized by the divergent series of Dirichlet with index 1. Let’s
take p = 4 and estimate M{|&,|*}.

According to (1.45) when k£ = 2 and n = 2, (5.61), (5.62) there will be
such constants C, C < oo, that

M{[&.]"} < cg / Rg(tl,tQ)dtldt2>2 < % N
t T2
© 1]
= Z M{[&a|"} < C1 125 (5.63)
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5.5 About the structure of functions K (ty, ..., )

Since the series in (5.63) converges, then according to lemma 11 &, — 0
*(iig)n *(ixiz)

when n — oo with probability 1 = Iyg,,” — Iy,  Wwhen n — oo with

probubility 1.

Let’s analyze stochastic integrals Iof,[lzz’), Ilé““’) whose expansions look

as (5.7), (5.8). It is obvious, that the case 4 # i, is analyzed absolutely
similarly to the above mentioned arguments.

When i1 = 45 from expansions (5.7), (5.8) it is clear, that M{|&,|*} <
Cg/’n2.

It means, that for proving of convergence with probubility 1 we may use
p =2 in lemma 11.

Expansions (5.3)—(5.5), (5.16) for integrals I(gTz, Il(TZ, 1'2(7,2, Ig(,Zle are ini-
tially correct with probability 1 (they include 1, 2, 3 and 4 members of
sum, correspondently). Apparently, using the proposed scheme we may
prove convergence with probability 1 of multiple stochastic integrals of

multiplicity £ > 2.

5.5 About the structure of functions K(ti,...,t),
used in applications

The systems of multiple stochastic integrals (7.26) — (7.29), (7.16),
(7.20), are included in the stochastic Taylor expansions (unified and clas-
sical), described in chapter 7.

In the context of theorems 1-7, the systems (7.26), (7
k=1, 2, 3,..., the systems (7.28), (7.29) when k& =
stochastic integrals of type (7.28) and (7.29) (I; = ...
k = 3, 4 are to be of some interest.

The functions K(ty,...,%), included in the formulation of theorem 1,
for the family (5.1) look as follows:

27), (7.16) when
1, 2, as well as
= l;, = 0) when

t—t)h -t <. <t
K(ty.... _ k 17 4 ket 8 t. 7.
(t17 7tk) {0, otherwise y U1, 7k€[7 ]

(5.64)
In particular, for stochastic integrals [1(T2, IéTz, I(gf};i), 1861&;?), Iéllfﬁi),
IR, I, IS, I [§: 4, iy = 1,...,m the functions
K(t1,...,t) of type (5.64) correspondently look as follows:
Ki(t) =t —t1, Ko(t)) = (t — )%, (5.65)
1, t1 <t 1, 11 <ty < t3

Koo(t1, t2) = { . Kooo(t1, t2, t3) = { , (5.66)

0, otherwise 0, otherwise
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Chapter 5. Approximation of specific multiple stochastic Stratonovich and Ito integrals

. t— 1o, t1 < to . t—11, 11 <ty
Kou(tr, 2) = {0, otherwise ’ Kio(tr, 12) = {0, otherwise ’

[t <ta<tz<ty _ft—=t)? <ty
Koooo(t1, 12) = {0, otherwise » Kaolty,12) = 0, otherwise

(5.67)

(5.&58)

= t)({t—ta), t1 <t _ { (t —t2)?, t1 < to
K (ty,t2) = {O, otherwise Kot 1) = 0, otherwise ’

(5.69)
where t1,...,t4 € [t,T].

It is obvious, that the most simple (with a finite number of members of
sum) expansion into the Fourier series using the full orthonormal system of
functions in the space Ls([t, T']) for the polynomial of finite degree will be its
expansion according to the system of Legendre polynomials. The polyno-
mial functions are included in functions (5.65) — (5.69) as their components,
so, it is logical to expect, that the most simple expansions into multiple
Fourier series for functions (5.65) — (5.69) will be their expansions into
multiple Fourier-Legendre series when [2+...+12 > 0. If[; =...=1[;, =0
(see functions Kyy(t1,t2), Kooo(t1, t2,ts), Koooo(ti, - - -,t4)), then we can ex-
pect, that in this case expansions of the mentioned functions into multiple
Fourier series using trigonometric functions and Legendre polynomials will
be of the same complexity.

Note, that the given assumptions are confirmed completely (compare
formulas (5.4), (5.5), (5.7), (5.8) with formulas (5.43), (5.48), (5.47), (5.46)
correspondently). So usage of Legendre polynomials in the considered area
is an unquestionable step forward.
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Chapter 6

Other methods of strong
approximation of multiple stochastic
Stratonovich and Ito Integrals

This chapter is devoted to other methods of mean-square approxima-
tions of multiple stochastic integrals. For example, we examine Milstein
method in comparison with method of multiple Fourier series (theorem 1),
combined method, which is hybrid of method of multiple integral sums
and method based on theorem 1, method of multiple integral sums. Also
we make a comparison (by computational experiments) between the effec-
tiveness of different methods of mean-square approximations of multiple
stochastic integrals. We demonstrate, that system of Legendre polynomials
gives decreasing of computational costs in comparison with trigonometric
system of functions.

6.1 Milstein method of strong approximation of mul-
tiple stochastic integrals

6.1.1 Introduction

G.N. Milstein proposed in [23] the method of expansion of stochastic
integrals based on expansion of Brownian bridge process into the trigono-
metric Fourier series with random coefficients.

Let’s analyze the Brownian bridge process

t
f, — <fa, t€[0,A], A>0, (6.1)

where f; € R™ — is a standard vector Wiener process with independent

pomponents ft(i); 1=1,...,m.
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6.1 Milstein method of approximation of stochastic integrals

Let’s also analyze the componentwise expansion of process (6.1) into the
trigonometric Fourier series converging in the mean-square sense

2nrt . 27rrt>

A + b; rsin A (6.2)

; t 1
ft(l) _ K é) — 5%0 + Tz:l <a@ rCOS——

o 2 /A<f(i) if(i)> 27r'r's _/A< s ) i 27rrsd_
aw—AO o A LA cos A ”—AO A sin A S;

r=01,....i=1,....m
It is easy to demonstrate [23], that random variables a;,, b; , are Gaus-
sian ones and they satisfy the following relations:

M{ai,bi,} =MA{ai,bir} =0, M{a;rair} =M{bi,bix} =0,
A

2 2
M {ailﬂ“a’izﬂ‘} =M {bilﬂ’biz,?’} =0, M {ai,r} =M {b@ r} 92 7,27
where ’i, ?:1, ig = 1,...,m; T 75 k; 11 752'2.

According to (6.2) we have

1
f()— (01 + azo+z<a”cos

2rrt . 27r7't>
A A A )

A + b ,sin A (6.3)

where the series converges in the mean-square sense.

6.1.2 Approximation of multiple stochastic integrals of 1st and
2nd multiplicity

Using the relation (6.3), it is easy to get the following expansions [23],
converging in the mean-square sense:

/dft = —fA + a,o+ Z (awcos

2nrt . 27r'rt>
2

A + b; ,sin (6.4)

A
*t*T
t A X1 2mrt 2mrt
/ df()dT——fé)—l— alo—i——z {a”sin i < o )},
0

o

2A 27 =
(6.5)
b T *t T
// dridfl —t/ df? 0/0/ df i dT——fA)—}—ter{a”cos%Ztﬁ-
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Chapter 6. Other methods of strong approximation of stochastic Integrals

2mrt A x1 2nrt 2mrt
+b; ,sin Z }—% i {awsin Zr —bi, (cos Z — 1)}, (6.6)
r=

*t xT 1 *t xT *t

[ [ difagi) = A0 [ [ dndff + %%0 [ atf+
0 0

& 4mrt
S (s, paiy r — bi, 05,0 (1 ~cos ) N

. 4mrt
(@i +biy v + biy 0y ) SiN A +

+3f(u) ( . 2mrt s ( 2nrt 1)) } n
A" | @i rsin=1= + biy | cos—

2 (k+r) w(k—r)t
00 00 COS ( A ) ( A ) A
+> Y k{ai,ainn —I—
k=1r=1(r#k) 2(k + ) 20k—r) k212

+

sin (L(k:r)t) sin <2”(kA_T)t)

2(k + 1) 2(k —1)

+bi1’rbi27 COS (27r(kA—r)t> ) oS (27r(kA+r)t> ) - .

2(]€—T) 2(]{;-{—7') k2 — p2

+éb | sin (27r(kA+r)t> sin (27r(kA—r)t) (6 7)
o T i,k 2(k—|—r) 2(1{7—7‘) . .

+a’i1,’l"bi2,k +

It is necessary to pay attention to the circumstance, that the double
series in (6.7) should be appreciated as a repeated, and not as a multiple
(theorem 1), i.e. as a repeated limit of the sequence of double partial sums.

It is connected with the fact, that iterated substitution of expansions of
Wiener processes into the multiple stochastic integral results in repeated
taking of operation of passage to the limit.

Note, that the multiple series is more preferable, than the repeated one
when it is presented approximately by the repeated partial sum, since the
convergence of such approximations is provided with any method of jointly
convergence to infinity of upper summation limits of repeated partial sum
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6.1 Milstein method of approximation of stochastic integrals

(for clearness we denote them as py, ..., pg; see theorem 1). In particular,
in the most simple case we may assume, that p; = ... = pp = p — .
At the same time the last condition in the strict sense doesn’t guarantee
convergence of repeated series with the same partial sum as for considered
multiple series.

Hereafter, we will see, that usage of G.N. Milstein method for approx-
imation of simple stochastic integrals of minimum 3rd multiplicity is con-
nected with the problem described before. Note, that in [24] nevertheless
the following condition is used not quite reasonable: py = ps = p3 =p — ©
[24] (p. 202, 204).

Assume, that in relations (6.4)—(6.7) t = A (at that double partial sums
of repeated series in (6.7) will become zero).

As a result we will get the following expansions converging in the mean-
square sense:

*A . .
[ oat? = £, (6.8)
* A xT ’
[ [ dtdr = —A (£ + aiy) (6.9)
0 0
/* /* Tldf lA (fg) — O/Z‘,o) R (610)
0 0 2
* A T
J 0/ dfﬁfl)df;('h) = % Xl)fél?) - % (a’b,ofgl) - a”h,Ofg?)) +
+7 i r (ail’,«biw« — bil,raiw) . (611)
r=1

Deriving (6.8)—(6.11) we used the relation

00
a;o = —2 Z Qj r, (612)

r=1
which results from (6.2) when ¢t = A.
The explanation, that the obtained expansions converge right to the
correspondent stochastic Stratonovich integrals is given in [24].

6.1.3 Comparison with method based on multiple Fourier series

Let’s compare expansions of some multiple stochastic Stratonovich inte-
grals of 1st and 2nd multiplicity (here we mean, that integration according
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Chapter 6. Other methods of strong approximation of stochastic Integrals

to Wiener processes in the multiple stochastic integrals is performed two
times, maximum), obtained by G.N. Milstein method and method, based
on multiple Fourier series according to trigonometric function.

We will introduce the following standard Gaussian random variables in
our analysis:

& = ﬁa Piyr = Kﬂ-ra’i,h Niyr = Kﬂ—’rbiﬂ“’ (613)

wherei=1,...,m; r=1, 2,....
Due to (6.12) we get

x© 1
a;o = -V 2A Z ;pi,r- (614)
r=1

Substituting the relations (6.13) and (6.14) into (6.8)—(6.11), we get the
following converging in the mean-square sense expansions:

*A
[ at? = VAg, (6.15)
0
* A 5T
| 1 s 2 & 1
[ [ dt@dr = —A?(& _¥2 > _pi,r>a (6.16)
00 2 T =17
YA o
1 2 1
[ [ dndt® = —AE(& V2 > —pz-,r), (6.17)
0 0 2 T p=1T
*A *xT
A 121
[ [ dtatl = = [55 +=> - (pn = iy, Pirt
0 0 2 Typ=1T
+V2 (pi, r€i, — Ph,rf@))]- (6.18)

Considering notations taken by us previously for multiple stochastic
integrals we may write down

*A

[t = L0 = Tk (6.19)
0
*A *xT
i *(1 *(4 * (20
[ [ dtDdr = ALY + LY = Jik o, (6.20)
0 O

204



6.1 Milstein method of approximation of stochastic integrals

*A 5T
[ [ st = 5 = g, (621
0 0
*A *T ..
/ [ delinagle) = g = g, (6.22)
0

Substituting the expansions of integrals IOQ), 1 1&, IOOZ:? , obtained be-
fore using the method based on multiple Fourier series according to trigono-
metric system of functions into representations (6.19)—(6.22), with accuracy
up to notations we get expansions (6.15)—(6.18). It testifies, that at least
for analyzed multiple stochastic Stratonovich integrals and trigonometric
system of functions, the method of G.N. Milstein and the method based
on multiple Fourier series give the same result (it is an interesting fact,
although it is rather expectable).

In the next section we will discuss usage of G.N. Milstein method for

multiple stochastic integrals of 3rd multiplicity.

6.1.4 About problems of Milstein method in relation to multiple
stochastic integrals of multiplicities above the second

We mentioned before, that technical peculiarities of the G.N. Milstein
method may result in repeated series (in contradiction to multiple series
taken from theorem 1) taken from the product of standard Gaussian ran-
dom values. In case of the simplest stochastic integral of 2nd multiplicity,
this problem was avoided as we saw in the previous section. However, the
situation is not the same for the simplest stochastic integrals of 3rd multi-
plicity.

Let’s mention the expansion of multiple stochastic Stratonovich integral
of 3rd multiplicity obtained in [24] by the method of G.N. Milstein:

s(ivisis) _ L px(in) p*(0isis) | 1 Lo ) lis)
J(lillz)zﬁo = _J(1)“A, J(oﬁi%o + %,OJ 1;220 + 27Tb J(SA,OJ(DZZ,O_

A
*(i2) 1 3
_AJ(l()Z 1113 + AJ <§Az’1i2 — Ci2i1> + AgDi1i2i3, (623)
where . ,
* Oizi * iQ
Jortian = gJu()A),oJ( A WAJ obi+
1
+AB;; — Aa%oJ( e +3 Ab R0+ A2, + §A2A,-2i3,
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Chapter 6. Other methods of strong approximation of stochastic Integrals

7r00

Ai2i3 = K Z r (ai2’rbi3’r - bi?;rai3ar) Y
r=1
1 X X r
Ciiy = =52 2 2 12 (r @iy r@ig g + Ubiy 1big 1)
AT
1] X o0 1
Bi2i3 - 2A Z (aiz,ra’i3,’f' + biz,rbi3,’f') Z - 27’7
r=1 r=1T
Diyinis =
o 00 00
ToAS > 21 <% (@iy 1rbiy r — @iy iy 14r) + biy g (@3, 2 Gy it + bil,rbi3,l+r)>
2 [=1r=1
T ™ -1
+2A§ Z l<ai2,l (ailﬂ“bi&l—?‘ + ai3,l—7°bi1,7‘) - biz;l (ailﬂ‘ai&l—?’ - bil,rbig,l—r))
2 |=1r=1
T ™

2A Z Z l<a12 (ai37r_lbi17T - a/i177-bi3,7-_l)+bi27l (ailaTai37T_l + bilarbi37T_l)>;
2 |=1r=Il+1

we met all other notations in the previous section.

From the form of expansion (6.23) and expansion of integral J(O(ﬁl)ﬁ o We
may conclude, that they include repeated series. Hereafter in the course
of approximation of examined stochastic integrals in [24] it is proposed to
put upper limits of summation by equal p, that is according to arguments
given before is incorrectly.

We may avoid this and other problems (see introduction of this book)
using the method, based on theorem 1 (theorem 4).

If we propose, that the members of expansion (6.23) coincide with the
members of its analogue, obtained using theorem 1 and formulas of con-
nection of stochastic Ito and Stratonovich integrals (this, as we saw in the
previous section, is actual for the simplest stochastic integrals of first and
second multiplicity), then we may replace the repeated series in (6.23) by
the multiple ones, as in theorem 1, as was made formally in [24]. However,
it requires separate and rather complex argumentation.

6.2 Representation of multiple stochastic Ito inte-
grals using Hermite polynomials

In the previous sections of this chapter we analyzed the general the-
ory of approximation of multiple stochastic Ito and Stratonovich integrals.
However, in some particular cases we may get exact expressions for multi-
ple stochastic Ito and Stratonovich integrals in the form of polynomials of
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6.2 Representation of stochastic Ito Integrals using Hermite polynomials

finite degrees from one standard Gaussian random variable. This and next
sections will be devoted to this question. The results described in them
may be met, for example, in [29].

Let’s analyze the family of constructing polynomials H,(z,y); n =

0, 1,... of type:
H,(z,y) d’ az—3z0’y
x,y) =——e€
n Y y da{n

It is well known, that polynomials H,(z,y) are connected with Hermit

polynomials h,(z) by the formula H,(z,y) = (%)% hy, (ﬁ) , where h,(z)

a=0

is Hermit polynomial.
Using the recurrent formulas

dhy,
dz
hn(2) = 2zh,—1(2) = 2(n — Dh,_9(2); n=2, 3,...,
it is easy to get the following recurrent relations for polynomials H,(z,y) :

0H,

(2) =2nh,_1(2); n=1, 2,...,

92 (z,y) =nH,_1(z,y); n=1, 2,..., (6.24)
0H, n ne
Zn = —H,(z,y) — —Hp_1(z,y); n=1, 2,..., 6.25
oy (z,9) % (z,) 2 1(z,9); n (6.25)
H, -1
aay (a:,y) - _%Hn—ﬂxay); n=2,3... (626)
It follows from (6.24) — (6.26), that
0H, 10%H,
— =0 n=2 e 6.27
9 (@,9) + 555 (@y) =0 n=2,3, (6.27)
Using the Ito formula with probability 1 we have
t t 2
0H, 0H, 10°H,
_Hn ) = q_ \Js S T \Js a a9 .9 \Js )
H,(f,t) (0,0) 0/ 5 (fs, s)df +0/( 9y (f s)-l—2 57 (f 8)) ds

(6.28)
where f; € R! — is a standard Wiener process.
According to (6.27) and H,(0,0) = 0; n = 2, 3,... from (6.28) with
probubilty 1 we get

t

Hy(fot) = [ nHoa(fors)dfs n=2, 3,...
0
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Hereafter, in accordance with induction it is easy to get the following
relation with probability 1

def

to

1
/dftl... = () n=1,2,. (6.29)
) !

O\ﬂ-

Let’s examine one of extensions [29] from formula (6.29):

t
n € 1
Jt( : d: / /¢t1dft1 tee fn n'Hn(ét’At); n = ]" 2’ ) (630)
0 .

where . .
def def
5 [udfy; MY [yids;
0 0
1y — is non-anticipating stochastic process, which satisfy the conditions of
existing of Ito stochastic integral in the mean-square sense (see sect. 7.1).

It is easy to check, that first eight formulas from the family (6.30) look
as follows

T = %@, I = % (62— A,), J® = % (63 — 36,A)
JY = % (67 — 6620 4 3A2), J = % (62 — 1063 A, + 156,02,
JO = é (63 — 1561 A; + 4562A2% — 15A3)
J = % (67 — 2167 A, + 10583 A2 — 1056,A)
J& = é (63 — 28884, + 21067 A? — 42062A2 + 105AY)

with probubility 1

6.3 One formula for multiple stochastic Stratonovich
integrals

Let’s prove with probability 1 the following relation for multiple
Stratonovich integrals [24]

'™ = ft, " é/ / df,, ...df, w.p. 1. (6.31)
0
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6.3 One formula for multiple stochastic Stratonovich integrals

At first, we will examine the case n = 2. Using theorem 11 we obtain:
. L
r®=1®4 5 [dtiw.p. 1. (6.32)
0
From the relation (6.29) when n = 2 follows, that with probubility 1
1., 17

Substituting (6.33) into (6.32), with probability 1 we have n® = f2/2..
So, formula (6.31) is correct when n = 2.
Assume, that the formula (6.31) is correct when n = k, i.e. with proba-

bility 1: ;¥ = /K1, and examine | " gp, def prOeD)
From sect.7.2 and inductive hypotheses with probablhty 1 we get

Flan / dfT 5 / fkl dr. (6.34)

Let’s introduce a stochastic process & of type & = fF+1/(k + 1)! and
will find its stochastic differential using the Ito formula:

k 1

dé; = 1 dt + it dft (6.35)

2(k—1)!
Since & = 0, then from (6.34) and (6.35) it follows, that I; """ =
ftkH /(k+1)! with probability 1. So, relation (6.31) is proven in accordance
with induction.
It is easy to see, that formula (6.31) admits the following extension:

w1,
Jr = 0%, (6.36)

where J; " & | f¢< ") .-f%(tl)dfh...dftn;at:(Ms)dfs,w(s):[o,tH

R is some contmuously differentiated function.
6.4 Usage of multiple integral sums for approxima-
tion of multiple stochastic Ito integrals

We noted in the introduction, that considering the modern state of
question about approximation of multiple stochastic integrals, the method
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Chapter 6. Other methods of strong approximation of stochastic Integrals

analyzed further is unlikely of any practical value. However, we will analyze
it in order to get the overall picture.

Note, that in several works (see, for example, [23]) it was proposed to use
various variants of integral sums for approximation of multiple stochastic
integrals. In this section we will analyze one of the simplest modifications
of the method of integral sums.

Let the functions ¢;(7); [ = 1,..., k satisfy to Lipschitz conditions at
the interval [t, T] with constants C:

|¢l(7-1) — ¢1(T2)| S Cl|7'1 — T2| fOI' all T, T2 € [t, T] (637)

Then, according to lemma 1 with probability 1 the following equality is
reasonable

— J2—1

I[N, =Lim. b8 znwzm) w.

Oojk(] =0[=1

Here the sense of formula (1.8) notations is kept.
We will represent the approximation of multiple stochastic Ito integral
J[¢®]r; in the following form

Ja—1

N-1 k
J[@b(k)]iljy,t => ... 1II @bl(sz)AW%i)- (6.38)
Jk=0 J1=01=1

Relation (6.38) may be rewritten in the following form:

- Ja—1

‘][ } Z Z H(ATJZ) ¢l(TJl) 7 (6'39)

Jx=0 J1=01=1

where u(-i) o (WQr1 — (i)) J(AT))7;i=1,...,m — are independent when

i # 0 and various j standard Gaussian random values: u( ) = — (AT))7.
Assume, that

r=t+i0; j=0,1,...,N; 7w =T, A >0. (6.40)
Then the formula (6.39) will be as follows:

- Jo—1 k

TP, = A% N5 Mot + ia)u®, (6.41)

Jr=0 J1=01=1
where u!! & (W(i) : —wit )/VA; i =1 m
J t+(j+1)A t+jA ) )
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6.4 Usage of multiple integral sums for approximation of stochastic integrals

Lemma 12. Assume, that functions ¥;(7); | = 1,...k satisfy to Lip-
schitz condition (6.37), and {Tj}j.v:_ol — is a partition of interval [t,T] of
type (6.40).

Then, for sufficiently small value T' —t there exists such constant Hp <

oo, that: 2
Hy (T —
M { (T, — T 1)} < DT

Proof. It is easy to see, that in case of sufficiently small value T — ¢,
there exists such constant Cj, that

M {(J[Tp(k)h’,t — J[qp(k)]:,]\{t)?} < M {(«][w@)}T,t _ J[¢(2)hj\{t)2} :

3
JpPry — TP, = 3 SV,
j=1

where
N-1 Tttt
=% [ (t) /¢1 (tr)dwiy dw?);
J1=0 Tjp T
N N—1 T+l . )j1_1 Tjo+1 i),
=X | (alts) — a(r3,)) dwiy’ > [ wi(tr)dwy,;
N=U T J2=Y Thy
J —1 Tip+1 1)
ZO¢2(731)AW DY | W) - () dwsy
1 J2=V 75,

Therefore, according to Minkowsky inequality we have:
P2 %
(M{ (Tl — T@ 1)) < > (m{(sM)’})".
]:

Using moment features of stochastic integrals (see chapter 7) let’s esti-
mate values M {(va )2} ;1 =1,2,3. To do it let’s examine four cases.
The case 1. 71, i3 # 0 :

M{(s)°} < 3T =) sup {3()ut(s)).
M{(s)°} < 5 =17(C)" sup {43(6)),
M{(s)"} < 5@ =27 ()" sup {43(5)).
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The case 2. 11 #0, 15 =0

M{(S1)*} < 3T~ 1) sup {¥3(s)¥3(5)}

se(t,T]
M{(sY)*} < (T - 1) (02)2821[11;] {¥i(s)},
M{(s5)’} < ST -1y (01)232}1% {v3(s)}.

The case 3. 19 #0, 11 =0
M{(sV)’} < 8T - 1) sup {Ui(s)vie)},
M{(s)*} < (T - 1) <02> sup {13(s)},

s€[t,T]

M{(S5)) < 4T — 1) (C1)? sup {¥3(s)}.

s€[t,T]

The case 4. 11 =15 =0:

M)y

V)

IA
b

(T —)* sup {43(s)¥i(s)},

B se(t,T]
M{(s)°} < 50 -0 (@) swp {)},
M{(S3)’} < $5(T — 1)! (01)2321[;1;] {v3(s)} .

According to obtained estimations and condition (6.37) we have

2 Hy (T —t)?
M{ (@ — T PR,)} < H(T - 1)A = %
where Hj < co. The lemma is proven. O

It is easy to check, that the following relation is correct:

i2i1 1221 2 T - t 2
M{<[(§0Tt) — Iy, ) }: ( 2N) ’ (6.42)

where 41,70 = 1,...,m and Iéml) — is the approximation of stochastic

integral 1532;;) from the family (5.1), obtained according to the formula
(6.41).

Note, that the method, based on multiple integral sums, converges in
the mean-square sense significantly slower, than the method based on the

multiple Fourier series (see. (6.42), (5.18), (5.49) and table 6.1, 6.4).
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6.5 Comparison of effectiveness of Fourier series and integral sums

Table 6.1: Values guig, Gpot; Lirigs Lo,

trig» -+ pol*
T—1 279 26 27 278 279 210
Ghrig 3 4 7 14 27 53
Gpol ) 9 17 33 65 129
Tii, sec 4 5 7 10 16 30
T, sec 3 4 7 13 23 45

pol»

6.5 Comparison of effectiveness of Fourier-Legendre
series, trigonometric Fourier series and integral
sums for approximation of stochastic integrals

In this section we will compare effectiveness of usage of polynomial
and trigonometric functions in the course of approximation of multiple
stochastic integrals. In addition, we will compare effectiveness of usage of
methods, based on multiple Fourier series and multiple integral sums.

Let’s examine stochastic integrals Ié;,)t, Iég?t, which may be met, for
example, while realizing the strong numerical procedure of order of ac-
curacy 1.0 for stochastic differential Ito equation [23], [24], [46]. We will
approximate them firstly using the trigonometric system of functions (for-
mulas (5.42), (5.44)), and then using Legendre polynomials (formulas (5.3),

(5.6)).

The number g = gy in the first case we will select from the condition

(T _ t)2 (7.(-2 Gtrig | >
~ | — — — | < 6.43
272 6 ,;1 r2) =% (6.43)
and number ¢ = g, in the second case we will be selected from the condi-
tion: )
(T _ t) <1 dpol 1 )
AN Ay g — < 6.44
> o X)) S*® (6.44)

where girig and gpo1 — are minimal natural numbers, satisfying to the con-
ditions (6.43) and (6.44) correspondently. |
In table 6.1 the values guig, oot When ¢ = (T'—¢)?, T —t = 277;

Jj =5,6,...,10 are given. The values T¢,,, T correspond to the computer
(1)

time, consumed on 200 independent numerical modellings of integrals I ',

I(%Bt according to formulas (5.42), (5.44) when ¢ = gy, and according to

formulas (5.3), (5.6) when ¢ = gpo1. At the same time, each fixed model-
ing according to formulas (5.42), (5.44) and (5.3), (5.6) correspond to the
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Chapter 6. Other methods of strong approximation of stochastic Integrals

same realization of the sequence of independent standard Gaussian random
variables.
Note, that formula (5.44) was used here without a sum member

1 2 . . . .
(T - t)%\/@ (™ - e
which requires the certain computer time for its numerical modeling.

From the results given in table 6.1, it is clear, that when 7' —¢ > 277,
the polynomial system is a little bit better, than the trigonometric one
according to consumption of computer time. However, even when T' — t <
278 usage of the trigonometric system provides an insignificant advantage.

This picture changes cardinally when analyzing combinations of more
complicated stochastic integrals.

Let’s analyze stochastic integrals

](gzqvl’za [1(;1,27 1662;;)7 [(gz)?bz;,ztl)a ila i?a 7’3 = 1) cee, M (645)
which may be met, for example, while realizing the strong numerical pro-
cedure of order of accuracy 1.5 for stochastic differential Ito equation [23],
24], [46].

Let’s present the numerical result, which provides a possibility to see,
that modeling the set of stochastic integrals (which is necessary for realiza-
tion of strong numerical method of order of accuracy 1.5 for the stochastic
differential Ito equations [23], [24], [46]) with using of the polynomial sys-
tem of functions provides the advantage in computer time in more than 2
times in comparison with the trigonometric system of functions, at least, in
case of not very small 7' — ¢ (note, that in this section we will also analyze
more general situation in which the polynomial system of functions pro-
vides the advantage in three times in comparison with the trigonometric
one within the limits of the considered question).

At first, let’s examine the simplified set of stochastic integrals Iég?t,

]égg;l‘
In case of polynomial system of functions we will be looking for numbers

q,q1 in the approximations 13323, 1333231, defined according to formulas

(5.6), (5.28), on the basis of following conditions:
T—-t)*1 & 1
@21 _g

2 =421

) < (T -1t)*, (6.46)

r-i(5- & ) < (-0, (6.47)

i,5,k=0
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6.5 Comparison of effectiveness of Fourier series and integral sums

Table 6.2: Values ¢, g1, Ty, Tty (polynomial system)

Tt 0.08222  0.05020  0.02310  0.01956
q 19 51 235 328
TYop, sec 5 12 92 73
TTo, sec  13.5 36 181 225

Table 6.3: Values q, q1, Tfy, 1%, (trigonometric system)

T—1 0.08222  0.05020  0.02310  0.01956
q 8 21 96 133
TV, sec 12 24.5 105 148
1o, sec 44 88 411 660

where

J@2i+1)(25 +1)(2k + 1)

Crji = 3 (T — t)3/2ékji§
. 1 z Yy
Ciji = [ Pu(2) [ Piy) [ P.(x)dzdydz;
21 21 21

P;(z) — is a Legendre polynomial.

In case of trigonometric system of functions we will use formulas (5.44),
(5.45) when i3 = 3, io = 2, i1 = 1, and we will be looking for numbers ¢, ¢1
from the conditions:

inin inin) ) 2 T—-t)(n* 41
M {(I(gom) - (goT,t)q> } = u(g - —2> <&, (6.48)

i ii211) 00 2 4 1 Qo]
M (I = T )} = @ -0 - g X -

55 & 1 1 m5ﬂ+4#—3ﬁﬂ}
<e.

L=t Tél r2i2 (r2 — [2)?
T#l

(6.49)

In table 6.2 we can see minimal values of numbers ¢, g1, satisfying the
conditions (6.46), (6.47) for various values T'—¢. In table 6.3 we can see the
values of the same numbers for conditions (6.48), (6.49) when ¢ = (T —t)*.
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Let’s provide 100 independent numerical modellings for various values
T —1 of set of stochastic integrals Iég,?t, 15332, defined using formulas (5.6),
(5.28), obtained using polynomial system of functions.

In table 6.2 we can see the values of computer time 77,, consumed for
solving of this task with various values T — t.

Let’s repeat this numerical experiment for approximations (5.44), (5.45)
when i3 = 3, 19 = 2, 41 = 1 which were obtained using trigonometric system
of functions. Its results are inserted in table 6.3.

Let’s note, that hereinafter in this section formulas (5.44) and (5.45)
were used without members

1 V2

S (T =)=y (66 - (e
and 3 1 NP N (s
(- 135 5V (67676 - €0V ) +
B (1656 -
~2PIG VG + G
correspondently.

It support numerical results specified in tables 6.2 and 6.3.

Comparing obtained results we come to the conclusion, that within the
limits of numerical experiment when modelling correspondent collection of
stochastic integrals, the polynomial system of functions gives the advantage
in two times in computer time in comparison with the trigonometric system
of functions.

Let’s extract approximations 10%3?;?3, defined by (5.29) in an explicit
form when ¢ = 1,2, 5, 6, taking into account their practical importance (in
theorem 4 the formulas given below correspond to approximations I&%ﬁ“)q
in case of any possible 41,42,i3 = 1,...,m and ¢ = 1,2, 5,6 when replacing
their upper index (123) by index (#132i3) and upper indexes (1), (2), (3) by
indexes (41), (42), (i3) correspondently):

123)1 3 1. I ) e I ).\ .3
I(gooTl = (I'—t) l((éfo( - mﬁ( )> C(g )+ 2—0C1( ¢ )> C(g +
+ ((Lgm _ i&)) @ 4 idl)g@)) c("’”]

4\/§ 0 10 1 0 20 0 1 1 )
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(123)2 N3 L)) @
Ioooy, = (T —1) H( Co \/—C1 12\/36 )Co +
1o 1 aN\.o,( 1 o, 1. o) @), 6
+ (¢ VA )+ ( wgco +4m<1 + ) )+
I o 1 .oyo, (1.0 L ) @

H{ (7 = 156) & + (556" - 1) 6+
4+/3 10 20 14/5
1 e T ) @) 6
+< 4\/*C0 +7\/5C1>42 }Cl‘l‘
w1 @, ( 1 o 1 0).@
+{<12\/—C CQ >C0 +<4\/ECO 14\/5C1 )Cl
e} )

123 123 3 1 1) (2 1 1 1 1 2
IéOOT)t éOOT)t +(T_t)2 H 10\/ﬁ<'§ )Cé )+ <_4\/£C?E ) + 28\/5@5 )> CQ( )+
V3 0 o, 1 o).
- + + V- + +
( 20ﬁ€1 zL\/%C2 180C3 12ﬁ§4 9\/7_7C5 G

L I o, 1 @ (1)) 2)
=07 2@+ 5 A8 gl T +
( TRy ) - 5d)d

) L ) (2)} (3)
G+ —— + — +
( o+ 468<5 Y

L ). (1) (2) ( (1) (1)) 2)
+ + — + (= + +
{20 T+ el - ﬁcg =) d
V3 (1) (1 W\ -2
+ — +
(20\/7CO 3\/10542 220\/591 s

1 a (1) 8 <1>> 2)
Y S S Ry L +
< 701 220\/21&” 91\/§C5 G

vE oy 3T o)) o) @
I P S O +
( 42\/§C2 364\/?§C4 CS Cl

o 1 @ (1 .0 1 a 53
& - ) 6 +(180<1 ) - )

s

(1) (1) (1)) 2)
+—=¢ - —G + +
<28ﬁ<0 13242 286\/5<4 G
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1) 19 2 1 (1)) )
+—=¢" — = +
(12ﬁ<° 92201/21 2145 156ﬁ€5 G

L 1 (1)) 2)
+—¢ — +
(308% 5724/5 G )

A G+

L 37 ) 1 1 (1)) <2)} (3)
ol ———" = — +
( 12\/ﬁ<° 364\/5Cl 78ﬁC3 1856a% )& p G

I o 1 (1)) 2) ( 1 ) 5 (1)) )
1 —=g" - — + " - +
{<36\/ﬁg3 5315 | <0 21\/165C2 364\/Z§C4 G
I 37 2 (1)) 2)
— - — '+ +
+ (14\/165<1 468\/385<3 819\/5C5 G2

L 29 1 (1)) 2)
4 - —— G+ —— +
<9ﬁ<° 234\/38542 156\ﬁC4 G

L 8 L o 1 <1)> 2)
+<12mC° 91\/551 +156\/ﬁg3 t oo )

L 1 1 (1)) <2)} (3)
+<468C0 819\/5C2 18564C4 GGt

I o 1 1 (1)) 2)
+ — G+ +
{ (20@ G~ 5o 36ﬁ<5 %

L L 1 (1)) 2)
+<1o\/ﬁco 12\/105@ 55\/ﬁc“ Gt

L 1 L 37 (1)) 2)
+ — 4 - +
(zL\/:)EC0 12\/5Cl 186\/5C3 468\/385C5 ¢
L I, 2 (1)) 2)
+<180€0 372\/3C2 T onast )6t
L ) 23 . 4 1 <1)> (2)
+< 12ﬁ¢° +220¢2TC1 21255 +156ﬁ<5 G

5 ., 19v5 1 o) ol e
p(=—2 0y ZIVO ) +

L ). ( L 1 (1)) @ 1 ).
e + (= + - +
{84\/5<4 % 12\/105@’ 21\/165C5 G~ 3% @

L 1 L 29 (1)) 2)
- - - —
< 4\/£C° 3\/10541 372\/5<3 234\/385C5 G
I o, 1 0 1 (1)) 2)
+ (- + (G - ——— +
( s+ e = o =)l
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H (-t + et - ) )

42+/33 46877 8195
123)6 123)5 3 1 1 1 a 2
I(gooT?t = (gooT?t + (T'—1)> H (m@i - %Cé )> &+
5 (1) 1 (1)) 2)
+——(3 — +
(132\/273&” 30\/429<5 G

5 ) 19 1 (1)) 2)
+ — +— +
(462\/EC2 924\/@64 561\/5C6 G2

1/ 143
&V P+

o 4
39613 ' 84157

1 1
G+ —Qﬁ”) G+

5 .
+ -
(66\/27341
2v/5

5 . (1)
+(132\/EC° 2B1y13e T

4764/13 9690

G 4 1 (1) 1 (1)) 2)
4+ — o B ¢ S +
(4\/14340 15\/429Cl 510\/1001&” 5814\/EC5 G

1o 1 1 (1)) (2)} (3)
+<660C0 Jr1122\/5C2 To330% ) %6 j % T

L I o, 1 (1)) 2)
4+ —— + — +
{< 22\/1_3C4 4\/143&’ 660 ) <6

O 2 1 (2)) <1)} (3)
+ — +
(132\/EC4 4\/143C5 %y <0

5 ) 5 L) 113 <1>> 2)
+{(- + - +
{< 44\/273<1 198\/ﬁ§3 3060\/1001C5 Cﬁ

+ (LG@) _ 5 Lg@)) C(l)}
921324/273 396+1/13 30604/1001>° ) °°
I 299 ) L 1 <1)> 2)

=+ —— Y - — +
{< 22\/E<° 924\/@€2 238\/EC4 19380 ) <6

) 19 @ 1 <2>> <1>} (3)
+ | —=¢Y - ————¢7 + +
<132\/BC° 924¢63€2 476\/BC4 S G

5 m, V3 ) .o
D D e L — +
{( 44\/273&” 10v143°% | 0

5 @ 4 <2>> (1)} (3)
+ S — +
(66\/27343 15\/429C5 % G
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S ) 29 ) 1 (1)) 2)
+{< 231\/ﬁC2 Jr924\/6_5c4 1122\/5C6 G+

5 . 25 o)) .0l .@
+<462\/EC2 231\/EC4 <.6 C2 +

Lo, V3 113 L o) e
= = - - = +
{( WiB® T l0vaist T 3060vi001% 290713 )0

1 @, V143 ¢ 1 @) ol
+ + T .
(30\/429C1 8415ﬁ€3 5814\/EC5 Gy

Let’s demonstrate, that in some situations the advantage of polynomial
system of functions in relation to the trigonometric one in terms of com-
puter time for modelling of collections of multiple stochastic integrals turns
to be more impressive.

The fact is, that when solving practical tasks we often have to model
several stochastic integrals of the same type taken for various combinations
of upper indexes at each step of integration. In this case it is useful to reduce
the total number of modeled integrals using the following relations

1855+ 1853 = 1182 w1,

,t

(i1ais) (i1sis) (inivis) (inigin) (igiain) (igivia) (i1) 7(is) 7(is)
11113 +Izz3z _{_11113 _I_Izz3z +Iz3zz +Iz3zz i Iz I?

0007 0007 0007 0007 0007 o0or, = Lor,Lor, Loy, W- P- 1,

where i1, 19, 13 — are different; 41,149,135 € {1,...,m}.
In accordance with mentioned, let’s analyze the following collection of
stochastic integrals:

I6)s T Tores Tooges Toomes Tovomes Toumes To00res Tooores Toongss (6:50)
where 1 =1, 2, 3.

Let’s make independently 100 models for various values 7' — ¢ of the
set of stochastic integrals (6.50) using formulas (5.3), (5.4), (5.6), (5.28).
In table 6.2 we can see values of T3, consumed for solution of this task
with various values T' — t. Let’s repeat this numerical experiment using
approximations (5.42)—(5.45). Its results are inserted in table 6.3.

Comparing the obtained numerical results we can note, that in this case
the polynomial system of functions gives advantage in 3 times it terms of
computer time when modelling the collection of multiple stochastic inte-
grals.
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Note, that generally speaking the set (6.45) includes m3+m?+2m of var-
ious multiple stochastic integrals. When m > 3 the number m3 +m? 4 2m
may turn out to be significantly bigger, than in case (6.50) (in (6.50) m = 3
and the multiple stochastic integrals with two coincidental upper indexes
from three ones are not considered) and as the author suppose, the ad-
vantage of polynomial system of functions will be even more essential. We
may expect the same effect when analyzing more complicate collections of
multiple stochastic integrals than in (6.45), which are necessary for build-
ing more accurate strong numerical methods for stochastic differential Ito
equations [23], [24], [46].

Apparently, the mentioned tendency is connected with the fact, that the
polynomial system of functions has a significant advantage over the trigono-
metric system of functions for approximation of multiple stochastic inte-
grals where not all weight functions of type (7) = (t—7)51=0, 1, 2,...
identically equal to 1, that corresponds to [ > 1 in the given representation.
In order to understand it is enough to compare formulas (5.4), (5.5), (5.7),
(5.8), obtained using Legendre polynomials with their analogues (5.43),
(5.48), (5.47), (5.46), obtained using trigonometric system of functions.

Finally, we will demonstrate, that according to computational costs on
modeling of collection of multiple stochastic integrals, the method based
on multiple Fourier series is signficiantly better, than the method based on
multiple integral sums.

Let’s examine approximations of multiple stochastic Ito integrals, ob-
tained using the method based on multiple integral sums:

IOTt \/_zgj, (6.51)

IOOTt A Z gg Z 67, ) (652)
(4) _ () \/— - :
where 5 = (i (j41)a ft vja)/VA; i =1,2 — are independent standard
Gaussian random values; A = (T'—t)/q; [OOT o I(gT) . — are approximations
of integrals Iéﬁﬁt, I(g;?t.

Let’s choose number ¢, included in (6.51), (6.52) from the condition
@ _ g2 _ (T —1)° 3
M {([oom - fowf) } =y S (T —t)".
Let’s make 200 independent numerical modellings of the collection of

stochastic integrals I(%Bt, 1Y using formulas (6.51), (6.52) when T'— ¢t =

O,
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Table 6.4: Values ¢ and T, (method of integral sums).

sum

T —t 9-5 9-6 9-7
q 16 32 64
T* . sec 26 93 391

sum?’

27J; j =5,6,7. In table 6.4 we can see the time T,
for performing of this task.

Comparing tables 6.1 and 6.4 we come to conclusion, that the method,
based on multiple integral sums even when T — ¢t = 277 is more than
50 times worse in terms of computer time for modelling the collection of
stochastic integrals I(%i)t, Ié;)t, than the method based on multiple Fourier
series. ’ ’

Not difficult to see, that this effect will be essentally bigger, if we con-
sider multiple stochastic integrals of multiplicity 3, 4, ... or choose value
T — t smaller.

Demonstrated numerical experiments provides a possibility to get
sketchy idea about ”good” and ”bad” numerical methods, but we can see
rather well-defined picture.

which was necessary

6.6 Multiple stochastic integrals as solutions of sys-
tems of linear stochastic differential equations

G.N. Milstein [23] proposed an approach to numerical modelling of mul-
tiple stochastic integrals, based on their representation in the form of sys-
tems of linear stochastic differential equations. Let’s analyze this approach
using the following collection of multiple stochastic Ito integrals as an ex-
ample:

S S T
= [dt®, 15 = [ [ degagl) (6.53)
t t ot
whereii, o =1,....m;0<t<s<T, fT(’); 1 =1,...,m— are independent

standard Wiener processes.
Then we have the following representation:

(i1) (41) ;

I, 0 0\ I, : 1 0 £i1)
d :( ) dfé@h)-}-( >d< 5 ) 6.54
(I(gllh)) 1 0 ([(glllz)) 0 0 fs(’t2) ( )

It is well-known [23], [24], that solution of the system (6.54) may be
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6.6 Multiple stochastic integrals as solutions of systems of linear equations

represented in the following integral form:

1&” s (g 8)(ﬂm fm)<]_ 0) (ﬁh))
— [e dl @ .1, 6.55
( I(glllg) t/ 0 0 fo(w) ( )

A A def

k§ A¥/kl; A — is a square matrix;
0

where e — is a matrix exponent: e

AT isa unity matrix.

Numerical modeling of the right part of (6.55) is unlikely simpler task
than the jointly numerical modeling of the collection of stochastic integrals
(6.53). We have to perform numerical modeling of the collection (6.53)
within the limits of this approach by numerical integration of the system
of linear stochastic differential equations (6.54). This procedure may be
realized using the FEuler method [23], [24]. Note, that the expressions of
more accurate numerical methods for the system (6.54) [23], [24], [46] con-
tain multiple stochastic integrals (6.53) and therefore they useless in our
situation.

Assume, that {7;};_) — is a partition of the interval [t, s], for which
7, =t+3A; 5 =0,1,...,N; 7y = s. Let’s write down the Euler method
[23], [24] for the system of linear stochastic differential equations (6.54):

(i1) (i1) Af i1) _
y y (i) _ o oliri2)
( (11)1-”;21)) - <y(];1l2)) + ( Af i2) ) aYOl =0 » YO0 = 0, (656)

Yp+1 p
where yg}) def I(fl); y%”'Z) def yi(fm) — are approximations of multiple

stochastic integrals [ éﬁ;?t, I (%1;22, obtained using the numerical scheme (6.56);
AfD) = £ _£0-5=1 ... m

T Tpt1 Tp ) 1c

Iteratlng the expression (6.56), we have

zz) N1zl
lzoAf“ ta) — ZOIZOAf“ A£®), (6.57)
= q=

where 2@) def 0.

The formulas (6.57) are the formulas for approximations of multiple
stochastic integrals (6.53), obtained using the method, based on multiple
integral sums.

Consequently, the effectiveness of methods of approximation of multiple
stochastic integrals based on multiple integral sums and numerical integra-
tion of systems of linear stochastic differential equations using the Euler
method turns out to be similar.
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6.7 Combined method of approximation of multiple
stochastic integrals

In this section we build the "hybrid” of methods of approximation of
multiple stochastic integrals, based on multiple Fourier series (theorem
1) and multiple integral sums (hereinafter referred to as the combined
method). It appears, that when storing the required relation of one method
impact on the other, we may achieve some advantages over the ”clean”
usage of the method, based on the multiple Fourier series.

Namely, it is explored, that the combined method of approximation of
multiple stochastic integrals provides a possibility to diminish significantly
the whole number of coefficients of multiple Fourier series which are nec-
essary for approximation of the considered multiple stochastic integral.
However, in this connection the computational costs for approximation of
the mentioned stochastic integral slightly increase.

6.7.1 Basic relations

Using the property of additivity of the stochastic Ito integral we may
write:

Ig) = VA Z G wop 1, (6.58)
. N-1, . .
=y (Iﬁ;lw —A?’/Zkggf,;)) w.p. 1, (6.59)
k=0
mz N —1k-1 N—lj(z'liz) 1 6.60
OTt Z Z ]gzo OOTk-i-l*"'k w. p. 1, ( . )
Jliviais) _ A3/2 —1k-11-1 .
0007 Z > ZC@k 01 +
=0 [=0¢=0
\/7N —_ Z17»2 7,27,3 7,11,27,3 1- 6 61
z; oTllTl—i-Co 007, 1174 —I—Z 00, - WP 1; (6.61)
1, r=1,....m T —t=NA; Tk—t-l—kA

Tk+1
G AT [ dwld;

Tk

k=0,1,...,N — 1; N < oo; the sum according to empty set is equals to
ZEro.
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6.7 Combined method of approximation of multiple stochastic integrals

In the formulas mentioned above we examined stochastic Ito integrals
from the family (5.1).
Substituting the relation

1 A3/ 1 1
I](.f'ki-ly‘l'k - _T ( (gk) + % l(lk)> W. P. 17

into (6.59), where Céf}g), fz}g) — are independent standard Gaussian random
values, we get:

A A3/2N2_1<<1 +k>§ PR “’) 1 (6.62)
Ly = \\2 0,k 2\/— Lk p

Let’s approximate, using the method of multiple Fourier series according
to the Legendre polynomials, the following multiple stochastic integrals

i) plivia) zggg;jg%, included in the right parts of (6.60), (6.61).

0 Tk+1Tk Tk+1:Tk
As a result we get

—1k-1

L Zo = @i Z o (6.63)
[(111223) 141,42 A3/2 —1k-11-1
0007, ¢ Z ZZCOk Ol 0
=0 =0 ¢=0
\F ) i H NE (ivinia)e
1 2) 2 3) 14213)q2
+ A k-z(] lZO (CO Tl 1-7] CO Tk 1 Tk) + kgo IOOOTk+1aTk7 (664)
where approximations Io(élfﬁilr : Io(élt)if:i)quk are obtained using the method of

multiple Fourier series (theorem 1) according to Legendre polynomials.
In particular, when N = 2, the formulas (6.58), (6.62)-(6.64) will look
as follows :

i = A3/2(

T,

i1 3 i1 1 i1 11
QC(,O) + _C(g,1) + F (Cl(,o) + d)ﬁ)) w.p. 1, (6.66)

I(gloqui) = ( Co +IOM2) +I(%i2)q)a (6.67)

"'1 0 72:71

I(%l()%;l:) g2 \/Z< (gfi)lé&@z:h + CO 1213)(11) _{_1(111213)% _I_I(l1%213) (6 68)

T2 1 Tl 0
where A = (T —t)/2; . =t + kA; k=0, 1, 2.
Note, that if N = 1, then (6.58), (6.62)-(6.64) transfer to the formulas
for numerical modeling of mentioned stochastic integrals using the method
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of multiple Fourier series. So, we may claim, that the method of multiple
Fourier series is a particular case of combined method when N = 1.
Note, that later we will demonstrate, that modelling of multiple stochas-

tic integrals IéTz, Il(Tz, I(gf)qui), Ié%;ff) using formulas (6.65) — (6.68) results
in abrupt decrease of the total number of Fourier coefficients, which are
necessary for approximation of these integrals using the method, based on
theorem 1.

At the same time, each right part of formulas (6.67), (6.68) include two
approximations of multiple stochastic integrals of 2nd and 3rd multiplicity,
and each one of them must be obtained using the method based on theorem

1. Obviously it results in increasing of calculation costs for approximation.

6.7.2 Calculation of mean-square error

Let’s calculate mean-square errors of approximations, defined using the
formulas (6.63), (6.64). We have

N-1 2
def 12 i1i2) N, 102 12
N@me%Q—%gq)}}gm“@ﬁm—m@ﬁg}:

2

_ A2<1 lé 1) (; quﬁl_J? (6.69)

=1

[\&) |

2
def i12i3) (i1i2i3) N.q1,q2 —
ENg1,.q2 — M {( 0007, — ]oooTt =

= (35, (V3 3 (o (A, - )+

k=0

S (2, — 1, ) )+ Hai, — 1)) | =

Tk+1:Tk Tk+1Tk Tk+1Tk Tk+1:Tk

Tl+1 T TI+1:71

(1) ( +(inis) (iinis) 2
11 I 1213 z2z3 q1 l1%2%3 ] 111213)q2 —
+<07l ( 00Tk+1,Tk Tk+1 Tk)) _I_ Tk+1 Tk OOOTk+1,Tk> }

- S (vE (a (1, - i)+



6.7 Combined method of approximation of multiple stochastic integrals

(iis) zzz @ (hizi) _
+AM{<<IOOT:+1% o Tk3+1 Tk) Z CO ) } qu 3 ) B
]Vzl A Z M 1112) o I(iliZ)ql 2 +
=0 =0 Tl+1 u 007!+1’Tl

(i2i3) (i2i3)q1 iviniz) |\ _
kAM{ (I Orjrimn ]007k+1’7'k> } + 5k 42 ) T

Nl ) ( ) 2 ( . )
s, i)}t

k=0 "'k-‘,—l Tk Tk+1:7k
N-1 A2 4l 1
" 1 wm):
= 2 (a5 (5 2)

= A3 5 —_—

N(N—l)(l a1
=R |

B

1 1 1\/1 o 1
= —(T — 3(— — —> <_ ) i1iai3) )
2( t) N N2)\2 2141 2_1) " Z 5’“12 ’ (6.70)

where

ﬂﬁ?”——M{(é“W” -—L%?M@>2}

Tk+1 Tk Tk+1:Tk

i1 # i21n (6.69) and not all indexes 71, i2, i3 in (6.70) are the same (otherwise

there are exact relationships for modeling of integrals Iééﬁ), Ié%bi;ff)).

For definiteness, assume, that iy, 49,43 in (6.70) are different. Then

7,11223 1 & Clzl
Ok A3<6 - _;O AJ3>’ (6.71)
1,),0=

where

J@2i+1)(25+1)(20 + 1)

Clji = 3

A3/26_(lji7

y

Clﬂ_/Pl /P /B \dzdydz;
-1

P,(z) — is a Legendre polynomial.
Substituting (6.71) into (6.70) we get

1 1 1yl & 1
=50 (-3 (5 - )
Naw =Ty ) " e 1)t
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Table 6.5: T —t = 0.1.

N q Q1 g M
1 13 — 1 21
2 6 0 0 7
3 4 0 0 5

Table 6.6: T — ¢t = 0.05.

N q ¢ q M
1 50 - 2 7
2 25 2 0 26
3 17 1 0 18

4}T—Q3C gi(%+1x%+4x%+1kﬁa.

N2 \6 i 64

Note, that when N = 1 formulas (6.69), (6.72) pass into the corre-
sponding formulas intended for mean-square errors of approximations of
the integrals IéalTli), [é%;?), obtained using the method of multiple Fourier
series (theorem 1) according to Legendre polynomials.

(6.72)

6.7.3 Numerical experiments

Let’s analyze modelling the integrals IéiTl,Z, I(%lTij). To do it we may use

relations (6.58), (6.63). At that, the mean-square error of approximation
of the integral Iéf{;i) is defined by the formula (6.69) using Legendre poly-
nomials. Let’s calculate the value ey, for various N u ¢ :

32 ~ 0.0167(T — t)?, €93~ 0.0179(T — t)?, (6.73)
16~ 0.0192(T — t)*. (6.74)

Note, that the combined method (formulas (6.73)) requires calculation
of significantly smaller number of Fourier coefficients, than the method of
multiple Fourier series (formula (6.74)).

Assume, that the mean-square error of approximation of the stochastic
integrals I(gf{;i), [é&f;zf) is equals to (T — t)%.

In tables 6.5-6.7 we can see the values NV, q, ¢, g2, which satisfy the
system of inequalities:

{ eng < (T —t)*

ENarg < (T —1)* (6.75)
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6.7 Combined method of approximation of multiple stochastic integrals

Table 6.7: T — t = 0.02.

N q Q1 g M
1 312 - 6 655
2 156 4 2 183
3 104 6 0 105

and the total number M of Fourier coefficients, which are nesessary for
approximation of the integrals [33;’?, 1661872,13) when T'— ¢t = 0.1,0.05,0.02
(numbers g, g1, g2 were taken in such a manner, that number M were the
smallest one).

From tables 6.5-6.7 it is clear, that the combined method with small N
(N = 2) provides a possibility to decrease significantly the total number of
Fourier coefficients, which are necessary for approximation of the integrals
Iég;i), 15610’;’13) in comparison with the method of multiple Fourier series
(N = 1). However, as we noted before, as a result the computation costs
of approximation are increased. The approximation accuracy of stochastic
integrals for the combined method and the method of multiple Fourier

series was taken similar and equaled to (T — t)*.
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Chapter 7

Stochastic integrals and stochastic
differential equations

7.1 Stochastic Ito integral

Assume, that (2, F, P) — is a fixed probubility space and f; ¢ € [0,T] —
is standard Wiener process, defined at (€2, F, P). Let’s analyze the collection
of o-algebras {F;, t € [0,T]}, defined at (2, F,P) and connected with the
process f; in such a way, that:

1. F, CF; CF for s < ¢;
2. Process f; is Fi-measurable for all ¢ € [0, T;

3. Process fian — fa for all A > 0, ¢ > 0 is independent with the events
of g-algebra Fa.

Let’s analyze the class Ma([0, T) of functions £ : [0,7]x Q — R, which
satisfy the to conditions:

1. The function £(¢, w) is a measurable in accordance with the collection
of variables (t,w);

2. The function &(t,w) is Fy-measurable for all ¢ € [0,7] and &(7,w)
independent with increments fi an — fa for A > 7, ¢ > 0;

3, ;flvl {(€(t,w))?) dt < oo;

4. M {(f(t,w))z} < oo for all ¢t € [0,T].

For any partition {Tj}j-vzo of the interval [0, T] such, that, 0 =75 < 7 <

. < v = T, we will define the sequense of step functions ¢ (t,w) :
EM(tw) = ¢ (TJ(N),LU) with probubility 1 for ¢ € [TJ(N),T}fl) ), where j =
0,1,... N—1.N=1,2,....

Let’s define the stochastic Ito integral for & € Ms([0, 7)) as the following

230



7.1 Stochastic Ito Integral

mean-square limit

N-1 T
lim 3 €M) (flrhe) - f™0) € [edr, (1)

where ¢™V)(t,w) — is any step function, which converges to the function
&£(t,w) in the following sense

lim [ M{[eM(t,w) — £(t,w)[ } dt =0, (7.2)

N—oo 0

It is well known [2], that the stochastic Ito integral exists, doesn’t depend
on the selecting sequence ¢V )(t, w) and has the following properties:

1 m{Jedr} =0
2. M{ ([ &df,)? = [M{E2)ar;
3.1 (0 + Bu) dfy = @[ &dfy + B [ medf, w. p. 1
4. M{T&df, [oedf, | = (M (.} dr.
Also . .
0/ E Lt (7)dfr & / &-df,

where 1y, ,,1(7) = 1 for 7 € [to, 1] and 1y, 4,1(7) = 0 otherwise.
Using feature 3 for & 1y, 4(7) = & Lo 01 (7) + &1, 4(7), T # t1, We get

t1 14 t
/gsdfs_*'/gsdfs = /gsdfs w. p. 1,
to t1 to

WhereogtoétlgtST.
Let’s define the stochastic integral for £ € My([0,7]) as the following
mean-square limit

- T
lim. NZ;I ¢ (TJ(N),CU> (Tjgi\? - T}N)) « O/frdT,

N—oo j=

where ¢V (t,w) — is any step function from the class My([0, T]), which
converges in the sense of relation (7.2) to the function £(¢, w).
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T
Let’s analyze the well-known features of the stochastic integral ({ EqdT
T T
1. M {({ deT} = g M {&;} dr;
T 2 T
2. M{(f&ch) }ngM{gz}dT;
T ’ ’ T T
3. g(afT + ;) dr = a({é}dT—l—Bgde w. p. 1 Vo, B € RL.
The property of additivity may be analyzed also as for the stochastic

Ito integral.
Note, also, that [2]

M{ [ &df, 2”} < (t -ty (men— 1) [M{l& "} dr,  (7.3)
M{ [ &dr 2n} < (t—to)" ! [M{|&[*"} dr, (7.4)

where (&))" € May([to, t]).

7.2 Stochastic Stratonovich integral

Let’s examine the class Qa2 ([t, T]) of Ito processes n, € RY; 7 € [¢,T]
such, that

nr=mn+ /Tasds + /Tbsdfs, (7.5)
i t

where f, € %! is F,-measurable for all s € [t, T] standard Wiener process
and

L. al, b € Mo([t, T).

2. For all s, 7 € [t,T] and some positive constants C, v < oo: M{|bs —
b1} < COls — 7.

Assume, that Cyo(R!,[t,T]) — is a space of functions F(z,7) : R! x
[t,T] — R!, which continuously differentiated two times using variable z,
and these derivatives are bounded uniformly for z € R, 7 € [t, T).

Let’s define the stochastic Stratonovich integral for the process F(n,, 7);
7€ [t,T] (F(z,7) € Co(RL, [t,T])) as the following mean-square limit

1

N-1 /1
Li. F= (N>> —~ € [ F(y,,7)df:
im 5 (5 (ng +ngn) o) (Fy = ) # [ Pl
(7.6)
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7.3 Ito formula

where the sense of formula (7.1) notations is kept.

It is easy to demonstrate, that if n, € Qs([t,T]), F(n,,7) € Ma([t, 1)),
where F(z,7) € Co(RY,[t,T]), then the following relation between the
stochastic Stratonovich and Ito integrals is reasonable

T T 1 ToF
t/ F(n,,7)df, = t/F(nT,T)dfT—I— 2 5 (1 T)bed7 wop. 1. (1)

If the Wiener processes in (7.5) and (7.7) are independent, then with

probubility 1
*T

T
| Flo,7)dfr = [ F(ns,7)df.
t

t
Also, if nW € Qu([t, T)); i =1, 2, then

T
(@) 7¢() _ @) 7600) o+ Z1.. .
t/ ny dfy)) = t/ﬂT df’’ + 21{Z=J}t/deT w. p.1,

where the process nf) looks as follows

0 =0 + [auds + [ budf.

Here fY) € R!; j =1, 2 — are independent standard Wiener processes;
14 — is an indicator of the set A.

7.3 Ito formula

Assume, that (2, F,P) — is a fixed probubility space, and f; € R™ is
Fi-measurable for all ¢ € [0,7] vector Wiener process with independent
components ft(z); t = 1,...,m. Assume, that the stochastic processes agi)
and BU) i =1,...,n;j=1,...,m are such, that al’), B@ ¢ M,([0, T))
forall:=1,...,n;75=1,...,m.

Let’s analyze the vector Ito process x; € R",t € [0,T] of type

¢ t
X; = X4 + /aTdT + /BTdfT w. p. 1, (7.8)

where 0 < s <t <T.
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Assume, that the function R(x,t) : R" x [0,7] — R! has continuous
partial derivatives

OR OR &R
ot’ 0x’ 9x®ox()’

,7=1,...,n.
Within the limits of examined assumptions for all s,¢ such, that 0 <
s < t < T, the following Ito formula takes place with probability 1 [2]:

R(x4,t) = R(xs,5) + /(%—If(XTaT) + Z al) ——

m n . . 82R m n .. .
(ij) plkj) __~ *v (ij) Y% (J)
> 3 BB ) )T+ 3 Y [ B i 0 )Y

7.4 Stochastic differential Ito equation

Assume, that (2, F,P) — is a fixed probubility space and f; € ™ —
is Fi-measurable for all ¢ € [0, 7] vector Wiener process with independent
components £ i =1,...,m.

Let’s analyze the following stochastic differential Ito equation:

t t
xi = X0+ [ a(xs, 7)dr + [ B(x,, 7)dfr, X0 =x(0,w), (7.9)
0 0

where the stochastic process x; € " — is a solution of equation (7.9);
a: R x[0,7] - R, B: R x[0,T] - ™, xg — is a vector initial
condition; x¢ and f; — fy — are independent when ¢ > 0.

The stochastic process x; € R" is called as a strong solution (hereinafter
referred to as solution) of stochastic differential Ito equation (7.9), if any
component of x; is Fy-measurable for all ¢ € [0, 7], integrals in right part
of (7.9) exist and the equality (7.9) is executed for all ¢ € [0,7] with
probubility 1.

It is well known [2], that there is a unique (in the sense of stochastic
equivalence) continuous with probubility 1 solution of stochastic differential
Ito equation, if following 3 conditions are met:

1. The functions a(x,t), Bi(x,t) : " x [0,T] — R"; k= 1,...,m are
measurable according to collection of variables (x,t) € R"x[0, T'|; By(x;, T)
is k-th colomn of matrix B(x, T);
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7.5 Stochastic integral according to martingale

2. For all x, y € R" there is such constant K < oo, that

[a(x,t) —aly, )|+ 2 [Bi(x,t) = Bily, )] < Klx =],
=1

m
ale, O + 3 |Br(x, )" < K (14 |x[);
k=1

3. The random value xq is Fo-measurable and M {|x,|?} < oo.

7.5 Stochastic integral according to martingale

Assume, that (2, F,P) — is a fixed probubility space and {Fy,t € [0, ]}
— is a non-decreasing collection of o-algebras, defined at (€2, F, P). Assume,
that M;, t € [0,T] is Fi-measurable for all ¢ € [0,7] martingale, which
satisfies the condition M{|M;|} < oo and for all ¢ € [0, 7] there is a Fy-
measurable and non-negative with probubility 1 stochastic process p;, t €
[0, T'] such, that

M{(M, — M,)?|F;} = M{/pTdT|Ft} w. p. 1,
t

where 0 <t < s <T.
Let’s analyze the class Hs(p, [0, T]) of stochastic processes ¢, t € [0, 7],
which are F;-measurable for all ¢ € [0,7] and satisfies the condition

T
M {g gofptdt} < 00.
Let’s analyze the partition {7;};_, of the interval [0, T] for which

(V) (V)

0= To < k) (V)

(N) _ _ (N)
<<TN —T, AN—0<I'jTiaJ,$(_1 ‘Tj‘Fl_Tj ‘—)O

when N — oc.
Let’s define sequence of step functions cp,gN) such, that: go,gN) =@ m W.
J

p.lwhente [, 70 j=01,...,N—=1;, N=1,2,....
Let’s define the stochastic integral according to martingale from the
process @; € Hy(p,[0,T]) as the following mean-square limit

N-1 T
1.im. N (M oy — M) ¥ [ o,dM 7.10
Lim, JE:O £ ( M TJ(N)) 0/ prall, (7.10)
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where <p,EN) — is every sequence of step functions from the class Hy(p, [0, T]),

which converges to ¢; in the following sense
T 2
Lim. M — o™ dt} —
Nl_glo { 0/ <€0t Pt ) Pt

T
It is well known [2], that the stochastic integral E)[ oid M, exists, it doesn’t

depend on the selection of sequence <p,§N) and satisfies to the following

conditions with probubility 1
T

2 T
|F0} = I\/I{f <ptptdt|F0};
T T0 T

3. ({(a% + Bipy)d M, = a({%th + /ngthtQ

T T T
4, M{({ gOthtbfT/Jtht‘Fo} = M{g@twtptdﬂFO}

T

7.6 Stochastic integral according to Poisson random
measure

Let’s examine the Poisson random measure in the space [0, T]x Y (R" &
Y). We will denote the values of this measure at the set Ax A (A C [0,7],
ACY)asv(A,A). Let’s assume, that M{v(A, A)} = |A|II(A), where |A]
— is a Lebesgue measure of A, II(A) — is a measure on o-algebra B of
Borel sets Y, and By — is a subalgebra of B, consisting of sets A C B,
which are satisfies to the condition IT(A) < oo.

Let’s analyze the martingale measure 7(A, A) = v(A, A) — |A|II(A).

Assume, that (2, F, P) — is a fixed probubility space and {Fy, t € [0, T}
is a non-decreasing family of o-algebras F; C F.

Assume, that:

1. Random values v([0,t), A) — are F;-measurable for all A C By;

2. The random values v([t,t + h), A), A C By, h > 0, doesn’t depend on
o-algebra F;.

Let’s define the class H;(II,[0,7]) of random functions ¢ : [0,7] x Y X
Q — R, which for all t € [0,7], y € Y are Fy-measurable and satisfy to
the following condition

/ [ M{le(t, y)[}TI(dy)dt < oo.
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7.6 Stochastic integral according to Poisson random measure

Let’s analyze the partition {7;}7_, of the interval [0, 7], which satisfies
the same conditions as in the definition of stochastic Ito integral.

For ¢(t,y) € Hy(I1, [0, T]) let’s define the stochastic integral according
to martingale Poisson measure as the following mean-square limit [2]:

(t,y)i(dt, dy) < Li p(dt,d 7.11
/ / p(t, y)o(dt,dy) = Lim. / / ¢ y), (7.11)
where ¢™(t,y) — is any sequense of step functions from the class

Hy(I1, [0, T]) such, that

Jim / / M{|o(t,y) — o™ (¢, y)|2HI(dy)dt — 0.

It is well known [2], that the stochastic integral (7.11) exists, it doesn’t
depend on selection of the sequence @@V (t,y) and it satisfies with proba-
bility 1 to the following conditions:

1. M{({T‘f{ o(t, y)o(dt, dy)\Fo} _0:
2. g‘f((am(t, y) + Bepa(t,y))v(dt, dy) = af J e1(t, y)o(dt, dy)+

T
+B] ] ealt,y)o(dt, dy);

N

T 2 T
3. M{|[ ] (t,3)0(dt,dy)| [Fof = | M {[o(t,y)PIFo} L(dy ).
1

where a, 3 — are some constants; p1(t,y), ¢2(t,y), ¢(t,y) from the class
Hy(IL, [0, T)).
The stochastic integral

//w v(dt,dy)

according to Poisson measure will be defined as follows

T T
//cpty dtdy://goty dtdy+//<ptyﬂ(dy)dt,
0Y 0Y

where we propose, that the right part of the last relation exists.
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7.7 Moment estimations for stochastic integrals ac-
cording to Poisson measures

According to the Ito formula for the Ito process with jump componet
with probubility 1 we get [2]:

a) = [ [ ((zr- +7(r3)" = () v(dr, dy), (7.12)

where

/'y v(dr,dy).

= o&\‘\ﬁ

Y
We suppose, that the function v(7,y) satisfies to well-known conditions of

right part (7.12) existence.
Let’s analyze [2] the useful estimation of moments of the stochastic
integral according to Poisson measure:

an(T) J‘&i‘i‘}{(//(( 1)T—1)H(dy)dr>j}, (7.13)

where

a,(t) = sup M{lz|"}, be(7,y) = M{|7(7,y)['}

0<r<t
We suppose, that right part of (7.13) exists.
Since v(dt,dy) = v(dt,dy) — II(dy)dt, then according to Minkowskiy
inequality

(M{ZP7)* < (M {J= ) + M {27, (7.14)

where .
éé// (dy)dr; zt—//va )o(dr, dy).

The value I\/|{|zT|2T} may be estimated using the inequality (7.4):

M{|%|*} < t2”‘1O/tM{LZ<p(T, y)II(dy) 21«}de

where we suppose, that

O/tM{L[v(T, y)II(dy)
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7.8 Taylor-Ito and Taylor-Stratonovich expansions

7.8 Taylor-Ito and Taylor-Stratonovich expansions

Assume, that L — is a set of functions R(x, s) : " x [0, T] — R!, which
for all t € [0,T], x € R™ has continuous partial derivatives:

O, DB, OB
ot 777 ox) 0x(H9x9)

and Gg — is a set of functions R(x,s) : R" x [0,7] — R!, which for all
t € 10,7], x € R™ has continous derivatives:

(xt) ,7=1,2,...,n

OR
m(x,t),’l/:l,Q,,n
Let’s define at the sets L and Gg the following operators
OR n OR
_ g (4)
LR(X7t) - 8t (X7t)+i:1a ( )8X()(X t)+
1m n , iy O’R
- BW(x YBW (x.t ¢
ty 2 X BB 6 )5 ),
i OR
GV R(x,t) = ZB”(xt)a St i=1,...,m

j=1

Let’s examine the stochastic process 7, = R(Xs, s), where R(x, s) : R" X
[0, 7] — R! or K" x [0,T] — R" and x; — is a solution of stochastic
differential Ito equation (7.9).

Assume, that sufficient conditions for existence of solution of the
stochastic differential Ito equation (7.9) fulfilled and R(x,t) € L; LR(x,t),
GV R(x4,t) € Ma([0,T)); i =1,...,m.

Then according to the Ito formula for all s,¢ € [0,7] such, that s > ¢
with probability 1

S

R(xs,5) = R(xi,t) + [ LR(x,, Ndr+ 3 / GV R(x,,7)dfD.  (7.15)

t i=1%

Stochastic Taylor formula (Taylor-Ito expansion) may be obtained by
iterated usage of the formula (7.15) for the stochastic process R(Xs, s).
Let’s denote

Grk:{()\ka---y)\l)37’+1§2k—)\1—...—)\k§2’r;
N=1lor N=0;l=1,...,k},
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Egp={( g, A1) 2k— XA — ... =X =g¢;
N=lorN=0;l=1,...,k},

Mk:{(/\k,...,)\l):)\12101‘/\1:0;121,...,](7}.

S T2
Joei o= [ [aw® awl) if k> 1, (7.16)
t t
J((;\z'_'_'_i)fl))st aof 1, W() fT(i) when7=1,...,m and wgo) =T

Assume, that functions a(x,t) : R" x [0,7] — R", B(x,t) : R" x
[0, T] — R™™ R(x,t) : R" x [0,T] — R! have smooth partial derivatives
of any fixed order.

Then for all s,¢ such that s > ¢ with probubility 1 [24]:

R(xs,s) = R(x¢,t)+

r mA\; mA\g (igoonri)
+> > X QW QR t) TG
k=1 ()\k,---,)\l)eMk: 1=\ k=M
+D7"+13,t) (7.17)

where D, 1,, — is a remainder term in the integral form [24], the right part
of (7.17) exists in the mean—square sense and \; = 1 or A\, = 0; ngll) =L
andzl—Olf/\l—OQ = ( andy;,=1,....mif\;=1;1=1,...,N.
If we put in order the members of Taylor Ito expansion according to
order of vanishing in the mean-square sense when s — ¢, then with proba-
bility 1:
R(xs,5) = R(xt,t)+

r mA; mAg (i1) (iponin)
+ 2 X Y Y QWL QR ) IR
q,k=1 ()\k,...,/\l)EEqk 11=A1 k=g
+H7'+]-s,t’ (7'18)

where

m)q

T ) @) (igin)
7'+]-st Z Z Z ct Z Q)\l ftt Q/\l R(Xt, t) J()\k )\1)8 t+

1 (A A1) €Gre 11=A1 k=M

+DT+1s,t *

Using standard relations between stochastic Stratonovich and Ito in-
tegrals we may rewrite Taylor-Ito expansion using the terms of multiple
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stochastic Stratonovich integrals [22], [24]. In this case stochastic Taylor
formula is called as Taylor-Stratonovich expansion.

Assume, that the functions a(x,t) : " x [0,7] — R", B(x,t) : R" x
0, T] = R™™ R(x,t) : R" x [0,T] — R! have smooth partial derivatives
of any fixed order.

Then for all s,¢ such that s > ¢ with probability 1 [22], [24]:

R(xs,8) = R(x¢,t)+

r mAp mAg (i1) w(ifi)
+ Z Z Z D st D)\l R(Xt7 t) J()\k )\1)8 t+
k=1 ()\k;---;)\l)eMk 1=\ 1=\

+Dy i1, (7.19)

where D, , is a remainder term in the integral form [22], [24], the right
part of (7.19) exists in the mean-square sense and also )\l =1 or A1 = 0;

Dgil)ZL ZGOG'andzl—OWhen)\l—OD GO and 7 =
1,...,mwhen)\l—1 [=1,...,N;

T =[] awl® dw® if k> 1, (7.20)
t t
*(ig...i1)  def () _ £() - (0) _
T A)st — b =f" whent=1,...,m and w;’) =T.

If we put in order the members of Taylor-Stratonovich expansion ac-
cording to order of vanishing in the mean-square sense when s — ¢, then
with probability 1:

R(xs,5) = R(xy,t)+

mA1 my

r .
¢,k=1 (Ag,...,.\1)E€Eq i1=/\1 i=Ag

+H 1, (7.21)
where
m)\l m)\k ( ) (Zk zl)
]‘()‘kn 7/\1)€Grk 7’1 )‘1
+Dr+1s,t'
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7.9 The unified Taylor-Ito and Taylor-Stratonovich
expansions

Let’s analyze the stochastic differential Ito equation (7.9) and propose,
that the conditions for the existence of its solution are met.

Assume, that functions a(x,t) : R" x [0,T] — R", B(x,t) : R" x
[0, T] = R™™ R(x,t) : R" x [0,T] — R! have smooth partial derivatives
of any fixed order.

By the iterated usage of the Ito formula for the process R(x:,t), where
x; — is a solution of the equation (7.9), and special transformations, based
on replacement of integration order in the multiple stochastic Ito integrals
[31], [32], [42], [46] in [42]-[46], [48] the following unified Taylor-Ito and
Taylor-Stratonovich expansions were obtained (while obtaining the unified
Taylor-Stratonovich expansions we also used standard relations between
multiple stochastic Ito and Stratonovich integrals [43], [46]):

(s —t)’
R(X87 8) - (Xt7 ) + Z Z ) X
(k7J7l17 7lk) A ‘7
x Y LG .G R(xy, ) 4 Do, (7.22)
| ’

R(Xs7 8) - (Xta ) + Z Z

1
q= 1(k7.77lla 7lk) Aq ‘7

xS GG LR, I + Dy, (7.23)

7,1, ,Zk—].

(the second unified Taylor-Ito expansion),

Rix,s) = Roxnt)+3  y =t

|
q= 1(k7.77lla 7lk) Aq '7

X

m . ey . . .
x Y G GMWIIR(x, )L™ + Dy, (7.24)

. T 'lks,t
11,...,7/]9:1

(the first unified Taylor-Stratonovich expansion),

Rixsss) = RG]+ %
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x > DIGM . .GYR(x, )™ + Dy, (7.25)

) - iy
11,0 =1

(the second unified Taylor-Stratonovich expansion),

where t
L = [t - (= e e, (7.26)
t t
to )
T / (s—ti)* ... [(s— t)df™) . dfY), (7.27)
t t
*S *t2 '
;0 = / (t—te)k... / (t —tp)del™ . ael™) (7.28)
t t
xS *tz '
Tt = [s=t)h... [ (s — tp)hdel™ . dflw; (7.29)
t t
li,...,)lp =0, 1,...; k=1, 2,...; %1,...,% = 1,...,m; these integrals

when k£ = 0 are set equal to 1;

Aq:{(l{?,j,ll,... l) k—i—]—i—le—q, k],ll,...,lk:(),].,.-.},

=
Ljdﬁf{LJ'.‘L when 3 = 1,2, Lydﬁf{LJ L when j=1,2,
. when 57 =0 when 5 =0
i) def 1/ ~(@0) (i) SG0) def 1 (A0) 7 _ 7 A0
Gl & Z;(Gp_lL— LGy,), GO 4 Z—)(GP_IL— LGY));

p=1,2...5i=1,....m;L=L- % _72”)1 G(()i)G(()i), C_?(()i) = Gg); the operators
1=

L and G(()Z); i = 1,...,m are defined in previous section; D,;1,, — is a
remainer term in the integral form (see [42]-[46], [48]).

In [42]-[46], [48] the unified Taylor-Ito and Taylor-Stratonovich expan-
sions well-ordered according to the orders of vanishing in the mean-square
sense when t — s were also examined.

In this case summation in the unified Taylor-Ito and Taylor-Stratonovich
expansions is performed using the sets

D,={(k,5,L,.... ) :k+2(j+L+...+lx) =q; k,j5,L,...,,=0,1,...},

instead of sets

Aq:{(k7.77l17 l) k+]+zl =q; kajallaalk:())17}

p=1
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Note, that the truncated unified Taylor-Ito and Taylor-Stratonovich ex-
pansions contain the less number of various multiple stochastic integrals
(moreover, their major part will have less multiplicity) in comparison with
classic Taylor-Ito and Taylor-Stratonovich expansions [22].

It is easy to note, that the stochastic integrals from the family (7.16) are
connected by the linear relations. The same may be noted for the family
(7.20).

However, the stochastic integrals from the families (7.26)—(7.29) can’t be
connected by linear relations. Therefore we call the families (7.26)—(7.29)
as stochastic basises.

Let’s name the numbers ranks(r) and rankp(r) of various multiple
stochastic integrals which are included in the families (7.26)—(7.29) as the
ranks of stochastic bases, when summation in the stochastic expansions is
performed using the sets A;; g =1,...,7 and D;; ¢ = 1,...,r correspon-
dently; here »r — is a fixed natural number.

At the beginning, let’s analyze several examples.

Assume, that summation in the unified Taylor-Ito and Taylor-Stratonovich
expansions is performed using the sets

D,={(k,75,b,.... ) : k+2(j+L+...+lk) =q; k,5,1,..., s =0,1,...}.

It is easy to see, that the truncated unified Taylor-Ito expansion, where
summation is performed using sets D, when r = 3 includes 4 (rankp(3) =
4) various multiple stochastic integrals: Iéﬁft), Iéff:tl), I 1(23, [é%jil). The
same truncated classic Taylor-Ito expansion [24] contains 5 various multiple

stochastic integrals: J(%i,t, J((ﬁéls),t, J((ff)))&t, J((éll))&t, J((ﬁif)i;)t.

For r = 4 we have 7 (rankp(4) = 7) integrals: [éift), I(%iil), I 1(23, Iéff’(f:’il),
' (i2)

I(ngsftl) : Iﬁf:tl) , 1334535’1“) against 9 stochastic integrals: J((Si,t’ J((ﬁz)lszt, J(10)s 19
J((éll))s,t’ J(({?ilf)lsl,)t’ J(({%lll))s,t’ J((ﬁg))s,t’ J((éQIZII))s,t’ in‘i?fi?ﬁ . For r =5 (rankp(5) =
12) we get 12 integrals against 17 integrals and for r = 6 and r = 7 we
have 20 against 29 and 33 against 50 correspondently.

We will get the same results when compare the unified Taylor-
Stratonovich expansions with their classical analogues [24].

Note, that summation according to sets D, is usually used while con-
structing strong numerical methods (built according to the mean-square
criterion of convergence) for stochastic differential Ito equations [23], [24],
[46].

Summation according to sets A, is usually used when building weak
numerical methods (built in accordance with the weak criterion of conver-
gence) for stochastic differential Ito equations [23], [24].
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Table 7.1: Numbers ranka (7), nym(r), f(r) = nu(r) /ranka (r)

T 1 2 3 4 ) 6 7 8 9 10
ranka(r) 1 3 7 15 31 63 127 255 ol1 1023
nv(r) 1 4 11 26 o7 120 247 202 1013 2036
f(r) 1 1.3333 1.5714 1.7333 1.8387 1.9048 1.9449 1.9686 1.9824 1.9902

Table 7.2: Numbers rankp(r), ng(r), g(r) = ng(r)/rankp(r)

T 1 2 3 4 ) 6 7 8 9 10
rankp(r) 1 2 4 7 12 20 33 54 88 143
ne(r) 1 2 5 9 17 29 50 83 138 261
g(r) 1 1 1.2500 1.2857 1.4167 1.4500 1.5152 1.5370 1.5682 1.8252

For example, ranky (4) = 15, while the total number of various multiple
stochastic integrals, included in the classic Taylor-Ito expansions [24] when
r = 4, equals to 26.

It is easy to check, that ranka(r) = 2" — 1 [46].

Let’s denote the total number of various multiple stochastic integrals
included in the classic Taylor-Ito expansion (7.17) by num(r), where sum-

mation is performed using the set LTJ Mg.
k=1

We can demonstrate [46], that ny(r) =2(2" — 1) — 7.

It means, that lim nv(r)/ranka(r) = 2.

In table 7.1 we can see numbers ranka (r), num(r), f(r) = nm(r)/ranky (1)
for various values r.

In [46] it was proven, that

r—1 53]

> > Cf whenr =1, 3, 5,...

k . s=0 l=s

rankn(r) = g ’
C; whenr=2 4 6,...

s=0 l=s

where [z] — is an integer part of number z; C]" — is a binomial coefficient.

Using ng(r) let’s denote the number of various multiple stochastic in-

tegrals included in the classic Taylor-Ito expansion (7.18) (W.Wagner,
r

E.Platen) where summation is performed using the set 19 ) Egk.
g k=

In [46] it is proven, that

nE(T) =2 CST*S]+3—Z7 (7'30)
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where [z] — is an integer part of number z; C]"" — is a binomial coefficient.
In table 7.2 we can see numbers rankp(r), ng(r), g(r) = ng(r)/rankp(r)
for various values r.
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