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Abstract: In this paper, we study the problem of finding a common solution of the pseudomonotone
variational inequality problem and fixed point problem for demicontractive mappings. We introduce
a new inertial iterative scheme that combines Tseng’s extragradient method with the viscosity method
together with the adaptive step size technique for finding a common solution of the investigated problem.
We prove a strong convergence result for our proposed algorithm under mild conditions and without prior
knowledge of the Lipschitz constant of the pseudomonotone operator in Hilbert spaces. Finally, we present
some numerical experiments to show the efficiency of our method in comparison with some of the existing
methods in the literature.
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1 Introduction

Let H be a real Hilbert space with inner product (-,-) and induced norm ||-|. In this paper, we consider the
variational inequality problem (VIP) of finding a point p € C such that

(Ap,x - p) =20, VxeC, €Y)

where C is a nonempty closed convex subset of H, and A : H — H is a nonlinear operator. We denote by
VI(C, A) the solution set of the VIP (1).

Variational inequality theory, which was first introduced independently by Fichera [1] and Stampac-
chia [2], is a vital tool in mathematical analysis, and has a vast application across several fields of study,
such as optimisation theory, engineering, physics, operator theory, economics, and many others (see [3-6]
and references therein). Over the years, several iterative methods have been formulated and adopted in
solving VIP (1) (see [7-11] and references therein). There are two common approaches to solving the VIP,
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namely, the regularised methods and the projection methods. These approaches usually require that the
nonlinear operator A in VIP (1) has certain monotonicity. In this study, we adopt the projection method and
consider the case in which the associated nonlinear operator is pseudomonotone (see definition below) —
a larger class than monotone mappings.

Now, we review some nonlinear operators in nonlinear analysis.

Definition 1.1. A mapping A : H — H is said to be
(1) y-strongly monotone on H if there exists a constant y > 0 such that

(Ax - Ay,x - y) 2ylx —yI>, Vx,y € H. @)
(2) y-inverse strongly monotone on H if there exists a constant y > 0 such that
(Ax — Ay, x —y) 2 yl|lAx — Ay|?, Vx,y € H.
(3) Monotone on H, if
(Ax - Ay,x-y) =0, Vx,yeH. (3)
(4) y-strongly pseudomonotone on H, if there exists a constant y > 0 such that
(Ay,x —y) 20 = (Ax,x - y) 2 yllx - yI*, Vx,yeH. (4)
(5) Pseudomonotone on H, if
(Ay,x —y) 20 = (Ax,x -y) 20, Vx,yeH. (5)
(6) Lipschitz-continuous on H, if there exists a constant L > 0 such that
IAx — Ayl < Llx - yll, Vx,y € H. (6)
If L € [0, 1), then A is said to be a contraction mapping.
(7) Sequentially weakly continuous on H, if for each sequence {x,},
X, — x implies Tx, — Tx, x € H.

From the above definitions, we observe that (1) = (3) = (5) and (1) = (4) = (5). However, the con-
verses are not generally true. Moreover, if A is y- strongly monotone and L- Lipschitz continuous, then A is
%- inverse strongly monotone (see [12,13]).

The simplest known projection method for solving VIP is the gradient method (GM), which involves a
single projection onto the feasible set C per iteration. However, the algorithm only converges weakly under
some strict conditions that the operator is either strongly monotone or inverse strongly monotone, but fails
to converge if A is monotone. The classical gradient projection algorithm proposed by Sibony [14] is given
as follows:

Xn+1 = PC(Xn - AAXn)’ (7)

where A is strongly monotone and L-Lipschitz continuous, with step size A € (O, %)

Korpelevich [15] and Antipin [16] proposed the extragradient method (EGM) for solving VIP (1), thereby
relaxing the conditions placed in (7). The initial algorithm proposed by Korpelevich was employed in
solving saddle point problems, but was later extended to VIPs in both Euclidean space and infinite dimen-
sional Hilbert spaces. The EGM method is given as follows:

Xo € C
Yo = Pe(xn — AAxy) (8)
Xn+1 = PC(Xn - AAyn)9

where A € (O, %), A is monotone and L-Lipschitz continuous, and P; denotes the metric projection from H
onto C. If the set VI(C, A) is nonempty, then the algorithm only converges weakly to an element in VI(C, A).
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Over the years, EGM has been of interest to several researchers. Also, many results and variants have
been developed from this method, using the assumptions of Lipschitz continuity, monotonicity, and pseu-
domonotonicity, see [17-20] and references therein.

Due to the extensive amount of time required in executing the EGM method, as a result of calculating
two projections onto the closed convex set C in each iteration, Censor et al. [8] proposed the subgradient
extragradient method (SEGM) in which they replaced the second projection onto C by a projection onto a
half-space, thus, making computation easier and convergence rate faster. The SEGM is presented as follows:

W= PC(XH - AAXH)
Tn={w € H: (xn — AAxy — Y W — ¥) < 0} )
Xn+1 = PT,,(XH - AAyV[)! vn > 07

where A € (0, % . The authors only obtained a weak convergence result for the proposed method. However,
they later introduced a hybrid SEGM in [7] and obtained a strong convergence result. Likewise, Tseng [21],
in the bid to improve on the EGM, proposed Tseng’s extragradient method (TEGM), which only requires one
projection per iteration, as follows:

{yn = Pc(xy — AAxy) (10)

Xns1 = Y, + AAx, — Ay,), Vn=0,

where A is monotone, L-Lipschitz continuous, and A € (O, %) The TEGM (10) converges to a weak solution
of the VIP with the assumption that VI(C, A) is nonempty. The TEGM is also known as the forward-backward
method. Recently, some authors have carried out some interesting works on the TEGM (see [22,23] and
references therein).

In this work, we consider the inertial algorithm, which is a two-step iteration process and a technique
for accelerating the speed of convergence of iterative schemes. The inertial extrapolation technique was
derived by Polyak [24] from a dynamic system called the heavy ball with friction. Due to its efficiency, the
inertial technique has become a centre of attraction and interest to many researchers in this field. Over the
years, researchers have studied the inertial algorithm and applied it to solve different optimisation pro-
blems, see [25-28] and references therein.

Very recently, Tan and Qin [29] proposed the following Tseng’s extragradient algorithm for solving
pseudomonotone VIP:

Sn = Xn + 8n(Xn — Xn-1)

) Yo = Pe(sn - ¢nASn)

Zn =Yy — l/’n(A)',, - Asy)
Xn+1 = anf(zn) + (1 = an)zy,

. £ .
mm{i", 6} if Xp # X1
O = %2 — X1l

0, otherwise.

min Plisn - vl ’
As, — Ay,ll

Y, otherwise,

(11)

l,bn} if As, - Ay, # 0
lpn+1 =

where f is a contraction and A is a pseudomonotone, Lipschitz continuous, and sequentially weakly
continuous mapping. The authors proved a strong convergence result for the proposed method under
mild conditions on the control parameters.

Another area of interest in this study is the fixed point theory. Let U : H — H be a nonlinear map.
The fixed point problem (FPP) is to find a point p € H (called the fixed point of U) such that

Up = p. (12)
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In this work, we denote the set of fixed points of U by F(U). Our interest in this study is to find a common
element of the fixed point set, F(U), and the solution set of the variational inequality, VI(C, A). That is, the
problem of finding a point x* € H such that

x* e VI(C, A) n F(U). (13)

Many algorithms have been proposed over the years and in recent times for solving the common solution
problem (13) (see [30—40] and references therein). Common solution problem of this type has drawn the
attention of researchers because of its potential application to mathematical models whose constraints can
be expressed as FPP and VIP. This arises in areas like signal processing, image recovery, and network
resource allocation. An instance of this is in network bandwidth allocation problem for two services in a
heterogeneous wireless access networks in which the bandwidth of the services is mathematically related
(see [37,41,42] and references therein).

Recently, Cai et al. [22] proposed the following inertial Tseng’s extragradient algorithm for approxi-
mating the common solution of pseudomonotone VIP and FPP for nonexpansive mappings in real Hilbert
spaces:

Xo, X1 € H
Wy = X + Op(Xyq — Xn_1)
o= Pe(w, — PAW,) (14)

Zn = Y, — YAy, — Awy)
Xne1 = O f() + (1 = an)[ﬂnTzn +(1- ﬁn)zn]y

where f is a contraction, T is a nonexpansive mapping, A is pseudomonotone, L-Lipschitz and sequentially
weakly continuous, and y ¢ (0, %) They proved a strong convergence result for the proposed algorithm
under some suitable conditions.

One of the major drawbacks of Algorithm (14) is the fact that the step size i of the algorithm depends on
the Lipschitz constant of the cost operator. In many cases, this Lipschitz constant is unknown or even
difficult to estimate. This makes it difficult to implement algorithms of this nature.

Very recently, Thong and Hieu [23] proposed an iterative scheme for finding a common element of the
solution set of monotone variational inequality and set of fixed points of demicontractive mappings as
follows:

V= Pe(xn - l;bnAXn)
12n = yn - l/)n(Ayn - Ax)‘l) (15)
Xn+1 = anf(xn) + (1 - an)[ﬁnUzn + (1 - Bn)Zn]’
| X = Yl .
min{ ————, if Ax, — A 0
W1 = 9 {IlAXn A g T MR F
Y, otherwise,

where A is monotone and L-Lipschitz continuous, U is a demicontractive mapping such that I - U is
demiclosed at zero, and f is a contraction. The authors proved a strong convergence result under suitable
conditions for the proposed method.

Motivated by the above results and the ongoing research activities in this direction, in this paper our
aim is to introduce an effective iterative technique, which employs the efficient combination of the inertial
technique, TEGM together with the viscosity method for finding a common solution of FPP of demicon-
tractive mappings and pseudomonotone VIP with Lipschitz continuous and sequentially weakly contin-
uous operator in Hilbert spaces. In line with this goal, we construct an algorithm with the following
features:

(i) Our algorithm approximates the solution of a more general class of VIP and FPP.
(ii) The proposed method only requires one projection per iteration onto the feasible set, which guarantees
the minimal cost of computation.
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(iii) Moreover, our method is computationally efficient. It employs an efficient self-adaptive step size
technique which makes the algorithm independent of the Lipschitz constant of the cost operator.

(iv) We employ the combination of the inertial technique together with the viscosity method, which are two
of the efficient techniques for accelerating the rate of convergence of iterative schemes.

(v) We prove a strong convergence theorem for the proposed algorithm without following the conven-
tional “two-cases” approach often employed by researchers (e.g. see [22,23,29,43-45]). This makes our
results in this paper to be more concise and precise.

Furthermore, by several numerical experiments, we demonstrate the efficiency of our proposed method
over many other existing methods in related literature.

The remainder of this paper is organised as follows. In Section 2, useful definitions and lemmas
employed in the study are presented. In Section 3, we present the proposed algorithm and highlight
some of its notable features. Section 4 presents the convergence analysis of the proposed method.
In Section 5, we carry out some numerical experiments to illustrate the computational advantage of our
method over some of the existing methods in the literature. Finally, in Section 6 we give a concluding
remark.

2 Preliminaries

Let H be a real Hilbert space and C be a nonempty closed convex subset of H. We denote the weak and
strong convergence of sequence {x,}7>; to x by x, — x, asn — oo and x, — x, asn — oo.

The metric projection [46,47], Pc : H — C is defined, for each x € H, as the unique element Pcx € C such
that

[Ix = Pex|| = inf{||x — z|| : z € C}.

It is a known fact that P; is nonexpansive, i.e. |[Pcx — Peyll < |x -yl Vx,y € C. Also, the mapping P
is firmly nonexpansive, i.e.

IPcx = Peyl* < (Pex = Pey, x = y),

for all x, y € H. Some results on the metric projection map are given below.

Lemma 2.1. [48] Let C be a nonempty closed convex subset of a real Hilbert space H. For any x € H and
z € C, Then,

z=Pxo {(x-2z,z-y)>0, forallyceC.

Lemma 2.2. [48,49] Let C be a nonempty, closed, and convex subset of a real Hilbert space H, x € H. Then:
() |IPex = Pyl < (x =y, Pex = Pey),  Vy € C.

) llx = Pex|P? + lly - Pex|P? < [Ix - I, Vy e C.

G) N =Po)x =T =Pyl < {x -y, I - Po)x - (I - Po)y), VyeC.

Definition 2.3. A mapping T : H — H is said to be
(1) Nonexpansive on H, if there exists a constant L > 0 such that
ITx = Tyl < Ix = yll, Vx,y € H.
(2) Quasi-nonexpansive on H, if F(T) + @ and
ITx - pll < Ix - pll, Vp e F(T),x € H.
(3) A-strictly pseudocontractive on H with 0 < A < 1, if
ITx - Tyl* < lIx = yIP + Al -~ T)x - I - T)ylI?, Vx,y € H.
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(4) B-demicontractive with 0 < 8 < 1 if
ITx — pl? < Ix — pI?> + BIU — T)xI*, Vp e F(T),x € H,
or equivalently

-1

(Tx — x,x — p) < B lx — Tx|?, Vp e F(T),x € H,

or equivalently

-1
<Tx—p,x—p>s|I><—p||2+B2 Ix - Tx|?, Vp e F(T), x € H.

Remark 2.4. It is known that every strictly pseudocontractive mapping with a nonempty fixed point set is
demicontractive. The class of demicontractive mappings includes all the other classes of mappings defined
above (see [23]).

Next, we give some examples of the class of demicontractive mappings, as shown in [23,50].

Example 2.5.
(a) Let H be the real line and C = [-1, 1]. Define T on C by:

2 .1

—xsin—, x+0
Ix=13 P%

0 if x = 0.

Then T is demicontractive.
(b) Consider a mapping T : [-2, 1] — [-2, 1] defined such that,

Tx = —x2 - x.

Then T is a demicontractive map that is neither quasi-nonexpansive nor strictly pseudocontractive.
We have the following lemmas which will be employed in our convergence analysis.

Lemma 2.6. [25] For each x,y € H, and § € R, we have the following results:
@ [x + yIP < [IXIP? + 2¢y, x + y);

@ b +yIP = Xl + 206, y) + Iyl

3) l16x + A = &)yl = 8lIxI* + A = Iy - 61 - 8)lIx - Il

Lemma 2.7. [51] Let {a,} be a sequence of nonnegative real numbers, {a,} be a sequence in (0, 1) with
Yoo &y = 00, and {bn} be a sequence of real numbers. Assume that

an1 < (1 - aa, + apb,, for all n > 1,
if lim supy_,cobn, < O for every subsequence {ay,} of {a,} satisfying lim infy_co(ay,,, — an,) = 0, then lim,_,

a, = 0.

Lemma 2.8. [52] Assume that T : H — H is a nonlinear operator with F(T) + 0. Then, I — T is said to be
demiclosed at zero if for any {x,} in H, the following implication holds: x, — x and (I — T)x, — 0 = x € F(T).

Lemma 2.9. [53] Assume that D is a strongly positive bounded linear operator on a Hilbert space H with
coefficient y > 0 and 0 < p < ||D||"%. Then ||I - pD|| <1 - py.
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Lemma 2.10. [54] LetU : H — H be 3-demicontractive with F(U) + & andsetUy = (1 — 1) + AU, A € (0,1 - B).
Then,
(i) F(U) = Fix(Uy).
(i) U - zI* < lIx - zI* - %(1 -B-MId - UGxI*>, VxeH,zeFQ).
(iii) F(U) is a closed convex subset of H.

Lemma 2.11. [55] Consider the problem with C being a nonempty, closed, convex subset of a real Hilbert space
H and A : C — H being pseudomonotone and continuous. Then p is a solution of VIP (1) if and only if

(Ax,x —p) >0, VxeC.

3 Proposed algorithm

In this section, we propose an inertial viscosity-type Tseng’s extragradient algorithm with self adaptive step
size and highlight some of its important features. We establish the convergence of the algorithm under the
following conditions:
Condition A
(A1) The feasible set C is closed, convex, and nonempty.
(A2) The solution set denoted by Q = VI(C, A) n F(U) is nonempty.
(A3) The mapping A is pseudomonotone, L-Lipschitz continuous on H, and sequentially weakly contin-
uous on C.
(A4) The mapping U : H — H is a T-demicontractive map such that I — U is demiclosed at zero.
(A5) D : H — H is a strongly positive bounded linear operator with coefficient y.

(A6) f:H — H is a contraction with coefficient p € (0, 1) such that 0 < y < %.

Condition B
(B1) {an}  (0,1) such that lim,_,cat, = 0 and ) a, = oo.

(B2) The positive sequence {&,} satisfies lim,HOOZ—” =0,{,} c (a,1 - 1) for some a > 0.

Now, the algorithm is presented as follows:

Algorithm 3.1. Inertial TEGM with self-adaptive stepsize

Step 0. Given 6 > 0, ¥, > 0, ¢ € (0, 1). Select initial data xo, ; € H, and setn = 1.
Step 1. Given the (n — 1)th and nth iterates, choose §,, such that 0 < §,, < 5,,, vn € N with 5,, defined by

. &En .
A miny ——, 6 ¢, if x, # x,_1,
By = {uxn—xn_ln } o (16)

0, otherwise.
Step 2. Compute
Tn = Xn + On(Xn = Xp-1).
Step 3. Compute
Yo = Pe(ry — P Ar).

If y, = r, then set z, = 1, and go to Step 5. Else go to Step 4.
Step 4. Compute

Zn = yn - l/}n(Ayn - Arn)-
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Step 5. Compute
Xni1 = apyf () + (I — apD)[(1 ﬁ )Zn + ﬁ Uzy].

Step 6. Compute

[l - il
14— Ayl

Y., otherwise.

ll)n}, if A, - Ay, # 0,

'pn+1 = 17)

Setn := n + 1 and return to Step 1.

Below are some of the interesting features of our proposed algorithm.

Remark 3.2.

(i) Observe that Algorithm 3.1 involves only one projection onto the feasible set C per iteration, which
makes the algorithm computationally efficient.

(ii) The step size ¥, in (17) is self-adaptive and supports easy and simple computations, which makes it
possible to implement our algorithm without prior knowledge of the Lipschitz constant of the cost
operator.

(iii) We also point out that in Step 1 of the algorithm, the inertial technique employed can easily be
implemented in numerical computation, since the value of ||x,, — x,,_1|| is known prior to choosing &,.

Remark 3.3. It can easily be seen from (16) and condition (B1) that

. .6
lim 8,||%; — Xp—ql] =0 and  lim —2||x, — Xp_q]| = O
n—-oo n—-oo n

4 Convergence analysis

First, we establish some lemmas which will be employed in the convergence analysis of our proposed
algorithm.

Lemma 4.1. The sequence {i,} generated by (17) is a nonincreasing sequence and lim ., =1 >
min{t/;l, %}

Proof. It follows from (17) that i,,, < ,, Vn € N. Hence, {,} is nonincreasing. Also, since A is Lipschitz
continuous, we have

Ar, = Ayl < Liitn = yill,

which implies that

m =yl 1
lAr - Ayl = L

Consequently, we obtain

¢"rn yn“ ﬂ when Ar, — Ayn # 0.

lAr, - Ay, — L’

Combining this together with (17), we obtain

Y, = min{l,bl, %}
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Since {1} is nonincreasing and bounded below, we can conclude that
. B . 4
lim ¥, = 1 > min l/)l,L . O
n—oo

Lemma 4.2. Let {r,} and {y,} be two sequences generated by Algorithm 3.1, and suppose that conditions
(A1)—(A3) hold. If there exists a subsequence {1, } of {r,} convergent weakly to z € H andlim,_, |y, — Yol = 0,
then z € VI(C, A)

Proof. Using the property of the projection map and y, = Pc(r, — ¥,Ar,), we obtain
<rnk - lpnkArnk - ynky X — )’nk> < O Vx € C,

which implies that

1
— T = Vo X = Vo) < Any, x =¥,y Vx e C.
U
From this we obtain
1
lp—(rnk = Yo X = Yo + (Al Yo = o) < (Al X — 1) Vx € C. (18)
ny

Since {r,} converges weakly to z € H, we have that {r, } is bounded. Then, from the Lipschitz continuity of A
and|r, - y, I — 0, we obtain that {Ar, } and {y, } are also bounded. Since y,, > {z,bl, %}, from (18) it follows
that

liminf (An,, x - 1,) >0 Vxe C. (19)

k—»
Moreover, we have that
(AYps X = V) = (A, — Alys X — In) + (Alys X = Ta) + AV T = Yy - (20)

Since limg_collfy, = ¥, [l = 0, then by the Lipschitz continuity of A we have limy_[Ar, - Ay, | = 0.
This together with (19) and (20) gives
lii‘liﬁ‘f (AYps X = V) 2 0.

Now, choose a decreasing sequence {6i} of positive numbers such that 8, — 0 as k — co. For any k,

we represent the smallest positive integer with Nj such that:
(A X = Yy) + 620 Vj = Nee 1)

It is clear that the sequence {Ny} is increasing since 6y is decreasing. Furthermore, for any k, from {yNk} cC,
we can assume Ayy # O (otherwise, yy, is a solution) and set:

- A,
14y, I

Un,

Consequently, we have (Ayy, UN) = 1, for each k. From (21), one can easily deduce that

(Ayy,s X + Oy, — Yy 20, VEk.
By the pseudomonotonicity of A, we have
(A(x + GkuNk), X + Oy — Yy 20,
which implies that

(Ax, x = yy) = (Ax - A(x + Gkak), X + Oy, — yy) — OlAx, vp). (22)
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Next, we show that limy_,..0kVy, = 0. Indeed, since r, — z and limy_,lI1, — ¥, | = 0, we obtain yy — z,
k — oco. Since {y,} c C, we obtain z € C. By the sequentially weakly continuity of A on C, we have
{4y, } — Az. We can assume that Az # O (otherwise, z is a solution). Since the norm mapping is sequen-
tially weakly lower semicontinuous, we have

0 < |Az| < klim 1AY,, M-

By the fact that {yy} c {y, } and 6 — 0 as k — oo, we obtain

>

0y < lim supk_, o0k
lAyy Il )~ lim infi oAy, |

k—o00 k—o00

0 < lim sup||Gvp, |l = lim sup(

and this implies that lim supx_,«,0kUn, = 0. Now, by the facts that A is Lipschitz continuous, sequences
{yn.}> {vn} are bounded and limy_..,6kvn, = O, we conclude from (22) that

lim inf (Ax, x — Yy 2 0.

k—o0
Consequently, we have

(Ax, x — z) = lim (Ax, x - Yn) = lim inf (Ax, x — Yno 20, VxeC.
k— oo k—o00
Thus, by Lemma 2.11, z € VI(C, A) as required. O

Lemma 4.3. Let sequences {z,} and {y,} be two sequences generated by Algorithm 3.1 such that conditions
(A1)—(A3) hold. Then, for all p € Q we have

¢2
lzn = PI? < Il = pIP - (1 - ¢*—— |l = I, (23)
n+1
and
Iz = vl < ="l = Wil (24)
l/)rwl
Proof. By applying the definition of {1}, we have
I4r, - Ayl < 2 Ir -yl vnen. 25)
n+1

Clearly, if Ar, = Ay,, then inequality (25) holds. Otherwise, from (17) we have

P et 7 P W
i AR, = Ayl ™) = AR - Ayl

It then follows that

¢
17 = Vall-
¢n+l "

Thus, the inequality (25) is valid both when Ar, = Ay, and Ar, # Ay,. Now, from the definition of z, and
applying Lemma 2.6 we have

Iz = PI? =1y, = ¥u(AY, - A - PIP
=y, - pI* + Y2lAy, — Anl? - 2, - p, Ay, — Ary)
=lr = PI? + Iy, = Bl + 20, = s 10 — P) + Y2IAY, — ArlP? — 2,0, - D, Ay, — Ary)
=lr = pIP + 1Y = 1l = 205 = 1w Yo = ) + 200, = T Y — D) + YN Ay, — An|?
= 29, — P, Ay, — Ary)
=t = DI = Iy = 1all + 2%, = Ty Yo = D) + WLNAY, — Arl? = 20, (yn — p, Ay, — Ary).

A, — Ayl <

(26)
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Since y, = Pc(r, - ¥,An,), then by the projection property, we obtain
O = T + YA, Y, — D) <0,
or equivalently,
O = Ty Yo = P) < P, (AR, ¥, = D). (27)

So, from (25), (26), and (27), we have

2
n

Y
lzn = pIP <t = PIP = 1Y = Tall® = 20, (A1, ¥, = D) + §* 51w = VP = 20y, — P, Ay, — Ara)

n+1
lpZ
= "rn - p”2 - (1 - ¢2 zn ”rn - ynllz - 2¢n<yn - pyAyn)-

n+1

(28)

Now, from p € VI(C, A), we have that
(Ap,y,-p) =0, y,€C.
Then, by the pseudomonotonicity of A, we obtain
(AYns Yo = P) 2 0. (29)

Combining (28) and (29), we have that

,)bz
lzn = PI? < 5 = PIP = |1 = =5 [Ir = vl

n+1
Moreover, from the definition of z, and (25), we obtain

n

¢n+1
which completes the proof. O

Izn = Yull < ==l = yill,

Theorem 4.4. Assume conditions (A) and (B) hold. Then, the sequence {x,} generated by Algorithm 3.1
converges strongly to an element p € Q, where p = Po(I - D + yf)(p) is a solution of the variational inequality

(D-yp,p-q) <0, VgeQ.

Proof. We divide the proof of Theorem 4.4 as follows:
Claim 1. The sequence {x,,} generated by Algorithm 3.1 is bounded.
First, we show that Po(I — D + yf) is a contraction of H. For all x, y € H, we have

IPo = D + yf)(x) = Pal = D + yf )W < = D + yf)x) = A - D + yf (Y
< - D)x - I - D)yl + ylifx - fyl
<@ =Plx =yl + yplx -y
=1 - -yp)lx - yl.
It shows that Po(I — D + yf) is a contraction. Thus, by the Banach contraction principle there exists
an element p € Q such that p = Po(I - D + yf)(p). Next, setting g, = (1 — B,)z. + B,Uz, and applying (23)
we have

lg, - pIP =1 - B)zn + B,Uzn — pI
=11 = B)(zn — p) + B (Uzn - D)I? (30)
=1 - B)lzn — pI? + BAUzy - pI? + 21 - B,)B(Uzn — P, 20 — D)
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1-71
< (1= Bz — PI? + Bllllzn — PI? + Tlzn — Uzal?] + 2(1 - ﬁn)ﬁn[llzn -pl? - Izn — Uzn||2:|
=z, - pI? + Bn(BnT -(1- ﬁn)(l - T)l|zy — Uzl
=llzn - PI? - B, = T = Blzn — Uzyl?
lnbz
<l =pl? = |1 = ¢l = yIP = B,(1 = T = BIUz, — zilP.
n+1
By the condition on f8,, from this we obtain
2 2 2 l‘bflz 2
I8, = pIP < lIry = pIP = |1 = ¢d*—— [l = yll* (31)
n+1
From Lemma 4.1, we have that
5 2 !’bff 2
lim [1-¢*——|=1-¢°>0.
n—oo l/)rH—l

2
This implies that there exists ny € N such that 1 — ¢? l/;" > 0 for all n > ny. Hence, from (31) we obtain

n+1

lg, — pI? < I, — pI?  Vn = no. (32)

Also, by definition of r, and triangle inequality,

13}
”rn - P|| = ”Xn + 5n(Xn — Xp-1— p)" < "Xn - P|| + 6n||xn - Xn—l" = ”Xn - P|| + an a_n"Xn - anln' (33)
n
From Remark 3.3, we have %Mx,, — Xp_1] = 0 as n — oo. Thus, there exists a constant G; > 0 that satisfies:
On
—|IXn — Xp-1ll € G, Vn>1. (34)

n
So, from (32), (33), and (34) we obtain
Ig, — pll <l — pll < %, = pll + @,G1, VN > no. (35)
Now, by applying Lemma 2.6 and (35), V n > ny we have

Xn+1 = Pl = lawyf () + I = axD)g, - pll

= lan(yf () — Dp) + (I - anD)(gn -l

< aullyf(r) = Dpll + (1 — anp)lig, — Dl

< anllyf (r) = yf(P)Il + awllyf(p) = Dpll + (1 = &)X = Pl + @G1)

< apyplr = pll + anllyf(p) = Dpll + (1 = any)(Ixn = Pl + axG1)

< anyp(llXn — pll + anG1) + anllyf(p) — Dpll + (1 = any)(IXx — pll + @nG1)

=1 - an(y = yp)lxn = pll + anllyf(p) — Dpll + (1 — an(y - yp))anGy
lyf(p) - Dpl Gy

<A - an(y - yo)lxn — pll + an(y — yp)[ - -
y-vp VP

< max {nxn _pp, @) - Dpll G }
Y=y Y-y

-D G
gmax{llxno—pll, Iy (p) = Dpll Gy }
- vp V- P

Hence, the sequence {x,} is bounded, and so {r.,}, {y,}, {zn} are also bounded.
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Claim 2. The following inequality holds for all p ¢ Q and n € N

2047 — ¥p) 20,(y = yp) | any?
1%+ —PIIZS( =T x - pIP + -
! A-awp) ) " 1 -awp) (27 -y) °

(A - ay)? + anyp) 6,

3G, n - = Dp. X =
¥ W Gy @) P X p>}
2
U7 { PR o TN e Sy 1 Sy 1 §
(1 - anyp) n+1

Using the Cauchy-Schwartz inequality and Lemma 2.6, we obtain

|10 = PIP = [1Xn + 8n(Xn — Xn_1) — DI
=|1xn = PIP + 8711%n — Xnal? + 26n(Xy — P, Xn = Xn_1)
<|1xn = PIP + 87110 = Xn-1l? + 264X — Xpalll|xn — P
=X = PIP + 8allXn = X1l BnllXn = Xaall + 2|10 =PI (36)
<|xn = PIP + 3G X0 — Xnll

1)
=[x, — pII* + 3G20‘na_nllxn = Xp-1ll,
n

where G; := supnen{l|Xn = DI, OnllXn = Xn1ll} > 0.
Now, by applying Lemma 2.6, (30), and (36) we have
[1Xne1 = PIP = llanyf () + (I - anD)g, — pl?
= |lan(yf () — Dp) + (I - axD)(g, — DI
<(1 - any)llg, - pIP + 2a,{yf () — Dp, X1 — D)

2
< - a)} I - plI? - ( ¢? 1/;2 ]Ilrn - yl? - B,(1 -1 - B)IUz, - anlz]
n+1
+ 20,y{f (1) — f(D)> Xne1 — D) + 20:yf(p) — Dp, Xns1 — D)
2
<1 - ay)|lm - pIP? - [ - ¢’ l/)z" )Irn =Wl = B, (1 = 7 = BIUzy ~ Zn”z]
n+1

+ anyp(lIry = pI? + %01 — PI?) + 2a5(yf(p) — Dp, Xns1 — D)

< - a1 = pIP + 362anﬁllxn Xnll = (1 o et A ]Ilfn — Yl
&y n+1
= Bl = T = BIIUzy — zlP) + anyp(llxn - pIP + BGzanZ_:”Xn = Xn-all + [Xns1 — pllz)
+ 20(yf(p) — Dp, Xns1 — D).
Consequently, we obtain

(1 - 20y + (a,7)? + anyp) Q- ap) + ayp) |

a-DIf< - plP? + 3G _
v = Pl o) b = pIP + 36— 5 annxn |
1-a y) ‘l’z
_ -D , _ _ ( n 2 _ 2 1= _ Uz, — 2
+ (1 — anyp) ()’f(p) D> Xn+1 p> (1 — anyp) {( ¢ ri_l ”rn Yn" + Bn( T ﬁn)” Zn Zn"
1-2a,y +« any)?
A2y )y i G
(1 - azyp) (1 - anyp)
ay)? + a 2a
+ 36, A= BV)" * &P) By 2By (p) — Dp, e - 1

1 - anyp) "y (1 - anyp)

2 2
8 S {( gt )urn P+ Bl — T - BTz, - z,,||2}
- nyp) n+1
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<a- 20,(y - yp))” o pIP + 20t,(y yp){ LA
1 - anyp) @ - ayp) 2(y -¥p)
+36,00= s+ aap) 5 01— il + <yf<p)—Dp,xn+1—p>}

2y - yp) &y ¥ - yp)

2
Cmar? My N g - - BNz, -zl

(1 = apyp) )

where Gs = sup{||x, - p|[> : n € N}. This gives the required inequality.

Claim 3. The sequence {||x,, — p|]*} converges to zero.
Let p = Po(I - D + yf)(p). From Claim 2, we obtain
20,y — 20,(y — any?
s — pIP s(l - M)nxn _plp + 20 yp){ g,
(1 - anyp) (1 - anyp) (27 - yp)

1- 2 6,
(«( any)? + anyp) ” X = Xos|| + —
2(y - yp) ay ¥ -vp)

+ 3G,

— 247

@37

<Yf(p) - DP, Xn+1 — P)}

To establish Claim 3, in view of Lemma 2.7, Remark 3.3, and the fact that lim,,_, &, = 0, it suffices to show
that lim supy_.(yf(p) — Dp, Xn.+1 — P) < O for every subsequence {||x,, — pl} of {llx, — pl|} satisfying

tim inf ([ 11 =PIl = b, = PI) = O.
Suppose that {||x,, — pl} is a subsequence of {||x, — pl} such that
lim inf ({11 = PIl = I, — pIl) = 0.

Again, from Claim 2 we obtain

2
A=yl P> Vi I = ¥ P
|y,

< (1 _ Zank(y B YP)
(1 - ankyp)

_ 7)2
((1 amiY) + ankYP) %”Xnk = Xyl + — L
27-yp) v

20, 7 - yo) [ any?
)nxnk—pnz—||xnk+1—p||2+ (Y y”{ ¥

(1 - anyp) (267 -yp) >

+ 3G,

Applying (38) and the fact that limy_,a,, = 0, we have

(1 - ankY)
(1- ankyp)

2
2 l‘b"k 2
- ¢*—— |l = W lIF = 0, k — oco.

ni+1
By the conditions on the control parameters, we obtain

I = Yol = 0, k — oo.
Following similar argument, from Claim 2 we have

Uz, — 2l = 0, k — oo.
From (24) and (39), we obtain

Izn, = Ypl = 0, k — oo.
Combining (39) and (41), we have

It = Znll < e = Yl + W = 20l = 0, k — 0.

(yff(p) - Dp, Xpys1 - p)}.

38)

39)

(40)

(41)

(42)
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By Remark 3.3 and the definition of r,, we obtain
"Xnk - rnk" = 6nk"Xnk - Xnk—lu - 01 k — 0. (43)
From (39), (42), and (43), we obtain

IXn = Yl = 0, k— 00, lxXg —2nl - 0, k— co. (44)

Also, from (40) and (44), we obtain

1%, — Uzg,ll = 0, k — oo. (45)
Using (44) and (45), we have
Pne = &l < (1= By )Xy, = Zul + By ln, = Uznl > 0, k — oo. (46)
Combining this together with the fact that lim_,.a,, = 0, we obtain
o1 = Xmell < @y () = Xl + (1 = @n7) g, = Xl = 0, k — o0, (47)

To complete the proof, we need to show that w,(x,)) ¢ Q. Since {x,,} is bounded, then w,(x,,) is nonempty. Let
x* € wy(x,) be an arbitrary element. Then there exists a subsequence {x,,} of {x,} such that x, — x* as
k — co. By Lemma 4.2 and (39), it follows that x* € VI(C, A). Consequently, we have w,(x,) c VI(C, A).
From (44), we have that z,, — x*ask — co. Since I — U is demiclosed at zero, then it follows from (40) that
x* € F(U). That is, w,(x,) ¢ F(U). Therefore, we have w,(x,) c Q.
Moreover, from (44) it follows that w,{y,} = wy{xn} = w,{z,,}. By the boundedness of {x,,}, there exists
a subsequence {xy,} of {x,} such that x, — x" and
]_11120 vf(p) - Dp, Xn,, — p) = lim sup(yf(p) - Dp, Xn, — p) = limsup{yf(p) = Dp, zn, = D). (48)

k— oo k— o0

Since p = Po(I - D + yf)(p), it follows from (48) that

lim sup(yf(p) — Dp, Xn, — P) = ,ETO (¥f(p) = Dp, xu, - P} = (¥f(p) - Dp, x" - p) < 0. (49)

k—oo
Hence, from (47) and (49), we obtain

lim sup(yf(p) — Dp, Xp.+1 — p) = lim sup{yf (p) — Dp, Xp+1 — Xy + lim sup<yf(p) - Dp, Xn, — D)

=(yf(p) - Dp,x" - p) < 0.

Applying Lemma 2.7 to (37), and using (50) together with the fact that limn_m%llxn — Xp_1]] = 0 and

lim,_, @, = 0, we deduce that lim,_,,||x, — p|| = O as required. O

Taking y = 1 and D = I in Theorem 4.4, where [ is the identity mapping, then we have the following
corollary.

Corollary 4.5. Let H be a Hilbert space and suppose U : H — H is a T-demicontractive map. Let {x,} be
a sequence generated as follows:

Algorithm 4.6.

Step 0. Given § > 0, ¢ € (0, 1), select initial data xo, x4 € H, Ag > 0, and setn = 1.
Step 1. Given the (n — 1)th and nth iterates, choose §, such that 0 < § < 6,, Vn € N with §, defined by:

. &n .
miny—, 6 ¢, if X, # X1,
8y = {||xn—xn_1|| } nr o (51)

6, otherwise.
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Step 2. Compute

In=Xn+ 6n(Xn - Xn—l)- (52)

Step 3. Compute the projection:

Yo = Pe(ry - l/)nArn): (53)
If y,, = m, then set y, = r, and go to Step 5. Else go to Step 4.

Step 4. Compute

Zn = Yo = Wa(Ay, = AR). (54)
Step 5. Compute
. - .
Yoo = mm{&n— Ay;,llh ! ‘l’"}’ A = A7 0. (55)
Y., otherwise.
Step 6. Compute
Xni1 = tnf(r) + (1 = a)[(A — B)zn + B,Uznl. (56)

Setn :=n + 1 and return to Step 1.

Assume that Q = VI(C, A) n F(U) # 0 and other assumptions in conditions A and B are satisfied. Then

the sequence {x,} generated by Algorithm 4.6 converges strongly to a point p € Q where p = Py o f(p)
is a solution of the variational inequalities.

({d-fp,p-2)<0 forall zeQ.

Remark 4.7. The result in Corollary 4.5 complements the result of Tan and Qin [29], Gang et al. [22] and
Thong and Hieu [23] in the following ways:

(1)

(i)

(iii)

(iv)

\

(vi)

Our result in Corollary 4.5 extends the result of Tan and Qin [29] from pseudomonotone VIP to common
solution problem of pseudomonotone variational inequality and FPPs of demicontractive maps.
Corollary 4.5 result extends the result of Cai et al. [22] from FPP of nonexpansive maps to FPP
of demicontractive maps.

The result of Cai et al. [22] requires the knowledge of the Lipschitz constant of the cost operator while
our result in Corollary 4.5 does not require any knowledge of the Lipschitz constant of the cost
operator.

The result of Corollary 4.5 extends the result of Thong and Hieu [23] from monotone VIP to pseudo-
monotone VIP.

Unlike the result of Thong and Hieu [23], our result in Corollary 4.5 employs inertial technique to speed
up the rate of convergence of the algorithm.

As shown in our convergence analysis, we did not adopt the conventional “two cases” approach
employed in several papers to prove strong convergence. Our procedure is more concise and easy
to comprehend.

5 Numerical examples

In this section, we proceed to perform two numerical experiments to show the computational efficiency of
our Algorithm 3.1 in comparison with some other algorithms in the literature. The graph of errors is plotted
against the number of iterations in each case. All numerical computations were carried out using Matlab
2019(b). We use ||x,.1 — xull < 1072 as the stopping criterion. The parameters are chosen as follows:
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o Let f(x) = %x, then p = % is the Lipschitz constant for f. Let D(x) = % with constant y = %, then we take

y = 1, which satisfies 0 <y < %. Let Ux = —%x. Choose 6 = 0.8, = 0.6, ¢ = 0.7, ay, = ! =1

n+3’€" T (m+3)3°

B, = 2= in our Algorithm 3.1.

e Take Tx = %, Y= %, 0, = ﬁ in Algorithm (14).

e LetGx=x-x,y,= ﬁ, w =0.09,p, = 5 "_ in Appendix 6.1.

n+1
2

n mod 5

X, A=m=pu-= %, oy = ﬁ, T, = %, Yo = %, M, = %, in Appendices 6.2 and 6.3.

e Take Tx =
Example 5.1. Consider the linear operator A : R™ — R™ (m = 5, 10, 15, 20) as follows: A(x) = Fx + g,
where g e R™ and F = BBT + M + E, matrix B € R™™, matrix M € R™™, is skew symmetric, and matrix
E € R™™M js a diagonal matrix whose diagonal terms are nonnegative (which implies that F is positive
symmetric definite). We choose the feasible setas C = {x e R™: -2 < x; <5, i =1, ...,m}. It can easily be
verified that the mapping A is strongly pseudomonotone and Lipschitz continuous with L = ||F|. In this
example, both B and M entries are generated randomly in [-2, 2], E is generated randomly in [0, 2], and
g = 0. The initial values xy = x; are generated randomly by rand(m, 1).

The stopping criterion used for our computation is [x,.1 — Xull < 1072. We plot the graphs of errors
against the number of iterations in each case. The numerical results are reported in Figure 1 and Table 1.

L L

——Algorithm 14 ——Algorithm 14
Appendix 6.1H Appendix 6.1
Appendix 6.2 Appendix 6.2
Appendix 6.3 Appendix 6.3

——Algorithm 3.1 ——Algorithm 3.1

107 ]

(2

g

] w
102 ]

0 5 10 15
Iteration number (n)

20 25

y 1
——Algorithm 14 10 T T —
Ap?pendix 6.1 *AIgonthm 14
Appendix 6.2 Append!x 6.1
Appendix 6.3 Append!x 6.2
——Algorithm 3.1 Appeﬂdlx 6.3
——Algorithm 3.1}/

0 5 10 15
Iteration number (n)

Figure 1: Top left: m = 5; top right: m = 10; bottom left: m = 15; bottom right: m = 20.

20 25

1 s

10 15 20
Iteration number (n)

10 15 20 25
Iteration number (n)
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Table 1: Numerical results for Example 5.1
Algorithm 14 Appendix 6.1 Appendix 6.2 Appendix 6.3 Algorithm 3.1

m=>5 No. of Iter. 10 1 1 22 6

CPU time (s) 1.7148 0.9880 0.8846 1.9379 0.4792
m =10 No. of Iter. 1 1 1 22 6

CPU time (s) 1.4375 1.1026 0.9923 1.9712 0.5256
m=15 No. of Iter. 1 1 1 24 6

CPU time (s) 1.4107 0.9337 1.0554 1.9888 0.6284
m =20 No. of Iter. 11 11 12 25 6

CPU time (s) 1.2953 0.8184 0.9771 1.6142 0.4390

Example 5.2. We consider the next example in the infinite dimensional Hilbert space H = L*([0, 1]) with
inner product

1
X, y) = J X(Oy(Hdt for all x, y € H, (57)
0
and induced norm
1 >
[1x]| = I |x()[Pdt | for all x € H. (58)
0
10° T T T T . 10° T T T :
——Algorithm 14 ——Algorithm 14
Appendix 6.1 Appendix 6.1
Appendix 6.2 Appendix 6.2
\ Appendix 6.3 N\ Appendix 6.3
—+—Algorithm 3.1 ——Algorithm 3.1
, el & _
g 107 \ g 10
| w
107 1 102f :
! 0 i i i ! i i
2 4 6 8 10 12 0 2 6 10 12
Iteration number (n) Iteration number (n)
10° T T T T : 10! T T T T : :
——Algorithm 14 ——Algorithm 14
Appendix 6.1 Appendix 6.1
Appendix 6.2 Appendix 6.2
\ Appendix 6.3 A Appendix 6.3
——Algorithm 3.1 10°F ——Algorithm 3.14
4N !
§ 10
i i
107 E 3
102F 1 102k \ i
i t ! i i 1 1 L 1 1 f 1 1

0 2 4 6 8 10 12 0 2 4 6 8 10 12 14 16 18
Iteration number (n) Iteration number (n)

Figure 2: Top left: Case I; top right: Case Il; bottom left: Case Ill; bottom right: Case IV.
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Now, define A : H — H by A(x)(t) = max{0, x(¢t)}, for all t € [0, 1], x € H. It is easy to see that A is
pseudomonotone and 1-Lipschitz continuous on H. It can easily be verified that all the conditions of
Theorem 4.4 are satisfied.

We choose four different initial values as follows:

2[3;1 and x; =3t + t2+ 1;
Case II: xo = exp(—t) and x; = cos2t;
Case III: xo = t3 + t + 5 and x = exp(-2t);

Case IV: xo = 2t> + t> + 3and x = 2t3 - 2 + 3.

Case I: xo =

The stopping criterion used for our computation is ||x,.1 — X,/ < 1072. We plot the graphs of errors
against the number of iterations in each case. The numerical results are reported in Figure 2 and Table 2.

Table 2: Numerical results for Example 5.2

Algorithm 14 Appendix 6.1 Appendix 6.2 Appendix 6.3 Algorithm 3.1
No. of Iter. 6 8 12 5 4
No. of Iter. 6 8 12 5 4
No. of Iter. 6 8 12 5 4
No. of Iter. 9 1 17 8 5

6 Conclusion

We studied the pseudomonotone VIP with a fixed point constraint. We introduced a new inertial TEGM with
an adaptive step size for approximating a solution of the pseudomonotone VIP, which is also a fixed point of
demicontractive mappings. We proved strong convergence results for the proposed algorithm without the
knowledge of the Lipschitz constant of the cost operator. Finally, we presented several numerical experi-
ments to demonstrate the efficiency of our proposed method in comparison with some of the existing
methods in the literature.
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Appendix

Appendix 6.1. (Algorithm 3.3 in [56])

Take 3 € H, ), > 0, w € ( , %] and ¢ € (0, 1). Choose the sequences {a,} and {y,} satisfying the
assumptions made on the control parameters
Step 1. Compute
Yo = PcOn — P, A(x0)).
Step 2. Compute
Zn = P, (xn = Y, A(,)),
where
Hy={x € H: (xpn = Y, A(n) = ¥ X = Y < O},
and

. min{ 2ol y L it AG) - Ay # 0,
Y, otherwise.
Step 3. Compute
tn = (1 = py)Xn + PpZn.
Step 4. Compute
Vp =ty — ynG(tn)-
Step 5. Compute
X1 = [ = I + wU]v,.
Let n = n + 1 and return to Step 1.

Appendix 6.2. (Algorithm 1 in [57])

Initial step: Given xo, x; € H arbitrarily. Lety > 0, m € (0, Du € (0, 1)
Iteration steps: Compute x,,; below:
Step 1. Put v, = x, — 0,(X-1 — Xp,) and calculate u, = Pc(v,, — L,Av,), where I, is picked to be the largest
Le L, Am A7, .} sit
NAv, = Aunll < pllve — ttnll.
Step 2. Calculate
zn = (1 = an)Pc,(Vn — LA(Un)) + atn f (Xn),
where
Ch={veH: (v, - LAV, — uy, u, — v) > 0}
Step 3. Compute
Xni1 = ViPo,(Vn — LAun) + W, Tnzn + T
Update n = n + 1 and return to Step 1.
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Appendix 6.3. (Algorithm 2 in [57])

Initial step: Given xo, x; € H arbitrarily. Let y > 0, m € (0, Du € (0, 1)
Iteration steps: Compute x,,; below:
Step 1. Put v, = x, — 0,(x,_1 — X,) and calculate
u, = B.(v, — L,Av,), where l,, is picked to
be the largest ! € {A, A™, p ..}st
UAv, = Aun|l < plive — unll
Step 2. Calculate
zp=(1- an)PC,,(Vn - LAuy) + anf(Xn),

where
Ch={veH: (v - LAV, — up, u, — v) > 0}
Step 3. Compute
Xn+1 = ynPC,,(Vn - LAw,) + 6,Thz, + ﬁnvn
Update n = n + 1 and return to Step 1.
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