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STRONG LIMIT THEOREMS FOR WEIGHTED SUMS OF
NOD SEQUENCE AND EXPONENTIAL INEQUALITIES

XUEJUN WANG, SHUHE HU, AND ANDREI I. VOLODIN

ABSTRACT. Some properties for negatively orthant dependent sequence
are discussed. Some strong limit results for the weighted sums are ob-
tained, which generalize the corresponding results for independent se-
quence and negatively associated sequence. At last, exponential inequal-
ities for negatively orthant dependent sequence are presented.

1. Introduction

Recently, Wu [11] proved the equivalence of the a.s. and complete conver-
gence for weighted sum > | X;/((n+2—1)log(n+2—1i)loglogn) of indepen-
dent and identically distributed random variables. Antonini et al. [2] gave some
conditions on weights so that the weighted sum converges completely to zero,
which improved the theorem of Chow and Lai [4] and extended the theorem of
Wu [11] to the more general weighted sums.

The main purpose of the paper is to extend the results for weighted sums of
independent and identically distributed random variables to the case of nega-
tively orthant dependent random variables. The techniques involved with the
main results are inspired by Adler [1] and Antonini et al. [2].

Some definitions and lemmas are needed.

Definition 1.1. A finite collection of random variables X1, X», ..., X, is said
to be negatively associated (NA) if for every pair of disjoint subsets Ay, Ay of

{1,2,...,n},
(1.1) Cov{f(X;:i€ A1),9(X;:j€ A2} <0,
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whenever f and g are coordinatewise nondecreasing such that this covariance
exists. An infinite sequence {X,,n > 1} is NA if every finite subcollection is
NA.

Definition 1.2. A finite collection of random variables X1, X5, ..., X, is said
to be negatively upper orthant dependent (NUOD) if for all real numbers
L1, T2y« Ty,

n
(1.2) P(X;>x,i=1,2,...,n) H (X; > z;),

and negatively lower orthant dependent (NLOD) if for all real numbers z1, zo,

.. 7:1;77/7
n
(1.3) P(X;<zy,i=1,2,...,n) H (X; < x).
A finite collection of random variables X7, X5, ..., X, is said to be negatively

orthant dependent (NOD) if they are both NUOD and NLOD. An infinite
sequence {X,,n > 1} is said to be NOD if every finite subcollection is NOD.

The concepts of NA and NOD sequences were introduced by Joag-Dev and
Proschan [6]. Obviously, independent random variables are NOD. Joag-Dev
and Proschan [6] pointed out that NA random variables are NOD, but neither
NUOD nor NLOD implies NA. They also presented an example in which X =
(X1, X2, X3, X4) possesses NOD, but does not possess NA. So we can see that
NOD is weaker than NA. For more details about NOD random variables, one
can refer to Ko and Kim [9], Fakoor and Azarnoosh [5], Ko et al. [8], Kim [7],
Wau [10], and so forth.

Throughout the paper, let {X,,n > 1} be a sequence of NOD random
variables defined on a fixed probability space (Q, F, P). Let a,, < b, denote
that there exists a constant C' > 0 such that |a,/b,| < C for sufficiently large
n. Denote Xt = max(0,X), X~ = max(0,—X) and logn = Inn. C denotes
a positive constant which may be different in various places. The main results
of this paper are depending on the following lemmas:

Lemma 1.1 (cf. Bozorgnia, et al., [3]). Let random variables X1, Xa,..., X,
be NOD, f1, fa,..., fn be all nondecreasing (or nonincreasing) functions. Then
random variables f1(X1), f2(X2), ..., fn(Xy) are NOD.

Lemma 1.2 (cf. Bozorgnia, et al., [3]). Let random variables X1, Xa,..., X,
be nonnegatively NOD. Then

(1.4) E(]]x; gﬁE(Xj).
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Lemma 1.3 (cf. Kim, [7]). Let X1, Xo,..., X, be NOD random variables with
EX, =0 and EX,% < oo for alln > 1. Then we have

(1.5) E(Xmnp1 + Xogz + -+ Xpngp)? < EXZ 0+ EX2 o+ + EX2 )

for all integers m >0, p > 1 and m + p < n. Moreover, we have

ZX

i=1

(1.6) max

2 2
< .
max. < (loggn + 2) E EX;

i=1

By Lemma 1.1 and Lemma 1.3, we can get the following Khintchine-Kolmo-
gorov type convergence theorem and three series theorem for NOD sequences,
which can be applied to obtain the main results of the paper. The proofs are
standard, so we omit them.

Corollary 1.1 (Khintchine-Kolmogorov-type convergence theorem). Let {X,,,
n > 1} be a sequence of NOD random variables. If

(1.7) ZVar )log®n < oo,

then Y ° (X, — EX,,) converges a.s..

Corollary 1.2 (Three series theorem for NOD sequence). Let {X,,,n > 1} be
a sequence of NOD random variables. Assume that for some a > 0

(1.8) > P(IXa|>a) <
n=1
o0
(1.9) Z EX® converges,
n=1
(1.10) ZVar X () log?n < oo.

Then Yo" | X, converges a.s., where X,(Ia) = —al(X, < —a)+ X, I(|X,| <
a) + al(X, > a).

The organization of this paper is as follows. Some properties for NOD
sequence are provided in Section 2 and strong limit results for weighted sums
of NOD sequence are given in Section 3. An exponential inequality for NOD
sequence is proved in Section 4.
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2. Properties for NOD sequence

In this section, we will present some propositions for NOD sequence, which
can be applied to prove some of the main results of the paper.

Proposition 2.1. Let {X,,n > 1} be a sequence of NOD random variables
and {x,,n > 1} be a sequence of real numbers. Denote E; = (X; < x;),
i=1,2,...,0r B; = (X; >u;),i=1,2,.... Then

P <ﬂ Ek> <[] PEw.
k=1 k=1

Proof. By the continuity of probability and the definition of NOD, we can get

P (ﬂ Ek> = lim P (ﬂ Ek> < nli_{I;OHP(Ek) = HP(Ek).
k=1 k=1 k=1 k=1

The proof is completed. O
Proposition 2.2. Let {X,,n > 1} be a sequence of NOD random variables
and {x,,n > 1} be a sequence of real numbers. Denote E; = (X; < z;),

i=1,2,...,0r B, =(X; >u;),i=1,2,.... Then ) .2 P(E,) = oo implies
P(E,,i.0.)=1.

Proof. By the continuity of probability, Proposition 2.1 and } -, P(E,) = oo,
we have

0<1—P(E,,io0.)= lim P <ﬂ Ek>

n—oo
k=n

- _
(2.1) < lim kl:[ P (E)

< P(Ey) _

< fim [l =0

k=n

Therefore, P (E,,i.0.) = 1. O

Proposition 2.3. Under the conditions of Proposition 2.2,
> P(E,) =00 & P(E,,io0) =1
n=1

Proposition 2.4. Let {X,,n > 1} be a sequence of NOD random variables.
Then

X,—>0as & ZP(|XH\ >eg) < oo forany e>0.

n=1
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Proof. ¢ <7 If Y- | P(|X,| > ) < oo for any ¢ > 0, then X,, — 0 as.
follows from Borel-Cantelli Lemma immediately.
“=" Let X,, = 0 a.s., we can see that X;7 — 0 a.s., X, — 0 a.s. Denote
E,(1) = (X, >¢/2), E.(2) = (X, >¢/2) for any € >0,
thus
(2.2) P(E,(j),i.0.) =0, j=1,2.

By Lemma 1.1, we can see that {X;F,n > 1} and {X,,;,n > 1} are both NOD.
By Proposition 2.2 and (2.2),

(23) Y P(Ea(j) < o0, j=1,2
n=1
Therefore,

(2.4) i P(IX,|>e€) < ip(x,j >¢/2) + i P(XT >¢/2) < .

The proof is completed. ([

Proposition 2.5. Let {X,,,n > 1} be a sequence of NOD random variables
and {xn,,n > 1} be a sequence of positive numbers. Denote G; = (|X;| > x;)
fori=1,2,.... Then Y >, P(G,) = oo implies P (Gy,i.0.) = 1.

Proof. Denote E; = (X; > z;) and F; = (X; < —x;) fori = 1,2,.... It is easily
seen that G; = E; + F;. Thus, Y.°7 | P(G,,) = oo implies that

n=1

(2.5) Z P(E,) = o0, or ZP(Fn) = 0.

By (2.5) and Proposition 2.2, we have P (E,,i.0.) = 1 or P (Fy,,4.0.) = 1, which
implies that P (G, i.0.) = 1. O

Proposition 2.6. Under the conditions of Proposition 2.5,

> P(Gy) =00 P(Gy,i0) = 1.
n=1

3. Strong limit results for the weighted sums of NOD sequence

In this section, we will provide some strong limit results for the weighted
sums of NOD sequence and their proofs, which extend the results of Antonini
et al. [2].

Theorem 3.1. Let {X,,,n > 1} be a sequence of NOD random variables with
identical distribution, EX, =0 and F [et‘X”] < oo for allt > 0. Let {ap;,n >
1,1 < i < my,} be an array of positive constants satisfying the following two
conditions, where {m,,n > 1} is a sequence of positive integers:

(1) max aylogn = O(1),
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. My 9
(i) > az;logn = o(1).
i=1
Then Zl";"l an; X; converges completely to zero, which implies that Zl";"l AniX;
converges almost surely to zero.

Proof. The proof is inspired by Theorem 1 of Antonini et al. [2]. It can be
checked that for all x € R, the following inequality holds

T 1 2 ||
e <l+x+ ix el
thus, by FX,, = 0, we have
1
(3. Bl ) <14 | gla xpeenx]

for any t > 0. Let £ > 0 be given. If we take ¢t = 2logn/e, then we can obtain

—_
+

N = N = N =

9\ 2
E [em"ixi] < <) log2 naiiE {X%e%bg”“m‘xlq
€

IA
—
+

2
2
<> log? na®,E {X%eclxlq
€
2\ 2
() log2 na?”»E [e(l'*'c)lel}
€

following from z? < ell for all z € R. Since E [et‘X”] < oo for all t > 0, we
have

(3.2) E [emmx"] <1+ Cd?,;log*n.

By Lemma 1.1, Lemma 1.2 and (3.2),

My t%a . .
i <Z aniXi > 5) < e °E (6 =1 ) = ¢ ¥°F (H etam‘Xi>
i=1

—_
+

i=1
Mn
< g 2logn H (14 Ca; log? n)
i=1
Mmn
(33) < 67210gnH€Caf”; log?n < efglogn — Tf%
=1

for all sufficiently large n. The last inequality follows from the condition (ii).
According to Lemma 1.1, we can see that {—X,,n > 1} is also negatively
orthant dependent with identical distribution, F(—X,) =0 and E [e”_Xl'] <
oo for all ¢ > 0. Replace X; by —X; from the above statement, we obtain

(34) P (% A X < —E> =P (% ani(_Xi) > E) < n—%

i=1
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for all sufficiently large n. By (3.3) and (3.4), it follows that

IA
NE
~
N
NgE
5
>
V
<
+
NE
~
T~
\E
2
>
A
\é/

n=1 i=1 n=1 i=1
)
_3
<C E n-2 < oo.
n=1

Thus, Y ;" an; X; converges completely to zero. We get the desired result. 0O

Corollary 3.1. Let {X,,n > 1} be a sequence of NOD random variables with
identical distribution, EX, =0 and E [et‘X”] < oo for allt > 0. Let {cpi,n >
1,1 <i < n} be an array of positive constants such thatlimsup,, .o >, 2, <
0o. Then Y1 | cniXi/logn converges completely to zero.

Proof. Let an; = ¢pi/logn, we can easily get the desired result by Theorem
3.1. O

The next theorem examines what happens when P (|X,,| > ¢, i.0.) = 1.

Theorem 3.2. Let {X,,,n > 1} be a sequence of NOD random variables with
identical distribution

| L(z)z™, x>1,
(3.5) P(|X1] > x) = { 1. vl

where L(x) is a slowly varying function (i.e., L(x) is a positive function defined
on [0,+00) and L(cx)/L(x) = 1 as x — oo for all ¢ > 0), a > 0. Let {an,n >
1} and {bn,n > 1} be sequences of positive constants satisfying by, = O(bp41)

and b, — co. Denote ¢, = by /a, and S, =Y, a; X; for eachn > 1. Assume
that

> P(IXn| > ¢n) = o0,
n=1

then

(3.6) lim sup || = 00 a.s..

n—oo b’l’l

Proof. If ¢, — oo, then for all sufficiently large M,

> P(lanX,| > Mb,) > L(Men)(Men)™ > C Y Lien)ey®

n=1 n=1 n=ng

C > P(Xn| > cn) =00

for a suitable integer ng such that ¢,, > 1 for all n > ny.
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On the other hand, if liminf,,_,. ¢, < 0o, then there exist a subsequence
{nk,k > 1} and a finite positive constant B such that ¢,, < B. Hence for all
0< M < o0,

> P(lanXn| > Mb,) = > P(IXn| > Me,) > Y P(IX1| > Mey,)

1 =1

n=1 n

>

NE

P(|X1| > MB) = co.

>
Il
—

In both cases, by Proposition 2.5 or Proposition 2.6, we can get

an
(3.7) lim sup ‘a 2 ‘ = 00 a.s..
n—oo n
Since
aan Sn bnfl Snfl
(3.8) b'l'L o a bn . bn_l ’
the desired result (3.6) follows from (3.7) and (3.8) immediately. O

Theorem 3.3. Let {X,,,n > 1} be a sequence of mean zero NOD random
variables with identical distribution (3.5) and 1 < o < 2. Let {an,n > 1} and
{bn,n > 1} be sequences of positive constants satisfying 0 < b, 1 co. Denote
1 =b1/ay and ¢, = b, /(anlogn) for n > 2. Assume that

(3.9) > P(IXn| > en) < o0,
n=1
then
1 n
(3.10) W ; arXp — 0 as.

Proof. (3.5) and (3.9) imply that ¢, > 1 for all sufficiently large k. Without
loss of generality, we assume that ¢, > 1 for all £ > 1.
By Borel-Cantelli Lemma, it is easily seen that (3.9) implies that

(3.11) ZakaI(\Xk| > ¢i) = o(by,) as.
k=1

Denote
Vi = —cpl (X < —cg) +Xkl(‘Xk| <cp)tel(Xg >cr), k>1,
then {Y%,k > 1} are still NOD from Lemma 1.1. It is easy to check that

n

> arXp = ap(Ya—EYi)+Y  arEYi+ Y apcp(I(Xp < —cx)—1(Xy, > cx))
k=1 k=1 k=1 k=1
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(3.12) + 3 apXpI(|X5| > cx).
k=1

In order to show bi Y peq ax X — 0 a.s., we only need to show that the first
three terms above are o(b,) or o(b,) a.s..
By C, inequality, Theorem 1b in Feller (1971, p.281) and (3.9), we can get

o0 Y o0
ZlongVar (ak k) < OZCIZZEYkQ
bx,
k=1 k=1
< CY B [RI(Xk] > ) + XPI(1Xk| < ci)]
k=1
= CZP |X%| > ) +CZ “2EXAI(| X < )
k
< C’-i—C'Zc / P(IXy| > t)dt
< C+C’ZL(ck)ck
k=1

< C+C) P(IXp|> ) < 0.
k=1

By Corollary 1.1 and Kronecker’s Lemma, we have
(3.13) > an(Y — EYi) = o(by) ass..
k=1

By (3.9) again,

k(log k)cp(I( Xy < —cp) — I(Xp > cx))

ZE

br,
< Y E(I(Xk < —cx) + I(Xi > cx))
k=1

= P(|Xk| > Ck) < o0
k=1

which implies that

converges a.s..

i apcr(I(Xg < —cg) = I(Xg > )

b
k=1 k
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By Kronecker’s Lemma, it follows that
n
(3.14) Zakck(I(Xk < —ck) — I(Xy > ci)) = o(bn) as..
k=1

By Theorem 1la in Feller (1971, p.281) and (3.9) again, we have

oo

ar(log k)EY; >
> % < > oM P (1Xk] > cr) + BIX4|T (IX5| > cx)]
k
k=1 k=1
oo oo
= P(1Xk > cx) + D e BIXel (|Xk] > cx)
k=1 k=1
_ QZP(|Xk|>ck)+Zc,;1/ P(IX| > ) dt
k=1 k=1 Ck
o] [e’s) e e]
< C+Czc;1/ L(t)t~dt < C+CZL(ck)c,;“
k=1 Ck k=1
< C+CY P(IXk| > ) < oo,

k=1
which implies that

o0

akEYk
Z ——— converges.
by
k=1
By Kronecker’s Lemma, it follows that

(3.15) > arEY, = o(by).

k=1
Hence, the desired result (3.10) follows from (3.11)—(3.15) immediately. The
proof is completed. ([l

By Theorem 3.2 and Theorem 3.3, we can get the following result.

Theorem 3.4. Let {X,,,n > 1} be a sequence of NOD random variables with
identical distribution (3.5) and EX; = 0. Let {an,n > 1} and {b,,n > 1} be
sequences of positive constants satisfying 0 < by, 1 co. Denote ¢1 = by/a; and
cn = bn/(anlogn) forn > 2. Then for all a € (1,2),

1 n
5 2 X
" k=1

depending on whether Y p | P (| Xj| > cx) converges or Y po | P (| Xy| > b/ax)
diverges.

(3.16) lim sup

n—oo

=0 or oo a.s.

Theorem 3.5. Let {X,,,n > 1} be a sequence of NOD random variables with
identical distribution and {a,,n > 1} be a sequence of positive numbers with
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A, = Z;’:l a; T co. 1 <r < 2. Denote c; =1 and ¢,, = Ay /(a,logn) for
n > 2. Assume that

(3.17) EX, =0, E|Xi|" < 0,
(3.18) N(n)=Card{i:¢; <n} <n", n>1,
then
(3.19) At ZaiXi — 0 as..
i=1

Proof. Let N(0) =0 and
Y, =—c, I(Xp < —cpn) + XpI(| Xn| <epn) +cnl(X, >cn), n>1.

By (3.18), it is easily seen that ¢, — oco as n — oo (otherwise, there exist
infinite subscripts ¢ and some ng such that ¢; < n{, hence, N(ng) = oo, which
is contrary to N(ng) < n{, from (3.18)). By (3.17) and (3.18), it follows that

Y P(Xi£Y) = Y P(Xi|>c)=> > P(Xi>c)
i=1 =1

i=1 ¢;<j<ci+1

Z > P(Xil>j-1)

j=1j-1<¢;<g

IN

= (NG =NG=1D))P(Xe] > -1)

_ i(N(j N —1)) iPlfl<|X1\§l)
i=1 =

_ ZZ N(j—1))P(I—1<|X| <)
I=1j=1

= ZN P(l—-1<|X;| <)

< ZZTP(I—1<|X1|§Z) < ElXi|" < oo.
=1

By the above inequality and Borel-Cantelli Lemma, we can see that P(X; #
Y;, i.0.) = 0. Therefore, in order to prove (3.19), we only need to prove

(3.20) AN Y = 0 as.

i=1
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By (3.17) and (3.18) again,

i=1
<CZP 1Xi| > ) +CZc’2EX1 (IX1] < )

i=1

<c+cz > PEXTI(X| < )

J=1j-1<c;<j

<c+cz > ¢ PEXTI(IX| <)

Jj=1j-1<e; <5

<<C+Z NG=1)0-1) 2ZEX1 (k—1<|X1| <k)
k=1
<+ SUNG) NG = 10)G - 12X~ 1< X < )
k=2 j=k
<<C+ZZN WG =12 = HEXT(k—1 < |X1| < k)
k=2 j=k

L C+Y N PEXTI(k—1<|X1| < k)
k=2 j=k

< C+ Y K EX "Rk —1<|X1| < k)
k=2

=C+ Y EIX\|"I(k—1<|X1|<k)
k=2
< C+E|X1|r < 00.

Therefore, by the above inequality, Corollary 1.1 and Kronecker’s Lemma, we
have

(3.21) AN ai(Yi - BY;) — 0 as.
i=1
In order to prove (3.20), it suffices to prove that

(3.22) At Z a;FY; — 0, n — oo.
i=1
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It is easily seen that F|X;|" < oo for 1 < r < 2 implies that F|X;| < oo, thus
71— 00
By Lebesgue Dominated Convergence Theorem and FX; = 0, we have

Therefore,
(3.24) |EY;| < ¢;P(|X;| > ¢) + |[EX;I(|1X:] < ¢i)] — 0 as i — oo,
which implies (3.22) by Toeplitz’s Lemma. The proof is completed. ([l

Remark 3.1. It is well known that NOD sequence contains independent random
variable sequence and negatively associated random variable sequence as special
cases. So the main results of the paper hold for them.

Remark 3.2. In Theorem 3.5, the condition A,, = 2?21 a; T oo can be relaxed
to 0 < A, 1 0o when 1 < r < 2. It suffices to prove (3.22). In fact, by (3.17)
and (3.18), it follows that

i ar(log k)EYy,
k=1 A
< D e ewP (IXk| > ) + EIX|T (| X5| > )]
k=1
= ZP |X%| > ) +ZC;1E|Xk|I(|Xk\>ck)
k=1
< C’+Z S G EIXT (X0 > er)
k=1cp<j<cr+1
< C+Y Y GEIXI(X]>5-1)
j=1j—1<c<j
< C+CZ NG=1)G -1 Y EIXa|I(k<[Xi|<k+1)
k=j—1
oo k+1
< CH+CY D NGG =D =i HEX I (k< |X1| <k+1)
k=1j5=2
oo k+1
< C+CY D JTPEIXI (k< | X < k+1)
k=1 j=2
< C+CY KTEX|I(k<|Xi|<k+1)

k=1
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< C+CY EIXh[T(k<|Xi|<k+1) < C+CE[Xi|" < oc.
k=1

4. Exponential inequality for bounded NOD sequence

It is well known that the exponential inequality plays an important role in
various proofs of limit theorems. In particular, it provides a measure of conver-
gence rate for the strong law of large numbers. In this section, we will establish
an exponential inequality for NOD sequence, which can be applied to obtain
the complete convergence and almost sure convergence for NOD sequence. In
the following, we let {X,,,n > 1} be a sequence of NOD random variables.
Denote B2 =" | EX? for each n > 1.

Theorem 4.1. Let {X,,,n > 1} be a sequence of NOD random variables with
EX, =0 for eachn > 1. If there exists a sequence of positive numbers {c,,n >
1} such that | X;| < ¢, for each 1 <i < mn, n > 1, then for any t > 0 and any
integer n > 1,

- t2 tc = 2
(4.1) Eexp{tZXl} <6Xp{26 ;EXZ}

i=1

Proof. 1t is easy to check that for all € R, the following inequality holds
e <l+4+x+ %xQe‘zl,
thus, by EX; =0 and |X;| < ¢, for each 1 <i <n, n > 1, we have
E[e™] < 14+tEX, + %tQE [xzetXil] =14 %tQE |xzet ]

(4.2)

IN

1 1
1+ ithtC"EXf <exp {2t2etc"EXi2}

for any t > 0. The last inequality above follows from the fact that 1 +z < e”
for all x € R. By Lemma 1.1, Lemma 1.2 and (4.2), we can see that
(4.3)

_ tX; tX; ten 2
Eexp{t;Xl}—E{l:[le }<1:[1Ee <exp{2e Z;EXZ}
This completes the proof of the theorem. O
Corollary 4.1. Let {X,,n > 1} be a sequence of NOD random variables such

that | X;| < ¢y, for each 1 < i < n, n > 1, where {c,,n > 1} is a sequence of
positive numbers. Then for any t > 0 and any integer n > 1,

= t2 2tc - 2
(4.4) Eexp {tZ(XZ- —EXZ-)} <exp{2€ ZlEX .

=1
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Theorem 4.2. Let {X,,n > 1} be a sequence of NOD random variables such
that | X;| < ¢y, for each 1 < i < n, n > 1, where {c,,n > 1} is a sequence of
positive numbers. Then for any € > 0 such that ¢ < eB2/(2¢c,,)

(4.5) <zf: (X; — EX;) ) < exp {—2;23%} ,
(4.6) (Z:: (X; — EX;) —e) < exp {—2(5;% } ,
(4.7) (ZX — EX;) ) §Qexp{—2:;%}.

Proof. By Markov’s inequality and Corollary 4.1, we have that for any ¢ > 0,

P (i(XZ — EXZ) 2 E) = P <6Xp {ti(X" — EXZ)} 2 6t5>

i=1 i=1
< e “Eexp {t > (X - EXi)}
i=1
tQ
(4.8) < exp {—ts + 2€2tC"BZ} .

Taking ¢t = ¢/(eB2), and noting that 2tc, < 1, we can obtain (4.5). It is
easily seen that {—X,,n > 1} is still a sequence of NOD random variables
with | — X;| < ¢, for each 1 <i < n, n > 1, then it follows from (4.5) that

P (Zn:(Xi - BXi) < s) =P <§nj<Xi ~E(-Xy) > s>

i=1 i=1

52
Sexp{—%BQ},

which implies (4.6). Finally, (4.7) follows from (4.5) and (4.6) immediately.
This completes the proof of the theorem. (I

(4.9)
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