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ABSTRACT

We define a notion of strong shift equivalence for C*-correspondences and
show that strong shift equivalent C*-correspondences have strongly Morita
equivalent Cuntz—Pimsner algebras. Our analysis extends the fact that
strong shift equivalent square matrices with non-negative integer entries
give stably isomorphic Cuntz-Krieger algebras.
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1. Introduction

Inspiration for this work comes in large part from the two papers, [23] by R.
Williams and [4] by J. Cuntz and W. Krieger. To understand why, suppose
A and B are two square matrices, possibly of different sizes, whose entries
are non-negative integers. Then A and B are called strong shift equivalent
if there is a finite chain of square matrices with non-negative integer entries,
A1, Ag, ..., Ay, such that A; = A, A, = B and foreachi, 1 <¢ <n-—1, thereis
a pair of matrices (R;, S;) with non-negative integer entries such that A; = R;S;
and A;;1 = S;R;. (An individual pair (R;, S;) is sometimes called an elemen-
tary strong shift equivalence between A; and A;y1.) On the other hand, if Ais a
square matrix with non-negative integer entries, then there is a well-known pro-
cess for building a shift dynamical system (X 4,04) — a so-called shift of finite
type: One regards A as the incidence matrix of a finite graph, F = (E°, El,r,s),
where EO is the space of vertices, E! is the space of edges, and r (resp., s) is
the range map (resp., source map) from E! to E°. The space X4, then, is
the two-sided infinite path space {(e;)icz € (E1)Z : s(ei41) = r(e;)}. Evidently,
X 4 is a closed subset of the compact space (E')Z that is invariant under the
shift map o, given by o(e;) = (e;+1). The shift map o is a homeomorphism, of
course, and therefore, so is its restriction to X4, which is denoted o4. In [23,
Theorems A and F] Williams proved that the shift dynamical systems (X1, 04)
and (Xp,op) are conjugate, meaning that there is a homeomorphism ¢ from
X4 to Xp such that po o4 = op o ¢, if and only if A and B are strong shift

equivalent.

Subsequently, in [4], Cuntz and Krieger attached a C*-algebra, O4, to ev-
ery square matrix A having non-negative integer entries. Cuntz and Krieger
worked primarily with matrices whose entries have zeros and ones, but in [4,
Remark 2.16] they observe that their construction for zero-one matrices can be
adjusted to cover matrices with non-negative integer entries. In [4, Theorem 3.8]
they show that if (X4,04) and (Xp,op) are conjugate, then O4 and Op are
strongly Morita equivalent in the sense of Rieffel. Coupled with Williams’s the-
orem, we conclude that if A and B are two strong shift equivalent matrices,
then the C*-algebras O and Op are strongly Morita equivalent.

Reflecting on the graphs associated with shift dynamical systems and taking
into account developments in the theory of Cuntz—Krieger algebras that allow

one to express an O 4 in terms of a graph (see [20], for example), we were led to
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consider the following generalization of strong shift equivalence and its relation
to so-called Cuntz—Pimsner algebras. (Precise definitions of the terms used
and technical hypotheses, which are omitted here, will be developed thoroughly
in the body of the paper.) Suppose A and B are C*-algebras and that E
(resp., F') is a C*-correspondence over A (resp., B) (so in particular, F' and
F are bimodules over A and B, respectively). Then we shall say that E is
(elementary) strong shift equivalent to F' in case there is a correspondence R
from A to B and a correspondence S from B to A (in particular, R is an A-B-
bimodule and S is a B—A-bimodule) such that £ =2 R®p S and ' = S ®4 R.
Given the relation between strong shift equivalence of matrices and the strong
Morita equivalence of the associated Cuntz—Krieger algebras, we were led to
speculate that if £ and F are strong shift equivalent, then the Cuntz-Pimsner
algebras O and Of are strongly Morita equivalent. It turns out that our
speculation is correct, at least under appropriate hypotheses, as we shall show
in Theorem 3.14. Our result captures the connection just discussed between
strong shift equivalence of matrices and the strong Morita equivalence of their
associated Cuntz—Krieger algebras, as we shall make clear in Section 5.

In the next section we develop the basic facts about correspondences,
Cuntz-Pimsner algebras, etc. that we need. We note that most places in the
literature, when constructing Cuntz-Pimsner algebras of correspondences, the
blanket assumption is made that the coefficient algebra acts faithfully on the
correspondence. However, in our investigation it is important to allow non-
faithful actions. Fortunately, Katsura recently has developed the theory of
C*-correspondences where the action need not be faithful in [10], [11] and [12]
and he has extended the notion of Cuntz-Pimsner algebra to this setting. The

next section expands upon his work for our purposes.

In Section 3, we prove our main result, Theorem 3.14, just described. In
Sections 4 and 5, we explore the limitations and necessity of some of our tech-
nical hypotheses. Also, in Section 5 we show how our analysis relates to graph

C*-algebras and shifts of finite type.

ACKNOWLEDGMENT. We are very grateful to Baruch Solel for valuable insights
and conversations that helped with our investigation. We are also grateful to
Berndt Brenken for some very helpful corrections to an initial draft.
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2. Preliminaries

2.1. C*-CORRESPONDENCES. We follow the conventions of Lance [15] for our
terminology of Hilbert C*-modules, and we use the notation and conventions
of Katsura in [10], [11] and [12] for C*-correspondences.

Definition 2.1: If A is a C*-algebra, then a right Hilbert A-module is a
Banach space X together with a right action of A on X and an A-valued inner
product (-, -)x satisfying
() (&nadx = (€,mxa,

(i) & mx = m8%,

(iii) (£,€)x >0 and [[€]| = [I¢€, &) x[I'/?,
for all £,n € X and a € A. For a Hilbert A-module X we let £(X) denote the
C*-algebra of adjointable operators on X, and we let K(X) denote the closed
two-sided ideal of compact operators given by

K(X):= spﬁ{(—)én :&,ne X}

where @g(,n is defined by © gfn(f ) :=&(n,¢)a. When no confusion arises we shall
often omit the superscript and write ©¢ , in place of @gfn.

Remark 2.2: If X is aright Hilbert A-module and Y is a right Hilbert B-module,
then we may give X @Y the structure of a right Hilbert A®B-module by defining

(x’y)(aa b) = (a:a, yb) and ((331,3/1), (l‘g,yz»)(@)/ = (<$1,CC2>X, <y1,'y2>Y)-

Definition 2.3: If A and B are C*-algebras, then a C*-correspondence from
A to B is a right Hilbert B-module X together with a *-homomorphism
¢x : A — L(X). We consider ¢x as giving a left action of A on X by set-
ting a - ¢ := ¢x(a)z. When X is a C*-correspondence from A to B we will
sometimes write 4 X p to keep track of the C*-algebras. If A = B we refer to X

as a C*-correspondence over A.

Definition 2.4: Let X and Y be C*-correspondences from A to B. An isomor-
phism from X to Y is a surjective linear map 7' : X — Y with the property
that T'(zb) = T(z)b, (T(z),T(y))y = (z,y)x and T(¢x(a)z) = ¢y (a)T(z) for
all z,y € X, b€ B, and a € A. We say that X and Y are isomorphic if there
exists an isomorphism from X to Y, and in this case we write X =Y.

Evidently, since (T'(z), T(y))y = (z,y)x, an isomorphism is automatically

injective. Thus isomorphisms are bijective.
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LEMMA 2.5: Let s Xp and aYp be C*-correspondences from A to B. Then T
induces a *-isomorphism T, : K(X) — K(Y) by T.(0Y,) = C—)g(a:),T(y)' Also if
a € A and ¢x(a) € K(X), then Ty (¢px(a)) = ¢y (a).

Proof. 1t is straightforward to check that defining T, : K(X) — K(Y) by
T *(@f’ ) = @¥(z),rp(y) and extending linearly gives a *-homomorphism. Since
(T~1),. is an inverse for this *-homomorphism 7, is a *-isomorphism between
C*-algebras. Furthermore, if ¢x(a) € K£(X), then

- hm Z @mn ksYn,k*

But then for any y € Y we may let = := T~ '(y) and we have

T.($x(0))y = Tu($x (0))T(x) ( hmZ oX . ) ()

N,
= hmZ OT (e ) T () T(®) = hmZT 2,k ) (T (Yn,k), T(2))y

= lim Z T (@n ) (Yn k> @) x = 10D | T(@n.k(Yn k> ) x)
k=1 k=1

Nn
=T{ 1M ZTniYnr z)x ) =T(lm> OF ()
< bt ; k\Yn,k Y) ( Z )
= T(px(a)z) = ¢y (a)T(z) = dy(a)y
so that T (px(a)) = ¢y (a). &

2.2. ESSENTIAL C*-CORRESPONDENCES.

Definition 2.6: A C*-correspondence X from A to B is said to be essential if
span{¢x(a)r:a€ Aandz € X} = X.

It can be shown that X is essential if and only if whenever {ex}iea is an
approximate unit for A, then limy ¢x(ex)z = z for all z € X.

Definition 2.7: If X is a C*-correspondence from A to B, the essential sub-

space of X is defined to be

Xess := span{¢x(a)z :a € Aand z € X}.
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Notice that X, is closed under addition and right multiplication by elements
of B. Thus X is a right Hilbert B-module with the inner product that
it inherits from X. In addition, if a € A, then ¢x(a)|x.., takes values in
Xess and hence ¢x(a) restricts to an element in £{Xes). Therefore, defining
bx...(a) := ¢x(a)|x,,, makes X into a C*-correspondence from A to B.

2.3. C*-ALGEBRAS ASSOCIATED WITH C*-CORRESPONDENCES.

Definition 2.8: If X is a C*-correspondence over A, then a representation of
X into a C*-algebra B is a pair (¢, 7) consisting of a linear map ¢ : X — B and

a *-homomorphism 7 : A — B satisfying

(i) t(€)*t(n) = m((&, m)x),
(i) £(dx(a)§) = m(a)t(£),
(iif) ¢(&a) = t(§)m(a),
for all £,n € X and a € A. We often write (¢, 7) : (X, A) — B in this situation.
Note that Condition (iii) follows from Condition (i) due to the equation

[£(€)m(a) — t€a)]|* = [I(t(§)m(a) — t(&a))" (t(¢)n(a) — t(Ea))l| = 0.

If (t,7) : (X,A) — B is a representation of X into a C*-algebra B, we let
C*(t,7) denote the C*-subalgebra of B generated by t(X) U m(A).

Definition 2.9: A representation (¢,) : (X, A) — B is said to be injective if 7
is injective. Note that in this case ¢ will also be isometric since

£ = 11£E)* () = lIm (&, €3 = €€, &) all = lIE]I*.

Definition 2.10 (The Toeplitz Algebra of a C*-correspondence): Given a C*-
correspondence X over a C*-algebra A, there is a C*-algebra 7x and a repre-
sentation (tx,7Tx) : (X, A) — Tx that is universal in the following sense:
(1) 7x is generated as a C*-algebra by tx(X) U7 x(A); and
(2) Given any representation (¢,7) : (X, A) — B of X into a C*-algebra
B, there exists a *-homomorphism of p( ») : 7x — B, such that ¢ =
P(t,r) © tx and ™ = Pt,m) OTTX.
The C*-algebra Tx and the representation (fx,7Tx) exist (see [8], for exam-
ple) and are unique up to an obvious notion of isomorphism. We call 7x the
Toeplitz algebra of the C*-correspondence X, and we call (tx,7Tx) a
universal representation of X in 7x.
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Definition 2.11: For a representation (¢, 7) : (X, A) — B of X into a C*-algebra
B there exists a *-homomorphism 1), : K(X) — B with the property that

%1 (Bgn) = L)

See [19, p. 202], [9, Lemma 2.2], and [8, Remark 1.7] for details on the existence
of this *-homomorphism. (We warn the reader that our map v, is denoted by
71 in much of the literature, and by p(t:™ = p(¥» in [8]. We have chosen to
use v, in order to follow the conventions of Katsura in [10, 11, 12] and since
the map depends only on ¢ and not on 7.) It is shown in [11, Lemma 2.4] that

if (¢, 7) is an injective representation, then 1, is injective as well.
Definition 2.12: For an ideal I in a C*-algebra A we define
It :={acA:ab=0forallbe I}

If X is a C*-correspondence over A, we define an ideal J(X) of A by J(X) :=
dx (K(X)). We also define an ideal Jx of A by

Jx = J(X) N (ker px )t

Note that Jxy = J(X) when ¢x is injective, and that Jx is the maximal ideal
on which the restriction of ¢ is an injection into K(X).

Definition 2.13: If X is a C*-correspondence over A, then a representation
(t,m): (X, A) — B of X into a C*-algebra B is said to be coisometric if

Ui(dx(a)) =7m(a) forallae Jx.

Definition 2.14 (The Cuntz—Pimsner Algebra of a C*-correspondence): Given
a C*-correspondence X over a C*-algebra A, there is a C*-algebra Ox and
a coisometric representation (tx,nx) : (X, A) — Ox that is universal in the
following sense:
(1) Ox is generated as a C*-algebra by tx(X)Umx(A); and
(2) Given any coisometric representation (t,7) : (X, A) — B of X into a
C*-algebra B, there exists a *~-homomorphism of p(; ) : Ox — B, such
that £ = p;,») otx and m = p( ») o Tx.
The C*-algebra Ox and the representation (tx,mx) exist (see [11, §4]) and
are unique up to an obvious notion of isomorphism. We call Ox the Cuntz—
Pimsner algebra of the C*-correspondence X, and we call (tx,7x) a



322 P. S. MUHLY, D. PASK AND M. TOMFORDE Isr. J. Math.

universal coisometric representation of X in Ox. We also mention that

any universal coisometric representation (¢x,mx) is injective.
2.4. THE GAUGE ACTION ON CUNTZ-PIMSNER ALGEBRAS.

Definition 2.15: If X is a C*-correspondence over A, we say that a representa-
tion (¢,7) : (X, A) — B of X into a C*-algebra B admits a gauge action if
for each z € T there is a *-homomorphism 3, : C*(t, ) — C*(¢,w) such that
B, (t(€)) = zt(€) for all £ € X and B,(m(a)) = w(a) for all a € A.

It is a consequence of this definition that 3, is actually an automorphism with
;1 = Bz, and that the map 8 : T — Aut C*(¢, ) given by z — 3. is strongly

continuous.
Definition 2.16: If X is a C*-correspondence over A and
(tx,ﬂ'x) : (XaA) - OX

is the universal coisometric representation of X into Ox, then the universal
property of Ox implies that (¢x,7x) admits a gauge action, which we denote
by v: T — Ox. We refer to v as the canonical gauge action on Ox.

THEOREM 2.17 (The Gauge-Invariant Uniqueness Theorem for Cuntz-Pim-
sner Algebras): Let X be a C*-correspondence over a C*-algebra A, and let
(t,m) : (X, A) — B be a coisometric representation of X into a C*-algebra B.
If C*(t, ) is the C*-subalgebra of B generated by the images, t(X) and m(A),
then the induced *-homomorphism p(; ) : Ox — C* (t,7) is an isomorphism if
and only if (t,7) is injective and admits a gauge action.

The Gauge-Invariant Uniqueness Theorem is proven in [11, §6]. It is one
of our most important tools for constructing isomorphisms of Cuntz-Pimsner

algebras.

2.5. TENSOR PRODUCTS OF C*-CORRESPONDENCES. If s Xp is a C*-corre-
spondence from A to B, and if gYs is a C*-correspondence from B to C,
then we may form a correspondence X ®p Y from A to C, called the inter-
nal tensor product (sometimes also called the interior tensor product) as
follows: We first regard Y as a left B-module and form the algebraic tensor
product X ®Y. We then let N be the subspace generated by

{zbOy -z ¢y(b)y:z € X,y €Y, and b € B}
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and form the balanced tensor product X @Y := (X QY)/N. f z ©y is
an elementary tensor in X @Y, we let x ®p y denote its equivalence class in
X ©OpY. Wegive X ®Y a right C action by defining (z ®p y)c := z Op yc,
a left A action by defining ¢xe v (a)(z Op y) = ¢x(a)xr ®p y, and a C-valued
inner product by defining

(1 OB Y1, T2 OB Y2) X0y = (Y1, by ({T1, T2) X )y2)Y -

These formulas are well-defined and continuous on all of X ®p Y and make
X ®gY into a pre-C*-correspondence from A to C. (In particular, the subspace
{z € XOBY : (2,2)xpzy = 0} isequal to N [15, p. 40] so that the inner product
on X ®pY is nondegenerate.) We then define X ® g Y to be the completion of
X ®p Y with respect to the norm coming from the above inner product, and
we let z ® y denote the equivalence class of x ® y € X ®Y. We mention that
X®pY =spam{z®y:z€ Xandye Y} T e L(X)and S € L(Y) with
oy (b)S(y) = S(¢y(b)y) for all b € B and y € Y, then one can show that there
exists an operator T®4 S € L(X ®4Y) with (T ®4 S}z ®y) =T(z) ® S(y).

Note that if T € K(X ®pg Y), then the linearity of the inner product, and
the fact that span{z ® y: ¢ € X and y € Y} is dense in X ®p Y allows us to
write T as the limit of finite sums of elements @f&’ﬁgw; that is, the subscripts
in the generalized rank one operators may be chosen to be elementary tensors.

If X is a C*-correspondence over A, then we may form the tensor product of
X with itself. For n > 1 we let X®" denote the tensor product X ®4---®4 X
of n copies of X. We then have that

X®n=m{§1®-"®§nZ£1,...,§nEX}-

If (t,7) : (X,A) — B is a representation of X into a C*-algebra B, then it is
straightforward to show that there exists a linear map " : X®" — B defined
by t"(61 ® -~ ® &) = t(&1)---t(&n), and that (¢*,7) : (X®", A) — Bis a
representation of X®" into B. In particular, there exists a *-homomorphism
Pn : K(X®™) — B with

Y (OFF") = (€)™ (n)"  for £,n € XO".

For n = 0 we define X® = A, and we take t° := m. It can also be shown (see
[11, Proposition 2.7]) that

C*(t,m) = span{t"(£)t™(n)* : £ € X®",n € X®™ and n,m € N}.
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The following proposition was proven in [7, Lemma 4.5] and will be useful for

us in our analysis.

PROPOSITION 2.18: Let X be a C*-correspondence over A and suppose that
the left action ¢x : A — L(X) is injective. Also letn > 1. If S € L(X®™) and
SQId e K(X®M+1) then S € K(X®") and ¢sm+1(S ®4 Id) = 1= (S).

3. Elementary Strong Shift Equivalence of Regular C*-correspond-
ences

Definition 3.1: We say that a C*-correspondence 4 X p from A to B is regular
if the left action ¢x : A — L£(X) is injective and im ¢px C K(X). Note that if
X is regular, then Jx = J(X) = A.

Definition 3.2: Let sE4 be a C*-correspondence over A and let gFp be a C*-
correspondence over B. We say that F is elementary strong shift equiv-
alent to F if there exists a C*-correspondence 4Rp from A to B and a C*-

correspondence gS4 from B to A such that
EFE2R®S and F=2S®4R.

We shall spend the remainder of this section proving that if £ and F are es-
sential, regular C*-correspondences that are elementary strong shift equivalent,
then Of is Morita equivalent to Op.

Definition 3.3: Let 4Rp be a C*-correspondence from A to B and let gSa be
a C*-correspondence from B to A. The bipartite inflation of S by R is a
C*-correspondence X over A @ B defined in the following way: We let

X=S®R

be a right Hilbert A @ B-module as in Remark 2.2, and we make X into a
C*-correspondence X over A ® B by defining

bx (a’ b)(sa T) = (d)s(b)s, (rbR(a)T)'

Note that the order of S and R are relevant and, in particular, the bipartite
inflation of S by R is not equal to the bipartite inflation of R by S.

Throughout this section fix C*-algebras A and B, and fix a C*-correspondence
ARp from A to B and a C*-correspondence gS4 from B to A. We shall set
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(3.1) E=R®pS and F=S®aR

so that E, which is a C*-correspondence over A, is elementary strong shift
equivalent to F', which is a C*-correspondence over B. We shall also let X =
S @ R denote the bipartite inflation of S by R, which is a C*-correspondence
over A® B.

PROPOSITION 3.4: With the notation above, we have X®? & E @ F as C*-
correspondences. Furthermore, there exists an isomorphism T : X ®2 L EoF
with the property that T((s,7) ® (s',7")) = (r®s',s®1r').

Proof. We begin by defining a balanced bilinear map Tp: X ® X—=E & F
by To((s,7),(s',7")) = (r ® ¢',s ® r'). Then Ty induces a linear map
T: X ©Oage X — E@ F, and for any pair of elementary tensors (s1,71) OAeB
(s1,7), (s2,72) Oaen (s5,75) € X ©agn X we have

(T((s1,71) ®ass (51,71)), T((s2,72) Oaen (52,73))) poF

r1®sh,51Q71)),(r2 ® 83,52 @ T3)) EoF
T @ 8),70 @ sy) g, (s1 ® T, 82 ®Ty) k)
S ,¢R(<T‘1,7‘2>R)S/2>S,(T1,¢S(<51,S2>S)Té>R)

(

(r1

(s

(s1,71), (pr((r1,m2) )52, ds((s1, 82)5)r2)) X
(s]

(

I

1), dx ((s1,82) 8, (r1,72) R)(52,73)) X

51,71) Oagn (51,77), (s2,72) Oaen (55, T5)) xe2.

S

(
(
(
{
{
{

Because the inner product is bilinear, this shows that (T'(z),T(y))rer =
(z,y)x»2 for all z,y € X ©®agp X. Thus T is bounded and extends to a map
T: X® - E@F, which preserves inner products. Furthermore, it is straight-
forward to check that T(¢xe2(a,b)z) = ¢rgr(a,b)T(z) for all (a,b) € AD B
and z € X®2. Finally, since T preserves inner products we have that T' is
injective, and since span{r ® s’ : r € Rands' € S} = R®p S = E and
span{s®7r’' : s € Sandr’ € R} = S®4 R = I we see that T is surjective.
Thus T is an isomorphism of C*-correspondences. |

LEMMA 3.5: If ¢reys and ¢sg . r are injective, then ¢x is injective.

Proof. Since ¢p(a) = ¢r(a) ® Id for all a € A, we see that if ¢pr(a) = 0,
then ¢regzs(a) = 0 and the injectivity of ¢rgys implies that a = 0. Thus
¢r is injective. Similarly, the injectivity of ¢sg,r implies that ¢s is injective.
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Because X = S ® R and ¢x(a,b) = ¢ps(b) ® ¢r(a) for all (a,b) € AD B, we
have that ¢x is injective. [

R®BS
@Tn k®sn kT n, k®sn k:

LEMMA 3.6: If a € Jrgyzs and ¢rggzs(a) = lim, Z,Icv"l
. N, ®2

theﬂ ¢X®2 (CL, 0) = llmn Zk}:l (X(),Tn,k)®(sn,k10)7(0;T;,k)®(5;'k,0)-

Proof. Since E = R®p S and ¢pgr = ¢ ® ¢r, we see that dper(a,0) =

n OEOF : . .
lim,, Zk 190, c@5m1.0), (), @5, 0" - Using the isomorphism,

(res),(s®@r)—(s1) (s, r)

from EDF to X®2 established in Proposition 3.4, we may then apply Lemma 2.5
to obtain the result. [

LEMMA 3.7: Suppose ¢reys and ¢psg.r are injective. Let
(tx,ﬂ'x) (X A@B) — Ox

be a universal coisometric representation of X into Ox. Then there exists a
coisometric representation (t, ) : (R ®p S, A) — Ox with

t(r®s) =tx(0,7)tx(s,0) and w(a)=7mx(a,0)

forallr® s € R®p S and for all a € A.

Proof. Begin by defining 7 : A — Ox by w(a) := wx(a,0). Since (r,s) —
(0,7) ® (s,0) is a balanced bilinear map from R® S to X®?2, it induces a linear
mapT : RO S — X®% If r ©g s and v’ ©Op s’ are elementary tensors in
R®p S, then

(0,7) ® (s,0), (0,7") ® (s',0)) x o2
(s,0), px ({(0,7),(0,7")) x)(s", 0))x
s, pr((r,7')R)S',0)

r®s,r ®sYres,0).

(T(r®ps),T(r' ©ps'))xs

{
{
(
«

By the bilinearity of the inner product, it follows that (T'(2),T(w))xez =
({2, W) Reps,0) for all z,w € R Op S. Thus |T(2)| = [(T(2),T(2)) xe2|"? =
({2, 2) Reogs, 0)|/2 =] 2| so T is isometric and extends to amap T': R® pS — X ©2.
If welet t :=t% o T, thent: R®p S — Ox and t(r ® s) := tx(0,7)tx(s,0).
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We shall now show that (¢, 7) is a representation of R®p S into Ox. If a € A
and r ® s and r’ ® s’ are elementary tensors in R ®p S, then

tr® s)*t(r' @ s') = tx(s,0)*tx(0,7)*tx (0,7 )tx(s",0)
tx(s,0)*mx ({(0,7), (0,7")) x)tx(s",0)
tx(s,0)*mx((0, (r,7")r))tx (s, 0)
mx((s, ¢s((r,7")r)s)s,0)

m((r®s,7”" @ s')regs)-

and

t(Press(a)(r ® s)) =tx (0, ¢r(a)r)tx(s,0) = tx(¢x(a,0)(0,r))ix(s,0)
= nx(a,0)tx(0,7)tx(s,0) = m(a)t(r ® s).

Because of linearity and the fact that elementary tensors span a dense subset
of X®2, the above two equations show that Condition (i) and Condition (ii) of
Definition 2.8 hold and (¢, 7) is a representation of R®p S.

To see that (t,m) is coisometric, let a € Jrgys and write drgys(a) =

: Nn R®BS
lim, Y ™ Grn,k®sn,k,r;,k®s; g Then

Nn
_ 1 x%2
(3:2) $xw2(a,0) =HIM Y OF 1 110 (an 4.0, )] .0
k=1

by Lemma 3.6. Hence

Yi(Preps(a)) =lim Z Tk ® Snk)t(Th ks ® Spk)”
k=
=1im Y tx (0, 7n,k)tx (Sn ks 0)(Ex (0,70, k)tx (87 £, 0))°
k=
=lim ) t%((0,rnk) ® (snk, 0))t5 (0,77, ) ® (57,5, 0))"

:’l)btx2

N

Ny,

. X B2

lim ) O(o,rn.m(sn,k,0),(o,r;,k)®(s;,k,0)>
k=1

:wtxz (Px w2 (a, 0)) = wtxz (¢x(a,0) ® Id).

From Lemma 3.5 it follows that ¢x is injective. Also, ¢x(a,0) ® Id =
¢x»2(a,0) € K(X) from (3.2). Thus the above equation and Proposition 2.18
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show that Y:(¢ress(a)) = "wbtxz (fpx(a,0) ®Id) = i (¢x(a,0)) = 7x(a, 0) =
7(a) and (¢, ) is coisometric. |

LEMMA 3.8: Suppose ¢regs and ¢sg,r are injective. If
(t,m): (R®BS,A) — Ox

is the coisometric representation defined in Lemma 3.7, then (t,7) admits a

gauge action.

Proof. Let

(tx,mx): (X, A) = Ox

be a universal coisometric representation of X into Ox. For z € T define
(t;,m) : (X,A) —» Ox by m, = wx and t,(s,r) := tx(sz,r) for (s,7) € X =
S @® R. Then t, is a linear map, and we see that (t,,7,) is a representation

to(s,7)*t.(s',7") = tx(sz,7)*tx(s'z,7) = mx ({(sz,7), (s'z,7")) x)
=7nx((s2,82)s, (r,7")Rr)
=mx((s,8")s,{r,7")r)
=7x({(s,7),(s",7")) x)
= m({(s,7), (s's7")) x)
and

tz(dx(a,b)(s,7)) = t-(¢s(b)s, pr(a)r) = tx(ps(b)sz, ¢r(a)r)
=ix (¢X (a': b)(SZ, T‘))
=nx(a,b)tx(sz,T)

= m.(a,b)ts(s,7).

We shall also show that (¢, 7) is coisometric. If (a,b) € Jx, then

Nn
S 3 X
¢x(a,b) = llrrln Z G(Sn,k-rn,k)’(sil,k’ré,k)'
k=1
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Since X = S @ R and ¢x(a,b) = ¢s(b) ® ¢dr(a) it follows that ¢s(b) =
lim, Yo, ©5 and ¢p(a) =lim, 33", ©F ., . Thus

’ /
sn,k:‘sn‘k T'n.,k::'rn'

1/}':2 (¢X (a7 b))
=1, (¢x(a,0)) + ¥, (6x(0,0))

Nn Nn
=r, (Hm D OF ) 0, ) + %MD OF L o) (o 0)
k=1 k=1

Np, N

=Hm Y t2(0,70,8)t2(0, 75 )" +Hm Y t:(snk, 0)t: (7 1, 0)"
" k=1 " k=1
N. N.

=lim kz tx (0, 7,k )x (0,77, )™ + lim kz tx (Snk, 0)2(tx (5], . 0)2)*

Nn Nn
=lim kzl tx (0,7 k)tx (0,77, )" + lim ; tx (Sn,k, 0)tx (5p 1, 0)*

Nn Nn
_ . X : X
=Vt (h,in DOm0, THD Y @(sn,k,ox(s;,km)

k=1 k=1
=Ptx (¢X (a7 0) + ox (07 b)) = Yix (¢X (a’1 b)) =TX (a’ b) = Tz (a" b)

Since (t,,7.) is a coisometric representation, it induces a *-homomorphism
B = pu, r.) : Ox = Ox with g, 0tx =1, and §; omx = 7.

If (t,7) : (R®p S,A) — Ox is the coisometric representation defined in
Lemma 3.7, then for any elementary tensor r®s in R® .S we have §,(t(r®s)) =
B.(tx(0,7)tx(5,0)) = t,(0,7)t,(s,0) = tx(0,7)tx(s2,0) = 2tx(0,r)tx(s,0) =
zt(r ® 5). Since the elementary tensors span a dense subset of R®p S it follows
that 3,(t(€)) = t(¢) for all € € R®p S. In addition, B.(7(a)) = B.(7x(a,0)) =
7,(a,0) = mx(a,0) = n(a) for alla € A. Thus (¢, 7) admits a gauge action. |

LEMMA 3.9: Suppose ¢reys and ¢psg,r are injective. Let

(tx,ﬂ'x):(X,AEBB)—)OX

be a universal coisometric representation of X into Ox. Then there exists a
coisometric representation (t',7') : (S ®a R, B) — Ox with

t'(s®7r) =tx(s,0)tx(0,7) and ='(b)=mx(0,b)
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for all s®r € S®4 R and for all b € B. Furthermore, (t',7') admits a gauge

action.

Proof. Let X = S @ R be the bipartite inflation of S by R, and let (tx,7x) :
(X,A® B) — Ox be a universal coisometric representation of X into Ox.
Also let Y = R @ S be the bipartite inflation of R by S so that, in particular,
Y is a right Hilbert B ® A-module as in Remark 2.2, and Y made into a C*
correspondence over B @ A by defining

¢y (b, a)(r, s) := (pr(a)r, 5(b)s).

We may define a representation (ty,my) : (Y, B®A) — Ox by letting ty (r, s) :=
tx(s,r) for (r,s) € Y, and my(b,a) := wx(a,b) for (b,a) € BD A.

It is straightforward to verify that (ty,ny) is a coisometric representation
of Y into Ox. Furthermore, it is also straightforward to show that (ty,my) is
universal. (In particular, this implies that Oy = Ox.)

We may now apply Lemma 3.7 (after interchanging the roles of R and S and
the roles of A and B in the statement of the lemma) to conclude that there
exists a coisometric representation (t/,7') : (S®4 R, B) — Ox with t/(s®r) =
ty (0, s)ty (r,0) and 7'(b) = my (b,0). But then ¢'(s ® r) = tx(s,0)tx(0,r) and
7' (b) = wx(0,b). Furthermore, Lemma 3.8 shows that (t',7') admits a gauge

action. [ |

LEMMA 3.10: Let E be a C*-correspondence over A. Suppose R is a C*-
correspondence from A to B, and S is a C*-correspondence from B to A with
the property that E =2 R®p S. Then

Eess = Ress QB Sess-

Proof. Since (r,s) — 7 ® s is a balanced bilinear mapping from Ress @ Sess to
R®pS, it induces a linear map T : Ress @B Sess — RQpS with T(rOps) = r®s.

Furthermore, because

(T(r©ps),T(r OB s))rass = (r @ s.7" @) rops = (s, 0r((r, ") r)s")s
= <S’ d)Ress((r? T/>Ress)sl>sess
= <r GB 87 r, ®B S/>Ress®BSess

we see that T extends to an isometric map T : Ress ®B Sess — R ® S. Further-
more, if 7 € Regs and s € Segs, then by the Hewitt—Cohen factorization Theorem
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[22, Proposition 2.33] we may write r = ¢r(a)r’. Thus
T(r®s)= ¢R(a)7'/ ®s= ¢R®BS(a)(TI ®5) € (R®B S)ess

and hence im7T C (R ® S)ess-
For the reverse inclusion, choose any such elementary tensor ¢r(a)r ® s, and
let {ex}xea be an approximate unit for B. Then limy rey =7 and

dr(a)r ® s = lim gr(a)res ® s = lim pr(a)r ® ds(ex)s
= li}\n T(pr(a)r ® ¢ps(er)s)
= T (lim Ppr(a)r @ ds(er)s)

so that ¢r(a) ® s is in the image of T, and because the span of elementary
tensors of the form ¢r(a)r ® s is dense in (R ®p S)ess We have that imT" =
(R®pB S)ess- Thus T is an isomorphism from Ress ®  Sess 0nto (R® S)ess, and
since £ =2 R®p S we have Eegs =2 Ress @B Sess - [

COROLLARY 3.11: Let E be a C*-correspondence over A, let F' be a C*-
correspondence over B, and suppose that E and F are elementary strong
shift equivalent. If E and F are essential, then there exists an essential C*-
correspondence R’ from A to B and an essential C*-correspondence S’ from B
to A for which

E~R ®p8 and F2S ®@sR.

Proof. Since E and F are elementary strong shift equivalent there exist R and
S with E~ RS and F = S®4 R. Because E = Fegs & Ress @B Sess and
F = Fog 2 Spss @4 Ress, we may take R’ = Regs and S’ = Sess. |

LEMMA 3.12: Suppose R and S are essential, and let X be the bipartite in-
flation of S by R. If (tx,mx) : (X,A® B) — Ox is a universal coisometric
representation of X into Ox, then there exist projections Pg and Pp in the
multiplier algebra M(Ox) such that

(1) Pg tx(s,7) =tx(s,0),

(2) tx(s,7) P = tx(0,r),

(3) PE Wx(a,b)ZWx(a,O),
(4) Pp tx(s,r) = tx(0,7),

(5) tx(S,?‘) Ppr = tx(S,O) and
(6) PF ﬂx(a, b) = 71‘)((0,1))
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for all (s,r) € X and (a,b) € A® B.

Proof. Let {ex}rca be an approximate unit for B. Since S is essential,
limy ¢s(ex)s = s for all s € S. For any element

(3-3) tx(s1,71)  tx (Sn, Ta)bx (ST )™ <+ tx (87, 71)"
we have that
li/{nﬂx(O,E,\)tx(sl,rl)---tx(sn,rn)tx(s’mr;n)*...tx(sll,rfl)*
= li/{ntX(d’S(eA)SlaO)tX(S%7“2)"'tX(Sn,Tn)tx(S;nT;n)*---tx(s’l,ri)*
= tx(51,0)tx(52,72) - - tx (Sn, Tn)Ex (StaThn )™ -+ - tx (81, 71)",

so this limit exists. Because any element of Ox can be approximated by a finite
sum of elements of the form shown in (3.3), we see that limy 7x (0, ex)z exists
for all z € Ox. Let us view Ox as a C*-correspondence over itself (see [22,
Example 2.10]). If we define Py : Ox — Ox by Pg(z) := limy mx (0, ex)z then
we see that for any z,y € Ox we have

v Pe(z) = 1i§ny*7rx(0, ex)r = liin(ﬂx(oa ex)y) 'z = Pe(y)*z

and hence Pg is an adjointable operator on Ox. Therefore Pg defines (left mul-
tiplication by) an element in the multiplier algebra M(Ox) [22, Theorem 2.47].
It is easy to check that P2 = P} = Pg so that Pg is a projection. Furthermore,
Pg has properties (1), (2) and (3) in the statement of the lemma.

If we let {fx}rea be an approximate unit for A, then a similar argument can
be used to show Pp(z) := limy 7x (fx,0)z defines a projection in M(Ox) with
properties (4), (5) and (6). |

LEMMA 3.13: If E and F are regular, then R and S are regular and X is

regular.
Proof. Since E = R®p S, we see that if ¢g(a) = 0, then
dr(a)(r®s) =¢rla)(r) ®s=0

forall 7 € R and s € S. Hence ¢r(a) = 0 and by the injectivity of ¢ we
have that a = 0. Thus ¢ is injective. In addition, for any a € A we see that
¢r(a) € K(E). Since ¢g(a) = ¢r(a) ® Id and ¢ is injective, Proposition 2.18
implies that ¢g(a) € K(R). Thus R is regular. Because F' = S ®4 R, a similar
argument shows that S is regular.
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Furthermore, since X = S® R and ¢x (a,b) = ¢5(b) ® ¢pr(a) it is straightfor-
ward to show that ¢x is injective, and ¢x (a,b) € K(X) for all (a,b) € AD B.
Thus X is regular. |

THEOREM 3.14: Let E be an essential, regular C*-correspondence over a C*-
algebra A, and let F' be an essential, regular C*-correspondence over a C*-
algebra B. If E is elementary strong shift equivalent to F, then Og is Morita
equivalent to Op.

In particular, if we write E =2 R®p S and F =2 S ®4 R, with both R and
S essential, then O and O are isomorphic to complementary full corners of
Ox, where X is the bipartite inflation of S by R.

Proof. Since E and F are essential and elementary strong shift equivalent, we
may use Corollary 3.11 to write E 2 R®p S and F =2 S ®4 R with R and S
essential. Let X be the bipartite dilation of S by R as defined in Definition 3.3,
and let (tx,mx) : (X, A®B) — Ox be a universal coisometric representation of
X into Ox. Alsolet (¢t,7): (R®pS,A) — Ox and (t',7") : (S®a R, B) — Ox
be the coisometric representations defined in Definition 3.7 and Definition 3.9,
respectively. By Lemma 3.8 and Lemma 3.9, the representations (t,7) and
(¢, m') admit gauge actions. Furthermore, m and 7’ are both injective since 7x
is injective. Hence by the Gauge-Invariant Uniqueness Theorem these represen-
tations induce injective *-homomorphisms into Ox and we have O = C*(t, )
and Op = C*(t', 7).

Let Pr and Pr be the projections in M(Ox) defined in Lemma 3.12. We
will prove that PrOx Pr = C*(t, 7). To begin, note that

t(T‘ &® S) = tx(O,’r‘)tx(S,O) e PEtx(O,T‘)tx(S,O)PE € PrOx P

and since the elementary tensors span a dense subset of R ®p S we have that
imt C PgOxPg. Similarly, 7r(a) = Fx(a, 0) e PEﬂ'(a,O)PE € PrOxPg so
that imm C PpOx Pr. Thus C*(t, 7T) C PgOx Pg.

To see the reverse inclusion, note that

Ox =span{tx(s1,71) - tx (S, Tn)tx (Sis Th)* - - tx (s1,71)" : mym > 0}.
Thus to prove that PeOx Pr C C*(t,m) it suffices to show that

Prtx(s1,71)  tx(Sn,Tn)tx (S, Th)* - tx (s],71)" Pe € C*(t, ).
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To do this, we first notice the following equation holds:

Prtx(s1,m1)tx(s2,7m2) - tx(sSn,Tn)

= tx(0,71)tx(s2,72) - tx(Sn,Tn)
= tx(0,71)Prtx(s2,7m2) - - tx(Sn,Tn)
=tx(0,71)tx(s2,0) - tx(Sn,Tn)
= tx(0,71)tx(s2,0)Pg - - tx(Sn,Tn)

tx(0,71)tx(s2,0) - tx(0,rn—1)tx(8,,0)Pg if n is even
tx(O,T'l)tx(Sz, O) c tx(sn_l, O)tx(O, T'n)PF if n is odd.

and then we consider three cases.

CASE 1: n and m are both even
In this case

Pgtx(s1,71) tx(Sny Tn)tx (sh, ) -+ - tx(s1,71)" PE
=tx(0,71)tx(s2,0) - tx(0,7p-1)tx (Sn,0) PEPEtx (s, 0)"
X tx (0,70, _1)* - tx(sh,0)*tx(0,77)*
=tx(0,71)tx(s2,0) - tx(0,7n—1)tx(sn,0)
X (tx (0,71)tx(55,0) - tx(0,7p1)tx (51, 0))"
=t(r1 ® 52) - t(rn-1 ® sn)(t(r} ® 53) -+ Urpp_1 ® 57,))”
which is in C*(¢t, ).

CASE 2: One of m and n is even and the other is odd.
First suppose that n is odd and m is even. Then since Pr and Pp are

orthogonal, we have that
Pgtx(s1,71) . tx(Sn, Tn)tx (8o, Ty ) - - - tx(s1,71)" PE
=tx(0, Tl)tx(SQ, O) - tx(sn_l)tx(o, Tn)PFPEtx(S;n, 0)*
X tx(O,T‘;n__l)* .. .tx(Slz, O)*tx(O,T"l)*
=0

which is in C*(¢, 7). The situation when n is even and m is odd is similar.
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CASE 3: n and m are both odd

Let {ex}rca be an approximate unit for A ® B. Then since E and F' are
regular, it follows from Lemma 3.13 that X is regular. Hence we may write
dx(ex) = lim; ZkN;I eX and

(S;,k, ,T;"k),(v_;‘,k,u;.\,k)’
Nj
Tx(ex) = Yix (Px(er)) = lijm > tx (83 i) tx (Vg uie)®
k=1
Then

PEtx(Sl,T‘l) . tX(Sn,""n)tX(S;n,'r';n)* o tx(Sll,T'll)*PE
= lim Pt x(s1,m1) ... tx (Sn,rr)m(en)tx (Sh, )™ - - tx(s1,71)" PE

Nj
= li§111i§nz Prtx(s1,71).-- tx(sn,rn)tx(s;‘,k,r;‘,k)
j=1

X tx (VU5 k) EX (Sp, i) - Ex (s1,71) " Pr

which is in C*(¢, ) since it is a limit of sums of terms of the form described
in Case 1.

Thus we have shown that C*(¢,7) = PeOx Pg. A similar argument shows
that C*(t',7’) = PprOx Pr. Thus O and O are isomorphic to the corners
determined by Pg and P, respectively.

To see that C*(t, 7) = PeOx Pg is full, suppose that T is an ideal of Ox con-
taining C* (¢, 7). Then Z contains m(a) = 7x(a,0) for alla € A. If { fa}rea isan
approximate unit for A, then for any s € S we have that limy(s,0)(ex,0) = (s,0)
so that tx(s,0) = limy tx(s,0)mx(ex, 0) = limy tx (s,0)m(es) is in Z. Further-
more, if b € B, then since S is regular by Lemma 3.13, we may write ¢g(b) =
lim,, Zﬁ’;l e’ . Because X = S ® R as a right Hilbert A @ B-module, we

v
Sn.kiSn i

see that ¢ x(0,b) = ¢s(b)®0 = lim, 211221 @én,k,O),(s; 0)" In addition, since X

is regular we may write 7(0,b) = ¢x(0,b) = lim, 22/;1 tx (Sn,k, 0)tx (57, ,0)",
and thus 7(0,b) is in Z. Hence for any (a,b) € A® B we have that mx(a,b) =
7x(a,0)+7x(0,b) is in Z. But this implies that Z is all of Ox. Thus C*(t,7) =
PrpOx Py is full. A similar argument shows that C*(¢', ') = PrOx Py is full.

Finally, it follows from the relations in Lemma 3.12 that P + Pr = 1 in
M(Ox). Thus the corners determined by Pg and P are complementary. Since
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OFr and OpF are isomorphic to complementary full corners of Oy, it follows that
Opr and Op are Morita equivalent. [ |

4. Non-essential C*-correspondences

In Theorem 3.14 we required that the C*-correspondences F and F' be essential.
It is unclear to the authors whether elementary strong shift equivalence of (not
necessarily essential) regular C*-correspondences F and F' will always imply
Morita equivalence of O and Q. However, in this section we are able to prove
that we may replace essentiality by the condition that the C*-correspondence

is over a unital C*-algebra.

PROPOSITION 4.1: Let X be a C*-correspondence over a C*-algebra A. If A is
unital, then Jx = Jx,_.

Proof. Recall that ¢x_,,(a) = ¢x(a)|x.,, for all a € A. If a € A, then for each
r € X we see that ¢x(a)(z) = dx (a,)gbx(l):c = ¢x..(a)(px(1)x). It follows
that ker¢px = ker ¢ x,, -

Additionally, if a € J(X), then ¢x(a) = lim, Ek " @fn eyn s FOT any
2z € X.s we may use the Hewitt-Cohen factorization Theorem [22, Proposi-
tion 2.33] to write z = ¢x (b)w for b € A and w € X. We then have

px(a)z = px (1)px (a)px (b)w = dx (1) hmz O, i (@x(b)w)
1) liTILn Zn: T,k (Yn, ks Px (D)w) x
. P
= lim Z ¢ox (1)@ k (Yn,k, dx(1%)dx (D)w) x

_llmszx Tk {Ox (1 VYn,k: ox (D)w) x

= lim Z Ot (1 7)
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1 Nn ess
so that ¢x.,,(a) = lim, 3\ O3, o), € K(Xess) and J(X) C
J(Xess). In addition, we see that if a € J(Xess), then

Xess

DXos () = hmz 0

and since ¢x (a)r = ¢x.., (a)(px (1)x) it is straightforward to show that ¢ x (a) =

lim,, Ek” exX v € K(X). Thus J(Xess) = J(X). It follows that Jx,_, =
Jx. [ |

PROPOSITION 4.2: Let X be a C*-correspondence over a C*-algebra A. If A
is unital, then Ox__ is isomorphic to a full corner of Ox. Consequently Ox is

Morita equivalent to Ox,_

Proof. Let i : Xess — X be the inclusion map. Let (tx,mx) — Ox be the
universal coisometric representation of X into Ox. We dcfine a representation
(t,7) : (Xess, A) — Ox by setting ¢ :=tx ot and 7 := wx. It is straightforward
to verify that (¢, 7) is a representation.

To see that (¢, 7) is coisometric, let a € J Xess: Then by Proposition 4.1 we
have that a € Jx. If we write ¢x(a) = lim, Zk " G)fn eyn o URETL ATGUING as

n Xess
in Proposition 4.1 shows that ¢x._,(a) = lim, Zk:l O ) zm s (1)yn o* LDUS

N,
Yi(Px.e (@) = liﬁnz t(dx (1)znk)t(dx (1)yn,k)*
k=1

Ny
= li}}lz mx (1)t x (Zn,k)tx (Yn,k) mx (1)
k=1
N,

=m0 (B 3 )t () ) (1)

I Il
=g 3
XX
==
5 &
x5
Y &
2
=
=
>
~~
=

Il
)
o
O

so (t, ) is coisometric.
It follows that (¢, 7) induces a *-homomorphism p; ) : Ox,. — Ox. Since
T = Tx is injective, and since (¢,7) admits a gauge action (simply use the
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canonical gauge action of Ox) it follows from the Gauge-Invariant Uniqueness
ess = C*(t‘ 7T).
To see that C*(¢,7) is a corner of Ox determined by the projection mx (1),

Theorem that p(, ) is injective and Ox

simply note that

mx (1) (6x(@1) -+ tx @)t ()" (32)" ) (1)
= tx(px (1) - tx(dx (V) zn)tx (dx (Dym)™ - - tx (dx (1)y1)”
= t(px (1)z1) - t(dx (D)t (dx (1)ym)™ - - - tdx (1)y1)".
)

Since the elements tx (z1) - - tx (Tn)tx(ym)* - tx(y1)* span a dense subset of
Ox we see that mx(1)Ox7mx (1) C C*(¢, 7).

Furthermore, if t(z1)...t(x,)t(ym)* .. . t(y1)* € C*(¢t,m), then because
¢x(1)x = z for © € Xess we have that

t(xl) (xn)t(ym) (yl)
=mx(L)tx(z1) - tx (@n)tx (Ym)" - tx(y1)*7x (1)

which is in 7x (1)Oxmx(1). Since the elements t(z1)...t(xn)t(ym)* - .. t(y1)*
span a dense subset of C*(t, ) we have that C*(¢,m) C mx(1)Oxmx(1). Thus
ﬂx(l)OX’lrx(l) = C*(t, 7T).

Finally, to see that this corner is full, note that mx (1)Oxmx (1) contains 7(A)
and hence any ideal containing 7x (1)Oxmx (1) must be all of Ox. n

THEOREM 4.3: Let E be a regular C*-correspondence over a C*-algebra A,
and let F be an regular C*-correspondence over a C*-algebra B. Suppose that
either E is essential or A is unital. Also suppose that either F' is essential or
B is unital. If E is elementary strong shift equivalent to F, then Of is Morita
equivalent to Op.

Proof. Since F and F are elementary strong shift equivalent we may write £ =
R®p S and F = S®4 R. By Lemma 3.10 we have that Fess = Ress ® 3 Sess and
Fios 22 Sess @4 Ress- Since E and F are regular, it follows from Proposition 4.1
that Eess and Fees are regular. Therefore Theorem 3.14 implies that Op,,, is
Morita equivalent to O _ . Because E is either essential or unital, we have that
either O = Og,_,, or Of is Morita equivalent to Og,,, by Proposition 4.2.
Similarly, since F is either essential or unital, we have that either O = Op,,,
or O is Morita equivalent to Op,_ by Proposition 4.2. Thus Op is Morita
equivalent to Op. n
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5. Graph C*-algebras: Examples and Counterexamples

We use the conventions established in [14, 13, 3, 6, 21, 2] for graph C*-algebras.
We also refer the reader to [20] for a more comprehensive treatment of graph
C*-algebra theory; although we warn the reader that the direction of the arrows
in [20] is “opposite” of what is used in [14, 13, 3, 6, 21, 2] and of what is used
here.

If E = (E° E',r,s) is a graph, then the graph C*-algebra C*(E) is the
universal C*-algebra generated by a collection of mutually orthogonal projec-
tions {p, : v € E°} together with a collection of partial isometries {s. : e € E'}
with mutually orthogonal range projections that satisfy

(1) stse =pr(e) forallee Et,

(2) sesk < ps(ey forall e € E,

(3) Po = (eis(c)=v) Sese forallv e E® with 0 < |s7!(v)| < oo.
Alternatively, given a graph E = (E°, E', r, s) one may define a C*-correspond-
ence X (E) over A := Co(E®) by letting

X(F):= {x : E} — C: the function v — Z lz(f)|? is in CO(EO)}.
{feE :r(f)=v}
and giving X (F) the operations
(z-a)(f) = 2(fla(r(f)) for fe B
(z,9)x &) (v) == Z z(fy(f) forve E°
{feE r(f)=v}
(a-2)(f) = a(s(f))z(f) for f e E".
We call X(E) the graph C*-correspondence associated to F, and it is a
fact that Ox gy = C*(E) [8, Proposition 4.4]. Thus the graph C*-algebra
may be thought of as the Cuntz—Pimsner algebra associated to the graph C*-

correspondence. We refer the reader to [18, §3] for a more detailed discussion

and analysis of graph C'*-correspondences.

5.1. ExAMPLES. We shall show how graph C*-algebras give examples illustrat-
ing Theorem 3.14.

Definition 5.1: If E = (E°, E',r,s) is a graph, then the vertex matrix of £
is the E9 x EO matrix Ar with entries

Ap(v,w) :=#{e € E°: s(e) = v and r(e) = w}.
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Let E and F be row-finite graphs with no sinks. If the matrices A and Ap
are elementary strong shift equivalent, then there are matrices R and S with
non-negative entries for which Ap = RS and Ar = SR. It follows that R must
be a E® x FO matrix, and S must be a F° x E° matrix. In this case we may
create a bipartite graph Gp,s as follows: We let G, g := E°LIF?, and forv € EO°
and w € FO we draw R(v,w) edges from v to w, and S{w,v) edges from w to
v. (So, in particular, the vertex matrix of Gg,s is Agr s = (% &) and Gp,s is
bipartite.) It has been shown independently by Bates (1, Theorem 5.2] and by
Drinen and Sieben [5, Proposition 7.2] that C*(E) and C*(F') are isomorphic
to complementary full corners of C*(Gg, g), and thus Morita equivalent.

Example 5.2: Let E and F be the following graphs.

E an—LHUDc F dC:c—e—M/—f—)zDg

Then we see that Ag = (3 1) and Ap = (é é ?) are elementary strong shift

)
equivalent by taking R=(§39) and § = ( é ?) The bipartite graph Gg s is
then equal to

Also, C*(E) and C*(F) are isomorphic to complementary full corners of
C*(GR,s). In fact, if {s, py} is a generating Cuntz-Krieger E-family for C*(E)
and if {S., P,} is a generating Cuntz-Krieger G-family for C*(GR,s), then the
s-homomorphism that identifies C*(E) with a full corner of C*(GRr,s) maps

py— Py, pwr— Py, 84— S93Sa, sp+—5ySs and s.— S¢Se.

Also, if {t.,q,} is a generating Cuntz-Krieger F-family for C*(F'), then the
s-homomorphism that identifies C*(F) with a full corner of C*(Gr,s) maps

qz — Py, qy'_’Pya q, — P,
ta— SaSp, ter SaS»y, ly — SgSC and Ly — SeS(-
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Definition 5.3: For a rectangular I x J matrix R with non-negative entries we
create a bipartite graph G by defining G% := Il J and fori € [ and j € J
we draw R(i,j) edges from i to j.

For this graph we may construct a C*-correspondence X from A := Cop(I)
to B := Cy(J) by setting

Xg = {x:G}%—NC: the function v — Z lz(f)|? is in CO(J)}.
{f€CRr(N)=v}
and giving X g the operations
(z-b)(f) = =(F)b(r(f)) for f € Gk
(z,y)xr () = Yoo w(Hy(f) forjed
{feGrir(f)=i}
(a-2)(f) = a(s(f)a(f) for f € Ck.

Example 5.4: If R and S are the matrices in Example 5.2, then Gr and G are
the following graphs:

This relates to Theorem 3.14 in the following way. Since F and F' are row-
finite with no sinks, it follows that X (E) and X (F') are regular (18, Remark 3.3].
In addition, graph C*-correspondences are always essential [18, Section 3.

The fact that Ay = RS and Ar = SR implies that X (E) = X(Ggr) ®»
X(Gs) and X(F) = X(Gs) ®4 X(Gr). Hence the graph C*-correspondences
X(E) and X (F) arc clementary strong shift equivalent. The bipartite inflation
of X(Gs) by X(GRr) is equal to X(Gp,s). Thus Theorem 3.14 implies that
Oxp) = C*(E) and Ox () = C* (F) are isomorphic to complementary full
corners of Ox (g ) = C*(Gr,s). In this way we recover [1, Theorem 5.2] and

Gr w Y Gg wWe——Y

VA z

[5, Proposition 7.2] as special cases of Theorem 3.14.

5.2. COUNTEREXAMPLES. We shall use graph C*-algebras to provide coun-
terexamples to generalizations of the statement of Theorem 3.14.
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We have already mentioned in Section 4 that the authors are unsure whether
Theorem 3.14 remains true if £ and F are not essential. On the other hand, the
condition that E and F are regular is necessary. When we impose the condition
that a C*-correspondence be regular, we require the left action to be injective as
well as act by compact operators. We shall show that both of these conditions
are necessary in Theorem 3.14.

If we let E; and E5 be the following graphs

E; v 4 w — T Eo Yy—— =2
000 . :
then Ap, = ((1] 0 (1)) and Ap, = (§}) are elementary strong shift equiva-

lent by taking R = (§ g) and S = (239). Reasoning as in Section 5.1
shows that the graph C*-correspondences X (F;) and X(E») are elementary
strong shift equivalent. Furthermore, X (F;) and X (FE;) are essential (as are
all graph C*-correspondences). In addition, since E; and E, are row-finite,
their left actions act as compact operators, and we have J(X(E1)) = Co(EY)
and J(X(E2)) = Co(E2). However, since each of E; and Fj has sinks, the left
actions of the associated graph C*-correspondences are not injective. Thus nei-
ther X(E;) nor X (E?) is regular. In addition, Ox(g,) = C*(E1) is not Morita
equivalent to Ox g,) = C*(E2) because C*(F1) contains two proper ideals and
C*(E3) is simple. This shows that we cannot remove the regularity condition
in Theorem 3.14.

Moreover, there is an example, described in [1, Example 5.4], which shows
that there exist non-row-finite graphs E; and Ey with no sinks that have graph
C*-correspondences that are elementary strong shift equivalent but have C*-
algebras that are not Morita equivalent. Thus one needs the left action to be
both injective and act as compact operators.

Finally, we mention some natural questions that arise when one considers
elementary strong shift equivalence of C*-correspondences. We have seen that
elementary strong shift equivalence of C*-correspondences implies Morita equiv-
alence of the associated Cuntz—Pimsner algebras. It is natural to ask whether
this equivalence holds at higher levels — in particular, at the level of Toeplitz
algebras, or at the level of C*-correspondences. Thus there are three natural

questions one can ask.

Let E and F' be essential, regular C*-correspondences.
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QUESTION 1: If E and F are elementary strong shift equivalent, then is it
necessarily the case that E and F' are Morita equivalent (as defined in [17])?

QUESTION 2: If E and F are elementary strong shift equivalent, then is it
necessarily the case that the Toeplitz algebras 7 and T are Morita equivalent?

QUESTION 3: If E and F are elementary strong shift equivalent, then is it
necessarily the case that the Cuntz—Pimsner algebras O and Of are Morita

equivalent?

We have seen that Theorem 3.14 provides an affirmative answer to Question 3.
In addition, the questions asked above are successively weaker in the following
sense: If E and F are Morita Equivalent as C*-correspondences, then it follows
that 7 and 7r are Morita Equivalent. Furthermore, since the Cuntz—Pimsner
algebra is a quotient of the Toeplitz algebra by a certain ideal, we see that if
the Morita equivalence between Og and Op takes the appropriate ideal to the
appropriate ideal, then O and Op.

When the authors began this project, they intended to prove a theorem that
would provide an affirmative answer to Question 1, and then obtain affirmative
answers to Question 2 and Question 3 as corollaries by using the arguments of
the previous paragraph. However, upon deeper investigation it appears that
Question 2 and Question 3 have negative answers. In particular, the Morita
equivalence can only be guaranteed to hold at the level of Cuntz—Pimsner alge-
bras, and not at the level of Toeplitz algebras or C*-correspondences.

To see this, let E and F be the following graphs.

() Q) ()

EFE v——w F :c—)@/\___)rz

O O @) @)

Then we see that Ag = (31) and Ap = <§ é %) are elementary strong shift
equivalent by taking R = (239) and § = (é ?) Reasoning as in Section

5.1 shows that the graph C*-correspondences X (E) and X (F') are elementary
strong shift equivalent. Also, X (E) and X (F') are essential, and since £ and F
are row-finite with no sinks, it follows that X (E) and X (F') are regular.

As discussed in [18, Section 3] and [18, Theorem 3.7] the Toeplitz algebra
of X(E) is the C*-algebra of the graph formed by outsplitting E at all of its
vertices. Similarly for F. Thus if we let E and F be the following graphs
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O 0 e

N INNT

v’ w’

then Tx (g = C*(E) and Ty gy = C*(F ). However, since the proper saturated,

hereditary subsets of F are
0 (v} Aww'} {} { W} S wu)

and because E satisfics Condition (K) we sce that C* (E) has exactly 6 proper
ideals. In addition, since the saturated, hereditary subsets of F' are

0 {} {¥.2} {y27} {y¢, 27} {«} {2}
{x/7y/7z,} {$,7y’zﬁzl} {x,7yﬂy/’z7zl}

and because F' satisfics Condition (K) we see that C *(F) has exactly 10 proper
ideals. Thus Tx(g) = C*(E) and Ty gy = C* (f ) are not Morita equivalent,
and this provides a negative answer to Question 2. Moreover, it provides a
negative answer to Question 1, since Morita equivalence of C*-correspondences

implies Morita equivalence of the associated Toeplitz algebras.

Remark 5.5: We conclude with a thought which motivated us at the outset,
but which we could not verify. Suppose that E is an essential, regular C*-
correspondence over a C*-algebra A. Then for every n € N, the map
T — T ® Idg that embeds L£(E®") in L(E®™+V) carries K(E®") into
K(E®™+1), Let 2 denote the inductive limit lim L(E®") and let £ := E®4 2.
Then £ is an invertible correspondence over Ein the sense that £ is an im-
primitivity bimodule (from 2 to 2l) and, as is shown in [19, Theorem 2.5], the
Cuntz-Pimsner algebra Og is isomorphic to Og. Suppose too that F' is an
essential, regular C*-correspondence over the C*-algebra B and let 8 and F be
the analogous inductive limit and invertible correspondence. One of our initial
approaches to proving Theorem 3.14 was to try to prove that if £ and F are
strong shift equivalent then £ and F are Morita equivalent in the sense of [17].
While the implication still seems plausible, we are unable to decide whether it is
true or not. It seems like the “right” conjecture to make in view of Williams’s
theorems. In fact, one is enticed to speculate on its converse, too: If £ and
F are Morita equivalent in the sense of [17], then are E and F strong shift
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equivalent? An “if and only if” theorem would indeed be a perfect analogue of

Williams’s theorems.
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