STRONG SOLUTIONS OF STOCHASTIC EQUATIONS
WITH SINGULAR TIME DEPENDENT DRIFT

N.V. KRYLOV AND M. ROCKNER

ABSTRACT. We prove existence and uniqueness of strong solutions
to stochastic equations in domains G C R? with unit diffusion and
singular time dependent drift b up to an explosion time. We only
assume local L,_L,-integrability of b in R x G with d/p+2/q < 1.
We also prove strong Feller properties in this case. If b is the
gradient in z of a nonnegative function v blowing up as G 3 = —
0G, we prove that the conditions 2D < K,2Dyp + Ay <
Kes¥ e € [0,2), imply that the explosion time is infinite and the
distributions of the solution have sub Gaussian tails.

1. INTRODUCTION

In this paper we prove existence and uniqueness of strong solutions
for stochastic equations of type

¢
xt:x+/ b(s +r,x.)dr +wg, t >0, (1.1)
0

in open subsets @ C R x R? for singular drifts b. Here w; is a standard
Wiener process on R? and (s,z) € R x R? is the initial starting point.
Since b is not regular, we emphasize that solutions of (1.1) are supposed
to be such that (1.1) makes sense, that is

T
/ |b(s +r,x,.)|dr < oo VT €[0,00) (a.s.).
0

Observe that the equation itself expresses w; as a function of z,,
r < t. However, from the point of view of applications, in particular, in
mathematical physics, it is desirable to look for solutions of (1.1) which
are functions of the Wiener process wy, i.e. so-called strong solutions.

Diffusions with singular drift as in (1.1) have been studied exten-
sively, in particular, if b does not depend explicitly on time and is the
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gradient of a function. In this case the solution to (1.1) is called a dis-
torted Brownian motion. We refer e.g. to [5], [2], [1], [7, 8, 9], but there
are many more. Moreover, there have been generalizations to infinite
dimensions. The reader should consult the references in the recent pa-
per [4] to which we also refer for more historical comments. The latter
work and especially its applications to finite particle systems in R? (see
also [16]) and to diffusions in random environments with very singular
interaction has been the starting point of this paper. It should be con-
sidered as preparation to further analyze the case of infinite particles
where progress has been made a few years ago (cf. [3]). But in all
of these papers only weak solutions to (1.1) were constructed. In this
paper we improve these results (however, partly under slightly stronger
conditions) and obtain strong solutions.

The organization of this paper is as follows. In Section 2 we state
our main results precisely. Sections 3-8 are devoted to proofs which
are developed step by step with some further extensions of our re-
sults presented in Section 8. We only want to emphasize here that
our approach is based on the Yamada-Watanabe Theorem. The nec-
essary pathwise uniqueness we show employing a method due to A.
Yu. Veretennikov ([27]) though in a substantially modified and more
general form. In Section 9 we present two applications, both proposed
in [4], i.e. first, diffusions in random media, i.e. their (singular) drifts
depend on according to a Ruelle-type Gibbs measure distributed im-
purities in RY, given by a locally finite point configuration; second, we
consider M-particles in R? with a gradient dynamics which becomes
singular when particles come very close. We also discuss the relation
with earlier works, in particular the recent paper [26]. Finally, we fix
some notation used below. As usual R = {z = (z!,...,2%) : 2' € R},
for p,q € [1,00] we denote L, = L,(R?), L, L, = L,(R, L,). Also we
introduce C' = C([0,00),RY), N; = o{z, : . € C,s < t}. By N with

or without indices we denote various finite constants.

2. MAIN RESULTS

Let b(t,z) be an R%valued Borel function defined on an open set
Q C R*1. Let Q", n > 1, be bounded open subsets of () such that
Q" C Q" and U,Q" = Q. Assume that for each n there exist p =

p(n),q = q(n) satisfying
d 2
p>2 ¢>2 -+-<1 (2.1)
P g

and such that bIg. € L, L,. Of course, if d > 2, then automatically,
p>d>2.



DIFFUSIONS WITH SINGULAR DRIFT 3

One of our main results is saying that equation (1.1) is uniquely
solvable up to the first exit time of its trajectories from all Q™. There
is a standard and convenient way to deal with processes defined on
a random time interval. Add an object 0 € @ to () and define the
neighborhoods of 0 as the complements in () of closed bounded subsets
of Q. Then ' = @ U 0 becomes a compact topological space. By
C([0,00),Q’") we denote the space of continuous @'-valued functions
defined on [0, c0).

Theorem 2.1. Let w; be a d-dimensional Wiener process defined on
a complete probability space (0, F, P), let F, = F\* be the completion
of o(ws : s <t), and let (s,x) € Q. Then for each w € Q there exists
a continuous Q'-valued function z, = z(w) defined for t € [0,00) such
that, with
(=inf{t >0:2 € Q},

we have

(i) 2z is Fi-adapted;

(i1) ¢ > 0 and for 0 <t < ( in coordinate form z, € Q) can be written
as (s +t,x;) with x; defined as the space component of z;

(111) for any t € [0,00), 2z = O on the set {w :t > ((w)} (a.s.);

() for any t >0 on {w :t < ((w)} (a.s.) equation (1.1) and

t
/ b(s + 7, 2,)|* dr < oo
0

hold.

Furthermore, the process z; is unique in the sense that, if on (0, F, P)
we are given a continuous Q'-valued function z;, t € [0,00), such that
for (" and x} defined from z;

(a) the properties (ii)-(iv) hold with ',z in place of (,x., respec-
tively,

(b) for any h,t > 0 the increment wyyp,—w; is independent of {w,, z..
r <t}
then (a.s.) sup, |z — 2| = 0.

Finally, the distribution of z. on C(]0,00), Q") is uniquely determined
by the function b, that is weak uniqueness holds for equation (1.1).

Remark 2.2. The following is an equivalent and perhaps a more tra-
ditional albeit longer way to state property (b): (b’) there is an in-
creasing filtration of o-fields F, C F, t > 0, such that (wt,]:'t) is
a Wiener process and z, is F-adapted. That (b/) implies (b) fol-
lows directly from definitions. The converse becomes clear if we take
Fr=o(Z,w,:r<t).
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Remark 2.3. In the one-dimensional case b(t,z) = —z~!, Q = R x
(0,00), and Q" = (—n,n) x {x : 1/n < x < n} satisfy the assumptions
under which Theorem 2.1 is stated. Observe that in this case the
solutions of (1.1) exit from (0, 00) in finite time, so that { < oo (a.s.).

Remark 2.4. Write ¢ = ((s,2) and x; = 24(s, ) to reflect the depen-
dence of ¢, z; on the initial data. By using an observation from [11]
one can prove that ((s,x) and x;(s,x) depend continuously on (s, z)
in the sense that if (s",2") — (s,z) € @, then we have in probability
C(s™ x™) — ((s,z) and x4(s™, 2™) — x4(s,z) uniformly on any closed
bounded subinterval of [0, ((s,z)).

The following theorem provides information on additional properties
of solutions corresponding to different (s, z).

Theorem 2.5. For z = (s,x) € Q, let P, be the distribution of z. =
z.(s,x) from Theorem 2.1 on the space C([0,00),Q’). For z =0 let P,
be the measure concentrated on the function identically equal to O on

[0,00). Define Niy(Q') = o{z, :r <t,z. € C([0,00),Q")}. Then
(C([O’ OO),Q/),M(Q,),Z%PSJ) (22)

is a strong Markov (time homogeneous) process. Furthermore, this
process is strong Feller (not in the sense of time-homogeneous processes
but) in the sense that for any Borel bounded f defined on Q" and T € R,
the function Es.f(zr—s) is continuous with respect to (s,z) in @Q N
{(s,z):s<T}.

Remark 2.6. Take a Borel bounded f defined on Q" and t € R. For
(s,2) € QN{s < T} define u(s,z) = E, . f(2r—s). It turns out that not
only w is continuous in Q@ N{s < T} but u, is Holder continuous there.
Indeed, Theorem 10.3 below and a standard localization procedure (see,
for instance, [17]) show that, for any 7" € (0,00) and n € Cg°(QN{s <
T}) we have that (un)(-+T7—T1",-) € H2%(T") which along with Lemma
10.2 below lead to our conclusion. For the definition of spaces H. If’q(T)
we refer the reader to the end of Section 3.

Our next main result concerns a particular case of equation (1.1) in
which we can prove the existence of solutions for all times. Let ¢ (t, z)
be a continuous function defined on Q).

Assumption 2.1. (i) The function ¢ is nonnegative.
(ii) For each n there exist p = p(n), ¢ = q(n) satisfying (2.1) such that
Yylgn € Ly-L,, where 1), is understood in the sense of distributions.
(iii) The function 1 blows up near the parabolic boundary of @, that
is for any (s,z) € Q, 7 € (0,00), and continuous bounded R¢valued
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function z; defined on [0, 7) and such that (s+t¢,z;) € Q for allt € [0, 7)
and

lim dist((s + ¢, 2¢),0Q) =0,

tTr
we have
lim (s + ¢, z¢) = oo.
t1T

(iv) For some constants Ky € [0,00) and € € [0,2) in the sense of
distributions on () we have

2D) < Kotb,  2Dyp + Ap < he?, (2.3)

where h is a continuous nonnegative function on @) satisfying the fol-
lowing condition

(H) for any 0 > 0 and T" € [0, 00) there is an r = r(T', o) € (1, 00) such
that

H(T,o,r) :=Ho(T,o,r) = / R"(t, x) I 11 (t)e= 1" dtdr < .
Q
Observe that H(T,0,r) < oo if h is just a constant.

Theorem 2.7. Let Assumption 2.1 be satisfied and let wy be a d-
dimensional Wiener process defined on a complete probability space.
Then for any (s,z) € Q there exists a continuous R*-valued and F-
adapted random process x, t > 0, such that almost surely for allt > 0

t
(s +1,2,) €O, / (s + 7, 2|2 drr < o0,
0

t
Ty =T 4wy — / Yu(s+ 1, 2,)dr. (2.4)
0

Furthermore, for each T € (0,00) and n > 1 there exists a constant
N, depending only on d, p(n+1), q(n+1), &, T, [elgnrl| Ly 1) Loy s
dist (0Q™, 0Q™ ), sup{v +h, Q"'}, and the function H, such that for
(s,x) € Q™ we have

Esup eXP(Mw(S + ta xt) + MV|xt’2) S N7
t<T

where
p=(0/2)e TR/ 5 =1/2 —¢/4, v =p/(12T), (2.5)

Remark 2.8. The uniqueness of solutions to (2.4) follows from Theo-
rem 2.1.
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Remark 2.9. The known condition for the existence of weak solutions
in the time homogeneous case (see [4, Assumptions (H1) and (H2)]) is
the following:

36 > 0 |1 [PV € Ly 1 (RY). (2.6)

By the way, we write this condition for our equation (2.4) which is
slightly different from the one considered in [4] where there is the factor
V2 in front of w;.

Let us compare this with our results. Notice at once that of course
there is a substantial difference in the number of derivatives of ¢ in-
volved. However, as far as the singularities of 1 are concerned our
assumptions are pretty reasonable and sometimes are even weaker.

In one space dimension let ¥ (z) = —aln|z|, ¥'(x) = —az™! near
zero. Then (2.6) is satisfied near zero if and only if & > 1/2. For such «
condition (2.3) is satisfied with h = «|z|**~2, which is summable near
zero to some power r > 1 if ¢ is sufficiently close to 2. By the way,
this example shows an advantage of allowing h to be a function rather
than just a constant.

Again for d = 1 and ¥ (z) = |z|™°, § > 0, conditions (2.6) and (2.3)
are both satisfied if in the latter one we take h to be an appropriate
constant.

On the other hand, for d = 3 and ¢ (z) = —a/In |z'| the assumptions
of Theorem 2.7 are satisfied in @ = R*\ {z! = 0} if @ > 1/2 and (2.6)
is satisfied only if o > 1.

One more situation when Theorem 2.7 is applicable and the results
of [4] are not occurs if d = 2 and ¢(x) = aln|In|z|| near the origin
with constant « > 0. Here condition (2.3) is satisfied near the origin
with Ky = h = ¢ = 0 just because Ay < 0. However, [, [>T exp(—21))
is summable near the origin only if 6 < 0. This example shows, in par-
ticular, the advantage of requiring estimates only from above in (2.3).

3. LOCAL WEAK SOLUTIONS

Let bi(x.) be an Révalued function defined on (0,00) x C, let p
and ¢ be two numbers satisfying (2.1), and let T, K € (0,00) be some
constants. Assume that

(i) be(z.) is jointly measurable N;-adapted and by (z.) = 0 for t > T
and z. € C,

(ii) there exists a Borel real-valued function g(, x) such that |b;(z.)| <
g(t,x;) on (0,00) x C and ||g|z,.1, < K.

Remark 3.1. For us the most important case when requirement (ii)
is satisfied occurs if by(x.) has the form b(t,2;)l;<r(z.), where 7(x.) is
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a bounded N;-stopping time. In that case a good candidate for ¢ is
|b(t, x)|. In the future we deal with increasing sequences of N;-stopping
times and this somewhat justifies the title of the section.

Below we basically reproduce an approach developed by N. Portenko
in [23].

Lemma 3.2. There exist processes wy, x; defined on a probability space
such that

(i) wy,t >0, is a d-dimensional Wiener process and x;,t > 0, is a
continuous d-dimensional process;

(11) {xs, ws : s <t} and wyp, —wy are independent for each t,h > 0;

(111) with probability one

/ Iby()|? dt < oo

0
(1v) with probability one for all t > 0

= wy + /t bs(z.) ds. (3.1)

Proof. Let z; be a d-dimensional Wiener process defined on a proba-
bility space and let f be a Borel nonnegative function on R4*!. Observe
that for t > s > 0 and z € R?

t t
E/ f(T,ZL'+$T_s)dT=/(27T(7’—S))_d/2 Flr, m+y)e WP Cr=29) gy
s s Rd

By using Holder’s inequality first with respect to y and then with re-
spect to r we find that for any p/, ¢’ € [1, 00| satisfying

d 2
]? + ? <2 (3.2)
we have
t
E/ flrye 4 a_g)dr < N(t—s) 4O ), 0 (3.3)

where N depends only on d,p’,¢'. Next we notice that p' := p/2 > 1
(p > 2! and ¢ = ¢q/2 > 1 and apply (3.3) to f = |g|* (with g
introduced in (ii) in the beginning of the section) to find that

t
E/ Gz +x,_g)dr < N(t—s), (3.4)

where N and € > 0 depend only on d, p,q, and K. Since this estimate
is uniform with respect to t, s, and x, Khasminskii’s lemma (see [14])
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implies that for any constant x > 0 there is a 6 > 0 such that
s+d
supEexpln [ gPra+a,-)dr) < N K.T.d,pg)

Then one splits (0,7") (where T is taken from the beginning of the
section) into a union of intervals of length < ¢ and one uses the Markov
property of the Wiener process to get that

T
supEexp(/i/ g*(r,x +x,)dr) < N, (3.5)
@ 0

where N again depends only on x,7T,d, p,q, and K. We replace here g
with |b| and then the integral over (0,7") can be replaced with the one
over (0, 00) since b = 0 for ¢t > T'. Thus,

Eexp(/i/ by )2 dt) < oo. (3.6)

0

By standard results about exponential martingales now it follows that
Ep=1, (3.7)

where

b exp(/ooo by() s — (1/2) /Oo by(z)|? d). (3.8)

0
Furthermore, by Girsanov’s theorem the process

Wy 1= Ty — /Ot bs(x.) ds (3.9)

is a Wiener process relative to the new probability measure P defined
by P(dw) = p(w) P(dw). In addition, the increments of w; are indepen-
dent of the past values of z, and w, or, in somewhat more traditional
language, (w;, F;) is a Wiener process, where F; is the completion of
o(ws, zs : s < t) or the completion of o(x : s < t) (the two completions
coincide owing to (3.9)). We see that assertions (i), (ii), and (iv) hold
under the new probability measure. Assertion (iii) holds with respect
to the old probability measure due to (3.6). That it holds with respect
to the new measure as well follows from the fact that the new measure
is absolutely continuous with respect to the old one. The lemma is
proved.

Lemma 3.3. Let wy, z; be processes for which the assertions (i)-(iv) of
Lemma 3.2 hold. Then for any Borel nonnegative function f defined
on the space C([0,0), R?) we have

Ef(z.) = Ef(w.)exp(/oOO by(w.) dwy — (1/2) /000 b (w.)|* dt), (3.10)
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Ef(w) = Ef(x) exp(— / () duw, — (1/2) / " ba) P db).

0
Furthermore, for any S € (0,00) and p',q' > 1 satisfying (3.2) there
exists a constant N, depending only on S, p,q,p’, ¢, d, T, and K, such
that for any Borel nonnegative function f on R¥! we have

S
E/ F(t w0 dt < N| fls, 1, (3.11)
0

Proof. As we have seen from the proof of Lemma 3.2, property (iii)
holds if we take w; in place of z;. Therefore the first assertion of the
lemma is a direct consequence of the Liptser-Shiryaev theorem about
absolutely continuous change of measure (see, for instance, Theorem
7.7 in [22]).

To prove the second assertion we use notation (3.8) with w. in place
of .. Then by (3.10) and Hélder’s inequality for «, 5 > 1 satisfying
1/a+1/8 =1 we find

S S
E/O f(t,xt)dt:Ep/O F(twy) dt

S
< (Bp)/st/(E / Ot wy) di) P
0

Owing to (3.6) all moments of p are finite. Indeed, use the notation
p(b) for the right-hand side of (3.8) with w. in place of x. (remember
that x. in (3.8) is a Wiener process). Then, for any b we have Ep(b) < 1
and our assertion follows from Hélder’s inequality and the equation

B = B(p(20b))" " (expl(da = a) [ w)? )

Hence by (3.3)

S
1
E / fta)dt < NSNS L = NIl s
0

if p”,¢" € [1,00| are such that d/p” + 2/¢” < 2. One can certainly
choose 3 > 1 sufficiently close to 1 so that this condition holds for
p’ =p' /0 and ¢" = ¢'/(3. This yields the desired result and the lemma
is proved.

Corollary 3.4. In the situation of Lemma 3.3 take a constant kK > 0
and a function by(z.) satisfying the conditions in the beginning of the
section with T, K, g,p, and ¢ in place of T, K, g,p,q. Then

Eexp(m/ bi(z) | dt) < N(d, T, K,p,q, T, K, p, q).
0
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Proof. By (3.10) the expectation equals

Epexp(r / ()2 dt)
0

< (Epz)l/z(EeXp(%;/ b (w.) 2 dt)) 2,
0
which is finite by (3.6).

Remark 3.5. Equation (3.10) shows that different solutions of (3.1)
have the same distribution on C. In other words, weak uniqueness
holds for (3.1).

Lemma 3.6. Let by)(:p.), i = 1,2, satisfy the assumptions in the begin-
ning of the section and let |b§1)(a:.)—b§2)(a:.)| < b(t, ), whereb € L, L,.
Let some couples (w,gl),:cgl)), i = 1,2, possess the properties (i)-(iv) of
Lemma 3.2 with b replaced by b . Then for any bounded Borel func-
tions f9(z.), i =1,2, given on C we have
EfO@) = BfP?)] < N(BIf (w) - 1O (w)?)"
+N sup FO100 L, 1, (3.12)

where w. 1s a d-dimensional Wiener process and N is a constant de-
pending only on p,q, d, T, and K.

Proof. The distributions of ) are mutually absolutely continuous
and the corresponding Radon-Nikodym densities are known (see [22]
or Lemma 3.3). We have

Ef® () = Bf*(@)p,

where p = pa and for Ab, = 5% — bV

t t
pe = exp( / Aby(z) dwM) — (1/2) / | Aby (V) ds).
0 0
Hence the left-hand side of (3.12) is less than
EIfY = fON @) +sup [fO] Blp— 1| = L + Lysup [ )]
c c

By Corollary 3.4 all moments of the exponential martingale p are
finite, so that I/> < NE[f® — f@33/2(zM) and the latter is esti-
mated through the first term on the right in (3.12) in the same way as
Corollary 3.4 is proved. To estimate I, we use [t0’s formula to get

T
p=pr=1 +/ Aby(zM) g dw'V.
0
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It follows that for any 3 > 1

T
E<E|p-17< E/ v (s, M) p? ds (3.13)
0

T T
< N(/ Ep2P/B=1) ds)l_l/ﬁ(E/ l_)m(s,a:gl))ds)l/ﬂ.
0 0

To estimate the second factor we use (3.11) with 3 > 1 so close to 1 that
2(3/q+ Bd/p < 1. The first factor is estimated by means of Eﬁ%’g/(ﬁ_l)
since p; is a martingale. Then we recall again how all moments of p
are estimated. The lemma is proved.

Before stating other properties of solutions to (3.1) we introduce
some Banach spaces. For v € R let H} = (1 — A)7"/2L,, be the usual
space of Bessel potentials on R? and for 0 < S < T < oo introduce

Hy*((S.T)) = Ly((S, T), Hy), Lj((S,T)) = Ly((S.T), L),
Hy(T) = H;*((0,7)),  L{(T) =Ly((0,7))

One knows that the norm in H? can be taken to be ||ug,]|z, + [ullL,,
where u,, is the matrix of second order derivatives of u. We also
introduce the space H}“(T') consisting of functions u = u(t) defined
on [0,T] with values in the space of distributions on R? such that
u € H29(T) and Dyu € L(T). It is worth making precise that by
writing Dyu € ILZ(T') we mean that there is an f € LZ(T) such that for
any s,t € [0,T] and ¢ € C5°(R?Y) we have

((t)6) ~ (u(s),6) = [ (5, )

In that case naturally we write D;u = f.

It turns out (see Lemma 10.1 below) that if 2/¢ + d/p < 1 and
u € H2(T), then u and u, are continuous in [0,7] x R? or, to be
more rigorous, for each ¢ € [0, 7] the distribution u(t) is realized by a
real-valued function u (¢, x) and w(t,x) and wu,(¢,x) are continuous in
[0, 7] x R Therefore, the following statement makes sense. Observe
that p’, ¢ in Theorem 3.7 need not coincide with p, ¢ introduced and
fixed in the beginning of the section.

Theorem 3.7 (Itd’s formula). Let 2/¢' + d/p’ < 1 and u € H;;ql(T).
Let wy, xy be processes for which the assertions (i)-(iv) of Lemma 3.2
hold. Then with probability one for any 0 < s <t <T

t
u(t, ;) = u(s, xs) +/ Uy (7, 2,) dw,
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4 / [Dulr,a,) + (1/2) Aulr,@,) + b (2 (r,2,)] dr.

The proof of this theorem is obtained right away by approximating u
by smooth functions and by using estimate (3.11) and Lemma 10.1. It is
perhaps also worth noting that no matter which versions of Dyu, Au, u,
we take the integral of (Dyu, Au, u,)(r, z,) over (s,t) remains the same
(a.s.) since owing to (3.11) we have

T
E t d ==
/O\f@,x)\t 0
if f=0 (a.e.).

Remark 3.8. Under the same conditions on b one can prove that the
assertions of Lemma 3.2 hold true if in (3.1) instead of w; we have
f(f a(s,zs) dws, where a(s,x) is a uniformly nondegenerate bounded
symmetric matrix which is Borel in (s, ) and uniformly continuous in
x € R? uniformly with respect to s.

In that case instead of using an explicit formula for the distribution
of w,; one can use Remark 10.4 and Lemma 10.2.

4. THE STRONG MARKOV PROPERTY AND THE STRONG FELLER
PROPERTY OF WEAK SOLUTIONS

In this section we consider a particular case of by(x.) from Section 3,
namely, we assume that

be(x.) = b(t, xy),

where b(t, 7) is a function defined on (0, 00) x R%. By shifting the origin
in R¥! we get that for each (s,z) € R4 there exists a probability
space and a d-dimensional Wiener process wy, t > 0, and a continuous
d-dimensional process z; = x,(s,x), t > 0, defined on that space such
that {z,,ws : s < t} and wyy, — w; are independent for any t,h > 0
and with probability one

00 t
/ b(s +t,2)]* dt < oo, xt:x—i-wt—i-/ b(s+r,x,.)dr.
0 0

By F;, we denote the distribution of the R%*!-valued process
&t = Zt(su I) = (8 +1, l’t(S, (L’))

on C([0,00), R4 (see Remark 3.5). In an obvious way one introduces
the o-fields V(R4 of subsets of C([0,00), R4™). If @ is a domain
in R we define an NV;(R*™!)-stopping time on C([0, 00), R4™) by

70 =To(z) =inf{t >0: 2 & Q}.
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By E, . we denote the expectation sign relative to P .
The following lemma will be used in the proof of Theorem 2.5.

Lemma 4.1. (i) Let g be a Borel bounded function on Q. Then the
function
u(s, ) = Es19(2r)
1s a continuous function in Q.
(ii) The term

(C([0,00), RTH), No(R1), 24, Py )

is a strong Markov process. In particular, if v is an Ny(R*)-stopping
time such that v < 7 and 1 is an N, (R*™')-measurable bounded func-
tion on C([0,00), R4, then

ES,xng(ZTQ) = Es,xnu(zv)-

Proof. Assertion (ii) follows immediately from (3.10), the strong
Markov property of the Wiener process, and the formula

pr = E(pul 2) (a5, (1)
where ¥ = y(x + w.) and

t t
pt:exp(/ b(s+r,a:+wr)dwT—(1/2)/ b(s + 7,2+ w)|? dr).
0 0

In other words assertion (ii) follows from the fact that the change of
measure preserves the strong Markov property.

To prove (i) we first claim that for any bounded continuous func-
tion f(z.) given on C([0, c0), R*1), the function E; , f(z.) is continuous
with respect to (s, ). Indeed, this follows easily from Lemma 3.6 and
the fact that summable functions are continuous in the mean after
observing that x;(s, z) — x satisfies

t
Yt = Wy +/ b(ﬂ yr) dr,
0

where b(r,y) 1= b(s + 7,y + x). From thus proved claim it follows by
a standard measure-theoretic argument that E; . f(z.) is Borel measur-
able for all Borel nonnegative or bounded f(z.).

Next, without losing generality we assume that 0 € ) and only
concentrate on proving the continuity of w at 0. Denote Qi¢, =
(=t,t) x {x € R : |z| < r}, r,t > 0, and for 2. € C([0,00), R4)
define v, = v,(z.) as the first exit time of z; from Q,,. According to
(ii) for (s,z) € Q4 and for r small enough so that Q4,, C Q) we have

u(s,x) = Es yu(z,,),
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which owing to (3.10) and (4.1) is rewritten as
u(s, x) = Fu(s + 1,(s,2), & + Wy, (s 2))

+Eu(s + 7:(5,2), @ + Wr, (5,0)) (Pro(s,0) — 1) =2 L1(s,2) + Ia(s, @),
where 7,(s,z) is the first exit time of (s + ¢, 2 + w;) from Q4,,. As
is well known [;(s, ) is infinitely differentiable and satisfies the heat
equation in @4, ,. In particular, I;(s,z) is continuous at 0. Further-
more, similarly to (3.13) (notice that v, < 2r)

2r
| Ia(s, )| < N(E/ (Lo, b)(s+t, 2+w)[* dt)"” < N|Ig,, b1,
0

Hence .
lim . lu(s,z) —u(0)| < Nl|lg,, b

(s,:2)—

|Lq,Lp7

for any r > 0, where N is independent of r. By letting r | 0 we see
that the left-hand side is zero. The lemma is proved.

The following lemma will allow us to prove that in the situation of
Theorem 2.1 the solutions do not bounce back deep into the interior of
@ from near 0@ too often on any finite interval of time.

Lemma 4.2. Let wy, x; be processes for which the assertions (i)-(iv) of
Lemma 3.2 hold. Let G,Q be bounded open subsets of R containing
the origin and such that G C ). Define vy = 0,

pe = inf{t > v (t,2) € QY, vy = inf{t >y : (t,2,) ¢ RTTN\GL
Then for any S € (0,00) there exists a constant N, depending only on
d, q, p, S, ||bIg||z,.r,, and the diameter of Q, such that
- 2
Z (E|‘rS/\,LLk — xS/\uk|2) S N.
k=0
Proof. We have E|xgn,, — Tsay,|? < 20y + 2J), where
SApk

Ik’ = E‘wS/\Mk - wS/\I/k‘27 Jk = E(/ |b(87x5)| d8>2'
S

VAYZ

Observe that
2= (E|S A — S Anld)” < PEIS A — S Awf? = &,

§d2SE‘S/\/Lk—S/\Vk|, Z(E|ws/\“k —ws/\,,k|2)2 §d252.
k=0
Furthermore,
SApk o
Jk §E|S/\,uk—S/\1/k\ |b(8,l’s)|2d8, J,fgIka,

SAvg



DIFFUSIONS WITH SINGULAR DRIFT 15

where
SApk
Jy, = E(/ |b(s, z,)|? d5)2.
SAvg

It only remains to estimate J, by a constant N, depending only on d,
¢, p, S, ||blgl|L, 1,, and the diameter of Q.

Observe that on the set {S A v, < S A .} we have S A vy, = v, and
(v, 2,,) € G C Q. Furthermore, (t,7;) € Q for SAv, <t < S A .
Now from the strong Markov property of z; it follows that

SATQ
Jr < sup Esx(/ b(s +t, )| dt)2.
(s,x)eQ 0

By using (3.10) we easily see that the latter expression will not
change if we change arbitrarily b outside of () only preserving the prop-
erty that the new b belongs to L,_L,. We choose to let b to be zero
outside of () and then get the desired estimate from Corollary 3.4 (after
shifting the origin to (s,z)). The lemma is proved.

Corollary 4.3. Naturally, we say that on the time interval [V, ] the
trajectory (t,x;) makes a run from G to Q° provided that p, < oo.
Denote by v(S) the number of runs which (t,x;) makes from G to Q
before time S. Then for any o € [0,1/2), Ev*(S) is dominated by
a constant N, which depends only on «, d, q, p, S, ||blgl|z,1,. the
diameter of QQ, and the distance between the boundaries of G and Q).

Proof. Observe that for any integer k > 1
kP2 (i1 < S) < P2(jo < S) + oo 4+ P2ty < S) 4. (4.2)
Since
E{|zsnu, — s [* + 1S A e — S A}
> B{|z,, — 2, |* + |k — vil* Hu<s > dist® (0G, 0Q) Py, < S),
by Lemma 4.2 we see that the series in (4.2) converges and its sum

is bounded by a constant with proper dependence on the data. After
that it only remains to note that P(v(S) > k) = P(ug—1 < 5).

5. PATHWISE UNIQUENESS AND STRONG SOLUTIONS

In this section we consider a particular case of b;(x.) from Section 3,
namely, we assume that

bt(x) - b(t, xt)It<T($A)7

for (t,z.) € (0,00) x C, where 7(x.) is a bounded N;-stopping time
defined on C and b(t, x) is a Borel R%valued function defined on R+
such that |b(-,-)| € L,-L, for some p, ¢ satisfying (2.1).
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Theorem 5.1. Let wy, vy, and z be R%-valued processes defined on
a complete probability space for t > 0. Assume that w; is a Wiener
process and the properties (ii)-(iv) of Lemma 3.2 hold true if we take
(ye, wy) and (z¢, wy) in place of (x4, wy). Furthermore, let {ys, zs, ws :
s <t} be independent of wyyp, — wy for each t,h > 0. Then

P(sup |y: — 2| > 0) = 0.
>0

The Yamada-Watanabe principle (see [28] or [13]) immediately al-
lows us to deduce from Theorem 5.1 and Lemma 3.2 the following result
about existence and uniqueness of so-called strong solutions.

Theorem 5.2. (i) For each t € [0,00) on C there exists an N;-
measurable R%-valued function Fy(y.) such that if

(a) w; and x; are R%-valued continuous processes defined on a prob-
ability space fort > 0,

(b) wy is a Wiener process and the properties (ii)-(iv) of Lemma 3.2
hold true for x;,w,
then for each t € [0,00) we have z; = Fy(w.) (a.s.).

(ii) Let w; be an R¥-valued Wiener process defined on a complete
probability space for t > 0. Then on the same probability space there
exists a continuous process x;, t > 0, such that the properties (ii)-
(iv) of Lemma 3.2 hold. Furthermore, by assertion (i) this process is
F-adapted and unique.

Remark 5.3. The function F;(y.) does not change if we change w; or
x; or the underlying probability space. Therefore, for each b;(y.) under
consideration we may and we do choose and fix an appropriate function
Fi(y.).

To prove Theorem 5.1 we need two lemmas before which we introduce
Y = o{ys, 2z, ws : s < t} and let 3, be the completion of ¥; and
Fi = ﬂs>t ¥,. It is easy to see that w; is a Wiener process relative
to F;.

Lemma 5.4. Let u € Hg’q(T). Then there exists a continuous F;-
adapted increasing process A; such that Ag = 0, EAr < 0o, and for

t €[0,7]

t t
[ st = stz ds = [ - wfdA.
0 0

Proof. Generally the process A; we are looking for is not unique and
the smallest one is given by

t - 2
At — / ]ys7ézs |u$(s7 yS) U.T(S? ZS)‘ ds
0

|ys - Zs|2
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provided that the right hand side is finite. To prove that this is indeed
the case and also to prove all other assertions of the lemma, we prove
that

r ’ux(says) _ua:(svzs)P
E/O ‘[ysfzs |y5 N Zs|2 ds S NHu“Hg‘q(T)? (51)

where the constant N is independent of w.

By Lemma 10.2 below if u" € H;”(T), n=12,.. and u" — u in
H2(T), then u — u, uniformly in [0, T]xR?. Bearing in mind Fatou’s
lemma we conclude that it suffices to prove (5.1) for u € C§°((0,7T) x
R?).

In that case by Hadamard’s formula

1
Uy (5, 1s) — up(s, 25) = (i) — zg)/ Upei (8, 7Yys + (1 — 1) 24) dr.
0

Therefore the left-hand side of (5.1) is less than a constant times
1 T
/ E/ U (t, 7y + (1 — 1) 2¢) | didr.
0 0
Here

ry + (1 — 1)z = wy + /Ot[rbs(y.) + (1 —r)bs(z.)] ds.

Furthermore, for any x > 0 by convexity and by Corollary 3.4

Eexp(/i/o rby(y) + (1 — r)by(2) 2 ds) (5.2)

T T
< TEeXp(Fo/ |bs(y.)|* ds) + (1 — T)EeXp(I{/ |bs(2.) 2 ds) < oo.
0 0
Now for fixed r € [0,1] denote b; = rb:(y.) + (1 — 7)b;(z.) and
T T
p:exp(—/ btdwt—(l/Q)/ |b,|? dt).
0 0

Then (5.2) implies that all (positive and negative) moments of p are fi-
nite and Ep = 1. Hence by Holder’s inequality and Girsanov’s theorem
for any o > 1

T T
E/ ’uxx(tvryt—i_(l_r)zt)’g dt = Ep—apa/ ‘uxr(tvryt+<1_r)zt)‘2dt
0 0

1/a

T
< N(Eﬂ/ [taa (t, 7y + (1 = 7)20) " dit)
0

T
= N(E/ U (2, 07 ) [* dt)l/a = NI.
0
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Thus, the left-hand side of (5.1) is less than a constant times I and now
(5.1) follows from (3.11) if @ > 1 is so close to 1 that |ug,[** € Ly_Ly
with d/p’ + 2/q¢' < 2. The lemma is proved.

The proof of the second lemma is rather long. Therefore, to un-
derstand better its idea, borrowed from [27], we advice the reader
to take I' = (), assume formally that our construction is valid for
B, = By = R?, and drop the first inf in the definition of 7.

Lemma 5.5. Let v be a finite F;-stopping time. Assume that y, = 2
fort <y andlet a ' € F, be such that P(I') > 0. Then there exists
a finite Fy-stopping time o > ~ such that y, = 2z for v <t < o and
P(T,0>~)>0.

Proof. Define 7 = 7(y.) A 7(z.) and split the proof according as
P(IT,v>7)>0o0r=0.
Case 1: P(I';y > 7) > 0. Introduce

g =7 + IF,’YE?'

The random variable ¢ is a stopping time, which is seen from the
following formula

{o<ty=(n{y>7n{y<t—1})

u(Cn{y =7 n{y <t}),
where 'N{y > 7} € F,.

Next we observe that, due to the fact that 7(z.) is an N;-stopping
time, if we are given a., 3. € C and o = f3; for t € [0,7(c.)), then
T(a.) = 7(06.). It follows that on the set where v > 7 we have 7 =
7(y.) =7(2) <~ and for all £ >~

Yt =Yy T W — Wy = 2y + Wy — Wy = 24

In particular, y;, = 2z, for v <t < o. Finally, the assumption P(I",~y >
7) > 0 implies that P(T',o > v) > 0.

Case 2: v < 7 (a.s.) on I'. Obviously for any € > 0 there exists
T € (0,00) and a unit ball B; C R? such that

P(T—e<y<T,y,=2,€ B, I') > 0. (5.3)

Let By be the ball of radius 2 with center xy being that of B;. Take
¢ from Lemma 10.6 below, find a T which suits (5.3), and take u’,
i = 1,...,d, from Lemma 10.6. By Itd’s formula for ¢t € [S,T] :=
(T —€)4,T] we have

tAT

ui(t AT, Yinz) = ui(S AT, Ysnz) + / u;(r, yr) dw,.
SAT
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We multiply this equation by the indicator of the set
H={y>Sy,=2 € By,T}

and notice that on this set S AT =S and ys = zg. We also do the
same for the process z;. Then we obtain

tAT
[W(t AT, yinr) — U (E AT, 2e07) [ I = ]H/ [us (7, yp) — us(r, 2,)] dw,
S
tAT ) )
—dn [ () — k) e du
s

AT
= / [z, (7, y,) — ug (7, Zr)]]H,'ygr dw,..
S

We square the extreme terms of this equation, sum up the results
with respect to 4, then take sup’s over t in the range [S, | where v is
a stopping time with values in [S, T]. After that we take expectations
and use Doob’s inequality to obtain

d

Ely sup Z[u’(t AT Yine) — U (AT, 2n7))
te[Sv] =1
VAT d
< 4FE / Inqer Y Ju(r ) = ub(r, 2,)| dr. (5.4)
o i=1

By Lemma 5.4 the right-hand side of (5.4) equals

UNT
E / Intq<rlyr — 2|? dA, (5.5)
S

We now take v := S Vv AT, where
ve=inf{t >y : |y —xo| V|2 — x| > 2} Ainf{t > v: A, — A, > 1/4}.
Observe that on IT if ¢ € [S,v] and
d
D W (EATyine) — U (EAT, 200)]” #0, (5.6)
i=1
thent >~y >S5, v> 5, and v =0 AT. In that case vy <t < v. Also
v < 7T (a.s.) by assumption and hence, a.e. on II, if ¢ € [S,v] and (5.6)
holds, then v < t A7 < v and therefore |y — o] < 2. A similar

statement holds for z.. By Lemma 10.6 we conclude that the left-hand
side of (5.4) is greater than

(1/2)EIy sup |yins — zine|*- (5.7)
te[S,v]
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On the other hand, the right-hand side of (5.4), which equals (5.5),
is less than

E/ IH A<r ’yr/\‘r ZrAT ’2 dAr

< Ely sup !ym Zt/\7'| / 'y<7'dA < 1/4)E[H sup Iym ZtA%|2-

te[S,v] te[S,v]
We see that expression (5.7) is less than its half, which implies that it
is zero. Introduce

O :={ sup |yir = 2ztn7| = 0,7 < 7} N1IL
te[S,v]

Then © C II and by the above P(0) = P(II).
Our last step is to prove that
o:=[ANTANT)VAle+ vlee
possesses the required properties. First, by definition 7 > . In addi-
tion, the event ©N{~y < T'AT} happens with strictly positive probability
due to (5.3) and the condition of the case under consideration. When
this event happens, we have v AT AT > yand o = vV AT AT > 7.
Also T" happens. Therefore P(I',o > ~v) > P(ON{y < T AT}) > 0.
Furthermore, obviously o(w) > v(w) for all w.
Next, we have
{o>~v}Cc{o=vATAT}NO, ©CIC{y>S5}
{y>Stc{vAT>Syc{v=vAT}
implying that
{o>y}c{o=vATAT}N{y> S}
C{lo=vANTAT}IN{v=vAT}C{o=vAT}
Therefore, if o > v, then

sup |ys — 2| < sup |y — 2| = 0.
tely,o] te[S,vAT]
Of course, if ¢ = ~, then the equality between the extreme terms is
given by the assumption on 7.
It only remains to check that o is a stopping time. To do that observe
that for any r > 0 we have ©°N{oc <r} =0°N{y <r} =1N{y <r}
(a.s.) and II € F, so that

o‘n{c<r}er.

Furthermore, © N {o < r} is empty if » < .S since 0 > v > S on 6.
If » > S, then (a.s.)

ON{o<r}={pATAT<r}n{y<rinll,
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Here {y <r}NIl € F,. since Il € F, and {v AT AT <r} € F, because
v, T, and T are stopping times. Hence © N{o < r} belongs to F, along
with ©°N {o < r} , o is indeed a stopping time, and the lemma is
proved.

Proof of Theorem 5.1. Almost everything, actually, has been done
in the proof of Lemma 5.5. Indeed, define

p=inf{t >0: |y — 2| > 0}.

Our goal is to prove that © = oo (a.s.) or that for any constant
S € (0,00) we have p A S =S (a.s.). Take a constant S and introduce
y=pASand ' ={w:y(w) < S}. We claim that P(I') = 0.

Indeed, if P(I') > 0, then according to Lemma 5.5 we can find a
stopping time o > ~, such that ¢ > v on a subset of ' of positive
probability and y; = z for t < 0. We therefore have at least one w
at which 4 = v < o, and y;, = 2z for t < . But this contradicts the
very definition of u, which requires |y, — 2| to be strictly bigger than
zero for points arbitrarily close to p from the right. This completes the
proof of the theorem.

6. PROOFS OF THEOREMS 2.1 AND 2.5

Proof of Theorem 2.1. Without losing generality we may and will
assume that in (1.1) we have s = 0 and = 0. We split the proof into
two parts.

Emistence. For any z. € C and n > 1 define N;-stopping times

T"(z)=1inf{t > 0:(¢t,2z) € Q"}.
Notice that since Q™ are bounded, 7"(z.) are bounded stopping times.
Let 0" = blg» and consider the equation

t t
xy = w + / Iscrn@b"(s,27)ds (= wy + / Iscrnizmyb(s, x%) ds).
0 0

(6.1)
By Theorem 5.2 equation (6.1) has an Fi-adapted solution x}. As is
easy to see the process

+lI +1

-n . .n n
Ty =Ty t<7—"(x."+1) + (wt - wr"(:}c,’”'l) + xTn(xTL+1))It27"(m.TL+1)

also satisfies (6.1). By Theorem 5.1 we have z} = z} for all ¢ > 0
(a.s.). In particular, these processes coincide before 7" (z") = 7"(z") =

(") and 7"(2") < 7" (2"*1) (a.s.). Therefore, the definitions

¢=lim 7"(z"), xp = lim 2 nimy, <,

n—oo n—oo

zt:(tvxt)v t<§: Zt:aa <§t<oo
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make sense almost surely. We may throw away the set of w where the
above definitions do not make sense and work only on the remaining
part of Q. Certainly, 7"(2") and ¢ are F;-stopping times. Also, 7, . (@™)
and z,[i. are Fi-adapted. It follows that z; is Fi-adapted. Next, if
t < ¢, then there exists an n such that ¢ < 7"(2™) < (. Since s = 27
for s < 7(a™), this easily implies assertion (iv) of the theorem and it
only remains to prove that z; is left continuous at ¢ (a.s.).

By using the terminology of Corollary 4.3 we denote by v4(S) the
number of runs of (t,z;) from Q* to (Q**!)¢ before time S A (. For
n > k + 1 obviously, v4x(S A 7"(2™)) is also the number of runs that
(t, 27) makes from QF to (Q**+1)¢ before time SAT™(2™), which increases
if we increase the time interval to S. It follows by Corollary 4.3 that
Ey,i/ Y(S A 77(2)) is bounded by a constant independent of n. By

Fatou’s theorem EV;M(S A () is finite. In particular, on the set {w :
((w) < oo} (a.s.) we have v,(¢) < co. The latter also holds on the
set {w : ((w) = oo} because (¢,;) is continuous on [0,¢) and Q* is
bounded.

Thus, vx(¢) < oo (a.s.) for any k. In addition, 7"(2") < ¢ and
7"(2™) 1 ¢. Since (7"(2"), 2" ) € 0Q™ we conclude that (a.s.) there

T (x™)
can exist only finitely many n such that (¢, ;) visits Q¥ after exit-
ing from Q". This is the same as to say that (t,z;) — 0 ast 1 (
(a.s.). “Cleaning” again the probability space finishes the proof of the
existence part of the theorem.
Uniqueness. The process z; is continuous and @’-valued. Further-
more, for t < ' it is Q-valued. It follows that for any n > 1

() =inf{t >0: (t,2}) € Q"} < (". (6.2)
Also observe that (a.s.)

¢ = nh—{go (2") = (. (6.3)
Indeed, that ¢ < ¢’ follows from (6.2). On the other hand, on the set
where ¢ < (' we have that, on the one hand, zé € @ since ¢ < (', but
on the other hand, zé = 0 since zé—
of any Q™.
Next, introduce

is the limit of points getting outside

n __ /
Ty = a:t/\T"((IJ{) + thT"(:c{) - w‘r"(xf)-

Then z} = ) for t < 77(2'), so that 7"(z/) = 7"(2™) and it is easy to
see that x} satisfies

t t
T = / IT"(zTL)>sb(57 wg) ds +w, = / [Tn(wn)>sbn<5> ) ds + wy,
0 0



DIFFUSIONS WITH SINGULAR DRIFT 23

where as before b" = blgn. It follows by Theorem 5.2 that for each
t € [0,00) there exists an Aj-measurable R%-valued function F*(y.)
determined uniquely by b and Q™ such that z}' = F}*(w.) (a.s.). Hence,
the formulas

{w:m"(2)) >t} ={w: 7" (2") >t}

={w: T}gpft dist ((r, F)*(w.)),0Q") > 0}, (as.),

where p; is the set of rationals on [0, ¢], and

@) = [ Lt = T m S Loy
0 m=eo i=0

show that 7"(z') = G™(w.) (a.s.), where G" is a Borel function on C
uniquely determined by b and Q™.

Equation (6.3) now shows that (' is expressed (a.s.) as a Borel func-
tion of w. uniquely determined by b and Q",n = 1,2, .... In addition,

’ BT / 1 n
Tylicer = M @y, ooy Lecrn(ery = MM 24 oy Tcrn(ar)
n—oo n—oo

= nerolo T licrn(ery = JLI{)IO F'(w)Licanwy (as.).
It follows that z, is expressed (a.s.) as a Borel function of w. and
this function is uniquely determined by b and @™, n > 1. Obviously
this implies both statements about uniqueness in the theorem which is
thereby proved.

Proof of Theorem 2.5. Strong Feller property. For z. € C([0,00),Q’)
let

((z)=inf{t>0:2 =0}, 7"(z)=inf{t>0:2z¢&Q"}.

On {z : t < ¢} we have 2z; € Q so that the projection of z; on R¢, which
we denote by z; = x4(z.) is well defined. Observe that by definition of
P, we have z; = (s +t,x¢) (Ps-a.s.). Also observe that

Es,zf(ZT—s> = f(a) + Es,:v[f(T7 xT—s) - f(a)]IC>T—s‘

Hence, it suffices to prove that for any 7" € R and Borel bounded f
given on R?, the function

u(s,r) = By f(rrs)le>r—s
is continuous with respect to (s,z) on Q(T) := QN {(s,x):s < T}.
By examining the way P, is defined, it is easy to see that on Q(7")
we have
u(s,x) = im Es, f(xp_s)Im>r_s

n—oo

= lim E7, f(vr_s)nsr_s = lim u"(s, 2), (6.4)

n—oo n—oo
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where EY . is the symbol of integrating against Py, , which is the distri-

bution on C([0, 00), R**1) of (s+t,27), where a7 is the unique solution
to

t
xy :m—l—wt+/ bu(s+r,zl') dr
0
with b, := blg,. Observe that in the notation introduced before
Lemma 4.1
Un(87$) = Eng(ZTQn(T))a

where Q"(T') = Q" N{t < T}, g(T.y) = f(y) if (T,y) € 0Q"(T),
and g = 0 on the remaining part of 9Q" (7). By Lemma 4.1 (ii) for

n>m>1
u'(s,x) = B2 u"( ) = EJu"(

Upon letting n — oo and using (6.4) and the dominated convergence
theorem we conclude that for any m > 1

u(s,x) = E;”acu(
which implies the continuity of v in @™ (7") by Lemma 4.1 (i). Since m
is arbitrary, u is continuous in Q(7).
Strong Markov property. Define for n > 1
2= (s+tz}), t>0.
Then for (s,z) € Q and any Borel bounded f on R¢ and any N (Q')-
stopping time 7

Es,xf(zT—‘rt) = f(a) + Es,z(f(ZT-i—t) - f(a))IC>T+t' (65)

“1om (1) Zrgmry)-

ZTQ'm (T) ) Y

But
Es,a:f(ZT+t)IC>T+t

= lim Es,:tf<zf+t)[‘rn27'+t
n—00

: n n
= lim Es,xf<ZT+t)[TnZT+tITnZT
n—00

which, since {7, > 7} € N, by Lemma 4.1 equals
lim E;m]TnZTEgpf(Zf)]TnZt

n—oo

= lim ES,ZI’TnZTEZTf(Zt)ITnZt

n—oo

:Es,xIC>TEsz(Zt)I§>t‘

By (6.5) it follows that
Es,acf(27+t) = Es,zEsz(Zt)'
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Since this equality obviously also holds with (s, z) replaced by 0, the
strong Markov property follows by a well-known result from Markov
process theory (see e.g. [6, Proposition IV. 6.3]).

7. SOME AUXILIARY ESTIMATES

In order to be able to show that under certain conditions our solu-
tions stay in @) for all times, we need certain estimates which we collect
in this section. We fix a T' € (0, 00) and a real-valued function ¢(t, x)
which is infinitely differentiable on [0,00) x R% Let wy, t > 0, be a
d-dimensional Wiener process given on a complete probability space.

Lemma 7.1. For any x € R? and B; := wr_; — wr we have that (a.s.)

T
6(0,2) — BT,z + wr) — / 6o(T — 5,y + B) dBalyesiun

T
=T,z +wr) — ¢(0,2) — /0 Oz(8, T + ws) dws

T
- 2/ Dio(s,x +ws)ds. (7.1)

0
Proof. Observe that By is a Wiener process on [0, 7], so that the sto-

chastic integral in (7.1) with respect to By is well defined. Furthermore,
by It6’s formula

T
/0 (bx(T_ 37y+Bs> dB, = ¢(07y+BT) - (b(Tu y)

T
+/ (Dyp — (1/2)Ap)(T — s,y + By) ds.
0
This shows that the left-hand side in this equation is a well defined

continuous function of y so that formula (7.1) makes perfect sense.
This also shows that the left-hand side of (7.1) equals

_ /0 (D — (1/2)Ad)(T — s,z + wr_g) ds

:/0 ((1/2)A¢p — Di@) (s, x + wy) ds.

That the latter expression coincides with the right-hand side of (7.1)
follows again by 1to’s formula. The lemma is proved.
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Corollary 7.2. Take a nonnegative Borel function f(z) and for t €
[0, T introduce

T—t

Br(t,x) = exp(— Oz (t + 8,2 + wy) dws
0
T—t

T—t
_(1/2)/0 oot + st ds =2 [ Do+ sa ) ds),

vp(t,z) =v(t,x) = Efr(t, x) f(z+wr_y), c(t) = / e~ 2002y (¢, x) da.
Rd

Then c(t) is an increasing function. In particular, c¢(0) < ¢(T'), that is
/ e~ 2002)y(0, 2) dx < / e~ 2002) £ (1) dur. (7.2)
Rd Ré

Furthermore, one can replace < in (7.2) with = if ¢, € L,_L, for some
P, q satisfying (2.1) and in that case c(t) is constant on [0, T].

Proof. First observe that by the Markov property of the Wiener
process, for 0 <t <r < T, we have

v(t,x) = EB.(t,x)v(r,x + w,_y).

Furthermore, by applying (7.1) to r — ¢,¢(t + -,-) in place of T, ¢,
respectively, we obtain

Be(t, 2)e 2000 = (g 4 w,_y)e 2 etur—),

where

r—t r—t
£(y) = exp(— / bu(r—s,y+B.) dB—(1/2) / (6u(r—s, y+ B,)[> ds)
0 0
and B, = w,_;_s — w,_;. Therefore,

C(t) = F 5(3: + wr_t)€—2¢(r7x+wr—t)v(r’ x4 wr—t) dr
R4

=F | &x)e0Dy(r ) dx :/ e~ 202y (r, x)EE(2) dur,
Rd Rd

and it only remains to use (3.7) and remember that generally the ex-
pectation of an exponential martingale is less than 1.

Remark 7.3. Since the above corollary plays a very important role in
what follows, it is probably worth giving it at least an outline of a
different analytic proof. Under mild conditions v(¢, z) satisfies the cor-
responding Kolmogorov equation, that is

Dw(t, z) + (1/2)Av(t, x) — ¢ui(t, x)vgi(t, x) — 20(t, ) Dyp(t, ) = 0
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which is rewritten in an equivalent form as

Dy(e7**v) + (1/2) (6_2¢Uzi)$i = 0.

We integrate through the equation with respect to x and very naturally,
however maybe not quite rigorously, arrive at

Dt/ e~ 2002y (t, ) dr = 0,
Ra

which says that ¢(t) is constant.
Below we use the notation

B,={zeR: |z|<r}, Q.,=[0,t)xB,, Q;=1I[0,1) xR~

Lemma 7.4. On an extension of the probability space there is a stop-
ping time vy such that the distribution of (v, w~) has a bounded density
concentrated on Q1 1.

Proof. Denote n = d + 2. On an extension of our probability space
there exists a random variable p with values in [0, 1] and density nr"~*
such that p is independent of all . Let F; = F* V o(p), and define ~
as the first exit time of (¢, w;) from @2 ,. We claim that v is a random
variable of the type we are looking for.

That « is an ]:"Ig—stopping time is obvious. As is well known the exit
distribution of (¢, w;) from @ ; has a bounded density with respect to
the surface measure on

S:=((0,1) x 0By) U ({1} x By}.
Denote this density by 7 (¢, x). Since by a straightforward computation
(TQﬁ,T(Z')’wTQTz’T(Z»)) = (7’ TQM( )y erQl (z ))’

where z, 1= (t,wy), w; := %wrzt, Z = (t,w;), t > 0, it follows by the
self-similarity of w, that for any Borel nonnegative f(¢,x) we have

f(y,w,y) / /f (r*t, ro)m(t, z) dSdr
< N/ r"_l/f(TQt,rx) dSdr
0 S

1 1
:N/ 7“"_1/ f(r*t, ra) d(OB,)dtdr
2B,

—|—N/ fr rx)dxdr =: NI} + N1.
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Here

1 r2
I :/ r"_3/ f(t,rx)d(0By)dtdr
0 0 0B1
1 1
< / rdt / ft,rz) d(OB,)dtdr = f(t,x) dxdt,
0 0 JoB; Q1,1

1
L= / [ p 02 ) dadr < (1/2) [ F(t ) dadt.
0 B, Q1,1

Hence

Ef(yuy) <N [ f(t,x)dudt,
Q1,1
where N is independent of f and the lemma is proved.
In the following lemma we use the notation

R‘fl ={(t,z): t € (0,00),x = (ml, ...,xd) S Rd}.

Lemma 7.5. Let K € [0,00) be a constant. Assume that for some p, q
satisfying (2.1) we have

olg,, < K, |éelg L, 1, < K.

Take an r € (1,00) and a Borel nonnegative function f = f(t,x) on
R such that f(t,z) =0 fort >T. For0<s <t <T and z € R
introduce

t—s
plsia) =exp(= [ ouls st w)du,
0

~(1)2) / T loals + 1+ w2 dr),

(s, x) = exp(—2/0 ) (D)1 (s + 1,z +w,.)dr),

w(s,x) = Ep(s, )y (s, x) f(t, x + w_s).

Then there is a constant N, depending only on r,p,q, K, and T', such
that

T
/ w(0,0)dt < N( [ fre ® dtdx)"" + N( / F43 dtda) Y
0 Riﬂ Q1,1

(7.3)

Proof. By the strong Markov property of the Wiener process for any
stopping time 7 we have

E]rgtﬂtw, 0)0%(07 O)f(ov wt) = E]rgtpr((), 0)047(07 O)Ut(7_7 UJT)~
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Therefore, upon assuming without losing generality that 7" > 1, for
from Lemma 7.4

/T uy(0,0) dt — E/’y 21(0,0)0(0, 0) £ (£, wy) dt

T
+Ep,(0,0)a (0, 0)/ u(y, wy) dt =: I + Is.
ol

Observe that ay < 1 and for ¢ < v we have (t,w;) € Q11 so that,
in particular, in the formula defining p,(0,0) we can replace ¢, with
¢z1q, , and hence all moments of p;(0,0)I;<, and p,(0,0) are finite and
uniformly bounded in ¢. It follows by (3.3) that for any v € (1, 00)

Lgys/2(

T
BENE [ £l (tw)d) < NIl g
0

We choose v so that v(d+5/2) = d+ 3 and get that I; is less than the
second term on the right in (7.3).

In what concerns I, we again use a,(0,0) < 1 and the finiteness of
all moments of p.,(0,0). Then we find

L SN(/Ol /ST(/Bl (s, x) dz) dtds)"!".

To estimate the interior integral with respect to x we insert there
exp(—2¢(s,z)) and again use Holder’s inequality and the fact that
Epi(s,x) < 1. This yields

Ir(s,1) ::/ uy (s, ) d:vgeQK/ e~ 204, (s, x) de,
B R

where
@t(sa Jf) = Ept(sv I’)O[t(S, x)fr(t7 T+ wt—s) S Eﬁt(sv 'T)fr(ta x + wt—s)'
Hence by Corollary 7.2

Ir(s,t) < eQK/ e 2000 7 (¢ 1) da,
R4

which shows that I is less than the first term on the right in (7.3).
The lemma is proved.

In the following lemma by Qi we mean (—7T,7T) x R? and use the
notation

o) =nf{t >0: (t,x,) €Q}, =z €C (7.4)

instead of 7¢(z.), where z = (¢, 24).
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Lemma 7.6. Let QQ be a domain such that Q C Q+7. Let the assump-
tions of Lemma 7.5 be satisfied and let € € [0,2) be a constant and h a
nonnegative Borel function on Q) such that on Q)

2D, + A¢ < he®. (7.5)

Then for any 6 € [0,2 —¢), r € (1,2/(0 + ¢€)], there exists a constant
N, depending only on T, p,q, K,e,0, and r (but not Q ), such that, for
any stopping time T < 1g(w.) we have

E®, < N+ N( / e~ dtde)'" + N suph, (7.6)
Q Q1,1

where 0 = 0 + €, so that 0 < 2, and
t t
b= exp(— [ oulsun) du,— (1/2) [ Jouls.wo)ds
0 0

—2 /Ot(Dtgb)Jr(s, wg) ds + 0 (t, wy)).

Proof. By It6’s formula
(I)T = (I)O + m,

+ / B,[5Dy6+ (6/2)Ad — 2(Dyd) 1 + (1/2)(16 — 112 — 1) || (t, wy) dt,

0
where m; is a local martingale starting at zero. By using (7.5) and the

inequality |6 — 1] < 1 we obtain
O, < Py + 5/ O, h(t, wy) exp(ep(t, wy)) dt + m.,. (7.7)
0

Since ®; > 0 we take the expectations of both sides and drop Em..
More precisely, we introduce o, := inf{t > 0 : |m;| > n} and substitute
T A 0, in place of 7 in (7.7). After that we take expectations, use the
fact that Emys,, = 0, let n — oo, and finally use Fatou’s lemma along
with the monotone convergence theorem. Furthermore, we denote f =
Ighexp(0¢) and notice that 7 < T'. Then in the notation of Lemma 7.5
we find that

E®, < N+ NE [ p(0,0)0(0.0)f(,wi)ds
0

T T
0 0

It only remains to note that the first term in the right-hand side of (7.3)
is just the second one on the right in (7.6) and the second integral on
the right in (7.3) is less than vol Qy1supg, , hexp[0K(d + 3)]. The
lemma is proved. ’
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Theorem 7.7. Let K, K, € [0,00) and ¢ € [0,2) be some constants
and let Q) be a subdomain of Q11 and h be a nonnegative Borel function
on Q. Assume that for some p,q satisfying (2.1) we have

hlg,, <K, ¢lg, <K, |é:1g,lL,z, <K
Also assume that on Q)
¢>0, 2D¢< Kop, 2D+ Ap < he.
Finally, let ¢, satisfy the linear growth condition:

sup  |¢a|/(1+|z|) < o0.
te[0,T],z€R4

and denote by x;, t € [0,T], the solution of

t
Ty = Wy — / Gz(8,5) ds.
0

Then for any r € (1,4/(2 + €)] there exists a constant N, depending
only onr,d,T,p,q, K, and €, such that

E sup explu((t, @) +v|z|*)] < N+ NHo(T,0,r),  (7.8)

tSTQ(:EA)
where Tg(x.) is introduced in (7.4), u, v, and & are taken from (2.5),
and o = (2 —10)v,0 = 20 + ¢.
Proof. Define ¢ = ¢ + v|z|?,
t
M; = exp(do(t, x¢) — (KO/Q)/ (s, xs)ds), M, = SU.E) )Mt.
0 t<tq(zx.

Then for t < 7g(x.)

é(t,zy) <In Mj/‘s + (Ko/(20)) /Ot P(s,x5)ds

and hence by Gronwall’s inequality
B(t, ;) < M0/ Iy NS < TR/ 1y pr1/d,

Therefore, to prove (7.8), it suffices to prove that Ev/M, < N. In
turn by a well-known result on transformations of stochastic inequal-
ities (see, for instance, Lemma 3.2 in [12]), if EM, < N; for all stop-
ping times 7 < 7g(z.), then E\/M, < 3N;. Thus, it suffices to esti-
mate M.

On a probability space carrying a d-dimensional Wiener process w;
introduce Z; as the solution of the equation

t
%, = @, — / TycroyoyBals, 72 ds. (7.9)
0
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Also set
M,; = exp(206(t, Z,) — 2/ (D)4 (s,%,)ds).
0

Write E for the expectation sign on the new probability space and
observe that on

2D, 4+ Ad = 2Dy + A¢ + 2vd < (h + 2vd)e.

Then after an obvious change of measure (cf. (3.10)) equation (7.6) with
20, F, ¢, and w; in place of §, E, ¢, and wy, respectively, 8 = 26 + ¢,
and r € (1,2/(20 + ¢)] is rewritten as

EM, < N+ N( / W Lo mye @0 didr) "’
Q

and since ¢ > v|z|? on @Q, we obtain
EM, < N+ NHJ (T, (2 — rf)v,r) =: N,

for all stopping times 7 < 7 (z.). Combining this with the inequality,

exp(206(t, 7,) — Ky /tgz_ﬁ(s,xs) ds) < My, t<rtg(Z.),
0

the left-hand side of which is quite similar to M; but with 2¢ in place
of ¢, by the above argument we get

E sup exp2uv|z?) < E sup exp(2uo(t,z;)) < NNy. (7.10)

t<7q(z.) t<7q(z.)

We now estimate EM,. through EM, by using Girsanov’s theorem
and Holder’s inequality. We use a certain freedom in choosing z; and
w; and on the probability space where w. and x. are given we introduce
a new measure by the formula

P(dw) = exp(—2v / Telicrg (o) dwy — 20° / |24 * Ly crgy 2y dE) P(dw).
0 0

The linear growth condition guarantees that P is a probability measure.
Furthermore, as is easy to see

Ty 1= 'Tt]t<TQ(I.) + (wt — Wrg(x.) + 'I‘TQ(:I?‘))]tZTQ(I.)

coincides with x; for ¢t < 7o (z.) and satisfies (7.9) with

t
Wy = wy + 2”/ xS[S<’TQ(ZL‘.) dS,
0
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which is a Wiener process with respect to P. In this notation for
T < 1(r.) = 1(7.)

EM, < EMY? exp(2v / Tilycrg(z) diwy — 20° / %42 vy () ),
0 0

< (EM,)"*(Ep"? exp (12V2/ 14 Lyrg(ay ),
0
where

p= eXp(8V/ tht<'rQ(a’c‘) dw; — 321/2/ |jt|2lt<TQ(il) dt)
0 0
Observe that Ep = 1 and EM,. < Ny. Therefore,
12/ 7 e (@) 1/4
EM, < N'2(E exp (24 / 22 dt))
0

It only remains to refer to (7.10) after noticing that

TQ(Z.)
241/2/ |Z|* dt < 240*T sup |7,]> =2uv sup |7,
0 t<7q(Z.) t<7q(.)
and use the inequality a® < 1+a if a > 0,0 < o < 1. The theorem is
proved.

8. PROOF OF THEOREM 2.7 AND CONCLUDING REMARKS

By Theorem 2.1 the solution x; is defined at least until the time (
when (s + ¢, x;) exits from all Q™. We claim that to prove that { = oo
(a.s.) and also to prove the second assertion of the theorem, it suffices to
prove that for each T' € (0, 00) and m > 1 there exists a constant N, de-
pending only on d, p(m+1),g(m+1),&, T, K, [|¢slgm+1llL 1) Lopmi)s
dist (0Q™,0Q™ "), sup{v) + h,Q™"}, and the function H such that
for (s,z) € @™ we have

E sup exp(ub(s +t,x;) + pv|z)?) < N. (8.1)

t<CAT

To prove the claim notice that (8.1) implies that

sup (V(s +t,2;) + |1]?) < 0 (a.s.). (8.2)
t<CAT
It follows that (a.s.) there exists an n > 1 such that up to time (AT the
trajectory z; = (s +t,x;) lies in Q™. Indeed, on the set of all w where
this is wrong, for the first exit time 7" of z; from Q" we have 7" < T
for all n. However owing to (8.2), the sequence x,» is bounded and
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therefore the sequence z;» has limit points on d@Q). By the assumptions
before Theorem 2.7

lim ¢(2’r") = 00,

which only happens with probability zero again due to (8.2). Hence,
(a.s.) there is an n > 1 such that 7' < 7". Since this happens for any
T and 7™ < ¢ we conclude ( = oo (a.s.), which proves our intermediate
claim.

Since dist(Q™, 0Q™*!) > 0 we can find x € (0, 1] sufficiently small
so that (s,z)+ Q2. C Q™! for all (s,z) € Q™. Therefore, by transla-
tion and dilation, without losing generality, we may assume that s = 0,
z =0, and that Q;; C Q™.

Next we notice that obviously, to prove (8.1) it suffices to prove that
with N of the same kind as in (8.1) for any n > m + 2

E sup exp(uy(t, x;) + |z, |*) < N. (8.3)
t<T AT

Fix an n > m + 2. By virtue of Theorem 5.1 the left-hand side
of (8.3) will not change if we change 1, outside of Q™. Therefore we
may replace b with ¢m, where 7 is an infinitely differentiable function
equal 1 on a neighborhood of @™ and 0 outside of @Q"*!. To simplify
the notation we just assume that v itself vanishes outside of Q™! and
(2.3) holds in a neighborhood of Q™. This is harmless as long as we
prove that N depends appropriately on the data.

Now we mollify ¢ by convolving it with a d-like smooth functions
E(t,x) = v 4 ¢(t)y,x/y) with compact support. Denote by ()
the result of the convolution and use an analogous notation for the
convolution of (¢, x) with other functions. Also denote by z; the
solution of (2.4) with s = 0, z = 0, and ¥ in place of ¥.

Consider the bounded function f on C' given by the formula

fD(y) = sup exp(uap(t,y.) + pvlyl?)

t<rm(y. )AT

with an obvious meaning of 7(y.) and let ) be defined by the same
formula with () in place of 1. By using Lemma 3.6 we conclude that
the left-hand side of (8.3) is equal to the limit as y | 0 of

E  sup exp(uyp(t,a]) + pv|z]?). (8.4)

t<rm(z?)AT

In the light of the fact that (2.3) holds in a neighborhood of Q" we
have that on Q" for sufficiently small

2Dt¢(7) + 7¢(7) = (2D + 7w)(v) < (heezﬁ)(v) _ hvew‘”)’
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where 1Y := (he?*)Me=7¥"" — h uniformly on Q" since h is continu-
ous. The functions Hg» corresponding to h? converge to the original
Hon as v | 0 since Q" is a bounded subset of ). Furthermore, the
condition 2D, < Ky also holds in a neighborhood of Q™ for
sufficiently small .

We now apply Theorem 7.7 for Q" N Q41 in place of ) to conclude
that

E sup exp(uuib(t,a) + pvla[?)

t<TAT
=lmE sup exp(up?(ta]) + pvla] )
O yern(@))AT
<N+ NHon(T,(2—=rO)v,r) < N+ NHg(T, (2 —rf)v,r),

where the values of all the parameters are specified in Theorem 7.7
and the constants N depend only on r,d,p(m + 1),q(m + 1),¢,T, K,
walQerl ||L<I(7TL+1)’LP("L+1>’ dist (6Qm7 anJrl)’ and Sup{@/) + h7 Qm+1}‘

We finally use assumption (H). Fix any ry € (1,2/(20 + €)), set
o= (2—rof)v (> 0) and take r = (T, o) from condition (H). Holder’s
inequality shows that if condition (H) is satisfied with r = 7’ where
r’ > 1, then it is also satisfied with any r € (1,7]. Hence without
losing generality we may assume that » = r(T,0) € (1,79]. Then
(2—rf)y >0 and Ho(T, (2—1r)v,r) < Ho(T,0,7(T,0)) < co. Thus,
Theorem 7.7 yields the needed estimate of (8.4). The theorem is proved.

Remark 8.1. In Theorem 2.7 additionally assume that (0,0) € @ and
take the solution of (2.4) corresponding to s = 0 and x = 0. Introduce

T=inf{t >0:(t,w) ¢ Q}, m"(y) =inf{t >0:(t,y) € Q"},

AT (w.) AT (w.)
(1) = exp(— (S, W) dw, — 2(s,ws) |2 ds),
p) =expl= [ s du =12 [ s )P ds)

pr = lim pt(n)~

In the definition of p;(n) we can replace v, with Ign1), and therefore
pi(n) are martingales. Furthermore, for any m, on the set {t < 7™(w.)}
we obviously have p;(n) = p; for any n > m. Hence, by Girsanov’s
theorem for any 7' € (0, 00) and Np-measurable nonnegative f = f(y.)

Ef(z) = lim Ef(z)Lne)sr = im Ef(w)pr(n) Lo )>r

= nlggo Ef(w~)pTIT"(wl)>T = Ef(w~)PT]T>T'

In particular, Eprl,~r = 1 and since, by Fatou’s lemma FEpp,, < 1,
we get that

1> EPT/\T = EpT-[’TST + EPT]T>T7 EpTITST =0, EPTIT<<>0 =0,
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which is only possible if

T T (w.)
/ . (5, ws)|* ds = lim / |12 (8, ws)|* ds = oo
0 e Jo

(a.s.) on the set where {7 < co}.
Another consequence of this argument is that

Ef(z.) = Ef(w.)prar,

which in turn for f being Fg-measurable with S < T implies that pia,
is a martingale.

Remark 8.2. Under Assumption 2.1 take a Borel locally bounded R
valued function b(t, z) defined on R4+ satisfying the condition |b(¢, z)| <
K(1+ |z|), where K is a finite constant. Then it turns out that the
first assertion of Theorem 2.7 still holds with the equation

t t
T =T + wy —/ Yu(s + 1, x,) dw, +/ b(s+rx,)dr (8.5)
0 0

in place of (2.4).

To prove this we take the process z; from Theorem 2.1 corresponding
to the drift term b — v, and prove that ( = oo (a.s.). Denote by Z; the
process from Theorem 2.7 solving equation (2.4) and for 7" € [0, 00)
introduce

T T
pr(s,z) = exp (/ b(s +r,z,) dw, — (1/2)/ b(s +r,Z,) " dr).
0 0
First we claim that
Epr(s,z) =1, V(s,x) € Q,T € [0,00). (8.6)

To prove (8.6) fix (s,z) € @ and observe that by the Markov property
of z; for some constant « € [0, 00) we have

EpT—i—a(Sa I) - EPT [Et,ypa <t7 y)}

where we use the notation from Theorem 2.5. Furthermore, for (¢,y) €

Q

‘t:s—}—T,y:iHT’

E;, exp/ b(t +r,Z,) > dr < Eyyexp Ka(l +sup|z,)]*)  (8.7)

0 r<a
which is finite due to Theorem 2.7 for Ko < p?/(12a), where p is taken
from (2.5) with « in place of 7. By analizing the condition Ka <
1?/(12a) we easily conclude that there exists an ag = ag(e, Ko) > 0
such that the rignt-hand side of (8.7) is finite for a = ay. It follows
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(see, for instance, [22]) that E} ,pa.,(t,y) = 1 and hence for any integer
n>0

Ep(n+1)060<87x) = Epnao (S,ZE) =L
Since pr(s,x) is a supermartingale, we have proved (8.6).

Now we fix T' € (0,00), introduce a new probability measure by
P(dw) = pr(s,r) P(dw), and by Girsanov’s theorem conclude that 7,
satisfies (8.5) for ¢ € [0,7] (a.s.) with a certain process w; in place of
wy and w; is a Wiener process relative to the new probability measure.
Hence there exists a probability space on which (8.5) has solutions
defined at least up to T. By the weak uniqueness in Theorem 2.1
applied to @ N Q+(s41), we have ¢ > T (a.s.) and since T is arbitrary,
¢ = oo (a.s.) indeed.

One of the important features of (8.5) is that the added drift coeffi-
cient may or may not be the gradient of a function.

Remark 8.3. By using (ii) and observing that equation (2.4) is equiv-
alent to the following

t t
xt:x—i—wt—/ [K(1+\x!2)+w]x(s+r,x,,)dr+/ 2Kz, dr
0 0

we conclude that (2.4) has a unique solution defined for all times if
(s,x) € Q provided that ¢ + K(1 + |x|?) rather than v satisfies As-
sumption 2.1. This carries our result about existence and uniqueness
of strong solutions over to the cases in which 1 is not necessarily non-
negative but ¢ > —K (1 + |z]?).

Remark 8.4. Before 7"(x.) the process z. satisfies (2.4) with Ignt, in
place of v,. Hence by Lemma 3.3

T"(x.)
E/ ‘f(taxt)l dt S NHf[QnHquLP’
0

with N independent of f if d/p+2/q < 2. This estimate and Girsanov’s
theorem allow adding into equation (2.4) a new drift b which vanishes
outside of some Q™ and is such that ||blgn||z, 1, < 00. Again b need
not be a gradient.

Remark 8.5. One can obviously combine the observations from Re-
marks 8.2 and 8.4.

9. APPLICATIONS

9.1. Diffusions in random media. In this subsection we would like
to apply our results to a particle which peforms a random motion in
R?, d > 2, interacting with impurities which are randomly distributed
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according to a Gibbs measure of Ruelle type. So, the impurities form a
locally finite subset v = {x | k € N} C R% The interaction is given by
a pair potential V' to be specified below defined on {z € R : |z| > p},
where p > 0 is a given constant. The stochastic dynamics of the particle
is then determined by a stochastic equation of type (2.4) as in Theorem
2.7 above with

Q =R x (R?\ 4*), = V(z—y), tz)€Q, (9.1

where 77 is the closed p-neighborhood of the set v, i.e., the random
path z; of the particle should be the unique stong solution of

Ty =T+ wp — /ZV ) ds, t > 0. (9.2)

yey

Below we shall give conditions on the pair potential V' which imply
that this is indeed the case, i.e. that Theorem 2.7 above applies, for all
~ outside a set of measure zero for the Gibbs measure. Let us define
the set of admissible impurities v we can treat, namely (cf. [16])

Lo = {y CRY|Vr > 03c(y,7) >0

9.3
|y N Be(z)| < e(y,7)log(1 + |z|) for all z € RY}, ©-3)

where B, (x) denotes the open ball with center = and radius r and where
|A| denotes the cardinality of a set A. We emphasize that for essentially
all classes of Gibbs measures in equilibrium statistical mechanics of
interacting infinite particle systems in R? the set I',; has measure one
(cf. [15]). In particular, this is true for Ruelle measures (see, [20]). Since
this is the only fact we use about such Gibbs measures, we do not recall
the precise and quite involved definition here, but refer e.g. to [3].

In what follows we fix v € [',4. Here are the conditions we need on
the pair potential V. Notice that the typical case when p = 0 is not
excluded.

(V1) The function V is once continuously differentiable in R% N {|z| >
p}) and lim,, V(z) = oo.

(V2) There exist finite constants a > d/2, K > 0,¢ € [1,2) such that
with U(x) := K(1 + |z[*)™ we have

V(@) + Vo) <U(x) for o] =>p+1, (9.4)

AV (z) < K(efV@HU@) _ 1) for |z > p (9.5)

in the sense of distributions on {x € R? : |z| > p}.
We emphasize that the above conditions are fulfilled for essentially
all potentials of interest in statistical physics.
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Introduce V(x) = V(z) + 2U(z), |z| > p, and let
P(t) =Y V(e—y), bltz):=2) Ulz—y), (tz)€eQ.

yey yey
It is easy to see (cf. [16, Lemma 3.1]) that owing to (9.4) and the fact
that v € I'yq with I',4 described in (9.3), the function 1) is continuously
differentiable in @ and |b(¢, z)| < N log(2+|z|), where N is independent
of (¢,x). Also notice that for appropriate constants N we have 2AU <
NU < N(efY—1). Upon combining this with the inequalities V+U > 0
and » (expay — 1) <exp ) ap — 1, ax > 0, and the fact that one can
always differentiate series converging in the sense of distributions, we
find
AV < KV — 1) £ N(efV — 1) < N(efV — 1),

Ap(t,x) =Y AV(z—y) <N (9 —1)
yey yey
< Kexp() eV(x —y)) = K, (9.6)
yey
It follows that all conditions on v in Theorem 2.7 are fulfilled and
therefore by Remark 8.2 the equation

t t
Ty =T+ w — / Uy (r, ) dw, + / b(r,x,)dr (9.7)
0 0

has a unique strong solution defined for all times if € R?\ 4*. Obvi-
ously, equation (9.7) coincides with (9.2).

Remark 9.1. For p = 0 in [4] (which is based in part on the analytic
results in [16]) the existence of merely a weak solution to (9.2) was
proved. The assumptions in [4] and [16] are different, in [4] they are
much stronger than ours and in [16] they are basically weaker (yet see
Remark 2.9).

9.2. M-particle systems with gradient dynamics. In this subsec-
tion we consider a model of M particles in R? interacting via a pair
potential V', similar to the one from the previous subsection but satis-
fying the following weaker conditions:

(V3) The function V is once continuously differentiable in R? \ {0},
limy, 0 V(z) = o0, V > =U, where U(z) := K(1 + |z]*) and K is a
constant.

(V4) There exists a constant ¢ € [1,2) such that

AV (z) < KefV@HU@D - for g 2L
in the sense of distributions on R?\ {0}.
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Some readers may like to restrict their attention to potentials which
are, in addition, symmetric, or radially symmetric, or bounded from
below, or have compact support, or else have some other properties
“natural” in particular applications. We, however, only impose the
conditions (V3) and (V4), the only ones used below.

Introduce V :=V + 2U,

Q=R x (RMd\ U {r = (x(1)7 e ,$(M)) e RMd . () = x(j)}>

1<k<j<M
and let the functions v, 1, and b be defined on @ by

x) = Z V(m(k) - x(j)), U(t, x) = Z \_/(m(k) _ x(j)),

1<k<j<M 1<k<j<M

M
b= (b, bM)W (tx) =4K Y (a¥ -
j=1j#k
Obviously, 2AU < NefU for an appropriate constant N. Also ob-
viously 7 and 1 are continuously differentiable in @). Furthermore, in
the sense of distributions on @ (cf. (9.6))

AV <K+ KV —1) £ N+ N(eV —1) < N + N(eV — 1),
Ad(t,r)=2 Y AV(—z) SN+N Y (V) )
1<k<j<M 1<k<j<M
< N+ N(e90) 1) < Nesv(t),

It follows that all conditions on 1 in Theorem 2.7 are fulfilled and

therefore by Remark 8.2 the corresponding stochastic equation for a
process x; = (mg ), . xEM)) has a unique strong solution defined for all
times whenever for the initial condition = we have (0,z) € @. The

equation in question is the following system

2D =2+ 0w / Z Va( 20)sign (j — i))sign (j — i) ds

J=1,j#i

+/ b (s,x)ds, i=1,...,M.
0

Simple arithmetics shows that this system is rewritten as the following
one with ¢ = 1,.

oM
2" = 20 4l / Z W — 2)sign (j — i))sign (j — 1) ds,
J=1j#i

9.8)
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which thus has a unique strong solution defined for all times whenever
(0,20, .., 200) € O.

Remark 9.2. (i) The results of this subsection substantially improve
those in [4] (see also [16]) where under stronger assumptions on V/
merely the existence of weak solutions to (9.8) was proved. The latter
results themselves generalized earlier results in [24], [25]. We also im-
prove the recent result on strong solutions in [26, Lemma 1], where as
in [24], [25] much stronger conditions than ours were imposed on the
behaviour of V' at zero (cf. [26, Condition (P)]).

(ii) By the same arguments as in the previous subsection one can inves-
tigate the hard core case where the particles are balls of a fixed radius
rather than points in R%.

10. APPENDIX

Take a constant T' € (0, c0).

Lemma 10.1. Let p,q € (1,00), 2/q < 3 <2, and u € H}(T) Then

for any s,t € [0,T] and a > 0

lu(t) = w(s) ]| gz-s < Nt = 5|77V (allullyzaip) +a” | Deulligr),
(10.1)

where N depends only on p,q, 3, which upon minimizing with respect
to a > 0 yields

- 1-8/2 2
Ju(t) — ()l gz < NIt = sl 522 Dl (102
This lemma is a particular case of Theorem 7.3 of [19].

Lemma 10.2. Let p,q € (1,00) and u € H(T). We assert the
following.

(1) If d/p + 2/q < 2, then u(t,x) is a bounded Hélder continuous
function on [0,T] x R%. More precisely, for any €,6 € (0,1] satisfying

e+d/p+2/g<2, 20+d/p+2/q<2

there exists a constant N, depending only on p,q,c, and d, such that
for all s,t € [0,T] and x,y € R? satisfying x # y we have

1-1/q—06 1 é
[u(t,2) = uls, @)| < NIt = sl Jull s, | Deull 7). (10.3)

lu(t, )| +
|z —yl|°

< NT7%(||ullgzacr) + T Detelligery)
(10.4)
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(ii) If d/p+2/q < 1, then u,(t, z) is Holder continuous in [0, T] x RY,
namely for any € € (0,1) satisfying

e+d/p+2/q<1,

there exists a constant N, depending only on p,q and ¢, such that for
all s,t € [0,T] and x,y € R satisfying v # y, equations (10.3) and
(10.4) hold with u, in place of u and /2 in place of §.

Proof. (i) First take 8 = 20 + 2/q and notice that 2/¢ < § < 2
and 2 — § > d/p. Then we get (10.3) from (10.2) by the Sobolev
embedding theorems after simple arithmetical manipulations showing,
for instance, that 5/2 —1/q = 4.

To prove (10.4) observe that, as is easy to see, this estimate is in-
variant with respect to dilations of the time axis. Therefore, we may
concentrate on the case T = 1. Consider (10.1) with @ = 1 and u
replaced by the product of v and an infinitely differentiable function
depending only on t and equal to zero either at 0 or at 1. Then from
Lemma 10.1 by taking s to be 0 or 1 one obtains that for any t € [0, 1]
and [ satisfying 2/q < 5 <2

[l y2-5 < N(llullgzoqy + 1Dwlliy) (10.5)

Take here § = ¢ +2/q, where 0 < ¢’ <2 — (e +d/p+2/q). Then
2/q < <2 and (10.4) follows from (10.5) and the Sobolev embedding
theorems due to the fact that 2 — 5 —d/p > €.

(ii) Here with § = ¢/2 and the same (s as above we have 2 — [ >
1+d/pand 2— 3 —d/p > 1+¢, respectively, and again everything is a
straightforward consequence of the Sobolev embedding theorems. The
lemma is proved.

We are now in the position to prove an existence theorem.

Assumption 10.1. We are given numbers p and ¢ satisfying (2.1)
and a Borel R%-valued function b = b(t,z) defined on R4 such that
be L,L,.

Theorem 10.3. Let Assumption 10.1 be satisfied. Take € > 0, f €
L4(T) and ¢ € HY /" Then in H2U(T) there is a unique solution
of the equation
Dou+ (1/2)Au + bug + f =0 (10.6)
with boundary condition u(T,z) = ¢(x). For this solution
I1Dvullugery + lullgzary < NUFllga) + 191l ga-2rase), (10.7)

where N = N(d, q,p, e, T, ||b||Lq—LP)'
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Proof. This theorem for b = 0 is a particular case of Theorem 1.2 of
[18] where p, g € (1, 00) is the only restriction on p, g. Actually, in that
theorem the left-hand side of (10.7) contains only ||tz [|s (7). However,
then one gets an estimate of || Dyul| s from the equation itself and
after that the only missing norm is |lu||pg(y, which one estimates by
using

T
lu®)llz, < ll9llz, +/ I1Dsu(s)llz, ds
t

and [|¢]|z, < ||@|l2-2/a+e. Therefore the method of continuity is ap-
P

plicable and to prove the theorem it suffices to prove (10.7) assuming
that the solution already exists.
By Theorem 1.2 of [18] we find that for S € [0, T

I(S) = ||Dt“||1%g((s,T)) + ”u”gﬂg,p((&T))

< NI Wy + 191 i + Bl gy)- (108)

By Lemma 10.2 (ii) and by the Sobolev embedding theorems for ¢ €
(5,7)

[ua(t, )| < Jua(t, ) = do(@)| + |6 < NIV, T)) + N[@l| 220+

Furthermore,

T
sy < [ suplus(t ) Ib(e ),

It follows that
T
1(8) < N (I ygry + 1013 e) + N [ 1T, .

Finally, by using Gronwall’s inequality we estimate I(0) and arrive at
(10.7). The theorem is proved.

Remark 10.4. The term Awu in (10.6) can be replaced with a™ (¢, )iy,
if the matrix a is symmetric, uniformly nondegenerate, bounded and
Borel in (¢,z), and uniformly continuous in z € R? uniformly with
respect to t. This is proved by using standard techniques on the basis
of Theorem 1.2 of [18] which, in particular, states that the result is
true for b = 0 and a independent of x.

Remark 10.5. The reader may have noticed that in the main part of the
article, in fact, we only used the solvability of (10.6) on [T" — ¢, T for
sufficiently small . In connection with this observe that the constant
N in (10.7) can be chosen to increase with respect to 7" and thus be
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bounded for 7" small. This follows from the fact that solutions on larger
time intervals also solve the equation on smaller ones.

The following result is of main importance in what concerns the
needs of the present article.

Lemma 10.6. Let Assumption 10.1 be satisfied and let By be a ball in
R? of radius 2. Take functions ¢, ..., ¢% € C(RY) so that ¢' = x' in
Bsy. By using Theorem 10.3 introduce u', i = 1, ...,d, as the solutions of
(10.6) with f = 0 and boundary condition u'(T,x) = ¢'(x). Then there
exists an € € (0,1) independent of T such that fort € (T —¢)4,T] and
x,y € By we have

(1/2)lz —y|* < Z[ui(tﬂ?) —u'(t,y)]* < 20z —y|*

Proof. It suffices to concentrate on T € (0,1]. Indeed, for larger T
one can just shift the origin of the time axis. Next, observe that

ui(tv ZL’) - ui(ta y) = Aij<t7'x> y)(mj - yj)’
D it ) =t y)) = G (tx,y) (@' — ) (@) — o),

i

where
1
Atay) = [ (trst (L= rydr, G = 444,
0

By Lemma 10.2 (ii) and Remark 10.5, if ¢ is small enough, then for
all t € [(T — ¢)4,T] the matrices A(t,x,y) and G(t,z,y) are close
to A(T,z,y) and G(T,z,y), respectively, uniformly in z,y € Re. If
x,y € By, then obviously A(T,z,y) = G(T,x,y) = I, where [ is the
unit d X d matrix. It follows that the eigenvalues of G(t,x,y) can be
made as close to 1 as we wish if x,y € By on the account of choosing
sufficiently small €. This definitely implies the assertion of the lemma,
which is thereby proved.
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