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Abstract

We study the Cauchy problem for a semilinear stochastic Maxwell equation with Kerr-type
nonlinearity and a retarded material law. We show existence and uniqueness of strong solu-
tions using a refined Faedo-Galerkin method and spectral multiplier theorems for the Hodge-
Laplacian. We also make use of a rescaling transformation that reduces the problem to an
equation with additive noise to get an appropriate a priori estimate for the solution.
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1 Introduction

In this article, we consider the semilinear stochastic Maxwell equation

{du(t) = [Mu(t) — [u(®)|%u(t) + (G = u)(t) + J(t)] dt +[b(t) + B(t, u(t))]dW (t), (L1)

u(0) =g

in L*(D)% = L?(D)? x L*(D)? driven by a cylindrical Brownian motion W (t) with the retarded
material law

(G*u)(t) = /0 G(t — s)u(s)ds

and the perfect conductor boundary condition u; x v = 0 on dD. Here, the Maxwell operator is

given by
M(ul) _ < curl uy )
Ug —curluy

for 3d vector fields u; and us. We allow D to be a bounded domain or D might also be the
full-space R? (in this case the boundary condition drops).

This equation is a model for a stochastic electromagnetic system in weakly-nonlinear chiral
media and was derived in [27] in chapter 2. It originally comes from the deterministic Maxwell
system

Oe(Lu(t)) = Mu(t) + J(t)
u(0) = ug

with constitutive relation

Lu(t, x) = w(x)u(t, x) + /0 Ki(t — s, z)u(s, x) ds—l—/0 Ko(t — s, x)|u(s, z)|Tu(s, z) ds.
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This material law consists of an instantaneous part xu with a hermitian, uniformly positive
definite and uniformly bounded matrix x : D — C°®*5, a linear dispersive part K; * u and of
a nonlinear dispersive part K * |u|%u. This power-type nonlinearity is motivated by the Kerr-
Debye model. Note, that in applications, one would only take the nonlinearity |u;|%u; or |us|%us
to model a nonlinear polarisation or magnetisation. We take the two quantities together to study
both phenomena at once. Using the product rule, we end up with

k' = Mu— Ki(0)u — K2(0)|u|u — (0p K1) * u — (0:K2) * |ul|u + J
u(0) =wug

At this point, we introduce additional simplifications. We assume that the term (9,K3) * |u|%u
can be neglected. This is typical for a weakly nonlinear medium since one assumes that both
the dispersion and the nonlinear effects are weak, so that the combination then satisfies (0, K>) *
|u|u << K5(0)|u|?u. Usually one demands K;(0) : D — C¢*6 to be bounded and positive semi-
definite and K5(0) : D — C®*6 to be bounded and uniformly positive definite. But for sake of
simplicity, we choose K1(0) = 0 and K»(0) = I. We just note that the results are unchanged
by this simplification and the proofs could be adjusted easily. Moreover, we choose xk = I. We
must admit that this simplification is necessary at this point since our methods cannot deal with
coefficients so far. The problems one has to overcome if £ # I are discussed in section 6 in detail.
Setting G := —0; K1, we get a deterministic version of .

In many applications, there is some uncertainty concerning the external sources or the pre-
cise behaviour of the medium itself. In these cases, it is useful to model u as random variables
on a probability space 2 and impose a stochastic noise perturbation. Here one distinguishes
between the additive noise b perturbing J and the multiplicative noise B(u) perturbing the
medium. A linear stochastic version of was already discussed in [27], chapter 12. More-
over, in [9], the authors show that typical conservation laws of linear electromagnetic system
are preserved under additive noise perturbation. The authors in [16] also treat linear stochastic
Maxwell equations numerically with energy-conserving methods. More about the application
of random media in scattering, wave propagation and in the theory of composites can be found
in [2], [12]], [13] and [23].

However, as far as we know, there are no known results about a nonlinear stochastic Maxwell
equation. One reason might be that in the absence of Strichartz estimates for (¢! ),cg, even local
solvability is a tricky issue. Moreover, there is no embedding of the D(M) «— LP, that helps to
control the nonlinearity. Even the deterministic version of has not beed treated rigorously
so far. In [27], the authors profess to prove well-posedness, but their argument ignores some
severe complications. Since they claim to have better deterministic results than ours, we discuss
their approach in section 6 in detail.

Now, we briefly sketch our strategy. At first, we show in section 4, that has a unique
weak solution

u € L*(;C(0,T; L*(D)))® N L12(Q x [0, T] x D)°. (1.2)

This is done in two steps. First, we use a version of the Galerkin method from Rocker and Prévot
(see [26]) to solve in the special case G = 0 and make use of the monotone structure of our
nonlinearity. As this is approach is well-known, we just discuss the different steps and concen-
trate on how to deal with the additional term Mu, despite the fact, that « ¢ D(M). Afterwards,
we inflict the retarded material law with Banach'’s fixed point theorem.

The proof of the existence and uniqueness of a strong solution, that additionally satisfies

Mu € L*(Q; L(0, T; LA(D)))® + L1 (Q x [0,T] x D)°

is more tricky. Again, we start with G = 0 and we add a nontrivial G at the very end. In a
deterministic setting, one would try to estimate ||u/(t)||2(pys and then use to control Mu.
However, solutions of stochastic differential equations are not differentiable in time. The first
idea was to derive an estimate for ||Mu(t) — |u(t)|9u(t) + J(15)||2L2(D)6 with Gronwall’s Lemma,
but we failed since the It6 formula for this quantity contains the term

Do (0]%0) (u(t)) (B(u(t)), B(u(®)) 72 (p)s



we could not estimate properly. Hence, we choose the noise Z;\Ll (b;(t) + iBju(t))dB;(t) and
use the rescaling transform

y(t) = u(t)e ™ Xim1 Bibi®)

to get rid of the multiplicative noise in the same way as Barbu and Rockner in [3] and [4] (see also
[5],[6]) and [7]). The difference in our approach is that the authors have natural a priori estimates
before transforming the equation and just transform to solve the transformed equation with
deterministic techniques. Moreover, they just use multiplicative noise. We use the transform to
get better a priori estimates and consider an equation that also has additive noise. The arising
equation has the form

rsg { WO = IO ~ wOI0) + AR + T de+ I () dsi),

u(0) = uog,
with a nonautonomous operator A(t) having random coefficients. We truncate (TSEE) with a
refined Faedo-Galerkin approach, i.e. we solve

dyn(t) = [PaMyn(t) = Pulyn(t)|%yn(t) + PaA()yn(t) + Pud (0)] dt+ S0, Spo1bs(t) dB;(t),
yn(o) = Snflu0~

Here, P, = 1jg2n)(—Ag) and S,, = ¢(-27"Ap) for some ¢ € C*(D) with supp¢ C [0,2] and
1 =1 on [0, 1] are spectral multipliers with respect to the Hodge-Laplacian Ax on L?, that is the
component-wise Laplacian with domain

{(ul,uQ) € LP(D)° : curl uy, curl ug, curl curl uy, curl curluy € LP(D)3, divu, € WyP (D),
divuy € WHP(D),u; x v = 0,uy - v = 0,curlug x v = 0 on 8D}.

Now P, and S, reduce the problem to an ordinary stochastic differential equation that can be
solved easily. Moreover, we show that P,, S,, are self-adjoint on L?(D)® and commute with both
Ap and M. Further, we have ||S,ul|L»(pys < C||ul|L»(p)s with a constant C' > 0 depending on
p, but not on v and n. Note that such an estimate is not available for P, in a general situation.
This remarkable uniform LP-boundedness is a consequence of [21]], together with generalized
Gaussian bounds for the Hodge-Laplacian (see [25], [22]). The deep connection between Ay
and M is a consequence of the formula

—Ap = curlcurl — grad div,

which implies Ay = M? in the range of the Helmholtz projection Py and M? = 0 in the range of
(I — Pg). This interplay will be examined in detail in section 3. The idea to use spectral multiplier
results in such a way was firstly used by Brzezniak, F. Hornung and Weis in [8]]. Afterwards, we
estimate _

| P My (t) — Polyn(t)|9yn(t) + PoA(t)yn(t) + Pnt](t)H%%D)G

using It6’s formula, the monotone structure of the equation and the properties of P,,, S,,. This
yields the desired estimate for My, uniformly in n. Finally, we pass to the limit again using the
monotonicity of the nonlinearity and undo the transformation.

In section 6, we explain how the result changes if one strengthens some of the assumptions
and we discuss interesting special cases, such as the deterministic version of (1.I), b = O or a
constant B. Moreover, we sketch a program to extend this approach to non-constant coefficients

K # 1.

2 Preliminaries

The purpose of this section is to provide a short overview over the basic tools used in this paper.
For most of the proofs and further details, we give references to the literature.



Throughout this paper, let (2, §,F = (F;):>0,P) be a filtered probability space that satisfies
the usual conditions, i.e. Fy contains all P-null sets and the filtration is right-continuous. More-
over, given normed spaces X and Y, B(X,Y") denotes the set of all linear and bounded operators
from X to Y. Further, we write C(a, b; X) for the space of uniformly continuous functions on
[a, b] with values in X equipped with its usual norm and L?(H;, Hz) for the space of Hilbert-
Schmidt operators between the Hilbert spaces H; and H». Throughout this article, D C R? will
either be a bounded C'!'-domain or D = R3. If we evaluate a function on 9D, this always corre-
sponds to the first case and has no meaning in the second case.

2.1 The operators curl and div

First, we give a short introduction into vector calculus. To motivate the definition of functions
with vanishing tangential component or normal component on the boundary, we make the fol-
lowing calculation with smooth functions f,g : D — R3. Using vector calculus and the Diver-
gence theorem, we obtain

8Df~(g><1/)d0:/8D1/~(f><g)d(I:/Ddiv(f><g)(:r)d:>(
:/ curlg(:c)~f(x)dxf/ g(z) - curl f(x)dx
D D

Similarly, we get
/ y(z-v)do = / div(y - 2)(x) dx
oD
/ Vy(z z)dx+ / y(z) divz(z) dx.
D

for smoothy : D — Rand z : D — R3. Hence, we can define vanishing tangential and normal
components on the boundary in a natural way.

Definition 2.1. Let D C R3 be bounded C"'-domain with boundary D and p € [1, c0).
a) Let g € LP(D)? with curlg € LP(D)3. Wesay g x v = 0 0n 9D, if

/D curl¢(z) - g(z)dx = /D o(x) - curl g(z) dx

for every ¢ € C>°(D)3.
b) Let z € LP(D)? with div z € LP(D). Wesay z - v = 0 on 0D, if

/D Vo(z) - z(z)dx = — /Dy(x) div z(z) dx

Next, we introduce the subspaces of L?(D)? associated with curl and div .

for every ¢ € C>(D).

Definition 2.2. We set

a) H(curl)(D) := {u € L*(D)? : curlu € L*(D)3}.
b) H(curl,0)(D) := {u € H(curl)(D): ux v =0 on dD}.
¢) H(div)(D) := {u € L*(D)?: divu € L*(D)}.

(

d) H(div,0)( )::{uGH(div)(D):u~u:00n8D}.



We define the Maxwell operator M with perfect conductor boundary condition by

M(ul) _ ( curl us )
Ug —curlug
on the domain D(M) = H(curl,0)(D) x H(curl)(D).

Proposition 2.3. The Maxwell operator M is skew-adjoint on L*(D)", i.e. we have

/DMy(x)-z(J;)dX:—/Dy(a:)~Mz(a:) dx

foreveryy,z € D(M) and D(M) = D(M™).
Proof. This result is well-known. See e.g. [15], section 3. O

The next technical Lemma will be needed later on. We state it for functions in the sum of
LP-spaces for technical reasons. This will only be necessary, when D = R3.

Lemma 2.4. Let D be a bounded C'- domain or D = R3, y € L*(D)% and p € [1,00). If there exists
z € L3(D)% + LP(D)®, such that

[ @) 2otz dx == [ +(a) - o) ax 1)

D D
for every ¢ € C°°(D)S N L2(D)® N L7 (D)S with M¢ € L2(D)® and ¢1 x v = 0 on OD, we have
My = z in the sense of distributions and y; X v = 0 on 0D.
Proof. By inserting ¢ = (¢1,0) and ¢ = (0, ¢2) into (2.1), we derive
/ y2(2) - curl ¢y (z) dx = / z1(z) - g1 (z) dx
D

D

/D yi (@) - curl go(z) dx = — / 25(z) - do(z) dx

D

for any smooth ¢; with ¢; x v = 0 on D and for any smooth ¢,. Inserting ¢1, ¢ € C>°(D)3
yields curlyo = z; and curly; = —z; in the sense of distributions, i.e. My = z in the sense of
distributions. If D # R?, we have to show the claimed boundary condition. The second identity
implies

/ y1(x) - curl () dx+/ curl yy (z) - Y(x)dx =0
D

D

for every 1 € C*°(D)? and hence, y; x v = 0 on 8D in the sense of Definition 2.1} O

2.2 The power nonlinearity |u|%u

In this subsection, we mention the basic properties of nonlinearity u — F'(u) = |u|?u as a map-
ping from L972(D)" to L (D)5 with ¢ > 0. We start with its monotonicity.

Lemma 2.5. F satisfies the estimate
| RetP)(@) = Plu)(a),u(e) = vlaes dx < ~Cllu= vl @2)

for some C > 0 and for all u,v € LIT%(D)°.

Proof. Clearly, ||F(u)|| q¢+2 = ||ul|La+2(pys and therefore F' has the claimed mapping proper-
Lat1(D)s
ties. The estimate (2.2) is a direct consequence of Lemma 4.4 in [11]. O



Since we often use Itd’s formula, we need to know the differentiability properties of F.

Lemma 2.6. The nonlinearity F : LIT2(D)® — L%(D)ﬁ, w — |u|%u is real Fréchet continuously
differentiable with Re(F" (u)v,v)r2(pys > 0 and

[F (w)o(@)] S Ju(x)|?o(@)]
for all u,v € L972(D)% and x € D. In particular, it is locally Lipschitz continuous, i.e.

[1F(u) = F)| a2

L S (Hu||([1,q+2(]j)6 + [lg + 2||qL2(D)6) llu— UHL(I“(D)G-

(D)¢
Moreover, if ¢ € (1, 00), it is twice real continuously differentiable with
F"(u)(v,0)(2) < u(z)|" |o(z)|?
forall u,v € LIT2(D)S.
Proof. Tt is well-known, that F' : L92(D)% — L (D) is real differentiable with
F'(u)v = qlu|?? Re{u, v)cou + |u|?v

for every u,v € L17%(D)°. See e.g. given [17], Corollary 9.3
Consequently, we also have

Re (F/(00,0) 1y = [ alula) 12 (Re(u(o). v(a))es) + [u(o)|"lo(o) dx > 0.
Moreover, we estimate
F'(u)v(z) < Clu(z)|*o(x)]
for some C' > 0. For the second derivative, we start with formal calculation for F and get
F"(u) (v, w) =qlul*™? ((q = 2)[u* Re(u, w) p2(pys Re(u, v) p2(pysu + Re(w, v) 2(pyou
+ Re(u, w) 2(pysv + Re(u, U>L2(D)ew)

For sake of readability, we do not rigorously show that F' : Li+2(D)% — Li+2(D)% is twice
Fréchet differentiable with this derivative. However, to give an impression how to show this, we
check that last term in F’(u)v, namely u ~ [v — |u|%] : L972(D)% — B(L9"2(D), L1 (D)%), is
Fréchet differentiable with derivative G(u)(v, w) = qlu|?"2 Re(u, w)cov. Let u,v,w € LIT2(D)°
with v, w # 0. Then, Holders inequality together with the mean value theorem yield

4, _ q, _ R
o=t + it = Gy, w)| gz

< [|jul? — Ju -+ wl? — glult"Refu, w)eo | w2 lollzeszoys

oyell”

1
gH/ Re(lu + 00|92 (u + 6w) — [ult 20, w)es 40 || sz [[o]lasz(oye
0 L 7 (DS
1
§/0 H\u+9w|q’2(u+0w) — |u|q72u||Lg;j(D)6 de||'ZU||L11+2(D)6HU”LlZJrZ(D)G

Hence, we showed

—1
lollaaqpyello = Julfo=fut wlto = Ga)@w)| e

1
< -2 — —2 2 .
N/o I|lw 4 Ow|?2 (u + fw) — |ul u||Lgt1(D)6d0 (2.3)



for all u,w € LI2(D)® with w # 0.

It remains to prove that this quantity tends to 0 as w — 0 in L¢2(D)%. Let (wy),, be a se-
quence in L42(D)® with w,, — 0 as n — oo and let (w,, ), be an arbitrary subsequence. Hence
there exists another subsequence, still denoted with (wy, )i, such that w,, — 0 almost every-
where for k — oo and such that |w,,, | < g for some g € L97%(D)5. We also have

[u 4 Own, |92 (u + Owy,,,) — [u|?%u — 0

almost everywhere as k — co. Together with the bound
[ e (R e g e L e A

for 6 € [0,1] and the fact that u € Li+2(D)%, we get

1
/0 [l + G, |72 (u + Oy, ) — |u|11—2uHLZJrT§(D)6 dg — 0

as k — oo. All in all, this shows that the left hand side of tends to 0 as w — 0 and we
established the Fréchet differentiability of u — [v — |u|%v] with derivative G(u). The claimed
estimate for F"'(u)(v,v)(x) is immediate. This closes the proof. O

3 The Hodge-Laplacian on a bounded C'-domain and its spec-
tral multipliers

In this section, we introduce the Hodge-Laplace operator on a bounded C*-domain D, and we
define the spectral projections needed in the sequel. We consider the bilinear form

a(u,v) = /D(curl u)(z)(curlv)(x) dx—i—/D(div u)(z)(dive)(z) dx

with D(a) either given by V(1) := H(curl,0)(D) N H(div)(D) or by V) := H(curl)(D) N
H(div,0)(D) equipped with the norm

el o= | eurlulZapy + | divulZapy + lull sy
for i = 1, 2. In both cases, a is symmetric and bounded. Moreover, a is coercive in sense
a(u,u) = ||UH%/<@) - H“||2L2(D)
forallu e VW, i=1,2. Setting

DAY = {u e VW : curlewrlu € L2(D)3, divu € Wy* (D)}
D(A®) = {u e V® :curlcurlu € L*(D)?, curlu x v = 00on 4D, divu € WH?(D)}

it turns out, that a with D(a) = V() is associated with the operator A() = —A on the domain
D(AM), whereas a with D(a) = V(2 is associated with the operator A®?) = —A on the do-
main D(A®). To see this, use partial integration for curl and div and the formula curl curl =
graddiv —A. By the coercivity of the corresponding forms, the operators I + A%, i = 1,2,
are strictly positive. Moreover, the symmetrie implies that they are self-adjoint on L?(D)3
and since the embeddings V(") — L?(D)? are compact (see [1], Theorem 2.8), the embeddings
D(A®) — L2(D)? are also compact. Consequently, there exists two orthonormal basis of eigen-
vectors (h;l)) jen to the positive eigenvalues ()\;-l)) jen of I+ AW with )\?) — oo for j — oo.

The next Proposition shows, that these operators satisfy generalized Gaussian estimates. We
add an additional sectral shift, since some of the theorems we apply require strictly positive
operators.



Proposition 3.1. Both I + AW and I + A satisfy generalized Gaussian (2, q) estimates for every
q € [2,00), i.e. for every q € [2, 00) there exists C, b > 0, such that

i 2
—t(I+A®) ¢ —2(3-1) _blz—yl

1
I 5)¢ ||B(L2(D)37Lq(D)3 < (Ct 22 e

B(a,t?) B(y,t?)
forallt > 0andall x,y € D.

Proof. In [22], the authors argue on page 239, that both A(Y) and A(?) satisfy generalized Gaussian
(2, g)-bounds for every ¢ € [2,¢p). Here, ¢p € [2,00) denotes the supremum over all indexes p
for which the boundary value problems

Au= fin D,
curlu, curlcurlu € LP(D)3, div(u) € WHP(D),
u-v =0, curl{(u) x v =00n 9D

and

Au = fin D,

curlu, curlcurlu € LP(D)3, div(u) € Wy*(D),

uxv=0ondD
have a unique solution. This argument heavily makes use of iterative resolvent estimate for the
Hodge-Laplacian (see [25], section 5 and 6). By [24], Theorem 1.2 and 1.3, we know that ¢p = oo

since D is a C''-domain in R3. Finally note that Gaussian estimates are preserved under positive
spectral shifts. O

For more details about these operators, we refer to [25], where they are discussed in a more
general differential geometric setting.

We define spectral multipliers with the natural functional calculus for self-adjoint operators
having a basis of eigenvectors. Let ¥ € C°(R) with supp(¥) C [3,2] and 3", , ¥(27'z) = 1 for
all z > 0. The operators P, : L?(D)® — L?(D)® and S,, : L*(D)® — L?(D)° are defined by

Ljo,an (1 + A(”)(uﬁ), Sn(u) = <Z7__oo w2 (T + A(”))(ul))

Palw) = (1[0,271](1 + A@)(uy) Dol 0o T27UT + AP)) (u2)

for u = (u1,u2) € L*(D)% and n € N. Note, that the above sums are finite, since only finitely

many eigenvalues of A(") are smaller than n. The next Proposition summarizes the most impor-

tant properties of S,, and P, as operators on L?(D)°.

Proposition 3.2. P,, and S,, satisfy
i) P, is a projection, i.e. P2 = P,.
it) The operators P,, Sy are self-adjoint with || P, || p(r>(pys) = Sl B(12(D)s) = 1 for every n € N.
iii) P, and S,, commute for every n, m € N.

iv) The range of P, and S,, is finite dimensional. Moreover, we have R(F,,), R(S,) C D(M) for every
n € N.

v) We have R(S,,—1) C R(P,) C R(Sy), SpP, = P, and P,S,_1 = Sp_1.
vi) We have lim,,_, P,z = lim,,_,o, Spx = x for every x € L?(D)°.

Proof. We have ;- ¥(27!) = 1(0,2n) + P(27")1[2n ont1y, by choice of 9. Hence, all these
properties follow from the functional calculus for self-adjoint operators in Hilbert spaces. O

Moreover, the operators S, have the following property, that will be crucial in what follows.



Lemma 3.3. For every p € (1,00), the operators S, are operators from LP(D)® to LP(D)S with a
bound depending on p, but not on n € N. Moreover, we have S, f — f in LP(D)® as n — oo for all
f € LP(D)S.

Proof. The first statement follows from the spectral multiplier theorem 5.4 in [21] as a conse-
quence of the generalized Gaussian bounds for A()) and A®®). One could also argue with the
more general Theorem 7.1 in [20]. The claimed convergence property is then a special case from
[19], Theorem 4.1. To apply this Theorem the 0-sectoriality of —Apy and the boundedness of a
Mikhlin functional calculus M® in LP(D)° for some o > 0 are needed. The first is checked
in [25], Theorem 6.1, whereas the second holds true with o« > 4 by the generalized Gaussian
bounds (see [19], Lemma 6.1, (3)). O

Next, we introduce two different Helmholtz projections on L?(D)>?. The proof for the follow-
ing statement is well-known and can be found amongst others in [18]], section 4.1.3.

Proposition 3.4. Let D C R? be a bounded Lipschitz domain. Given uw € L?(D)3, the following
decompositions hold true.

(1) There exists a unique p € Wy'>(D) and @ € H(div)(D) with divy = 0 such that u = U + Vp.
The corresponding operator P\ : L2(D)? — L2(D)?,u + 1 is an orthogonal projection.

(2) There exists a unique p € W2(D) with [}, p(x) dx = 0 and & € H(div,0)(D) with divi = 0
such that w = 1 + Vp. The corresponding operator PY) : L2(D)® — L%(D)3,u v @ is an
orthogonal projection.

In particular, Py (u1,ug) := (PI(LI1 )ul, Pl(f )ug) for uy,us € L?(D)? defines an orthogonal projection on
12(D)S.

To simplify the notation in what follows, we combine A(Y) and A® to a self-adjoint operator
—Ap(ur,uz) = (AMuy, A®uy) for (uy,us) € D(AM) x D(A?)). The Helmholtz projection Py
is closely related to both M and Ag. In the following Lemma, we exploit the fact M 2 =Agon
D(M) N Py (L*(D)") to show some powerful identities.

Lemma 3.5. We have PuAy = Ay Py on D(Ay), MPy = PyM on D(M) and P,M = MP,,
SpM = MS,, on D(M).

Proof. The first claim can be found in [25], section 3 or in [22], Lemma 5.4. Consequently, we also
have S,, Py = PyS,, and P,,Py = Py P,, since S,, and P,, are in the functional calculus of Ag.

For the second statement, we first show that M = Py M. Due to div curl = 0, we just have to
show curluy - v =0 on dD for u; € H(curl,0)(D). Definition 2.1 a) yields

/D Vo(x) - curlu(x) dx = /D curl Vé(z) - ui(x)dx =0 = /D ¢(z) div curl ug (z) dx,

for every ¢ € C*(D), which implies curlu; - v = 0 according to Definition [2.1|b). As a conse-
quence of curl V = 0, we know M (I — Py) = 0. Allin all we get

MPy — PyM = MPy — M = M(I — Py) = 0.

Finally, the identity
— curl curl + grad div 9
Apg = =M
a ( curl curl + grad div)

on D(M?) N Py (L*(D)%) = D(Ag) N Py (L*(D)®) together with M (I — Py) = 0 imply
MP, = MPgljgon(—Apg) = Mg on)(—M?)Py = 1jg on)(—M?*)M Py = P, M

on D(M). For S, M = MS,,, one may argue analogously. O



Corollary 3.6. |, R(P,) is dense in D(M) and in LP(D)°® for any p € (1, 00).
Proof. Letu € D(M). Using the commutation property of P,, from Lemma (3.5 we get
|Mu — MPyul|p2(pys = |Mu — Py Mu||12(pys —— 0.

If on the other hand u € LP(D)®, we get S,,u — w in L?(D)® from Lemma This together with
Proposition[3.2|v) proves the claimed result. O

We also consider (I.T) on R? and hence, we need an analogue to the P, and S,, we defined
above. However, in the absence of boundary conditions, things are far more easy. We define

Pof =Suf =F (¢ 1[—2n,2"](51)1[—2n,2"](52)1[—2*7/,2"](53)]?(5))

for f € L?(D)®. As M is a differential operator, it commutes with this frequency cut-off. More-
over, P,, S, satisfy the same properties as in Propositions expect iv). Further, as a conse-
quence of the boundedness of the Hilbert transform on L?(R?), they are bounded on L?(R?)°.
This finally results in an analogue to Lemma 3.3|and Corollary For details, we refer to [[14],
chapter 6.1.3. We end this section with a Lemma showing mapping properties of P, as operator
between L?(D)% and L?(D)°.

Lemma 3.7. For fixed n € N, p € [2,00) and q € (1,2], the operator P, : LY(D)% — L?(D)% and
P, : L*(D)% — LP(D)® is linear and bounded.

Proof. This is trivial, if D is bounded, since all norms on a finite dimensional space are equiva-
lent. In the other case, it is sufficient to show that P, : LY(R3)S — L?(R3)° is bounded, the rest
then follows by duality. The Holder and the Hausdorff-Young inequality yield

| Pofllr2msys = (| — 1[—2",2"](51)1[—2"72"](52)1[—2",2"](53)f(§)”L2(R3)6 Sa lFl o
a1 (Ra)a

< fllamsys-

4 Existence and uniqueness of a weak solution

In this section, we will prove existence and uniqueness of a weak solution in the sense of partial
differential equations of

(WSEE) du(t) = [Mu(t) = [u(t)|7u(t) + (G * u)(t) + J ()] dt +B(t, u(t))dW;,
u(0) =g
for any ¢ > 0. For sake of readability, we sometimes write F'(u) := |u|?u. Before we start, we

explain our solution concept.

Definition 4.1. We say that an adapted process u : Q x [0,T] — L*(D) with
u € L*(Q;C(0,T; L*(D)))* N LI (Q x [0,T] x D)°
is a weak solution of (WSEE), if

<u(t) — Uo, QZ/)>L2(D)6 :/0 7<U(5), M¢>L2(D)6 + < - |u‘qu + ‘](5) + (G * u)(5)7 ¢>L2(D)6 ds

¢
+ /0 <B(s7 u(s)), ¢>L2(D)6dW(s).
holds almost surely for all t € [0, T] and for all € D(M)NLI"2(D)®. Moreover, we call a weak solution

u unique, for any other weak solution v, there exists N C Q with P(N) = 0, such that w(w,t) = v(w,t)
forallw e Q\ Nandallt € [0,T).

10



We make the following assumptions.
[W1] Let D C R3 be a bounded C'-domain or D = R3.
[W2] The initial value ug : @ — L?(D)" is strongly Fo- measurable.

[W3] Let G : Q x [0,T] — B(L*(D)°), such that z + G(t)z is for all z € L?*(D)" strongly
measurable and F-adapted. Moreover, we assume

T
ess sup/ |G(w, )| B(L2(pys) dt < oo.
weN 0

[W4] Let U be a separable Hilbert space and W a U-cylindrical Brownian motion. Moreover,
let B: Qx[0,T] x D x L*(D)% — L*(U, L*(D)") be strongly measurable, such that w
B(w,t,z,u) is for almost all ¢ € [0,T], z € D and all u € L?*(D)% F-adapted. Moreover,
there exists C' > 0, such that B is of linear growth, i.e.

| B(t,u)ll2w;r2(pysy < Cllullp2(pys

and Lipschitz
||B(7f7 u) - B(t, U)||L2(U;L2(D)G) < CHU - ’UHL2(D)6
almost surely for almost all ¢ € [0,7] and all u,v € L*(D)°.

[W5] J : Q x [0,T] — L*(D)" is strongly measurable, F-adapted and we assume J € L?(Q2 x
[0, T] x D)S.

At first, we need an It6 formula, that is appropriate to deal with weak solutions. Our result
is a version of [26], Theorem 4.2.5, that additionally allows a skew-adjoint operator M in spite
of the fact that our weak solution is not in D(M). Our proof relies on a more straightforward
regularization technique than the original using the spectral multipliers S,, from section 2.2.

Lemma 4.2. Let Xo € L2(Q x D)S and Y € L1 (Q x [0,T] x D) + L2(Q x [0,T] x D) and
Z € L*(Q x [0,T); L*(U; L3(D)")) be F-adapted. If
t
(X0 81200 =X )10y + | (X (), M) 120y + (¥ (), Sz e
0

" / (2(5), &) 12 pysdV (s)

almost surely for all t € [0, T) and all $ € D(M) N L9+2(D)% and we additionally have the reqularity
X € L2(Q x [0,T] x D)5 N L3(Q x [0,T] x D)®, the It formula

IX (122 (pye = I1Xoll72 (e

:/O 2Re(X(s),Y(8))r2(p)ys —i—HZ(s)HQLz(U;Lz(D)s ds+2/0 Re<X(s),Z(s)dW(s)>L2<D)6.
4.1)

holds almost surely for all t € [0,T) and X € L?(Q; C(0,T; L*(D)))°.

Proof. We plug in ¢ = S,,® for & € C2°(D)°. Note, that by Lemma Sp and M commute.
Moreover, R(S,) C D(M). Consequently, since S, is self-adjoint and ® is chosen arbitrarily, we
obtain

SpX(t) — S, Xo = /Ot MS,X(s) + SpY(s) ds+/0t SnZ(s)dW ().

11



almost surely for all ¢ € [0, 7] in L?(D)® and we can apply the standard Ito formula for Hilbert
space valued processes (see e.g. [10], Theorem 4.32) to get

HSnX(t)”zL?(D)ﬁ - ||SnXO||%2(D)5

t
= / 2 R€<SHX($), MSTLX(S»Lz(D)G + 2 R€<SHX(S), SnY(S»Lz(D)G
0

t
F1SnZ(8) 3aw 12y ds+2 / Re (S,X (5). S0 Z(8)AW () -

By Lemma [2.3|and Proposition 3.2] 5, M S, is skew-adjoint and the first term on the right hand
side drops. In all the other terms, we can pass to the limit. Thereby we need, that S,,u — u for

n — oo in L972(D)% and L+ (D)0 (see Lemma . This finally yields
IX (®)I72(pys = 1 Xoll72(pys
t t
= /0 2Re(X(s),Y (s))r2(pys + ||Z(S)||%2(U;L2(D)6) ds —|—2/0 Re (X(s), Z(s)dW(s)>L2(D)6.

This identity together with X € L2(Q x [0,7] x D)® n L?(Q x [0,7] x D)® implies u €
L%(Q; L>°(0,T; L*(D)))®. The pathwise continuity in time can be shown by applying the above
result to the difference X (¢) — X (s). This closes the proof. O

At first, we assume G = 0 and solve (WSEE) without retarded material law. The reason for
this simplification is that we make use of the monotone structure of the rest of the equation. We
start with a Galerkin approximation with the spectral projection P,, we defined in section 2. We
investigate the truncated equation

{dun = [PuMuy, — P, F(u,(t)) + PoJ] dt +P, B(t, u, (£))dW (¢), @2)

un(0) = Pyug

in the range of P,. This is a stochastic ordinary differential equation in R(P,) C L?(D)% with

a locally Lipschitz nonlinearity (see Lemma [2.6). Hence, there exists an increasing sequence of

stopping times (T»,(Lm))meN with 0 < 7™ < T almost surely, a stopping time 7, = lim,, 0 i

and an adapted process u,, : Q x [0,7) — R(P,) with continuous paths, that solves [.2). More-
over, we have the blow-up alternative

IP’{Tn < T, sup |[un(t)|r2(pys < oo} =0. (4.3)

te(0,7)
The next result shows 7,, = T for every n € N and a uniform estimate for w,,.

Proposition 4.3. We have 7,, = T for every n € N and w,, additionally satisfies

T
supE sup Hun(t)H%z(D)g + sup]E/ / |, (t, )72 dx dt < oo.
neN  t€[0,T] neN 0 D

Proof. Lemmaapplied to uy, the self-adjointness of P,, and P2 = P,2 yield
[ ($)1172(pys = 1 Patiol|Z2(pys
=2 [ Reun (), ~fua ()] (1) + T ()2 dr
0
+2 [ Re (1), Bs, 1AW () oy + [ IR B ooy -

almost surely for every s € [0, T,Sm)]. This expression simplifies to
S
fan(o) e+ [ [ (s, dxat =Pl o

12



§2/0 Re (un(r), J (1)) z2pye + 31 B, wa(0)l72w,12(pye) dr

N s
+2 Z / Re (un (1), B(s, un(r)AW () 2 - (4.4)

almost surely for every s € [0, T,(Lm)]. Since the second term on the left hand side is positive, we

can drop it for a moment. We first take the supremum over [0, ™A t] for t € [0,7] and than
the expectation value and estimate the remaining quantities term by term. We start with the
deterministic part using [W6] and [W7].

sup | [ Re(un). T2 + 1B U g2

€lo T(m)/\t]

<s / B, llwn(8)ll20ye 17(8) | 2(0ys + 1n(8)]1 3 pye ds

t
< / E o osup  un()lZamy0 45 1125 o o.1 e
0 TG[O,s/\ﬂ(Lm)]

The stochastic part can be estimated with the Burkholder-Davies-Gundy inequility.

E sup ‘/ Re(un(s),B(s,un(s)»LQ(D)edW(s)‘
s€l0 tAri™

(771)/\25 1/2
< CIE(/O [ {1 (5), B(5, n(5)) 120 L0y | ds)

_ tATS™) N
CB( swp @l [ o dt)?)

<
SG[O,t/\T,(I,m)]
1 2 ~2 ¢ 2
SE s Ol + O [ s )G ds
€0, tAr™)] 0 refo,sAri™)

Putting these estimates together, we get

t
E  sup  lun(s)[Z2pys S llwollzzmys + 171720 0.71x D)o +/ E  sup  [un(r)|72 e ds
sG[O,t/\Tflm)] 0 relo, s/\‘r(m)]

for all ¢t € [0, T]. Consequently, Gronwall yields

E sup ||Un(t)||2L2(D)6 S HJH%z(Qx[o,T]xD) + ”uO”%?(D)G'

Now, we can go back to (#4) and deal with the term, we dropped at first. The estimates of
Esupte[oﬁyn)] Hun(t) ||%2(D) lmply

E / /D i (5, 2) 772 et S (11220 0170 + 180l120s

We use Fatou’s Lemma to pass to the limit m — oo in these estimates. Note, that one can
interchange sup and lim inf in an upper estimate, since lim inf can be written in the form sup inf
and supremums can be interchanged, whereas sup inf < inf sup. Hence, we have

E sup Ilun(t)||%2(D)6 +E/O /D |un(s,x)|q+2 dx dt 5 IlJH%2(Q><[O,T]><D)'3 + ||U0||%2(D)6. (45)

te[0,7n)
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Consequently, we also have 7,, = T almost surely. Indeed, there exists N C 2 with P(N) = 0,
such that Q\ (N U {7, = T}) can be decomposed into disjoint sets

{Tn < T, sup Hun(t)||2Lz(D)6 < oo}, {Tn < T, sup Hun(t)H%z(D)s = oo}.
te[0,7,) te[0,7,)

The first set has measure zero by (4.3) and the second one has measure zero, since (4.5) implies
SUPyse0,7,) [|Un (t) |2 (pys < oo almost surely. Pathwise uniform continuity on [0, 7] follows from
Lemma This closes the proof. O

In Proposition[4.3} we derived uniform estimates for u,. As a consequence, Lemma[2.2)yields
the uniform boundedness of F'(u,) in Lt (Q x [0,T] x D)S. Thus, by Banach-Alaoglu, there
exists u € L?(Q; L>=(0,T; L*(D)%)), N € L%(Q x [0, T]x D)5, B € L2(Q2x [0, T); L2(U; L*(D)))®
and subsequences, still indexed with n, such that

a) u, — u for n — oo in the weak™ sense in L?(Q; L>(0,T; L*(D)))S.
b) u, — u for n — oo in the weak sense in L472(Q x [0,T] x D)S.
¢) F(u,) — N for n — oo in the weak sense in L%(Q x [0, T] x D)S.
d) B(-,u,) — B for n — oo in the weak sense in L2(2 x [0, T]; L2(U; L*(D)))°®.
Testing with pg for arbitrary p € L4T2(Q x [0,T]) and ¢ € J.~, R(P,), the symmetry of P,
and the skew-symmetry of M yield
T
E/ (un(t) — uo,®) L2(pysp(t) dt
0
T
:]E/ / —(tn(3), MPad) (s + (—Fun(5)) + J(5), Pad) 2(pye s p(t) dlt

w:// (5,140 (8)). Pu) 2y dW ()p(t) ..

By weak convergence, we can pass to the limit and obtain
T
B [ {u(t) - Pauo 6oz opnlt) de
0
_E / / ) M) 12(pys + (y(s), =N (s) + J(5),8) 2oy ds p(t) dt

+E/0 / ) 12(pyo dW (s)p(t) dt .

Thereby, we used P,,¢ = ¢ for n large enough since ¢ € | J,- , R(P,) and that linear and bounded
operators are also weakly continuous. Since p was chosen arbitrarily, we finally get

(u(t) — uo,®) 12 (D)

- / (u(s), M) 2oy + {u(s), N (3) + J(5), 8) 2 oo ds + / (B(s), ) 12 0y dW (5).
(4.6)

Hence, by density (see Lemma 3.6), this holds true for every ¢ € D(M)N L9+2(D)C. To show that
u is a weak solution of (WSEE) with G = 0, it remains to show N = F(u) and B = B(-,u). This
will be done by adapting a standard argument for stochastic evolution equations with monotone
nonlinearies (see [26]], proof of Theorem 4.2.4, page 86) to our situation. To do this, we just need
an It6 formula for Ee =" |[u(t)[|72 s, although Mu(t) ¢ L?(D)°. The rest follows the line of the
original.
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Lemma 4.4. For any K > 0, the It6 formula

Ee™ ! u(t)|[32(pye — ElluollZz(p)e
t
= E/O e (u(s), =N (s) + J(s)) 2y + e *1B() 22 (pye) — K™ [Juls)|[72(pyo ds

holds true almost surely for all t € [0, T].

Proof. This formula is immediate by Lemma the It6 product rule and the fact, that the ex-
pectation of a stochastic integral is zero. O

All in all, we showed the following result.

Proposition 4.5. If we assume [W1] — [W5)], the equation (WSEE) with G = 0 has a unique weak
solution w in the sense of Definition

Finally, we add a nontrivial the retarded material law G with a perturbation argument.

Theorem 4.6. If we assume [W1] — [W5], the equation (WSEE) has a unique weak solution v in the
sense of Definition
Proof. Let Ty € (0, T]. By Proposition [£.5]

{du(t) — [Mu(t) — F(u(t)) + (G * v)(t) + J ()] dt+B(t, u(t))dW;,
u(0) =g

has for every v € L?(Q; C(0, Tp; L*(D)))® a unique solution u =: Kv € L?(Q; C(0, Tp; L*(D)°)).
Indeed, by [W3],

t /t G(t — s)u(s)ds € L*(Q x [0,T] x D)°
0

and thus G * v satisfies [W5]. In the following, we will show that K is a contraction in X :=
L2($;,C(0,Ty; L*(D)))8, if we choose Ty > 0 small enough. For given v,w € X, we calculate
with Lemma

[Kv(s) — Kw(s)||72(pys = /OS 2Re(Kv(r) — Kw(r), F(Kw(r)) — F(Kv(r)) + (G * (v —w))(r)) 2(p)e
+1B(r, Kv(r)) = B(r, Kw(r) || 22102 (pys) dr
L2(D)s"

+ 2/0 Re <Kv(r) — Kw(r), B(r, Kv(r)) — B(r, Kw(r))dW(r)>

In the following estimates, we take the supremum over [0,¢] for ¢ € [0, 7] and afterwards the
expectation value. We now estimate the occurring quantities term by term.

/Os Re(Kv(r) — Kw(r), (G * (v —w))(r)) L2 (pysds

< /0 %HKU(T) — Kw(r)||72(pys + %H /0 G(r—N)(v(A) —w(A)) dA Hiz(w dr

To ||GH2L1(0,T;B(L2(D)6))

1
< [ 5 sup [K0() = Ku()[Eaqopdr + ! sup [0(N) = w12
0 4 xefo,r] A€[0,To]

for all s € [0, Tp]. We can drop the contribution of F, as
(Ko(r) — Kw(r), F(Kw(s)) = F(Kv(s))) 2y < —allKv(r) = Kw ()l pye

for all s € [0,7y] and some a > 0 by Lemma[2.2l Moreover, by [W4], we have

¢ t
/0 |B(s, Kv(s)) — B(s, Kw(s))||2L2(U;L2(D)6) ds < C? ; Sl[lop] |Kv(r) — Kw(r)|\%2(D)e ds.
re|0,s
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Last but not least, the Burkholder-Davies-Gundy inequality and [W4] yield

E iuopt ‘/ Re (Kv(r) — Kw(r), B(r, Kv(r)) — B(r, Kw(r))dW (r))

L2(D)6
< CE /0 |[(Kv(r) — Kw(r), B(r, Kv(r)) — B(r, Kw(r)»LQ(D)ﬁ)Hiz(U) dr)l/Q

t 1/2
< CE sup [[Ku(s) - Kuw(s)|l 2o ( / |B(r, Ku(r)) = B(r, Kw(m) |31z (oye) dr )
s€(0,t 0
1 ~
< 7B 5w K o(s) = Ku(s)lfapp + O / E sup [IKv(r) = Ku(r)laope ds.
s€(0,t rel0,s

N

All in all, we derived

t
E sup [[Kv(s) = Kw(s)|F2(pys < / 2(1+2C% + CE sup |[Kv(A) = Kw(A)|[32(pyo dr
s€[0,t] 0 A€lo,r]

T G oo . .
N ollGliz @LOTBEO N g o () — w()\)”QL?(D)G
2 A€[0,To]

for every t € [0, Tp]. Hence, Gronwall implies

E sup [|[Kv(s)— Kw(s)H%z(D)e
s€0,t]

< Tol|Gll Lo (11 (0,7 B(L2(D)s))) (]E sup [[u(N) — w( )||%2(D)6>62(1+252+02)T0.
2 A€[0,T0]

Now, we choose Ty > 0 small enough to ensure that K is a contraction. In particular, by Banach’s
fixed point theorem, there exists u; € L?(Q;C(0,To; L?(D)%)) solving (WSEE) on [0, Tp] and
from Ku; = uy, we deduce u; € L97%(Q x [0,7y] x D)®. Clearly, by continuity in time, we have
u1(Tp) € L2(Q x D)% and w ~ uy(w, Tp) is Fr,-measurable.

Next, given v € L?(Q; C(Ty, 2To; L*(D)®)), we consider the equation

dy = [My— F(y f - —s)ui(s)ds+ [, G(- — s)v(s) ds +J] dt +B(-, y)dW,
y(To) = Ul(To)

for t € [Iy,2Tp]. By Proposition we have a unique solution y := Kjv. This defines an

operator Ky : L%*(Q; C(Ty,2T0; L*(D)))® — L*(Q; C(Ty, 2To; L*(D)))®. However, Kov — Kws

can be estimated in the very same way as above, since the additional term fOT° G(-— s)ui(s)ds

vanishes in this difference. As a consequence, K> is a contraction on L?(; C(Ty, 2Ty; L*(D)))®

and has a unique fixed point uz. Inductively, we construct, u,, € L?(€; C((n —1)Tp, nTo; L*(D))°
solving

dy = [My— F(y) + fon Do G(-—s)ui(s)ds+ f('nil)TO G(- — s)y(s)ds+J] dt +B(-, y)dW;,
y((n = )To) = un—1((n —1)To)
L7 )+1
and stop, when nTj > 7. Finally, the process u == .79 w,1{(n_1y1,,n1,) SOLves the (WSEE)
on [0, T] and satisfies

u € L*(Q;C(0,T; L*(D)))® N LI2(Q x [0,T] x D)°.

By construction, v is unique on every interval [(n — 1)Ty, nTp), which implies uniqueness on
[0,T7. O
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5 Existence and uniqueness of a strong solution

In this section, we will discuss the following stochastic Maxwell equation

du = [Mu—|ultu+Gxu+J]dt+ XN [b, +iBuuldB,(t),

(MSEE) {u ) —op.

on L?(D)% with a monotone polynomial nonlinearity and a retarded material law and we derive
existence and uniqueness of a strong solution in the sense of partial differential equations. For
sake of readability, we sometimes write F'(u) := |u|?u. Before we start, we explain our solution
concept.

Definition 5.1. A weak solution w is called strong solution of (MSEE) if it additionally satisfies
Mu € L*(Q; L0, T; L2(D)))® + L1 (Q x [0,T] x D).
Note, that in case of a bounded domain D C R?, this integrability property reduces Mu €
Lt (2 x [0,T] x D)5. We make the following assumptions.
[M1] Letq € (1,2] and D C R3 be a bounded C'- domain or D = R3.
[M2] Let ug be strongly Fo-measurable with

El| Mol 32 (pye + Elluol| 75t pye < 00
[M3] Let G € L>(Q; WH1(0,T; B(L*(D)"))), such that w +— G(t)z is for all z € L?*(D)% and all
t € [0, T] strongly F;-measurable.
[M4] Let J : L*(Q; W12(0,T; L*(D)))® be F-adapted.
[M5] Letb; : L?( VV1 2(0 T;L*(D)))% j=1,...,N be F-adapted. If ¢ € (1,2), we additionally

assume b; € L5 (Q x [0,T] x D)%, whereas we need b; € L>(Q2 x [0,T] x D)¢, if ¢ = 2.
Moreover we assume

P, (bjeii >, Blﬁl) _ bjeii i, BB
for n € N large enough in the case ¢ = 2.
[Mé6] Let B; € Wh>(D) forj =1,...,N.

At first, we assume G = 0 and solve (MSEE) without retarded material law as in the last
section. The reason for this simplification is that we make use of the monotone structure of
the rest of the equation. As described in the introduction, we failed to derive an a priori es-
timate for Mu directly with It6’s formula and Gronwall, since we could not control the terms
| F" (u)(Bju(s), Bju(s)| r2(pys and || F'(u)(Bju(s)||L2(pys - Hence, we start with a rescaling trans-
formation, such that the multiplicative noise vanishes. We end up with

(rspE) { WO = IMy®) = lyOy®) + A@)y(t) + T(0)] dt + 320, bi(t) dBs (1),
U(O) = Uo,
where A(t), J and the new additive noise Zjvzl b; dB; are given by
N z) Xy
—1 2
At x)y 223] y(t,z) +Zw] ( (x)X%),
=1

al N
=3 (= by (t,2) By () + (1)) e e Bn(n (),
j=1

Ei(t7x) L= bi(t7 ) _ZZJ 1 Bj(z)B;(t)

fort € [0,T],z € Dand ¢ = 1,..., N. First, we show that a solution of (TSEE) can be trans-
formed to a solution of (MSEE).
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Proposition 5.2. A stochastic process u :  x [0, T| — L?(D) with almost surely continuous paths is a

strong solution of (MSEE) with G = 0 if and only if the process y(t) := e~ X% BiBi (D (t) has almost
surely continuous paths, satisfies

. T
i) Esupyeiory 1yOI72pys +E fo Jp ly(t,2)[7F2 dxdt < oo

i) My+i Y00, 8 (ansl) € L1 (Q x [0,T] x D)8 + L2(Q; L=(0, T; L(D)))®
and solves the equation (TSEE).

Proof. We assume that v is a solution of (MSEE) in the sense of Definition 5.1 with the described
regularity properties. At first, we calculate d(e 251 Bsp (1)) with Ito’s formula and obtain

o S0 BB () _ 1_2/ iBjef S BB 43 ( 22/ B2/ S B g

Therefore, It6’s product rule yields

iYL, BiBi(t) of

(y (L‘),CC/>L2 (D)s — <UO,17/>L2(D)6 = (u(t),e >L2(D)6 — <UO,CC/>L2(D)6

N t
Z 1B2 IZZ 1 Bifu(s) />L2(D)5 + <bj(8) + iBju(s), Z'Bjeizl]\;l BLBZ(S)CL'/>L2(D)6 ds

j=170

t
+ / (Mu(s) — [u(s)|%u(s) + J(s), e’ Ziza BBy b o ds
0

N t
30 [ ulo). By S P Ly by(5) + iByuls). € P i)
j=1"0
(5.1)

almost surely for every 2’ € C2°(D) and for every ¢ € [0,T]. As a consequence, we have
t
y(t) —uo =/ eI B N (¢F 20 By (5)) — [y(s)[ 7y (s) ds
0

t N
+ / e—iEzN=1 Bifi(s) J 4 Z %szy(s) _ ibj(S)Bj (S)e—iEfV:1 BiBi(s) qg
0

7j=1
N t .
+> / bu(s)e™* i B9 g, ()
n=1 0

almost surely for every t € [0,T]. Here, we used that u € L972(Q x [0, 7] x D)% implies |y|?y €
Li+2(Q x [0,T] x D). Since we want to derive an equation for y, we have to commute the
exponential function with M. Therefore we compute

My(t) = M(e™" =i P8 ()
_ ( Cur1(67i2£1 Blﬁl(t)UQ(t)) )

—curl( =i 300 BiBi(Dy, (1))
Z .t ( (VB;)e™  Ziti Bibi() 5 (1) ) ( e~ 2051 BB curl(usy (t)) )

B;)ei X0y BiBi(t) 5y, (1) —e i XL BB curl(uy (t))

N
Z . —VB; x ya(t) —i YN BiBi(t)
— X g =1 M A

— i (t)< VBj x y1(t) ¢ l u(t)

Inserting this into (5.1) finally proves that y solves (TSEE). The other direction follows the same
lines. O
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We solve (TSEE) by a refined Galerkin approximation of the skew-adjoint operator M. To
do this, we truncated the equation with the spectral multipliers P, and S,,, we defined in section
3. We study

dyn(t) = [PnMyn(t) - PnF(yn(t)) + PnA(t)yn(t) + Pnj(t)] dt+ Zivzl Sn—lgi(t) dﬁz(t)’
yn(O) = Sn_1UQ.

(5.2)
In the next Proposition, we derive a priori estimates for the solution exploiting the structure of
the equation.

Proposition 5.3. The truncated equation (5.2) has for every n € N a unique, pathwise continuous
solution y,, : Q x [0,T] — L?*(D)S, that additionally satisfies

T
B s fn (o | IO
te[0,T]

N
(1T x@xoixm + 3 Wil axioaixy + Iuol3am))  (63)
j=1
for some constant C' > 0 only depending on sup,;_; _ x || Bjl| L (D), but not on n € N.
Proof. First, we define the stopping time
=inf {t € [0,7] : |Bi(t)| > mforsomei=1,...,N}

and solve the equation

{dy“”)( ) = [PuMy™ (1) — PaF(y™ (1)) + Pa AT (8)y () + PoJ (8)] dt+ 20| Sno1bi(t) dBi(2),
U(O) = On—-1U0,

(54)
where the truncated linear operator A™ is given by
al VB; x ys(t)
A ; (585t A 7in) (-v By (t)> + B2y(h).

By Lemma Lemma [2.6|and this an ordinary stochastic differential equation in the closed
subspace R(P,) C L?*(D)® with locally Lipschitz nonlinearity. The stopping time 7,, is necessary
at this point, since it leads to L>-coefficients that are required to apply the classical results for
stochastic ordinary differential equations.

There exists a stopping time 7(mn) an increasing sequence of stopping times (7 (m, )) with

7mm) s 7(mn) almost surely for k — oo and a process y™ with

y™ € 0(0,m™™; L*(D)°)

almost surely, such that yr(lm) solves (5.4) on [0, Tkm’n)]. Moreover, we have the blow-up alterna-
tive

P{r" < T, sup [ya(®)llzzoy < o) =0. (55)
te[0,7(mm))

For the a priori estimate, we use the Itd formula from Lemma{4.2|to get
||y(m)( )||2L2(D)6 - ||U0||2L2(D)6

t
— / Re(y™, — 5™ (5)|55™ (5) + AT ()™ (s) + T(5)) £2(py ds
0
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+22/ Re(y™ (s), Sn—1b;(5)) 2(pys dB; (s +Z/ 1S n—1b;( ()1 72(pys ds -

Using the skew-symmetry of the cross-product, we calculate

VB; x

(VB x )
(m)>>L2(D)6: <Z/Bj(t/\7'm) ( )7< >> L2(D)S

VB; x y(m)
VB; x y(m)
VB;j x y(m)

M) 3B (t A T <
<yn ﬂ]( L) VB ><y

= (if;(t A Tm)( ) U™ 12y

which implies
(m)
VB, xy
(m) s J n,2 o
Re <yn (5)77'6]@/\7_7?1)( VB % y(m))>L2(D)6 =0.

Hence, the expression from above simplifies to

9™ 22y +2 / / 150 (s, )72 dx dt

s e +2 / Re (4 (s +ZBQ% sy 8

+2Z/ Re(y{™ (s), Sn_1b;(s)) £2(pys dB; (5) +Z/ 1Sn-1b;(5)132(pys s (5.6)

almost surely for ¢ € [0, T]Em’n)]. Since the second term on the left hand side is positive, we can

drop it for a moment. We first take the supremum over time and then the expectation value and
estimate the remaining quantities term by term. We start with the deterministic part.

N N s
ap | / ey (1), T(r) + Y B2 0) e+ Y [ 18uaby ()]
se[o taT{™™) j=1 j=1"0
t/\‘r,ffnn) . 9
<E [ IO T+ s 1B, o587 0) e

N
+ Z ||bj||2L2(Qx[o,T]xD)6

j=1
! 2 2 1 L o5e
S/ E sup ”yw(zm)(r)”LQ(D)ﬁ(_ sup ||Bj||L°°(D) +5)d5+§||J||L2(Qx[o,T]xD)6
0 relo, s/\T(m n)]] Jj=1..,N
N ~
+Z ||bj||2L2(Qx[o,T]xD)6~
j=1

The stochastic part can be estimated with the Burgholder-Davies-Gundy inequility.

N s N
E sup Z/ Re(yé’”)(s),Sn,lbj(s)ﬁz(p)sdﬂj(s)‘
se[0,tAri™ ™) =1

(771 n)

1/2
< c( Z/ | Re(u™ (5). Su1by () 2 oo | ds )
(m) N ~ 1/2
<CE  suwp [y )z (30 1Sn- 18 o.11x0))
se[0,tari™™] =1
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N
E  sup ||y7(1m)($)\|%2(13)6 +02EZ 195112 ox 0,71 % D)

sE[OJ/\T,im'n)] Jj=1

<

A~ =

Putting these estimates together, we get

E sup ||1/£Lm)(5)||%2(9xD)
sE[O,t/\‘r,im’n)]

N

5||U0||2L2(D)6 + HJH%?(QX[O,T]XD) + Z ||bj||2L2(Qx[o,T]xD)
j=1

t
H( s Bl +1) [ B s 0oy ds
J=1,..,N 0 rE[O,s/\T,im’n)]

Consequently, Gronwall yields

E  sup ||y£m)(5)||i2(p)6
sE[O,t/\‘r,im’n)]

N

SB; (”JH%?(Qx[O,T]XD)G + Z Hij%Q(Qx[O,T]XD)G + ||“0||2L2(pr))
j=1

for every t € [0, T]. Next, we pass to the limit k — oo with Fatou’s Lemma.

E  sup ||yr(Lm)(t)H2L2(D)6SlikminfE sup  [ly™ (0172 (pys
tef0,r(mm) T gefo,r M)

N
S5, (1132 @xtoz1x0) + D 031132 @xto:z1x ) + ]300 ) )-
j=1

(5.7)

Note that this bound is independent of 7 and n. In particular, this estimate implies 7("™™) = T
almost surely. Indeed, there exists N C Q with P(N) = 0, such that @ \ (N U {r(™™) = T}) can
be decomposed into disjoint sets

{romm <, swp JyOllaop < oo, {7 < T, sup (g™ @)z = o0 -
te[0,7(mm) tef0,r0mm))
Here, the first set has measure zero by (5.5) and the second one has measure zero, since (5.7)
implies sup;c(g 7 (m.n) SRIO] r2(pys < oo almost surely. As a consequence of (5.6), we also get

T N
B[ [ o acdr o, (1B oeiomeop + 3 liaxpon + ol

j=1

(5.8)

We already know that 4™ is almost surely continuous on [0,T) as a function with values in

L%(D)®, the pathwise continuity up to y" (T') follows from Lemma
It remains to take the limit m — co. By uniqueness, we have yﬁf’” (w,t) = yﬁbk) (w, t) for almost

allw € Q, all ¢ € [0, 7,,] and for every k > m. Moreover, for almost all w € €2, there exists m(w),

such that 7,,(.)(w) = T. Hence, we the limit y,, = lim,, y%m) is well-defined, adapted and
satisfies (5.4). Again using Fatou’s Lemma yields analogous estimates to (5.7) and (5.8) for y,.
This closes the proof. O

To obtain strong solutions, we need an estimate for My,,, uniformly in » € N. In a determin-
istic setting, one would try to control y,, using the structure of the equation and then use the
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uniform estimates for y,, to find a bound for My,. However, solutions of stochastic differential
equations are not differentiable in time and hence, we have to follow a different approach. We
derive an a priori estimate for

2

N
()= PuFa(0) + P 3 B0+ Pais 0 g " ) ) 4 mud)

—VBj X yn1(t) L2(D)s’
To do this, we have to show, that this quantity is an Itd process.
Lemma 5.4. The stochastic process
al VB; X ypa(t)
An(t) == PuMy,(t) — PuF (yn Py Biya(t)+ P, 77 o P J(t
(0= PuM0) = a0 0) + P 3 B )+ 0 g5 )+ P

is an It6 process with

, N VB; x A,
A (1) =Pu | MAy = /(5 (1) (An(0)) + 3 (i8¢ (véjxx Af,l(zéy)s)>+Bﬂ2'A")

J=1

N

Z B} (Z —iby(t) By, + J(t))e—iEzN:1 BiBi(t)
Jj=1 k=1

N

+ (Z*Z@tbk )Br + 0 J(t )) —i XL Bubi(0) _ ZFU Yn)( 1gjvs7l—1gj)} dt

w\}—*

( VBk X Sn_lgjg(t) >

+ P, MSn—I;_F/ n S"_l; + . t b
Z [ 195 (yn)( 1 J) ;Zﬁk( ) —V By x Snflbj,l(t)

j=1

VB; X yna(t) al SN B
2 "' . J n,2 o . —q 1\;1 0) )
I; 1BkSn71bg +Z< VBj % yn,1(t)> —’LBJ<]§ l_lbk(t)Bk“"J(t))e l }dﬁj

almost surely for every t € [0,T].
Proof. With Lemma and Lemma one shows, that P, F(y,) is an Ito process in L?*(D)%
with
N N N N N
d(P,F(yn)) = [P F( %ZP F” () (S 1bj,sn_1bj)] dt + 3" PoF (y,)Su-1b;dp;.
j=1 j=1
Moreover, by the product rule,

N
PoJ(t,@) = Pu (Y =ib(t,2) By(@) + J(t,) ) e~ =i )

j=1

is an Ito process in L?(D)S of the form

d(P,J)(t)
N
_Pn<_%ZBJ2<Z_Zbk( )Bk+J )+Z_Zatbk )Bk+8t ()) i>221 BiBi t)dt
=1 k=1
N ’ N
_ Pnz |:'LBJ<Z —ibg () By + J( )) —i 3] 1Blﬁl(t>}dﬁ
j=1 k=1
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The remaining expression A, + P, F'(yy) — Pnj is a C2-function of the Ito processes

N
dyn(t,7) = A (t)dt + So1 Y bidB;(t)

j=1

and 8, j = 1,..., N. Therefore, we can calculate d(A,, + P, F(y,) — P,J ) with It6’s formula.
Thereby it is crucial that all occurring terms depend only linearly on y,, and 3; and consequently
the second derivatives vanish. This finally proves the claimed result. O

Proposition 5.5. The process A,, satisfies the estimate

E s IAn(D)172(pye < C(1+E[MuolZa(pys + Elluoll7z(pye + Ellwoll 75 pys )
telo,

with a constant C > 0 depending on J,b; and B; for j =1,..., N, but not onn € N.
Proof. At first, we calculate || A, () ||2L2( pys With the It6 formula from Lemma We obtain

1A ()12 ()5 = A0 (0)132(ys

t N ) s
i Re (An(s), =F" (5 () (An( +; (i85(s (_VVBéjXXAXjf (;)> + BIA(s))

N
B ( —iby(8)By, + J(s ))eiiZl]\LlBlﬁl(s)
1 k=1

Mz

1
Y

MZT‘

(X

 —itkbe(s) B + 8,7 (s) e~ 2 B0

I\D\H ;r

Sumby(s), Suciby(s))), - ds

LZ(D)G

+

+/ VB x Sn—lgj,Q(s) )
; —VBy x Snflgj,l(s)
EN: 5 ( VBj X yn2(s) )

S VB] X yn,l(s)
N

—iB, ( 3" —ibi(s) By + J(s))e—izfil

k=1

M8, 155(5) — F'(yn) (S5 +Zz6k (

ds
LQ(D)G

" VBk X Sn—lgj2<8)
+23° /Re (s MS,b; n)(Snoby()) + 3 < b )
>, (s) = F'(yn)(Sn—1 Z (s —VBj, x Sp_1bj1(s)

N
~ { VBj X yna(s)
32 - . J s
+ ; WSn—1bj(s) + Z(—VB]- " yn,1(8)>

N

—iBj ( > —iby(s)Bi + J(s))e*iZfil BiB()y 2 (pyedBy(s).
k=1

As we have seen before in the proof of Proposition 5.3} the term

N . VB]‘ Ay o(s
Re <An(5)7 Z lﬁj (5) (—VBjXX Aéj(i)) >L2(D)G

Jj=1

vanishes. Moreover, by Lemma[2.6] we have

Re(A,, F(yn(s))/An(8)>L2(D)5 <0
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almost surely for every s € [0,7] and we can drop this term in an upper estimate because of
the sign. We split this expression into the deterministic integral /¢ and the stochastic integral

Istoch-
We take the supremum over time and afterwards the expectation value and we aim to control

the left hand side with Gronwall. We start with an estimate for the deterministic integral Jgcs.
Using Cauchy-Schwartz and the assumptions on B;, VB; 9;b;, J and 0;J from [M4] — [M6], we
get

E sup |Iget(s)]
s€[0,t]

/ [[An(r IILz(D)6+Z||A 20y [ F” (9) (S8 (1), Sn—1b5(r) [ 12Dy

7j=1

+ ||M5nb~j(7")||2L2(D)6 + 1F (5 (1) (Sn—1b; (1)) ||L2(D)6 +Z||ﬁk Sn— 151'(7“)”%2(13)6

+Z||Sn 105 (M) 132y + lyn (P72 () dx

The growth estimates for F’ and F” from Lemma 2.6 together with the uniform boundedness of
Sn—1 0n L?(D)S yield

E S][l()pt] [ Laet(s)| </ [[An (7 HL?(D 6 +Z|||yn|q 1|Sn lb | ||L2 yo T ||Mb ||L2(D)6 + Hb HL2(D
se|0, j=1

N
+ llyal"Su-1bl12 pye + Y Bx ()65 ()1 Z2(pye + lyn ()2 (py dr

In the following estimate, we have to distinguish the cases ¢ € (1,2) and ¢ = 2. We start with
the first one. Holder’s inequality, the fact 5, € L*(€2;C(0,T)) for every o € [2,00) and the
boundedness of S,,_; on L?(D)° for every p € (1, 00) with norm independent of n yield

t
E sup |Iqet(t </ E sup ||A, 2 ds +|y, 2(;1_1) b |4 .
se[OI:,)t] | d t( )| re[Ops] ” ( )HL2(D)6 ”y ”L +2(QX[O7T]XD)6H JHL4(4—+<12) (X [0.7]x D)’

Mb;||2, A+ |y |3 b ||
+ (| M7 @x(0,11xDys + 1UnllTo+2 oo, 17x Dy | JHL?(Q‘I:rq?) (X 0.T1x D)

+ ||bj<5>||i2+5(Q;L2([O,T]><D))6 + ||bj||2L2(Qx[o,T]xD) + Hyn(s)||2L2(Qx[o,T]xD)-
for any € > 0. In the case ¢ = 2, the same argument yields
t
E sup [lqet(t)] S/ E sup [[An(r)lI72(pys A8 +lynllFxo.71x 0y 105115 (x 0,77 x D)o
s€[0,t] 0 rel(0,s]
+ 1Mb; (172 x0.71x pys + 19nllTa(@x 0,77 pys 1Sn—105 1 F o (o 0,77 x D)o

+ HbjH%2+E(Q;L2([O,T]><D))G + ||bj||%2(ﬂ><[0,T]><D) + ||Z/n||2L2(Qx[o,T]xD)-

for any € > 0. At this point, we need the requirement Sn_lgj = b~] for large enough n from [M5].
Note, that we already bounded ||y, || La+2(ax[0,77x p)e and ||yn || L2 (@ x[0,71x D)s in Proposition
5.3 uniformly in n. Hence,we can conclude

t
E sup [Taee(s)| <1+ / E sup [[An(r)][2spye ds
s€[0,t] 0 re(0,s]

and the estimate only depends on B, b; and J but not on n € N. The stochastic term Iyoc, can be
controlled in the same way as in the proof of Proposition[5.3|with the Burkholder-Davies-Gundy
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inequality and the assumptions on Bj,b; and J together with the growth estimates for F” and
F".Thus, we end up with

t
E sup [[An(s)|Z2p) S 1+ E[An(0)]|72(p) + / E sup [|An(r)]|72(pys ds-
s€[0,t] 0 relo,s]
It remains to bound
N N
An(0) = PuMSpug — PaF(Syuo) + P Y B Suug — Py ib;(0)B; + PoJ (0)
j=1 j=1

in L?(Q x D)® independent of n € N. Since both b; and J are in L*(Q; W2(0,T; L?(D)))°, the
corresponding initial data b;(0) and J(0) is contained in L?(2 x D)% As a consequence, the
uniform boundedness of S,, on L? (D) for every p € (1, 00) and of P, on L*(D)° yield

E sup ||An(5)||%2(D)6 ,S 1 +EHMSRU0H%2(D)6 +]E|||SnUQ|anuO||2L2(D)6

s€[0,T]
N
+ D IBil 7oy Sntol 72 (pyo
j=1
S 1+ E[|Mug|Z2pys + E||“O||i(;fj+1l)>w)6 + Elluol|Z2(pys-
Finally, an application of Gronwall’s Lemma closes the proof. O

In Proposition [5.3]and we derived uniform estimates for y,, and A,,. As a consequence,
we also get the uniform boundedness of F'(y,,), since

1
||F(yn)||Lg% S |||yn\q+1||Lg% = ||yn||%t+2(9x[o,T]xD)6

(2x[0,T]x D) (Qx[0,T]x D)6

Hence, by Banach-Alaoglu, there exists processes y € L?(Q; L*°(0,T; L*(D)))%, N € Lt (2 x
[0,T] x D)%, A € L?(Q; L>=(0,T; L*(D)))® and subsequences, still indexed with n, such that

a) y, — y for n — oo in the weak™ sense in L2(£2; L>°(0,T; L?(D)))°.

b) y, — y for n — oo in the weak sense in L?(Q x [0,T] x D)S.

¢) F(yn) — N for n — oo in the weak sense in L #+1 (Q x [0, T] x D)S.

d) A, — A forn — oo in the weak sense in L?(Q x [0,7] x D)S.

e) A, — A forn — oo in the weak® sense in L2(£2; L>°(0,T; L?(D)))°.
In the next Lemma, we show that A has the correct form.

Lemma 5.6. The process y : Q x [0,T] — L?*(D)® additionally satisfies y(w,t) x v = 0 on D for
almost all w € Q and t € [0, T). Moreover, we have

N

B, g2

My+ B (_Vw; .Xxyz > € L3(Q; L0, T; L2(D)))® + L1 (Q x [0,T] x D)S,
i=1 R

and the identity

a VB; xy ~
A=My— N+ B?y+iﬁ«< 7 2)+J.
Z J J —VBijl

Jj=1

holds.

25



Proof. Let ¢ : Q x [0,T] — US, R(P,) be a simple function. By weak convergence, we obtain

—(y, M) 12(ax[0,7]x D)
= nlijgo@m M) 12(ax[0,1)x D)5

n—00 ¢>L2(Q><[O,T]><D)6

N al VB, x
= lim <An+PnF(yn)_PnJ_PnZBjyn_Pnziﬁj< ; ymz)’
j=1 j=1

*VBJ' X yn,l

N N VB; Xy
- . X Y2
(A+N—J- ;Bﬂ/ - ;’5ﬂ' (-VBj X y1>’¢>L2(QX[OvT]xD)6

Here, we could drop the P, since P,¢ = ¢ for large enough n. By density of simple functions
and by the density of U3 ; R(P,,) in D(M) and in L?(D)" for every p € (1, 00) (see Corollary ,
we get

00 Moy = (MO + N0 = 30 = 3 B = i 0 57 ) ) o

j=1

almost surely for almost every ¢ € [0,7] and for every ¢ € D(M) N Li2(D)°. By Lemma
this implies y1 (w, t) x ¥ = 0 on 0D almost surely for almost every ¢ € [0, 7] and

a N VB, x y
~ ' N
My:A—FN—J—E Bjy—g Zﬁj(—Vé-xw)
J

j=1 j=1
This identity also gives the claimed regularity result. O
Consequently,we pass to the limit weakly in (4.2) and obtain

{dy<t> = [My(t) — N(t) + A@t)y(t) + J@)] dt + SN, bi(t) dBi(t),

5.9

as an equation in L?(Q; L>°(0,T; L*(D)))®. So far, we just showed y € L?(Q; L>°(0,T; L?(D)°®)).
However, Lemmal4.2]implies pathwise continuity of ¢ — y(t) € L*(D)S.

It remains to show N (t) = F(y(t)). But this proof is step by step the same as in Proposition
and uses the monotonicity of the deterministic part of the equation.

Allin all, we showed that y € L972(Q x [0,T] x D)® N L?(;C(0,T; L?(D)°®)) solves

{dy(t) = [My(t) — F(y(t)) + A@)y(t) + J@)] dt+ XN bi(t) dBi(2),

(0 =t (5.10)

as an equation in L?(Q; L*° ([0, T]; L*(D)))®. Transforming the equation backwards with Propo-
sition[5.2} we get the following result.

Proposition 5.7. (MSEE) with G = 0 has a unique strong solution w satisfying with
u € LT2(Q x [0,T] x D)* N L*(Q;C(0,T; L*(D)))°

and
Mu € L (Q x [0,T] x D)® + L2(Q; L=(0, T; L*(D)))°.

Proof. The product rule yields

N
; 3. ; 3. . 3. VB Xy
M(e* Zé\le B;B; = e Z;'Vzl B;B; My + e’ Z;\Izl Bj;B; E . ( )
( & ! j=1 % —VEBxuy
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and hence, we have
M(e S35 B8y € LHE(Q x [0,T] x D) + LA(Q; L%(0,T; L(D)))°
if and only if

N
. VB Xy a+2 6 2((). 70 .72 6
My+z;ﬂ](_v3><yl) € L+t (Q x [0,T] x D)° 4 L*(Q; L=(0,T; L*(D)))°.

This holds true by Consequently, we can apply Proposition |5.2] and obtain a solution u of
(MSEE) with G = 0. Uniqueness is immediate by Proposition since our solution is also a
weak solution of the equation. O

Last but not least, we want to add the term (G ). This leads to the main result of this article.

Theorem 5.8. (MSEE) has a unique solution u satisfying with
u € LT2(Q x [0,T] x D) N L*(Q;C(0,T; L*(D)))®
and sio
Mu € La+1 (2 x [0,T] x D) + L*(Q; L>=([0, T}; L*(D)))".
Proof. Let u € L972(Q x [0,7] x D) N L?(Q; C(0,T; L*(D)°)) be the unique weak solution of
(MSEE) from Proposition (£.6). The expression (G  u)(t) = fot G(t — s)u(s)ds is differentiable
in time with .
O (G xu)(t) = G(0)u(t) + / G'(t — s)u(s)ds.
0

By [M5], both (G xu) and 8;(G * u) are contained in L?(Q2 x [0, 7] x D)®. Hence, u is a solution of

(MSEE) with the current G« u + J satisfying [M4]. Consequently, u has the regularity properties
from Proposition[5.7] This closes the proof. O

6 Remarks and discussion

In this section, we want to compare our results to the literature and we discuss some instructive
special cases of our assumptions.

First, we want to mention, that Roach, Stratis and Yannacopoulus already treated our equation
in the deterministic setting in [27]. They claim in Theorem 11.3.14, that

w'(t) = kI Mu(t) — k7 Hu()|Tu(t) + 571G xu)(t) + k1 (),
u(0) = ug
has a unique strong solution u € LI*2(Qx [0, T x D)® with Mu € LT (Qx[0,T)x D)8 if D € R3
is a bounded Lipschitz domain and  : D — R%*% is a uniformly bounded and uniformly elliptic
matrix with measurable dependence in space. Their idea is to make a Galerkin approximation
with respect to an arbitrary orthonormal basis (hy,), of H(curl,0)(D) x H(curl)(D), that is also
a basis of L?(D)%. However, besides many inaccuracies, they make two severe mistakes.
Beginning from (11.12) on page 239, they derive

T T
/ <(G*Un>(3)>un(5)>L2(D)6 ds — / <(G*u)(8),u($>>L2(D)6 ds
0 0

for n — oo as a consequence of the weak convergences of G * u,, - G * u and u, — u in
L3([0,T] x D)% as n — oo. However, such an argument is not available in general. Moreover,
they in their a priori estimate for the approximating problem, they implicitly use

|| Z<U0a hj>L2(D)6hj||L2<q+1>(D)6 < C||U0HL2(4+1)(D)6
j=1
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with a constant independent of n € N. However, this is not true in general. As far as we
know, such a result is only known on the torus, with the choice h,,(x) = ¢"**. This is one of the
reasons, why we had to use the operators S,, that are also bounded on L?(D)°.

Getting back to our result, we want to point out that the restriction to ¢ € (1,2] only comes
from the Holder estimate

’ I 2q L2
£ (yn)Sn—lbj||L2(QX[O,T]XD)6 < Hyn||Lq+2([0,T]xD)||Sn—1bj HLz(ijqZ) (@x[0.T]x D)8
in the proof of Proposition Hence, if one assumes b; = 0 one gets the same result as in
Theorem [5.8|for all ¢ € (1,00). In particular, this is true for the deterministic equation. Hence,
we gave a correct proof for the theorem of Roach, Stratis and Yannacopoulus if x = [ and D is a
bounded C*'-domain or D = R3.

Next, we want to comment on the odd-looking condition
P, (bi(s)e—izy:l Bjﬁj(s)) — bi(s)e_i’ SN, B;Bi(s)

from [M5] for n € N large enough and for all s € [0,T],i = 1,..., N in case that ¢ = 2. We need
it in the proof of Proposition 5.5]for the estimate

15, (bi(s)e ™ 2351 B B;(s)) | e yo < Cllbi(s)e™ Z0=1 B; B ()| e (o

with a constant independent of n € N. It might be possible to get this inequality without our
restrictive assumption in special cases. However, we want to point out, that even in the case
D = R3 the boundedness of S,, on L>°(D)° is wrong, since it would imply the boundedness
of the Hilbert transform L°°(D). If the B, are constant, the assumption reduces to P,b;(s) =
bi(s). If D = R3, this means that the Fourier transform b;(s) is compactly supported in a timely
independent set. In case that D is a bounded C l_domain, this means, that b; is of the form

M
5) =3 b (s)h
k=1

for some scalar valued bl(.k) : Q% [0,T] — C. Here, hy, = (hg,1, hi,2) and hy 1 and hy 1 are eigen-
vectors of the operators A()) and A®), we introduced in Proposition 3.1}

Last but not least, we want to discuss, why we did not treat coefficients in front of the Maxwell
operator. Our approach is based on the interplay between —M?, Ay and the Helmholtz projec-
tion Py. In fact, we showed —M? = Ay on R(Py) and —M? = 0in N(Pg) = N(M). One might
say, that we added a self-adjoint operator A = — grad div with N(A4) = R(Py) to —M?, such that
the sum, namely —Ay, has generalized Gaussian bounds. If we now replace M with

Uy e(x) ™t curlug
M., (u ) _ (_ B
2 w(z)~tcurl ug

with the same perfect conductor boundary condition u; x ¥ = 0 on D, we end up with

(") 2 e(x) L eurl u(z) =t curl uy
Us p(z)~teurle(z) = curl ug

with the boundary condition uy x v = 0 and (¢! curluy) x v = 0 on 9D and uniformly bounded,

positive definite and hermitian e, u : D — C3*3. The operator —M? is then positiv and self-

adjoint with respect to a weighted scalar product on L?(D)®, namely

(v, W)e p = /D e(x)v(x) - wy(z)dx+ [ p(x)ve(z) - we(x)dx.

D
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We need a weighted version of the Helmholtz projection P. ,. We project orthogonally with
respect to (-, -). , onto

{(ul, up) € L*(D)° : div(euy) = 0,div(puz) = 0 and (puz) - v = 0 on 8D}.

A ur) grad div(euq)
“H\up ) \graddiv(uus) )’
one calculates that A, ,, is symmetric with respect to (-, -). ,,. Moreover, —M?

€,17
P. ,, have the same relationship as their counterparts withe = = I.
Hence, one has to show that — M, 52 u+Ac on the domain

If we define

-M2,+ A, and

{ curluy, curl ug, curl =t curluy, curle ™! curlug € LP(D)?, div(eu;) € W, *(D),

div(pug) € WHP(D),uy x v =0, (pug) - v =0, (¢~ curlug) x v = 0 on 6‘D}.

has generalized Gaussian bounds, if one wants to generalize our result. However, even in case
of smooth ¢, u and 9D, such a result is unknown so far.
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