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t. INTRODUCTION Experinent6 are performed for ldentiflcatlon purposes'

L.e" to ldentlfy the values of unknown papraneters from data. In the event

that one or more paralileters can not be tdentlfled, the cause eould be the

fesult of a varlety sf problems: lnsuffclent or lnfrequent sdmp1lng1 random

cf nonrandom dlsturbences, numerl-cal ll-l-condltlonlng and etc. The. lnput-

output conflgurat{on may also be the csuse of non-Ldentlflablll-ty' In other

rsorde, even lf. the sarnpllng apd nunerlcal procedure could be carrLed out

Under the nost ,fdeal. eondl"tlona' cettaLn parametefs may nct be ldentlfiable

because thege parametgrs are not unLquely cont,alned ln the trdnsfer functlon'

ln whlch case these paraneters are sald to be not structurally ldentlflable

,[ 1] .

Durlng the past decade e vdflety of crtr-ter{a have been establtshed tn

crder to test the Btructr54l l-dentlflabtllty propertlee of paraneEers for a

general compartmental syatem. (See [2-9J and referencee thereln.) These tests

are analytlcal, requirLng only the model-, the oet of unknovrn parametera
j

and the lnput-output confiBuratlon. Slnce acEual data ls not requlred, theee

structural,ldenttffhbfffty teste should be performed prlor to the planned

!

experJ.ntent ln order to tletermlne lf ldentlftablllty ls at least poealble' fn
':

other words, the moet approprlate tLme'to coneider structursl ldentlflabtl"tty
,i
i

ls durlng the ptannlng atages of the experlment :

Wlth the advent of the better earnpllng technlques, sophlstlcated

computer technology, and lmproved numer{cal procedures, blologtcal models are

becomLng LncreasLngly latger and more compl"ex. Hoseverr the analytLcal

nethods (by themeelves) become computatlonally unfeaslble ae the atructure



to be eNamLned lncredsee ln complexity. The problene arl-elng from large

'dentlftab11ltY 
'svste*re are becomlng a maJor lssue ln the theory of structural I

methode [2'3]'
one approach tc thle problem le computerlsatlon of the exlsting

Another 
'approach 

is to decompoee the l-arge sysEefl tnto'sflta1ler Eystems [4'5]'
' . :': : 

there'are a rnultltude of
Thle p*per useE the Iatter approaeh' Of ccurser

j

ways of decomposlng a system lnto sribsystems and a vatltity of technlques can

be employed to Eake advaneage of Ehe deeomposltlon'

?he baelc {dea, to be preaented here, rs to fepresent the ayetem ae

' j: ..: l. '

two svetems ln eerLes (btgure 1) or'aB tlto aubsystems ln parill'e

In eLther case the tranefer functLon 0 l-s'b'comblnatLon' (a pifoduct cr a eun)

r; r i' f {}
of the transfer funcElcne s'-' (l * 1,2)' of the const,LtuenL subayetefiB'

so the protrletn le Lc cbtaln necesBary and sufflclent eondLtlons for struc-

' .'1,. r--.:. :rj- . :

t.urally ldentlfy{ng the canstl"tuent trangfer functl-ons' o'f couree the con-

..,.i .i 
-i ..

stlLuent s*bsyetems flay be further decompaeed'

2t

input

d

. ,!'igure L., Sutl8ystqqs ln,eerles: 6. = 6(2)6(1)
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Flgure 2. Subeyetame ln paraltre1:

.ti -.

o. 6(1) * o(2).



le ta formulate erl"terLa for decompoe-

lng a large 6y8te& lnt.o gubeysteRs ln such rtays aa to be able to deternlne

th reePect to the large
the ldent,tf lablLtty propertlea of paf,enetere ' 

t*L

6ystem, by thetr tdent{f labtLlty pfCIpertl.ee, $Lth respect tc the Eub8yet'etfl

ln whLch they are eontalned. Theee cr{terle tftl1 be llluatrated by 8pply-

lng them to the model which ls ueed to deicrlbe Ehe klnetl-es of Very Lotr

Denetty Llpoproteln *rtglycerldee'

t to tracer and drug etudlee 'Eel*g ptt$arLly concerned wlth appllcat-lone

we uge the nomonclAture from eo$partnetrtal analysis, however the reaUlts

apply!.ngeneralttyto'Eheclaesofllnear.tlme.lnvarlantBygtems.

Problern "tut"*.@ 
prelimlnarv reeultg

Concept fronr eystems !,heory,a4d*c,glilpgrtltleritel 4lalyqlq

erturbaElon exper{ment stlth tB test

tnputa 6rr and *C ne&surement outputB Y*' on dn n-eo$partmental eyr-

tem ln a csnsEant ateady st6te- The eet of equatlonB fepf€Bentlng the dyna-

nlca of the devLatlon xl, cf the generfc r t! compartnent from lte

steedy-etate value and of the reletluns bettceen such devl"atlone and nEasure-

ftenta le llnesr and tlne-invsrlent [10J:

nEtB: *r = - 
rio ":r*i 

*:1, *rl*t *,1, brru, (l=102"'''n)'

n
y-* | c.t, (m=1,2r...rnc),
"m rlf m1 r-

or, ln Ehe ueual eyatem-theory matri:t form'

* = A:! * Bcr l(o) = Q' X- = c4' (2 .1)



the ncffi gg!.Lql1lEl!,g$ of eletmnte cml, and A le the nxtt compertaeLt-al

t,.-L - - l.rlrr 
r

or {r_eg-tlg}g1- transfelSggll1ct$lp-' atr(tfJ], and UJJ ' 
,*o "t,j*r

denotes the fractlonal- tranefef from J to the envlrontent) '

?hedynamicaleyetern(2.1)lacharacterlzedbyltstrangfq@'

r*trere t Le gtre atate vector

lgggg-*yggg"_r- farmed bY the oB

functfon) lnputs), 1 1* the

tgL nreaeuremente. B tre eire

rultrlx

(aoJ

fornred by che n varl,ablee xi, g- ls the

lnputs (fncludlng l.netantanesus (delta

g!*tjg!-vgg{r"f. forrned by the tC experlnen-

ntmn 1g!!g mqri:( of elemente blr t C la
it --- -*

(2.3)

0{s} - c(at-s)-h, Q.2}

where s le the Lap{a,ce tr4nsfg-rln varlabJ.g 8nd I generlcally denotes an

tclenLity rnatr{x" An ldentlty whtch 1s ilaeful ln connectlon with the transfer

functlon Ls t11l

(sr-A)-l - R(slla(e),

vrhere

a(si * det(sT-A)-l * eft * 6*-ru*-l + $n-2"*-2 +'.'+ 60'n-r rL-L " (, . o)

ls Ehe, *h-gfgglg-1!qg:g--Fq}gggglgS- ana

R(s) - q*n-l+d r;n-t*. " .+6n-ll L + (sn-Z+d 
1en-3+. . .

+ A )A +- ' 'm-2 '- At-l. (2.5)+ 6rr*l)A +" . ,+ (s+drlA" - a

premult!.plytng and poetmulttplytng ln (2.5) by C and Br respectlvelyt

we obtaln

whete

o (,s) = F (s) /A (s) , (2,6,



P(s) * CR(E)B, Q.7)

Each entry ln the tr*nsfer funetlcn Ls s ratlo of pclyncml'ale,

(2. B)0r, (e) * nl, {g} ld(a}.

If 
^(s) 

, has * upnomLal fectcr whleh lg a cctrdftsn feetor of all ft, (e) 
'

i = 1n2r.."rn** J,- I127,u.rflB, then s(s) rB rgCqglllg; athefi{lee lt t'e

lrreduelb1e. The ey*tem (2"1) l-e reduclble or ltreduclble accotdlng to

whether or not leg tranafer funct,l"sn Le reduclble or {rteduelble.

Exe$lule 2,1 the'eyefern ln Flgure 5, $ectlon 5 arlees fron deconpoelng

the larger aysteft, Flgure 3. The transfer funetion ccrrespondLng to Flgure

5 (eee Exanrple 4.1) l.s

(e, = (CI4r$sr06,67rBgrEgr91Cr6tl) le the paranetrlzation vector')

The characterfetlc pol-ynomial, A{s;Q-}, ls the ptcduct of the sLx tnonaillals

appcar{.ng 1n t2.9}, I,et q(e;6,) }:e the lea*t e4ffiIion firultLple of theFe

aonoslals. fhen I' A Lf end otgly tf

err # 6hr k'6r?r8r9rtr6. (E'101

fhus eandltlon (?.t0) {s neeeeeary end eufflelent Ear lffedueiblllty.

EerygIt*at, The lrreducibLLLzy candLtLone (2.10) are aatlsffed at all poLnts

Ln the etght dlmenslan*l parameter spsce except on the lawer dlnenslonal
:

hyperplanes, 011 = tlk, k * 6,7,8r9,10. Thua ,I'(s;u) is lrrbduclble -C!ryg"1

everywhere" Thls t.act ls rleduced fficre edsl1y f rcm lnput.'output connectabll-ity

and related crlterta [7r81. We sha]1 say more abottt the alrnost everywhere

property ln Remark 3.1.



rhe eysrem (2.1) {s Q$_-&qt''pae_r-.hl segriglla!1el tf Lte qoqtrollF}@

flreertx u * [Br&Sr,'. nAo*lBl Le of full rank (l''e' u ut Ls nonel'nBular)i

.:- lt te lojqji'E'1.tetE--gLsstjebleJ {f {te obeervgF+ltv fistrlx v - [C',A'C',

...,{A,)t-lc'J (" I 'i ffieana tranepoBe} hae fuli- rank" We w111 requlre the

foJ.lowlng rrelJ.*known result (t131; [13] ' [61] '

r.erurq. a:-1_ A oyeten le lrreduclble lf and onS.y 1f tt le both cc end co'

Efggqlg-*a.?- The eystera l-n FLgure 4 sr{eec from deeomporlflg the Larget

system, Flgure 3. ln thls caee

c,AlB * (1",0) , [-,urou;*unur'-3i) 
,[l) '

a

whlch glves det u * 0?, det V * S1' Since 0X.' EZ are nofluero parametere

th'.!-e ayetem Ls LrreductbLe.

The matntces Hhlch appear ln F(€) (forrculae t2,7j, (2'5)) are the

n, x n* matrlcee
i'; D 

rr - n,b (z.LL,q--cA*B'k=o'1".'

They are called rhe &tsr,ko.J ryr,rriees, ar rhe 4tr3sll-gggggle ln t'he caee

n* o n- * I. The follswing reeule is well' knswn [bj"
t; rt

Lenma 2.2 .{11 the }larkev mafrlces (?'11} are unl^quely deteiimtned frorn the

trgnefer fun*tlost, ConverqelY, the Markov'matfLcast \""k:- 0'1''''''2n - l"

(the flrsE zn etrffLee! unl.quely dehermine the ltansfe'r f'unetl"on' '

!:-"-Fjsq.q!,llgl,l$s"LlrjqgLlsle 
.

'14* 
""nelder 

a planned experl-menl-. We know, a pr{'rl' thec (f.r a non-

reaonant aystem) Lhe transf et functlon r*l-i 1 have'the form [6-l

* ?, rr,(e+ng)* (2'L2]

k*1



where fhe Dt and the rk are estlmahle fron lnput-outpur data' *rtt'lu' t.*ttul

fo. sysreft p*rametera. We call rhe tunctlon defirrc'tl by formula (2'12) the tneaeurl

hand, s formal expreselon for the transfer 
I

":t:: 
t

funetlon ls obtalned fron formula (2'21; hodever' the nstrlceB shlch appeef

ln thle formuls are gLven lrr termc cf a parameter vector 9, and ea the

''l

peremelgrl4ed grcuefer fuItetlCIlt i8

-1
+ie;g) * c(!-) {sr-A.t$}-rB{g} (2'13)

The struetural tdenttftabtltey problem cotrslsts of estabtlghlng,whether cr

not ti.r ,rr,r, stngle irarametcr tj* c.*n be determlned f ron the relatlon-

shJ.p

s(nig) = S{e}'

ry a q!-ngLq }a-qq!r1q.'Eerr w€ $te*n e conatltuent 6r of

aetlon of Ebe gt. The dlmenslon of S l"e seeumed

relaelans betseen the g+.

There &re &e\retal ueeful defi-n!Lio*e of Ftrueeural tdentlflabllltyt

each cerrles e pertlculcr po,lnt af vler+ tgl. Some oF these are g,lven
' ;'j'

be1 ow.

(r) qnlelrp 1{eFq-rr4qqrl.r_l.y (aLsc cal-ied glgb_4{, tdenttf iebtl.lty), 'ft*e slngle

FRrem€tef,€,l.sealdtgbe@(fronthetransferfunc-

xl-ete a rmlque soluelon to,.T,,.u .,,,2atLatYLng 
equallan (2'14) '

0 are unlquelY ldenttflable
If all compccent* 0i of the psraructer. ,ultrt,lT, .*

then the nrodel ls sal.d to be pararneter idegt{flable' 
-

q$.awLe 2-r3- Forrnul* (2.1"3), appl.led to. ctle''6yetem ln'axample 2.2, yletr"de

(2.14)

0 ar a lunPe{,eonbl-

rnlnLmel; there sre no

o(s;9.) = {r*6r)l Is?+{or+or+o)'s*0ro'J,
(2.15)



vrhere o,- S3 + g4 + gS. Sfnee the Z-ccmparEmentaL system I'g lrreduclble

(Ex.ample 2.2) the measurabT.e trnnefer functio* hns the forfi 0(s) - Dt(s+ttt) *

br/(a#rr! (ehe tl are dletlnct (eee tfir1i1. Equation (2,L4) ylelds'

€l^- Dlnz*Fznlo *I"*s, *o * nl * nr.r 0ro - ntrnl" consequently' oy'02t

and 6 &re untr"quely LdenlLflab'le.

(t1.1 l4egg:g-lgE-11iJf" (*Lscl called l-€eal idenFlf tabtlltJ) ' If there doea not

exi.gt a unLque sol-utlon for Er particuler F&rsneter $ut there Ls st' tltodt

' ' ' '*.*-1 or,| fhcle Bttll beftnltely many eolutLone, aa ln Exauple 2.4 {belcw), then lt m6y

poeelble ta aseertsln the approprtr"ate eclutlotl' say, from a prlor'' knowledge

of the p{rranctertn renge. Therefore, the fallowlng deflnitlon ls useful'

The slngle paf,&rneeetr 0 ls eald to be ful,qrqrfl,g}1e tf there exlets at moBt

flnltely neny solutlonp for 0 eatlefylng equatlon (2.14)" If all 0t are

ldenElftable ttre rnodel ls eatd ta be sletry -{4gn-tfflq-b1g'

E$gaLg-A*- We rerurn r.o Example 2,L. Aseunlng, lrreduel.blllty (tt r+111' be

ghowtr later thst thts condltlon Ls not necessery) the measur*ble transfer func-

j'

tlnn hae the farn, 0{e} * gl{e+r*i(e+nU}(d+n'r}(a+nU}(s*nr} 4' pl(a*tr)'

Equattr.ng thie expreeston to expreasl"on (2.9) r:btalns 811 - nS and the equal-

l"ty.betr*een sets: {$*rS7,0g,€qrCI1g} * {fi3,fi4r15rs6,n2}' Eech 8k' except

SlL, hae five perset"ble salut{one; eh$e 0k ls ldentJ-fi-able but lt l"e n"9!

unlquel"y ldentlflable, r+htx.e stt le unlqueSy lelent{"flable. Flnally' 64

1s ldentlflstrle *nd 0q le uniquely ldentf"fLsb1e from the relatlonshlpel

04 o E/(CI6e7sgeg0Lo), 05 * o/ttt (the 0t sre nonzero paraqctera)'

LE ls lnterest{ng that thLa *yotefi l"s tdentlflable t*hether or not ehe

lrreducibltley e$ndltion (2,L}j l-s satlsfled {aee'Exemple 4'2}' ?he exanple

l-s e:ar:ng me$y exsmplen whlch show fhat lf,re<tuctbil{ty ls not neeesaary for

tdenttf {ablltty J 61 1 
"
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.

(rli) r$eqtr{l+}11tJy_ rqoF e qqnslllpeei- {up*{q$. suppcee that the

(measurable and parafieeertzed) farilis of ttre, treasf€r functlon Ls expressed

l-n terme of t'lo other functloner B"g. r 0 - 0(2)*(r) or 0 - 0(1) + o(2),

ae depieted fui Flgures L snd ?" The relaelonahlp le denated by

' s(a) * F(f (s),s{e}}, 0(ei9) * r(f (e;s,},s(slg.ii. t2.L7}

A coneEttuent funct{on, f, of the transfer functlon le eeLd Eo be ldentf-

flable (reap. unlquely tr"denttflable) lf there exlst at nnaeE flnfteS.y nrany

solutLone {re*p. e unlque sol"utian} for f fromthereLarlonshtp O(ai0) * 6(a}.

. fhe ei*gle parameter 0 ls sald to be ldentlf{able (reep. unlquely

i.denttflable) fram the constituent function, f, lf there Bre 8t npet flnlte-

Ly nany (reep. a unl"que salutlon) for 6 fram the relatlonshfp, f(eig) - f(s).

The follarslng resulte ehould be apparent from the above deflnltlone.

Lemrne 2.-3* $uppoae th*t a canetlEuent functlcao f , la ldentlflable (reep.

unlquely ldentlflabie) and thst €s eingl-e peraffieeet 6 is ldeatlflable (resp'

unlqueS.y tdenttfteble) from t, then 0 lc l.dentlflable (resp" unlquely lden-

sonreltut€ th€ tf,e$af€r funcelon es Blv6a ltt fararlls (1.6)! cte both unlqwly

fdentlfi.sble eanstltuent funetlsns, prcvlded that the eystem Le ltreducLble.

3, _,$yetlrnrs {n serLge ln thls eeetlon we conaidef 6 syetefi tlhose flow dle-

grem ie depleted ln Flgure 1.. Ta be preclee r.re aeed to dlstlnguleh cofiipErt-

nent6 Ln terme of. the input-output relaLlcns. eonslder the dynanlcal eque-

tions, (?.1). A conrpartment k ls eald ta be en lnp-u-q..c!tmp8!!tnent ff

bt 
J f 

0 for at least one lndex J; !t ie aaLd ttl be an oqtlqt e9!tP4.!!SFt!t

:i:-t-t--:'.,i.:r..

',; :.1:-.,,;1



Ll

lf e.. I O far at'Xeast sne f"ndex t. lde alsc dlst{nguleh fhe compsrt-
IK

rnent,s in terme of the tl{rectlon of flst* l"lthln the Eystem' A eompartmental

eyereu l"e seld ro admf-t s T3*{€-ag$qmit_te_q Ie t.vst) decornEaslttsn lf the

et:$psrtnenr6 can he eepar*ted inta rlleJolnt sets! T' the tranqqlllers

and, R, the reeeivero atrch Lhat

E!_ -0-f €T"r€K.
tf

( 3.1)

?he eyetefl (2. L) {s satd

euch t'hat no transmltter

tc be ln serlee tf tt adwltg 'a ?-R' decotnpoal'tloa

c(}mpartnent l"s an output compsrtn€nt t l.e. t

(3.2)
"it 

* 0r t € T, I o Lt21,..rftar

and no recelver compartment la an {npuf compertftent, l'e',

bo, - S, r € R, J - Lr?r,"'rf,*" (3. 3)

Ln other worde, e syseem ln ln eerlee i.f and only Lf the compertnents

cen be ntrmbered ln auch e $eiy thet the snptrlcee &r 8, aod C can be pdrtt-

tlonedt 
fa(r)n I l*o(riJ r r+fi

s* | " u-ol, B- [ o l,c- lo,co"'|. (3.4]

[u A(2]l' [c I l-' r

Here,,0,,gener{eclly denotee e mabrlx sf zerc entrles, A(1} (resp. A(2})

ie the n(1) x n(1) (reep. n(2) * n(2)) compartmental natrlx vrlrose etements are

the frectlonaL transfer coefflclents from rransmltter to tranBmltters (resp'

receLver.s to reeeivere), E le ttle fi(Z) * n(J') rnstrlx whoee elenents ere

the frac!{onal- trengfer coeffl.*lenls ffctl tfansm{ttera to reeelver8, g(t)

ls an n{li * n, (tnput) mnrrlx and c(2) le an *c * 
"(2) 

(output)

matrlx.

Lerun-s 3.! If s sjistem

sf eanetltuent transfcr

le lft serier Ehen the trsnsfer funetLon j"e a produet

func[{ane , L,e'o lE J.s expreeslble tn the form:
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Proo f 
"

o(e) - ot2) {") o{1} ("},

vhere

*(k) (*) * ,(l'; {gr-a(ki}*18(k}, k - r.,Z

SubeEltutlng (3.ti) {nto (2"2} obtalns

Q(a) = c(2) ("r-a(2))-lp(sr-e(1))-18(1).

The repreaentat,r"on (3.5) - (:.6) reeuiee fran factorlng E,

i'| B = 3(2)a(1). ::

(such a faceorl"ng alwaye exr.ets r aay by taklng one of 'the facbore

the ldentLty wutrlx.)

(3.5)

( 3.6)

t3.7)

(3. B)

to be

From the pcl.nt *f view sf etrueturlal ldentlfLcation, the representa-

Elcn (3,5),- (:,6) ts nst sf l-nterest unlese the conetl-tuent tranBfer func-

tlone ere ldentifleble. For thls reaeoc hre conelder the caee where the dt-
rr) (1 l (1\ /1 \menslane of B\'/ and C\rl are $\'l * 1 and I " ,(t/, respectlvely,

ln which eaee

c{3) - t.!11"!1i...,.ltlrl, *(z)* rulzlu[zl.,.,ul?zrr', (r.e)

+{1) = r+frl*jl1...,*j:,r, o(e) - r+jzloj'1.".,*j:,,', (3.i0)

sr, +r(t)*r(11 i = 1,z,... ergr J - 1,2,,.r,dB. (3.11)

Nor.r the queatlon l-e, doea or, identtfy each of l"ts facrors, 0j') and Ojl)t1 'J

The queetLon can be considered ln parts by wrltlng fornula (2.S) ln the form

*r, (s)

where uf3{*} (and also Ate}}

coefflclent ie unityn end tf, #

= YrJer, (s) /A(s) (3. 12)

te a mon{c pol-yr!o!n{91 , L.e. the leadlng

0. !ilm{"lar1y ,
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*jk) iu: * tjnldu) (u) lu(k) 1n) o 
,

montc and tlo) * 0o k * 1,2. subatltutf.ng

ytelds the ldentftl,ea I

,rJ 'tlt'or"t ,

er* {a} - *lt'q*3ur{l) {*},

ats) * o(2) qslt{1) (*}.

h, nrnhlem nF nnlw{no fnr rhp fa 
(21 

"!l) 
lnConslder the probl.em of eolvlng fcr the f,actors vi*' and ,J

teflrs of the tf, from the relatiane (3.14)" In genetal, this problem ls

nat eotrvabl.e. l{owever, lf JuCIt one of the nB * nC constants tft' and

/1\ ('r\
tl" ls kncr,rn, then Ltrre rem.tining constante'*re sclvable. In fac"t if Y;"

.l

is known then so 
(l) {'\

are t-i"'* v',rivf-', .i = 1,2",..,il*,. Nosr flxing J' $ay

.1 = t, the rema{ning -r1" are ohtatrnecl f rom (2) ' (1)
ti" = til /ri". A slmllar

/t \

argument appl.les Lf otre t:f the tj" {g known" Now suppose that one of the

entries of the nagrlx C(z)B(Z) ie noneeror say lt ls the pth entry, tu.

lt ls clear from formulas t2"3> * (2.7j that tu ls the leadlng coefflcient
(')-\ 

, = t(2\ . thue lt one af the enLrlee of c(2)s(2) lnof 4)_,{s), t.*. ,u ,u 
f?) n"d 

"ll.).nonuero and lt le known then a11" af ttre nn * nC constants' Yi- l

afe eolvabLe f rom relatlons (3" 14). Thls ts ,alsa true lf one eif the entrles

of c(llB(li t* nonzer$ and kn$wn. The above otrservatlons $rE stated formally

ln Lemma 3.2.

and y!t) 
"t* 

uniquely lclentl-
J

r(llB(t) ls nonsero end lt ts

of c(2)r(2) !a nonzero and tt ls

(3.13)

(3"12) snd
rb.l

where ei^'(e) le

(3.13) tnto (3.11)

(3 
" 
14)

(3. 1s)

(3. 16)

tcmtn**:..?- rhe

fiabLe Lf eifher

a prlorl ltneiwn or

a prl-arl" known-

(7\
nB * nC conetant' yi

{l) q:ne sf the entrles r:f

(:L{i une of t}re enlrles



I-ugqe 3-€ Suppoae ttt*t tke *ysten: ls i'rredue lbte ' 
then the

llc) , ., ,.(L7 , -, are identtf iabl,e.polynorn{-ata, A"'{ (s) , erl"-' (e) ,

Frccf. Slaee ihe ryetem is lrreduclble ' A{s} end

1 1J 1ng are utrlquely ldentlflabl"e t1,enrne 2"41 
"

cf u(1)qa). ?hen, from {3,16}, n:1} ie a root of
J

ft*1teLy tany *oLutlone far nlti" Thte belag true

o(1) 1e) 1c ldentiffable '

Slmllar arguments eh$rr that u{2} qs} and the

are l-dengiflebtre (reeall that er, (s) snd et, {e)

legg-1"*- Suppoee fhaL there le a es&pertft€nt

auchttiag f €E and &rf,-0 r':henever r€R-

trlehoue lass sf generalS-tyr thse f; is numbered

Then the matrlcea ln (l'9) are!

L4

n-*n-*2
IJU

rrr(a), I 1 t < n*r

c1\
Let nlt^' be a root

&{a} i thue there are

for each rocb of u(1)qa)'

palyncml*ls *jk) ttl

have identlcal roote) '

f. celled the flrgt reeetver-'

f end t€T"

fl"ret *merng the

lt 16 aseunred,

receLverg.

C(l] - laryas2t..

Praof" Ttre hYPoiheelB Bceteg

f 11
.rafn(1.)J, s'"' - [l'0""

Ehat alL rovre of E are

,01'" (3" 17)

zefc exe€PE far the

* Bi2)c{1), where
flrsr ranr, rhLeh la [ag1'eg2t.

c(1) eed Btzi ere defincd ln

",,urrrtr)1, erearly'

'{3, !?}.

grpgla-Jrl Hs eesirfd*r ths .dyttesr

R deeauPceJ"tlun l*trere

fq:rarrrLe (3. {*} *re

-fi,) fA " ^{2} -Bl-'*1ts4J!u '

ln

{.tr Ftgurc 5 (b}

? * t10l snd

(Fcetlsn 5) " Yhs rYrteo

R - tllr12,!3rL41. the
heea f

fl{atf {-ces

Ioro,srB]-01', 4{1} * [-g6]'
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S*

o o o1
-oB o o l.

os-€g o l'o B* - *rql

and so r * g(2)c(1), $here

Lenona 3.4, o - s(2)o(1), where

csnet,{tuent i"s al'eo a rYnten La

Lenna 3,4 can be applled Ln succesalcn

[- oI -?
,l I

I 0-
ltlo
I

L0

r-1
I sal

lol
Il

lfit
ll
tt

Lul

, 4(?) *

The eyete$ tlae a fLret receiver f - l"L'

11 \ (2\
C\"/ - loo] and S\o/ * [.1r0ror0lt" BY

/1\
0t" (") - 6U0U/(a+OU). t{ctl the recaiver

eerteg wlth a flret recelver. In fact,

'to obt,aln
(3. t8)

,,,,0(n) - [on6*/(e+6*]1t8.J(a+6r]ltesl(s+0*)]l0g/(e+e9)l[6tcl(s+016]1.

t+here eaeh term ln brackets te a constltuent trffrsfer funetLon. It Le appar-

ant from the form of (3.1-B) that rhe po1"ee Okr k = 6r7r8n9r1CI are fdenll-

'f*.able aad e{r la the constent 0rro, where cr {e the product of the Polee'

$f"nce e {e tdentl"f{ab1e, so lE CI4. 1'taus g11 alx parameters are {denftflable'

Lern$a -3-:-5 Suppc-'se that there ic * compartment r

rnl_ttq{rsuehthet LeT and &-F*0 whenever

La assuned, wJ"thout Loss of generalfty, th*t, t" te nutnbered last among the

ttenexilltters,, Then the mefrlees J"n G.gl sre!'

::r: ' a(1) - [0, ". ",0r11, 
g(z] - tayXte2f,r: r treo(t)g] r. 

' 
(3.19)

':

EI*_f,, The hypoaheets ststes that slt colUpns of E afe t€f,o e!(cspt fot

bhe traat eol-uwr,* whtch le .IALt.,azLr... 
'&h 

(2lI-1' , clearlyl E - B(2)c(1)

wtrere , e(U end B{2} are'defined'J'n (3'19)

Flggplg-*3.3. i,te csne{der ihe Fystem lrr Fdgure ? ($ectlon 5}. It lF 6 sys-

ter* ln eertee $Lth L * /+ ae the laet traasmLttef" ?he syetem deeonposea

L,

r

. ealled the .as,t. !!4Ell:

€R and t€T-I-' lt

ri
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Lnto a transmttter subeyetem, Figure 4r and a recelver eubeyetem, Figure 5.

Propoel"tlcn 3.1 Suppoee that a system l"n aerlea has the follonlng propertles.

1. There Le eleher (a) a f{ret recelver pr (b) a last traneflltter.

2. One of tlte condltlone ((1) or (tf )) {n Le*nna 3.2 holds.

3. The syatem ls lrreduclbl"e"

Then the tranefer function 0 = O(2)oil), where the conet{tuent transfer

functl-ons are gJ-ven ln fcrmul-es (3.6), (3.4) and (3.17) ? for the fl"rst-

rece{ver c;}se, or ln fornulas (3.01, (3.4), and (3.19), for the last-ttansnltter

case. Horeover, the conetltuent transfer functlonc are tdentlflable.

Proof.; ?he decompoeltl"on, 0 - o(z)0(r) followe from Lemme 3.1. To obtaln

the fi"rst-recelver form, (3.17), re apply Lemmra 3.4 and the last-transmltter

fctm,,(3.i9), follows from Lernma 3.5. The fact that the csnetltuent trana-

fer functlone are ldentlfiable le a consequence of l,emflas 3.2 and 3.3.

-gl<eg19--1.-1 l'le conti.nue frcm Exanrple 3.2. In the tranaftltter subsystern,

Flgure /r r there Ls a elngle lnput and a alngle output and both occur ln

compartment 4, Morecver, C(1)B(l) = [1,0]tl,0ir = lr so .t6at the

second condLtlon ln Propoaltlon,3.l ls satlsfled, . Next r*e fl.nd the condl-

tl'ons under whlch 0.. ls lrreduclble. l{e recal"l rthat O, te. (alwaya) lrre-

duclble (Exanple 2.?) and sr:,lo lrreduclble under condltlon (2.10)(Exarnple

2.L)' Let condltlon (2.10) be aatlefLed, then 0 lg reduclble tf snd

only tf a. zeta cf one of the constltuent ttanafer functlons cot"nc{.des wlth

a pole of the other. Sow o(1) ls,glven ln, fornula (2.15) and o(2) ls

glvea Ln formula (2,9).' there are no cancellattons between these functlone
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[f and only

ol # ok, k * 6n7r8r9rlorLl, (3 .2c)

(3.21)(srr+'nr)*u 
,*ju 

0k+ 0*0'r 
*lu(***nt) 

* 0n t - I"'2'

where nl end nZ are the rsote of

b(zj (e) = "2 
* {oo*sz+03+04+0r)e * 01(03+g4).

rn concluslon, o(1) and o(2) are tdentlflabLe ar long ae the lrreduclbll-

Ity eondltiona, (2"10), (3"20), and (3.21) are aatlsfled'

-4gj!--1.| 
The lrreduclblltty conditlons may no't be easl1y deriveable'

es;pecial1y in 1arge systemsr,and mdreover, lt may tre dtfflcult to determlne'

Ei prl"or,l'; whe,ther ctr not ther+e condltlons sre snrtlsf led' It ls possllrle to

avoid the issue hy adopt.ing ttre pol.nt of vlew ttrat structural ldentifiable

a'l-tn6st eVeryrrhere ls a sUf f Icient crlterlg,, lrec6uSe, lrr Llrl-s cilSe I the ch:lnceg

of incurrlng, a po1nt at shj.ch,tl,re syslem 1s nct strucuural ldentlflabl'e (ln an

actuai experlment) ts negtlglble [7rSl' Towards thls polnt r:f'view'

Propoel-tlon 3.1may be madlf:!-ed to read as fcllr:ws'

10 10

ffry9-e-!t-1g11-*l-:!- If hypothesls (3) of llroposltlon

' -sJglgll -ts -Jrrgd-{gr-b,!s'* el-go-g L uvg r:glt-u*tg' then t}rc:

sltlon hold'fn che almost ever:yt*lrere sense'

(2,22)

3.1 ls changed to (3') gtg

cnnt:l uslsns of that Propo-

Moreover', lrreeluctbte almoet everywhere crlterla are less dlf f lcu1t to apply'

': "'
For l-nstrrnce, Ln alI the exampl.es dlscugserl above, the eysten satlsf les the

f o11 owing condl-tlons :

(1) livery compartment ls lnput reachable'

. (2j : Iivery 'cnrnparttoenc re&ches aL 1'east one ouEput '

(]) ,, 'llhe, system is without traps. 
'
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Systems satisfying these three cond{ticna are lrreducl.ble almost every-

where [7,81.

Rernark 3.2 Even though one adopLs the al-moet-everywhere point of view

the irredlctbtlity condltls:n* are aLll1 of slgnlflcance. For lnstance'

sotne conputer progr$$Ei assume Lrreductblllty {exp"ltcttly cr lmp1lc1ty t18l}.

In euch caaea, nunerlcal dlfflcultlea ean ar{se {ln the estl-matlon probLem)

when ln proxirnlty to a polnt where trreduelblltty falls.. The numerlcal

dtfftclltles become apFarent when we expand the tmpulee responee of the
lTrt T"rt n-t

compaftmental system as the exponentl-al sum Ol* t * Dre 
z- + ... + Drr* 

n

If the order of the syscem le n then we expeet to have n l lnearly Lnde-

pendent terms, l.e. (f) tlie n1 are dlstlnct and (fl) the Dt are nonzero.

A necegsary and sufflc{ent condttlon for cond{tl-on (i) and (ff) to hold ls that

tire aystem ls lrreqluclble. As the parameter vector approaches a polnt where

the lrreducible condltion$ are: vlerlated then either some of the nl coaleece

or Bofte of the Dt Lend to zero; el.ther cne cf these cLtcumstances ts apt

tb cauee numerical dtfflcultles ln the parameter eetlmatlon prcblem.

4. $yateus ln parallel In thf.e pection we conslder e syBten whose flort
.

dlagrarn ls deplcted ln Flgure 2. and whleh ls deectlbed be1ow.

The eyetenr (2.f), fg saLd ts be tn .Eg1:4.$g! lf lte cornpartnenta can be

tu\
eeparated lnto two dteJotnt subset,s, St*', k = irz, euch that there le no

flow betEreen t.heae subsete, i.e.,

*rJ '= B' I € s(1), J € s(2) '

In other words,

mente cen be nunbered

a

lfl

(4.1)

syscens is ln parallel if end onLy lf the eompatt-

such s, way that the cornpartnental oatrLx cen be
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pdftltLcned sB

Lenma 4.1 A

-*--:-.--l':
la expreselble

. ']: :, '] ''

r,rhere

,. 
o(k) (") * c(k) (sr_aft))-18(k),

Examplqj!.l The eyeeem ln Figure 5 (Seetton 5)

eubeysLeme are depLcted ln flgures 5(a) and 5(b)

the "shorttr branch le o(2)(") - 0r0rr/(s+6rr).

earller (Example :.1); lts transfer funeELon is

tranefer functlon le the eum of ltg constltuent

(4.2)

k - 1n2, (4.5)

la ln parallel. ?he conatituent

. The trancfer functlon for

The other branch t+as dlecussed

glven ln formula (3.1S). The

tranefer functlon as gLven bY

Ic
0

A(2)

1

j'Io"'
L-

where A(1) and A(2) ere submatrlcee of dLnensLons *1 * nl and' ' n, * tr',

reepeet{vely" l.le alao partlt{.on B and C aa

g a ts(l) ,s(z) l, , c o tc(l) ,*(2) l, (4.3)

whete E(1), B(2), c(1) and c(2) have rerpective d{meneion" tl " sg,

*Z * *8, nC * nl, and tC * *2. By subetLtutlng (4,2> - (4.3) into (2.2)

we obtsLn the following result.

system ln paralJ.el hee the property that lte transfet functlon

aF a Buu of conec{tuent transfer functlone,

s(e) - o(1) (") + o(2) ("), (4.4)

fornula (2.9> 
"

Certaln concepts fram the theory of direeted grapha (e.g.r see t15l)

are needed. Let D denote the dLgtaph (dlrected graph) of a cotttpartmental

natf,l:r A, L.€.1 a dlrecte[. arc Le drarr from eompsrtr0gnt J to (another)

conpaftment , t lf and only lf , ar, { O, A se-{uence frorn (conpartrnent) J
r.l

tol
l: 1 - uCI -t ul*" '*'L = L
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lf the product

= a a ... v * o"uoul oluz u {..-L'I-

The Lnteger t le the lgqeth of the aequence. A pqth le a sequence rshich

doee not. Lntereeet Lteelf , l.e'. * "u 
I ot lf s # t'

ertlsts ln D lf aad anlY

r (r)

Lemrqe *4 .1

that p lB

to a$ oufput

Let (A,g,C) be a syete$ (aa deecribed ln Sectlon 1). Suppoee

a paslelve lnteger such thet eech path from an {nput compart$ent

cornpartnent hae length > p. Then the Markov matrlees,

' '' : t,
1,1 - CA^B o 0, k * 0r1r...'P.

K
:

gfrqg.. The (f,J) entry of % is a eum of products of the form

c. s ... $ b For I'1, # O fhere must be an {nput compartnent-1v0 v0vl uk_luk ukJ K

u0 and an sutpul canpartmest uk, euch that there ls a sequence fron u0

to uk of length k. certalaly, there fiu*t exlst a path from o0 to uk

of i.ength k, Coneequently, k > p, whLch ls the deslred reeult.

'prorqqltlqll_4"L 
Suppase that e Eyste$ ln para11e1 hae the property that

:. (J\
the nunber of compartftant6 s'-', ln one canetLtuent' eay (a(Z) rg(Z) rC(2)),

:

Le sufflclently e$reltreo thst each path ln the other conetlluent, (A(llrB(1),

r'r \
C\t/), from an input co:npertmenE to an output eompartment hae length

" Zr(2) - 1. Then each ecnsttguent tranefer functlon le unJ.quely Ldentlflable'

Proof. Sy the hypctheele and Leruna 4.10

Slnce

u{t' -

M.3
K

c(1) (A(r))ks(1) -

cAkB - tc(1),c(2),

o, k = orlr, .. ,2n(2) ,- r.

[- rn(t) 1k 
' I [uttt 1

L' ro(') ro j 1"" l



* c(1) (a(1))kB(1) o .(2) (rr(2))ku(z) - 4t'
('t \

4." - \ la unlquely ldenttflable, k - 0,1''

Le$uns 2"2. o{Z} le un{querly tdenttftable and

gle o' unlquel'v solvnble.

..rzt(2) - 1:

henee o(2) *

2l

r M(2)..t 
'

In vlew of

o - o(1) le

9+gtr!p1"*_{-,_A Let 0 be the transfet functlon for the eyatern ln Flgure 5'

The ,rgrrort,, branch has one comlr{irErnent, 1.e., ,r(2) - 1, whlle the length

of Ehe path (there ls only one) from the lnput conparffient to the output

compsrrment ln the larger braneh ls 4. By Fropoeitlon o.t, 
_::"n 

eonetltuent

transfer funcgian la uniquely tclentlfl-able f rorn St t'loto O(2) (s) - trtrrt(s+er1)

uniquely ldentlfle" 05 and *lL, whl-le 04os6rgI'08'0g'610 are ldenti-

fLable from S{1} (Example 3"f). Not.Lee that all the parametere ln 0 are

ldentlflable frcn o, r*hether nr not the lrreduclblllty condlti'on (2'L0) le

eat la fled

5 . 
-very.*1-og:ln^gt{!y--L!gqg$'*Ec,!L 

i-Lrgly:ig-t1'!ss-

4. - .Sq4-J-ae."gq3e!Jse

The klnetlen of the trl8l-ycerlde (TC) molety cf plaema very lou denslty

tr-{.p*pr6t"e{.ns (VLDL) Ln man, ae dLscuss,ed,hy Zech et al [16], Berman [17]

anrl Del-es et al [18:! , nr,ay be eurnmar'{apd, es followe: Radloactively labeled

glycerol le i"nJected lnt$ the plesrna,to'.sefv€ se the glycerol backbone of
.:

the TG molety; the resuJ.tlng VLDL'T6 t,r6cer curve ls abeerved for forty-

etglht hours. Ttre comri&rtmental rnodel', S'fgurg 3, nay be deacrlbed ln Patts'



Conversion

%%%%
Figure

input

Glycer*l

Sg

VLU.-TG

8r& 8tr

4a 4r 8s

f5)
erHs'u s

LJ,/ su

6"tP"vtinpui
Ba

8s

Flgure 4. Free glyceral precursor sybsyetefi, Compartment 4 ls observed
(lndlreetly,r, sF a. con$equence of Lemma 3"5).

I'lalmendler et eL [].?l found that abc]ut 90X of the glyeerol" leavlng the

plaema coul-d be acccunted for by convereion to glucoee and C0, leaving

only a snlsll fraetlon for TG ayntheele:

The coclvere{on of gi-ycerol- lnto rhe TC detlvatlve le aR egterlfLcatlon

react1on ln t*hich three fatty *ctds attach to e glycetol molecule wl'th loes

of ttr0. The lnccrporatinn cf glycercl lnto TG follct*s tt+o pathrsys 6s

sholrn ln Flgure 5. SynLtreelzed TG then reacts r*1th ehoLesterol and proteln

to form pl-aema Tff-VLlL.

#
qcl

Figure 3- VtnL-tG kinetfcs. The tracer ls lnJeeted ints eompartment 4

(plasfirs). The obeerved VLDL-TC eracer curve Le y = xl+x6**r*x**xrt.

The free glyceral precuraor subsyelem, Flgure 4, descrlbee the

k{netlce of lntravenously lnJected glycetol trn plasma. Labeled glycerol, G*,

enterlng the plaerna (cornpartment 4) equlllberates with the glycerol pool

ifl a trs-phase deeay process lnvolvlng extfevascular (compartineflt 5) ex-

clrange.
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I'tt

gs

am@6@a%
f'lgure 5. Converalon eubeyetem: (a) elsw convere{sn pathlrey, (b)

..fes,e,e.ou,verelon pethwey. i * tro"r4 + 0u*24 i" r:beerved (lndlrectly'

&a et eons€quenee r:f l.,entmae 3.& and 3'5)'

Plasma VLDI-?C, Flgure 6, eonslets of a deltp{datlon chaln (1,6,7'B)

and a etngle eompartment (2L) t whlch fepresentB ct more elowly eetabollzed

eubfractlon of VLDL perElclee " The deltptdatlon chaln represents a specEtum

of deereaaing vLol,-TG partlcles. of bhe trlgtr-ycer{de eecreted rrrtth the

largeee parllcLee, a portlon l"s removed durJ-ng the dellpldatlon, wtrlch

occurs ae ttle particle getu emal.ler. The renar-nder of the perrtlel'ets TG

accompanf"es l-t tc the nexe step CIf the catabol{c caecade. The snalleet

VI,DL partlcLea {campartment 8} leavlng the dellpLdation are l"n the lDL fange'

fhe pantlong refioved durlng clett.ptdatlon csnvett back to glycerol and fatty

acl-d. The converteet gtycergl may reeycle through the syaten, but thls re-

cycling h*s been found to heve a n*gltgible effeet on the ovetall klnetlcs

[16J and lt hae treen omltred ln rn$re recent 4lecuaslong of rhe model t1S]'

8rg

input qft,ffifl{Sioxr4 + SgXe+}

6. VLSL-T0 subeyaEem.

8u

FLgure
cuf,ve

VLOI*T6 enters
obeerved.

.:'ia
?

| ,.------...
It----- --?'' ioutPut]

I t'.*-l-."
I

y - *ltuS*xt*xU*xrj. !6
eompartment 1. The VLDL-?S
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B, StructuraL {dentlflcatlon

lt ls l-ntetestlng that the deconpos{tlsn of the total system, Flgure 3,

for the purpose of etructural tdentlfi.eatlon, recovera the same eubeystems
:

thet were used to eonstruct the modeL ln the flrst place. The flrst atep

of tke decomposltl-on le achleved by expresaLng the eycten Ln aerl.ee, wlth

eompartnent l as the flrst recel"ver. The resul-tlng reeeLver eubsysten le the

VLDL-TO eubiyetear, FLgure 6, and the tranemLttet system le the eynthecls eub-

Bysten, Flgure 7.

8n

I
I
I

L________r,s:tl.g.t)

I

81

input+

82

no8lz*015*o1g

@a@a@a@a@*
S3

Flgure 7. $yntheele aubeyeten. The lnput la lnto comp&rtfient 4 and
y = 810*14 * 011*24 1* obeerved.

The deconpoeltlon of the ayntheele eubeyetem, Flgure 5, lnto constltuents t

FLgurea 4, 5(a), and 5(b), hae already been dlecuesed tn Examples 3.2 and

4.1, and lt was found (Exemple:.:i ttrat the transfer functlon for the

' /c\
syntheela subeystenr 01"'r, la a product of the eonstituent transfer func-

tlone glven ln formulae t2.9) and (2,15). The ttansfer functlon for the

VLDL-TG eubaystem ls

o(v) tru; =

u1,)
.LL' s*0rr*BrU

, utg
t ffiro

'l

0r.,
t-t(1' s+0r.*0r, \-

{
I

,{r

I

t
r

. '14
s+0i g

I
I

i.
)

*I

)l
I

.J

(5.1)
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Ttre {rreductb{llty condltlon for thie subeystent ls

*ra * {sl:nsta,0t4*s1ingl.B}, 8L7 # u'u. (5.2)

lrfe recaLlu from Exampi.e 3.3* ttrat the eynttresie subsyatem ls irreduetble lf

and r:nly Lf cr:rrdftlane (2.i.$), (3"20) and t3,2L) are eatlgfled. To theee $e

add ttre ceindltions wh{ch prohibtt coincldence between the rootB of one con-

Btlt1ent erensfer funetlon w{tt1 the zeraa of the otheri these are:

: : (e+6r,r+015) (s+or.O+0rr) (s+6rU) (e+0rU) n ULr(a+OrO+err) (e

.:
note)(u+9zo) + stZ6t3(s+or*) (n+0rn) * 91z0tl0t*(a+0ro)

I * uts(s+onr+err)(s+eru+0rr)(slor*) / 0 for

s--8kr 6 <-k < 11 or 8 r -nLr t = Lrl' (5'3)

ut # srz * sls * rL., 013 n g1o, 014 * g17o €18, 020. (5.4)

(n+sr,)oo Tu*+060' X(e+gn)Io ror
I| qk*oK Or.k*1

(5.5)
* - 0lZ - Ull * Otg, - *r, - rtO, - 0lr, - rt7, - glg, - 620.

Let ue &a6ume that ei-L theee lrreduciblltcy condftlone, (U.10), (3.20)!

(3.22', * (5.3), (5"4), and (5.5) are eshiefled. Condltlon (t) ln Lenna 3.2

holde beca-uee C(v)It(v) * i, ("v" ref crs Lo thc VLI)L-'fC subsysLenr) '

Thus,,by.?ropoelelon 3.1, the const{tuent tranefer functlons O(V) and

*(S) are tdenttflabLe" It, la nat dlfftcult to ehow't.hat the paraneters

8k, 1? 1 k < 20, *re {dentlflable from t(V)' thua, theee psranetef8

are l.denti"f teble (t enu'na 2. 3) .

Sinec *(s) ls identlft.abl.e, lte canstltuent transfer functlong 0(G)

anri 0(C) are ldenrtftable as shown ln Exarnple 3,3 (ttGttdenotea the free

glycerol eubrystem anrl "Ctt denotes the convere {on subayetem) . Nors
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Sk, 4 < k 
-<- 

1"1 are ldentiflable fram o(C) (Exampl,e 4.2t. lloreover,

A A ---! d I fr --- J !-- Ll I I -t Iol:oz, and sj + g4 are Ldentlftable from 6\*/ (Example 2.3). slnce

. 64 I's ldentlflsble, eo ia 93. Thua, Ehe eystem, Fl"gure 3, Lr ldenttfl-

able provlded that the J.rreductb{llty condltlone, glvea above, are satls-

fted.

I

c._ n&Sgsslgq

The maln obJective of struct,ural ldenttflabil{ty analysle le to a6cer-

taln the theoretlcal llmlte of the paraileter eetlrnatton problern. In practlce,

the esttmatlon of twenty pararreters from a slngle tracer curve Ls not feaslble,

even thcugh the data mlght be free of nolee. Ueually, thi.rteen relatlonahlps

; between t.he p€rameterc are atlpulated, a prlorlr leavlng only geven free

parameters to be eatirnaEed tfe1"

The lrreduclbttrlry condlr{ans, (2.L0)} (3.20)r tl"Zl), (5.3), {5.4), and

(5.5), gusrentee aystem tdentlfiablltty (lndependent lf whether or not a prlorl
i

telatLonshlps *re lmpoeed). The fact that the lrreduelblltty condltlons are

satl-sfied almosL everywhere (see emark 2.1) may also be deducecl from the
., i:

ctlterl€ epeclfled ln Qemark 3.1" Ual-ng Proposlt{on 3.2 ln place of Propo-

sl"tt-on 3.1. r,re'obtain system f.rlencfflable tn the alost-everywhere senee (wfth-

ii, out regard to the lrreducibilty condlttone). The trreduclblllty condltlorrs

may also play a role ln the parameter estlmatlon problem (eee Remark 3.2).
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llgure t.

Ff.gure 2 
"

F{gure 3,

Fl-gure 1r.

Fipure 5.

Flgure 6.

i,
Flgure 7.

Fl-gure CaPt'lone

subsyetems Ln ser{en: o = '1(2)o(l}'

sutr,systema Ln parallel"l o = o(1) + o(2) 
"

V1,D1,*T(; klnet.ics. The tracer la lnJected lntt'r 
-compartmenb 

4

(plasma) . The observerl Vt'ttt'-TC tracer curve {s y =

xr*xU-Fxr*x***Zl "

Freei 91 ycerol percursor subsyst'em' Compartment 4 ls observed

(fndliettly, as fl cotlsequence of Lemma 3'5)'

Conversl-on subsyetem: (a) slow cotrvers{on psthway' (b)

fast convers{on p"ar**v. 
'y * ulo*14 + *llnz4 ls observed

(lndLrectly, os a conBeqtlence of l'emrnae 3'4 and 3'5) '

Vl,DL-Tt; subsyatem. VLIIL-IIG lnpute into cornpartment 1 and

Y * xr-l-xu4xr*xr-l-xr1 1" observed'

The lrrput ls lnto cr:mpartment 4 and

ls cbserved"
Synt.henls subeYstem"

Y*oro*14*orl*24
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