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ABSTRACT
A ©ne^eosaponent plasaa has been studied by molecular dynamics

ca lcu la t ions to sitaralate the behavior of charged p a r t i c l e s in hes<ry-£on
storage rings,, The Harailtonian sseed confines the plar-saa in the
d i rec t ions l a t e r a l to the d i rec t ion of t rave l in the ring ia the frame of
reference which i s moving with the beaao The ressalto shoe? aa unexpected
Qtrat£££eat£oa of density £n the l a t e r a l direction,, and Q tendency
towards a firafc=me£ghbor coordination of 14(8+6) seetis ime£p£®Bit. On

h h l l e observe a t r i angu la r pa t te rn of p a r t i c l e aK-rang®a©nt.

IKTRODDCTIOW

la heavy=ion s torage r ings a plaeaa of bare or heavi ly ionised
n u c l e i , a l l wi th the saae mass and p o s i t i v e charge,, ia kept e £ r e u l a t i n g 9

with magnetic (o r e l e c t r i c ) focussing arranged so as to e©a££ne the
plaaaia to a narrow region around the equi l ib r ium o r b i t in the r ing o The
plasma taay be cooled by severa l aethodss among them e l ec t ron cool ing and
the newly suggested nethod of l a s e r eool£ng0 such t h a t the r e l a t i v e
thermal motion of the p a r t i c l e s with respec t to each o ther ia lowered„
al though the whole plaoaa io w r i n g around the r ing with v e l o c i t i e s of
10 era/see or aore o The number d e a a i t i e s i a such a plasaa can be
between 10-* and 10° ione/em3 and temperatwrea of r e l a t i v e motion of 1
degoK have beea reportedp t eape ra tu re s down to the inK range a re
ant ic ipa ted with laser eoolingo The p o s s i b i l i t y of observing

ia oueh eyoteras has been noted [ l ] o

He have node an atterapt to Qieaulate these eondltiono by computer
l dlynaai£co {2} wh£elhe w£thin the l imi ta t ions of the Hani£lt®a£aa

give £ dally detai led inforaiation on the atrraeture and dynain£eo of
fcho oyateao Tlha Ibaoie oosuaption £o that we have a Cartesian reference
frame m@v£ng a i t h thQ ^1®OHO beaa and that the ela8Qieal0 Wewtonian,



equations of motion may be used to determine the dynamics of the ions.
In addition, as will be seen in the next section, there are simplifying
assumptions about the confining potential,, which imply idealizations of
the magnetic fields that contain the plasma in a real storage ringo The
results obtained are rather unexpected and hence are being reported even
though the more realistic aspects of the conditions prevailing in storage
rings have not yet been incorporated,.

THE HAMILTONIAN AND BOUNDARY CONDITIONS

We use here a periodically repeating cubic box of length L
(expressed in terms of gome unit of length a 5 cm) in which there are N
ioraa with potential energy V (the summation over all periodic boxea being
implicit),

/r£j-H: £ l/2K(y£
2+z£

2)p

where xj, y*9 z« (i=l5N) are the coordintates of the N particles in the
bojtp r» , is the distance between the particles i and j (all in unite of £)
and V 18 the energy in units of Z2e2/£O (In a typical storage ring for
ions with charge Z the values of KZ2e2/£ range between 10 and
l(T i 2 erg/em2

o) If the value of K is largep the coordinates y t and z^
will be confined to a narrow region around the x axis and the plasma will
be spread in a cylinder along this axis,, continuing to the edges of the
box and joining onto the cylinder of plasma in the adjoining boxes0

In the uaual manner of treating a one=eomponent plasma with periodic
boundary conditions the double summation in v is evaluated using the
standard Ewald suomation method f i rs t used in fchia context by Brush,
Sahlin and Teller [3]8 them by Hansen and collaborators [h] in an
extensive study of the one=cooponent plasma,, and then by Slattery et al<,
[5] in a particularly detailed study of sueh systems,,

He note here that if the external field potential energy is modified
to include the x coordinate,, ioeo if i t is l^Kdt^+y^+Zj2) , one can
dispense with the periodic boundary condition altogether,, We shall
mention this point again below,,

The only parameters in our Hamlltonian are the diaensiona of the box
Lp the nutnber of particles N5 the confining potential K and the
temperature T at which the system is maintained using standard methods of
molecular dynamics [2]o

For such a calculation to be meaningful as an approximate simulation
of conditions in a storage ring, the parameters used must be appropriate,
in other words the value of K should be sufficiently large to confine the
particles in a pencil=like narrow region around the x axis with a
diameter much less than the cell siae Lo He may then expect that the
dynamics of the structure in *he pencil will be &nty"slightly perturbed
by the periodic boundary conditions,.

It should be noted that the present calculations only roughly
approximate conditions In the storage rings that are under construction
at several laboratories,. The time average of the focusing forces that
contain particles in a ring Is proportional to the displacement from a
mean equilibrium orbito Although most otoraga rings have periodic
strong-focuQing eletaentSj i t £d possible,, at loost in principle^ to have
a weak focusing ring where the restoring forced are constant In time0 In
WGak focuolng9 the magnetic field that causes the particles to follow a
closed orbits Is proportional to *"""•'*,, where r Is the bending radius,,



and the focusing force is equal in the horizontal (bending plane) and the
vertical (perpendicular to the bending plane) directions* This idealized
restoring force corresponds to the assumptions in the present
calculations „ with the circular motion neglected,, [ 1]

{0=10,000,

Under these condition the diameter of the pencil of plasma is found
to be less than 0<>6<, Before presenting the detailed results let us
consider what physical conditions such a calculation would represent.

Suppose that the unit length £ is Ool cm. The beam diameter will
them be <0<,0'6 ea? the temperature would be 2°snK for Z=>1 and 208K for
Z-90; while K°2o33cl0°12 dyn/cm aad 2<,QjdO'=8 dytn/em for the two
temperatures,, The number deaeity ~5 for this pencil with N=2000, 0.06
cni in diameter and 0o4 era in lGQgth9 will be 2x10 em" o These values
include the parameter range of storage rings envisioned at present.

Figure 1 ohowe the projection of the 2000 particles onto the y-z
plasGo The atrat if icatioa £n the direction perpendicular to the baao Is

-0.5 0
XC'BEAM"

Figure 1 Upper part? Frojoetiora of 2000 pa r t i c l e s in a aoleemloir
dyaoaieo ealeralafeiloa ®a£o fche plaae porpeiadiealar to fche
(SJ=OJS£Q) foir TalSOo LotJQff past? distributions of pa r t i c l e s
thQ ©otGir Bhell witlh ths she l l usafolded into a plaae,, All
but fcho £nmera@o£ sha l l show a o i a i l a r pattcrtio



quite dramatic, a«id immediately leads to the conclusion that there must
be many ir.ose intriguing properties to be analyzed. Here we shall present
a few structural properties of this system; dynamical properties will be
presented elsewhere,, The 3~dimen8ional pair correlation g(r) in the
system as a whole shows a sharp peak at r=0»092 and clear but broader
peaks at r=0,,17 and 0o245c Since,, as seen in Figure lp a large number of
the particles are in the outer shell , the overall pair correlation is
distorted by the fact that particles in this shell have no neighbors on
the outer side,, We have therefore analyzed the 3=dimensional g(r)
separately for each shell,, Moreover^ instead of the standard procedure
of presenting g(r) as a function of r, we plot i t instead in Figure 2, as
a function of the coordination number n(r)» It is clear that, except for
the outermost shell , the f i r s t peak in g(r) haa a coordination of 14.

In the louer part of Figure 2 we also show the two-dimensional pair
correlation between particles in the same shell,. I t is clear that for
a l l but the innermost shell , there are six neighbors under & sharp f i r s t
peak at r°0o092 and 12 snore neighbors under the broader second peak. In
a projection of particle coordinates,, which corresponds to unrolling the
cylindrical shells onto a plane, the triangular pattern of particle
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Figure 2 Upper parts Three-dimensional pair correlation function g(r)
computed separately with respect to particles within the four
ohello Qhoun in figure !„ I t is plotted against the

the number of particles included ap to o given
Losjeir parts The ' two°d£taenslonal° palw correlation

fmssefclon reots-ieted to particles within one ohollo for the
three ©is tar afoellso



positions Is clearly seen. The radii of the shello are 0o052s 0,13,
0o20c and 0.28 in the reduced units,, and their population 128, 370,, 616,
and 886o Assuming each of these surfaces to form perfect cylinders (an
assumption that becomes less valid as the radius gets smaller) and using
constant surface densities for the particles with nearest neighbor
distances a=0.092 and six first neighbors in a perfect triangular
arrangement, one would estimate 177, 443S 6825 and 955 particles.

The innermost shell has a simpler structure. There the particles
form a helical pattern around the x axis,, rotating about 120 degrees
about that axis between succe&sive particles. There is a tendency for
the sense of rotation to maintain itself for a number of particles; it
does not appear to be randomly distributedo

A calculation with only 100 particles (somewhat less than the number
in the inner shell) shows a clearly defined single shell of radius 0.04
(somewhat smaller than ihe O058 for the inner shell seen with 128
particles) and similar ordering,, Hhen the number of particles is reduced
to 40, the ions get distributed along the axis with only thermal deviations.

For the 2000 p-artlcle system the parameter V, which plays a central
role in determining the properties of a uniform one=eomponent plasma, can
be worked out for ©sir system,. Using the volume per particle to define a
radius rQ four this volume,, r°l/(rs T)« Substituting the data deduced
from this ease we get 1"°]"

11=2000, L°A9 j

In th i s ca lcula t ion with higher temperature and less severe confining
feree,, the she l l s t ruc ture in the l a t e r a l d i rec t ion i s leas well defined;
there are two reasonably well defined outer she l l s with the outer one
being a t a distance 0<,4 from the x axi8o The value of T for this calcu-
la t ion i s ~40 and the presence of a two dimensional t r iangular arrangement
on the surface of the l a s t outer she l l is s t i l l qui te e loar ly seen,, Thus
"ordering"? the presence of she l l s and a t r iangular two-dimensional
arrangement of Ions within the shells, , can occur a t ra ther low values of Fo

IS0TR0PIC CONFINEMENT WITH N~20Q0} L°45 K°10D000B T-1/9

This case was studied in order to ascer ta in whether the shel l
s t ruc tu re observed might have been induced by the presence of the periodic
boundary conditions that had to be assumed for the cy l indr ica l eas«s in
order to allow the Ewald sums to be evaluated,. With the confining
po ten t i a l spher ica l ly symmetric (1/2 K (x +y +z )) one may remove the
boundary conditions and compare the r e su l t s with and without them,, He find
very c lear spherical shel l s t ruc ture in both eases,, with rad i i a t 0o58,
0»485 0 = 410 Oo340 0o27D 0<,21o On the outer shel l the two-dimensional pa i r
co r re l a t ions show peaks a t r^0»080 and 0o151 in both cases,, with
coordination 6 and 18 o Figure 3 shows the shel l s t ruc ture in the case
where periodic boundary conditions were not used,, The figure caption
explains the manner in which the r e su l t s are presented,, Figure 4 Is the
usual Mereator project ion of p a r t i c l e posi t ions on the outermost shell,,

The close s imi la r i ty of the r e su l t s with and without the periodic
boundary conditions leads us to the conclusion that in the isotropic case
the boundary conditions are not responsible for the orderingp and thm« £t
seems reasonable to assume that the ordof seen in the eyl indr lca l ease is
likewise insens i t ive to the periodic boundary condition,,
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Figure 3 The abscissa is the distance along a lino Joining two poles of
the spherical distribution obtained with 3 dimensional
eoafinement and ao periodic boundary conditionso The ordinate
ig the distance of the particle frora this l£n®0
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Figure k For the calculation oeiatfioned in Figere 3S the Mereator
projectior. is digplayed for the positions of particles in the
owtermsst

CONCXUDING REMARKS

The calculations reported here iadieate clearly that naader the
conditions that oeea to be within reach of currently planned storage rings
ordered fltnuctnarea can occur which are aore complex aad richer than the
liqwid=l£ke and H£gner<=Qol£d structures that are calculated in uniform
©ne~eoEap<snGiat plaaraaso To what esttenf. th« ordering iato ohello aad the
eoiaaeqaent triomgralar ordering within the well defined ourfaess will
peraist whQim the Haai 1 toiafiani is Bade aosre realist ic thaa the ona ussd here
is new being tarest£gat©do



The assumptions made here cannot be satisfied precisely in a real
storage ring,, First of a l l , the horizontal focusing must be exerted on
particles traveling in circular orbits. It is obvious, that if a beam is
cooled guch that all particles are travelling at accurately the same
linear velocity, the order cannot be sustained if they are to each
maintain their velocity and travel in circular orbits of differing
radiio In other words, the horizontal focusing force has a shearing
component in the direction of travel. The elastic limits agaiat shear of
a condensed array of charged particles may be sufficient to resist
slippage of rows of particles within the beam, but these limits will
depend on the magnitude of the focusing forces. If slippage does occur,
the beam may become heated from the frictional forces.

Another complication is the effect of a restoring force that is
periodic in time,, and that more nearly approximates the design of the
actual foeuQing eleaents in storage rings under construction!, the so
called beta function. The detailed nature of the cooling process will
also have to be considered. These aspects of real storage flags will need
investigation before one can predict with any reasonable confidence
whether thiu form of order might actually be achievable in currently
envisioned facilities,.

Finally^ a theoretical basia to account for the calculational
consequences of the Hatniltomian used hare would be a very valuable
addition to our understanding of ordering in om<2~eofaponent plasmas.
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reported were done on ERCRAY0 Th® ini t ia l estploratory calculations were
made ©a the Cray 2 at the Supercomputer Institute of the University of
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