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Abstract. The deformation ofipplicablesurfaces such as sheets of paper satis-
fies the differential geometric constraints of isometry (lengths and areas are con-
served) and vanishing Gaussian curvature. We show that these constraints lead to
a closed set of equations that allow recovery offtiiegeometric structurdrom

a single imageof the surface and knowledge of its undeformed shape. We show
that these partial differential equations can be reduced to the Hopf equation that
arises in non-linear wave propagation, and deformations of the paper can be in-
terpreted in terms of the characteristics of this equation. A new exact integration
of these equations is developed that relates the 3-D structure of the applicable
surface to an image. The solution is tested by comparison with particular exact
solutions. We present results for both the forward and the inverse 3D structure
recovery problem.
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1 Introduction

When a picture or text printed on paper is imaged, we are presented with a problem
of unwarping the captured digital image to its flat, fronto-parallel representation, as a
preprocessing step before performing tasks such as identification, or Optical Character
Recognition (OCR). In the case that the paper is flat, the problem reduces to one of
undoing a projection of an initial shape such as a rectangle, and the rectification (or
unwarping) can be achieved by computing a simple homography. A harder problem is
when the piece of paper is itself deformed or bent. In this case the unwarping must
undo both the effects of the three-dimensional bending of the surface, and the imaging
process. The differential geometry of surfaces provides a very powerful set of relations
for analysis of the unwarping. However, most quantitative use of differential geome-
try has been restricted to range data, while its use for image data has been primarily
qualitative. The deformation of paper surfaces satisfies the conditions of isometry and
vanishing Gaussian curvature. Here, we show that these conditions can be analytically
integrated to infer the complete 3D structure of the surface from an image of its bound-
ing contour.

Previous authors have attempted to enforce these conditions in 3D reconstruction.
However, they essentially enforced these@sstraintdo a process of polynomial/spline
fitting using data obtained on the surface [16]. In contrasisekeethese equations, and
show thainformation on the bounding contour is sufficient to determine structure com-
pletely. Further, exact correspondence information along the bounding contour is not
needed. We only need the correspondences of a few points, e.g., corners. Other than its
theoretical importance, our research can potentially benefit diverse computer vision ap-
plications, e.g. portable scanning devices, digital flattening of creased documents, 3D
reconstruction without correspondence, and perhaps most importantly, OCR of scene
text.



2 Previous Work

A seminal paper by Koenderink [7] addressed the understanding of 3D structure quali-
tatively from occluding contours in images. It was shown that the concavities and con-
vexities of visual contours are sufficient to infer the local shape of a surface. Here, we
perform quantitative recovery of 3D surface structure for the case of applicable surfaces.
While we were not able to find similar papers dealing with analytical integration of the
equations of differential geometry to obtain structure, the following papers deal with
related problems of unwarping scene text, or using differential geometric constraints
for reconstruction.

Metric rectification of planar surfaces: In [2, 12, 15] algorithms for performing
metric rectification of planar surfaces were considered. These papers extract from the
images, features such as vanishing lines and right angles and perform rectification. Ex-
traction of vanishing lines is achieved by different methods; such as the projection pro-
file method [2] and the illusory and non-illusory lines in textual layouts [15].

Undoing paper curl for non-planar surfaces knowing range data:A number of
papers deal with correcting the curl of documents using known shape (e.g. cylinders)
[11, 19]. These approaches all need 3D points on the surface to solve for the inverse
mapping. In [16] sparse 3D data on the curled paper surface was obtained from a laser
device. An approximate algorithm to fit an applicable surface through these points was
developed that allowed obtaining dense depth data. The isometry constraint was approx-
imately enforced by requiring that distances between adjacent nodes be constant. In [1]
a mass-spring particle system framework was used for digital flattening of destroyed
documents using depth measurements, though the differential geometry constraints are
not enforced.

Isometric surfaces:In [10] an algorithm is developed to bend virtual paper with-
out shearing or tearing. Ref. [13] considers the shape-from-motion problem for shapes
deformed under isometric mapping.

3 Theory

3.1 Basic Surface Representation

A surface is the exterior boundary of an object/body. In a 3D world coordinate system, a
surfacer = r(X,Y, Z), (where (X, Y, Z) is any point on the surface) is mathematically
represented in explicit, implicit and parametric forms respectively as:

z=flz,y), Flz,y,2) =0, r(u,v) =(X(u,v),Y(u,v),Z(u,v)). (1)
Consider a smooth surfaceexpressed parametrically as:
r(u,w) = (X(u,v),Y (u,v), Z(u,v)), (2

which is a mapping from any poiift:, v) in the parametric (or undeformed) plana{
plane) to a poin{ X, Y, Z) on the surface in 3D (Figure 1). The sets {r(u,v), v =
const} and{r(u,v), u = const} represent two families of curves on the surface,
whose partial derivatives are tangent vectors to the curvesonst andu = const re-
spectively. These derivatives are often calimagent vector§d]. Let the second deriva-
tives ofr with respect ta; andv ber,,,,, r,, andr,,,. The element of distanes = |dr|
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Fig. 1. Parametric representation of a surface

on the surface is given at each surface pgintv) by thefirst fundamental fornof a
surface

ds? = |dr|* = ||vy|[2du®+2r, -, dudv+||r,|]?dv? = E du?+2F dudv+G dv?,
E(u,v) = [lr]?, Flu,0) =ry 1o, Glu,v) = [r,|.

The surface coordinates are orthogonalfiff= 0. The surface normah and area
elementdn can be defined in terms of the tangent vectors as:

n= """ _ \/EG_F?, dn=|r, xr,| dudv = EG — F? dudv. (3)

o |ty X 1y

Thesecond fundament&rm of a surface at a poirft:, v) measures how far the surface
is from being planar. It is given by

—dr-dn = L(u,v)du® + 2M (u, v)dudv + N (u,v)dv?, 4)

where L, M and N are standard and defined e.g., in [9]. For every normal section
through (u, v) there exist two principal curvaturéé, k»). The mean and Gaussian
curvature;H (u,v) and K (u,v) are

ki+ky 1EN—-2FM+GL LN — M?

H — K =hiky= —
2 2 EG — F?2 ’ ™27 EG —F?

()

3.2 Special Surfaces

Let us assume that we have a mapping of a point in the parametric falangto a
point in 3D (X,Y, Z). The mapping issometricif the length of a curve or element of
area is invariant with the mapping, i.e.

E(u,v) = |Ir,|* =1, F(u,v) =1, -1, =0, G(u,v)=|r,]|>=1. (6)
Lengths and areas are conserved in an isometric mapping

ds? = |dr|* = BE(u,v)du® 4 2F (u, v)dudv + G(u, v)dv? = du? + dv?,

dA =/ EG — F2? dudv = dudv.



The mapping isonformalif the angle between curves on a surface is an invariant of the
mapping ¢ = 0). It is developabléf the Gaussian curvature is zero everywhere.

K=0 = LN -M?=0. (7)

It is applicableif the surface is isometric with a flat surface (Eq. 6) and the Gaussian
curvature vanishes (Eq. 7) for every point on the surface.

3.3 Differential Equations for Applicable Surfaces
If we differentiate Eq. (6), we have:

Tyy Ty = Tyy Ty = Tyy Ty = Ty Ty = Ty - Ty = Ty - Ty = 0. (8)

This shows thatuu = (qu7 )/uuv Zuu)7 Tyy = (Xu117 KMM Zuv) andrm; == (Xmu }/1)1)7 Zm;)
are perpendicular te,, andr, and consequently, are collinear with the normal vector
to the surface.

n || (ry X 1) || Tuu || Tuw || Too, 9)

where|| denotes “is parallel to”. We can thus expresas
n =ary, = bry, = cry,. (20)
We can rewrite (7) using (10) as:
LN -M?*=0 = a|n|/*¢|n|]? = *|[n||n|]> =0 = ac—b*=0, (11)

wherea, b, andc are scalars, and

Ty _a _b_ Lo (12)
ryw b ¢ Ty
Therefore from (12) we have:
2W *W [ PW\?
902 Fu <8u8v> , for W=XY,Z (13)

Solving the set of nonlinear higher order partial differential equations (PDEs) (Eq. 13),
we can compute the surface structurim 3D, given boundary conditions (curves) for

an applicable surface. These equations may be solved by conventional methods of solv-
ing PDEs e.g. Finite Differences or FEM. However, we provide a much more efficient
method, based on reducing the solution to integration of several simultaneous ODEs.

3.4 AFirst Integration: Reduction to ODEs
Let W, = OW/0u, W,, = OW/dv. The functionsW,, (u,v) andW, (u,v) satisfy the
consistency conditions

ow, 0w,
o  Ou’
i.e. cross-derivatives are the same. From Egs. (13) and (14) we have

oW, oW, oW, oW, _ 9 (Wy,Wy) _ 0 (15)
ou v o ou  O(uv)

W=X,Y,2. (14)




Therefore Eg. (13) can be treated as a degeneracy condition for the Jacobian of the
mapping from(u,v) — (W,, W, ). This degeneracy means that the functidtis

and W, are functions of a single variable, which in turn is a function ofu,v) . In

other words:

3t =t(u,v) suchthaty, (u,v) =W, (t), W, (u,v)=W, (), (16)

whereW = XY, Z. In this case = const is a line in the parametric plane. Since

W denotes any ofX, Y and Z, Eq. (16) could hold separately for each component,
with some different mapping functionts (u, v), t,(u,v), andt. (u, v) specific to each
coordinate. However, these functions must all be equal because all are functions of the
single variable(u, v), which can be called thenappingor characteristic functiorfor

the surfaces. Therefore,

r, =1,(), 1r,=r,(), a7)

where ¢t = ¢(u,v). Denoting by the superscript dot the derivative of a function with
respect ta, we can writer,,,, andr,,, as

Tyu = f‘uﬁ7 Tyy = I.‘vﬁ (18)

ou ov

From Eq. (9, 18), we see that, andr, are collinear with the surface normal i.e.,
Iy||n, ,||n. Let us define a new vectev as :

W = uly, (t) + ot (t). (29)

Also note thatw is a function of the characteristic varialilesince the Jacobian of a
mapping from(u, v) — (¢, m - w) for a constant vectam vanishes:

d(t,w-m) OJtdw-m Itow-m ﬁr o,
o(u,v)  Ou v v Oou  Ou

O (t,w-m)

9 (u,v) =0

=Typ'M — Ty’ —
This means thatv is a function oft alone;w = w (¢). From collinearity ofw with -,
andr, it follows that two scalar functions,, (t) andh,(t) can be introduced as

Iy (t) = hy (t) w (t) , Ty (t) = hy (t)W (t) : (20)
By (20), and from Eq. (19), we have
why () +vhy(t) =1, hy ()T (8) — hy (8) Ty (¢) = 0. (21)

Therefore, Eq.(21) defines a characteristic line indheplane fort = const. While
the latter equation provides a relation between functions, tfie former implicitly
determines (u, v). Sinceh,, (t) andh, (t) are known, Eq. (21) givels(u, v). Note that
t satisfies the equation

ot ot

B (0) 5 = b () 5 =0, @)



which is aHopf-typeequation, a common nonlinear hyperbolic equation in shock-wave
theory [4]. The characteristics of this equation afe, v) which satisfies

ha (2)

t(u,v) =t(u+c(t)v), c(t)= T )’

(23)

Therefore, for any = const the characteristic is a line in they-plane. The properties

of the Hopf equation are well studied in the theory of propagation of shock waves
in nonlinear media ([4]). Along the characteristi¢cs= const, all functions oft are
constant, including,, (¢t) and h, (t). As follows from Eq. (21), in thgu,v)-plane

these characteristics are straight lines. The lines corresponding to characteristics are
also straight lines on the surface. In fact to generate an applicable surface, we can sweep
a line in space and the generated envelope will be applicable. Through every point on

Fig. 2. Characteristics lines as generator lines

the surface there is a straight line as shown (Figure 2) by:
r(t) =ury (t) +ory (1) + () plt)=-w(t), (24)

The above equations are sufficient to solve the basic warping and unwarping problems
for images based on information about the shapes of the image boundaries. The goal
is to find for any characteristic line, the variables(t) ,r, (¢), p (¢) , hy (t) @andh, (t)

and, finally,r (¢) from available information. To summarize the differential and alge-
braic relations for applicable surfaces, we have

r(u,v) =ury, (t) +or, (t) +p(t), Ty (t) =hy (&)W (t), Ty (t) = hy(H)W (1),

p(t)=—w(t), uhy(t)+vh,(t)=1, |[ru]’=1, vy -1, =0, [|r,|*=1.
(25)
3.5 Forward Problem: Surface with a Specified Boundary Curve
Here, we specify the bending of a flat page in 3D so that one edge conforms to a given
3D curve. We call this the forward problem. We generate the warped surface to demon-
strate the solution to Eq. (25). Lét’be an open curve on a pat¢ll C P in the
uv-plane, corresponding to an open cuiveén 3D. To generate an applicable surface
in 3D, knowledge of the corresponding curnigsand " and the patch boundaries in
the uv-plane (Figure 3) are sufficient. We know that the cuifVestarts from a point
A’ = (ug,vg) and the corresponding curve passes fromd = (X, Yy, Zp) and the
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Fig. 3. Generation of an applicable surface with a 3D curve. In this example a straight'line
thewwv-plane is mapped on a given 3D curie

point B corresponds to the poif?’. Due to isometry, the length of the two curves are
the same, and there is a one-to-one mapping from a dof#lain P to {2 C S, which
are respectively bounded Hy andI". For any point(u*,v*) € {2’ there exists a char-
acteristic,t = t*, which also passes through some point/dnAssume now thaf” is
specified by the parametric equations

u=U{t), v=V({), u®>+0>#£0.

Without loss of generality, we can selecto be a natural parameterization bf ,
measured from poin#l’; i.e. the arc lengths along the curve”, measured from the
curve starting point = t,

t t
5 E/ ds E/ Vdr.dr. (26)
to to

parametrizes the curve. L&Y : (U(t), V(t)) be in [tmin, tmax]- If We represent” in
parametric form ag = R(t), then due to isometry, will also be a natural parameter
for IV, and

U?+VvV?=1, R-R=1. (27)

The surface equations for afy, v) € (2’ are

ry ry =1, r,-1v, =0, r,-r,=1,

Uhy,+Vh, =1, hyty—h,t, =0, Ur,+Vr,+p=R. (28)

While the number of unknowns here is 14, (r.,, p, h., h,,) and the number of equa-
tions are 12 (Egs. 27,28) but two of them are dependent(Egs. incladingdh.,). For
unigue solution of Eqgs. (27,28), we differentiate Eq. (27) to obtain sufficient equations
to solve the forward problem

__hF L A __ Gu _ 9
Uhy +Vh, " Uhy+Vh, " Vgu+Ug, " Vgo+Ugi
FZR—UI‘U—VI'U,QUZU_E'Pua gv:V._R:'rv' (29)

Iy



These equations must be integrated numerically using, e.g., the Runge-Kutta method
[17]. To generate the structure of the applicable surface we need for any characteristic
line, the functionsr,, (¢),r, (t) andp (t); (ry (t), r,(t)) are obtained from the solu-
tion to ODEs, whilep (¢) is computed from the fifth equation in (28). The solution to
our problem is a two-point boundary value problem (bvp). Most software for ODEs
is written for initial value problems. To solve a bvp using an initial value solver, we
need to estimate,, = r,, (0) andr,o, = r, (0) .which achieves the correct boundary
value. The vectors,o andr,, are dependent, since they satisfy the first three equa-
tions (28), which describe two orthonormal vectors. Assuming(thatr,,r,, X r,) is
aright-handed basis, we can always rotate the reference frame of the world coordinates
so that in the rotated coordinates we hayg = (1,0,0), r,o = (0,1,0). Consistent
initial conditionsr,o andr, for Eq. (28) can be obtained by application of a rotation
matrix @ («, 3,~) with Euler anglesy, 5 and~, to the vectorg1,0,0) and(0, 1,0) ,
respectively. We also can note that for some particular cases it may happen that both
the functionsg,, andg, in Eq. (29) may be zero. In this case the equationsifpand
h, can be replaced by the limiting expressions fgr— 0, g, — 0. In the special
case (rectangular patch in the parametric plane), we can show that there is an analytical
solution given by:

r, = R’T‘R, r, = R. (30)

R

3.6 Inverse Problem: 3D Structure Recovery of Applicable Surfaces
Here, we seek to estimate the 3D structure of an applicable surface from a single view
(with known camera model) and knowledge of the undeformeglane boundary. For

contours in the contours in the
u(s),v(s) parametric plane image plane x(7). ¥(z)

,,—'d’

*| Inverse ODE Solver

l

Recovered 3D
surface structure

Fig. 4. Inverse Problem Schematic

any point(z, y) in the image plane, we can estimate the corresponding point imthe
plane and vice versa by solving the ODEs for the problem. The input parameters are the
known camera model, the patch contours indheplane and the image plane. Assume
that the image of the patcli?’) is bounded by two curves| andI?, the corresponding
patch(£?2) in the uv-plane is bounded by} and I3 and that the patck? bounded by

the two characteristics, = t,,in, andt = tnax (Fig. 4). We assume thdf; and I,

are piecewise continuous curves in theplane, and not tangential to the characteristic
linestyin <t < tmax. FOr any point(u., v.) € {2 there exists a characteristic= .,



which passes through some pointsignand some points of;. In the uv-plane these
curves can be specified by a natural parameterizatienU; (s1), v = Vi (s1) for I7,
andu = Us (s2), v = Va(se) for Iy, with u? + v2 = 0. Heres; (t) and s (t) are
unknown and must be found in the process of solution.

Iy and I correspond to the 3D curvas=r; (¢) andr = rs (¢), which are un-
known and found in the process of solution. Note that at the starting point or end point,
Iy and I; may intersect. At such a point the characteristic ¢.,;, Or t = tyax IS
tangential to the boundary or the boundary is not smooth (e.g. we are at a corner). In
casel; andl; intersect at = t,,;, andt = t,,, they completely define the boundary
of the patchf(2. These cases ar®t special and can be handled by the general method
described below. Assume that the camera is calibrated, and the relation between the
world coordinates =(X,Y, Z) and coordinates of the image plafe y) are known
asz = F,(r) andy = F,(r). What is also known are the equations fgrand " that
are images of the patch boundariésand ;. These equations, assumed to be in the
formaz = a1 (1), y = y1 (n) for I'f; andz = x2 (12), y = ya (12) for I'y. Herer,
andr, are the natural parameters of these curve§,) andr; (¢) are obtained from the
solution. The specification of the curve parameters as “natural” means:

UP+VP=1, af+y7=1, i=12 (31)
A complete set of equations describing the surface can be reduced then to
ry ry,=1 r,-r, =0, r,-1r,=1, (32)
ro= Uy —Up)r,+ (Vo —Vi)r, +11, 1;=35;(Ur,+V/ry),
Fy(v)) =zi(ri), Fy(ri)=yi(n), i=12
We have 16 equations relating the 15 unknoWnsr,, r1,rs, s1, s2, 71, 72). As in the

previous case, one equation depends the other 15 and so the system is consistent. After
s(t),r1 (t),r, (t), andr, (t) are foundj,,, h,, andp can be determined as

=W U -0
S UhVe—UsVy Y UhVa— bW,
This enables determination ofu, v) andr (u, v) , similar to the forward problem. Here
too the vectow is collinear to the normal to the surface (Eq. 19) and satisfies kn.

Let the rate of change of; be a constants;,. The ODEs containing the unknowns
(s1, 82,71, T2, Ty, Ty, p) CaN be written as follows:

D y P=TI1— Uir, — Vir,. (33)

kfy - by
e -by+cy[(ca-az)da+ Ga-ca)’

eobiveflea)ditGiel, yo_
fi b,

V2 — V1

s1 = $10t, 71 = $10C1 - A1, S2 = —

Ty = 52Cy - ag, k= —

Uy — Uz

5 hv = )
UIV2 — U2V U1V2 — U2V1
2,V F, (r1) +y,VE, (r;
a; (Ti7ri) = I( /2) /12 1/( 1)7 b; (Tiari) :y;VFw (I’i) _‘,I";VF’U (ri)7
X, +y1
C; (8iy Ty, Ty) = Uity + Viry, d; = 4y VE, (r;) — 2] VF, (r;), €; =ur, +v/r,,

f; = (ujhy + Vihy)n, G, = y,VVF, (r;) — 2;VVF, (r;). (34)

Iy, = khyn, p=—kn, h, =




To start the integration of the inverse problem, we need initial conditionsfos, 7,
T2, Ty, Ty, )0)-
Solution to the Boundary Value Problem: While the equation above can be solved

for a general camera model, we will consider the simple orthographic case here. We can
show these initial values here are:

to = 810 = 820 = T10 = T20 = 0, r19 = ryp = Iy,

Urg = Ugp = Ug, V1o = V20 = Vo, T10 = 20 = Fy (Y0), Y10 = Y20 = Fy (o),

and for the starting point in 30y = r¢ (0, Yo, 20) Wherez is some free parameter in
the orthographic case. Note also that at the initial point the formulake fand.,
hy= —2"" =172 (35)
U1V — U2V U1vV2 — U2V
are not acceptable, since the numerators and denominators are zero. However, we can
find Ao andh,q from

uphuo + voheo =1, $10 (Wighuo + Vighvo) = $20 (ubghuo + vaghwo) . (36)

The solution of this linear system specifieg, andh,¢ as a function oy, which can

be estimated from the free parameter, and is in fact one of the Euler apgglRecalling
that(r,,r,,r, X r,) is a right-handed basis, we can rotate the reference frame of the
world coordinates by Euler anglésy, 5o, o) so that we have,, = (1,0,0), r,0 =
(0,1,0). Further:

510€10 - b1o + kofio - b1io + S10€10 - [(Clo : a10) dip+Gio- C10} =0,
520€20 - bag + kofag - bag + $20C20 - [(€20 - @20) d2o + G - €20] = 0,
c10 - b1o = 0,ca9 - by = 0. (37)
These 4 relations can be treated as equations relating the 10 unkhk@wpg, r., ng

(ryo0,ry0 andngy are 3D vectors). Alsa,g,r,9, andn,y form an orthonormal basis,
which therefore can be completely described by the three Euler afagles,, vo) :

1 0 0
ryo=Qo 0|, roo=Qo[1], my=Qo | 0],
0 0 1

whereQ) is the Euler rotation matrix. This shows thgt, r,9, andng a three-parameter
set depending ofr, 59,70). Thus the relations Eq. (37) can be treated as 4 equations
with respect to the unknowns), «g, B9, Y0, fOr given sqo or kg, ag, Bo, $20 for given

70, and can be solved. Then

Po =To — UpTy0 — VoTy0- (38)

determinespy as soon as,, r,g, andry are specified. Furthermore, we can reduce
the four equations above to one nonlinear equation, whose roots can be determined by
conventional numerical methods [17].



We found that this equation has two solutions, and so the Euler angles have four
possible values. By choosing the free parameggiOrthographic case), we can set all
the initial conditions needed for the inverse problem. The challenge is to get the best
estimate ofy, so that the boundary condition specifying correspondence points (such as
the corners) is achieved. This is called #i@oting methodiVe do this by minimizing
a cost function/:

J = argmin H(ww ye) - F(r(tmax; Yo, F17 FQa F1/’ F2/))||7 (39)
Yo

where (z., y.) is the image coordinates of the 3D surface ending pift, Ye, Z.)
andr (tmax; Y0, [1, I2, I, I4) is the last step of the 3D structure solution dhds the
camera model function. Itis clear tHB{r (tmax; Y0, I1, T2, I'7, I5)) is the ending point
of 3D surface calculated by the ODE solver. Therefore, we change the free paragneter
until we can hit the ending corner or are within a specified tolerance of the ending point
in the image plane. If the number of the correspondence points on the edge available
exceeds the number of shooting parameters (say the 4 corners) a least-square approach
can be used.

Ambiguities: As stated in the inverse problem, the method relies on the boundary
information of the patch in the image plane. So, since some deformations can lead us
to the same images of the boundary, we have ambiguities. In these cases we need to
extract other useful cues such as texture or shading to resolve the ambiguities. This is
the subject for future work.

4 Discussion and Results

4.1 Simple Validation of the Forward Problem

The purpose of this paper is to present and validate the new method. For this purpose
we implemented the solution in algorithms. In the validation stage, we compared the
results for warping to a 3D curve with the following analytical solution corresponding

to a cylindrical surface

X =u— Unin, Y =Ncosp (v), Z=Nsinp (v), ¢(v) =v/N. (40)

To reproduce this surface we started our algorithm for warping with a 3D curve with
the condition that in theu, v)-plane the curve is a straight line,= u,,;,,, and the fact
that the corresponding 3D curve is

X(t)=0,Y(t)=Ncosyp(t), Z(t) = Nsinp (t). (41)

For this surface we have the initial conditions for integratioras= (—1,0,0),

ryo0 = (0,—sin g, cos pg) With o9 = vmin/N. We integrated the forward problem
Eq. (29) numerically using an ODE solver from MATLAB, which was based orithe
order Runge-Kutta method. The results were identical to the analytical solution within
the tolerance specified to the solver. We also checked that solution (30) is correct.

4.2 Forward Problem: Implementation Issues and Results

After initial tests we used the method of warping with 3D curves for generation of more
complex applicable surfaces. The tests were performed both by straightforward numer-
ical integration of ODE’s (29) and using the analytical solution for rectangular pathces



(30). Both methods showed accurate and consistent results. To generate an example
curveR(t) parametrized naturally, we specified another funcRui#) wheref is an
arbitrary parameter and then used transform

R(t) =R(0), % -

dR(0)

e |’ (42)

which provides’R‘ = 1, and guarantees thais the natural parameter. The function

R(0) used in tests was

R(#) =(P(0),Ncosf, Nsin#), P(0) = a10 + a26* + a30® + as0*, (43)

and some other than polynomial dependenétdg) were tested as well. One of the
examples of image warping with a 3D curve is presented in Figure 5.

3D warping curve
Image in the uv-plane

\‘;.

b

-150

(’ Forward -

Edge in the uv-plane 200

Characteristics

~250

Generated 3D
structure -300

a

Projected
surface

Tmage in the xy-plane

Fig. 5.'Forward’ problem: given a plane sheet of paper, and a smooth 3-D open curve in Cartesian
XY Z space. Our goal is to bend the paper so that one edge conforms to the specified curve. Using
the analytical integration of the differential geometric equations specifying applicability we are
able to achieve this. We can also achieve the same result not only for the straight line edge, but
for an arbitrary 2-D curve in thev-plane. The picture shown are actual computations.

For this case the boundary curve were selected in the form (43), with parameters
N = 200, a; = 20,a2 = 10,a3 = 10,a4 = —10 and we used Eqgs (31) and (34)
to generate the 3D structure and characteristics. In this example the characteristics for
this surface are not parallel, which is clearly seen from the graph in the upper right
corner of Fig. 5. The image of the portrait of Ginev@Bencia by Leonardo da Vinci,
was fit into a rectangle in thev-plane and warped with the generated surface. Further
its orthographic projection was produced using pixel-by-pixel mapping of the obtained
transform from the«, v) to the(z, y) . These pictures are also shown in Figure 5.



4.3 Inverse Problem: Implementation Issues and Results

To check the validity of the unwarping procedure, we ran the 2D unwarping problem
with synthetic input data on the patch boundaries and corner correspondence points
obtained by the warping procedure. The output of the solver providing.,, r., r,,

andp as functions of coincided with these functions obtained by the 3D curve warping
program within the tolerance specified for the ODE solver. The unwarped pixel-by-pixel
images are shown in Figure 6 as the end point of the unwarping process iy-the
plane. We ran the algorithm for small fonts. The original image has the same font size
everywhere and with the forward algorithm we warp the image. The unwarped image
has uniform font size everywhere, lines are parallel and right angles are preserved. The
output is noisy at the top of the output image, since in the image this information was
lost. We make the following remarks about the implementation of the inverse problem:

=", By w0

(@ (b) ©

Fig. 6. Inverse Problem for small font: a) original image b) warped by the forvﬁ(d) =
(aB(b — 63), Ncosh, Nsinf) wherea = 10,b = 2, N = 200 c) unwarped by the inverse
problem

Global Parametrization: In the inverse problem, we march the ODE'’s with respect
to the bounding contours imv-plane andry-plane. Therefore, for simplicity and mod-
ularity, we use a global parameterfor bounding contours that runs fromin [0,1]
on the first boundary tg = [3, 4] on the last. This parameterization gives us a simple
and exact way of tracking the edges at the boundary contours and the correspondence
between them.

ODE solver: To solve the ODE, we applied the Runge-Kutth and5th order in
MATLAB, except for the last edge of the ODE, where the problem was computationally
stiff. For this, we solved the ODE by Gear’s method [17].

Automatic Corner Detection by ODE solver: We need the corners in the image
plane for the boundary of the patch to solve the inverse problem. As stated, the global
natural parameterization of the curve in image plane, gives us an easy and reliable
feature for corner detection. Basically, the corner is reached whemd r>( global
parameters of , andl3) arel, 2 and3, respectively.

5 Conclusion and Future Work

This paper presents, to our knowledge, the first occasion that differential geometry has
been used quantitatively in the recovery of structure from images. A theory and method



for warping and unwarping images for applicable surfaces based on patch boundary in-
formation and solution of nonlinear PDEs of differential geometry was developed. The
method is fast, accurate and correspondence free (except for a few boundary points).

We see many useful applications of this method for virtual reality simulations,
computer vision, and graphics; e.g. 3D reconstruction, animation, object classification,
OCR, etc. While the purpose of this study was developing and testing of the method
itself, ongoing work is related both to theoretical studies and to development of prac-
tical algorithms. This includes more detailed studies of the properties of the obtained
equations, problems of camera calibration, boundary extraction, sensitivity analysis, ef-
ficient minimization procedures, and unwarping of images acquired by a camera, where
our particular interest is in undoing the curl distortion of pages with printed text.

References
1. M. S. Brown and W. B. Seales. Document restoration using 3D shape: A general deskewing
algorithm for arbitrarily warped documents ICCV 2001 2001
2. P. Clark and M. Mirmehdi. Estimating the orientation and recovery of text planes in a single
image InProceedings of the British Machine Vision Confereri@01
3. D.A. Forsyth and J. Ponce. Computer Vision: A Modern Appro@antice Hall 2003
. G.B. Whitham,Linear and Nonlinear Wave®ew-York: Wiley, 1974
5. R. Hartley and A. Zissermann. Multiple View Geometry in Computer Visio@&mbridge
Press 2000
6. J. Garding. Surface orientation and curvature from differential texture distortibridma-
tional Conference on Computer Vision, ICCM95
7. J.J. Koenderink. What Does the Occluding Contour Tell us About Solid SRepeption,
13:321-330, 1984
. J.J. KoenderinkSolid ShapeMIT Press, 1990.
9. G. A. Korn and T.M. Korn. Mathematical Handbook for scientists and enginedbouer
Publications, Inc.1968
10. Y. L. Kergosien, H. Gotoda and T. L. Kunii. Bending and creasing virtual pap¢EBEE
Computer graphics and applications, Vol. 14, No. 1, pp 40144
11. T. Kanungo, R. Haralick, and I. Phillips. Nonlinear Local and Global Document Degradation
Models Inint'l. J. of Imaging Systems and Tech., Vol. 5, No. 4, pp 220-2994
12. D. Liebowitz and A. Zisserman. Metric rectification for perspective images of plari&&lh
Computer Vision and Pattern Recognition Conference, pp 4824883
13. M. A. Penna. Non-rigid Motion Analysis: Isometric Motion @VGIP: Image Understand-
ing, Vol. 56, No. 3, pp 366-380992.
14. M. Do Cormo. Differential Geometry of Curves and Surfad@®ntice Hall 1976
15. M. Pilu. Extraction of illusory linear clues in perspectively skewed documenSHE Com-
puter Vision and Pattern Recognition Conferen2@01
16. M. Pilu. Undoing Page Curl Distortion Using Applicable Surface®mc. IEEE Conf Co-
mouter Vision Pattern RecognitipA001
17. W.H. Press, S.A. Teukolsky, W.T. Vetterling and B. P. Flanndlymerical Recipes in C,
Cambridge University Press, 1993
18. R.l. Hartley. Theory and practice of projection rectificatioririternational Journal of Com-
puter Vision, Vol.2, No. 35, pp 1-16999
19. Y. You, J. Lee and Ch. Chen. Determining location and orientation of a labeled cylinder using
point pair estimation algorithm limternational Journal of Pattern Recognition and Atrtificial
Intelligence, Vol. 8, No. 1, pp 351-371994

N

[ee]



