ESAIM: COCV ESAIM: Control, Optimisation and Calculus of Variations
October 2006, Vol. 12, 721-751 WWW.edpSCiences.org/ cocv
DOI: 10.1051/cocv:2006019

STRUCTURE OF STABLE SOLUTIONS OF A ONE-DIMENSIONAL
VARIATIONAL PROBLEM

Nung KwaN Yip!

Abstract. We prove the periodicity of all H-local minimizers with low energy for a one-dimensional
higher order variational problem. The results extend and complement an earlier work of Stefan Miiller
which concerns the structure of global minimizer. The energy functional studied in this work is mo-
tivated by the investigation of coherent solid phase transformations and the competition between the
effects from regularization and formation of small scale structures. With a special choice of a bilinear
double well potential function, we make use of explicit solution formulas to analyze the intricate inter-
actions between the phase boundaries. Our analysis can provide insights for tackling the problem with
general potential functions.

Mathematics Subject Classification. 47J20, 49K20, 34K26.

Received June 1, 2005. Revised October 19, 2005.

1. INTRODUCTION AND STATEMENTS OF THEOREMS

In this paper, we study the structure of H?-local minimizers for the following functional:
1
E(u) = / eul, +Wiu,) +u?dr  subject to u,(0) = u,(1) =0 (1)
0

where W is some double-well potential function usually taken to be W (p) = (p? — 1)2. In order to facilitate the
use of explicit solution formulas, in the present paper, we consider the special form of W (p) = (|p| — 1)? so that

W' (p) = {;Eg; 3 g g 8 W/(0F) —W'(07) = —4 and W (p) =2 — 460(p).

The reason for this choice is that the corresponding Euler-Lagrange equation for (1) is given by a linear differ-
ential equation with constant coefficients together with some linear jump conditions for the solutions.

As our goal is to investigate the relation between the critical points of £ and periodic patterns, we first
present the solution of a unit cell problem. For each I > 0, let P(z,[) be the function which solves the following
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boundary value problem:

€ Pyyaa(2,1) = Pyy(2,1) — P(z,1) and  Py(z,1) >0 forz € (=4, 1),
) Px(_lévl) = ( = 0, (2)
€ Pzzz(*ial

(existence and uniqueness of which will be stated in Prop. 3.3). Now let N = } be an integer and Q™ (z) be

the following periodic version of P(,1):

l

QN(iz+y)P<(1)i<y§),z) for 0<y<l and i=0,1,2...N —1. (3)

The following are our main results.

Theorem 1.1. There exist constants Cp, < 10, I, and e, > 0 such that for any 0 < € < e, if Cpre|lne| <1 <,
and N = % is an integer, then the function +QN (z) defined as in (3) is a stable stationary point of the
functional E(-).

Theorem 1.2. There exist constants Cg > 2% and €, > 0 such that for any 0 < € < €, if u is a weakly stable
stationary point of £(-) satisfying
C
Eu) < == (4)

[lne|’
then u(-) = QN (-) or —QN(-) for some positive integer N.

Theorem 1.3. There exist constants C's < 10 and €, > 0 such that for all 0 < € < €, and 0 < C < Cg, if
I = Ce|lne| and N = 1 is an integer, then Q™ (-) is unstable.
(Note that for the | in this theorem, E(QN(-)) = O(71+).)

[In €]

The notions of stationary points, their stability and relationship to local minimizers of £ will be given in
Section 2. All of the above results can be extended in a natural way to the Dirichlet {u(0) = u(1) = 0} and
periodic {u(0) = u(1); u5(0) = uy;(1)} boundary conditions.

Our results in essence establish the fact that if u is a stationary point of £(-) of low enough energy, then it
is stable if and only if it is periodic. Theorem 1.3 states that we have captured the correct range of the energy
values in terms of the stability properties of periodic structures. Our work hence extends and complements the
following theorem of S. Miiller which studies the structure of global minimizer for the functional (1) in the case

of W(p) = (p* — 1)%. Let Ay = 2f_11 W%(p) dp.

Theorem 1.4 [12]. There exists an €, > 0 such that for 0 < € < €, if u is a global minimizer of £(-) in the
class of periodic functions:

HZ(0,1) = {u € H*(0,1) : u(0) = u(1) and u,(0) = ugs(1)},
then u is periodic with minimal period T¢ = 2(6Age)3 4+ O(e3). Moreover,

y (x N T?) — —u(z) for z € (0,1) and E(u) = i(ﬁAOe)% + O

).

The motivations for the investigation of (1) are twofold. One comes from the study of coherent solid-solid
transformations which very often give rise to some fine scale mixtures of different phases with characteristic
length scales. The formulation of energy minimization in the modeling of these transformations can be found in
[3,4,8]. In the one-dimensional setting, the phenomenology of the formation of mixtures of different phases can
be captured to sufficient degree by (1) and related functionals. It is the combination of the strain energy W(u,,)
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which favors u, to be 1 or —1 and the elastic foundation term u® that leads to the formation of fine scale
structures. However, definite length scales are determined by the incorporation of the strain gradient or surface
energy term e2u2,. We refer to [16] for a more detail account of (1). The works [13-15] also consider some
nonlocal versions of u?. A two-dimensional model can be found in [9,10].

The second motivation is that (1) can be viewed as a regularization of some functional which is not lower-

semicontinuous. For example, the following functional

Eo(u) = /0 (W (ua) + u?) da (5)

does not have a minimizer. Instead it possesses a minimizing sequence {u‘s} 550 of the form that u‘; oscillates

between 1 and —1 with increasing frequencies such that ||u5 ||oo — 0. The incorporation of the higher order term
€2u2,, in (5) penalizes the oscillations in u, and hence limits their number. By simple compactness arguments,
a minimizer for (1) exists. Furthermore, formal reasoning leads to that (1) for 0 < € < 1 can be approximated

by
'l
Elu) = / 56A0|um.| +u*dz  subject to |uy| =1 a.e. (6)
0

where Ag = 2 f_ll /W (p)dp, or even more explicitly, by

1
E2(u) = / u? dz + €A x (number of times u, changes between 1 and —1) (7)
0

with u subjected to the same constraint. Assuming the validity of such an approximation, the minimizer u
of (1) can then be approximated by the minimizer of £ or £2. From this we infer that there is a collection of
roughly equidistant points {c;}’s at which u, changes between 1 and —1. In between these points, |u,| stays
very close to 1 so that u is very much like a sawtooth function. We call the transition of u, between 1 and —1
an interface and the region between any two interfaces a phase segment or simply a segment. See the following
Figure 1.

u(x) U (x)

8 l 8

ﬁ Segmentﬁ t

FIGURE 1. A typical pattern of u(z) and its derivative u,(x).

Interface

Another interesting feature of the functional (1) is the competition between multiple — two — length scales.
One is €, the interfacial width and the other is [, the length of the segment. The result of this competition is
that [ = O(e%) for the global minimizer of (1). Rigorous justification of the relationship between &, £ and £2
falls in the regime of I-convergence of functionals. We refer to [2,12] for a discussion of this approach for the
present problem. [14] also uses this method to study (1) but with u? replaced by eu? in which case, | = O(1)
and hence there is only one small length scale left in the problem.

In order to study dynamic problems such as gradient flows, the classification of critical points is also important
as the ultimate observed patterns of the phase transformations are consequences of both energetic and kinetic
effects. Our results state that (1) has many critical points but those having low enough energy and stability
property are in fact periodic. Hence a time dependent solution can very likely fall into the basins of attraction
of these local minimizers and stay there indefinitely. We refer to [1] for some experimental investigations of such
phenomena which is relevant to the current functional.
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There are relatively few methods that can be used to describe the structure of critical points compared with
those that can prove the existence of them. In addition, as (1) is a higher order variational problem, the usual
techniques for second order equations are not easily at our disposal. Even though it is plausible to use the
approach of I'-convergence to deduce that there exist local-minimizers which are nearly periodic (see [11] for a
general framework), to conclude other statements such as the existence and characterization of other types of
local minimizers or critical points, more precise estimates are needed.

Our approach, originated in [12], resembles that of asymptotic expansion. Theorem 1.1 is proved by following
quite closely the approach of [12], Theorem 5.1. However, the proof of Theorem 1.2 is much more delicate. It
requires careful analysis of the interactions between the interfaces. Our method can potentially be used to find
all critical points which do not fall easily in the regime of I'-convergence.

Our analysis is made possible by the special choice of W. It allows the use of explicit solution formulas.
Such a choice is also used in [16,17] in which detailed analysis is performed for the case when the number of
interfaces is small. We believe that our results can provide useful insights to tackle the case of general W’s in
terms of what types of quantities and estimates to be looked upon.

It is instructive to compare (1) with the following Allen-Cahn functional:

1 1
Fv) = / ev2 + W(v)dz subject to v, (0) = v, (1) =0 and/ vdz = 0 (8)
0 0

for which all the critical points are periodic and unstable except the global minimizer which has only one
interface where v changes between 1 and —1 [6]. This model thus cannot capture any fine scale structures.
Furthermore, the time dependent problem for the above functional demonstrates the existence of metastable
states — interfaces move with exponentially small speeds [5,7]. This is due to the fact that each pair of adjacent
interfaces gives rise to an exponentially small eigenvalue. However, for (1), we are dealing with algebraically
small eigenvalue.

1.1. Outline of Proof

Using the analysis of [12], we can easily deduce that any critical point w of £ with low enough energy has a
sawtooth shape so that |u,| &~ 1 away from the zeros of u, or the interfacial regions. This is seen by considering
the Euler-Lagrange equation of (1) which for smooth W reads:

W' (u
62“1111 = Mua:az — U.
2
If the distance between the interfaces are long, then the behavior of u can be described by €2uppes = WUM

for = near the interface and by WUM = u for x far away from the interface. From these observations, sharp

estimates can be deduced. Theorem 1.1 is proved by showing that the minimum energy E() of a monotonic
function u over a segment of length [ is a convex function of {. This is very similar to the approach of [12],
Theorem 5.1.

u(x)

Variation”,

A/ B C

FIGURE 2. An example of a variation for a pattern with a short segment adjacent to a long segment.
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However, in order to deduce the periodicity of stable patterns, we need to consider the possibility of short
segments. In this case, the above separation of scales is not quite useful. We need much more precise information
about the interactions between the interfaces. The core idea of this paper is to capture these interactions by
means of a propagation map which relates the behaviors of u at both ends of an segment. With this map, we
can find out the relationship between the lengths of adjacent segments.

As an illustrative example, consider the configuration of v and u, as in Figure 2. In this example, the lengths
of |AB| and |BC| differ substantially from each other. We now vary u by moving the interfaces at A and B.
The second variation of £ at u is found to be:

_1Bal
O™ <) +|AB|.

0%E(u) ~ —
In order to determine the sign of the second variation, we need to analyze the relationship between |BC|
and |AB|. This procedure falls into an unfortunately large number of cases which we will check one by one.
From this analysis, we conclude that each short segment leads to an unstable eigen-mode and hence in order
for u to be a stable critical point, it can only have long segments. Then a reasoning using first variation shows
that v must be nearly periodic. A final step using an implicit function theorem type argument concludes the
periodicity of w.

The outline of the paper is as follows. Section 2 gives the definitions of critical points of £, their (in-)stability,
and some preliminary estimates. Section 3 introduces the propagation map which will be used throughout the
paper. The proofs of the main theorems will be given in Sections 4-6. The Appendix states some regularity
property of the critical points of £ and also provides some explicit examples of unstable solutions.

2. EULER-LAGRANGE EQUATION

The Euler-Lagrange equation for the functional £ is formally given by

WI/ U
62”:8909090 = %U’li —u (9)
or, in the integrated form:
W/ . x
EUypy = % —/ u(y)dy + C  for some constant C. (10)
0

Note that there is an ambiguity about the meaning of W’(0) which occurs at the points where u, = 0. From
Theorem A.2, it is sufficient to consider those solutions u with only a finite number of zeros for u, so that
u is piecewise monotone. In this way, the ambiguity of W/(0) can be handled by imposing appropriate jump
conditions for u. However, we do not a priori limit the number of the zeros. The necessary formulation for the
solutions of (9) will be given next.

Definition 2.1. A function u is said to belong to class Z if u € C?([0,1]) and [0, 1] can be partitioned into a
finite number of segments {[c;,c;41] :4=0,1,... N — 1} for some positive integer N and ¢;’s: 0 = ¢g < ¢1 <
-.. < en_1 < cny = 1 such that
1. w is monotone (u; > 0 or u, < 0) in each of the segment (c¢;, ¢;11) and the sign of u, alternates between
adjacent segments, i.e. u, changes sign across the c;’s;
2. the zeros of u, are isolated. In particular, u, is not identically zero in any interval.

Remark. A priori, there can be two kinds of zeros for u,. One is the sign-changing zero ¢; which indicates
the location of the interface. The other is the interior zero which lies in between any two adjacent c¢;’s. The
sign of u, does not change across these zeros. We are mainly concerned with the sign-changing zeros while the
interior zeros can be shown not to occur for local minimizers or any stationary point of £ with low energy.
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In the following, the notation [f](x) refers to f(z™) — f(z7).
Definition 2.2. A function u € Z is called a solution of (9) if the following hold for all i:

EUgrre = Uze — U, T € (CiyCit1); (11)

ug(c;) =0 and uy >0 (or u, <0) forall z € (¢, ciq1); (12)

[Euzea)(ci) (= [3W (ua)] (i) = —2580" (uga(cs)). (13)

uy(0) = uz (1) =0, 62“909090(0) = —sgn” (uzz(0)), 62“111(1) = sgn” (uzz (1)) (14)

In (13), the symbol 2sgn*(us(c;)) refers to sgn(u.(c;)) — sgn(uz(c;)). In (14), sgn*(uz.(0)) and sgn*(uz (1))
refer to sgn(u,(07)) and —sgn(uz(17)) respectively.
Remark. Since u satisfies (11) in (¢;, ¢iq1), it is analytic. In addition, as u, is assumed not to be identically

zero, the zeros of u, inside each segment are automatically isolated and also do not cluster at the ¢;’s. Hence
the quantities sgn(u,(c))’s are well defined.

In fact, the following proposition states that we can replace the sgn* by the usual sgn.
Proposition 2.3. If u € Z and satisfies (13) and (14), then ugz.(c;) # 0 for i = 0,1,...N. Hence
sgn* Uy (i) = sgn(uzs(c;)).
Proof. The proof follows easily by contradiction. Suppose uz;(c;) = 0 and uz(c;) > 0 and uz(c; ) < 0. Then
we have Uyyy(c; Y >0and Ugzz(c; ) < 0 which contradicts (13). The other cases follow similarly. O

The following proposition motivates our definitions of solutions and stability.

Proposition 2.4. Let u € Z and ¢ € V> = C*([0,1]) ({¢(0) = ¢z(1) = 0}. Then the following statements
hold.

1. The first variation of £(u) with respect to v, defined as %%E(U + tcp)|t=0 equals:

N-1

{[usaa](ci) + 2580 (uzw(ci)) } pei) + {€Uprz(0) + sgn* (ues(0)) } (0)
=1

N—-1 reipa(t)
_ {eQuzm(l) — sgn™ (ug. (1 } (1 Z / (Uzzz — Upe +u)pdz.  (15)
i=0 ci(t)

In particular, w € Z is a solution (in the sense of Def. 2.2) if and only if %E(u + tcp)|t=0 =0 for all
p e V™.

2. Suppose Uz (c;) # 0 (which holds when u is a solution). Then there are Ct functions c;(t) such that
¢i(0) = ¢, and for small t, uz(c;(t)) + toz(ci(t)) = 0. Furthermore,

e (0) = — pa(ci) .

(In essence, the c;(t)’s are the sign-changing zeros of u, + ty;.)
3. Suppose uzz(c;) # 0 (which holds when u is a solution) and u, # 0 for x € (cl,czﬂ), i.e. Ug has no

interior zeros, then the second variation of £(u) with respect to o, defined as 5 dt?é‘(u + tgo)‘ equals:
t=0

1
/e%izﬂoiﬂo dx—2z|%cl : (17)
0

UCECE CZ
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Remark. In general, if u, has interior zeros, 9%&(u, ) # %g—;é‘(u +1tp)| . But by Theorem A.2(3) and
t=0
estimate (32) in Proposition 2.7 (presented later), this will not be an issue in our work. Again, if u is a solution,
the fact that u.,.(c;) # 0 follows from Proposition 2.3.

Proof of (15). To prove (15), we compute

1d 1d [
LAy =1 _/ € (tae + t0na)? + (o + toa] — 1) + (u+ t)? da
2 dt —o 2 dt J, i—0
1 1
to,| —
= / U Paz + UsPs + up dz — lim/ [tz + tpa] — ual dz.
0 t—0 0 t
The last term of the above equals
lim e & al = sl 4 4 iy [tal 4, (18)

As u, is assumed to have isolated zeros, we can ignore the second integral of (18). To simplify the first integral,
note that

W sgn(a)b if a # 0.

la 4 tb| —|a|
— =

< |b| for all a,b,t and %ir%

By the Lebesgue Dominated Convergence Theorem, we have

T t x| T !
lim e el T / sgn(uz )y dz. (19)
t=0 [, 20} t 0
The above steps thus lead to
1d v,
= —=&(u+tp) = € Uz Pra + (Juz| — 1)sgn(uy)p. + up da. (20)

Performing integration by parts twice on each segment (¢;, ¢;11) and using the facts that [u+tp] = [us +tp,] =
[Uge + toza] = 0 at z = ¢;, (15) follows.

It is then easy to infer the equivalence of u being a solution in the sense of Definition 2.2 and the vanishing
of its first variation for all ¢ € V°°.

Proof of (16). Tt follows from elementary computations. Since u, and ¢, are both C! functions and u,,(¢;) # 0,
we can use the implicit function to show the existence of C! functions ¢;(t) (for small enough t) satisfying
ug (i (1)) + tpz(ci(t)) = 0. Furthermore,

Uz (Ci(1))€i(t) + tpaa (ci(t))i(E) + pu(ci(t)) = 0
which leads to (16).

Proof of (17). We start from the first variation, %%S(u + ty) which equals

N-1 reipa(t)
= / 62(“:896 + 1) Paz + (U:c +tps — Sgn(“x + t‘P:C))‘P:c + (u + t‘P)‘de- (21)
C.
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The condition of no interior zeros for u, is to ensure that for ¢ small enough, there is no new zeros for u, + ty,
other than the sign-changing ones, ¢;(t)’s. Now (17) follows by differentiating (21):

civ1(t)
_@8 u+tp) = Z 28g0" (Uge (5 (1)) z (i ()6 (E) + / o2, + 2+ P da
C%(t)

and then utilizing (16). O

With the above definition of solutions, we have the next two useful formula:
1. the integrated version of (11): for = € (¢;, ¢i41),

x
o (o)~ Cutzsalel) = o) ~ [ uly)dys (22)
Ci
2. multiplying the previous equation by u,, and integrating from c;r to x gives:

2u2 (2)— (ug(w) —sgn(uz))? = 2u2, (c;)— 1+2(upaa (¢ ) +sgn(uy ) Juy —2 (/ u(y) dy> g (2)+u? (x) —u?(c;).

1 (23)
We are now ready to introduce the notion of stability and instability used in the statements of our main
theorems. For all u € Z, such that us.(c;) # 0, we make the following definitions:

V= H?(0,1) ﬂ{so'sox(o)= ( =0}, (24)
D(u,go):/ 2+ 2 de — 22 |u @) foruEZand@EV (25)
0 zx Gl
1
and 0?*E(u, ) = D(u, go)—i—/ ©* du. (26)
0

Definition 2.5. A function u € V is called a stationary point of £ if for all p € V,

exists and equals to 0.

d
- 4
Flutio) .

Definition 2.6. A solution u € Z of (9) is called (weakly) stable if
for all p £ 0,€ V, 92E(u, ) (>) > 0.
It is called unstable if

there exists a ¢ € V such that 9%&(u, ) < 0.

Remark. This paper will only consider the critical points of £ in the function space Z and their stability
properties. The reason why this is sufficient will be explained by the regularity results in Theorem A.2 which
also gives the relation between the above definition of stability and the notion of H?-local minimizers.

Next, we prove some preliminary estimates for any stationary point of the functional (1) having small enough
energy. The results are crude but important to prepare for our proof later. They are similar to the results of
[12], Section 2, and the proof will hence be omitted (or see [18]).

Proposition 2.7. Let u € Z be a solution of (9) and E be the energy of u:

1
E=&u)= / eul, 4+ Wu,) +u? dr.
0
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Then there exist constants E, < 1, €, C1,Coy > 0 such that for all € < €, and v with E < E,, the following
statements hold for alli=0,1,...N —1 and z € [0, 1]:

‘f u(y)d ‘<01E2 27

(27)
He umx(cz ) = 1| < C’lE2 (28)

lug(z)] <14 CLE?; (29)

lu(z)] < C1E3; (30)

le2u2, (i) — 1] < C1E%; (31)

lue(Z)| — 1) < CLET at all T such that g, (Z) = 0; (32)
Coeln E| < (cipq1 —¢i) < CLE3. (33)

In particular, if E is small enough, (32) states that within any segment (c;, ci+1), Uy does not have any interior

zero and also there must be a point T such that |ug(Z)| > 3. Furthermore, (33) states that the length of any
segment cannot be too long but is much longer than €.

As an application of the above estimates, we have the following lower bound for the energy inside any
segment (¢;, ¢;y1):

Lemma 2.8. Under the same hypothesis as Proposition 2.7, then for all € < €. and u such that E < FE,, it
holds that

Cit1 3
/ euZ, + Wiu,)dz > VG for all 4.
C

2

Proof.

Cit1 Ci+1
/ euZ, + Wiu,)dr > e/ . W(ux Ydz > 26/ VW (ug) g, de = =
C (&

2 i

since from (32), there must be a point T € (¢;, ¢;+1) such that |u,(Z)| > %
3. PROPAGATION MAP FOR EULER-LAGRANGE EQUATION

Here we introduce the propagation map which relates the boundary values at the end points of a segment
over which the solution u is monotone. Precisely, we consider the following boundary value problem:

Upprw — Uzs +u = 0 such that uz(0) = uz(l) =0 and u, #0 for 0 < x <. (34)
Uy(x)
For the case u, > 0, the initial and final values are
denoted by:
_ _ 2 _
(R,P,Q) (R’,P’,Q’) ’U;(O) —IR7 €Uxx(0) = P,l € ;L;mx(()) = QI
0‘ | x u(l) = R, eug(l) = =P, uzea(l) = —-Q".

FIGURE 3. The boundary value (See Fig. 3 on the left.)

problem for the propagation map.
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The existence of a unique solution to the above problem is proved in Proposition 3.3. In the actual application

of the result, the segment (0,7) will be one of the (¢;,c¢iy1)’s. As we are interested in the case of € — 0 and

&(u) < 1, by Proposition 2.7, we only need to consider the regime of I, R, R’ = o(1) and P, P',Q, Q' = 14 o(1).
Our goal is to compute the following propagation map as a function of [ and e:

(Ra Pa Q) —le (Rlv Pla Q/)

This requires solving (34). Its characteristic polynomial is €274 — 72 + 1 = 0 which has four roots A and +A:

14v1—4e 1—1e24+0( 1—+/1—4e2
+ < _ 2¢” +O(<) and A= {/——"° =14 0(&).

A:
2¢2 € 2¢2

The solution u of (34) is given by:
u = Ael® + Be M 4 CeM 4+ De™ M (35)

where A, B, C, D satisfy:

A+B+C+D =R
AMA-B)+AXC-D) =0
P

A*(A+B)+X(C+D) =L (36)
A3(A-B)+XC-D)=-%.
The exact solutions and asymptotic approximations for these constants are:
eP—A1Q —X’R e¢(P—Q —€R)
A= = +0() =0
N ( > | (€?) = ole)
eP+A'Q —e¢*X*R  €e(P+Q —¢€R 3
B = = 0] =
oVl — i 5 + O(€’) = e+ o(e)
P
. e (AR-L2+ %) SPEQER oo L (37)
= — 2) — =
2v/1 — 4¢? 2 2
2 (A2R-L2 &
€ Ae2 —eP — Q + R 2 1
Wi 5 +0(€%) 5 +ol)
Now, if u(I) = 0, we have:
A(AeM — Be ™) + N(CeM —De ) =0 or AeM =Be M- AT (CeM — DeM).
Then the solution form (35) for  becomes:
u(z) = (Be ™™ — M1 (CeM — De ™)) e Mer 4 Be™ ™ 4 CeM + De M (38)
which leads to the following expressions:
R = u(l) = 2Be M 4 (CeM + De M) — ¢(CeN — De™) + O(€2)
P = —ecupy(l) = 723%,\1 4 (CeN — De M) — ¢(CeN + De M) + O(e?) (39)

Q' = —€uze.(l) = (CeM — De=) — 2(CeM — De= M) + O(€?).
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Similar results can also be derived for the case u, < 0. Then we would write
P = —€uys(0), Q= Uppe(0) and P’ = euzr(l), Q = € tzaz(0)

so that P, P’,Q, Q' are all positive numbers.
The following classification of segments is crucial to our approach.

Definition 3.1. A segment (c;, ¢;11) is called long if (¢;41 — ¢;) > 10¢|lne|. It is called short otherwise.

By means of (37), we now expand the formulas (39) so as to relate (R', P/, Q') to (R, P, Q). The results are
grouped into four categories.

Proposition 3.2. Let Q = 1 + a and v = e~<. For any c¢1 > 0, there exist €, and l, > 0 such that the
following expressions hold for all € < €,:

Long positive segment. If u, > 0 and 10¢|lne| <1 =L <I,, then

P =Q+eR+0O() (40)
P =Q —eR +0(e%) (41)
/ L ° al® 3 2

R :R+L72€+OLL72€OL+F+T*€RL+T+O|L|+O(€) (42)
/ L al? / 3 2

P =Q+ R+§fe L+TfeaLfeR +o|L°| + O(€7) (43)

L L?

Q/Q+<R+§e)L+aTeaL+o|L3|+O(62). (44)

Long negative segment. If u, < 0 and 10¢|lne| <1 =L <I,, then

P=Q—-¢cR+0(e), (45)
P =Q +eR + O(%) (46)
3 2 3
R':R—LJrQefaLJrQeaf%Jr%feRLf%+0|L3|+O(e2) (47)

L L?
P’Q<R§+€)L+a7eaL+eR'+o|L3|+0(62) (48)
L L?
Q’:Q—(R—§+€)L+aT—eaL+0|L3|+O(62). (49)

Short positive segment. If u, > 0 and | < 10¢|ln¢€|, then

P =Q —2Qv* + eR+ O(?) + o(v?) (50)
P'=Q —2Qv? — eR + O(?) + o(v?) (51)
2
R =R+1—2c+al —2ea+ % — €RIl + 2ev? + o(ev?) + O(€?) + o(v?) (52)
2
P =Q—-2Quv*+ (R—i— % - e) I+ % —eal — eR + O(e?) + o(v?) (53)

/ ! al? 2 2
Q:Q+(R+§—€)l+7—€al+0(€)+0(V)' (54)
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Short negative segment. If u, < 0 and | < 10¢|lnel, then

P =Q —2Qv? — eR+ O(?) + o(v?) (55)
P = Q' —2Qv? + eR' 4+ O(é?) + o(v?) (56)
2
R = R—1+42—al+2ea+ % — €Rl — 2e1” + o(ev?®) + O(€?) + o(v?) (57)
2
P =Q-2Q* - (R — % + e) I+ % —eal + R + O(€%) + o(v?) (58)
' ! al? 2 2
Q =Q—- R—§+e Z—l—T—eal—l—O(e)—l—o(u). (59)

We make the following remarks about the above expansions:

1. if [ > 10€|lne|, then e~ < O(€2);

2. for all 8, if £(u) is small enough, then 12 = ¢~ < § (see (33));

3. e M =0v? 4 o(1?);

4. the expressions (41), (46), (51), and (56) come directly from (39) and are consistent with the formulas
for R', P', and Q' (such as (42), (43), (44) and so forth);

not all the terms are relevant in the actual analysis. In fact, we just need to keep the terms of order up
to L?,12, and 2.

As a first application of the above solution formula, we have the following existence and uniqueness result
for the solution of the initial-final value problem (34). Hence the functions P(z,1)’s are well defined in (2). The
proof is elementary [18].

ot

Proposition 3.3. There exist L., a, 3 > 0 such that for all 0 <1 <1, and Q,Q’ satisfying |Q — Q'| < al and
|Q + 1| < 3 the following boundary value problem

EUpzzz — Uge +u =0 for x € (0,1) (60)
uz(0) =0; ugx(l) =0;
€2u939393(l) = Qa 62“939393(0) == Q/

has a unique solution w. In addition, u,(x) > 0 for x € (0,1).

Before leaving this section, we introduce some notations to be used in all of the following analysis and figures.
The function u always refers to a function from Z which solves (9) in the sense of Definition 2.2. The triples
(Ri,£P;, +Q;) and (R}, £P!,+Q!) denote the values of (u, €uyy, € Uyyy) at ¢; and ciy1- The £ are chosen
according to the sign of u, in (¢;, ¢;11). With this notation, we then have

Rj=Ri11, P/ =Py and Q)+ Qi1 =2.

?

4. PROOF OF THEOREM 1.1

In this section, we will prove the stability of periodic structures with long periods. The approach is similar
to [12], page 199, and hence we will just outline the steps and state the key estimates.

By approximation, we can assume that ¢ is C°°. In this case, we have the expression (17) for the sec-
ond variation of £ with respect to ¢. In addition, the zeros {ci(lf)}f-v:_l1 of u,(x) + tp.(x) are C* functions
satisfying (16).

We first present the following result which essentially establishes the convexity property for the minimum
energy value in a unit cell.
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Proposition 4.1. Let P(z,1) be defined as in (2) and

E(l) = / P2, + (P, —1)* + P2da.

L
2

Then

1

1. /2 02, + (v, — 1)? +v? da > B(I) where v, >0 for x € (—L, L) and v, (£5) = 0.
1

733

(61)

2
2. There exist constants Cp, < 10, L. and €, > 0 such that for any 0 < € < e, if Cprellnel <1 < L., then

for some constant C,

‘E(l) - (2e—|— Sll=er(E+f)

‘E’(l) e I GRS

gcz(z%%)-

o~ BT

()

(62)
(63)

(64)

This proposition is basically the same as [12], Theorems 4.2(i), 5.1. In the current work, the proof can be carried

out in a more elementary way due to the presence of explicit solution formulas [18].
Now Theorem 1.1 follows easily as shown below. For small enough ¢,

N—
E(u+tp) > E(l;(t)) where I;(t) = cit1(t) — ¢ (t).
=0

,_.

As E(u) = ), E(1;(0)), the above leads to

and E(U + tp)

> Zdt2

o9 = X )

t dt2 t=
t=0 t=0
Since
%E(li(t)) = E'(Ii())i;() and %E(li(t)) = E" (1)) (1s())* + B (Li(£))l:(2)
we have
& eure) 2 EE 0+ EW0)
- E"<z>z<zi<0>> +E()32(0(0))  (since 1:(0) = 1)

= E"(1)) (1:(0))* (since 3,1 = 1)

%

> M1 (i(0))*  (by (64))

%

where the constant M can be chosen to be close to % (independent of € and 1). The desired result follows by

using the facts that [;(0) = é¢;11(0) — ¢;(0) and also (16).
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5. PROOF OF THEOREM 1.2

The essence of the proof is to analyze the patterns consisting of both long and short segments and show
that they have negative second variations. This is achieved by careful consideration of the interactions and
matchings between long and short segments. We rely heavily on the formulas derived in Section 3.

To prepare for the proof, we first show that there must be at least one segment of length longer than 5L
where L = 10¢|lne| is the length of a long segment (see Def. 3.1). For if otherwise, by Lemma 2.8, we would
have

E(u) > (no. of segments) x (lower bound for the energy in each segment)
3

- 13
el S
4 200|1In €|

5L
contradicting the smallness assumption on the energy (4). -
Now let (¢;,¢i41) be any one of the segments with length > 5L. Assume for the moment this segment is not
at the boundary. Consider the two adjacent segments (¢;—1,¢;) and (¢;41, ¢iy2). The following three cases can
happen:

1. If both of them are short, we call the collection of segments {(c;,cj41) :j =19 —1,4,4+ 1} SLS.

2. If only one of them is short, we call the same collection of segments SLL or LLS.

3. If both of them are long, without loss of generality, we consider the segments to the right of (c; 11, ¢iy2).
We keep searching to the right until we find a short segment (cg,cr4+1). By Proposition 5.2 (proved
later), the segments {(cj,cj+1) :j =1¢,...k — 2} have roughly the same length. Now if ¢ — cp—1 >
(k-1 — ck—2) > 2L, then we consider the collection of segments {(c;,cj41):j =k —2,k—1,k} and

call it LLS. If otherwise, we then consider the collection {(¢j,¢j41) :j =k —3,k—2,k — 1} and still

regard it as LLS. (Note that in this case, the segment (cx_1, c) is not yet known to be short according

to Def. 3.1.)

If the initial long segment (c¢;, ¢;4+1) is at the boundary, we can reflect the function u across the boundary point
(which is admissible due to the boundary conditions). Now the segment will have at least one long segments as
a neighbor. Hence only the cases 2 or 3 above will arise.

In view of the above discussion, if v has both long and short segments, then it must contain a pattern of
SLL, LLS or SLS. Hence Theorem 1.2 will be proved once we establish the following claims:

Claim 1. If u has a chain of adjacent long segments, then a sub-chain of them must have roughly the same
length.

Claim II. If v contains any of the patterns LLS, SLL or SLS, then it is unstable.

Claim III. If u is a (nearly periodic) pattern with low enough energy with only long segments, then it is
actually periodic.

We now proceed to prove the claims. Their precise statements will be given along the proof.

5.1. Proof of Claim I

Lemma 5.1. If both (¢;—1,¢;) and (¢;,civ1) are long segments, then
Qi_1=140(%) and Q;=1+0(e). (65)
Proof. Consider the point ¢;. By (41) and (45), we have
P, =Q. | —€R,_,+0(®) and P;=Q; —eR;+O(?).

Since P/_; = P, and R,_; = R;, it follows that Q;_; — Q; = O(e?). This, together with the continuity
condition (13) — Q}_; + Q; = 2 — gives the desired statement. O
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Proposition 5.2. If {(¢;,ciy1), i =m,m+1,...,n} are all long segments, then there exists an L. > 0 such
that
L. ,
|R;| — 5 € =o(e) for i=m+1,...n; (66)
and L;=ciy1 —ci = Le+o(L?) +ole) fori=m+1,...n—1. (67)

Proof. First, by the previous lemma, we have Q; = 1+ O(€?) for i = m + 1,...,n. Then (44) and (49) lead to
Li 2 .
Ri::t?:FeJro(Li)Jro(e), i=m+1,...,n. (68)

Hence we must have |R;| > O(¢) for the same range of the i’s.
Next, by setting = ¢;41 into (23), we obtain

uly(cip1) — uly(ei) = u’(cipa) —w?(e;) or Py — PP =Ri, — R},
Upon summing over the ¢’s, it holds that
2 2 2 2
PS— P’ =R, - R;.

By restricting m 4+ 1 < 4,j < n, we can again invoke Lemma 5.1 which together with (40), (41), (45) and (46)
gives
(1+eR;)*> — (1+eRi)®> = RS — R} + O(¢?).

If RZRJ > 0, then

(1+eR;)* — (1+eR)® = RS — R} + O(¢?)
2¢(R; — R;) = (R — Ri)(R;j + Ri) + O(*)

R;—R;, = L&) =o(e) (since |R;|,|R;| > €)
I "R+ R +2 B '
Similarly, if R;R; < 0, then
__ 0
R; + R; RZ—Rj—i-QeiO(e)

To conclude (66), we can just take L. to be any of the 2(|R;| 4 €)’s. Statement (67) would also follow from (68)
which now says L; = L + o(L?) + o(e). O

The following corollary is interesting in its own right even though it is not used in the later parts of our proof.
It demonstrates that just the consideration of the first variation can already lead to some strong conclusion.

Corollary 5.3 (nearly periodic structures). If u € Z has only long segments, then it is nearly periodic in the
sense that there exists R. and L. such that (66) and (67) hold for alli=0,1,...N — 1.

Proof. We can extend the conclusion to the boundary segments because it automatically holds that €y, =
+1 + O(€?) at the boundary points. This is what is actually needed in the proof. O
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5.2. Proof of Claim II

Without loss of generality, it suffices to consider the following categories of patterns for u, (Figs. 4 and 5):

LLS (Long-Long-Short). SLS (Short-Long-Short).
|[EA| = L1 > 10¢|ln¢|; |AB| = L > 10¢|lne¢l; |[EA| =m; |AB| =L > 10¢|lnel;
|BC|=1<3|AB. |BC| =1; |EA| |BC| <152
" (RHP . Q) "
E b cBlic R, .0, R0
e /] E/ Az B/
(RO’PO’ QO) (R,, P, Qz) . - 7S
(R, B.Q) (R,F,Q,)
FIGURE 4. An LLS pattern. FIGURE 5. An SLS pattern.

We will produce test function ¢’s such that 92€(u, ¢) < 0 for the above patterns. They are constructed by
moving the interfaces and are given precisely in the next section.

5.2.1. Construction of test functions

Consider the following second order (Allen-Cahn) equation:

W'(U.
€2U:c;cac = (2 ;c)

such that U, (£l) =0 and U, > 0 for |z| <.

or equivalently, €U, .o = U, — 1

The solution, considered as a function of x and [, is given by:

Un(r, 1) =1 - S5
eec fe ¢

Let v2 = e~ % — note that 2[ is the length of the segment. Associated with the above function are the following

quantities:

1/1—0v? 1/1—0?
Us (lal)z<1+y2)a Uxm(lal)ifz <1+V2)
1/1—0v? 1/1—0v?
@W%U:ZQ+ﬂ)’@Mﬁ_Z(HyJ
1 1
Uaaa(_l7l) = T 5 Uaaa(lal) Y

1 [(1-12\?
Uml(*l,l):*e—g <1+1/2> : Uxml(lal)€_2<m>

which will be used to compute the second variations.
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Making use of the above U,(z,l), we introduce two types of test functions which mimic the movements of
the interfaces (Figs. 6 and 7):

Type one — F,(x,l) —

movement of one interface :
I x -1 X
FIGURE 6. Type one variation.
Ug(z — $,14 %) = Up(,1) Uselz, 1) Ug(2,1)
F. — 1 2 2 ) _ _Yazlh T Y
2(@,1) = fimy 5 2 T 2
Then F satisfies the following estimates:
1 /102
F.(=ll)=0, F.(,1])=-
- ran-2(15%)
1
1
/ EF2 + F2de = —(1 — 4% 4+ o(v?)) (69)
—1 €
F(l,1) — F(=1,1) = 1 — 42 + o(1?). (70)
U)C
Type two — G, (z,l) — 8/ 5
translation of two aU I ox *
adjacent interfaces
FIGURE 7. Type two variation.
Upg(x £6,1) — Ug(x,l
Gy(z,l) = ;imo (= ()5 (9 = +U,.(x,1).
Similarly, G satisfies:
1/1-v? 1/1-v?
Gu(=1,1) = +- (m) ;o Ga(ll) = ¥ (m)
1
2
/ G2 +G2dx = Z(1 — 2% 4+ o(v?)) (71)
—1 €
G(,1) - G(=11) = 0. (72)

A bit of motivation for the following analysis is in place. From (69) and (71), the negativity of the second
variations comes from —v2. So our goal is to characterize v? as accurately as possible. It turns out that if a
short segment is adjacent to a long segment, then its length cannot be arbitrary. This is due to some intricate
interactions between the long and short segments. We will use the results of Proposition 3.2 to provide some
lower bounds for the values of v2. It is unfortunate that the present approach requires the consideration of a
large number of cases.

We now proceed to analyze the patterns LLS and SLS.
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5.2.2. Instability of LLS
We refer to Figure 4. Consider the point A. By (40) and (65), we have

Py=1+¢eRy+0O(?) and Qo =1+ O(é). (73)

Using (43) and (44) for the propagation map (Ro, Po, Qo) — 1 (R{, P}, Q)), at B, we have
/ L 3 2
Py=1+ R0+§fe L —€eR1 4+ O(L”) + O(¢?) (74)
/ L 3 2
Qy=1+ R()‘FE*G L+ O(L?) + O(e). (75)

Next consider the triples (R}, P}, Q}) and (R1, P, Q1) associated with the point B. Let v? = e~<. By (41)
and (55), the following hold:

P} = Q) — Ry + O(é?) (76)
Py = Q1 —2Q1v* — €Ry + O(ev?) + O(€?) (77)

which together with P = P, and Q) + Q1 = 2 lead to

Qb =1—-1v2+0(?) + O(?) (78)
Q1 = 1+12+0(r?) +O(e?). (79)

By substituting (79) into (77) and comparing (78) and (75), we have

Py =1—1v%—€eRy +o(V?) + O(e?) (80)
V= — (RO + % - e> L+ O(L?) + o(v?) + O(€). (81)

We now consider the following three subcases..
Case of LLS;. Assume Ry < 7§L. By (81), this assumption leads to

L2
3 (82)

2 1
2 > s - L2 L2 >
Ve > 373 +o(L*) >
Now vary the pattern by moving the interfaces at A and B as shown in Figure 8.

u(x)

(R, P, Q)

FIGURE 8. Variation of pattern LLS;.
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This corresponds to the test function:

F(x E*Q'A,AQE) x € (E,A)
ASB B—A) € (A,B) (3)

—~

v, ={ G (¢ - 5F, 552

~(15) e (o + 252, 958) a € (B,O)

(see the remark at the end of this case.) Now the quantity D(u, ¥) equals:

c T2 (A U2 (B A B
/ (W2, +¥2)dx — 2 o), TalB) :/ (€F2, +F2)dx—|—/ (€G3, +G2)dx

E o uaz(A)| |tae(B)| A

1+v yo 11 .11
F2 4+ FY)de—2-— —2-—
(11/2) ( Pt ) dr =205 20

1 2 [1+12\°1 )

=-4Z 1-4
e+e+<1 > . V)
2 1 2 1

Cel4eRo+0(2) €el—12—€R+0(r?) + O(e?)
—202 + 2Ry — 2eRy + o(v?) + O(€?)

- : (84)

where in the above computation, we have used (73) and (80). By the lower bound (82) for v? and the fact that
|R1 — Ro| = L+ o(L), we have

D(u,¥) < ——- (85)
Now ¥(x) ~ 1 for z € (A, B) and = 0 for z € (E, A) U (B, C). So f]g U2dx = L + o(L). Hence we have

C 2
L

9*E(u, V) = D(u, V) +/ U2 dr = —= +L+o(L) < 0!
E €

proving that the pattern LLS; is unstable.

Remark about the test function ¥ (83).

1. The extra multiplicative factor for F}, in the segment of (B, C) is to make ¥, continuous with a common
value of % at A and B. In this way, the continuity of ¥ holds up to error terms consisting of e~ which
are transcendentally small compared with »? and hence can be ignored.

2. By (70), ¥(B) — ¥(C) =1 — O(v?) # 1, so an extra piece of perturbation needs to be added to ¥, in
order to make ¥(E) = 0 and ¥(C') = 0. This can be done by choosing an appropriate function g,(x)
satisfying:

o(v? o(v?
el < 2220 el < A8 and spien) < (4,8,

Note that || ¥, is transcendentally small near the center region of the long segment (A, B), the error
introduced by g, can be bounded by:

B22 2 o v vt L9
/A €0, +grdr <€ XﬂXL—'—ﬁXL:ZO(V )-

Compared with the expression (84) for D(u, ¥), the above is within the range of acceptable error for
our analysis. Hence we can in effect ignore g,.
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We will not repeat the above remarks for the remaining analysis. (I

Case of LLS,. Assume Ry > —%L and Q2 = 1+ O(€?). (The reason for introducing this and the following
cases is that we might not have (82) — this can actually happen (see Sect. B). Thus we cannot directly deduce
the same negativity for D(u, ¥) as in (85). To tackle this, we further consider the pattern to the right of LLS.)

First, just the assumption on Ry and the fact that | < % imply:

l l L L Ll
_ 2 = 2 > (22 > .
<R1 2+6>l <R0+L+0(L) 2+e)l_<3 4+0(L))l_13 (86)
Consider the point C. In view of (59) and (79), it holds that:
l
Q=1+1%— <R1§+e)l+o(y2)+0(e2). (87)

Since Q) = 2 — Q2 which equals 1+ O(e?) by the assumption of this case, the above leads to the following lower

bound: Z I’
= (R1 ~5 + e) I+ o0(v?) + O(?) > 3 (88)

Now using the same test function (83) and reasoning as in LLS;, we have:

—902 4 %R, — 2 2 2 L
v® + 2eRy eR1 + o(v?) + O(e?) S__Z (note: 1> ).

D(u, ¥) =
(u, ¥) - e

Thus it holds that Il
D*E(u, W) < —mo L+ o(L) <0
€
so that this case is also unstable.

Case of LLSS. Assume Ry > —% and there is a short segment (C, D) to the right of (B,C). The

configurations of u and u, are shown in Figure 9.

u(x)

A

FIGURE 9. Variation of pattern LLSS.

E
3

Let |CD| = k and p? = e <.
propagation map from B to C', we have

Consider the point C' again. Using the (58) and (79) associated with the

l
Pl = Q1 —2Q1° — (Rl -5t e) [+ €Ry + o(v?) + O(€?)

=1-12— (R1 —é+€)l+€R2+O(V2)+O(€2). (89)

In addition, applying the map from C to D and by (50), we have:

Py = Qo — 2Qop® + €Ry + o(?). (90)
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Comparing (89) and (90) and using (87) and Q] + Q2 = 2 give:

Qy=1-1*+ <R1 — é+e>l+0(u2)+0(62) (91)
p? = <R1 - é + e> L+ o(v?) + o(1?) + O(€) (92)

which lead to
Py=P] =1-1*—p? + eRy + o(v?) + o(?) + O(€?). (93)

Now vary the pattern by moving the interfaces at B and C as shown in Figure 9. The test function ¥ used is
thus:

P, (o — 448, Bo4) v € (A, B)
v, ={ () Ge (v - 555, 57) 2€(B.O) (94)
2
T ) By (—o+ 2, 559) w e (O, D).

In this case,

b v2(C
Pl = [ ¥y 2
L () 2a ey () ey 2L 2L
— %+%(1+21/2)+ (1+z(ﬂ ) 7%1—1/21—€R1 7%1—% —1M2+€R2
_ —24° — 2¢R1 +2eRy + o(p®) + o(v?)
—g,u2 —2eRy + 2€€R2 + 0(1/2).
o €
In view of (86), (92) and the fact that |Re — R1| =1+ o(l), we have
u? > 115)}6 +o0(v*) and hence D(u,¥) < _Ll%oe(zﬁ). (95)
Now consider two situations. If o(v?) < %, then D(u, ¥) < 28 . For W, it is approximately equal to 0 in

the segments (A, B) U (C, D) and 1 in the segment (B, C). So fA U?dz = O(L + 1+ k). Again we have

D

L
a2g(u,\1/)=D(u,\1/)+/ ‘Pde——% +O(L+1+k)<0!
A

If o(v%) > £, then (88) holds and the same reasoning and test function (83) as in LLS; can be used to conclude
that this case is also unstable.
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Case of LLSL. Assume Ry > f% and
there is a long segment (C, D) to the right
of (B, C). The configurations of u and u,
are illustrated in Figure 10.

,PI’QI) (RZyPZ)QZ)

FI1GURE 10. Variation of pattern LLSL.

In this case, at the point C, by (40), we have P> = Q2 + ¢Ra + O(€?). In view of (89), (91) and (86), the
following holds:
Ll

o(V?) + O(é%) = <R1 - é + 6) 14+ 0() > 13 +0(e)

so that 2 > 0(V2) > % Using the same test function as in LLS; also concludes that this pattern has a negative
second variation.
Thus all the examples of the category LLS are unstable.

5.2.3. Instability of SLS

We refer to Figure 5. Let p?2 = e and 12 = e ¢. First, the relations (55), (58) and (59) lead to
P} = Q) — €Ry + O(€%) and Py = Q2 — 2Q21? — €Ry + o(v?) + O(e?). Their comparison gives

Py =1—1%—€eRy+ o(v?) + O(e?) (96)

Q2 = 1+ +0o(?) + O(e?). (97)
Similarly

P =1— 2+ eRy + o(u?) + O(e?). (98)

Using the map (Rz, P2, Q2) —1 (RY, Py, Q%), we have:

!
Py=1-12— <R2 §+e) I+ €eR3 + o(v?) + O(€) (99)

Q) = Qs — <R2 — é + e) 14+ O(é?). (100)

Without loss of generality, we can assume Ry > % In addition, by the hypothesis of this case — [ < %, we have
the following estimate:
l Ll
Re — = 1> —- 101
(Re-g+e)iz g (101)
Now we divide this category into the following two cases each of which will be shown to have negative second
variations.
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Variation -~

L

Case of SLSS. Assume that there is a short
segment (C, D) to the right of (B, C). Figure 11

(R.P) Q) (R P. 0))
shows the configuration of u,. ““

FIGURE 11. Variation of
pattern SLSS — the first
case.

Let k = |CD| < 10e|ln€| and 62 = e~ <. Consider the point C. Using (50), we have:
Py = Q3 — 2Q36% + €R3 + 0(e6?).
Since Py = P5 and Q3 + Q5 = 2, (99) gives:
5% = (R2 - % + e) 14 o(v?) + 0(6%) + O(€?) (102)
Py =1—1%— 6%+ eRs +o(v?) + 0(6?) + O(e). (103)

Consider the following test function ¥ which mimics the movement of interfaces at B and C:

R (- #EBA)  ae(An)
v, = iirl;z) Ga ($ _ BJQrC7 CEB) xr e (370) (104)
}t§2) Fy (—x+ <2, D2C) ¢ € (C, D).
Then D(u, ¥) equals:
D 2
, V2(B) 2(0)
2p2 4 v?)da —2—2
f,« D) e
_1 (14 “20-2%)  (1+48°\°(1-48%) 21 21
76 1—102 1-42 € eP, ¢€P;
1 2+42 1+o(6 )
==+ +
€ € €
g 1 72 1
el —1v2—€eRy+0(r?)+0(e2) €1—1v2—32+eRs+ +o(r?) + 0(62) + O(e2)

_ —20% — 2¢(Ry — R3) + o(v*) +0(6°)
€

Hence, by (101), (102) and the fact that |Ry — R3| = [ + o(l), we have

Ll + o(v?)
Du¥V) < ——u——=.
(u, ¥) < Te
Again, we consider two cases. If o(v?) < %, then
Ll
D*E(u, ®) = —— +1+o(l) < 0.

14e
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If o(v?) > Ll then we move the interfaces at A
and B as shown in Figure 12:

FIGURE 12. Variation of
pattern SLSS — the sec-

ond case.
The corresponding test function is:
2
e ) e (v - 52, 455) e (B4
U, =S Gy (z - ALB B4 z € (A, B) (105)
— Gf;) F, (—z+ 242, S5B) 2 € (B, 0).
Similarly we have:
D(u, V) = /C( 202+ 02)de — o Vel V(D)
’ E |“11(A |“11(B)|
12\ 1 1+y —4® 21 21
o 1-— ,u2 € € P1 € P2

—2u2 — 2% + 2631 - 2eR2 ( ) +o(v?)
€

The assumption on o(v?) now gives:

L
926, ®) = — 2L L L+ o(L) < 0!
€

Case of SLSL. Assume that there is a long segment (C, D) to the right of (B,C). In this case, we have
P; = Q3 + eR3. Combining the fact Q) + Q3 = 2 together with (99) and (100) gives

o(V?) + O(é?) = (Rg — % + e) 1> f—; (by (101)).

Hence 12 > o(v?) > (Ry — 5 + €)1 > f—?f and we can then use the same ¥ as in (105) to deduce that the second
variation is negative.
Hence, we have also shown that all the cases of SLS are unstable. Claim II is thus proved.

5.3. Proof of Claim III

In this section, we assume that u is a solution of (9) with only long segments. We will prove that I; = ;11 for
all 7 and hence u is periodic by Proposition 3.3. The approach taken here resembles the use of implicit function
theorem. We will exploit again the solution formula given by the propagation map defined in Section 3. We
use the same notation as in that section.
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Consider the boundary value problem as stated in Proposition 3.3. Given @, @', using (35), a solution similar
to (36) is given as follows:

A QefAliQ/ B QeAlfQ/
62A(A2 _ )\22(€Al _ e—Al)’ 62A(A2 _ )\22(6Al _ e—Al)’
o —Q67 l—f—Q/ - —Qe)‘ +Q/ .
62)\(/\2 _ >\2)(€Al _ 67)‘1)7 62)\(/\2 _ >\2)(€Al _ 67/\1)

Then we can express the solution as follows:

R =00 = e { )
) = e { e -
P (= euzal0)) = = 5 {A [Q<e(zlA jee“A)l) 2] A [Q(e(’\e:lee’\?l) 2Q'] }
P o) = g | AR

Similar expressions hold if u, < 0 for = € (0,1) (by changing Q and @’ to —Q and —@Q’).
The above results are now applied to the solution u. Let R = u(cl), P = euza(ct), QF = uppa(ch)

and [; = ¢; — ¢;—1. Since R;” =R, and PZ-+ = P, we have, for1=1,2,...N - 1:

2Qf, — QM r e M) Q) — Q@ (M e

A(eAl% _ e—Ali) )\(6Al7' _ e—)\lq,)
_QF(EMm et agn, QF(M b e M) agn,
A(e/\li+1 _ e*/\li+1) - )\(eMi+1 _ e*/\li+1) ( )
ARQE, — Qe + ] | AQF, QL + )
and  — (eAli — e=Al) + (eMi — )
M@ o) 295] M@ e 200, ]
(e/\lq,+1 — e—Al7,+1) (6)‘l7'+1 — e_)\l7,+1)

For convenience, we introduce the following notations:

e—Al 1+ 6—2Al

o) = (1—e M), n(l) = 1 _c2Al E(l) = T o2l and 0 = = = e+ O(€?).

= >

As Q +Q; =2, we can write QF = 144, for some number §;. Then (106) and (107) become: (i = 1,2,...N—1)

20(lip1)e M 01 4+ 20(L)e M1 55y 4 [0(Liga) (1 + e 2M) + 0(L) (1 + e 2Mi1)] 6

200(L)6(1i41) | (1)1 + nli1)in + (W) 51}

=0(Lig1)(1—e M2 = 0(1;)(1 — e Mivr)?
—a0(1:)0(Lis1) [E(L) — 2n(l) — (E(lix1) — 2n(li+1))];  (108)
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and

20(li1)e” M 0oy + 20(L)e” N Gy + [0(Lin) (14 e72M) +0(L) (1 + e )] 6

% n(li)0i—1 + n(lit1)dir1 + (w) 51}
=0(Lig1)(1—e M2 = 0(1;)(1 — e Mivr)?

_ % [E(l;) = 2n(l;) — (E(liy1) — 2n(liy1))] . (109)

-2

Let 1 = (I1,ls,...In)T. We now introduce the following vectors a,b(1),e(l) € R¥~! and matrices A(1), D(1),
O(l) € RIW=1Dx(N=1). (In the following, (M); refers to the i-th component of M and the subscript i ranges
from 1 to N —1.)

(a); = 0

(bD)s = O(Lis1) (1 — e M) = (L) (1 — e M1)% = 0(1)0 (L) <

1—e M 1 — e At
1+e M 1+ e”iH)
1—e Al 1 — e Aliss

(eM)i = E(l;) —2n(l;) — (E(li41) — 2n(li+1)) = (
(A(Da), = 20(lix1)e 61 + 20(1)e™ M1 5,40
+ [0(Lip1) (X4 e +0(1) (1 4 e >Mi1)] 5

(DMa); = n(li)di—1 +n(lix1)dip1 + (M - 1> 5

2
O(l) = the (N —1) x (N — 1) diagonal matrix with O(1);; = 6(1;)0(l;+1)
I = the (N —

1
1) x (N — 1) identity matrix.

(In the above definitions of A(l) and D(1), we set do = dy = 0.) The expressions (108) and (109) can now be

concisely written as

A(Da —200(1)(I+D(1))
and A(l)a — 2%@(1)(1 +D(1))

)
I

o
I

The above leads to 2(I+ D(1))a = e(l) and A(1)a = b(l). Hence

b(l) = @(1 +D(1))"te(l) or equivalently @(1)_1b(l) = ————2(I+D(1)) e(l).

Component-wise, the above is equal to, for i =1,2,... N — 1:

e 1 = _ 1—e Mk ] —e=Min
SV v 9(1.)0(1, Z 9 (A(l)(I +D(0) 1)- —Aln Al :
14+e M 14e M 0(1)0(41) =2 ik \14+e M 14 e Arn

Consider the following function and its derivative

1—e o 2ae~

fa(l) = 11 e—al > fo) = m'
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yN-1
Hence there are numbers {li, li} such that
i=1

efxz} N-1 . efAlAk
(12:eAfi)2_ (i = liy1) = m {Z %(A(l)(l +DD)" i <(12ﬁ67_m)2(1k — zk+1)> } . (110)

Note that M 1= 12 efﬁil + 12,67—2;\/;111 . Since 10¢|lne| < I; < o(1), all the entries of D(1) are bounded

by O(el?) Wthh implies that the entries of (I+ D(1))~! can be bounded by some O(1) constants. Furthermore,
we have

e A 2Ae— Ak

1
7~:Ol, <O€9 and —llgell §2lZ
1oz - oW () Sl <o)

(14 e—Al)2 =
so that the entries of ©(1)"*A(1)(I+D(1))~! can be bounded by O(max;(l;')). Applying these estimates

o (110), we have >, [l; — lit1]* < o(1) >, |li — li41|* which leads to I; = l;41 for all i. Hence e(1) =0, a=0
and Qf[ = 1. By Proposition 3.3, u equals Q" (z) given by (3). Claim III is thus proved.

6. PROOF OF THEOREM 1.3
The theorem follows easily by the formulas and approach we have been using. Let | = Ke|lne| for some K,
N = % be an integer and u = QV(z). Then,

2=e*=cX and u(B)= é +o(l) = O(e/ne)).

Now the graphs of v and wu, are shown in the following Figure 13.

u(x) - Variation .

A B C D E

" Variafion

FIGURE 13. Variation of a periodic pattern with short period.

Consider the variation of u, given by:

F, (z— B-AY z€(AB)
v F, (- x+B+ ,CQB) r € (B,C)
Y —F (2 942, 229) |z e (C,D)
—F, (—z+ 25, 552z € (D, E).
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With the above, we have

: B) WD
Pl ) = /A (e ) da 2|um((B))| 2|u;((D))I
= %(1*41/2%»0(1/4)) eluxj(B”% <1+Z2>
_AQ =4 o) (L 1
) 6 (- ——am rom )

3 % + O(e?)

€

where in the above, we have used (55) with Q = €2u,,.(B) = 1 to express eu,,(B). Hence the overall second
variation for the test function ¥ is given by

T2+ O(€?) L olto(l) = = K+ O(e?|Ine|)

€ €

028(u,‘11) < — <0

as long as 0 < K < 2 and € is small enough. Thus Theorem 1.3 is proved.

A. REGULARITY PROPERTIES OF CRITICAL POINTS OF &

This section states some regularity results of the critical points of £. They also relate the notion of stability
introduced in Definitions 2.5 and 2.6 and the following definition of H2-local-minimizers.

Definition A.1. A function u € V is called a (strict) H?-local minimizer of & if there is a § > 0 such that
EW)(>) > &(u) for allv eV with 0 < ||[v — ul| 5 < 0.
(In the literature, the above definition is frequently called a weak-local minimizer in contrast to strong-local

minimizer in which the H?-norm is replaced by the L>°-norm.)

Theorem A.2. Letu € V.

1. If u is a stationary point, then the one-dimensional Lebesque measure of the zeros of u, vanishes, i.e.
LYz ux( ) = 0} = 0. In addition, u € H3([0,1]) (and hence uy, € C2([0,1])) and fol u(z)dzx = 0.

Let V(x fo y)dy. Then the following identities also hold:
EUgrr — (Jug| — Dsgn(ug) + V(x) =0, a.e. z €[0,1]; (111)
u2 (7)) — (Jug| — 1)? + 2V (2)uy(z) — u?(x) = €22 (0) — 1 — u?(0), for all x € [0,1]. (112)

2. There exists a 6, > 0 (independent of €) such that any stationary point u with £(u) < . belongs to Z
and hence is a solution of (9) in the sense of Definition 2.2. In particular, u;.. satisfies the conditions
(18) and (14) at the sign-changing zeros ¢; of u, and hence uy.(c;) # 0 by the Proposition 2.3.

3. Any H?-local minimizer u is a stationary point. Hence if further £(u) < 6. (same as in the previous
statement), then u € Z. In addition, uy(x) # 0 for x # ¢;, i.e. u, does not have any interior zeros.

4. If u € Z is an H?-local minimizer, then it is weakly-stable.

5. If u € Z is a stable stationary point such that u,(x) # 0 for x # ¢;, i.e. u, does not have any interior
zeros, then u is a strict H?-local minimizer.

The proof of the above theorem is elementary but somewhat technical and lengthy due to our choice of the
non-smooth double-well potential W (-). For the sake of space, it is hence omitted but can be found in [18].
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B. EXPLICIT EXAMPLES

In this section, we provide some simple explicit examples of unstable solutions of (9) to illustrate that the
various cases considered in the proof of Theorem 1.2 can actually occur.
We will find 4L-periodic functions which solves the following unit cell problem (Fig. 14):

U (x)
-L -1 [ L
ugy > 0 for z € (—1,1); X
ugy <0 for z € (—L,-1)U(, L);
and u(z) = —u(—z) for z € (—L, L).

FIGURE 14. Explicit construc-
tion of an unstable pattern.

By symmetry and (35), it suffices to consider u given by the form:
A(er® —e™2) £ B(eM — ™), 2 € (—1,1)
‘o { Cert + De™ 4 Ber + Fe™™* 2 € (I, L).
comdkitidns>for there are seven unknowns A, B... F and [. They are found by the following boundary and jump
uz(I7) = 0; ug(I) =0
u(l™) = u(l*);
Uz (17) = U (I7);
€ (Uaga () = Uawa(l7)) = 2;
Uz (L) = 0; € ugpe(L) = 1.

The above correspond to the following system of equations:

AA(M + e M) + AB(eM + e M) =0 (113)

A(CeM — De M) + A\(BeMN — Fe= ) =0 (114)

A(eM — e A 4+ B(eN — e MN) = CeMl  De ™M 4 EeM  Fe™N (115)

A2A(eM — e M) 1 X2B(eM — e M) = A2(CeMl + De ™M) 4 N2(EeM + Fe™ M) (116)
—A3A(eM + e M) — N3B(eM 4 e M) + A3(CeM — De M) + M (EeMN — Fe M) = 2 (117)
A(CeM — De™ M) 4 AN(EeM — Fe= M) =0 (118)

A3(Cer — De= M) + N3(EeM — Fe M) = L. (119)
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Let v = - Using (113) — (117), we obtain:

A [ eM 4 e N
A= TA AN LA B
o_ A [N 4 e N B e~
T A LAl e €2A3(1 — ~2)
A [ M4 e N oAl
A <6Al+e—Al) A3 (1 —12)
e
E=B—- 55—
A (1—2)
- Bt

A3y (1—17)
Substituting the above into (118) and (119) leads to the following two expressions for B:

ML= 4 o= ML=D) _ (eA(L—l) e AML-) _ 1) (eAl + e—Al)
B = 5 and B = -
A3y (1 — 2) (e + e L) 2A3y(1 — 42)(eAL + e ALY (eN £ e~ N)

and hence the following relationship between [ and L:

(e)\(Lfl) + e~ AZ=D

1 Ay o= 1 —2Al
T _AL) (e e ) _ (1 : e_QAL) (1 _ Ay esz(sz)) . (120)
e e e

We will use the above to determine the value(s) of /.

To simplify the following computations, We will assume that L = K e|1n €| for some sufficiently large K.
Note that (120) has the trivial solution [ = g which corresponds to the 4 5 L _periodic solution. We look for two
additional solutions. (By Claim III of the proof of Th. 1.2, these are the only three solutions.)

1. 1 = he|lne| for some h < £

In this case, e 2AL e M1 and e 2ML=D are all transcendentally small and thus can be ignored.
Then we have:
on (eA(L—l) 4 e~ ML=D _ 1) (e)\l + e—/\l) - AL=2) | o= AL=20) _ (N o= A
€ = AL 1 o AL = AL 1 o AL
_ (ML —20)° — () + O(LY)
- AL+ oL ’
The above has a solution for [ satisfying:
672Al _ O(LQ)

which belong to the case of LLS; — see (82). The graph of v is shown in Figure 15.
2. y=L — 1 = he|lne| for some h < %
Let y = L — . By ignoring all the transcendentally small terms again, we obtain:

AL=2) 4 o= AE=20) _ (AE=b) | = AL-v))

e L + e—AL

2)\%2Ly + o(Ly)
T M AL

767Ay + 672Ay _
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which has a solution for y such that
e M = O(Ly).

This belongs to the case of SLSS — see (101). The graph of u is shown in Figure 16.

u(x) e u(x)
NN L | I L
-L l X -L X
FIGURE 15. An LLS un- FIGURE 16. An SLSS un-
stable pattern. stable pattern.

By using the above approach together with some perturbation argument, it seems possible to construct other
non-periodic unstable solutions. It is certainly interesting to characterize the structure of all critical points.
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