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ABSTRACT. As a generalization of Q-algebra, the notion of pseudo Q-algebra is intro-
duced, and some of their properties are investigated. The notions of pseudo subalgebra,
pseudo ideal, and pseudo atom in a pseudo Q-algebra are introduced. Characterizations
of their properties are provided.

1. Introduction

Y. Imai and K. Iséki introduced two classes of abstract algebras: a BCK-
algebra and a BCTI-algebra ([7,8]). It is known that the class of BC K-algebras is a
proper subclass of the class of BCI-algebras. Q. P. Hu and X. Li [5,6] introduced
a wide class of abstract algebra: a BC H-algebra. They have shown that the class
of BC'I-algebra is a proper subclass of the class of BC H-algebra. BC K-algebras
have several connections with other areas of investigation, such as: lattice ordered
groups, MV -algebras, Wajsberg algebras, and implicative commutative semigroups.
J. M. Font et al. [3] have discussed Wajsberg algebras which are term-equivalent to
MYV -algebras. D. Mundici [13] proved MV-algebras are categorically equivalent to
bounded commutative BC K-algebra, and J. Meng [11] proved that implicative com-
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mutative semigroups are equivalent to a class of BC K-algebras. G. Georgescu and
A. Torgulescu [4] introduced the notion of a pseudo BC K-algebra. Y. B. Jun char-
acterized pseudo BC K-algebras. He found conditions for a pseudo BC' K-algebra to
be A-semi-lattice ordered. Y. B. Jun, H.S. Kim, J. Neggers [9] introduced the notion
of a pseudo d-algebra as a generalization of the idea of a d-algebra. J. Neggers, S.
S. Ahn and H. S. Kim ([14]) introduced a new notion, called a Q-algebra, which
is a generalization of BCH/BCI/BCK-algebra, and generalized some theorems
discussed in a BCI-algebra.

In this paper, we introduce the notion of pseudo ()-algebra as a generalization
of @-algebra and investigate some of their properties. We also define the notions
of pseudo subalgebra, pseudo ideal, and pseudo atom in a pseudo @Q-algebra and
provide characterizations of their properties in a pseudo -algebra.

2. Preliminaries

A Q-algebra ([14]) is a non-empty set X with a constant 0 and a binary operation
7 satisfying axioms:

(M xxz =0,
(II) rx0=uzx,

(é*

(II) (z*xy)*xz=(v*2)xy

for all z,y,z € X.
For brevity we also call X a Q-algebra. In X we can define a binary relation
“<” by ax<yifand only if z xy = 0.

In a Q-algebra X the following property holds:
(IV) (x*(xxy))*xy =0, for any z,y € X.
A BCK-algebra is a Q-algebra X satisfying the additional axioms:
(V) (axy)x(@na)x(zxy) =0,
(VD) xxy=0and y*z =0 imply x =y,
(VII) 0%z =0,
for all z,y,z € X.

Definition 2.1.([14]) Let (X;*,0) be a Q-algebra and § # I C X. I is called a
subalgebra of X if

(S) x*y € I whenever z € I and y € 1.

I is called an ideal of X if it satisfies:

(QO) OGIa
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(@Q1) zxy el andye I imply x € 1.
A Q-algebra X is called a QS-algebra ([1]) if it satisfies the following identity:

(zxy)* (x*x2)= 2%y, for any x,y,z € X.

Example 2.2.([1]) Let Z be the set of all integers and let nZ := {nz|z € Z}, where
n € Z. Then (Z;—,0) and (nZ;—,0) are both Q-algebras and @ S-algebras, where
“—7 is the usual subtraction of integers. Also, (R; —,0) and (C; —, 0) are Q-algebras
and )S-algebras where R is the set of all real numbers, C is the set of all complex
numbers.

Example 2.3. (1) Let X = {0, 1,2} be a set with the table as follows:

Then X is a Q-algebra, but not a QS/BC1I-algebra, since (2%0)* (2x1) =2# 1=
1x%0.
(2) Let X ={0,1,2} be a set with the table as follows:

Then X is both a Q-algebra and @)S-algebra.
(3) Let X ={0,1,2} be a set with the table as follows:

Then X is both a Q-algebra and BCI-algebra , but not a QS-algebra, since (0 *
Dx(0%x2)=0#1=2x1.

3. Pseudo Ideal

In the following, let X denote a pseudo (Q-algebra unless otherwise specified.

Definition 3.1. A pseudo Q-algebra is a non-empty set X with a constant 0 and two
binary operations “*” and “¢” satisfying the following axioms: for any =,y,z € X,

(Pl) zxx=z0x=0;

(P2) z40=z=1x00;
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(P3) (xxy)oz=(x0o2)x*y.

For brevity, we also call X a pseudo BC' H-algebra. In X we can define a binary
operation “ =7 by z < y if and only if z * y = 0 if and only if x oy = 0. Note that
if (X;%,0) is a Q-algebra, then letting x ¢y := x * y, produces a pseudo Q-algebra
(X;%,0,0). Hence every Q-algebra is a pseudo @Q-algebra in a natural way.

Definition 3.2. Let (X;*,0,0) be a pseudo Q-algebra and let § # I C X. [ is

) ) )

called a pseudo subalgebra of X if x xy,x oy € I whenever z,y € I. I is called a
pseudo ideal of X if it satisfies

(PI1) 0 € I;
(P12) zxy,zoy €l and y € I imply x € I for all z,y € X.
Example 3.3. Let X :={0,0a,b,c} be a set with the following Cayley tables:

*‘Oabc O‘Oabc
00 0 0 O 00 0 O O
ala 0 0 O ala 0 0 O
b|b b 0 a b|b ¢ 0 ¢
c|c 0 O clc ¢ 0 O

~ O

Then (X;*,0) and (X;0,0) are not Q-algebras, since (bxa)xc=a# 0= (bxc)xa
and (boa)oc=0%#c= (boc)oa. It is easy to check that (X;x,¢,0) is a pseudo
Q-algebra. Let I :={0,a}. Then I is both a pseudo subalgebra of X and a pseudo
ideal of X. Let J := {0, a,c}. Then J is a pseudo subalgebra of X, but it is not a
pseudo ideal of X since boc=ce€ Jandbxc=a€ J,butb¢ J.

Proposition 3.4. Let I be a pseudo ideal of a pseudo Q-algebra X. If x € I and
y 3z, theny € 1.

Proof. Assume that x € I and y < . Then y xx =0 and y o« = 0. By (PIl) and
(PI2), we have y € I. O

Proposition 3.5. If X is a pseudo Q-algebra satisfying axb = a*xc and acb = aoc
for all a,b,c € X, then 0xb=0xc and 0¢cb=00c.

Proof. For any a,b,c € X, we have
0xb=(ava)xb=(axb)oa=(axc)oa=(aca)xc=0xc

and
Ocob=(axa)ob=(aob)xa=(a0oc)xa=(axa)oc=00c
This concludes the proof. O

Proposition 3.6. Let (X;*,0,0) be a pseudo Q-algebra. Then the following hold:
for all x,y,z € X.

(i) z*(zoy) Jy,zo(z*xy) 2y,



Structures of Pseudo Ideal and Pseudo Atom in a Pseudo @-Algebra 99

Proof. (i) By (P1) and (P3), we obtain [z x (xoy)]oy = (zoy)* (zoy) =0 and
[xo(xxy)]xy=(z*xy)o(xxy)=0. Hence z* (xoy) Sy and z x (xoy) <X y.
(irry=ze(zxy)oz=0 (zo2)xy=0x02=<y.

(iii) and (iv) For any x,y € X, by (P1) and (P3) we have

(0ox)o (0xy) =

—
&
*
<«
~—
*
—~
&
*
<
~
~
<&

and

(0xz)x (0oy) =

—~
8
*
8
<>
’Q
<
&
0._‘._.._.
*

(0 o y)] (z
=0 ( oY)
(v) For any « € X, by (P1) and (P3) we obtain Oxx = (zoz)*x = (x*xx)ox = 0oz.0

Theorem 3.7. For any pseudo @Q-algebra X, the set
K(X):={xe X|0=<x}

is a pseudo subalgebra of X.

Proof. Let z,y € K(X). Then 0 < 2z and 0 < y. Hence 0xx = 0ox =0
and Oxy = 0oy = 0. Since 0 (z+xy) = (0ox)o(0xy) =000 =0 and
0o (zoy)=(0xxz)*(0oy) =0%0=0, we have x xy,x oy € K(X). Thus K(X) is
a pseudo subalgebra of X. m]

Theorem 3.8. If I is a pseudo ideal of a pseudo Q-algebra X, then
(i) Vo,y,ze X,z,y € l,zxy<x=z2€l,
(ii) Va,b,c € X,a,be I,cob<a=cel.

Proof. (i) Suppose that I is a pseudo ideal of X and let x,y,2 € X be such that
x,y € I and zxy < x. Then (z+y)ox =0 € I. Since « € I and I is a pseudo ideal
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of X, we have zxy € I. Since y € I and I is a pseudo ideal of X, we obtain z € I.
Thus (i) is valid.

(ii) Let a,b,c € X be such that a,b € I and cob < a. Then (cob)*xa =0 € I and
socobe . Since b € I and I is a pseudo ideal of X, we have ¢ € I. Thus (ii) is
true. O

Theorem 3.9. Let I be a pseudo subalgebra of a pseudo Q-algebra X. Then I is
a pseudo ideal of X if and only ifVx,y € X,z € [,ye X — I = yxx € X — I and
yoxre X — 1.

Proof. Assume that I is a pseudo ideal of X and let z,y € X be such that z € T
andye X — 1. fyxax ¢ X — I, then y*x € I. Since I is a pseudo ideal of X, we
have y € I. This is a contradiction. Hence yxx € X —I. Now if yox ¢ X — I,
then yox € I and so y € I. This is a contradiction, and therefore yox € X —I.
Conversely, assume that Vo,y € X,z € Ly € X — I = yxxz € X — I and
yox € X —I. Since I is a pseudo subalgebra, we have 0 € I. Let z € I,y € X such
that yxx,yox €I . lf y ¢ I, then y*xx,yox € X — I by assumption. This is a
contradiction. Hence y € I. Thus [ is a pseudo ideal of X. |

Proposition 3.10. Let A be a pseudo ideal of a pseudo Q-algebra X. If B is a
pseudo ideal of A, then it is a pseudo ideal of X .

Proof. Since B is a pseudo ideal of A, we have 0 € B. Let y,xz xy,z oy € B for
some x € X. If v € A, then x € B since B is a pseudo ideal of A. If x € X — A,
then y,x xy,zoy € B C A and so x € A because A is a pseudo ideal of X. Thus
x € B since B is a pseudo ideal of A. This competes the proof. O

Proposition 3.11. Let I be a pseudo ideal of a pseudo Q-algebra X. Then

VeeX)(zel=0x(0cx)el and 0o (0xx) € I).

Proof. Let x € I. Then
0=(0oz)*(00cx)=(0%x(0cx))ox

and
0=0xz)o(0xx)=(00(0*x))*x

which imply that 0% (0o x),0¢ (0% z) € I. This completes the proof. O
Theorem 3.12. Let I be a pseudo ideal of a pseudo @Q-algebra X and let
I* .= {z € X|0% (00x),00(0%x) € I}.

Then I# is a pseudo ideal of X and I C I#.
Proof. Obviously, 0 € I**. Let a € X,y € I such that a *x y,aoy € I*. Then
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0x (00 (axy)),00(0*(axy)),0%(0c(acoy)) €l,and 0o (0% (aoy)) € I. Using
Proposition 3.6 (iii) and (iv), we have
(0% (00a))* (00 (0*xy)) =00 ((00a) (0*y))
=00 (0% (axy)) el

and

(00 (0xa)) o (0x(00y)) =0+ ((0*a)*(0oy))
=0x% (00 (acoy)) el
Since 0% (00 y),00 (0*y) € I, it follows from (PI2) that 0% (0¢a),00 (0xa) € I.

Hence a € I#. Thus I# is a pseudo ideal of X. By Proposition 3.11, we know that
I C I#. This completes the proof. m]

Let X be a pseudo Q-algebra. For any non-empty subset S of X, we define
G(S):={z e S0xx =z =00z}

In particular, if S = X then we say that G(X) is the G-part of X.

Proposition 3.13. If X is a pseudo Q-algebra, then a left cancellation law holds
in G(X).

Proof. Let x,y,z € G(X) satisfy xy = zx 2z and oy = zo2. By Proposition 3.5,
we have 0%y =0x z and 0oy = 00 z. Since y, z € G(X), it follows that y = z. O
Proposition 3.14. Let X be a pseudo Q-algebra. Then x € G(X) if and only if
Oxx € G(X) and 0oz € G(X).

Proof. If x € G(X), then Oxz = z = 0oz and 0% (0xz) = 0%z and 0o (0ox) = Oox.
Hence 0 xx € G(X) and 0 o x € G(X). Conversely, assume that 0 *x x € G(X) and
0oz € G(X). Then 0% (0xx) = 0%z and 00 (0ox) = 0ox. By applying Proposition
3.13, we obtain 0 %z = z = 0 o x. Therefore z € G(X). m

Proposition 3.15. Let X be a pseudo Q-algebra. If x,y € G(X), then xxy = yox.

Proof. If ,y € G(X), then 0xz =z =002 and 0xy =y = 0¢y. Using (P3), we
have
zxy=(0ox)*(0oy)=(0x(00oy))ox=0*xy)ox=you.

This completes the proof. O

Theorem 3.16. If a pseudo Q-algebra X satisfies xx(xoy) = xxy or xo(xxy) = oy
for all x,y € X, then it is a trivial algebra.

Proof. Assume that X satisfies x x (xoy) = xxy for all z,y € X. Putting z = y in
the equation x * (z ¢ y) = x * y, we obtain

x=z*x0=zx*x(zox)=az*xx=0.
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Concerning the other case, the argument is similar. Hence X is a trivial algebra.O

Theorem 3.17. Let X be a pseudo Q-algebra such that
(3.1) zx(yoz)=(rxy)oz (resp., xo(y*xz) = (xoy) * 2)

for all x,y,z € X. Then X is a group under operation o(resp.x).

Proof. Putting © = y = z in (3.1) and using (P1) and (P2), we obtain x = z %0 =
0o z(resp., x = 00 = 0% x). This means that 0 is the zero element of X with
respect to the operation o(resp., *). Since z oz = 0 = z * , we know that the
inverse of x is itself with respect to the operation o(resp., x). Hence X is a group
under operation o(resp., *). O

Definition 3.18. A Pseudo Q-algebra X is said to be o-medial if it satisfies the
following identity
(M1) (zxy)o(zxu) = (zx2)o(y*xu),Vr,y,z,u € X.

Proposition 3.19. Every o-medial pseudo Q-algebra X satisfies the following
identities: for any x,y € X

(i) xxy=00(y=*x),
(ii) 00 (0*z) =z,
(iil) zo(zxy) =y.

Proof. (i) For any z,y € X, we have z xy = (z*xy)o0 = (zxy)o (z*xz) =
(zxx)o(yxx)=00(y*z).

(ii) If we put y = 0 in (i), then we have (ii).

(iii) Using (ii), (P1) and (P2), we have zo(x*y) = (zx0)o(r+y) = (zxx)o(0xy) =
00 (0x*xy) =y. O

4. Pseudo Atom

Definition 4.1. An element a of a pseudo Q-algebra X is called a pseudo atom of
X if for every € X, x < a implies = = a.

Obviously, 0 is a pseudo atom of X. Let L(X) denote the set of all pseudo
atoms of X, we call it the center of X.

Theorem 4.2. Let X be a pseudo Q-algebra. Then the following are equivalent:

for all z,y,z,w,u € X
(i) w is a pseudo atom,
(i) w=zo(zxw) and w =z * (z o w)

(iil) (z*xy)o(z*xw)=wxyand (zoy)*(zow)=woy
)

(iv) wx (xoy)=yo(z*xw) and wo (zxy) =y * (zow),
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(v) Oo(y*xw)=wx+y and 0% (yow) =woy,

(vi) 00 (0xw) =w and 0% (0o w) = w,

(vii) 00 (0x(woz)) =wozand 0x (00 (w*2)) = w* z,
(viii) zo (z* (wou)) =wou and z * (20 (w*u)) = w * u.
Proof. (i) = (ii): Let w be a pseudo atom of X. Since z ¢ (z * w) < w and
x * (x ow) < w by Proposition 3.6 (i), we have w = z o (x *w) and w = x * (x ow).
(ii) = (iii): For every z € X, we obtain (x xy) o (xxw) = (zo (x*xw))xy=w=*y

and (zoy)*x (xow) = (z* (zow)) oy =woy by (P3) and (ii).
(iii) = (iv): Replacing y by z ¢y in (iii), we get

wk (xoy) =(z*(zoy)) o (zxw)
=(xo(z*xw))*(zoy)

=y o (x *w)
and

wo (zxy) =(xo(zxy))*(row)
=(z*(zow))o(xxy)

=y * (x ow).

(iv) = (v): Put y := 01in (iv). Then wx(z00) = 0o (zxw) and wo(zx0) = 0x(zow).
Hence w*z =00 (z*w) and woz =0 (x ow) by (P2).

(v) = (vi): Sety :=01in (v). Then 0¢(0*xw) = w0 = w and 0% (0ow) = wol = w.
(vi) = (vii): For any w,z € X, we have

00 (0 (woz)) =0 (0 (woz))
=0x% (0o (woz))
=0x* [(0*w) * (00 2)]
=00 (0xw))o (0% (002))

=woz

and

0 (00 (w 2)) =0 (0% (1w 2))
=0*[(0ow) o (0x*2)]
=00 [(0ow) o (0 2)]
=0* (0ow))* (00 (0x2))

=W * 2.
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(vii) = (viii): For any u,w,z € X, we have

wou =00 (0% (wou))

=00 ((z02)* (wou))

=0 (z%(wou)))*(00z)
=0o(zx(wow)))*(002)
=(0x(002))o(zx(wou))

=0 (00 (z00))) o (2% (wou))
=00 (0% (z00))) o (z*(wou))
=(z00)o(z* (wou))

By a similar way, we obtain z * (z ¢ (w *u)) = w * u.

(viii) = (i): If z%xx = zox = 0, then by (viii) we have z = %0 = z* (20 (x*0)) =
z%(z0x) = 2z+0 = z. This shows that z is a pseudo atom of X. This completes
the proof. O

Corollary 4.3. Let X be a pseudo Q-algebra. If a is a pseudo atom of X, then for
all z of X, a*x and aox are pseudo atoms. Hence L(X) is a pseudo subalgebra of
X.

Corollary 4.4. Let X be a pseudo @Q-algebra. For every x of X, there is a pseudo
atom a such that a < z, i.e., every pseudo Q-algebra is generated by a pseudo atom.

Proposition 4.5. A non-zero element a € X is a pseudo atom of a pseudo Q-
algebra X if {0,a} is a pseudo ideal of X.

Proof. Let x < a for any € X. Then zxa =xz0a =0 € {0,a}. Since z € {0,a} is
a pseudo ideal of X, we have x = 0 or £ = a. Since a # 0, we obtain z = a. Hence
a is a pseudo atom of X. O

Proposition 4.6. If non-zero element of a pseudo Q-algebra X is a pseudo atom,
then any pseudo subalgebra of X is a pseudo ideal of X.

Proof. Let S be a pseudo subalgebra of X and let x,y * x,y o x € S. By Theorem
4.2, wehave y =z * (zoy) =x % (0% (yox)). Since 0,y ox € S and S is a pseudo
subalgebra of X, we obtain 0 % (yox) € S. Hence y =z % (0 (yox)) € S. Thus
any pseudo subalgebra of X is a pseudo ideal of X. O

For pseudo atom a of a Pseudo Q-algebra X,
V(a) :={x € Xl|a < z}
is called a pseudo branch of X.

Theorem 4.7. Let X be a pseudo Q-algebra. Suppose that a and b are pseudo
atoms of X. Then the following properties hold:
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(i

) Forallz € V(a) and ally € V(b), xxy € V(axb) and x oy € V(aob).
(i)

)

)

For allz andy € V(a), zoy,x+xy € K(X), where K(X) = {z € X|0 < z}.
(iii) Ifa # b, then for all x € V(a) and y € V(b), we have z xy,x oy € K(X).
(iv) For allz € V(b),axx =ax*band aox =aob.

(v) Ifa # b, then V(a) NV (b) = 0.

Proof. (i) For all z € V(a) and all y € V(b), by Proposition 3.6 and Theorem 4.2
we have

(axb)o(x*xy)=[0% (00 (axb))]
o (z*y))*
* (T *y)) *
(Oox)o (0 y))*
(0% (00 (axb)))
(axb)ox)o(0x*
(aox)xb)o(

)

)

0
0

b)o(0xy
b)o(0xy
=0 (bxy)=0x0=0

(
(
(
(
(
(
(0%
(0o

and

]
=0x(zoy))o(0x(aoh))
=0o¢(zoy))o (0o (ach))
=((0xz)*(00y))o (0o (aoh))
=((00 (00 (acd)))*xx)* (0oy)
=((00 (0% (aob)))*z)* (0oy)
=((aob)*xz)* (00oy)
=((axz)ob)*(00oy)
=(00b)*(00y)
=(0%b) * (0oy)

0o (boy)=000=0.

Hence zxy € V(axb) and zoy € V(aob).
(ii) and (iii) are simple consequences of (i).
(iv) For all € V (b), by Theorem 4.2 we have (axx)o(axb) = (ac(axb))*x = bxx = 0.
Moreover, a * b is a pseudo atom by Corollary 4.3. Therefore a x x = a xb. Also we
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get (aoz)*(aob) = (ax(aob))xx=bxx=0. Moreover, a¢b is a pseudo atom
by Corollary 4.3. Therefore a o x = a¢b.

(v) Let @ # b and V(a) NV (b) # 0. Then there exists ¢ € V(a) N V(b). By (i),
we have 0 = cxc=coc € V(axb),V(aob). Hence axb=aob =0, which is a
contradiction. Thus (v) is true. O
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