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by Tjalling C. Koopmans

The exploretory studies presented in this report are addressed to
enalysts in varioue professions, including economists, traffic end railroad
engineers. management scientists, cperations researchers and meathematicians,
who are interested in assessing the capebilities and studying the efficlent
operation of transportaticun systems. Studies relating to two systemws, high-
way traffic end reilroad tramsportatiocn, sare cffered.

The tasks iniicated -- mssessing capebilities and appralsing efficiency
of cperation ~- are as vest end complicated as tae transportation systems
therselves. The purpcse cf the present studies is to develop and illustrate
certain concepts. methods and models that mey have usefuiness as points of
departure for the execution of these tasks. Woile the aim cf these studies
is thus both modest and provisional, they are cffered in tke hope of stimu-
lating further factual, ccnceptual, mathematical and computational resezrch
{ntc the efficient utilization of transportetion systems.

The method exployed consists in the construction of simrle models. The
word ‘model”, frequéntly used in enzineering studies tc mean a shysical model,
that is, en accurate copy of the system stuiled (cften with the scale altered),
418 here used in the more general meaning attached to it by prysicists end
social scientists alike. A model here means & simplified conceptual ccunter-
part of the system studied. In such & model the most important variebles of
the system studied are epumerated gnd defined, end the relevant relatlionskbips
‘etween them specified. Variskles and reistionships thus express the most
essential espects of the system in question but leave ovut many other aspects,

sc that an cpening wed,e for analyvsis may be proviied.
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This analysis is often mathemsticel in character. However, the
methemaeticel underpinning of the studies here presented has been set off
in separste sections, marked by an asterisk(*). These sections can be

passed over by the reader interested mainly in their results, which ere

fully described ip sections without that symbol.

The application of the method of model construction to operating or
business problems hes increased substantially in recent years. To neme
first & few examples unrelated to iransportation, we refer to twc studies
on inventory policy ty Arrow, Harris and Marschek [1991] end by Dvoretsky,
Kiefer and Wolfowitz [1952], in which modelg are desigred to help balance
inventory costs against losses from stock depletion. Another family of models
constitute the general field of "linear programning”, & technique to compute
programs for the interdependent activities of a large organization. Besides
the original presentations by Dantzig [1951a] (Jointly with M. K. Wood),
[1951b, ¢, and d] we mention an expository discussion by Dorfman {1953] in
terms of a problem of eutomobile production, and an application to gascline
bleniing by Charnes, Cooper and Mellon [1952].

Similer studies in terms of a very simple linear model of transportation
heve aiso been mede. Two mathematicisns, F. L. Hitchcock [1941] in the United
States and L. Kantoroviteh [lQhEIij;n Russia, and one economist (the author
of this introduction) independently cf esch other formulsted the problem of
most economicel exgcution of a given transpecrtation progrem between e pumber
of locations 1n the case where the per unit cost of transportation between
each pair of locations is independent of the amount transported. This model

belongs to the class ofgﬁlinéar-ﬁgggramming" models and has served as one of

i/ Tois reference was brought tc¢ our notice by M. M. Flood [195L].
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the stock exsmples of this class. Dantzig {19516] explored the ccmputational
aspects of the abdbove (linesr) transportation problem, vhich were carried
further end epplied to a militery tenker fleet problem by Flood [195%], (1954].
Economiste studied various implications of this model, such as the relative
coste of alternative possible changes in the transportation progrem and the
relationship of these cost ratios to freight retes formed in competitive
markets {Koopmans [1947), Koopmans and Reiter [1951]) es vell es the relstion
of freight rates to interregionel price differences and movements of goods
(Enke [1951], Semuelson {1952], Fox [1953]). Ao extension of the model to
s situetion where places of origin and destinstion are continuously distrib-
uted in a plane wus given by Beckmann {1952). An important general result
of the studies mentiocned is that, under the circumetances of the simple model
descrived, a’competitiveharket solves the most economical routing problem as
efficiently &s e certrally directed transportation organization could.

From the point of view of the efficient utilization of the transport
cystems of road and rail, the applicebility of the simple linear ("constant
cost") model is rether limited. It ignores all phenomena of congestion, either
at terminals, or en route. Perheps the most important case where this assump-
tion is spproximately satisfied is that of ocean or leke shipping between
uncongested ports. The linear model further ignores indivisibilities, such
as arise from the bunching of s pumber of railroad cars into a train for which
one indivieitle engine provides traction. To extend the analysis of trans-
portation systems by model comstruction, 1t will therefore be necessary to
"gorget” the linear model, and teke & fresh look at the technological and’
6rganizational circumstances of various traneportation systems. However;'
before leaving the linear model, let us point out one practical applicatiob

of importance for the {ndividual business firm that has plants in several’
\

N
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locations. This spplicetion arises if, even though actual cost of trans-
portation on each route actuelly depends cn the amount trensperted, a public
carrier makee the Bervice in question avsileble at a constant freight rate.
~ The linear model then suffices to show this firm bow tc minimize its bill
for trapsportation from plants to customers, even though the minimum-billed-
cost flows of goods so computed beve no necessary relation to the best util-

jzation of the transportation system.

In ocur study of highway traffic, the main emphasis is on the effects

of traeffic congestion. Congestion phenomene have been subjected-to mathematical
analysis in the theory of telephone systems by Erlang (in Brockmeyer, et al.
[1948])end Palm {1943], and more recently in a more general analysis of queues
(Kendell [1951]) such as arise in many situations: people waiting for service
in & bank, ships waiting for access to port or repair facilities, airplanes
circling to land, pedestrians welting for an opportunity to cross a street,
etc.

.!'_._‘;'u' -nin sursesc of thest studies s boen to.dctcrr;ine_. ny neanos ol
the calculus of prcbebility, how the average waiting time, and the extent of
fluctustion in individusl waiting times, depend on the opportunities for
servicing (number of servers, average of end fluctuations in service time),
and on the amount and irregulerity of the inflow of cleaimants for service.
In Chepter 1 of this report, queue theory {s applied to such traffic situations
ag: the flow of cers through an intersection, end the passing of slower care
by fester cars through the use of gaps occurring in the opposing traffic

strezm. In addition, in Chapters 3 and 4, the maip results of such studies
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sre incorporated into the essumptions ¢of & (nen-linear) model of highway

traffic on & road netwerk.

It was said at the beginning of this introduction that one important
cbjective to which cur studies are ultimately directed ig the determinstion
of the capatilities of tresnsportation systems -- in the present case of-a
road petwork. It will now be clesr that this cannot be expressed in & single
number like so many vehicle-miles per day. It is an essential aspect of con-
gestion ﬁhénamena that - up to a limit beycnd which overloading starts --
more 'service' can always be obtained at higher unit cost. Hence, the
capability concept to be analyzed hes more dimensions than a single number.
Even for one individual cne-way roed, it is represented by a curve, vwhich
gives the relationship between the flow of traffic through the roed and the
cost encountered on 1t, in terms of the money equivalent of travel time, fuel
and depreciation, and possibly risk or other sacrifices measurable 1ln money
equivalents. The higher the flow, the greater the cost encountered. The
time element alone, probably the most importent cost factor, is represented
in the 'capacity curve" of the traffic engineer. In this curve, flow is set
off egainst average speed, the reciprocal of travel time. This curve and the
concepts essociated with 1t, are presented and discussed in Chapter 1, which
is based on study cof the relevant traffic englneering literature, For a roed
network, the capsbilities &re expressed by the relationship between traffic
flows on all routes and the costs encountered on each a8 & result of these
flowe.

A theory of highwey traffic should of course go beyond a description of
the cspabilities of & network to & study of how these capabilities are utilized.
Tuis introduces the ccncept of demand for transportation. The flows of highway

traffic sre the result of a great many individual decisions about destinstions,
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routes and preferred speeds., There is somewhsat ¢f an aﬁalogy between highway
treffic equilibriun and the models used by the economist to explain quantity
sold in a market by the interiction of demanders and suppliers. The bebavior.
of demanders is summed up in a "demani curve", which states the amounts taken
off the market at various alternative prices. Similarly, the supply curve
states emounts offered for the various poesible pricea. Astusl price is then
determined, by intersection of the curves, to be that price at which demand
equals supply. |

On the supply side the analogy is not a close one. Except for toll roads,
there is no party in the market selling access to roads for a price.  Each
piece of road not occupied or endangered by another vehicle is free for use
by whomever is near. However, there is a cost of tramsportation, incurred
individuelly in terms &lready discussed. If we regard this cost as the "price”
in the transportation "market", the economist's notion of a demand curve does
become applicable. For a single one-way ro;d it would state what flow of
traffic is demanded at any given cost encountered on that road. The higher
the cost, the smaller the flow demanded, other things being equal. For a .
rcad petwork, the demand function would state what flows are forthecoming on
each route 19 response to given transportation costs along these routes.
Equilibrium 1s established if the flows on all roeds ari{sing in response to
glven costs are just of the magnitudes that produce these same costs.

The demsnd concept is developed in Chepter 2. It is applied in Chapler
3 t5 & study of traffic equilibrium on a highway network. The stability of
this equilidrium is alsc discussed, and some cbservations are made abodt the
use of the analysis in the preliction of traffic flows.

Mathematical tools used in this snelysis (in particular Sections 3.1.2,
3.1.5, and 5.2.1) mey &lsc have an interest to the methematical economist

apart from their present applicetion to highway traffic.
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The analysis of demand &nd of equiliibrium recognizes that freedaﬁ d}*_r
choice of destination, time of departure, route, and speed, within the traffic
lews and general safety considerstions, are part of the services rendered by
the road network. Completely regulated traffic, euch as in the truck convoys
of an edvancing army, can wrench higher rates of flow out of & given network
than a treffic system that secures these choices to the individual because
they have value to him. Toere is, however, one particular sspect of this
freedom of cholce which does the totality of road users more harm than good.
This srises from the fact that the choice of route -~ once a trip is decided
on -- is quite naturally made so as to minimize cost (in terms of delay, risk,
puisence of congestion, etc.) tc the individual driver vho makes the choice,
without reference to delays caused to other users of the roads in question
s a result of his choice. We can illustrate the effect of this circumstance
by imagining & completely selfless driver, who (a) is fully avere of all delays
and other costs he causes others and (b) gives the same weight to everyone
elee's cost of transportation es he gives to his own. Let such an ldesl
driver be feced with & choice between two routes, one congested, the other
uncongested but with samewvhat higher travel time. Then our Mr. Milquetoast
will choose the more time-consuming route 1f the extra time and other cost
of that choice to him amounts to less than the extra delays and other costs
he would ceuee to others by choosing the congeated route.

It is argued in Chapter L4 that, if ell drl vers were of this highly in-
formed end selfless type, more valuable service could be oﬁ}ained in the
sgeregete from the road network. Perheps not muck can be done sbout this.
particular inefficiency of the traffic system. However, it should be em-
phasized that the difficulty does not arise from free choice as such, but

from the fact that the chooser coes not bear the full cost (to others as well
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&5 to himself) of his chcice. If there vere a wey to collect tolls from

the users of congested roads, at retes that messure the cost to others
ceused by the average road user, while the revenue so coliected is used
to lower gasoline taxes or otherwise benefit all rosd users, then & better
use of the highwey system would be cbtained. Chapter b analyzes as a the-

- oretical proposition how the amounts of such "efficiency toll rates" would
be determined. It alsc containe some cbservations as to how closely maximum
efficiency can be approached by proper choice of the toll retes on roads
that are at present toll roads, or by other wvays of pepalizing additions to
traffic congest;on.

In this discussion, tolls are looked upon, not ae a meana of financing
road construction, but es & means of bringing ebout the best utilization of
the highway network. This is in keeping with the growing acceptance among
modern economists of the proposition that best use of facilities requires
methods of pricing the services of these facilities thet reflect the incre-
mental cost attritutsble to each service demanded by an individual user.
Beceuse of the non-lineerity in the relstion between amount of use and cost,
such pricing does not necessarily produce revenues equal to the total cost
of opereting and financing the facility. This same principle has been applied
by William S. Vickrey [1952) in formulating proposals for fares in the New
York subway which would diminish congestion by providing incentives for
traffic to shift from peekX to off-pesk hours and to encourage fuller use of
off-pesk service by lower fares at these times when incremental costs are
low. It is alsc basic to contexporary theory of electricity rates (aee, e.g.

E. 8. Houthakker [1951]).
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It will be clear that these considerstions leave unansvered the questicn

of criteris for extensions or improvements of the network to relieve con-
gestion. BSome observations on the latter question thet flow fram the present
analysis are given in Chepter L, Section k.4.6, and also in Chepter 5, which
pakes brief mention of many unsolved provlems of traffic theory and analysis.
However the main part of the present study concentrates oo what the economist
calls "short run"” problems. The road network, represented by & configuration
of roads and a capacity curve for each roed, is taken as given. Demand for
traffic on each route is represented by a fixed function of current cost;
that is, 1f after considerable fluctuation cost were tc return to its former
level or each road, then demand would alsc return to its former level on eech
route. Tous the more gradual responses of demand to changes in cost that
arise from relocation of residences, stores or plents are not taken into
account. It is believed, however, that the present anelysis can be useful
as & starting point in developing a theory of balanced extension of the high-
wey network, concurrently with industrial expansion or relocation. Tﬁe in-
creased vulnerability of metropolitan ereas under modern warfare sdds & note

of urgency to the development of such a theory, alresdy highly desireble before

thie complication arcee.

Differences between cur studies of railroad transportation and those of
highwey treffic reflect the different cheracteristics of the two transportation
systems. The fact that highvay traffic results from the interdependent choices
of msny decision makers, each with an objectlive of his own, gives to traffic

theory & strong social science flavor. In s rallroad system, operations are
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at lesst in principle centrelly directed. ©On the other hand, the technical
aspects of railroad operation are e great deal more complicated than those
of highway use. Kence, our exploratory study of models of certain railroad
operations is somewhat closer to physice or engineering. 1In order to assess
and describe the capebilities of a rellroed network, it is again necessary
to construct esimple conceptual models of various parts of railroad operation.
Qur study, which makes a start vith this tmask, confines itself almost entirely
to the supply side of railroad services. One exception to this is the dig-
cussion in Chapter 6, Section 6.1 of the value to the shipper of speedy trans-
portation. Another exception is the discussion in Chapter 12 of best routing
patterns for empty care, to which we return below. .

It is probable that congestion phencmens, which hold the center of
attention in our analysis of highway traffic, are important also in rallroad
cperetions. BHowever, it hae appeared to the amuthors that other aspects of
rajliroad operaﬁion require prior attention. One of these arises from the
fact that ip most circumstances it is economical to hsul cars in trains rather
than individually. This introduces the problem of "accumulation delay”, the
car-time speat waiting for enough treffic to accumalate 85 that & traig can
econoﬁically be formed. Another is the problem of clessificatlion, that is,
the protlem of sorting cars that arrive io incoming traircs or are delivered
from loading tracks, so as to make up new trains that will take theee cars
to the next scrting point, closer to or at their destination. The protlem
is how to distribute this sorting work over classification yards in a way
that minimizes cost of clessification plus the money equivalent of accumulation
delay.

Basic conéepts to make possible an accurate formulation and treatment

of problems of this kind are introduced in Chapter T. In Chapter &, the
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operations of classification yards ere described, and simple epproximative

fornulae are proposed for the depandence of classification cost on the clase-
{fication task performed. These formulae are used in Chapter 5 1n & general
discussion of the distribution of claseification work over yards.

An earlier version of the materisl in this chapter and the one preceding
it was presented to a meeting cf the Railway Systems and Procedures Associktion,
neld in Chicago on November 5, 1953, end wes published as &n appendix tc the
proceedings of that organization.ngThe materisl is bere reused and extended
with the permission of the R. §. P. A. Chapters 10 and 11 are more detailed
studies of epecific problems. Each of these chapters ignores wbaet the other
concentrates on. Chapter 10 is devoted to the problem of distributing class-
ification work between a hump yard end a flat yard located down the line from
the hump yard, when protlems of scheduling are ignored. In Chapter 11, cless-
{fication cost is ignored, snd instead the problem cf scheduling treins between
yards to minimize accumulation delay is discussed in detail for & single-line
railroed, and in more general terms for more complicated railroad networks.

From this sumery the reader will see that time and resources available
for the study did nct permit us 1o construct a model that simultenecusly
incorporates all the main espects of reilroed operations, on the basis of
which one could, for inetance, discuss the best dovetsliling of classification,
scheduling and 1ine-hsuling operations. For that purpose, further "partial”
models would be needed first, such as a model for the study of track capacity.
In addition, considerable complications of & purely mathemstical character‘
would arise in the attempt to put the partial models together into a model
that would fully express the interdependence of the main elements of railrosd

operation. It is felt, hcwever, that the first steps on the road to e more

\ _i&]_ Beckmsnn, Koopmens, McGuire, and Winsten [1953]).
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integrated model have been made. and thet this in itself justifies the
pubtlication of these studies.

A more integrated model w-ould heve several uses. It would help in
computing the capebilities of a given railroaed network, and the rclling
stock requirements of =sny trensportation program that is within the capa-
bilities of the network. It would alsc facilitate estimating the "incremental"
or "marginel” cost (i.e., the coust increase) occasioned by the rendering of
an extrs unit of service.

The importance cf the latter consideration lies in the fact that freight
rates are &n important element in business decisions about industrisl locations
end about modes of transportetion used. Orly if the rete on each unig of
service reflects its incrementel cost cen we expect that such decisions, taken
by profit-seeking entrepreneurs in response to freight rates and geographical
price differences. will lead tu the most efficient utilizetion of the natica's
resurces. It is true that this view held by most economistail has not been
gccepted by regulatory bodies as relevant to rate meking. However, the
econonist's case is likely to remain just a nice pcint of theory unless the
operations of railroads are analyzed t: the extent necessary to provide a
method of estimating the incremental eosts of transportation services rendered.

It may be useful here to recall the main properties of incramental cost
in the very simplest linear model of transportation menticned at the beginning
of this intrcduction. where both congestion and the fact that cars are lumped
into trains are ignored. 1Ip this model "efficiency freight retes”, that is,
rates reflecting incrementel cost, are relatively low, per mile, in directions
in which empty cars proceed regularly, end relatively high in opposite direc-

tiopne. On routes not travelled by empty cars the efficiency freight rates

QJ See. for instence, J. Dupuit [i18L4], H. Hotelling [1938].
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have intermeciete values, which can be determined in the same calculation
by which the best routing plan for empty cars 15 detenmineaﬁz In eny more
refined model, incremental cost freight rates are likely to exhibit these
main features, with the effects cf ccngestion and lumpiness superimposed
as modifications. It is therefore worthwhile to examine the pattern of
émpty car originations end terminstions associated with the movement of
goods on U.S. railrcads, the pattern of best rcuting of empty cers between
crigination and destination points, and the stebility or varietility of this
pattern between years. The examipation of this question in Chapter 12 reveals
a substantial stability of best routing patterns of empty boxcars -- and hence
of incremental ccsts cf transportation of goods shipped in these cars -~ as
between peace-time years, and remerksble changes ccrnected with war-time

movements cf supplies tc Pacific coast ports.

This report hes resulted from & research project cerried out by the
Cowles Commission for Reseerch in Economics under contract with the RAND
Corporetion. Tjalling C. Koopmans was the regezrch leader of the project.
The several authors came to this study with different skills and backgrounds,
and accordingly contributed in different and cowplemenlery weys to thelr
common tesk. Martin Beckmann, & mathematical economist egpecially interested
in linear programming and eccnomic sctivity snalysis, contributed most of the
chapters of the hiphwsy traffic analysis, with the exception of Chapter 1 on
capacity. Christopher Winsten, mathematician and economist with a special

interest in applications of probabllity calculus to industriel phenomena,

L/ See Koopmans and Reiter [1951], Dantzig [1951e].
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contributed the mpelysis of queues reported in Chapter 1, and the analysis

of the division of scrting work between yards. given in Chapter 10. C. B.

McGuire, economist, vas assigned primary responsibility for the degree of
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records. Most of the chaéters on reilroad protlems are the result of Jjoint
work by McGuire gnd Winsten. Chapter 11 was contributed by Koopmans. Chapter
12 was prepsred by McCuire cn the basis of earlier work by Kirk Fox, Marc
Nerlove, Harlan Suits and Thomas A. Healy. The computations for a gimple
example of a highwey network were prepared, and the report thereop in Sec-
tion 3.3.2 written, by Goldmen.

This dry enumeration of contributions does not indicate the extent to
which practically every chapter has been effected by the thinking of =all
members of the group. A good deal of group discussion has been devoted in
particular to choice of concepts and models ¢f reilroad operations. In the
later stage of preparaticn of menuscript, the group met in weekly sessions
for criticism and evalustion of successive drafts. Final editing of the
manuscript was done by McGuire with the assistance of James M. Terrell.

Proper scknowledgment cannot be given in this space tc all those who
helped the authors in their project. Especially deserving of mention, how-
ever, for the patient way they dealt with the authors' questions, are the

follcwing men in the railroad ipdustry: C. H. Eremhorst, L. H. Dyer. and



E. P. Stine of the Chicago, Burlington, and Guincy; Arthur d. Gass of

the Car Service Division, Assiciation of American Reilroads; C. E. McCarty

“and | _R. M. Zigmermann of Potomac Yard; T. J. O'Cornell and C. E. Bertrand of
the Baltimore snd Chic; W. A. McClintic of the Pere Marquette Division of

the Chesapeake and Ohio; E. E. Foulkes of the Rack Isleni; and Vel Rice

c¢f Modern Railrosds. For the frontisriece. an serial photograph cf Bensen-
ville Yard cn the sutskirts ¢f Ckicago, we are indebted to the Milwaukee

Rcad.

Discussions with other mecbers <f the Covles Crmmission research gtaff
and with visitiﬁg schoiers have also beep stimuleting and helpful. Among
these, we wish to mention in particular W. Feller of Princeton University,

H. 5. Kouthekker, fcrmerly of the Commissicn end now of Stanfcrd University,
D. G. Kendell cf Oxford University, Harry Markowitz, Georgé Dantzig, end

T. E. Harris of the RAND Corperetion, and William S. Vickrey of Columbia
Uriversity. The lest-mentioned hes read the entire menuscript end given

the authors the benefit of many detailed ccmments. Of course. responsibility
for whet is cffered rests with the respective authors alone. If these
gtudies stimulate others to imprnving on them, the authore will feel that

their endeav.r nzs teen fully rewarded.
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Chepter 1

Rosd and Intersection Capecity

1.1 Introduction.

In most ceses where an sttempt hes been made to messure the cap;city
of a road or intersecticn, this capacity has been taken to be = mumber,
representing the highest possible flow of traffiec through the facility
being studled. Accepting this view for & moment, let us examine a particular
case in some detail and see into what complications we are led. Buppose
a certeln unsignelled intersection is used by eastbound and northbound
traffic only. What is ite capacity? CObvicusly no one number will suffice

to describe the capacity of the intéreecticn for northbound flows alone,

N 2

Figure 1

for it is quite clear that the more eastbound traffic there 1s, the less
will be the amcunt of northbound traffic that can get through unless thie

letter flow in same way cominates the intersection, and we rule this ocut
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for the present. Perhape, hovever, it ig possible tc express the cspacity
in terms of & number, say léOOIvéhicles per hour, which is not tc be ex-
ceaded by the sum of the two flows. If thie 13 so, then this capacity
can be expressed in the fcllowing lengthier butl more Instructive wey. The

cepacity 1s

0 wvehicles per hour northbound and 1600 vehicles per hour eastbound

Or lw " " L] ” n l gm " " " L]
Or Em n " " n n ltm ' ” " L1} (4]
or lsm " " " " ” 0 " n L2 n .

This set of combinations written cut in full says precisely the pame thing
as the ghorter defining sentence preceding {t; we can if we vigh therefore
alweys describe éuch capacities in terms of the verious highest possible
combinatioﬁs of flows. Bince the set cf such combinations 1s rather tedious

to write down, it is convenient to describe it graphically in the following

way.

Figure 2
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The set of capacity'flow continstione cen be represented graphically in
Figure 2 &s all th5se poicte with non-negative coordinates X, X, which
lie on the downvard sloping line whose equation is X + X, = 1500. The
vhole set of caombinatione is therefore completely described by that line.
The capacity expression bas thus chenged from & simple number 1o a set -
the set of points on the 4s° line.

At this point there arises the very natural question of whether the
liﬁa must alvays have a ks” slope, or whether in fact it need elvays be a
straight line. Without further information there are no reasons to reject
tﬁe poseibility of capscity curves llke those in Figures 3 and k. Where
the capacity curves are of this nature we begzin to see some of the advantages
of capacity formulations in terms of sets of alternatives rather than single
nupbers. The capacities described in the last two curves can be represented
by sets of combinetions Just es before, but they cannot resdily be represented
in & stroightforwerd way by & single nuober. If we look at the points A

and B ip Figure 3, we notice that while both represent capscity flov

Pigure 3 Figure &4
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combinations, the total flow represented by A 1is less than the totel
flow represented by B. Total fiow in these exemples is no lopger an
importent element in capacity considerations.

Before lesving this simple interseciion example it is worth poloting
out that the curve, or set, we have been lalking about represents capacity
in the sense that i1t forms a part of the boundary of &ll those points rep-
résenting poesitle flow combinations. Thue in Figure 2, the point C with
coordinatese ¢ and c¢' is = poseible Tlow combination since the sux of
¢ and c¢' 4is less than 1600,while the point D with coordinates & and
d' 4s an impossible flow corbination since the sum of @ and 4' is
grester than 1600. The possitle combinations are those represented by
pointe on or below the capacity curve; the impossible ones by poilnts above
the curve.

The reader may object at thise point that 211 of this elaboration has
been unnacessary, because for moet of the important cases the capacity cufve
does in fact Jjust happen to be a atrajght line sloped at hﬁo a: that capacity
expressed as & limitation on totel flow is reaslly all that is needed. JIf
all of the interesting cases were like the ones in Figure 2, the objection
would indeed be well taken. We intend to show however that es soon 83 the
capacity notion is complicated somewhat to make it more useful from an
econcmic point of view, the interpretation as a set of poseibilities becomes
imperative. To make this clear, ancther aimple and rather artificial example
will be descrived. 8o far we have not coneidered the driving conditions
which the traffic will meet, even when the flows are possible ones. One
way of iatroducing these conditions into & definition of capacity is given

in the Hizhwoy Capecity Manual,}/where,very briefly:
1/ Normenn end Walker [19hQ, pp. 6-7}.
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besic caracity is the maximur fluw under "most pesrly ldeal

roedway end traffic conditions”;

pocsible caracity is the maximum f.ow under "preveiling roacway

snd traffic conditi-ns”;

rractical carszity iz the meximun fiow short of ceusing ‘unreascn-
ab_e éelasy, hazard, or restrizti.n t: the drivers’
freeism tc maneuver.'

Thus f3r each traffic conéiticn specified there is a ¢rrresponling maximum

flow.

A ternatively capacity mav be delipec 85 & relati-n showing how traffic
conditicns depend un flow. This is 12 be rreferred if the astipguity of
terms 1ike "unreas_.natle” is to be avoided. This proceaure means that no
two or three artitrarily selected traeffic conditions aré ¢..ncentrated on,
tut rather the whole range of traffic concitisns is examined, Just as the
whole range of f.ows is.

The word "delay" in the cescription of the traffic conditions that
define praciical capacity covers what is probsbly trhe most importent element -
in traffic conéitions. Coenditions are geood if doiey is smell; they are vad
if delay is large. In the following exam;le. and 1n fact in nearly all of
the subsequent 2iscussi~n ir this chepter we shall suppose that "traffic
conditions" are fully descrited by an assessment of the deleys that occur.

Let us imsgine a certain vehicle insuvection station at waich all vehicles
traveling a particular ruad must stop. Suppose tnet the iusjeciicn lskes
exactly tw: minutes fir each vehlcle. that only cne vehicle can be inspected

at & time and that the errival of vehlcles at the station is known to be

rendcm. VWhat is the capaclity of the statiocn?
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The exampls would ke completely urirterestirg were it not for the fact

that as flows become larzer, "traffic conditions”, that is, delays, get
progressively worse. Any particular car has not only tc wait the two
miputes until ite own inspection is completed, but until the inspections

of all cars waiting wvhen it arrived are finighed as well., The heavier the
traffic, the mcre cars it 1s likely to find waiting ashead of it. If the
average delay that cars suffer is plotted as = function of flow, a curve
lixe ABCD in Pigure 5 results. For very small fiows the station will seldam
be occupied and the eversze delay will be close tc two minutes. As flovw
approaches 30 vehicles per hour, the stetion will usuvally have several

vehicles waiting in line and the aversze delay is likely to be large.

Average
delay F

Flow
{vehicles/hour)
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P;oéeeding Just &s in the intercection exsxple we can express the

capacity as the set of cambinations

0 vehicles per hour and 2 minutes aversge delay

or b' m " " endd " " "

or c [} E1} " " E 1 3 c n H ”n

or &' L4 1] " and & " "o, n
ete.

Now imagine another station at which tvo vehicles can be inspected
simultanecuely, but where such inspection takes exactly three minutes.

The capacity curve for this station is EF in Figure 5. With flows clone.
to zero the average delay is three miputes, s little grester than for the
other station. At C where the two curves crose the advantage of the first
station in terms of a shorier service time is exactly cumpensated for by
the second station'’'s ebility to deal with congestion. Thus, in a sense,
for smell flowas the first etation has the greater capecity; for high flows
the second stetion has the greater capacity. Such a cepacity comparison
would be arbitrary inceed if it were made on the basis of knowledge of
delays st the two stetions corresponding tc one perticular flow, or on the
basis of knowledge of the flows at the two stations corresponding to one
particular velue of aversge delsy.

Hote that, if we were tc plot a similar function for the intersection
exarple given above, then for each combtination of flows which the inter-
section could handle, we would have an everage delay. The capacity curve
shown in the figure might now be suppoeed to separate the combinstions of
fiows which had acceptalble delays from those where the average delays were

too lerge to be acceptable. When we are consilering two flowes in this way,



RM-1L5D
5-12-55

-1.8-

we could breeX this everage deley down into twoe parts, those experienced

by each of the two streems. Whet kind of functions of the traffic densities
these deleys are depenis especially oo the traffic rules goveroing the inter-
section. Tunis question will be discussed in Bection 1.2 below. .

wWith this introduction, it is time to enter into & more cdetalled dle-

cussion of the caepacities of various types cf intersections and rcads.

1.2 The Cepacity of Intersectlions.

We have sketched above the notion of capecity we intend to use. Before
we can develop quantitative expressions for thie capacity nction, we must
consider in more detail the rules governing traffic at intersectionz; and
we‘muzt specify the simplifications inevitably involved in constructing a
podel of traffic behavior. BSome of the previous work on intersection capacity
.vill be diecussed, and & nev model will be given, which it is hoped, will be

useful for guantitative prediction in some situations.

1.2.1 The Stcp-8lgn Intersection.

In a simple type of such an intersection, & minor road crosses a major
road. It is assumed that treffic in the minor rosd must not interfere with
major-road traffic. BHence a car reedy to crogss the major road must weit
until there is8 a sufficient gap in the major-road traffic. The burden of
Judging when a gap is sufficient lies on the mincr-road driver. It is
poseible for these judgmente to vary considersbly, both between one drivef
and the next, and between different intersections. Drivers mey vary because
of different degrees of cauticusness, ebility to pick up speed, and so on.
Intersections vary in vieibility, width, and many other factors. It is
necessary to consider which of these factors to bring into a quantitative

model, and just how they shouid be brought ino.



1.2.2 Intersections Controlled by Traflfic Lighis

Traffic lighte may heve various rules of operetion, and the delay
will depend on which of these is being used. The most comzon i the fixed
repeated cycle. With this rule a green interval of fired length is follode
by a red interval of fixad length (though the length of the red interval may
very well differ from the length of the green one). The whole cycle is re-
peated indefinjtely. There mey be edditional warning intervals betwveen the
green and the red intervals or between the red and the green. There are
some possible varistions; for example, lights can be made to change their
cycle according to the censities of the traffic in the two roads. Some
types of lights give priority to one of the roads, but we do not diacu;c
these here.

In both the stop-sign case and the traffic-light case, cers turning
left or right are en additionmasl cause of variation. Suppose, for example,
that et & stop sign & car in the minor road wishes to make a left turn lnto
the major road. It will have to wait for a gap in the major-roed traffie,
and also for e gap io the minor-road treffic in the oppesing stream. Thus
1t will on the average have to wait longer than a car going straight shead,
and it is likely to delay traffic behind it longer. Thus the delay at the
intersection msy well depend or the number of cars meking left turns, end
on the density of traffic in the opposing stream in this situstion. Oimilar
considerations apply to the traffic-light cese., These complicatione are
mentioned to show that quantitstive statemenis about delays at 1ntersectiqna,
and their relsticns to treffic flows will not be of completely general epplica-
ticn, whether they are derived from theory or from experinzental observation
of actus) road conditions. Many intersections may present epeclal features

wvhich call for rcdificetion of the results.
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1.2.3. Relsted Work in the Litersture.

Before we present our contribution tc the theory of intersection
capacity, we will give some very brief references 1o related work des-
cribed in the litersture. The discussion has no intention of btelng ex<
haustive; it is only meent to call attention to some attempts to develop
& quantitative theory cf congestion at intersections.

iIn order tc develop a theory of delay, we haQe to have scme way of
describing traffic flow. Because of ell the various unrelated faﬁtorn
vhich determine whether there will be e car at s particular point at &
particular time, 1t was suggested by Adams {1926] that = probability model
might give & good f£it to some clesses of traffic. Adoms suzgested a special
type of probability model celled the Poisson process es & possible des-
cription of the times at which cars pass a particular point. Eis experimerital
work confirms that this procese gives an adequate description for some roadh,
and for scme purposes. It has since been used in work on traffic congestion
by other writere: Garwood, Greenshields, Reff, and Tanner, for example.

A.theoretical treatment of stop-eign intersection delays is given im
pepers by Raff [March, 1951) and T-oner [1952]. Both use the same assumptions
and simplificetions. It is supposed that cars ir the minor road do not
interfere with esch other. Thie aspumption will be e valid one if treffic
in the minor road is eperse. Tanner fremes his discussion in terms of
pedestrians crossing a road; since pedestrians caen usually croes in groups
if necesssry, 8ll those waiting cen cross almost 8§ €000 88 there i8 a
sufficient gap in the traffic. Thus it seems & good gpproximation to
suppose that the length cf time & pedestrian will heve to walt tc cross

does not depend materislly on hov many other pedestrians are using the



RM-1435

5-12-55

-1.11-
crossing. In other words, the amsumpiion of non-interference seems a
valid one in this case too.

It is also necessary tc heve scme more precise definition of "sufficient
gep". In the theories developed so far the notion of & fixed ecritical t;me
gap is used. It is supposed that the driver in the minor road will only
cross if there is no car in the major road due at the inmtersection in the
next w seconds, say. Under these circumstances w 1s celled the critical
82p-

We can represent the arrivals at the intersection of cars in the major

road as points of & time axie, as in Pigure 6.

time

¥
]
%

Pigure 6

By using the notion of a fixed critical gap, we can, if we are glven & plot
of the treffic of this sort, say whetﬁer a car in the minor roed can or
cannot cross at any given time. It is patural to call the time interval
durinz which & car in the minor rcad ie not sble to cross a red interval and
the time interval in which it can crose a green iptervel. Thus, if we have
& plot of arrivsls in the major roed, with ocur assumption of a fixed critical
gap, we can divide up the time into a sequence of inlervals, alternating red
and green. 18 procedure {s 1llustreted in Figure 7, where the cars opn the

left end of the time axis are later arrivals than those on the right.
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Pigure 7

A cer arriving in the green interval will not bave to wait, but a car
arriving in the red interval will have to wait just until the end of that
interval. Az we are supposing there is no other car in the minor road in
front of 1t to delay it, it will be able to leave at the start of the green
intervel.

To find the average wait in the minor road, we have to study the dis-
tribution of ihe lengthe of red and green intervals. The papers by Raff and
Tanner do this for the case in which the arrivals in the major road can de
described as a sequence forwed by s Polfson process. The sssumption that
sufficiently large spaces occur between vehicles is the only one necessary
for the minor road.

Hotice that the reszsoning in this case can essily be extended to the
case vhere the critical gap accepted varies from car to esr. If we know

the relative frequencies of the different critical gaps, we cen find the
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mean delzy for each one, and thexn average the results using these relative
frequencies as weighte. In fact, Raff presenis empiricel evidence which
shows very c¢leerly that there is considersble variastion in the gaps drivers
consider long enough to allow them to cross, so that s refinement cf thie
sort may be useful. In the case of dense traffic in the minor road, vhich
we treat later, there is no such eesgy generaslization to the case of s vari-
edble critical gap, and we muslt for the time being be content with the epprox-
imat{on that supposes it to be constant.

Scme methods of calculsation for the repeated-cycle treffic-lipght case
are presented by Garwood {15L40-19L41) and Raff [1950]. In these papers an
attempt {s made to desl with the phenamenon of "sluggischness". If = line
of cers is waiting when the light turns green, {t will teke some time to
clear. Belov we give a new method of dealing with this case, which gives
us & useful approximste formule when traffic is sparse, and vhich can be
used to give results whern treffic is heavy.

1.2.4 A Model of Intersection Delsys

The resulte wve have mentioned sbove for the stop-sign intersection
were restricted to the case for which traffic {r the minor road was sparae.
In this section we give & method of extending this type of model to the case
vhere the treffic in the minor road is dense, end cars sre delayed not only
by thé traffic in the major roed, but by cars in front of them in the minmor
rosd too. The type of model we develop turns out to be useful for the re-
peated cycle traffic 1lizht cese glsc.

T™e basic fact we have tried to express in the model 1s that s queue
of cars waiting to cross a road cannot clear sll at once, and the longer

the queue the longer it will teke to clear (the phencmenon alrezdy Gescribed
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as gluggiehness). The remson for this effect is that the cars as they

leave maintain a certsin spacing between each other. In our model we
also take sccount of the fact that cers arrive epaced out too.

In constructing the model, e device hes tee: used which mey at first
sight seem to have s slightly ertificial look ebout it, but which, in fact,
expresses the epacing between traffic in a very convenient way. We suppose
that events, such as the arrivel or departure of a car, can 6nly bappen at
discrete points in time, rather as if they wvere being shown by & motion
picture film which moved in Jerks. BEach of the discrete time-points can be
considered a frame of the film. At each time-pcint at most one car can
errive, and at most one car can cross the road. These conditions make sure
that traffic is spaced out es it should be. They also imply the restriction
that the minimm time spacing between cars arriving at and cers leaving the
intersection is the sanme.

In ediition we auppose.that each time-point is either & red time-point
or a green time-point. A red time-point 1s & point at which & cer cennot
crose the stop eizn or traffic light. At a green time-point a car will
cross, provided that a car has just arrived or that one or more cars have
been held over from the last time-pcint. |

With these conditions ve can represent a sequence of events at the
intersection in a very simple woy symbolically. Suppcse we represent the
arrival of a car at the intersection by the symbol 1, and that the symbol

0 means that no csr errives. Taen, for example, e sequence of the type

11001000110

ghows that cars srrived a2t the first two time-points, but not at the next
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twc. A car arrived at the fifth time-point, but not at the next three,
and S0 Ofy.
If we represent red time-points by the symbol r, and green time-

points by the symbol g, then a sequence of the form:

r rr g g g gTrreg

ghows the first three time-points vere red, and they were followed by four
green ones, and 80 on.

We are primarily interested in the delay which cers suffer. To find
this delay we must calculate snother sequence: the gueue segquence. The
queue &t any particular time-point we define, for our purpcses, as the
pumber of cers held over from that time-point to the next. With the simple
rules of traffic behavior given sbove, once we know the arrival sequence,
the red/green sequence, and the number of cers waiting at the intersection
2t pome initial time-pcint we can calculate the queues for all later time-
pcints successively. We illustrate such a calculation below.

There is one mcre sequence of Interest: tﬁat of departures. Hov does
the process of erossing the intersection alter the spacing of cars? The
departure segqueace too cen bé calculeted from the others.

We can pov illustrate these sequencee. The time-points sre nurbered

t =1, 2, 3..... 80 we will suppose that at the beginning of the period no

cars were weiting to cross.
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Time 1234567891011 12 13 b 15 16 17 18
Arrivals 01100000 1 1 1 O 1Y G © O 1
Red/green seguence EETTTrEEE r r * g 8 T r r g
Queue held over to 001112100 1 2 3% 2 2 2 2 2 2
next period
Cars weiting to 0ll1112210 1 2 3 3 %2 2 2 2 3
croes '
Departures 010000110 0 C € 1 1 0 ¢ O 1

The cars waiting to crose at any time-point ere those held over from
the previous time-pcint, together with eny car that arrives a2t the time-
point considered.

In previocus enalysis of traffic delays, the assumption was made that
the arrivals of csrs could be considered as generated by = Poisson process.
This sssumption, wvhen it was checked azainst observaticn, was found quite
adequate in many circumstances. Nov that, for cur present model, we have
distorted nature slightly by maeking time move ian Jjumps, we bave to find an
appropriate modificaticn of thia way of descritbing the structure of traffic.
The modification we use, a very close analogue of the Poisson process for
discrete time measurement, can be csalled the bilpomig) proceas. The nature
of the process cen perhsps mcst easily be seen by the following way of
deriving a seguence from it. Buppose that the flow of traffic is such
that on the averege 37 cars arrive per 100 time-pdints. Suppose we draw
numbers at rendom from the set cof pumbers 1 tc 100, replacing each one
before drewing the next. When a number from 1 to 37 is drawn we write
down 1; when a number greater than 37 ie drzwn we vrite down 0. If, as
above, we consider 1 to represent the arrival of a car, end O the ncn-arrival,

then the sequeace of O's and 1's we obhiain in this way can be taken 10 represent
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a poﬁsihle flow of traffic beving the specified average density. To
cbtein & different average density of traffic, a correspondingly different
classification of the numbers 1 to 100 would be used. This averege density
in the minor road we have represented by «. It is defined as the ratio
ot.the mumber of cars which arrive in a long period of time to the maximum
mmber which could arrive provided the proper time spacing between cars is
maintained. Toe corresponding quantity for the major roal we have called p.

We have celculated the sveraze delay for the case when "statistical
ptability” has been reached. This everage is the seame as the average over a
period of time sufficlently long for the particulsr state of the fotersection
at the becinning of our cbservation to become uvnimportent. However, the
caleulations involve the mssumption thbat congestlion will not tend to increase
indefinitely. The probability model we have used has the property thaet this
event will in fact almost certainly not happen provided the average number
of green points exceeds the average nuober of care arriving at the inter-
section in the minor road. If this condition 18 sstiafied, the queue of
cars will certainly vanish sgain and again, even though st times it may
build up to a considersble length.

The critical gep also needs redefining for the purposes of our disc?ete
model. We have called 1t w, and defined it ss the number of time-points
bvefore the aerrivel of a car in the msjor road which are blocked by tbe close-
nees of that car. For example, if w = 2, the two time points before the
errival of the car in the major road will be blocked, and also the‘timef
point at vhich it actually errives.

The curves _n Flgures 8, 9, and 1C prescnt the resulte of the coiculstions

for this model. Baeed on the mathematical analysis given in Section 1.5,

they show the mean delay in the minor rcad ss & function of the traffic
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densities a and p in the minor rcad and mejor road, and the critical

gep w. PFor a givenvalueof p and w, es @ incresses, the mean delay
increases, until at & certain velue of o the ccngestion incresses i{ndefin-
itely. The intersection is not able to accommodate a dersity of traffic
corresponding to that value of a or grester for an indefinite length of
time.

It ie important to note for purposes of anslysis in other chapters,
that these average delay functions possess o curvature property called
convexity."

The same type of analysis has been made in Section 1.5 for the repeated-
cycle traffic-light case. The treffic lights are supposed tc be red for r
time-points, and green for g time-points. The density of arrivels is rep-
resented by a as in the stop-eign cese. As in that case the average wait
over e long time period is caelculated. Agzain congestion will certainly build
up indefinitely unlgss the number of green points exceeds the pumber of arrivels
over e long period. Thus the average delay is calculated on the supposition
thet this condition is satisfied.

A most striking by-product of our caleulations is the adequaey of an
approximetion which has been used in the past for sparse traffic. The approx;
imation is based on the supposition that the gueue of cars has vanighed at
the beginning of eech red period. Though thie would seem s drastic essumption,
the results celculated by using it turn out to be valid for nearly all the
values of a, r and g for which we heve cerried through the ealculations.
The stability condition, for queues not to grow indefinitely, is a < —& ,

r4g
and the approximation is valid even for a quite close to this 1imiting value.

,&j A definition of convexity is given in Section 5.15?
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1.3, Tohe Uniform-8peed Cepacity of & Roed

In discussing road caepacity we shsll first examine & perticular type
of cepacity curve which will be called the uniform-speed cepacity curve.
Anong our reasons for giving same attention tc this curve are

1) Its possible usefulness in the planning of large directed traffic

movements such as ermy counvoys, urban evacuaticns, etc.

'2) Its very distinct difference from, and relation to, the more com-
plicated notion of a caepacity curve which is to follow. This ¢iffer-
ence i8 ¢f some interest in {tself for it demonstrates the fact that
the "capacity” of & facility must be defined with an eye tovaré the
use tc whieh the facility is put.

Consider a single~lane road over which traffic moves in one direction.
A upiform-speed will be seild to exist when every venicle moves at the same

speed. At & given pcint on the rosd, the unifcrm-speed capacity at e given

uniform speed is defined es the maximum traffic flov {measured in vehicles
per hour) which can pass that point &t that speed under certain assumed con-
ditions. Obviously flow will depend on ithe distance-spacing between vehicles,
and will be et a meximum for any given spaed wvhen spacing is at & minimum,
since flov equals speed divided by spacing.

The assumedconditions are those that affect the minimum specing betwveen
vehicles at each uniforr speed. These include nct only such things as the
physical characteristics of the road bein; examined, but also some characier-
istics of the vehicle populsticn bteing studied, ani in edditicon a statement
of vhethcrvthe spaces between vehicles shall be determined by reference to
some stendard of safety, or by cbserving the spacing actually mainteined by
drivers, or perhaps in some other manner. The mein problem involved in

determining these capacities comes fram the fact that by any realistie
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¢ritericn, the spacing between vehicles must increase with speed. The form
this spacing function takes will sericusly affect the shape of the curve
relating uniform-speed capacity and uniform speed.
Four ways of determining these capacities suzzest themselves:
1) Rypothetical specing functions can be constructed ani substituted

in the relstion

fliow = 52259—
spacing

to give the maximum flow et each uniform speed.

2) Empirical specing functions can be determined by observation of
exigting traffic flowe, a2nd they car be substituted in the re-
lation of method (1),

3) BEmpirical estimates of uniform-speed capacities can be attempted
by direct cbservation of flows, by-passing a determinstion of
spacing.

k) Experiments can be performed.

To our knowledge the experimental method, interesting es it is, has

never been carried ocut. Each of the others will be deacribed balowv.

1.3.1. Hypctheticel Spacing Punctions

A minimum "sefe" spacing function may be postulsted on the basis of
information ebout the distances required to decelerste vehicles from veriocus
speeds, and also on the baels of one's beliefs as to what constitutes salety.
This has been the most common approach.5[ Without mucg Justification it has
usually been essumed that safety requires a distance betveen vehicles at lesat

equal to that necessary to bring & vehicle to 8 full stop.ﬁf The mathematical

3/ Eerrey ani Herrey, [1545]

3 Hess {1650]
wd tensive biblicgrephy in Normean [February, 1lokz, p. 122].
- ‘gj The most notable excepticn tc this astatement is the work of Greenshields

and Weida [1952, pp. 152-154]}, vhere it ie argued thet full-stop Bpacing 18 too
conservative an iolerpretation of safety.
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form typicelly siven this spacing function hes been
. 2
(1.1) & + bu + cu
where
8 = mverage length of vehicle
b = percepticn plusg reection time
(1.2) e
¢ = o ? where y 18 the meximum rete of decelerstion
u = gpeed

All three values are affected by the composition cf traffic (oumber of trucks,
age of drivers, etc.). Time of day end location effect b; end rcad surface,
wvesther, and grede and curveture of the road sffect ¢. Some of the most

careful studies of b have bLeen made by De Sylva,zj end of ¢ by MoyerP—f

Various values used in constructing these aspascing functicns are interestingly

compared by Ncrmann and walker;zj Weile much disagreement is evidernt, the

values
e = 2.84 x 1077 miles (15 feet)
(1.3) b = 2.78 x 10'“ bours (1 second)
¢ = G.47 x 1078 hoursa/mile (i.e., deceleration =

21.5 ft./sec.2 )

are fairly typical and give en l1dea of the magnitudes involved. It will be
seen that the "sefe” trailing distsnce grows more und mcre rapidly as speed

increases, The resulting uniform speed cspacity functlon which cen be vritten

u

(1.5)

: 2
a + bu + cu

-

47 De Bylve [1937].
— Moyer [1GhT].
4l Wormsan end Welker [1949, p. 120].

[

-
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reaches & meximum at scme intermediate speed and declipes thereafter. This
means thet at high levels of speed, the added specing that is necessary for
& further speed increcse more than offsets the direct effects of speed itself

in bringing about an increase in flow. The curve OA'A in Figure 1l is a

uniform-speed cepacity curve of this type.

Flow
A'
-..-‘\
-~ + N g
< |
”~
7 ]
)
A
i
|
|
i
/ |
0 Uniform gpeed

Figure 1l1. Uniforr-speed Cepacity Curves

In most of these studies the uniform speed correspcniing to the point
(A' in Figure 11) of maximm flow has been found to be surprisingly low, in

I
the 11-25 mph rangp;&' the maximum flow itself is usually eround 1800 vehicles

per lane per haurrz

A criticism which might be leveled against this kind of uniform-speed
capacity curve concerns the concept of safety 1t vses. Minimm safe spacing

is e difficult quantity to define to start with, end furthermore, there is

;d Perhaps the feeling that the speed at which flow is mexinized rmust be
greater than 11 or 12 mph accounts for the rather high value of deceleration
cited as typical in (1.3).

i Normann and Walker [1949, p. 120].
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‘
azple reason tc believe that drivers do not space themselves at distances
vhich are perfectly safe anyway.lglﬂhile gcome atterpis have been made to
refine thie concept of safety in order tc secure a better correspondence
betwveen theory and observation, these ettemptis are more properly classified

under the method to be described next.

1.2.2. Empirieal Spacins Functions

An empiricel spacing function can be found, and used in the same way
as sbove to determine the unifcrm-gpeed capacity curve. One such procedure,
reported by Normenn, wvas as follow.;Jj Of 8,500 vehicles recorded at one
locetion, ebout 2,000 vere traveling st the same speed as the vehiclﬁs Juet
ghead of them. Thece were clessified into speed groups. The next step was
to f£ind for eech speed group the mean spacing between vehicles. Tc ensure
bowever that the meesn spacing thus derived was an accurate estimate of the
mean ginimim spacing for that speed group, it was necessary to exclude from
the semple a5 many as poseible of those vehicles which just happened to be
moving at the same speed as preceding vehicles, without in any way being
impsded by these preceding vehicles. In order to perform this elimination
the time spacing, that is, the space in front of & vehicle divided by 1ta

speed, was calculated for all members of the sample.

;ﬁJ‘ Normenn {1939, pp.226-227].

11/ e,
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Kurber of
Vehicles
I —4+——4 +—— Time Spacing
== Betwean Vehicles
1 2 ? b (seconds)

Figure 12, A Freguency Distribution cf Time Spacings
For a Single Epeed Group.

The histogrem of Figure 12 gives a general indieation of the relative fre-
quencies of various time spacings in a single speed group. Since, in the
cese pictured, most of the time spacings ave concentrated at the low values,
and s very few are to be found st levels grester thsn four seconds, the in-
vestigators were prcbetly Justified i throwing out of the semple those
vehicies with time spacings greater than four seconds. These, they sssumed,
were not traveling at minimum specing. The sane procedurs wes followed for
ell the epeed groups, and the mean distonce epacing of the reduced sarple for

esch speed group wns determined.
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Specing

Bpeed

Fipure 13, Obgerved Minlmum Spacings.

Figure 15 shows, for each speed group, this mean minimum spacing in
feet of #1l vehicles spaced st less than four seconds. Using the deta in
FPigure 13, s uniform-speed cepacity curve was constructed which indicates
for each speed the maximum flow possible if all traffic moved at just that
speed. The resulting curve, OB in Figure 11, differe from a typical theore-
ticel curve, CA'A in Figure 11, mainly in indicating greater flows at the
bigher speeds. Notice alsc that the uniform speed at which thie curve attains

ite maximum flow is higher than before.

1.3.3 Direct Qbservations of Flows

The uniform-aspeed capacity curve might be estimated directly by fitting
B curve to & set of mexirmms of obsarved flcwe for several dilferent uniform
gpeeds. The main difficulty encountered here is that very seldom are the

higher uniform speeds observed. Waen speeds are high some passing nearly

always tekes place. This difficulty points up cne of the rather artificial

features of a uniform-epeed cepacity function. No rozde of importance are
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one-lene roade, yet the function is deficed with the latter as a2 basie. A
miltiple-lene roed is quite e different thing from & sum of single lanes.
The complicatious imtroduced by passing will be dealt with in Section 1.4,

One of the reescns for the variety of methods used to determine uniform-
speed capacity functions is that congestion oftec sppeered to be present when
flows were far short of the maximel levels indicated by the perticular curve
being used. It was then thought that & more careful procedure would lead to
e function without this defect. But the trouble in meny cases probably was
that an sverage rather than & uniform speed was being used as the independent
varisble in the capacity function. The difference between the two cannot be
nezlected, as we shall see.

Difficulties such as these make it impossible to use e uniform~speed
cepacity curve alone to explein speed and flow limitations. There are, how~
ever, still ecme reessons for finding realistic uniform-speed capacity curves
for.typical roads or pcints. Buch informetion would be useful to an esuthority
(such s the army) which had camplete control of & traffic movement, 80 that
ell speeds could be specified. These functions also ?epreaent useful points
of reference in the sense that they shov the loss in terms of flow when drlvers
select & variety of speeds. In addition, they vill be found useful belov in
the discussion of capacity conceptis which take into account the fact that

uniform speeds are nct ordinarily found in practice.

1.4 Tae Free-Speed Capaclty of a Rosd

For the reasons indicated the uniform-speed capacity curve was pever.
found to be very useful. People Go pot all drive at the same speed ordinarily,
and in those cases where they do some of them at least wish tc go faster and

will pass the cars shead of them 28 800D &8 the opportunity arises. Thais
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leads to a bunching of traffic which the uniform-speed cepacity curve does

not take into account.

The cepacity totion to be cescribed here is the very different cne
developed by 0. K. Normann and his asscelates in the Bureeu of Public Roaeds,
and Gescribed in the Highwey Cepaeity se1.12/ por e particuler rosd a
cepacity curve is derived empiricelly which relstes gveraze speed anl flow,
The curves which heve been published show that flow increases only at the
expense of & marked reduction of averege speed. FPurther work is necessary
pefore this mechanism can be fully understsod, but it seems pleusidble that
et higher flows more passing per car is required to meintain a given dis-
tribution of speede, thet limited opportunities for passing prevent the
maintenance of the higher speeds, and that flov reaches e maximum wben all
cars are treveling at very close tc the ssme speed, which then is necessarily

a relatively slow one.

1.4.1 The Free-Speed Dietribution

Before discussing this matter further, a word should be sald sbout the
way Grivers' preferences affect the cepacity relations ve are ebout to diecusa.
Bearly every kind of capacity curve imeginable depends in some way on the
characteristics cf the vehicle and driver population it pretends to déscribe.

when this population changes, them the capacity curve &lsc chenges and
the problem is to relete the capacity curve to the underlylng vehicle populs=~
tion in scme simple way. The uniform-speed capacity curve depended on the
minimum between-vehicle spacing required st different speeds by drivers, and
it probably sufficed in this case to Cefine "gifferent vehicle populaticas”

to mean "different spacing functions". While the populations may bave differed

o 12/ Formenn end Walker [1g49].
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in other respects es well, these were not important sc far as uniform-speed

cepacity curves were concerned.

For the free-spesed capacity curve the characteristic we have chosen to
describe the venhicle population is (as the name of the curve indicates) its
free-gpeed distribution. A driver's degired or free speed cn & given road is
that speed st which he choogses to travel when "alone” on the road, that is,
vhen the preceding car is so far ahead as to have no influence whatsoever on
the epeed of the car in question. Since the natter is discussed again in
Section 2.2.2 we shall only say here that the free speeds drivers select
probsbly cepend on the physical characteristies of the rosd and on their

.eatimates of the riske and coste involved end the value they place on time.

The "distribution” of free-speeds over a ziven road for e specified group

of drivers is eimply & sumary description of the free speeds of the group;
O it tells us what Practicn of the drivers have free speeds betveen any two

glven limits. A graphic representation of a free-speed distribution 1s given

in Figure l4 where the total ares under the curve is equal to one and the

fraction of drivers with free gpeeds between 30 mph and 4O mph is represented

I
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Fizure 1h. COraphic Representetion of a Speed Distribution
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by the ares ABDC, the fraction with free speeds between LO mpk and 50 mph
by the area CDFE, etc. The reader vho 1s interested in the actual free-speed

distributions found to prevail in certain instances is referred to the Hizhway

Cepacity Manu&l.;iﬁ

To describe, as ve ere doing, a vehicle population by its free-speed
distribution is very obviously an oversimplificstion; for certeinly thers
are many other real differences which may be qulte important, such as the
proportion of trucks in the populatiocn being considered, or the lengths of
opposing-lane gaps demanded for passing by the crivers. However the simple
description will probably do for our purposes. Whether or not more of the .
characteristice that distinguish different groups of drivers should be used
is & question that can only be decided in practice. Once the resder is con-
vinced of the usefulness of description by means of free-speed distributions,
{t should not be difficult for him to imagine how other more ca:plicate&

deascriptions might be handled.

1.4.2 The Realized Speed Pletribution

We shall nov attempt both to surmarize and to enlarge somewhat upon the
work of Normann and Walker in examining highway capacity in terms of speed
reductions. It should be msde clear that while mmch of what follows 1s besed
directly on material in the Highway Cepacity Masoual (end related publicationslij)
the authors of that report are not to be held responeible for possible misinter-
pretations on our part, ncr for edditions we have made with which they may not
agree. The description will refer to a two~lane roed which carries traffic in

both directions. The free-speed distributions of the two streams of traffic

13 Normeon and Walker [19%9, p. 32, Figure 6].
‘*h Normenn [1939], [1641), [June, 1942]).
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will be essumed known, and we shall suppose that & vehicle will move &t its
free speed vhenever traffic conditions permit.

The distribution of desired speeds will ordinarily not be the same as
the distribution of actual speeds. For a fast car to pass & slow car some
_ampty space in the opposing lane is necessary. If the density of vehicles
(1.e., the mumber of vehicles per mile of road at any instant) in this
opposing lane is high, then such spaces will be seldom avellable, end the
passing meneuver vill be delayed or prevented. As a result, the actual gpeed
distribution will differ from the free-speed distribution, the lower speeds
being relatively more frequent in the former.

Another way of looking at this effect that heavy traffic has on actusal
speeds is to concentrate cur attention for a moment on &8 cne-nile stretch of
roed with unrestricted vis{bility. BSuppose that the southbound traffic flow
16 very low, so low in fact that for northbound trsaffic the free-speed dig-
tribution i the same as the actusl speed distribution. Now let us ask our-
selves how the total number of passing meneuvers per hour carried out by north-
bound vehicles on this one-mile stretch varies with the level of porthbound
flow. Suppose northbound flow doubles. A 50 mph driver will now find it r
necessary to complete twice ms meny pessing maneuvers over the cne-mile
gtretch as before, due to the doubling of the flow of vehicles moving at less
than 50 mph. But since the flow of 50 nph vehicles has also doubled, this
means the hourly number of passing maneuvers by 50 mph vehicles has increased
by a factor of four. The same holds for all speeds, and it is only a step
further to the conclusion that the total mumber of passes per mile of road

per hour incresses vith the square of flow if the free-speed distribution

remains unchenged.
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IT now the assumption of negligible southbound flow is dropped, 1t
vecomes ciear that at scme level of porthbound flow, the number cf north-.
‘bound passing maneuvers required to maintain the free-speed disiridution
will be more than the gope in the opposing traffic sireasm permit. As a
result, some vehicles will be impeded and the realized speed distribution
will no lonzer be the same as the free-gpeed distribution., Investigations
have revenled roughly the way speed distributions change with Increases in
flov Tor scme cases, and have shown that the actual totel number of pessings
per mile of roed per hour increcses with flow up tc & certain point, and then
decrezses graduslly down to zerc as flow becomes so great that all vehicles
are forced to move at the same speed.lél
The reslized speed distribution for ncrthbound traffic is clearly in-
fluenced by the flows of traffic in both édirections on the road. If north-
bound flow incresses, maintaining the same speed distribution requires more
pasesing opportunities than tefore; 1f southbound flow incresses, fewer passing
opportunities present themselves than before. Both phenchena cguse a change
in the resclized epeed distribution. An elegant theory cof road capacity woulé
be one which described Jjust this reletionship. Given the twe flows and the
two free-speed distributions we could determine the two corresponding reelized
speed distributions. With thie information we would be able to assess the
effect of congestion on vehicles of each speedi-class in the two traffic sireams.
However, this is cbviously asking too much, at least in our present stege of
developing a body of information on the behavior of traffic. A speed distri-
buticn 1s & rather large ssaecbly of information. We shall settle for a simpler,
substitute measure of the degree to which speeds have been affected by flows.

The measure we uge 1s the mean realized eépeed. Normann's group has in fact

15/ Formean [June 1942, p. 70).
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attempted more then this by msking use to some exteat of the standard de-
vigtion of resclized speed, ipn addition tc mean speed.}i] In subseguent dis-
cussion ve shall for the most pert ignore these more sophisticated descriptions
of the speed-flow mechanism. It should of course be bornme in mind that here

is a possible weakness in our theory. Practical work mey well indicate that
mean speed 18 too gross & measure of the ccnsequences of increased flow, in

wvhich case it will be necessary to incorporate additionszl meesures guch as

gtandard deviation of mean epead, or one of the others suggested by Nermann.

1.4.% Mean Bpeeds ani the Free-Speed Cepacity Function

The question now becomes, how do morthbound and scuthbound mean speeds
depend on the two flows? When we move in the direction of further simplifica-
tion ve are faced with & situation much like alding together the two inter-
gection flows in the example in Section 1.1. Northbound mean speed depends
on southbound as well as norttbound flow; is it golng too far to suppose that
northbound mean speed depends only on the suw of the two flows? Or, inieed,
‘car. we drop the final corplication and say that speed averaged over both
north- and southbound traffic depende only on the sum of the two fiows?

Of course these prozressively sicpler representations are at most approx-
{mations and 2 final answer ss to which of them is vest for the purpose cannot
be given here. In practice the choice will be dictated by the cost of odbtain-
ing deta, the reliability cf the resulting flov-spaed relationships in making
predictions, snd the consequences of errors wvhen the estimated relationshipe
are epplied to specific problems.

Ir. any case, such guestions es these, impcrtant &5 they are, need not

be decided here. Tne anslysis thet follows mey be applied to eny of the

1] Formann {1939, p. 228).
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various represectetions of the flow-speed relstion. It is tc make this
lagt point clear that we emphasite these differences.

In one of the earliest articlggl—j on the subjlect Kormann chose one of
the more complicated relstionships for one particular ropd and ty the method
of least sgueres fitied a plane to a set of chaservations on northbound mean
epeed, northbouné flow, end southbound flow. Eince the coefficients he
estimated are of interest we reproduce his result:

(1.5) u = bh.g2 - .010kkx - «00T19x

where Gn is in miles per hour and Xy and Xy in vehicles per hour. Thaise

plane, shown graphically in Figure 15 is on example of what we ghall call a

*n

=t

Figure 15

17/ Normenn {1639, Figure 11, p. 229].
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frea-gpeed cepacity function or, where no confusion is likely to result,

simply & cepacity function (or plane or eurve, depending on the number of
dimensions involved). The term free epeed in this use does not mean (ms in
the cese of the unifcrm-speed capacity function) that the function applies
only to vehiclee traveling at free epeeds; we retain the term here cniy to
empbasize the fact that the function is besed on e free-speed distribution.
More generally, e free-speed capsacity function ig the function relating
flows and mesn realized speeds on s particular road for a particular population
of vehicles. Other end simpler examples are presented in the Hi-hwey Capacit
jggiggg;gj where meen speed of all itraffic on the road is made to depend on t?e
totel flow on the road. OCraphs of these curves (which in faet have usually
been sssumed tc be straight lines) are quite a bit ezsier to draw and to
visualize, the number of dimensions being less. Figure 16 is one example.

For Teasons tc be discussed below, the curve has not been extended all the

Flow

B

Mean Speed

Figure 15. An Example of a Free-Speei Capacity Function

151 Op. cit., Pigure 5, p. 31; Curve 2 in Figure 7, p. 33. Other similar
‘exsmples are to be found in: Normann [June 1042, Figure &, p. 61; Figure B,p.63].
Normenn [19%G, Figure 12, p. 229]).
Wardrop _Feb. and Mar. 1952, Pigure 1, p. 2],
Glanville [194G, Figure 9, p. ull.
Forbes [1932, Figures S5, 6, pp. 6, 7 respectively]l.
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way to the flow axis. Notice alsc thet in this example the curve is not

& straight line; we have drawn it the vay it is merely tc emphasize the
fact thét from a theoretical point of view there is no reason to believe
it to be so. We shall, nevertheless, cften drasvw it as though it wvere, if
only for convenience. Most investizators have found thst & straight line
provides a feirly good fit tc cbservations.

The importent characteristic of all these curves; no metter what their
dezree of complicetion, ie that they are negatively sloped; that is, mean
gpeed decreases a5 flow increases. It should be emphasized that, arart from
:sampling errors and errors of observation, orly points on the curve are possiblel
flow-speed combinations for the vehicle population with the agsumed free-speed
éistribution. Points below the curve, such as A ino Figure 15, would imply
that some drivers sre not going as fast as they both can and wish to, and the
width and condition of the rosd and the presence of treffic prevent points

such es B from cccurring.

1.4.4 The Relsticn Between the Free-Speed Capacity Curve and the Free-Speed

Distribvution.

The position of & capacity curve at levels of flow approesching zero will
vary with the vehicle population that the curve describes. When very little
congesticn is present nearly every vehicle will be atle to travel at its free
speed. At zero flow therefore mean realized speed le equal to mean free speed.
If for a certain roed it is knowm that Sunday drivers have a lower mean free
speed than veekday drivers, then we should expect the capscity curves for the
two days to differ in a feshion like thet indicated in Figure 17 (essuming
the curves to be of the seme simple functional fcrm es the one in Figure 16).

Here the points A and B,
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Flow
Bundey
kff-Weekday
n 3 Mean Speed

Figure 17. Capacity Curves Corresponding to Different Free-Speed
Distributionse

the mesan speeds corresponding to zero flows for the Sunday and weekday traffic
respectively, are slsc equal to the respective mean free speeds of those two
daye. The cepacity curves both slope upward and to the left from these peints.

Tue difference in capacities between wide rosds end narrow roeds should
show up in these curves more as & difference in elope, thaz intercept. Suppose
an improvement program ie contemplated for a certain road vhcee capacity is

represented by the curve AB in Figure 18. 1f the proposed improvements are
Flow

1
c c

A'p.

- ‘ =
B ‘ B B Mean Speed

Firure 18. The Effect cf Road Improvement on & Cepacity Curve.
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e’fective in reducing congestion, & new capacity curve CB will result which
will indicate for eaqh level of flow a higher mean speed than before. As we
should expect, the difference is greatest vhere congestion is high, that is
et high levels of flow. When flows approach zero, msan free speed prevails
for both curves by the preceéing arguments, and if we heve reason tc believe
that people's free speeds will not be eltered by the road improvemect then
these two pointe will be the seme. The type of shift described seems to egree
very well with scome of the resuits of highway studies carried out by Enzlend's
Rord Research Laboratory.éiy
It 18 quite conceivsble of course that free speeds will change with the
improvement. Wider rosds are very likely to cause an upward shift in the
vhole free-speed distribution, with a consequent shift in the mean free speed
from B to B' in Figure 18. The capacity curve in this case might look
something like C'B', where the road improvement hes changed 1} the slope
of the curve through its direct effect on, say, passing opportunities, and
2) the speed intercept of the curve through {ts indirect effectlon drivere'
choices es to speeds.
Before any further discussion of the influence of free speeds on the
slope of capacity curves we must cover a point we have so far glossed over.
In Pigures 14, 17, and 1B the curves have not been extended all the way to
the flcw axis. If io Figure 18 the dotted section AA' wvere added to the
capacity curve AB, hen the whole curve would seexm to tell us that, for the
appropriate road and venicle populatlon, mean speed will be zero if flovw rises
tc the level A'. But if meen speed is zerc, then all speeds are zerc and flow
cannct be positive. Clearly, the upward extension of the curve must end st
some point such as  A.

;ﬁj Wardrop, [Pebruary and Merch, 1952, Figure 1, p. 2].
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Generally speaking, as flowv increases from very low levels, mean speed
declines and the spread cf the realized speed dietribution grows sma’ler and
smaller. Figure 1§ portraye, in s very rough way, this change in the realized
speed distribution. If flow continues to increase until the point is just
reached where every vehicle is treveling at the same speed, then the endpoint,
referred to above, of the free-speed capacity curve will have been attained.
The mean speed at this point will, under cur assumptions, be the free speed
of the slowest vehicle present.:QA It will not be less, for the free-gpeed
capacity curve es we heve defined it only describes speed reductions brought
ebout bty the sbsence of passing opportunities. Any reduction in the speed of
this slowest vehicle, which has no need to pass, cannct therefore be explained
by the capacity curve we have been ciscuseing. It is true that flow-speed
cambinstions above and to the left of the free-speed cepacity curve's endpoint
are possible, but another mechanism than the free-speed and passing-opportunity
one must be called upon to mccount for them. About this matter we shall have
8 wordé to say in e moment vwhen we come to examine the relation tetween the
free-gpeed and the uniform-speed capacity curves.

In Figure 19 the flow which corresponds to the endpoint of the curve
drawn there 1s attained just above xj. The mean speed at this point is meant
to be equal to the lowvest speed in each of the speed distributions pictured.
T™e speed distribution at the endpoint cannot be drawn in the picture; the

whole distridbution would be lumped at one point.

.EQJ If ve remexmber that the capacity curve of Figure 19 is the simplified
type which relates the average of the speeds of both ncrth and southbound
traffic to the sum of the two flows, then the statement above is not strictly
correct. Speeds will be reduced in both lanes by the incresse of flow, tut
not necessarily to the same lower limite. In Figure 19 the mean speed at the
enipoint of the curve should really be regarded =3 the average (weighted by
the flows) of tnese two lower limits, vnich in turn ere the speeds al the low
ends of the two free-speed distributions.
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It ie cleer that the complete gpecification of & particular free-speed
capacity curve must include the location of this endpoint representing the
flow and mean speed at which pessing becomes 1mpos|1ble.§lj With Pigure 10
before us it becomes & little ea;ier to get & rough icéea of how the shepe
cf e capacity curve depends on the free-gpeed distribution behind it. A
free-speed distribution with the same mean tut less spread will meen a mere
sharply rising capacity curve. Figure 20 gives such e comparison. A dis-

ribution with a higher mean but with the same spread will shift the capacity

curve to the right. Thie effect ig portrsyed in Flgure 21.

1.k.5 BSome Shorteomings of the Frea-Speed Cepacity Concept,

The importance of the effects described above comes from the fact that
changes in flov may give rise to changes in the vehicle population and the
underlying free-speed distribution. The ressons for such changes and the
difficulties they coccasion will become clearer in later chapters, but one
rather extreme example here may serve to illustrate the polnt. Suppose on
a6 certaip rcad the usuasl traffic consistis of pessenger sutomobiles with falrly

bigh free-speeds. The cepacity curve for thie veuicle population on this road

" we shall suppose is well enough known tc ensble accurete predictions of the

consequences of increeses in flow from this population. But 1f the increment

of Tlow ie from enother population, one, say, of trucks with low free-speeds,

 then tbe cepacity curve we started with is no longer the relevant cne. A new

capacity curve must bte determined on the basis of the new free-speed distribution,
vwhich now describes the free-epeeds of the mixed populstion of pessenger auto-
mobiles and trucks. 1In principle this procedure could be folloved with each

pnew increment of flow, but it is clear that much of the eimplicity and con-

venience of the notion of e free-speed capacity curve is gone. In addition

Elf Kormann and Walker [1949 pp. 31-3%] indicete how these points may be
located in prectice by considering mean differences of speeds of successive

vehicles,
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Free-Speed Tistribution is Mcre T ncentrated.
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Location =f the Canacity Curve.

2ipure 21
Fipure 21.
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the procedure introduces the practicel difficulties of determining just how
the free-speed distribution chenges at each point. The analogue of this
problem in economic theory is the simultaneous shifting of demand and supply
curves.

A quite similar sort of difficulty comes about if the speeds at vhich
drivers choose to travel vwhen not immediately behind other vehicles depend
on the level of traffic flow. The way we have made use of the free-speed
distribution in defining capacity curves rules this type of phenamenon out
of cur theory, but it may well be too important to ignore. If incresses in
flow tend to slow down unimpeded drivers then the effect is the sane as in
the preceding example; it is just as though an influx of vehicles from a
"slower" population had been let into the road.

The difference between these two sourcee of shifte in the capacity
curve with changes in flow 1o thet the second refers to & single populetion
and the first to & chenge in the population itself. The second Gifficulty
could be eliminated by & more or less compliceted redefinition of the capacity
curve. We have not attempted to resolve this second éifficulty and unless a
statement to the contrary is mede it will be assumed tbhroughout the rest of
this study that chenges of thie kind in the free-speed &istribution are neg-
ligivle. While for many cases thie csaumption is quite realistic, enough

ne

exceptions exist for it to merit serious consideration.” ™

1.4%.6 The Relation Between a Uniform-Speed Cspacity Curve end & FPree-Bpeed

CQQ&&"’ i;.! QQ} Y.

A moment ago we stated that speed-flow combinations above and tc the

left of the endpoint of the free-speed capacity curve are sometines possible.

For this to be the case the enipoint must fall below rather then on the

2z Cf. Section 2.1 where the concept of the sversre road ucer 1s Iicotroduced.




corresponding uniforz-speed capacity curve; it cannct be ebove the curve of
course, for the spacing of care prohitit such speed-flow combinations. At
the ratber extreme state of congestion represented by thie endpoint all cars
on the rosd are moving at very nearly the same speed. However, while &
uniform speed can therefore be sald to prevail, the flow corresponding to
this speed need not be the (uniform-speed) capacity flow indicated by the
uniform-speed capacity curve. Tbis can be seen most eesily if this congested
situstion ie pictured as series of queuee of cars moving slong in both dir-
sctions. At the head of each queue is a8 car with & relstively low free speed;
the ecars in each queue wish to pase this slowv ope but passing opportunities
occur only rarely. Thus even though the gapa in the opposing traffic are 8o
few as to cut down passipg nearly to zerc, they can still be sufficient for
the flow to bte below the level of the uniform-speed cepacity curve.

Traffic from side roads could of course enter these gzeps, thus raising.
flov ebove that level piven Yty the endpoint of the free-speed capacity curve.
In addition, es flows approached uniform-speed cepacity, furiher reducticns
in meen speed might occur through more complicated mechanisms than the one

e}
we have deacribedd=~J.

1.5 The Delay At sn Intersection

In this section we find en analytic expression for the delay st o stop-
elgn intersection, and also at a repeated fixed-cycle traffic light. In both
cases the model is formulated in terms of discrete time points, as explained

in Section 1.2,

Qﬁd The work of Reuschel [1951) and Pipes [1930] eppeersz to have scme relevance
to these states of severe congestion.
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1.5.1' The Stop-Sign Case

1.5.1.1% With s Genersl Mejor-Road Arrival Distribution

For the arrival distribution in the minor roed the sgsumptiones are as
followa. At most one car can arrive at any time-peint. The arrivals at
successive time-points form a binomiel sequence with parameter . By this
statement ve mean than the chance of & car arriving &t any perticular time-
peint i a, and is independent of what has happened at any previous time-
point. The discrete formulation ensures that cars are spaced out. This
prebebility model is very close to cne that has been found to glve a.guite
adequate description of traffic.

We suppose at first that the green intervals snd red intervals genersted
by the traffic in the major road are formed as follows:

(1) The dietribution of the lengths of green intervals 1s gecmetric, thet is,
the relative frequency of an interval of lenzth x 1is ux-l(l-u) (x = 1,2...),
vhere x 1is the paraneter of the geomstric distribution.

(11} The reletive frequency of red intervals of length b is f(b),

(b =1, 2....). Thie distribution i#¢ completely unrestricted for the pregent
{except that 1t will be surposed to have both first end second moments).

(141) The sequence of red and green intervels is such as would be cttained
fram e preceebility model in vhich red and greern intervals were drawvm nlter-
nately from thelr respective dlstributions, each drawing teing quite independent
of other dravings.

The red/zreer interval sequence gensrated by a tinomial sequence of
traffic in the major road, when there is a constant minimum safe interval in
front of esch car, 1ie¢ s specizl cass of such & sequence. After finding the
mean woiting time for cars in the minor rcad for the general sequence specified

wbove, we will zive the results for thet case.
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As wes shown above, tc find the meen welt per car {in the minor rosd
it 1s necegsary tc find the mean queue lengthk E(qx). We will £4nd this
for the cese for vhich the probability mechanisz which 15 supposed to be
generating the queue hag geitled down to equilibriun. Either the system
will do this after a sufficient time, or else the queues will tend tc build
up indefinitely, so that the mean waiting time will become longer and longer,
the later a car arrives. The theory below shows that e necessary and sufficient
condition for equilibrium to be attained is that the averasge nuxber of green
time-points exceeds the average nucber of cars arriving. By q, we will
denote the gqueue vhich has to weit from time x to time x + 1.

We will find E(qx) in two stages, first teking averages over green
pelnts, and then over red pcints.

Let the green time-points be numbered -consecutively, tl, ta, . ,tg, eny
regardiess of whether there is & red {nterval between them or not. Recause
green intervals have a gecmetric distributicn with perameter =x, the probability
of 8 red interval cccurring between sany two consecutive time-points tg and
tg+l in the green sequence is (1 - x), and 1s independent of where other
red intervals are interspersed in the seguence. This is the pame 28 asying
thet the prebability of one green point beins followed by another is  x.

Define the variables

bt s the number of consecutive red points immedietely following

g
tS’ that ie, the mmber of red pointe between tg snd tg+l
ag g the number of arrivals et red points between tg and t~+l
L-4] .
(Bg < bg);
a = nuzter of errivals at ty (s0 @, ie efther O or 1).

(0 1f bg = 0, then necessarily as = 0. Generelly, q,y = max [(qg + At Bg-l),o],
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whick ve may elso write

(1.6) Qgey = Qg+ Ay +B - 148

where
H = >
5 o 1ir qg + ag+l + Bg 0
(1.7)
&g =1 if qE + ag+l + Bg = 0 \
Thus qg is generated by & Merkofl process of a type discussed in the

literatiure. The necessary and sufficient condition for such a process to

gettie down to statistical eguilibrium ie that

E (ag+l + ﬂg) < 1,
That is, on the averaée, lese than cone car arrives per green point. The
necessity ia cbvicus; the sufficiency was shown in Kerdall's paper [1G51],
The mean queue at green points, E (QE)' can now be found by a device
used for e similar problem by Kendall.
When the process has settled down to statisticel equilibrium E(qg+l) - E(qa).

Therefore, taking expectations in (1.6),

(1.8) E(s.) =1 - E(a,,,) - E(B,)
and elso
(1.9} E(bz) = E(&g) since & =0 or 1.

By (1.7)
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lll E b C! = -
(1.10) . (q  +a, + Bg) 0

8quaring (1.6) we have

2

(1.11) %

2 R 2
1 g (a8+l + By 1) + &, + 28, (qE +a ﬁg?

- 286+ 2 a + -1
g * 2% @y * P " 1)

Taking expectations in (1.11l) and using (1.8}, (1.9), (1.10), and the

further equilibrium condition E (q2 ) = E ( 2) we obtain:
g+1 qE
- - - = - 2
(1.12) Ef(2q+1) Q-a,, -8)] B ((a,, +8, -1)°)

To find E(ag) notice that the probsebility that there is a red interval
between ta and tg+1 (f.e., thaet the peint tg + 1 ;s red) s (1 - x), and
the mean number ¢f arrivals, if there is a red interval, is « E(bg), E(bg)
bteing the mean of the distribution f(bg) froxw which the red intervals are

congidered to be dravn. Accordingly,

(1.13) E(Bg) = (1-n}a E(bg).

Bimilerly, by Just teking expectetions over red intervale of length b, and

then over red intervels of all lengths, we get
2 2 2
(1.1h) B (53) = (1-x)a E(bs) +a(l ~aq)E (bg) .

Also
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(1.15) E(ag) = E(C!g) - a.

Using the independence of A4y EE' and Qs (1.12) cen be written

(1.16) 2B (q) + 1] (2 - Elo,,) - E(p, )]

«(aZ,)) + B(BD) + 1 - 2B(a,)) - 2E(B) + 2E(xy,,) E(8,)

Substituting the velues given in (1.13), (1.14), and (1.15) and sclving for

B(qg) ve get

P - u)[E(bz) + E(v))

(1.17) E(qg) - 201 - a - a(l-x) E(bg)]

Y

Now we muet consider the queue length at red points. B8Buppose a red

‘lTO

interval of length b comes between tg and ¢ We can number the

g+’
points of the interval t_ , t ,....,t . Toe queue length just before
& & &y
the start of the interval will Te qz, end these carg will remain through-
out the interval. ESince bg end a4 are independent, (1.17) gives the
expected size of this “"initial queue” over red as well as over green time-
peints. We require therefore only the expected length of that part of the
queue made up of cers that errive during red intervels.
If there is an arrival at tsl, it will be in the queue at

tgl, t ,...tab. It viil thus 8dd t to the sum of the queues cver the red
{nterval. Similarly, an arrival at tﬁa adds b-1 to the sum. Thus the

mesr sdditioa tc queues per red interval of length b caused by arrivels

12&’ For simplicity, we shall drop the subscript g 1n the rest of thie
section.
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during such interveis is i{:;l)- x, and the meen additiorp per point in

- red intervals of length b ceused by arrivals in those intervals ie -h%;- a.

b (b
A proportion _EéTl of red points lletin red intervals of length b.
Taerefore the mean sddition per red point ceused by arrivals during red in-

tervals ie

(1.18) }:‘ﬂ—;—ﬂl %&g} as 2o (E(?) + E(v)) .

b
Thus the proportion of red polnts in the total is

(1-x) B(b)
1 + (1-x) E(b)

(1.20)

and the mean addition to the gueue per time-pcint is

(1-x)a  B(t%) + E(b)
2 " 14 (1-x) E(b)

Adding this to (1.17) we get

a(l-n) (E(be) + E(b)]
2[1 + {1-x) B(b)] {1 - a - a(i-x) B(p)]

(1.21)

as the meen queue size over ell time-points.
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1.5.1.2° Binomigl Arrivels on the Mcjor Road

In thie section we consider the case for which the traffic in the
mejor road is also descrived by a binomial sequence, of parsmeter p. In
froent of each car in the msjor road there is & minimum safe interval of w
time points. By this ststement we meen that if e car arrives in the mejor
roed at time ¢, then no car in the minor road can cross at time ¢ - w + 1,
t -w+2,....,t. That is, an interval of w points up to and including ¢
red points.

Under these conditicns we can examine the structure of the sequence
of red end green intervals generated by the traffic in the major roaé. The
lengzth of the greer intervals has & geometric distribution, with perameter
1 - p. If ve put 1 - p s n In the preceding analysis, this case turns out
tc be & speciel case of the mcre general one treated sbove. The result for
the mean waiting time given by (1.21) shows thet for our present purposes we
only require the first two mcmeants of the distribution of the lengths of red
intervals. We find thece below, and sre thus enstled to exhitit the mean
vaiting time per car ss e function of the densities in the mincr andé major
roeds respectively, and of w, the minjmum sefe interval. This function 1s

shown in Figures 8, 9, and 10.

1.5.1.3. The Distribution of the lencths of Green Intervals.

We will suppose from now on that the time points are oumbered in sequence
t = ....,71, 0,1, .... For shortness, if & car in the major rcad arrives at
the intersection at the time point t = t', we will say that there is & car
at t = t'. The safe interval w 48 supposed an Integer and is defineg as
follows. Buppoee the point t = 1 42 the first point of a green interval;

then there must be a car at t = 0, =and no cers et t =1, 2 ... w. The



point t = 2 45 slepo & green peint i and only if there 1s no car at

t = (w+ 1), Thus, given thet t = 1 is & green point, the probebtility
that t = 2 48 a2 green point 18 x = (1 - p). Similarly, the probability
that the green interval will cootioue from t =2 to t =3 is n., By
induction, the probabilities of green interval lengths of 1, 2, 5..; are

proporticnal to 1, =, 12,.... and sc must be
(1.22) (L - %), =( - 1), 221 - x),..

and thege probebilities define a geoametric distridution.

Now to derive E(b) and E(ba), guppose t = 1 is the first point
of e red intervel. Thie means tkat there is a car st t = w, but none at
t=0,1, 2, ...vw =1, The red i{nterval will enc at ¢t =w 1if there is
nocar at t«wv 4+ 1, w+ 2, ...,2w. However, if the red interval doee go
on, suppcse the next car after the one at ¢t s w s at t = w 4+ Xo) where
l<g X5 € ¥W. We can ssy that the second car contributes s length X, to
the lensth of the interval. We can also say thet the first cer always contrib-
utes a length Xy =W to the intervel. 1f the red interval continues to e
third car, we cen consider the contribution, xj, of the third cer to the
length of the red interval, andé so or.

We will now find the probebility thet the red interval is formed by
Just r cars. If there are already r - 1 cars in the interval then the
probsbility that there will be no more is xw: P, say. Thug the prcbability
thet the interval will cocntinue $8 1 - P.  Hence the probability that the
interval will conteln Just r cars is (1 - P)r-l P.

If the red interval is formed by Jjust r cars, the nuaver of points

it covers is + «ov0 + %X, where x, =W &and l€x, €v, 11=2, ...,r"1.
xl r 1 1
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The ¢istribution function -f each xy ie ihe same for 1 > 1. There-
fore if the moment genereting functi'n (m.g.f.) of x, 1is $(u), aay,
(¢ w2, 3 ...), ther, since the m.g.f. of X, =W is ewu, the m.z.f.

of xl + x2 R xr is

(1.23) 7t &

and the m.g.f. «f red-interval length 1f the red interval can contein any

number of cars is

WU

o
-1 wu r-1 e P

(1.2%) X(u) = T ¢ " P(2 - P) 2 .

r-1¢ i~ (l'?) ¢

It 45 also necessary to f£ind ¢{u). Since
uxﬁl 1 -x _x-1
(1.25) Prov (%, = x) = - - n (1 >2)
b v o i1-P =
Lo
x=1

we have Yo x-1

KZ;e " - ux b x-1

*7R -

(1.26) $(u) = ; = L e [1-? .o ]

T “X'l xel

X=1

- 1-Pe™ 1-x  Lu
1P l-xeu
Hence
e ¥ - g

(1.27) x(u) - P‘l [e-(w+l)u - G-W] +1 - x .
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We have to fiad E(b) = Xx'(0) eni E(®) = X'(0). By streignt-
forvaréd but sopevbet tedious evelustion we obtaein

' 1P .
(1.28) E(b) = X'(0) = (1-x) P
and
8 . x'(o) = L - 2o, & 4.l :
(1.2¢) E(b%) x"(0) 1-n (1-n)2 MR B (1-1)

Putting these valuee in (1.21), we find the mean queve silze per time-point
to be

(1.30)

Dividizg this waitiag time by the o cars per time-point we get

(1.31) 1-P 1+ wp)
o (P-a)

as the mean wailtinz time per car, wvhere P = ﬁ? = (1 - p)w.

The necessary
and sufficient condition f£or the system to settle down to statisticsl equil-
ibrium is

(1.22)

(o]

The functicn (1.14) 1s the one plctted in Pizures C, 9, and 1C fir verious
vulues of p o and Ww.
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1.5.1.4% Teo-wvey Treffic in the Main Rosd

If there ig a two-way sireaz ip the mein rced, the results still
apply with suitzble reinterpretstion of the perameters. provided botlh
streams are tinomial. We zssume the safe distance for crossing, v, 1is
the same for both etresme. If Py p, &re the densities in the iwo streams,
the ﬁrobability thet a time-point wiil be cccupied ty & car in either cf the
streams is Py + 92 “ P P and we can set p equal to this value in the
formulae above.

We have not yet fitted these formulase to gsctual data, as we have not
yet founé any data in a sujtable form. It is therefore daifficult to tell
just what the effects of the simplifications we bave made will Te. FHowever,
from the date in the papers bty Reflf and Greenshields it c¢can be geen that w .
may te net cormstant, but may sometimes vary fairly widely from cur to cer.
Tae formulza mey still be fairly accurste if we uge. in place of w, some
paremeter of the dietribution of w. Previous suczestions s to wnat
perameter to use include the mezn of the w aistribution (Greenshields)
an. the medimn (Raff), but neither of these need pecessarily be the best,
a8 the following ;r;ument will show.

C:znsider the mean walting time vhen o 1s small. In this cose

1

(1.33) z = oF (L -P-wpP)

eporozimstely. Expressing P in terus of p we have

(1.34) z = %(l‘o)-w '%'"‘ %[(l+wa) +"%(;+u o2 + ...]'%‘w.

approximetely. If p» 48 alec small then
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(1.33) 2 = o v (v +1)

approximately. Wben a ia sxall, there ig a nezligible chence that a
gueue will form. Thus {f w hes & distribution, the mesn wailtinz time can

be obtained by everaginz (1.35) over the distributicn of w. Toen
(1.36) r = vg— E (w (v +1)],

sugzesting that the constant w which gives the best fit is the solution

of the equatica v (w + 1) = B {w (v + 1)]-

&
1.5.2 Repeatedi-Cycle Traffic-Lishts Cease

In this case & rei intervel of length r 1is followed by a green in-
terval of length g time points, snd then the whole cycle is repeated. To
find the meen vﬁitin; time, it {s necessary to find the svers;e queue length
over all time puointe. Firat.ve find the queue length at the start of the

xth red interval, q, say-

Let v be the munber of cere arrivipng 1o the xtb cyecle crneisting

of a red interval end the succeeding sreen interval. 1If SISy {e the queue

at the start of the next red intervzl, then

(1.27) e, = max (g +u, -8 0),

where u_ is distributed over 0, 1, 2,.40., T + 2 in e binomial distri-

bution with poramester a, thet is,

(1.38) Prob (ux = n) = (r ; ?) PfO - a)r +g-n



Taus the g, ere genersted by o Merkcff chafn. The conlition thet this

orocess should settle down to stotistical eguilibrium is
(1-39) u < g

It is simple tc find a complete analytie s-~lutiop for the dfistribution
of qx vhen the system hss attainel statisticel equilibrium, as the solution
of a finite difference equaticn. However we will confine this éiscussion to
the calcuilstion of meas queue length over zll time-puints. We will é> this
calculetion in two parts, first considering the meon car-points of waiting
duricg red intervals, anc then during green intervals.

For the red interval the calculetion ig similar tc that in {1.21) above.
The gueue which 1s waiting over until the first pcint of the interval stays
throughout the interval, and thus contributes r E(qx) t¢ the aﬁerage ear-
points of waiting durin; each redé intervel. A car erriving at the first point
cf the imterval contributes r, and as the probability of e cer arriving at
that point 1s a, the mean contribution to the wait 1s  ar. The mean con-
trivution per interval from the second point is a(ro~1), ete., the contri-
bution from arrivels at the last red time-point being «. Sc the totsl red-
iaterval waiting of cars arriving in the red interv:]l averajes JE_EéE:&l
per red interval and the mean amount of waitirg during each red interval by =11

care isa
(1.80) r [E (q_x) + -‘g— (r + l)] .

Now we must finéd the mesn emount of waiting during sreen intarvzls.

Suppcee the queue et the beginaing of the reen interval is ¢g_. Consider
=]
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thne mean wait of cars in the queue {f z2i1 subseguent time-p.ints were [Teen.
The time tsken for the queue to diminish by one (if it is nct zero in the
Tirst place) is the pumber cf greeo puinis to and includinz the first one
in which a car dces not arrive; this time is thus distributed peometrically,
vith paresmeter & and pezn i%a +  Tae queue during ail but the last of

these tima2-points is qg; durinz the last time-pcint it .8 qg - l-_ The mean

cer-points of waiting durinz this time is thus i%a qs = 1. The time taken
for the queue to diminieb bty one more is distributed in the sare way, and the
queue during all but the last of these time-points is q& - 1l. If all sub-
sequent time-poianls were green. the procese would econtinuve until toe queue

bad venished cltogether. Tae total walt for that {ime wou'd have the mean
qS
) ’ 1
-h —— - = -
(1.81) z [l_cx l] (i) [qg(qg-p 1)] 2y

X=l

gc that, averezing over the qg distribution, the mean wsit would be

(1.52) sus) E [qz + (2 - 1) qg] ,

However, the green interval is not ip fact infinite, and we must subtraet
the wait that would reach cover into the neit red intervoal. To do this we
subtract the wait sttributatle to the queue at the beginnin; f the next red

intervel. Tais will sverage

(1.43) Ed"f"a) E Lqﬁ + (2a - 1) qx] .

Thus nmean wait cver the finite green ipterval is
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(1.14) 5?%35) E [qe - r:f + (2@ -2) (o - q;\_,)} .

Suppose vx is the number of cers zrriving in the xth red interval;
v. =0,1,2 «.., ¥ Then G *q + v, &3 E(qg) = E(qx) + E(vx).

Since Vo is iodependent cof 9, it fellows that
(1.43) E (¢5) = E(¢°) +2 E(v.) B(g,) + E(v°) .
o z %L Vx % X

Cers arrive with frequency a Iin both red apnd reen intervals, sc

E("x) =ra. And since v is bloomielly distributed; we have

(1.4) 8 = ral-a) + 2o’ .

Thus the meen car-points of wolting during esth green interval beccmes. by

substituting these values,

i

(1.%7) o r [E (qx) + "-%— (r+1) ] .

Adding the amounts of waiting given by (1.40) ard (1.47) for the red cnd

ireen Intervels, ibe mesn amouat of weiting per cycle is

(1.18) £ [E(qx) + T+ 1)]

l-x

and the meen wait per car will te

E(q, ) r+1
(1.49) (l'a:)-(sﬂT[ a 2 ]
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Thus we cnly need to find E(qx). It seems. hocwever, taat the simplest

way to find E(qx) ie not from the anslytic sclution. The g cletribution
can be found oumericelly fr.o the zeneratin; equati-p by a eimple iteration.
(The motrix is definite, so it has to be truncated. It can te ;roved that

this type of truncatinn con still give approximsticns to the ergidic proba-
bilities of the infinite matrix however). The mesn wait can then be calculated

by the formula ziven.

1.6 An A-plicetion cf the Intersection Model to Road Ceracity

Wnen fast cers psss & siow for on o two-lane hi-iaway. the situation shows
some rether close similarities to the case of a car in e ninsr road crossing
e major road aﬁ e 8top elan. A fast czr coming up behind a siow car must welt
unili: there is 2 sufficient zsp in the opposing traffic. When such e gap
eprexzrs it may te uble to pull over into the other lame and pass. If, shead
of it, there are other care slso waitiag for oo oypértunity 1o pass the slow
car. then our cer will usually be able toc pass only ofter these cther cars
have docne sc. The relaticn with the wail at s stop sizn is clear. Psselng
the glow car corresponds to c¢rossing the intersecticn. The cpposing traffic,
wvhich heas the right of wvay ia its uwm lane, correszonds to fhe wajor-road
traffic. The foast cars coming up behin¢ the elow car correspond to the minor-
rosd traffic. And we con suppose, as g simplified Geecription of drivers'
behevicer, that fast cars will only pces when toere is noc cer due to ¢-me in
the cppoelng lane for ot least scme ired tinme interval, ich we can call
toe critical zap.

Tue anslugy is clcee enouph to give same hope thiat the quantitetive
thecry develcopea for the stop-sizn cese may atso be useful in giving a

theoreticzl basls for the [ree-gpeed cerzacity curve cn a two-lrne hizhway.
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Lt & first ene .erhaps rather drastic slprlificeti.n. wve mizht euppose
that in one of the iapzs there cre juet two types cf cers, slov end foat,
and thot the B.ow carc are aistridbuted sparsely -n the rosd. In the cppos-
inz stream the truffic all zees et routhiy the ssme spesé. If we cou_d
Xnow the aversge delazy 10 fest cars in pessing each of the 8i0W cars as &
function of the censities of fast cers and the density of the opposizg
gtream we could then derive a frec-speed cepacity curve for this simple

cage. We ghow how this can te dcone 1o thbe next section.

1.5.1' The Free-5, eed Cepncity Deri-ed Frow the Aversje Deley

Suppose that the speed of the alow cers is and that they are. cn

Vl,

the averaje, & distunce 4 cpart. Tae g.eed of the fast cars is v

e

We wi.l for simplicity moke an exirz essumption, that the aver:zre delay
of & fast car in passing & s_ow car is the same for each slow car, W s&ay.
Suca an asssumption is protably aiequate if, for excmp.e . the fast traffic
is spurse 3ac well es the slow traffic sc that the fact care d- nct interfere
with each cther in passing & slow car. We have tried tc test the valility
for denger fast traffic by means >f "Munte Cerlo” experiments (that is. oumer-
ical experiments desizned to siculete traffic tenhavior). The results of these
experiments sre discussed later 1o this secticn. W is e functi.g of the
opposing traffic density end of the critical mep. However, we will rot shovw
this c¢epenience in cur notaticn.

We want tc Pind the averase speed of the fuet cers, teking into account
their delay. The speed of the other traffic is unchanged by the congesticn
on the road. To dc this we will find the distance covered by a fast car in

a period of time cf lepsth T. T can be divided into T the time durlng

2 L

vhich tne car is golng ot its free speed Vo and T,, the iime dvring waich

{1 iz delesed behind ¢ slow cer truvelling et v The cverare speed Vv of

i+ -
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a fes* car cer then be written

VLTl + VETE

(l'm) v = »
Tl + T?

If by X we dencte the everage mumter cf glov cars overtoken by one

fast car in time T, then we have

T

l- l N = ’
%) g~ )

since on the averazge a fast car takee 2 time d/(v2 - vy) to travel be-
tveen cne £low car ani ancther 2t itz free speed,.and it spends & time

T. traveliing at its free epeed. We cen nov write Tl = N and

T = N&/(va - vl). Substituting for Ty and T, 1o tae expression for

2
v. csnceliing the N's. &nd multiplyins oumerztcr and Jenomipaicr by

(v., - v.) we find

v (vyovy) 4 v,
W(v2 - vl) + 4

(1.52) vy

A similey formula cun be derived if we suppose thot there {e sparae traffic
travelllin; at more tncn tvo speeds cn the roed.
The average speed of both kinds of traffiec, fest and slzw, tziken to-

gether . ie given by

V(v2

- vl) v, + &W,
(1.23) M, v, 4+ My e

s~ vl) + 4

where M1 and M2 are the relative puxzbers of the Tast snd sLOW Cars.
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This formula gives u theoreticel form tc the free-su2el capacity curve

1n the case which we conaider.

. »
1.5.2 A Monte Corlo Experiment

We have essumed abcve that the mean delzy of traffic in passing each
slow car is the same. This assumption needs examination if the Tast traffic
48 dense. Our theory of pessing behavior leads us to question it for the
following reason. The mean deley of cars crossing an intersection (or
pessing a slow cer) depends on the distributicn in time of the wrrivaels of
such cars. Ia our deriveticn of e theoreticzl formule we have assumed a
perticuler firm for thic distritution; thet the arrivals form & bipomial
seguence. However 1f cere asrrive in & bincmisl sequence. they dc not leave
the cause iof conzesti.o (the intersection or slcw car) in a biommial sequence.
Toue their averaze walt behind this next slow car may be aifferent fram the
previous one. In ihe szme wey the spacing distritition may chanze again in
pessing this obetecle g the average wsit behind the next slow car majy be
5t1l! different.

So far we ore expressins theoretical possibilitiea. We hsve aot yet
pucceeded 1n tresting anaijtically this type of questicn cbout pesasing
through successive queves. We therefore decided to res rt toc'Mcnte Carlo”
experiments. that is, experiwects with simulsted traffic streums Zepercted
by rendom devices, to jet s feel for the problem, and to judge tae importance
of these effectr. Thaese ex;eriments did not have very positive resuits.
icwever, we will repcrt them ver) briefly here. as they may lve some useful
informatico to othere faced with the sare sort of problema. When we started
the experiments we had two wlternstive hypotheses. either of which would be

useful in ceriving a {ree-speed capracity curve.



Tue first was that despite the modificaticn of the spacing sequence
in pessing thrcugh each queue, the formulce derived Irim the binomiel
assumption were satisfectory in eny case.

The second was thet. falling the firest assumption, the mean delay
chanjes for the first few queues through which the fast car passes, bul
fairly quickly settles down to be mcre cor iese constant for leter cars.
though this coastant might be different from the result derived for the
btinomiel sequence.

To exulore these pussibilities the experiments we performeé were &s
follows. Initially, a sequence of mincr-rcad (or "tust-car") errivals wes
geaereted over 500 time points bty drewings from a tinomial distribution.

The output from this Gistribution was pessed through & rec/ reen sequence
also derived from e binamisl sequence, with the assuapticn of a constant
criticael gap.

The departure sequence, derived by using the methol descrived in Section
1.2.4, was used 28 the arrival sequence of zn exscily similar t;fe of queueing
process. Bince 2ll the fast cars wceuld take the came time to ccver tne dis-
tance between slow cars, we could neglect this time in our celculstiops.

The wholie process wis repeated Fifteen tizes, represcenting the traffic suc-
cessively passing fifteen slow care on the roed.

In ccmputing the aversse weiting time, that is, the average queus length
over the period. {t wes decided tc neglect the first time-points. while the
process was starting up. An erbitrery rule was used that for each process
the waiting time would te computed from e time-polat 4O time units efter.
the queue first became non-zero. The mean welting tlme wae calculated by
teking the averaze queue length cver time-pcinte from that point to the

1zst (the 300th).
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The sequences f_uctuated railaer heavily from orne process to the next.
Part of these fiuctuations may be due to the relative shortness i the
series. The queue series are necesserily highly sutoccrrelzted and this
means that, as a stetistical samyple, the peries are equiva.ent tc a much
spaller number of "effective” or "indepenient” cbservctions than the
original 700 time-poipte. In an; cese, the experiments we performed jlve
no evidence of stebility of mean wajting time.

The work wcé done on a punchbed-card nachire. T™e results show that
if Monte Carle methods are to be used ip this tyje of work. the experiments
would have to be cn a still lsrcer scale, 80 that ap e.ectrunic computer
would probsbly be appropriate. But {1t does not meem that such exreriments
wiil give very useful reeults without mcre theoretical knowledge of re-

reated queue preocesses.
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Derend

One of the striking features of traffic is its resemblance to physical
flows. The relations between speed and volume and such phenomena &s the
propegetion of waves of stopping end acceleration are understandable in large
pert from the mechanics of motioﬁLl However, eppeeling as this physical view
of the matter is, it neglects the purpcsive aspect of traffic, which becomes
particularly important when ettention is shifted from the single road to en
entire network, that is to sey, when we are interested in understanding the
geperation and distribution of treffic within a syetem of interccnnected
roads.

The point of view to be adopted from here on 1s that vehicles are opcratgd;
by peopie who 1) bave & range of choices aveilable to them, and 2) sre motivated
by economic considerations in their decisions. This element of choice prevalle
even though, once committed to the romd, the movement of vehicles is strongly
gircumseribed by the traffic conditions around them. For there 1; elways the
question why people, enticipating these constraints, and particularly the
1rritations of congestion, still choose to go when, vhere end in the manner
they go.

The study of rationai behavior in the presence of chcice leads into the
domain of economics. 1In this and the following three chepters some applicetions
of economic theory to highwey transportaticon will be explored. The purpose
{8 not to exhaust all economic sspects that seem relevent or important. Rather
the ergument is constructed with reference to two polinta vhich may be regarded

&8 but two aspects of the seme matter: that it is possible to give scme

_lj' See for instence Herrey and Eerrey [1945) and Pipes [1952].
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economic explanation of the distribution of traffic in a netwvork; and that

this distribution, as 1t forms itself spontaneously, falls short cof efficiently
utilizing the aveilable capacity. For a fairly systematic development of this
topic, a number of concepts must be introduced end some principles postulsated,
vhich mey seem rether trivial if loocked at in isclation. But emphasis here

is on the fitting together of all relevant concepts into & theory. The dis-
cussion of fundamentel concepis falle for the most part into the present
chapter. It bas beer labelled Demand, because this seems to he the most
characteristic notion that ar economic viewpoint can contribute.

The fundamental question in cepacity theory, discussed in the preceding
chapter, is how flow on a road determines the trarfic_céhd{tioﬁs, meinly
average speed. This puts flow into the role of a cause. We can howvever also
reise the reverse gquestion: how do traffic copditions effect the public's
decisions of which the flow is the actual result. This is the problem of
the current chapter on demsnd. The actual determination of the flows through
the interaction of demend for tramsportation and capacity for éccomﬁda;ﬂi;g::
it is deferred to the following chapter on equilibrium. Unless otherwise |

noted we shaliaéaﬂwith the problem of passenger traffic only.

s ecision o] 5ers. )
A first step toward economic analyeis 1s to disagéregate flow and take
notice of the various rogd userg. These fsll intoc classes that are distin-
guished by origin, by destinstion, and by behavior characteristice such as
free speed. Whenever we speak of the dexand for road transportation we mean
the demand, on the part of road users (or sometimes only the road users in a
particular free-speed clsss), for transportation from & particular origin to

a particuler destination. Whenever we disregard the different, free speeds of



rosd users we shall ewploy the coovenient fiction of an gversge rosd user.
It presumes that the composition cof treffic by free speeds follcws some
constant pattern on each road.

with most cther means of transportation, once & traveller has chosen
his destinstion his remaining freedom of choice is usually limited to a
relstively smell number of routes and departure times. If he chooses to go
byhroad, however, he faces decisions about his route, the speed under vericus
roadway snd traffic conditions, &nd more decisicns each time he wants to pass
a vehicle or an intersection or desires to weave into another lane. The
temporal order of the amctual decisions is thet in which they vere menticned.
But in exercising a rationel choice, a road user normally anticipates his
speed and pessing behavior under various conditions when chobsing e route,
end he also has some notion about the route when deciding whetlher or not to
travel by road. A situstion whbere the logicel order of decisions may run
counter to their sequence in time is not unususl in econorica. The locatlon
and size of a power dam, for instence, can be determined optimelly only after
the desirsble policy of water storege for any given reservoir location has
been specified, which in turn ile influenced by the demand for pover as
affected by the chosen rate structure. Here again the "natural” sequence
of events is the reverse cf the logical dependence of decisions.

In thies chapter we shall follow the logical order of decisjons; that is,
we shell discuss the choice of individual free gepeeds first, the selection
of routes (the demand for the use of roads) next, and finelly the demand for,
road transportetion between locations. Before this, however, ancther concept
wvhich is central to economic thinking has yet to be introduced, namely the

noticn of cost. This will be done in the focllowing section.
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2.2 Costs

To gtate thet eccnomic considerations influence drivers' decisions 1s

another way of saying that road users are conscious of costs. Cost must be

underatood-here, in the wide sense cof eccnomics, to include everything of
value that is foregone to attain & certain epd.

In this study we are interested in the transportstion cost to road users
oﬁly; that is, we exclude from considerstion all cost to putlic bodiea in~
curred through the maintenance or construction of roed capacities. For
demand depends on cost to road users only. And we shall not go so fgr as
to analyze the tax component ir gasoline costs, say, which would reflect to
some extent the cost of maintenance and expansion of the road system.  For
doing this means going into the "long run”.

The term trensportation cost needs to be delimited also in spatial
respects. Thus a distinction will became necessary btetween cost of trans-
portation on specific roads and trip cost. In this section we consider the

first cost onlys

2.2,1 Ccmposition cf Trenspcritation Cost

For purposes of the?énalysis’of demand the cost of transportation on a
rosd includes not only the operating cost of e vehicle over the length of
the road, but slso such things as the travel time and the risks incurred.
Operstins cost consiste of all outlays directly ettributsble to vehicle
use on a mileage besis. This includes fuel, 01l, tire wear, deterioration
and meintenance as far es these are dependent on mileage; it excludes vehicle
taxes and license fees, depreciation due to time &nd obsolescence. Certain

money costs will be considered separately from opereting cost, namely as

risk cost.
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Time cogts will include the times-in-transit of vehicle and driver,

and perbeps of passengers and lcads. The velue of & vehicle-hour is deter-
mined by the alternative uses of the vehicle that are possible. In private
use the avaeilarility of a vehicle at times other than those of its ordinary
use may have some value, but typically a low one. In commercial transporta-
ticn the value of driver time is set by the wage rate of the driver; and the
velue of vehicle time is the earning power, after all operating cost, of the
vehicle per unit of time, multiplied by the average proportion of time during
vhich the vehicle is in use normzlly. But this esrning pewer is not an in-
dependent variable. A brief excursion into the long run is necessary here.
In the long run the value of the vehicle hour tends to be equal to depre-
ciation plus interest on the investment in & vehicle. Except inscfar es
average speed affects the rate of depreciaticn -- an effect ﬁhich may well
be disregarded here -- the value of the vehicle hour is thus independent of
the prevelling speed cof traffic.

For commercial transportation it ie obvious that there exist definite
money equivaelents of vehicle, driver,end cargo times. That drivers in private
cars tend to mind their time alsc and at least implicitly assign some money
value tc it can be seen in their choice of a free speed. For an example,
let us accept ap estimate in Toll Roeds end Free Roads,  according to which
"Pests on seversl makes of modern passenger cars show that with steady driving
on concrete pavements at a speed of 4O miles per hour the consumption is
0.0575 gallon per mile. At 4C miles per hour the consumption becomes 0.082
gellon per mile.” It follows that & driver preferring to go at 80 rather
than at 40 miles per hour values & saving of one hour ty at least the price
of 2.5 gallons of gasoline, which is in the neighborhood cf 85 cents. Unaware-

ness on the driver's part may blur and pessibly dimiaish this figure somevhat.

=] Toll Rosds and Free Roads, 1939, p. 35.
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On the other hand, the fact that we have interpolated linesrly & curve
vhich is bent upward, end that risk and other opereting cosis are increas-
{ng with speed also, is likely to reise the figure msgain. The estinete
copveys, however, an idea of the order of megnitude of the value cf time,
a5 applied to driving.

Under Risk Cost we shall include the losses from accidents in terms
of 1ife, health, and property, as well &s the irritation from the threat
of such mccidents which is particulerly menifest under conditions of road

congestion.

2.2.2 TPrensportation Cost as a Function of Flow

It is for the elementary reascn that the trensportation cost on & road
varies with the flow of traffic that ec.nomic considerations of a short-run
charecter sre relevart at all to transportation ir highway networks. This
dependience mey be described verj simply by saying that an individual roed
user is the worse off, the more traffic there is on the road he is travelling.
This is 8o because the presence cf other traffic causes deleys, added risks,
apnd extra cperating éost as expeaied in pessing maneuvers. The road user
{ncurs & higher transportation cost the larger the flow, even though a lower
average speed may actually reduce his operating cost and although riskes, a8
messured in accidents per vehicle mile, mey start falling off at a flow level
vhere p;ssing tecomes increasingly rare.

The explanation is of course that these latter cost reducticns, if any,
from congestion are more than cffset by the accompanying losses of time.

By congestion we mean here traffic conditions which occur at flows that
"substantially” reduce average speed on the roasd. If it is essumed, for
instance, that telow a certain flow level average speed ie "practically”

independent of flov so that & vertical section of the capaciiy curve is
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eppropriate, then congestion would begin at the flow level where the vertical
gection of the capacity curve terminates.

On this apparently obvious point thet costs increase because delays do,
a few remarks are in order. One might ask why road users dc not seek com-
pensation for congestion in higher free speecs. While the uniform-speed
capacity curve shows that this is pbysically possible only vithin certain
parrow limits, economic consideraticns also suggest that it is not feasible
for the individual road user to try to stretch his possibilities to this
limit. An increase in the free speed is either out cf the question because
the road user recognizes an absolute speed limit imposed or him by risk con-
s{derations or bty the law, or glse 8n incresse cf speed is possible but iself ‘
increasingly costly in terms of both risk and operating ccst.” The conelusion
is that both travel time and transportation cost increase or et best remain
constant for each road user with increasing flow.

That the average travel time should be increasing (or constant) with
regpect to flow is Just a restatement of the facts described by the free-
speed capacity curve. The other relationship, that average cost is also
increasing or constent with flow, will prove important encugh for our a;alysil
to werrant the introduction here of a corresponiing average-cost capacity
function. By this we mean the average transporteticn cost on a road for all
road users entering during a unit period of tinme rezarded as a function of

the traffic flow., It differs from the previcusly considered capecity functions

only by the inclusicn of operating and risk cost.

o5 % Mhe Demand for Road Use

2.2,1 The Choige of Routes

Z:% So far we have been concerned with the behevior of road users on a single

road. We did not have to consider in deteil the ecopomic motivations that
o Beakey [1937]1.
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underlie the mein decieion, thaet about free speed. Principles of choice

muet be considered however, vhen it comes to the behavior of a road user

in z network. The outetanding probvlem is the determinstion of choices of
routes. Let us introduce some concepts pertaining to networks first.

We start with & set of locaticns whick we shall call points. All
origins and destinations will be at these poirts, end every pgad will be
e direct link between & pair of points. 1n general of course not every
pair of pointe will be connected by s road, and some polnts will neither
originaste nor terminate traffic. Ry including &ll intersections in the setl
of points, we ensure thet each road is & distinct segment of our network.

The rate at which traffic originstes at a location, i.e., the net out-
flow to all destinations per unit of time, will be referred to es (pet)
origination. Similarly (pet) terminaticn denctes the rete et which traffic
L terminates, or the net sbsorption of traffic at a location per unit of time.

A trip denotes the path of a vehicle sterting st one point, the grigin,
and terminating at another ome, the destinstion. The roads traversed in
succession on & trip are eaid to constitute its route. The traffic flow
in both directione on & road is the sum of all traffic filows to the variocus
destinstions which enter this road from either direction.

Vehicles are now distinguilshed not only with regard tc their free speed,
but more importantly with respect to thelr destinpetion. Flov and transporta-
tion cost remsin variebles defined with reference t{c & road. The notion of
the cost of & trip between locations is introduced later and set in relation
to transportation cost.

The simplest possible assumption about choices of route would be that
drivere select the geographically shortest ome. But this would dizsregard

roadwsy and traffic conditions entirely. If traffic conditicns ere to bear
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at all on the choice, an cbvious next essumption 1s that the route should
be chosen =0 a8 to minimize total travel time.h A completely rationsl route
in the economic sense would be one that minimizes cost to the road user (in
the broad sense defined above). We shall assume thet actuael choices of
route spproach this ideal to the extent that routes chosen are those of
smellest average cost of transportetion (averaged over users of each road).
This amounts to considering a fictitious aversge rosd wuser, who incurs on
every road the transportation cost that i8 indicated by the capacity function
at the prevailing flow. While the errors cormitted in this way do not.exactly
cancel ocut, it seems & plsusible and gimple spproximation to the actual rout-
ing of treffic flow.

Henceforth, for brevity, we shall cell a route that is optimal in terms
of average cost a shortest route. It need not be unique, of course. A
shortest route defined vith reference to an origin and & destination conteins
within it the shortest route that leads from any intermediate point to the
Gestination. The notion of a shortest route now permits us to define trane-
portation cost from any origin to any destination, simply called the &rip
gost, as the average cost along & shortest route. Then, slong & shortest
route, this trip cost to a given destinstion decreases as the origin is moved
from one road endpoint to thé next by exactly the aversage trensportation cost
on the road cut out. Along roads not on a shortest route, trip cost to a
given destination decreases by less or even increeses. The converse is also
true. If there exist numbers, asscciated with all conceivable trips, which
decresase by the full amount of transportation cost along roads that belong
to certain routes, and which decrease by less along all other roads, then

the routes so distinguished ere shortest routes and the numbers are the trip
_Ejf See Trueblood [1G352] where this hypothesis is tested.
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costs, provided that they have value zerc where origin and destination
coincide.

This is best seen grephicelly. In Figure 1, let 1-2-3-4-5-6 denote
the shortest route between 1 and 6. Kow the fact that this route continues

from 2 via 3 rather than via 7 means that the trip cost from 7 to 6 plus

Figure 1

the trensportetion cost oo road 2-7 is more than the trip cost from 2 to 6.
In other words the trip cost to 6 decreases aicng roed 2-7 by leses then the
trensportation ccst on that road, vhereas it decreases by exactly the trans-
portetion cost incurred on any road that is part of the shortest route
1-2-3-4-5-5,

Iet us assume that the route 1-2-8-5-6 is a shortest route also. Then
the cost from 2 to 5 48 the same for both of the slternatives, 2-3-4-5 and
2-8-5. Counting transportation cost on roads pesitive in the direction
toward the destinetion and negative in & direction away from the destination,

the sum of coste on rosds elong the closed circuit 2-3-4-5-8-2 is zero.
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A clesed cyele of this kind hes teen called a ngggxgl_gixguiiilj Eeutlral

circuite indicate the existence of more than one shertest route.
In the following section we shell formulate mathemstically the relation-
ship between shortest routes and trip costs, and demonstrate our assertion

that gshortest routes are completely characterized by this relstionship.

2.3.2°  Shortest Routes sad Trip Costs

Let locations be indicated by single letters 1, j, k, where 1 usually
stands for an origin and kX for a destinesticn. Roade ere desiznated by the

pair of adjacent locations they comnect, 1ij for fnstence. (Pigure 2)
4

Figure 2

Trensportaticn costs y on roadis 1) are written yij' Since we do not
distinguish between costs in the two directions, Yig = ¥y1- For points

i and J thet sre not contiguous, i left undefined. Trip coste

yij
fram origin i to destination Kk are denoted by ¥{ x (Notice that the
’

subscripts are separated by & comma.) Now

iij. Koopmens and Reiter (1651, pp. 247-248].
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(2.1) yi,k = Min (yiJ YAt 4 ynk)

thet i1s, the minimum of g&ll chain sums of yrs sterting at i and terminsting
et k in which consecutive elements have one subscript in cammon. In perticular
Yk = 0. (Since all Yrg 2 O» it follows incidentally that these minimum
chain sums 4o not contein any closed sub-cheins.) Congider yﬁ,k for two
locations m = i and m e+ 3 connected by a road 4. Extending the miniwum
c¢hain that leads from J to k ty adding yij’ we have & chaln fram {1 to

kK, but not necessarily s minimm chain. Thus

(2'2) yi,k $ yij + ydjk.

To summsrize: for every peir of points 1,k there exists a uniquely

determined number Y x such that
]

(2.%) yi,k - yJ’k < Y13 and "«" for some J; Y,k = 0.

We next show the converse. If fcr every pair of points i,k there is
& unique number yi,k satisfying (2.3), then the Ve x represent shortest
?

distances:

(E‘k) yi,k = min (YiJ + yd; + e ¥ ynk) .

Let 1-3'-f'-....-n'-k denote a shortest route. Then
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Y, 7 Y5 ¥ Yy

er'k - }’l'ik 5 lekc
(2.5)

Yok " Yk € Y

Eince 0 one obtains by addition of these inequalities
»

(2-6) yi,k S yijt + yJ|1, + saus + yﬂ'k .

On the other hand, eince the yi,k satisfying (2.3) are assumed to be
unique, there must, between every pair of points 1 and k, exist a
;f¥; sequence of pairs of pcints starting at 1 &and ending at k for each of
| wvhich the "=" gign holds in the inequelities (2.3). Let one such sequence

be denoted 1 - J" - " - .... - @" - k. Then

(2.7) yi,k - yU" + yJ"i“ + o + yn"k.

By definiticn of s shortest route,

(2.8) Yygr ¥ Yy ¥ e ¥ ¥gug $ Tgge H Ygupe b oeee d ey

Combining inequalities (2.6), (2.7), and (2.8) we cbtain that

{2.9) Y < Yigr * Yy + ooty g =MD (yij Y Yy r et Y o)
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80 that the numbers yi,k indeed denote the shortest distences (in terms
of transportetion costs).

In the economic theory of indusirial location the points 1 of common
yi,k for a given k are referred to es lsodistaonie if cost is measured in
terms of distance, jlgoghrcnes if measured in terms of time, and isQveciures

if measured in terms of transportaticn cost.h

2.3.3 The Induced Demand for Use of a Road

Once the shortest routes for traffic between each pair of locations are
found at prevalling traffic conditions, flow on each roal can be determined.
It is the sum of the numbers of trips per unit of time for all those origin-
destination paire whose shortest route goes through the rosd. As explained
pore fully in Section 2.4.1 below, we assume that the smount of flow demanded
between any pelr of locations depends only on the transportation cost between
them. But vhether or not & shortest route goes through any given rcad depends
on the transportetion cost on all roads thet might be part of alternative
routes. Tt is useful as an approximstion scmetimea to consider the flow on
& given rosd (resulting from the demands for all trips) as & function of the
transportetion cost on thet road only. Io that case it is implicitly essumed
that trangportation costs op &ll other roeds ere uanchanged, and in perticular,
that they remain unaffected by sny ebifts of flov from the roed in guesticn to
alternative routes. This iz e plsusibtle assumption cnly if the flows on the
roed considered are relstively small.

The fact that there mey be several shortest routes, and thet e smsll
change in transportstion cost on the roed may alter its flow by the whole

epount of flow on e route, showe that the demend function for road use is

] Palander {1935, pp. 337-360).
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discontioucus under our assumption that route selection depends only on

7

relative transporteiion coats.

2.4 The Demand for Transportation

A certain amount of driving on & particular read may of course be for
pleasure's sake, in vhich case it represents ultimate consumption. Typically,
however, the demand by drivers for the use cf a particuler road i3 not immedjate,
but ariseés out of the demand for transportetion from one locetion to another.

This need for transportation arises from the diveféent locations of
aconomic ectivities. In personnel transportation, the cobviocus cause is loca-
ticnal separation of residence, places of work, commodity merkets, and cultural
facilities. Commodity transportation is promoted ultimately by the geogrephical
division of labor. This in turn 1s based on differences in the rescurce endow-
mants of regicns and on the greater econamles of production om & lerge scale.
Deacriptive details on the locational distribution of econcmic activities fall
into the domain of economic geogrephy, and theoreticsl discussion-or these
phencmene is the subject matter of location theory.

However, our understanding of locational phernomens is far frow sufficient
for en accurate prediction of the demand psttern for transportation, givem
the general econcmic structure of a c¢ity or region. A formula has been

~

&
alvanced by same authors -for the intensity of intercity and interregiooal

jj Therefcre the result of the genersl thecry cf demand that the demand for
the mth comuodity varies with the price of the nth commodity ag the demand
for nth camodity dces with the price of the mﬁh ccmmodity has no equivalent
here. Eowever, if traffic on road iJ 1is decreasing with or unaffected by
{ncreasing transportation costs on roai mn (i.e., if mn 1is an alternative

to 1J), then elso traffic oo roed mn cdecreases with increesing transportetion
coet on road 1J, alweys holding other transpcriation costs constant.

§_/ B.g., Stewart [1930).
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relationa which ise modelég_a:ter Kewton's lav of gravitetion. Economic
relatione sccording to this formule ere directly proportionel to the algebraie
* product of population figures and ioversely proportional to distance, suitebly
measured. By implication this fcrmula should also describe the demand for
intercity and interregionsl transportation. This hovever seems unlikely
for no sccount i& teken of the specific economic structure of cities or
rgaions.

Bame interesting thecretical suggestions concerning the demand for
transportation in cities are also advanced in the recent monogreph by Mitchell
end Repkin [1954]. Total origination or termination in sn ares is related
to the charscter of the residential end commerciml estsblishmente in the
area. An important obaefvaxion is, for instence, thet origination tends to
be proporticnel to the total floor spece devoted tc cammercial enterprises it
8 given district. Emphasis is given to the "linkege" in origimations of pecple

and of comodities betwveen esteblishments located in one area.

2.5.1 The Demend for Trips

In & model which ettempts to set forth the interdependence of flows inm
a network, recognition must be given to the fact thetl ihe amount of traffic
thet originates at a given point for e particular destinetion per unit of
time is in general not independent of the traffic conditions cn the relevent
route or routes.

T4{s cbvious principle needs careful limjtation. It does not imply that
the pattern of originations and destirations could not show considersble
rigidity in the short run. In particular it does not dispenpe with the
pecessity of studying actual typicel petterns. It izplies cnution,lhowever,

in the ceussl interpretetion cf such crigin-destinstion patterns. {Beééﬁ;e__
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it is true that sugh and such a ratio of floor space tc truck trips prevails
in 8 given area,gfthis mey not prove ipverisnt under changes affecting traffic
conditions. If the cutput levels of a plant closely determine its origination
end termination intensity for a given technology, traffic conditions may force
a change of technology or of locastion to meintein profits. A point often
erphasiged is that the central business districte of cities may experience a
reduction of their levels of activity to the point where the demend for traffic
cen be accommodated by their available road cepacity (and parking facilities).
In line with our approach to traffic in terms of its economic motivation,

we ahall consider the demand for transportation betveen a given corigin and

dest.pation tc be a funciion of averese trip cost betwcen these locations i

‘only. ‘

Demand must be dsfined with reference to a time period. Now on each
rogd, traffic shows & cheracteristic veriation over time. This is a reflection
of the fact that the demand for transpcrtetion between locations fluctuates
in varicus ways. For instance, intercity traffic hss e pronounced veekly
pettern of fluctuation while ccamuter traffic shows exireme dally fluctuations
as well. Depending on which types of roads and of road use one is primarily
interested in, a different period is thus appropriate for the definition of
demend. In eny case it is a simplificaticn to regard demand in terms of an
everage flow per period cf given type, as the case may be. It 1s an even
cruder epproximation to have this demand depend on the aversge traffic con-
ditions during that period only. However, simplificatior is the price of
anslysis. |

Let the curve representing the number of trips per period between two

locations which ere undertsken st variocus everaze cost levels be called the

-ETT Mitchell sni Repkin [1954, p. 172].
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demand curve for travel between thease locations. The curve in Figure 3

ie one examplegﬁ) We ssasume here that the general price level and the income
distribution are fixed. By its nsture the demand curve has en upward slope
novhere. 1o cerfain circumstances, when the numbar of trips ie independent

of traffic conditioneg, the curve is vertical, and demasnd can then be described
completely by fixed origin-desfination figures.

The notion of average transportation cost requires some atiention here
because the population of road users changee along the demand curve. To be
cousistent, the average should elways be taken over the population of esctual
rﬁad users at aﬁy point of the demsnd curve. |

The demsnd ¢curve may &lso be interpreted o8 e ranking of trips, vhere
each trip is labeled by its urgency, that is, by the’critical” cost level at

which it would atll)l have been undertaken.

average
trangportation
cost
A
prevailing ' ;,§ B
aversge
ccst D
purher of trips
0 bt per unit of time
one C between glven
trip locations
Figure 3

;Qf In econcmics, price or cost is conventionally placed on the vertical
‘exie, even though in msny cases, as in tkis one, cogt is the independent

V&ri ablc -
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The excess of this critical average cost for only one trip cver the
prevailing aversge cost represents a clear gain to the road user in guestlon.
It ayﬁeart in the form of a saving ip money cost and correepcnds to what 1is
known in the ecopomic theory of market demsnd as & consumer's surplus.
Ceometrically it is represented (approximately) by a strip extending from
a horizontel line denoting the prevailing average ccet to the demand curve
vith a width corresponding to one trip (erosshatched in Figure 3). While
the actusl cost for a trip need not be the prevailing everage cost, so that
the area of the strip may be different from the gein of the particular rosad
user in question, neverthelees the totsl ares between the demand curve and
the borizontal line of prevailing average cost indicates exactly the cost
saving to all road users at that level of average transportation cost. Eere
the benefits in money terms enjoyed by various road users have been sdded
up tacitly as bamogeneous and commensurable. In particular it is implied
thatthere are no effects of income differences which would render a doller
saved &t @ high level of cost worth more, or less, than a dollar saved at
a lov cost level. EHowever, the equilibrium enalysie which follows will do
vithout this or any cther value judgment. We will refer azain to the road
ucer's benefit in Section k.1.2.

The form of the demand.function is dependent, emong other things, on
the elternative means of transportaticn availsble and their rate structure.
In general the Gemand for transportaticn betwen a given peir of locations
would depeni slso on the costs or travel times to end from other locations.
It has been shown, for 1nutancegj'that most sutomobile trips within cities
are round trips with more than one destination. However, this applies to

the movement of the persons rather than those of the vehicle, which appears

11/ Mitchell end Repkin [195h, pp. 39-53].

v
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often to partake in only the initial and final phase of the Jjourcey. If
intercity traffic is teken into consideration, e merger of the pessibly
plurel destinstione into one vouldhhot seen to be e bad approximation.
Sim{larly in the long run vwhen locationsl changes ere adritted, a
case can be made for the dependence of demand on tramsportation ¢cost from
or to verious alternative locations. But since our interest is in the
short-run phenomena mainly, this complication may perhaps be disregarded

here.

2.4.2" Demand Functions and Cepacity Functions

1et us pow introduce & mathemetical notation for demand. The pumber

of tripe per unit of time from origin 1 to destination k will be called
x for 1 not equal to k. The symbol - x . we shall define %o ve
1’k ,k

the terminatiocn at destination k. Since terminations at k must mateh

the sum of originmations for k, we have )y X, x © 0. The number of trips
1 ’

ge g function of trip cost will be written X = fi,k(yi,k)'
We shall make frequent use of the {nverse relationship ¥ g (% L)

. i,k 1,71,k
This inverse function & k exists because the demand function ri X is

L4 ’
monotonic: as the trip cost goes up, the number cf trips decreases, if
1z
anythin5£=~/ Btationarity of g , Over soze interval would mean that
s

demand is perfectly elastic there; a small rise in the prevailing trans-
portation cost would induce a substantial decrease in demand. This is not
to be expected even in the presence cf alternative means of trensportaticn.

Without restricting ourselves we may therefore assume By k to be etrictly
. 3

decreasing, thet is .

oy

" particular circumstances involving incorze effects, this is not likely to be
the case with the demand for rcad transportation.

o/ While the demand for certain coomodities mey increase with price in
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(2.10) “EEELE* < o,
1,%

wherever gi,k ts differentisbhle. The case of fixed corigin-destination
figures (perfect inelssticity) means that the graph of g x 188 vertical
line and that the derivative is mious infinity.

We sball now give the notstion and summarize the relevant properties
of road capscity functions. Let x1j denote flow on reed 41J. The order
of subscripts is immaterial here and in what follows: Xyy = Xy40 Yeg = yJi’
and hiJ » hJi (notice the sbeence of a separating comma in the designation

of roads). The cepacity function Yig = hij(xij) is never decreasing:

(2.11) B s o
dx¢gy  °

The “o” sign can hold when Tlow levels are smell enough to make interference
between alements of traffic negligible. From the considerations in Section
1.4 1t sppears that delays and hence costs increase indefinitely as a certain

flov level x the sbgolute cepacity limit, is approached:

13’

(2.12) lim b

Xy

13(%g)

X
The most obvious differences between these two types of elementary

data functions, the demand function,and the capacity function, are 1) that

in the capacity function flow is the cause and transportation cost the effect,

while in the demand function trip cost 1s the cause and trips (constituting

the flow) are the effect; 2) that demand is defined with reference to suy
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pair of locations wvhile cepacity refers only to roais; and 3) that demand

decresses as cost increases, whereas in the capecity curve, cost incresses
or remains constant as flow increasses.

From the economic peint of view, capacity and demend appear to be pairs
of opposites similar to supply eand demand. Cepacity is the "supply of trip
opportunities at various coste”. The analogy, hovever, ie & loose ons. 1In
particular, while under perfectly competitive conditions the supply function
in e market for ordinary commodities tends to be the seme as the incremental
cost function, here the capacity function correspcnds more nearly to an

average cost function.

r



Chz;ter 3

The discussion of capacit; andé demend in the two precelinz ¢hupters
has supplied us with some funlomentsl noticns -n traffic flow. In this
chapter we propose to explein the pattern of traffic in a netwrk frdml
the interacticn of the demand for trensportation betweer nany pzirs cf
locstions and the capacities of roads in the network. This demand is
distributed over various routes andi, on ezch read, over verious free
speeds. It thereby sffects the traffic cocnditions on the rcads, and these
react azain on the cdemand for traffic. In an etiempt tO ucravel these re-
lationships of mitucl éeterminatlion, it is useful tc have reference to e
situztion of equilibrium.

With resord to & road ip isolaotion, equiliPrium oseasns the following.
At every level of treffic conditions, es mezsured by the averece cost of
transportation, a certain deman: for the use of this rcad is fortbroming.
It thie demend is larger than the prevailins flow . the traffic copditlons
get vorse and the averaze cost of trensportation increases. This tends to
curb the demsnd, perhaps to the extent thet fiowe [ull below the initially
\ prevailing level. Then traffic conditions improvs acain snd at the reduced
level of trensportstion cost an ipcreased Zemand 1s forthocming. There ie
however one level of flov &t which traffic conditions give rice to & demand
Just equal to the prevailing flﬁw. Tais is what we sghall eell the ecquilibrium
flow.

One might think of equilibrium in & network as simply 2 state in which
flows on every road are in equilibrium. But as we have pointed cut, the

notion of the demznd four use of eny rarticular road es 8 functicn cof treons-

portation cost on that road only invelves ¢ simplificetion that seems



{nadmissible in the enalysie of ficws in & metwork. ESuch e demand functioen
could be cefined only on the asesumption <f geteris paribus, namely,of
unchanged transportation costs op all other rcads. But & change of flow

on ope r-ad is bouwnd to effect fiowe and hence custs co sume oiber roads.
Therefore a somewhat broader approaéh is called for.

Demoni refers to trips end copacity refers to flowhk on raads.' The
connecting link is found in the distribution of trips over the network
sccording to the rrinciple that traffic follows shortest routes in terms
of average ccst. The ldes of equilibrium in & aetwerk can ther be descrived
as follows. The preveiling demani for trazesporteticn, that is, tae existing

pattern of <-rizinati ns and terminciions, zives rise t: treffic conditions

[}

thot will maintain that same demsnd. Or, starting at the ctner cond. the
existing traffic conditicne are such as to ¢cell forth the demani that will
sustzin the Plows that crezte thease cunditions.

States of equilibrium may be defined for a shirt period sueh zs the
peak hour in daily traffic, or. if finer fluctuaticns cf Jemznl are dis-
regarced. for a longer period such as & day or & week. In the lsst case
rood users presunsbly go through their routines repeatea’y and at reguiar
interve:s. The mzintensnce of tiae pattern of rcaua use under Ziven demend
conciticns therefocre implies that drivers have nct been dissstisfied with
their choices. Put znother woy, this scys that the apticiyzted cost of the
various clternctive routes cr moces of travel -n vhich Cemznd for trans-
portatisa, choice of route, and choice cf free speed sre based corresponds

to the reailzed ccst.
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e Eguilibrium in & Network

"Suppose that between two points there are twe hijhways one cf vhich
jg broad encugh tc mccomodate without crowding all the traffic vhich may
care to use it but i poorly sraded an: surfoced, while “we cther 1s a
much better road, but narrow and quite limited in cépacity. If a large
p.mber of trucks operate between the two termin! end are Ifree tc choose
either of the two routes, they wili tend t- distribute themse.vee between
the rcads in suvch prop:rtions that the cost per uvnit <f tranmsporistion, or
effective return per uait of investment, will be the same for every truck
an both routes. As more trucks use the marrowver and better road, conjestion
deve.lops. until at o certein pcint it tecomes equally prrofitekle to use the
broacer but pocrer highway."

Thic examp.e demcnsirstes the princizle of traffic distribution ameng
zlternative routes in equilibrium. 1) If tetween a iven origie =ni & given
Cestinstion mcore than one route is actuelly itravelled, then the cost rf
trazsportation to the everage ruef user, as Iindicated b; the averajze-cost
capacity curves, must be equal on all tlese r-utes. 2) Since the routes
used ere the "shortest” ones under prevailing traffic c.plitione, cversge
cost on all other possible routes czonct be less taan that on the rcoute or
routes travelled. 3) The amzuat of traffié criginated per uvnlt of tinme
muet equel the demend for transportaticn et ths trip coet which prevalls.

It is useful to refcrrulate these cocaditions 1p terms of traffic on
rocde retner thao on routes. Making use of th; reletionelliy between short-
est routes and trip costs we may restete the threc principles es follows.
At each lccation there is e well cefined trip cost to any cdestination for

the average road user. It decreases toward the destinstion by the full

1/ Knight (1924, . 192).
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(everzze) anmount cf tramsportation cost elong @«ll roads on which some
treffic f_ows to tin-tdestinetion; along an, cther roeld it decreeses by

jesg than or at most the seme as (aversge) trensportation cost. The
amount cf traeffic crizinzting ot eny point for any destinetion is deter-
mined by the Gemand for tramsportation arising In resy nae to the (averuge)
';rip cost to that dest not. on. e originztion then cguals the

excess of outgoing traffic over incoming treffic (to this destination).

The amount terminated at s locetion is. of course, the sum over ell origins
of traffic flovs with this destination.

Totai traffic on the various roads fixes the trznepcrtation coet on
esch roaé end this ezeip determines the trip cost from eech crizin to the
varicus Gestipations. Through the demand function this cost reguiestes the
traffic fiow betwsen pairs of lccations. The Gistribution of these fiows
over the various rcads fcllows by means of the relaticnship between costa
on roads &snd trip costs. Thué the circlie of thoe equilibrium crnditione is
cilosed.

Bui car we be gure that thie circuier cdefinition is meaningful? Will
there always be g well determined equi” ibrium 1f gesand and capacity curves
hceve the usual sroperties. that Jemanc decreases ee trip coste increase and
that trensportation cugts increcse zs flcows increase ca any jiven rcaa’
1s it possible to compute 2nd .redict the equilibrium distriv:tico of flows
once the demand and capacity deta zre given? And finally, is the eguilibrium
stuble or will it te throwa off balcnce by the siizhtest devietion?

These cre cll questiope that we shall graduelly secn answers to in
the fcllowing sections, not all of the:m mathenmetica. tnes. In thesc sections
we show that the relsticns descritec determine en eqoilibrium, thet an

equiiibrium alvuys exiets if cemzné 1s o decreesing funmeticn of trip cost
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end trensportatica cost is & constant cr increasing functicn of traffic

flow, and thet tre equilibrium is unigue whenever tae shortest r:iutes

betwveen all peirs of iocaticns &re unique and cogt 1f strictly increzsing

with increasing flow. These stetements are 31s0 true in tne less crvious

case of commodity tremsportetion.

+
3.1.1 Formulstiop of the Ecullibrium Conditicns

The pumber of vehicles entering road 1ij fr-m either end per unit

of time, briefiy called the flov on thet road, was cenoted ty xij. Ko w-

ever, our elementary variable will be the flow on & road in & Ziven gdirection

to e particular destinztion, written xij K where the crdered pair <of
, ‘

subseripts i) denotes the direction fram 1 to § om rcad 1), and

k denctes the destination. This flow 1s distinct from that im the spposite

direction and it does not admit of nezative values:

(3.1) x > 0 for a1l 1j,k.
13,k

| -}
By our previuvus cefirnition total flow on o rouxd equcls
x [t
()-2) xi" = dudi = § (xij_k + x:i’k)v
and. of course, (3.1) implies
(3.3) "y 2 0.

We have aclrendy emcountered a third flovw varichble, namely the number

of vehicles orizinsting ot lLocation 1 with destipation k per unit of



time . Cince this rate of czrizinmztion is Indiccted st 4 ty the

x P ]
i,k

excess of flow tc k on outgcimg roade over that on incoming roads we have

(3-4) e T §("13,k T %)

»
In Section 2.3.2  the relationship between transportetion ¢ost on
roads ané trip costs wes formulated. We can now expreess the fact that
traffic wseer shortest rcoutes by seying that on reads not in & shortest

route to 6 locetion k flow to theat destinstion 1s zers:

(3.7) X x = O I Yy "y x < Vg

The seccns relstionship tetween flows end costs 1s thatl exzressed by the

cepacity; function

(z.8) iy ® hij(xij).

Our third flow variskle 16 relcoted to trip cost through the {inverse)

demard function for transpertetion:
Finzlly we restcte the definition ~f Yy x ilven iz Bection 2.3.2:'

LA "

yij aad =" for some |,

L
[
-
"~
]
]
..
-
"
L]

(.8)



We now have for each of the verisbiec yi;' 51,&' X140 Xi;,k’ xi,k
et ies=st cne reletion in which it is "explained” in terms of some other
variable{e). Is this a com:lete system of conditions which under suitatle
't the functi né el

cssumptions sbout the functione involved :i,k(yijk) an hi:(yij‘
hes & unigue scluticn?

T> ancwer this queetion our gystem rnst Te broujht inte £ more concise
" form. As & direct consequence of {3.5) and (7.8) we have

= >
1 ' - . r
(./ 9) )i’k J,j,k )1_.' id Xi‘;,k i} O.

Ip ell cases whers the ficw between 2 pair of pcints is zero the secound
alternstive cf (5.9), vhich then holds, dies not fully determine the values
yi,k of trip costs. It merely imposes en upper Y-und _n them. At the
seme time equation (3.7) affords a lower bound, for 4t restricts the Yi x
tc levels above which demund is zerc. The slack which is thus introduced
vhenever fiow betueen two points ie zero éoes no harm, for then the exuct
velue of trip cust is {rrelevant. econumicelly. Since the nctatice in the

firet line of (3.5) will be used frequently in vhet fcllows we shall at

this Pirst occurrence write out in full the siatements invclved:

yi,k - yj,k < yij’ xij,k >0, oad yi,k - yj,k = Sy ir xiij > 0.
In particuler, (3.9) implies the sbseace of "eress haullng™: if X, >0
w
then xji k= 0. As & hext step we caax sibstitute for the c-st varictles
»

the corresponding functinns of the flcw variasbles. Our g sten then reduces

to the ineguaiities



= >
(3.10) Ei,k(xi.k) - zj,k(xj,k) hij(xij) if Xg:k {: 0

nA

plus the defining equations (3.2) and (3.4).
Incidentally, (3.10) moy be used to find twe expressions for the

preveiling totel coat of transportaticn. Multipliection om boith eides by

xij,k and additicn ylelds
(3.11) {: [Ei,k(xi,k) B Ej,k(xj,k“ 35,k ¢ z Bes t X,k
iu:k 1Jvk

Resrrancing terms and using (3.4) snd {3.2) we obtain

h . xij

. 1
:I 2 B " —
¢.12) 1},:1( Gi,k("x,h) 1,00 % 2

P M

3 S B

The left-hand side represeants the sum of all trip costs, the right-hand

gide the sum of 2ll trensgorteticn costs onh rcads.

3,1,2% Existence of Soluticns to the Bouilibrium Condlticos

A well kncwn characteristic of the equilibris encountered in thecretical
pechanics e thet they may te regeried ess scluticns to certaio extremam
probiems, a foet vhich has occasisnally given rise to some speculation
sbout pature's grand cesign. Woatever the merits of teleclozical ipter-
pretatione the possivility of formulating aa equilibrium in terms of max-
imization is & usefullpiece of methematical infcrmation. For icotonce, the
fact that there 4s a merimum problem sseociated with the :zresent equilibrium

~

syotem {es there nre extresum problems for many other economic equilibrida)

2/ Cf. Samuelson [15k8, pp. 21-23].
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will give ue ¢ rroof that thera exiet sclutione to cur s stem. Cransiler

the function

ik L M
)= ) by plx) &x - 3 L [n, (x)éx.
i)K © ! 1J Q tu

z
(5-1/) H( ---.xijlk,
(Bconmists are varned that thie Is not to te iuterpreted 2e coneumers'
surplus. The term on the right bhus &8s its kernel the zverage, rsther than
the ipcremental cost to users c:llectivel;.) Here the factor ; czmes in

Yecauvee we wich %2 sum cver every rcad but once, while each ruad is denoted

bty two pairs of indices, 1j and Ji. Differentiste with respect' to

+ v 3y 5 - ~ A + A
xij,k after substituting for X B8 Xy from (3.4) and (3.2). The
result is

2 71 _9O% - .- . )
(J!l"‘) - ui,k(xi,k) u‘j,k(h.}:k> bl:’(xi‘}').

%44,k

The necessary first crder conditions for o meximum are thet the aerivetives

of H be non-positive irp all directions io which can change without

15,k

beconing nesative. In the intericr of the poeitive orihant (x >0 for

i),k
ell 1J;k) we therefore have the usual condiiticos that the derivatives shall

vaniséﬂ vhile at a point of the boundary where scme g = 0 the derive-

Jrk

tive with respect tc eny varishing xiJ . must be non-positive:

)4

3H
"1,k

H
>0 and %%
U1,k

= O 1f x = 0.

(3.15) <0 1if

1j,k “1:,k

We pew recell the existence of sheclute cepacity limits c1J £s expresased

in reletion (2.12). In the clesed set defined by the tws conditi.ns,

snd <d,,<c for some suitatle 3, ., the function

0 g x xij S % 1 1

1),k
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B(....x,, k"") ig cortinuous eince it is & sum f iniefinite inte_rals
oy

sf Riemann inte rable (because gectionnll; centinacus)functiong. We con-

clude thet H assumeg its mecimum at some point. While this point mgy

is sufficiently

still depend on the d 1t will not o so 3f d

1y’ 18

close Lo ¢ because ¢ (2.12). At tret peint of poximum the pecessary

1y
concitions (3.13) pust be satiafied. K.t these cconcitions cre laentical

with (5.10). Tuerefore there must exist = sclution tc inequulities (z.10)
and the surplemeatery defiunin; equstions (2.2} and (~.4). ©Of ecurse, E

was just B0 ccmstructed that the first cruer conditionc for a paximn (3.15)

become jdentical vith the (necesscry) equiifibrium conéitim (3.10).

,3.1.3?1 Unicueness ~f the Scluticns

In rreparation for the questicn of whexn 2 eolvtion tc cur equilibtrium
c-nditions is unique, we ghcll first show thot the functi'n K Is concave,
es defired below.

Consider the qu&dratié form of its seconi derivotives (sometines known
dez~ting the arsuments in

a5 the Hessian) at & pocint = with

13,8’ 13,k

place of the former xij x* ¥e £hall use the otvi~us ztbreviations
3

sy x Dl sgnds 2t B0t i)
o

4
(3.15)
ac éh
. = i S0 S e+
S Mo Gy
We have
2
T 2 o K 2 o
15,8 Lok 9Ky 5 g ale,n 2,0
fm,n
(3.17)
z s W2y " 5 L2, - Te: o, *2 R SR
i§ l{“lj!k(b i,k vi)‘i = gk ZJJR) .J.Z( 1j.k \ji:k) 13 ij
¥ h
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Rearran;iny terme in the first sum this becomes the lelt-hand asmber of

2 2
(%.18) L g .z -+L n',, .z, €0
i,k i,‘k’k i’k. - 1‘3 13 d.J =
The {nequalit; bolds ildenticslly ia the z,. . and Xy oy teccuse inverse
denand 34,k 15 o decreasin; function and capacity hi‘ en increcsing
4 o

function. This shows that the Eescian is nejstive sem! ~ efinite for all

xij K’ A Gifferentiable function vhose Hesslan 1s neietive seumi-dcfinite
1

2
is xnown to be 2 concéave function. By this. one means the f:llowing: for

il

every &. 0 <a2<1l, eanl every tvc sets cf varisbles (xi’ k)= %, (iij k)' X,
O J 3

(z.1¢) HEfax + (i -e)x] > eB(x)+ (3 -=2)E (z).
{i%- Incidentally, & function ie celled gonves: 1f its nezative is conceve.

Next we prove the following useful lemma.
Lemms: Let F{u) be 2 copcave function of 2 set of variatles

L o= (ul,..-,ur,---,ua). Sufficient for F(u°) = max F{u) is that F

Y 2 0
be ciffereptizble at u = u° ond that
. . ™ -2
. OF o
(3.20) S 0 it Yy 0.
T o 5 =

um
Proof: Borrowing direetly from Kubn and Tucker 116711, we firet prove

thet for every c-ncave function F(u), differentiable at w°,

(3.21) Fu) € F(7) + f"’? clu, - w),

3/ Bonnesen ané Feachel (1634, pp. 18-19]).
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where Fi den-tes OF(u”) . Poreny 2. 0<a<l. we hove
)
ou
r

F[u° + afu - uo)} - F(uo)
a

(3.22) P(u) - F(L°) <
by the definition cf a crncave function. Hence in the limit. es e 0,

=

(3.23) Flu) - F(u°) < LF . (u
T

We proceed to the proof of the lemmc proper. By (3.23) and (3.20).

in that order, we have for a2ll ur Z 0

{3.24) F(u®) > F(u) - er e Qo - ui) > F(u).
I

It f-llows that F(u®) = Mex PF(u), which proves the lemma.
u_ >0
r =
It is eesily verified that (5.20) vith F end u_ corresponding to

H and x resrectively, is nothing but cur cld egqullibrium c-ndition

i13,k?
(3.10}. We conclude that every solution of the equilitriuw ccnciticns
ylelds a maximum of H. The converse fact, that every maxinmum (in fact

every extremm) zf H yields £ sclution to the equilibrium condition

(3.10) 1s elready known to us., From this end the concavity of E 1t is

now seen that for ever) two soluticns X, and Xy ef (3.10) the
linesr combinations

are likevise sclutions of the equilibrium ccndition (3.10), a fact «hich

is nct immedintely obvicus.
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Tne possibility of & plurality of sclutions is inherent inp certain
properties of the eqpilitrium.' Suppose that two routes are equell
attractive between two locations thet are traneit points for flows from
several cririns or t. seversl destinctlons (2 so-called neutrul circuit&ﬁ.
Then it is of course artitrary in vhat proportions these flows are allocated
to each route as lonc es the total flows cn each route have the proper
magnitudes (80 as to maintein equelity of average cost over the two routes).

On the other hand, one expects equilibrium flows x on all roeds to

1
be unigue when demsnd functions are strictiy decreasing with tr’p cost and ail
transportation c.st functions are strietly increasing with flow. Ve ore
mow in & positicn to prove this assertion. Supp-se that there exist two
solutions x sand x. By what was said before‘tbere rust then exiet. on

the line segment connecting x ané %, & maximum which ie located erbi-

trerily elose to x. Call it x + Bbx. Expanding H at x

2
. o H
(5'25) H (X + Bx) = H(x) + z —-BQE-—- Bxi‘j K + E a a
1.k 945 k Koy ke “%13,x%% i,

irm,n

sxij,k lem,n + oeee
Because x 1is & point -f maximum the seccnd term at the right vanishes.
Since x + bx is els. a maximizer, H{x + 8x) = H(x), 8o that the last
term of {3.25) vanishes. But this term was shown to be 2qual to

2 2

3.26 A - o
(3.25) 1);1151" (bx; \) 1)3:h 1 (Exg )"

Qur essunpticone werse

o cf. end of Sectior 2.2.1.
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(3.27) 'y y < 0 amd b7 >0 for gll 1i,k, 1J4.
Therefore bxi K= ¢ and Bxij =0 for all i,k,iJ. That 1s . the
, _

originetions end flowe on rcads ere uniguely determined.
Under what conditions does the unigueness »f these varisbles imply

that flows distinguished by uestinati.ns are also uniquely deter-

| %15,k
mined? This is the case when mo neutral circults are present that is,
when the netwsrk leysut and flow conditi ms sre such thet no tws routes

between any single pair of locaticns are equally attractive.

5.2 Effects of Chanzes in Cepacity snd in Demand

How do the eguilibrium flows change in response to shifts in cepacity
functions or in demend functicne? An increase of capacity, brought about
by eonstructicn cr imprevement ¢f r oads. is underetnod here t2 be reflected ,
in & Lcwering of the capacity curve: to every flow there corresponds &
smeller sversge cost thap befire. An increase 1o demand means that the
Gemand curve has shifted upwaréd, eo thst & given flow comes forth at & higher
transportaticn ccst. To be specific, let us assume that all cepacity functicns
afe strictly increasin; ané &>l demand functions strietly decreasing. Then
the following assertions cen te mede, which ere piausible in themselves.

An increase in the cepacity on only one road either has no effect on flows
at all, or _esds tc & positive increese of traffic at least un this read.
Simultznecus chenges in the capecities cf several roeds elther leave all
traffic unchanged, cr cause a growth of traffic on st lezst ctae road of

increased cayacity, or & decline cf traffic on at least cne roed of decreunsed

2 Mhis proof can eusily be extenled to show thet the two components
Yx,.. &and L X. of each flow ere uniquely determined.

i,k
ki,ﬁ. k“(’

_] Cf. Bectizn 2.3.1
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capacity. More generelly ome can e2y thet traffic growth tends to
sccompany cepacity incressee in the sepse thst 2 certain wei-hted sum
of the slgetraic products <f caracity change and treffic chenge is pos-
itive whenever sny change in treffic takes place at ell.
With respect tc demund, simlliar stetements, obteined ty arpropriate
gubstitutions, are valid. Although these remarts or changes in equilibrium
lows eppear quite cbvious, they have been mertisned here tecause they hold
equally in the less trivisl case of commodity transportation, end elsc be-
ceuse they illustrate = maihematical principle which will be useful later
cn. -

The next secticn presents the mathemetical theorem whose econcmic

ccntent has been given in this section.

5.2.1‘ An Inequelity on the Effect of Dsata Changes

In order thet capacity and demznd be cheracterized ty definite psrepeters,
let us assume bothk to dbe éiven in terms ¢f linear functions. For simplicity
4t will alsc be assumed that the absolute capacity limits ere novhere attained.

Denzte the capscity functions by
02 :I .
(3.28) hij(xij) agy X4y b,
2ni the inverse dJemend functions by
2,29 = .
(/ 2,«) gi,k(xi,k) ei,k xi,k + fi,k

The meximand H c¢f Section 3.1.2* therety becoxes
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(3.30) z 1. xE + £ x - Tlle x2 + Ly x 1
2 i,k i,k i,k *i,k L 743 71y "2 Tig tid '
i,k 1 J
In urder to eveluate the effect of finite cheanjes 6&11, 6biJ, bei K’ and
w ¥
&f in the correspcnding paremeters of capscity sné demand  recourse is

ik
hed to the f.llowinz generel thecrem, which in economic the.ry fells under

the heading of the Le Chateliler Pricciple.
Thecrem:  Let Uy be the coefficlents of & nezative semi-definite quad-

retic form. Lr = g Consider the problex

(3.31) x>0[2x U, Xp +Za x]sﬁbjectto Ebsrxrscs'

The solutiocn equaticns ere

(3.32) 2 E%r%+er-§hbw <jo ifxrtg 0
( <

where sﬁ }O 1r T bsr X, c
L:“’ r =

let finite changes in the parsmeters end variables bve cencted ban,....,als,

axr, reg ectively. We shall show that

(3.33) [ (qu_ + éqr ) + Bx Uy * Bar - Z IS ébsr} éxr
rjn s

- ;s;axs (505 -z:ébsr x)) 2 0,

If g represents 2 negative cefizite form, then Bx, + O for some T

implies "> " 1in (3.33).

jj Samuelson (1946-L7], [1948, pp. 36-36)
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Abstract -f Proof: The Kuhn-Tucker Theorem f.r concave nmeximands end

-
iinesr inequs_ities as cinstraints (derived belcw, Secticm 4.3.1 ) asserts

]

that the solutiocr X and the lagrangear multipliers 1; czo be obteined

{n terms of unconstreined extremum protieme. Fcr shoripess, write

(Z.34) n?} ST S E & X, + § ZS (cB - E b_ xr) = Mx,[).
Accordiny tc the theorem guoted,
(3.35) M (xS 1) = Max ¥ (x,7°) = Min M(x°, 1) .

. xr 2 O 15 Z 0 ,

Denote the same function in terms of the moiified parameters by M(x,1).
Then

(3.36) M (x°, 10 +01°%) - M (x° + &°, 1°) > 0

because, by (3.335), the first term is greater than end the second term less
then M (x°, 10). The "> s#ign applies if sume éxg >0 and q. 18
pezative definite, because M is then strictly cuncave in x.. I a

r

eimiler way we find that
(3.37) ML e xE 10 -GS, L) >0

tecause, (x° + x5 1° + 81°) being the soluticn tc the protlem when the
paremeters are molified, the first term Is greater thaer and the second term
less then M (x° + 0x°, 7° + 07°).  The sum (3.36) end (3.27) yields the

decired inequality (3.33).
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In the present cese constraints (other than the restriction to pogitive

values) do not occur, so the Zs in (Z.33) are zero. Therefcre the inequality

(3.33) when applied to the function H of (3.30) becomes simply

(5.38) n (2x,

S Kt bxi,k) Sei,k &xi,k
2

1
i Eﬁ (2xi‘j + bxij) BaiJ B,

+ 2. Bf Bx -
i,k i,k i,k

LAV (o

Z Bb,, Bx,, > O
1y 134y =

vhere L corresponds to z , &end we can omit Y and put n =r, since
i,k r n

now Q.. is zerc whenever n + r. The ">" alternstive hoide if some

o A
6xij + 0 or scome Bxi,k } 0, rprovided that all ei,k < 0.
If only one capacity 1s changed and demand remains uncharged, then all:

the bei’k, Bfi,k are zer> and all the Gaid and 5b13 are zero except

those for scme particular 1j. In this case (3.38) becomes

-y

- i 21
(3.39) [ i (ExiJ + bxij) 6aij 5 5bij_J Bxij

Iy
o

Suppoee we have g sinzle capecity increese; e capacity change will be

upequivecally an increzse conly if

(3.%0) ba,, <0, By <O, ba, + 8, <O

Otherwise the traffic required t< dbring ebout socme particular level of coet

would be less thesn before. Cince xiJ end xij + 5x1j are npon-negative,

the bracketed expression in (3.3S) is non-nepative. end positive when 5x1J $ 0.
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We conclude that Bx, . > C. {Bqualiity ~ccurs when X, = 0, thet is, when

[

the rcad was useiess 1. tegio with. Tag the rezcilins of floweg to chanzes
St -

in cepasity follow in ell cases the pattern that cne wolu-d eryzect.
T pes =

3.2 Stability

An equilibrium w-ould be fust an extreme state of rere occurreace ir it
were not steble, thet is, if there were nc f rees which tenaed to restore
equilibriur as socn as small deviatirns from it ccurred.

Besides tnis stability "in the small” one may corsider statility "in
the large’, that is, the stilit; of the system t- reach an equilibrium from
sny initiel position. This latter type of sterility 4s interesting not only
because it ¢ ncerns the cerccity of the system to reackh 2 new equiliibrium
poeiticn after stme big change. tut els> because one nay went to use an
snalor, of the adjustment process &as & method of computing ap equilibrium sclution

ty successive eppruximetions.

%.35.1 Lf ustmernts of Road Users

The study of stebilit; hinges ultimately on the questizn of hew road
users adjust themselves to chenges, thet is, lLow they adgprt the extent of
their travel bty road end their chelce of routes to verying traffic eonditions.
This however is cne of the big ucknowns of rcal-user behzvior, so that at the
rresent stage only conjectures are peseible. Trhrough a simple and plausible
nodsl cne cen get a rough plcture of the miofmum of e¢-naitions that oust be
met in orcéer that the adjustment process shruld comverge.

In our modiel we skall assume simply that those r-2d users vho do net
Sjust continue in their previocus choices will chnese their routes end ithe

number «f trinss by rozd un the tasis of the traffie conditicns that rrevailed



in the preceding periosc. (Ncthing need be sssumed ebout the lergtn of
these periode, but this tipe of behaviuir is moat p.eusitle when the periods
ere fairly icng.) These r-ad users who have or cen chiein adequate kmow-
ledge cf the traffic conliticne even if nct Yy first-rand experience,
chocse a »oute which is optimal at the transnhortstion coust of the last per-
jod end set their demand for trensportation at levels corresponiing to the
gveraze costs of trins Guring the lest period. '

Tne responsive fraction of rozd users in each perind will be regarded
26 &n indepenient renicm swmyle drewn from the totel populetion of roal users.
Ité size is assuried to decresse ac time prozeeds, until e new ccczaion for
edjustment srises with another change in the retwork. Traffic which is
actually experimenting to find cztimel routes will e iisregerded as just
2 reni‘m Gisturtance, whose size ulsc decresses in the course of time.

trang ortation

cost transportetion
ca; acity curva cLen

\de:mand curve
\\\ ~apezity
— curve
Geznnd
y curve
P
rd
I
s
' N
// 4
flow flow
Fizure 2. Uastztle Cese Fizure 2. Sisble Cese

A5 2n extrenme case, consider first a sipzle road on vhich 211 road users
deciie zb.ut travel on the tasis of the {raffic conditisns in the preceding
period. Tals is tut an inslance -f the well ka~wn ¢ bweb rhenimenon vhich

acours in terms ~f price fluctuetion in certain marzeis {rogs shipbullding)
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where the profuction decisions asre made ctinsilerebly in advence cf ine
marketing period. Wren ;rices ere high .rocduction is expanded. After

the incr=ssed output tecumes svailalle, prices drop and 26 & resuit pro-
duction is curtziled. VWhen as & c.nseqguence prices go up aseln. the whole
cycie is repeeted. Whether tuese fluctuations ¢ ntirue at s stealy level,
grow incressingly viclent, or ultimately die Cown dejends altogetber on the
reiptive slopes of the supply and trce demand curves in question. In the
rresent example FPigures 1 and 2 show that a dampening of the cscilletions
vakes place whezever the s.cpe of the demsnd curve is grester in asbsclute
terms thzr the siope of +the egpazity curve. This ccncitlon is likel& to

te met in reality. since the demend for rcad tfans;ortation Fresumebly coes
n>t reepond iz e highly elestic way to tranezortetion cost. At eny rate the
effactive dererd curve will have & rather steep slore whenever the responsive
fractiorn of road users 1g smzll.

By way -f ccntrast cunsider next e network of two roeds between two
locstions end a fives demexd. To be definite let us assume thst just cne~ "
£ifth of the rcad users odjust their routes to the lust prevai’ing treffic
copditions. Figure 3 gives a graphical Cescription of whet happens. Let
the entire lire segment represent total fl-w end the nurbered pzints the,
distritution of flow amorny the twe rrads during suecessive periods. Let O

Le the equililrium distributicn.

T

Fipare 3.

ﬁ/; Tiabergen [1951, pp. 143-148].
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Consider en arbitrary Initial distrituticn soy point 1. Since the eguil-

ibrium point is to ite right this mears thet the cost orn the rouad whose flow

t
-

is mezsured Ly the interval from 1 t:o the right enlroint is larzer. There-
fore ocne-Tifih _f its flcw wiil shift to the other road. The next distribution
Ecint is therefore tke point which marlis cne-fifth -f the ipterval to the

rigot of 1 as measured from 1 on. This ig point 2. It still is to toe
léft of 0. bnd so we ctiein 2 from 2 in the sume way &5 2 wes obtainca

from 1. Point L4 wil

1 acw fa.l to the teft of C. C.ntinuing in this
way the following tecomes gpperent. Polnots kee; oscililating arcund © for

& while with dd nambeored printe to the rizht of O eéen nubered points

to the left. At tne samc time tzere is & steady crifi of even and odd puints
am-ng Lhemselves t: the rizht. (This iz due to the femet thet O is situated
L: the rizht of the center). Finally an even nuztered peint will fall to the
right of and rather close to 0. 8ay, thet this is pcint 8. But then the

12 the left. but Sbvicusiy

h

next step vill carry en &8 point (9) rather ¢
not more twnan one-fifth of the distznce bhetween the lcfi endpont zni 0. It
ererzee that -scil_zticar will continue to ranre over one-fifth c¢f the enlire
flov., Only bty &n extremel: zlikt chance can g Sistribotico polnt ever colncide
with O znd therely arrezt any further csciliztion.

14 may ceerm paradoxical that equilitriwm is agproacaed to within tae
gsare proportisn of t-tal flow ae thet which desiznetes the reajonsive fractica
cf r.sc users. Tre smzller tne fraction -f érivers who teke notice of changes
ip traffic coniitions the detter is the spproxiretion in the end. Emphasis
here iz cn the hrase, "in the ena’. For esch step by iiself in the muvement
towerd equilibrium carries cne so much less far.

The edjustment processes in & netwurk may be understdod &5 & superposition



:f these two basic tyvres of morvement. We nave computed Uwoo exampies whien

will Gemonastrote the ap,r-ach 1o equilitrivs end the extent en. persistence

of fluctuetions that ocur moiel describes for & networzn with Ilexible demend.

5.2.2 FKumerica. Exemrles of Approach 1o Egullibrium

In the fcllowing pages tw  hypothetical exeomples are presented, solely
for purposes of illustretion, They are intenced to show & possible nethod
of-computation end to exhibit the prccess of cupvergence towarc & stable
equilitrium discussed in the preceding section. The paramelere vere chosen
arbitrerily and any ressmtlorce to ep actual raad netwerk is eccidental.

Ao etlempt was made to seiect parameters which wiuld result in relatively
inelastic cemznd functions arnd sc that ccsts on alternztive routes wiuid
be sigrificeniiy cifferent.

B-th exam-les are based on the seme road netwirk. vhich is represented

in Figure L.

Fizure 4.

A1 traffic is sssumed to move in zn ecsiltound direction (i.e. from lcwer
nuzbered points to higher marbered poirnts); or, st ooy rete. vesthound

traffic is izrored. All functicoel relaticnshipe. i.e., between ficow and

e~at ard betwaen cost end demend are taiken as llnear.
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In the first exampie no ficws = were Lssumed between adjacent

i,k
ooints. This examy.e wes worked first with the fraction &  of responsive
road users egual tb one, anl zers flows initlally on &ll roeds. With the
porameters used. there was no sign of convergence. The examyle was worzed

g seccné time with & = %, azain sterting with zero flows con all roads. but
there was gtill litt.e or nc indicstion of crnvergence. The third atiemp
waé mage with e = i% , &nd Yezinning fiows equal to estimetes cof the equii-
idrium flowe based con the rance of the oscillaticns cteerved in the se~n~nd
trizl. This approasch resulted in aprerent converzence.

In the second exsrple, some of the parameters were altered, ené flcws
tetweer &fjacent pocints were included. In this cease there was elirecly a
tendency to converge with a = E . atartinz from zero flow on 8ll rrads,
bvt scme oscilliaticns persisted? The value cf g vwvas then decreased by

1 . p .
staces first to g ané then to ia « The amzlitace of the remeining
oscillations was thereby decreased.

In both exemp.es it wes found that flows from 1 to % settled down
repidly to a single route, cver viich tre flows converged asymptoticelly
{1f at ell1). Flow from £ to 5 ocscill:ted between twe routes, namely
2-L4-56 and 2 - - 6. The oscillati-ne were ¢f falrly conetant emp-
litude and period. althouzh the csciliaticn was esymmetric, as cen be seen
-frcm the graphs (Figures 5-8). In the f.rst cxurple there was some indi-
cation of longer "waves" superimposed an the oscillztions, but these vere
not =pperent in the second example.

It can be essumed that cecillaticns would die cut fester if the fraction

g of responsive road users were & decrezsing fupetion ¢f the cost difference

between the alternmatives bein: compered, with a tending to zerc as the cest



aifference tends t: zers. Anctner factor leading t. the same resalt is
+the fact that s.ume weight moy be glven %0 evzerience o<f the more remite

rest. especizlly where se2illations heve alreeldy been exrerienced.
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Chapter L

Efficiency

L.,1, Tn= Problem

Ar eccnomic approach to traffic eralysis shculd not 'nly expleln the
interactisn of meny indivicdual decisions ic some stete >f equilibrium, tut
also provide eriteriz by which to judge the performance of the system. Since
roads sre scarce means. iheir best utilizetion is =n dmportaont ecneern to the
cormurity. Io the presert chopter we attempt to clerify the econcmic mearing
of "begt utilizeticn” ard to eveluate trzffic equilitrium in the light of

this interpretation.

4.1.1 Tre Allocsticr of R-.ed Capacity

The rules of the road. ty determining which traffic is to heve priority
in crcoesing &n intersecticn or passing an obstatle, achieve an allocation cf
the aveilable roed capocity to those competing for its use. A similer functlon
is exerciced by speed limits and passini restrictions. even if the lewmaXers'
concera may beve Yeen jrimarily thet of "safety”. Thus e slow vehicle pro-
ceedinz cr & road where iraffic conditiosnz efford little opportunity to rass
in effect exercises e power to exzlude faster vehicles f-r extended periods
from the road space cveilable in fromt of 1t. Tuis allocstion of cepacity
necesssrily involves 2 éistribution of time losses and hence ~f enst.

An allocation -f read spoce mlso takes place in e more subtle way +hrcuzh

B
W

L[#]

tae adjustnent of route selectizn to traffle e-nditions. In the case o7
roads tetween a oair cof locetions treffic distritutes itself so thal averale
trarsportetion cost beccomes the scame on either rad. If cone rosd i1s ehorter

but of smell ca.acity, the delejs et =guilibrium due to tae more crowied
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coniitions on the shorter rosd would Just comgensate for the grealer cCperating
cost on the longer rrad. Congestion cn the short rosed, by discouraging Turther
troffic there. haee led tc o diversion of some traffic to the long roed. This
too mey be called sn ellccetion of rhad cpace.

There i3 nothins inevitetle about this rarticuler allccatlon; a ¢ifferent
aistribution couid have beoen achieved ty ertitrarily essigninz =il vehicles
with odd-puctered license plstes to the longer route. ssy. In the cuse of
the equilibrium distritutics. as Pigou hes pointed out, it would te possible,
by shifting a few cars from one road to the other, greztly to lessen the trout.e
of ariving for those left on the congested road, while orly slightly increasing
the trouble of ériving along the less congested rrad. "In these circumstances
& rightly chosen mezsure cf differential taxation a-ginst [the ccngested roed ]

would creste an 'ertificiel® situation superior tc the 'natural’ one. But the

Y

measure of differentizticp must be rightly chosen. what is the beosis of

this eccnomic value judment?

L,2.2 The Meaning of Efficiency

As lon: es the demand for trangportetlon tetlween given points or the
denand for‘net transportstion of comnndities from euch 1ncation is fixed in-
dependertly »f ficw cunditions. the cholice of @ critericn of efficiency seems
obvious: the min’mizaticn of the esgregate cost to &Ll roed users. Eut the
very ncticn of azgrecete cost inv-lves en evaluatiop of the time losses and
dcllars s.ent by verisus classes of road users. The wey in which we have
defined cur demond and capécity furctionsg irplie= however thal we sha{l treat
every-ne like the aversZe road user. There is no sccpe in this mode. for &

-

Aiffarentisel evaluation of the ¢os8ts and tenelfits *to elgscas of road users.

1/ Pigou, (1920, p. LG41.
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A single exception is 1o be found et the end of this cheitler, in Section
4.5, vhich explains scme of the consequences CF differenticl time valuation.

For our anclysis it mukes no difference however what the reletive welghis
are that we cttsch to the money cost, time, and risk cf the mveraze road user.
Fcr. ss we ghall see. these weights 4: not affect the re’evant properties of
the cost function we use, s8¢ that the principle of our cxna2lusicn helds guite
independently cf the veluetions involved.

At this point it may be remarked that en economic valuation cf risk is
implied in meny decisions that e road user must mage. &and ie equelly indis-
pensatle in en efficiency enelysis from the pocint of view of society.as &
vhole. Now any valustion cof risk implies in effect the setting of money
velues upon human 1ife end health. This is irndeed unevsidsble whenever
eccnomic activities imvolve danger to humsn life end heslth. Since & strict
. adherence to the "safety-first” principle w-uld mean the standstill of many
economic mctivities without which modern industrial socleties cculd not exist,
ever b4y mekes a comprcmise, consciously or urconsciously, whicn imgslies
certzin hizh, but finite, valuations of human life snd health. Highwsy trans-
portetion is no excepticn to this. In each selectisn of a free speed, a cholce
of the protability of fatol accidents ls implied. Since opersting ccst and
+ime cost zlsc vary witkh free speed, and since presumatly the individual seeke
his cpiirmum, the increase of the probgbility of fatel accicents with an in-

vease in free gspeed must be ot least ccmr-ensated by thels itanesus decrezse
cf cther c.8t. Knowing how thie probabilivy depends on free speed permits us.
in principle, to estimate sn upper bound to the value of 1ife as implied in

the individusl's ériving behaviur. There can be nc question thet incividuals

are only veguely cware -f the value lmplicaticns cf their bvehavi.r regarding
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risk, and thet the values revealed Yy some iypes of driviny spnear soclelly
unacceytatle.

Let us consider firet the ccse where trancporteticn cust is identified’
with travel time. We have meati-ned Ir Sectisn 2.2.2 the fzet thet for every
road user. except pcseibly the s_cwest vehicle, travel time Increases with
flow. nis statement can te cherpened with regard to the rate T jucrease,
and we shall need the ;r.perty we are gb-ut to observe as a8 prerequisite for
the applicability of cur mathematical zualysis. It 1s clear that the time
(per vehicle) spent waiting in queues tefirnd slower cars ipcresses st an
inéreusing rate with flow. et leaest if the coampositisn of Zlow by free-speed
classes remnzins ressonatly coastant. It followe thet the weighted sum of
all trovel times the agzrecate trevel time rxuest increase with flow at &

rate which is iteelf increcsirz. A functicn whose rete of increase 1s itself
/

!

increasing or constant. is called convex. 5o we mey stzte that azgresete
+ime cos* is ar increasin: snl convex function of flow, regerdiess of the
veights used in the aggrezation.

Now whatever the foirm of the operating; cost ard risk function. this
result remains valid so long es time {s va.ued higkly reiative to money and
risk. But in fact bBoth operating ccest and risu cost tenc tc be increasing
and convex functions themselves. For small flows both merey cost end risg
per vehicle incresse approximate.y in rropcrtion to the increase In the nurber
of passings per vehlcle ;zer mile. Risk is, excert for a fixel comprnent,
mainly cssocinted with proximity to other cars, and ressin; meneuvers involve
the closest ond most frequent ghysical approximation of vehicles to eesch other.

Fcr 2 siralght road with very iight treffic passing mey take place without eny

2/ Convexity so defined is the same thins as the converity concept defined
in Section 3.1.3% if the lutter 15 gpplied t. e Zunction of one warisble.
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gursiontial veristioo in speed. & wever. vhere pobsling Naneuvers are nore

pumerous, opercting cost often goes un beceuse of the filuctustions in gpeed
usually ragquired in their executlon, enid the ¢oneequent increcse In fuel
comsum, tion cver tke level required at an equivalert steady sreed. At smell
£lows thls rete <f passing is a ccrvex function of flow. At larze flows cn
the ~iher hend, the mcney equiva’ent of the increcse (f travel time with re-
grect to fiow is of e much higher crder of magnituce then any variatica of
money cost an? risk. Therefore, even if in ap intermedizte range <f flows
the rete -f net increese of cost with flow mey drop slightly, we should not
camuit any serious error in zssuming that the a_grezate trorspeortation coet
sn a road (per mile cr f.r ite entire length) 1s en increasin; and convex
function of fiov throughzut the whole rernge of flows.

1¢ demeni is flexible, thet is, if treffic zenerstion depends un treffic

{0 coniiticons, then cost minimization is not the vhole story of efficiency, fer
it leeves undeterminec the level of demand at which cost is minimized. What
{8 peeded therefcre 1s some measure f the benefits that arise from the satls-
faction of & demand for rosd use.

In cur first discussion of demend, ettertion was drswn to tae weaning
of the area under e demand curve anc bounded Ty the horizontal at the pre-
vailing level of trip c.sst.”™ "This arec messures the excess cf the maximal
cost that road users woulé have been willing %> spend on the current trans-
pertation activities cver the amcunt of ctet that is m~tually incurred. Thils
expression seems to be an adequate re.resentation ~f the advantages (often
di#ferant for different trips between the same poirts) that accrue to road
vsers expressed in comparsblie terms. money . It is further reccmmended by

the Pact that il is «f lonc stending in economic theory as = measure of

3/ chepter 2, Fisure 2.
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conzumers’ temefit or ‘surplus’ end haz been put forward repeeteily in the

v

context -f discussicne on the vtility of trarsportztion fa:i;ities.ﬁj

All of this 1s n3t 1o szy that the consumers' surplus vould be easy to
measure in prectice, tut rsther that it is adequete from s conceziual point
of view. However, mentloin should be made again of an icplicit assumption
on whiech ite epplicebility rests, namely, that there chould be no effecis

on income walch would renler ithe costs savec at verious levels of spending

of unequal {per vrit) velue to the rced users.

Average cost P
r / Average costd '
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Fipure 1

E.z., Hotellin: (1538}, Ve shall not recite here the varicus iistincticas
[ =T 2>

possible tetween consumers' surpluses dependin; on the agsimrticns sbout the

inc-me situcticn tef.re =& efter. The fact thet we have an “sverage’ curve renlers

uch subtleties irrelevent here.
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.z Cost Minimicati-n on Twu Roods

L.Z2.1 Pimou's Protlen

The nrinciplec of cost minimizetion In a networy may be 1llusirated by
o reccnsideration, in termsz of e crephicel analysis, of the twe-road cese
with fixed total fiow. In Fi;ure 1 let AE represernt the iotal flew from 2
certaln orisin t> 2 certair destinsticn, =nd let the way thkis Tlow is appor-
ticned to the two roads cornmecting orizin end desiination be indicsated by
some point cn the line AB such as X. or X'. Now let the functions re-
lating averaye cost and flow te represented by the two curves (D and EF.
If X represents tae perticulisr divieion of traffic under ccnsilderation,
then AX 1s the flcw on one rcad and BX the flow on the other; AL (=XJ)
and BM (=XK) are the recpective average costs. The total cost of trans-
portation correspouding to the division X is therefore rerresected by the
sur of the areas of the twe rectangles AXJL and E¥XKM. Az we have seen
earlier, the equilibrium division of truffic will be that which results in
equal averaze ccsts on the two roads. In this case therefire the point X'
with average ccsts A5 axnd BH (bota equal to X'N) represents the equilibrium
division; totel cost is reprrcented by the sum of the ereas AX'NG eand BX'NH,
whichk in this case 1is sicpiy the ares ABHS.

Car anythinz zererel te said sbout the divigion of traffic which resuits
in minimel totnl cost? This division can be cheracterized geospetrically as
that pair of ad/zcent recter:les with corrers oo the two crst curves which
possesses the smzllest joint area. In order tco see that in general this will
not be the peir of rectansles thei have the sare height. welmay lcokx at &
particularly simple pair of aversge-cost curves, ramely, a pair cf streicnt

lines (CD end EF in Figure £). The problem of winimizirng the ares cf
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el jecent reectangles with cirners siidipng alons twr gtreiziit linee Lolils down
tc finiing the rets: £ chanze of their ereas with reg,ect to sma’l shifts
of the comron elrce,

Consider for instance the lefi-hand rectenzle, desimateld AXJL 1o
Pi-ure 3. Its area ecua’s that _f the trapezorid ACNY which is cktelned
by &rowing & gtraizht line CF which tisects LJ ani every other similar
horizontel from the vertica. exis to the averaze-cost curve CD. The two
trisngles, I ani 1II, ebove ené ba2low the tisectc» CN  are congruent.
As the rectarn-~le is eyranded elonz the ziven line CJ, this tisector CN
retzing its positinr ani the arez chenge is zivern T a2 verticel strip ex-
tending between the tisect:r ani the horizontel auis (the cross hatched ares
in Pitre 3). PFor 2 narr~w siric the ares is zppreoxinmately equel to 1ts width
times the ordinate XN, At X the rate >f increase .f the rectanguler zrea
- AXJL with respect to displacenenis .f the point X therefcre equals the
lenzth cf the verticel XN.

lLet the two bisectsrs COF and IC te drcwn for both cost curves in
Figure 2. At e poiat such a8 X" or X' (the egui"irrium point) where one
tisectsr lies cbove the otlher. & reducticn of the sree renresenting total
c.et can be achieved Ty diminishing the bese of the rectengle for vhich tae
corresponding tisect:r reaches higher. The mirimum is tharefcore realized by
letting the cormon edge »f tae twe rectangies te thet verticlie lire XN waich
rasses throuzh the intersection of the twe bisecicors I3 Fijure 2.

It ma; hzpper that there 18 nc such irtersection but that cne bisector
reaches the outer edpe below the corigin of the otiher tisectors. In that case
g1l the erea is cllctted to this cne reclangie,

In the linear czse just described XN will not pess through the irnter-

gecticn of the everzie-cost curves unless their intercepis with the vertical
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exes &re equel. This means thet, in genera., the equi_“triunm distribution
of flows is not the one thst minimizes total cvsts. !
The bisector we heve constructed f.r an &.erage-cost curve represents
the rete cof increese (f tctel cost with fiow. The eccncnic nepe is an
"{ncrementel"” or marzinal”-cost curve. These curves con als0 be constructed
for the cese of curvi.ineer everaze-c¢.st fumetions es foll-ws. In order t:
obtein the point of the incrementel curve ebove the peint X in Figure k4,
dwaw the tangent to the gverage-cust curve #3C et the point E, vwhere
XE recresents the average c.et vhen flicow is eguar to CX. Extend this
tengent DBE to & point E selected s. &s tc make DB and BE the ezne
length. Now if in fact DBE were the average-cost curve tLe rate of in-
crease of totel cost when fl.w was OX would be glven us by the bisector
DG which ty definiti-n bisects FE &t & point EH directl; sbove X (note
that FZ = HE becasvsz LR = BE)., Eut since the true everaze-cost curve
aré this hypothetica® one are tangent st B. the retes -f growth of total
cost at ¥ must be equel. Therefore the true increxental-cost curve must
elso pass throush the peint K. ¥4 then 45 the incrementazl-cost when
tte flow is CX. Tee curve generated in this vay will n.t generally be &
straight line. RNevertheles:. tn increveptaol-cost curves our sssertions

in the rrevious paregraphs remain valid.

L.,2.2 Private Ccet end S.clsl Cost

Let us turn teck fr-m the geometricel arjument to the ecinomic phen mens.
What accounts far the feilure of an equilitrium brought about by free in-
d4vidual decisions to achieve minimizetion of total cost? Sicce every
1pdividual minimizes his own cost. the failure must .le with the allocstion

1

of totel cest to the individual rcad users. To pinpoint the guestion: d4res
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e road ucer's shure -f the cost maten his ceontribution tc the total cost
{ncurred by traffic in the road gystem?

The apnswer very eimply is no if we look &t the average ccet of trans-
portation on a riad Yefere ani efter addition of & vehicle. From 8 certain
f£iow oo, each additionci vehicle causes some delay and risk 1o the others
present for which it dees not besr the ccst. T~ be sure, in his ovn turn
this r.ed user will suffer de.s;s and costs from ary furiher vebicles that
mizht te added. But to the marcinel road user, who Is just at the point of
in@ifference as 4o whether to use this road cr an alternative one, his own
cost is not a sufficient deterrent, bvecause it does not ccatain the cnsks
te inflicts on the other rced users if he ghould cno.se the mcre congested
road. As Professcr Frani Koight bes put it for the cese of tw» altercetive
nighways, 'The Congesticn end jpterference resulting from the edditicn cf
any particuler truck to the streem of traffic on the narrov¥ but good rcad
affects in the some way the cost end cutput of all the trucke usirng that
road. It is evident that if, after equilibrium is estabtlished, a few trucks
shou~d be arbitrarily transferred to the broad road, the reduction in cost
or ipsrease in output to thcse remaining on the nerrow rosd would be & cieer
gainjd t. the traffic es a whole. The trucks so transferred would imeur no
1088, for any one cf them on the narrow road is & marginal truck, sub'ect
to the same re_stion between coef and output as any truck vsing the broad
road. Yet whenever there is & difference in the cost. to onm gdditiopel trucl,
of using the twc rcads, the driver of any truck hes an {incentive t- use the

norrow road, until the edvantege 1s reduced tc zerc for all the trucks”.

5/  he gain 16 & clear gain io this cese tecause Professor Knight has
escumed thet oo the broad r ad an increase -f flow will nct reduce average
speeds. Capacity, thet is t. E8Y, is very high.

] Knimat (1552, p. 152).
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This situstion may slso te descrited in termes of a disfinctisn beivween
"vrivate" and "sccial” incremental cogt. At a ziveuy level f traffic the
private incrementol cost of r ad ure is the opersting cost. time, risk, end
pessibly the toll cherges incurred by an additions! road user rer vehicle
mile. Ageinst this cne mzy set the total cost cf an extra'vehicle nile
regardless of vho is bearing it snd this will %We ca’led the sociel in-
cfemental et of a vehizle piie. If traffic flow is sme’l s: that the
interference of vehicles with each other is nezligitle ond if traeflic does
noct cause eny enncysnce ti the putlic at lsrge -- a possibility vhiqh ve are
disregerding on the whcle =- then the sociel cnd the yrivate ipcremental
ansts of a vehicle mile sre jdenticzca’. In general however the preesence
of gn extrs vehizle alss couses édeleys znd risks to other rocad users 8o that
the a.ciel incremer*al ccet of a vehizle mile exceeds {ts srivate incremental
cost.

In terms of the capacity functicn thie fact ap.eers as fulliws. Since
averagze cost incresses with flow the c.et of & vehicle mile, as averaged |
cver all rcad users, is raised ty an extrzs vehicle. This increese of the
eversge coct level times the traffic flow equals the excess of soclal in-
crerental cost over yrivate incremental cust. I the romd usesr were to
“ear his full share of cost he would pay = tax cr toll equel to this excess.
This w u.d meke Lim reazlize the cost he causes t> others and thueg provide an
incentive to keep socisl cost down by maxing the proper chnices. This is

indead Pigou's "rigntly cacsen messure (f differentisl taxation”.



L.> Efficient Trapsportation in Networks

In vhe two-roed model there was nmo serious [rob.em of determining which
roads would be used upder efficlert vtilization. Traffic om cne or the <ther
roal was zero whenever the incremental cnst °f transportation .o thst rogd -
was greater then that on the other roald even with a1l the traffic om it. In
a more invcivel networx the answer is less otvious. Which routes must be
considered a8 poseible eliarnetives to & copgested route ie part of the‘
protliem. Alsz, a slngle crigin-to-destimetion flow carnot be locked at in
isclation. since it competes with cther treffic over szme or &1 of its
route. (This is clear wher it is remerbered thaet z given rcad can be a
part of seversl routes.) If the enelisis were to be in teras of routes,
it would thus sppear vastly compliicatéd. Fortunstely en sappreach in terms
of flows on roads rather than routes is possible. The ,rcblem of this
chepter tbus becomes one of aetermining for each road the levels of flow
in each directiorn vwhick are compatible with the fixed nel crigineticns and
which result in the smallest aggregate trersportation cost. Since graphical
enalysis is unpromieing in a protlem of sueh complexity, 1t becomes necessary
to axply the formal msthemeotical agraraetus for minimization of & functiong ¢f
meny varisbles tﬁat gre sblect tc ¢onstraints. Eeomomic irtultion mey how-
ever be czlled uron in terms <f an analozcus problem in the thesry cf the

firm.

-

Let us consider a chemical or metallurgical materisl which is capakl
of voriovs stoges or moiificetions, snd a firm which undertakes t. transform
it from certain stages ¢ certain other stesges. Not ail concelvatle trars-
furzaticns mel be pussible, of course and 1t may be that varicus stoges cen
be reeched from a civen ore onl; vie cert-dn cther intermeilate stages. et

his Pirm Be piven gome fixed snounts of this msterial In varicus silzzes and

+
At d
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ve asked t¢ produce certain fixed amounte of the polerial in sther steges.

IR

How ghzuld the firm choose the transformetion processes which will zchieve
the producticn goal st minimzl cost if the further gesum. tion is male ihat
each transformetion 1s sut ject to pver unit crczte which iccrease with volume?

Here the stages cf the materiel correspond to iocations the transitioos
correapond to roads, &anéd sequences of transformation processes which leed
from a siven stage to a desired stoge of the melerigl, thet is. the production
methods, ccrresplnd to routes.

With reference tc the production rroblem eccnomic inmtultidn has been
crysteliized in the sc-called princir’e of Incrementa. cost. This principle
says that the lagt urit of the material st any particular stage should cost
the sexme in any producticn method that is used. t also imp . ies that &an
additional urnit would c-st more if it were rraduced by cne of the production

}E me*nads that is not used. To spell cut the principle in the present case we
may have recourse to an irterrnal price system for the firm. Even though the
oroduction task éid not specify eny prices of the orizinal or desired stages
of the paterial, the priccipie ¢f incremental cost asserts that it should
be possible t- associate & suitable price with each cf the various stages.

A c_st-minimizing selextiocn of production methods iz then one where the in-
cremental ¢oet of every transformotion yrocess. that 1s the cost occasirped
ty the lzst unit so tranzformed. is just covered by the rrice difference
tetwesn the two stazes. In particular when nothing is iransformed by &
perticular process the coust of the first unit trersformed ty that process
would aiready exceel the price iiflereace. These internal prices. also
called opportunity costs Lave 2 distinct intuitive sppsal. But is their
exiztence reelly so cbvious and can ‘ne be sure In all cases taat the in-

- cyementel cost conditisng  in terms of opportunity c-sts, ensure the
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minimization of totel cost?

b substitution =f one production meth:id for ancther changes the costs
of all the transformetion pr-cesses irnvolved in the two methods. EBut these
same processes mey als> te pert of cther sequences _f processes. In that
case their eost structure would be upset. too. Is 1t 2’veys poseible tC
satisfy the incremental cost conditions with respect to all methods simul-
teneously? More.ver. might not the far-reaching c-st changes involved 1n
any substitution cf methods rermit the poseibility thet the incremente’ cost
conditions are satisfied vef.re end afler & change, vhlie the total costs
are different? in sich 2 cese the incremental cost conditicns might still
be necessery but would certainly not be sufficlent for c-st minimization.

What these guesti-ns amount te is really tkis: cen the choice of the
best production methods and of the extent of their aprlicaticn alweys te
recuced to comparis-ms "in the small", that is, tc copslderaticns of tne
effect that the shift of ome unit produced in this cr that way wiil have .
on cogt? Or in ascertaining the optimality of & certain combiration of
iroces3es, sre compariscns with combinativns very different from the cne
under consideraticr indispenszbie?l

Ts; meet these and similar objections that might te reised, a mathematical
enelysis ie called f-r. Such an analysis wil) be presented in the next sectlon.
In S=2e¢ticn L.4 we shall return tc the economic interpretstion of the incre-

menta. cost c.nditions for the rcad allocation problem, which in that context

are celleé the efficiency conditicns.
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4.7.1 Mexirization Sub/ect to Linear Ineguslities &s Conciralnts

The feoct that the constreints of our meximum prob.em include insquaiities
maxes it different from tre standard ertremjzetion problems in the calculus.
Fortunctely, the theory of lineer inegualities has been well developed, anéd

in recent years severcl theorems {or convenient use ir sc-ca.led linear &nd

pop-linear yrogrammins huve been aedvanced. For our purposes the fo-lowlng

theorem from Kuhn ond Tucker {}951] is adeguste.
Theorem: Iet fF(u) be differentistle and con:aveéll Necegsary end sufficient

‘ 0
that u- be a s-luti.p of

(k.1) Mix £(u) subject to u 2 0 and % by, Uy S o,

i5 the existence of multipllers Ve guch that

(4.2) v > 0 ena "s" if Ib _uw < o,
8 = y ETT g
and suchk that
(4.3} o £(u) +2 v (e -LYb _u) ) o 1ir w i’ o
o du * s &8 o s T o r
T u=l < =
Procf: HNecessity. Let u° Ye s pcint where & constrained mexizum of

£{u) is reached. At thie roint some of the constraints are effectlive

(i.e. the limits are reached) and s-me are not. Without loes of generality

o ) o
we can suppose that uj = 0 for r=1,.,..,R" s&nd u_ > 0 fur r =R'+1l,..,R;

* *

1/ Concavity is cefimed in (3.17), Sectiom ..3.3 .
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ans simi_erly that P < u = for s =21,...,8" zno

Lt u <c for s=8"+i,...,8. Let u be any other point such

r ST T &
thst
E bsr u. < ¢ for 8 =1,...,8'
(4.%)
u > G fcr r=1,...,R'.

Then (L -a)u’ +8u. O <a<1l satisfies the seme c nstraints and

f r sufficiently small a leaves 8ll those c-nstiraints ineffective thet

are ineffective for uo. Define zr = ur - ui and.
bjr fcr J=1,...,8
0 for J=8"+ 1,...,8
(5.3) By =
’ Jr -1 for j=8S+7T &nd r =1,... R
0 ctherwise.

Then up+ gz catisfies the criginal comstreints. provided that
(k.6) Lp,_z_ <0 for §=1,...,58 +R

and 0 < a<l, gesufficient’y small. DBecause £(u) 1is maximized at

subject tc the c.nstraints in (4.1) ve have theref.re that

{Luc +alu - )] - £(W%)

a

(4.7)

< €



Rla~1u80
£-12-55
.16~
for al. ¢z satisfying (4.5) end fir sufficiertly smell e&. But the limit
cf this expressi:n as a—»0 is
F.J
, Qi . - 5.0
{L4.8) E (5U) - (ur ur).
T/u=u
s of c
Writing T for — and 2z for u. - u we ottein that
r 5] r r r
u=U
o
1 Y 5 ;
r £z <0 for all z_ such that r BJr 2. <0, §=1.....,8+R.
T r
We now have recource t. the fundemental
Farkes jemna; Io crder that L e u. < 0 for all u_ such that
r
L b‘r u, €0 it is necessary enc sufficient that
r o
k. = y = y .
(k.9) a_ ? bjr ¥y vith some w2 0
The Farkas lemma now tells ue that there exist wJ > 0, J=1,....,6 +R,
such that
(4.10) £, = Z wy By
o
Since ﬁjr =0 for $=8"+2,....,8 &end S+R'"+1l.....,8+4+R the
corresponding wJ can take .1 erbitrary norc-negative velues. Let us set
we have

theze wj equel tc zero. Then, trapslating bazk into the bsr

(s.21) f = Lwb _ -~w for r =1.....,R.

Tr g E BY S+r

By the defipition of L it £ollows that

L4 Faries [}901].
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(4.12) £, - Zwb, 0 if 0.
) < -
In cther wcrds
0 o 3 2 = >1
(.13) (———- f(e’) + Z w (e =Lt _ul) o0 1f u. 0.
dur goy S 8 y ST T < ri . j

Sufficiency. Suppcse thot toere exist v for which (4.2) and (L.3) are

satisfied. Thcn, since £{u) s concave, we hpve o the Jeman of Seetlon 3.1.2

u)

1 fy° F -
(b.22) £{u ) i £(u) + E vs (Cs Elbsr T

Tor =71 u with u 0.
r

By (4.2), for a1l u with E b u. o C. z A (Cr - E b ur) - 0. sC

(4.13) £(¢°) > £{u) for all u wita L Eo. U <eg.
r

- * 2 - ey 3 =
4.2.2° Minimizati.n of Transportaticn C:.st Subject t. g Fixed Program

We now apply the theorem of the last section to the prublenm of ninimizing
trapsportation cost. We first corncider the cose of fixec origicztions fi K
}

and terminstions -f The maximsnd is the negative of tciel coot:

k.k*

5.15 2T b, (x ) %, -

(%.15) 2kl my
The facucr é {15 needed because every ruad eppears twice in the sum, once
as i) and once as Jji, whiie x,, elready den:tes the tutal flow im both

directions. Apriyingz the sufficient criterion for concavitly. used in Section
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*
5.1.3 , thet the Hessian be negative sexi-defirnjte. we see that every term

is concave in Xy rrovided

-1
5 Byylxgy) %y J

I
(4.17) ;;""5-— .hij(xij) Xq 4]
1]

(Y
Q

The left hani side equels

an .
(4.18) ——-—%’— L+ o2
dx 1

1]

end each of the two terms is non-negative es alreedy ergued in Section 4.1.2.

It fcliows thet the maximand is concave in x.

As c-nstreints of the minimum problem we have the ‘srogram conditions”

()4'.-1-9) § (xi‘j’k - x‘jik) = fi %

and

(4.20) X4k 2 0.

Since coneistency of the program implies > fi K = 0. we can replace the
i 3

ng' sigp in (4.o%)by ", for the T > " sign cannct be atteiped. Labeling

the muitipiiers 11 x v cbtein the sclution equation (4.3) in the form

I I | ‘ (I\
(k.21) 8% .y 2 Eﬁ by y0xg )%y +1?k ik (E (g5 = Xyq,0) ~ Tax) | i C

rA
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In explicit form,

= >
(4.22) 11,)& - Xj’k\f hiJ + n'“xu 1 Xy 0

s :

with suitable numbers 11 «* We notice that (k.22) leaves the 11 X
» ]

¢

undetermined up to additive ccnstants c We may fix these such that

k L3
lk y = 0. The relations (4.22) are then reminiscent of the equilibrium
H
conditions (5.10). They suggest that the 11 Kk be interpreted as trip
. r
costs, based however on transportation charges different from simple trans-

portation costs on roads.

h.%.%* Maximization of Consumers ' Surplus

Before discussing this result it is convenient to derive the corres-
ponding ccnditions for the case of flexible demand. In Bection 2.4.1 the
consumers' surplus was defined geometrically as the area between the demand
curve and a horizontal line representing the prevailing averagze ccst (Pigure
3 in Chapter 2). It is now necessary to find an analytic expression for

this. let x be the prevailing flow between locations. Then the area

ik

OABC in Figure I is given by The srea OCBD representing

sk
gi,k(x) dx.

x5
I
)
the prevailing trip cost equals g (x, ,) . x . The suz of all consumers'
1 kM1 k i,k
gurpluses would seem to be therefore
Xk

(4.23) 1215 £ gy k(x) ax =gy 0y ) o Xy
»

However the sum of all trip ccsts to road users need not be ideantical with
the total transportation costs. An equality of the two, as 1t wes derived
at the end of Section 3.1.1%, depends ontbe perticular incidence of cost

that we have umder conditions cf ordimary traffic equilibrium. 1r, for



ipstence. tolls ere charged, tuen these are part of trip c.osts btut they
ghould not be included in tcotel transportetion coste siace they becone
svailable egein, and csn be used for such purpcses &s tex reduction. On
the cther hani pubiic expenditures f-.r hizpway control and maiptenance may
depend ~n traffic but as this is & further variable It will be excluded
by meking the analysis a "short-run" one in which such public expepditures
are held constent. Under these assumptione, we arrive at the prcper exs
pression for the consumer 8! surplus if we replace the sum cf trip costs to

individuals, &L
1.k

-
J &= ]
. X ¥ b} 2 E h.j(xi._i) . xi‘j’ the

i)k ".j 1

gi,k(xi,k)

sum cf operating cost. risk ccste &and time coste on roads.

X
ik
(4.24) Copsumers! Surplus = L [ g, (x) ax - DY (x,.).x, .
[k o ik 2, 13
}

It differs fr:m the function E of (3.11) in the secocnd Yerm only.
*
In Section %.1.2 we have shown that the first term represents a cunceve

*®
function of the In Section 4.%.2 the same was proved for the second

X .
13,k
term. Therefcre the exvression (&.24) is a conceve function. Its meximun
over the positive crthant xij k2 0 1is theref:ore characterized acccording
Jda =

L 3
tc the theorem proved in Section W.3.1 , by the necessary end sufficient

cendition

A

(Lk.25) Ei_h(xi,k) - Ej,k(xJ k) - hij(xij) - h'ij(xid) X4y } 0

- ' if X33k
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This mey be written out in terms of twe relations
* >
- t
yi,k yJ’k < hi._)(xij) +h ij(xij) xiJ if xij ) 0

(4.26) =

x;x = fy (g )

We thus obtein en efficiency condition of the same form ss that in

(4.22) which related to a fixed program.

L.4 Efficiency Tclls

L.4,1 Interpretation of the Efficiency Conditions

The afficiency conditions suggest that efficient utilizaticn can, at

jeast in thecry, be achieved through a state cf equilibrium in which suitable

S
‘r

taxes or tolle are levied on the use of all congested roads. These tolls
are to express the excess of social over private cost csused by an additional
road user. The "toll" term added in (4.22) to the private cost of transport-
ation equals the increase in the private cost to the average road user caused
ty a unit increase in treffic, multiplied by the total flow of treffic. 1f
thie term is edded to the private cost cf transportation one obtains what
was called in Secticn 4.2.2 the socisl cost of transpcrtation at the prevalling
flow on a road. In the sbsence of congestion, &s indicated by constant
average cost independent of the asmount of traffic, mo t511 would arise.

If such "efficiency 516" could be levied they woculd restore the
power of competitive equilibrium toachieve an efficient utilization of

resources. Dy charging everyone a toll equal to his contribution to the
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tote) cost of cthers, rcad users cen be insduced to make an efficient usge

of the evailabtle capecity. It is clear that this tcll or tex doee oot ais-

criminate between destinations or commoéities. On the other hand, for

accurate effects it would have to vary with the traffic conditions and hence

be different st different times. In 2 more deteiied enzlysis based ch &

model which (unlike the one given sbove) tekes more aspects cf treffic into

account, it would also turn out that the best cherges are different for |

vehicles cf different free speeds and of different congestion cbaracteriétics,

e.g.,trucks es coampered with passenger vehicies. We will not pursue this

possibility bere.

Under present conditions congestion is the main cbstecle to more traffic,
While traffic is nct &n end in itself, cheap tremsportation Is a contributing'
factor tc the economic division of lebor. Ready accessibility of centraily
iocated merkets is of particulsr importence, teceuse it determines the size
of merkets end the extent to which economies of lerge scale production and
distribution can be reaped. Congestion, by setting a limit and a premium’
upcn the movement cf persons end cormolities restricts the effectiveness
with which the functions of centrally located markets cen be performed. It
seems a paredoxical conclusion then that the answer to congestion should be
less traffic -- even less. that is, than the existence of ccngestion at

present permits.

The print to be made is thet traffic becomes uneconamical if its soclal
cost exceeds the value of the advanteges. And if a full charge were made
for the social cost cemused by each rcad user, traffic would keep by itself
within the econmically warranted limite. There is no avciding the con-
ciusion that in the short run et .east, {ree access to ¢ ngested roads just

permits too much traffic. Congestion is not selective in asny prcper wey,
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tecsuse it spreads the c.3t of the leagt Imp-ortant or margine. traffic

over ell other traffic. It mey stil! seem .dd thet every indivicdual snould
pay m.re for transportation, as must be the case when denmand ig reduced on
the whole. The clue ie of ccurse that since trecsportetion costs cther than
tolls tend to go down with & aecreese in flow, they decrease s5 & result

of the imposition of tolle. The remeining part of the ex;ense bectmes
aveilsble again as tol: revenue s that the ciumxunity can gain where every
individual seems tc lose.

The preceding anclysis of efficiency in tLe case of elastic demand has
been based on an equa: weighting of everycne's money cost and o oupiform
money equivalents for time end risk. Tuis ie of course (nly a srecla’ wvay
of evaluating the ccete and benefits to various classes cf road users, but
one which bas the diestineti:n of simplicity end of prrimes facle eza itariernism.

One cen convince oneself that the caarging of sulteble diseriminstory
tolls, depending either _n the free speed or the destimstion -r any other
cheracteristic of road users, if fessible wculd result in an efficient
utiiizetion of roads ip terms f certain non-uniform welghts assigmed to
the benefits to various rcad-user classes. Put the proper chrice of such
tolls is a formideble protlem.gy

By diseriminating against the use of congested roadis the Imposition
of efficiency tolls gives rise tc edditicnel shurtest routes between given
origins and destineticna. For through the efded c.stes, part of the treffic

on these ccngested routes is diverted. In this way the aveilebtility of

It may be mentioned incidentaslly, that a.mcst every distribution of
traffic ver roeds rerresents = (Paretz) cptirmum in the sense that it 1s
fmpoesitle to meke any road user better ff without meking somecne else
worse - ff, as long as no compensation is payatle. either directly or via
tolls or taxes. For as a result of the charge. treffic is alm.st bound 10
incresse somewhere. It is for this resson thet a weighting -f benefits
becrmes indispenseble. '
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these unc._ngested elternative routes has the effect of plecing e celiling
on the efficiency tolls.

When demsnd is elastic, tclls have the cbvi-us additional effect of
-reducing not cnly the demand for the use of roeds with heavy tclls, but
alac the total demand for tranepcortation on 81l rrads. This imrpliies that
the “evel of tolis, which rises with ipcreasing flowe must be less than
the level that a celculati n of scciel costs at the ordinery equilibtrium
levels of traffic would suggest. One of the reas-ns for this ie, of course
the utilization of unccrgested elternztive rzutes poted above. From the ’
fact that flows are decreased, un the whole, we must conclude tpat the cost
of transportation to road users has risea on the average.

For eny particular ruad, of course, the diversionary effect of tolls
on parallel rcutes may overshadow the decline in the demznd for transportation
te locatiops. 50 that traffic may sctumlly incresse there as a result of
tolla. This is guite obvi~us for a two-road netwsrk. Wihat can be shown
however. is thet flcws teni to cecrease on roeds relatively congested. We
shall dc this in the next section for the case in which demand and capacity

fPuncticne ave iinear, and the sbsolute cepacity limite szre unattained.

b.4.2" Eeuilibriun and Efficiency Flows

With linear demend and capacity functions the exoressiin (4.24) feor

the cunsumers' surplus is, ueing the motationm of (3.28) end (3.29),
1 2 - 1 2 i
(4.27) 12): [2 ®ik *1,x YTk xi,k} 1% 2By Xir t 3 By "13] .
b4

: 1
This is less than the function H cf (2.30) by an emount r L xij.
1]

Viewing this difference 2s cne trought abcut by perameter changes
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we can epply the ipequelity (Z.33) -f Seetion 3.2.1 in

=

5ang' J

crder t° learn scomething ebout the differences tetween the .riipsry equil-
ibtrium fiows end the efficient flows. 1In thie cese the inequalit) zssumes
the simle form

(k.28) -

% 8, (2313 + Bxij) 5“15 > ©.

Since = . >0, x,,>0, &ndi x,, + Bx,, » 0., we conciude thet Bx

i S id iJ = ig
tends to be negetive for those 1) with relstively hizh velues of By, ©OT
J

Xy o In other words on conoested roads, efficlent fiows tend tc be smaller
than flows at ordinery equilidrium. Chenging the sizn of (4.28) and =z3ding

L a xf‘ to both sides we have
o

2 2
L. ¥, < .
(4.25) E aid(h + viJ) < §3 aij Xy 5
Since the aij(xij + 5xij) are the toll rates when flows are efficient, and
the = the efficiency toll rates indirsted by conditicns at crdinary

i %13

equilitriumn, we see that equilitrium flowvs end the correesponding cost and
demand conditions tend, if used naively, tc produce an overestimate of the
revenues that would be collected from efficient flows &l efficiency-toll

retes.

.k, A Limited Toll System

At the present state of technclogy it is lmpractical 4o charge tolle
on every congested rcad. However ways other than the present ones of
ccllecting tolle mey be found which at the same time are cheap end do nut

add t. coniestion. Or it mey bte found pussible to levy the corresponding
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.11 echzrges in indirect wiys. Wwhile there are psythoingicel resisltances

asainst out--f-oucket charzes even where the price paid 1s less than the
cust incurred for alternctive mezns to the seme end, the casze for toll
cherges tc relieve ccngestinon is ec.nomicelly unasszilaeb.e. The problem
of how to make the rzad user sensitive to the sncial cost he causes is a
rezl ope and thke means to acileve it are worth further sttention cn the
technological level.

But even when there are only & limited nurter cf tell roads or uridges,
the questi-n arises how the tclls tn these shcu.d te sel so as to achieve,
with the “btainatle means, e merimum cf ec nckic benelit to L roed users.
In discussing this protlem we she:l assume that payment of the construction
cost from the to11 revenue is n. congideratirn. A situetion lixe this may
te found in practice after the debt on & tecll rcad has been peid off.

{'} This limited efficiency vriblem ca2n be appr-acked ia terms of the mex-
irizaticn of cur consumers' sarplius functi-n subiect to> the additional con-
streints that on each free road the difference ¢f irip coetc between the
tws end-zoints »f the rosd should not exceed the averasge transrortetion
cost on the roed. Solution of this modified pretlem shows that best toils
~n the tell roeds src Cifferznt from wast they woulé bo for the caor
roeds io a pgeneral toll-r-al system ir which efficiency tells are charged
on each cungested ruad. They ere hijher where congested free roads are
predominant a3 feeder rowis, end are less where free r.eds cuppete with a

tz1ll road ag e.ternatives.
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L,h.h Tre Va.ue of e Roed

The fect shown in Sectirn 3.2 that an upward shift ¢f the c-st
scheiuie for one road decreases treffic on that road. implies that road
use decreasses cr at mcst rewzins constant wi-h edded fixed costs (indepeandert
of flow) such as tolls. The demanc for use of 2 rsed es a fupction of tclle
on thet road alone has thus e mormal {downward or level) slope whatever
the capecities of or flows cn cther roads. This demand function is really

a descrivtion of the peth fillowed by the equilibrium as one perticular

[

consteat (the toll cn the road uncer consideration) is verled. Its steep-

ness is .f course cependent primarily oo the rumber and ¢ racities o alter-
petive r.acs and on the demand for transportetion to locaticns reached via
this rced.

Pnie cemand function elss defines th2 amount of tcll reveaue forthesring
et different toll levels. Ctviousiy the maximum anmcunt of tolls collecteble
ig pot abeve the value of the road to its users. Therefore any rcad which
can be paid £ir by tolls (et the merket rete cf interest) is worta its con-
structicn cust under ziven road and traffic conditions on all other rceds.

We els- cttain o lower-bound estimate of the vzlue ¢f & road in the smount
of toll that it actually ccllected cor that should be collected in crder to
achieve efficient utiilizetion.

HEowever there mey still be a wide mergin between vhat the road user
pays in tclis and whet the trip is actually worth to him over and sbove oiher
tyensportation costs. Thercfore a road will heve a nigher value in general
then what its possible tcll imcome emounts to. It follows that the "pay for

1teelf" criterion of the usefuliness f & t.ll road is too coneervative for

determination of the proper extent of a highway petwork.
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L.5 Toll Roads Rec.npeidered

The analysis cf en efficient silocation of flows to‘routes has led in
its own course to the nction of & road toll as an instrument of contr. lling
access 1o roads. The commcn meaning of a toll road ls however that of a
specisl route (an expresswéy) wbich coffers superior rcadwey and traffic
conditiors st an extre cherge. Inherent here is an element ¢f economic
discriminetion in making extrs service evailable at & price. To bring out
thie eigniflicant feature <f tcll roads, as uncersto 4 in ¢ .atemporary d&ls-
cussion, let ue rescrt acaic to cur two-road exampie. Suppese that the
alternative roads ere «f egqual capacity and are equivalent also as far =s
all cther roadway ec-ncitions sre councerned. Deviating now from cur previuus
notion of egiregete tramsportation cost (Section 4.1.2) let the per-unit
value of time vary between the vericus road users. If ‘the tote. emount of
flow is agein token tc be Tixed the ordicary equilidbrium distridbution of
egue. flows on toe two roads is also the efficient distribution, and there
is n. piace fTor any compansating tolls in ocur previous sense. It may be
ssked . however whether total welfare could not be imoroved by the creation
of an =srtificial difference hetween the twy roads through the levyling cof a
+oll cn cne of them. To the extent that thie discuurezes treffic, it improves
the traffic conditirns zn thet road end in partieuvlar it reduces de.ays tc
faster venicies. Ie it poesible that the time saving tc rcad users who value
time highly more than ¢.mpensates for the toll paid. and that conversely the
m.ney corlected is wuorth more than the adéed inconvenience to drivers un-
willing to pey the toll? Ctaer things equel. a higk money value of time
goes with a high free speed. Dut of course. other things ere never equal;

road users c¢iffer in their operating cost at givern speeds and in thelir
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valustion of risk. Differences in the free speed on & long-distance highway
tend tc be relatively small. Therefore in a first forrmulation of the problen
we pay disregerd any ccrrelation between money value of time ond free speed
and use the same sverzge-speed capacity curve for beth roels resariless of
whether or not the traffic with a high veluation of time hes been gerarated
out.

I; the following mathematical note it ie shown that the totel benefits
ts road users cen in fact be improved ty siving them, through e suiteble toll,
e choice between faster travel at higher money cost and slower trevel st
smaller money cost. This is still on the assumption that everybcdy's doliar
is valued the same by the cormunity. I the roasdway conditicns differ also .,
between the two roads the case for a seperation of high and low speed traffic
by a toll on one road is even strcnger.ud Fcr simplicity we shall disregard
the dependence »f cperesting ccst end risk cn epeed end consider time and toll

costs only.

*
4.5.1 Aneaiysis

Let there be N rcaa users entering tie two roads per unit ¢ time.
We sha.l consider them arranged in deercecing order of the moncy wuiuz which
they assign to time. Thus let
; th .
m(n) be the money velue <f time to the n road user;
X the index cf the road user with the smzllest money
value :f time wno still uses the toll road (at tﬁéni

come time x is & mezsure of flow);

uﬂ 1f the effect cn demend for transportation is taxen int - consiceretion.
the case £or toll roads emerges even betler, tut the deterzinztion of the
optimal tecil beccmes more involved. An integrated netw.rk ralses problems
of still greater c mpiexity. Tue two rzed exapyle presented here gives how-

ever & rough idea of the comziderations invelved.
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tl(x) the average trevel time on the t-211 road;
tE(N—x) the averzge travel time on the free road;

P the tclil rste.

For the user x cf the toll rcad who 18 indifferent between the two

alternatives (the marginal roed user)

{L:30) m(x) tl(x) +p = m(x) tE(N—x) .

This may be regerded s defipition cf tell ae a2 function of the flow called
forth by it on the toll road (the inverse of the demand function f:r use cf

the toll road):
(4.31) p(x) = mlx) [e,(N-x) - ¢, (x)] .

Total cost of transpertation to roed users 1s now (using the integral

nctation for convenience)

X .
(4.32) t,(x) [ m(a) an+ xe(x) + t; (8x) [ =mlz) an.
o X

From the point of view <f the c-imunity the tollis du not constitute costs
but are availeble again fur redistributiun or use in rcad construction and

maintenance. The object of minimizetion is therefcre

bd N
(b.33) t.(x) [ m(s) an + t,(¥-x) [ u(z) en.
] X
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Io cur example of two roade of egual length and capacity this micimand is

b'¢ N
(b.%,) ¢ = t(x}) [/ n(n) an + t(N-x) [ m(n) &n .
o x

All we shall show is thet the minimizing flow x must lie ino the open

intervel 0 <Cx < g. let x = g + 2 with z > Q. Now

. N
(1.25) [t G +z2) - t(3 - 2)] / : “adn- [man | > o,
) o]

N
otz

Bince by assumption t d4s an ircreesing end m  is & decreasing function.

Multiplying out and substituting for z,

X N x N
(4.26) t(x) [mdn + t(N-x) fman > t(N-x) [mdn + t(x) [ madn.
0 X o X

This means that G(N-x) < G(x) for x> g

Therefore the minimizing x must be c-ntained in the interval O ﬁ x < g .

That it does pot fall intc en intervel endpoint is seen from

N
(k.27) G'(g) = t‘(g) fgmdn - [fman | > O
° 5
and
‘ N
(4.28) (o) = [t(0) - t(N)] =m(0) ~¢'(¥) [fman < o.
8]

The first-order nirimum ccnditions are
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x N
(4.39) t'(x) [ m(n) dn + t(x) m(x} - 1" {8-x) [ o(n) dn - t(N-x) m{x) = C.
[+ X
But for X = g .
K
2 g N
(k. 50) t'(g) [ m(n) daz > t'(3) {Jm(n) ¢n.
Q £
2

As this shws. the derivative cf the minimand at x = is pogitive. We

e-pclude thet the minimum is obtalnped for a Piow x < on the t.11 rc&d.

ot =

If different weizhts are attacked to the econcmice bepefite for variosus

roed user classes, eay w{(n) to the velue of money berefits T the nth

class and wo to the avallability of public funds, the minimend ia
X N

a1y I, (0 ms) + p(x)] w(m) en + [ ty(8ox) mln) w(z) &a - v p()
o] X

which efter sutstituticn for p(x) beccmes

x N
tl(x) [ () w(n) én + t, (N-x) [ m(r) w(n) én
) o

(4.42)
+ m(x) [ti(x) - t, (¥-x) (wo - T win) dn)] .

L}

Except for ratner special weight functions w our conc:usicn remains valid.
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Conciusior; Swume Unso.ved Prob.ems

Tohe preceding models had to employ meny simclificationa. GScme T the
more obvious shortcomings will be pointed ocut in this caapter ¢n unsolved

protlems.

5.1 Thecretical Cepacity Functions .

Although cne has come to rely mere on emriricel cepacity messurement,
the study of theoretical capaecity functions cexn still be useful. For the
design. the irterpretaticn, and the use of measuremente alwsys presuppese
some theoretical model, however simple.

The regression line of aversge speed on flow thet is, the empirical
capacity function, cannot be heid %c give a universal relationship velld
for all roeds with the same roadway ccnditions, because the inf.iuence of
the driver porulaticn is disregarded.

Tone esfect f the driver popuistion and in zarticuler the free-speed
distributicn on cepecity raises meny problems both for theory and measure-
ment. The outstanding mathematical'problem is perhsps that of deriving the
mesn delaye on & road to vehicles of e given free speed from the free-speed
distribution, from the arrivel seguences - f cers st ertrances to the r.ed,
and Prom other feztures (such es the timing of treffic lights) which may
have a bearing on it. Such a model if it were oot to run iptc unmanageable
camplications, wculd have tc use some average concepts again, although it
should elicw for & aistinction between classes «f rced users. The possibiiity
end fruitfulness of such an aznalysis is intimate y tied up with the questicn
of whether en equilibrium in the particuler sense of queuing the>ry can be

. realized :n & rcad or ever in a network. Ecullftrium of this kina op a road



irplies thet the fiow remeins c.nstant and thal toe free-speed distribution
is preserved. The guestion arises whether these twu treffi: charscteriatics
togetner will elways msintaizn the seme treffic c.nditions, 1.e., the senme
mesn deleys to venicles ¢f given free speeds.

Delays t. traffic may be understood in term:s of queuing as shown 1n
Section 1.2. Now 2 gueue of vehicles behind e cglower vehiclie may show two
xinde of behavior. After an initial phuse of buiiding up it mey either
fluctuete ar-und a fixed mezn va ue or csntinue to grow indefinitely, accord-
ing 88 the meen time between rassing cpportunities for successive cars in &8
quéue is ¢r is pot less than the mean time between srrivels at the queue.

It is the first case that 1s labelled the stati-nery cese in gqueue theory.
However, ~n & r-ed of finite .ength, the secind process may take place to
gome exient, even without ultimately ceusing a tie-up at the exntrance cf

the rced. Tne effect would merely be tc slow down traffic mere and more as
it proceede &long the road. As this is compersated by & higher density of
traffic the same f.ow can be maiptained throvghout. In this case a station-
ary fiov dres not imply & constant free-speed distributicn al nz the length
of the rosd; the gqueues that grow as they move on sbscrb an increasing share
of high-sceed treffic. Therefcre, the number ¢f rosd users with high free
speeds represente a larger and lsrger fraciion .f the totel number of road
users per mile as one moves down the rcad.

Considering both types of queuing process at the same time a nore
intereating question 1s the behavicr of queue iengths over time. 1Is there
any tendency for queue lengths in a particuiar r.ed section to epproach a
Fixed cictribution after & sufficient lepse of time? An affirmztive answer
would imply that the travel times for each speed cias3 ailsd> would approech ’

s definite probebi.ity distrirution. Such a citustion could represent a
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maxicim of predictabiiity. For 1t would mean th2t the past history of

Gelars 1s irrelevant for the meen delay whieh prevails after g sufficiently
lons period. when the system hes settled down to equilibrium.

The attainment of such an equiliktrium dues not exclude altogether the
occurrence ¢f fluctuations aruni the equilibrium pcinte. These persisy in
all queuing processes. All that equilitrium meens ie that there 1s some
constant time aversge of delays, and that this mean va'ue is all cne can
predict about traffic conditiosne in the future.

For instance, there mey under stme ccnditions arise prolongel devisticos
in the average queue lengths cf the two lanes n? a two-lane rosd even when &
steady and balsnced tctel flow prevails. The reason for this is as follows.
T. the extent that queues are bullt up frm & given ficw. passing copportun-
ytieg for traffic iz the oprosite @irecti-n increase. This In turn ieads to
s more dispersed distritution cf cars over that lame. thus reducing agalin
the paseing cpportunities for traffic in the firsv lané. In this wey traffic
in the second lane -an geir the edvantage cf the bunched-up condition in the
first lane and maintain or even aggravete this condition. Thus ap even dis;
tribution of queulirg tetween the two directions mey te an upstabie situation
tending t: tresk away in one direction or the other. After a given time has
elapsed from a given initial state. the average gueue length mey therefcre
have a bimodal distridtution. Once the situaticn hes shifted to the neighbor-
hood of cne mode. the pribability of it shifting to the other may in some
cases be iarge enough to produce frequent shifting back and ferth or in other
cases so emall as to lock toe situation zlmost comp.ietely at orne mode or the

other.

The Eighwaey Cupacity Manual refers to e related but sligrptly different

3
o
7

cause ~f fluctuations in the fullewing illuminating passage: "At this traffic
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volume [1,00C pascenger cars per hour) spaces occocur shead f the sl w-moving
vericles which cannot be filled ty other vekicles jerforming pessing waneuvers.
In effest +traffic in both &irectione tends o L-rz 1n queues whick contirue

t: ipcreasse in length until the speces betiween the queues becime suffjciently
l-ng to permit the perfurmance of passing raseuvers. As soorn &s e few passgsing
mencuvers are performed the speces Letween the queues bec.me partie'ly occupied
and ere no ionger cf sufficlent lenzth f.r the performance of passing man-
euvers, and the gueues immedjiate.y start firming zzsin. This accordion effect.
witt ail but a ver; limited number of vehicles treveling at tne same speed

as ﬁbe vehicle irmediate:y ahead. ccours et the seme t:tal treffic velume

A

Wrhiite it ie c.ear that on & rcad of finite length the possitie fluctue-

regerdless .f the distributior ty directicrs.’

tions are definitely limited in maznitude. they may be sliznificant enough to
c.mstitute & quelification tc en enalysis thst igncres them. In s-me cases
these fiuctustizns may warrent a study of the cdesirzbility end neens of con-
troliing them.

Any treatment in zerms _f probebility of the deleys caused Ly psassing

runs up azsicst the rritlem of repeated gqueues discussed in Section L.5.

2

Bince this proviem requires gome pew thenreticel ideez 1t mry provide a

chellenze to statisticlane end mathematicians.

~.2 Alternctive Notioms of Cepacity for Eccnomic Ana.yeis

-

The average-cost capacity Tunction as used in Cherters 7 and b gives
only an approximete expression »f the impact «f traffic conditions on trans-
portaticn cost.  Under eny given conditicne & vehicle causez = cifferent

cmount of celey and effecte varicue clesees ~f rrad users éifferent.y depending

jﬂ Except for the itrivial case .I service “imes with exponantial cistributionc
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or. its free speed and the directlion in which it uses the road. A more
detailed model would specify & set of cepacity functions, one for each
class of users of the given road, which gives the average cost to this
class as & function of the traffic that falls into every single class.
We notice that in this way some account would be taken of the effect of
the driver population on capacity.
Disagegregation of the capacity concept in this way would also permit
& refinement of the analysis of traffic distribution over alternative routes
—- the problem of "shortest routes". Two routes that appear to be of equal |
trensportation cost in terms of averages may in fact have different attrac-
tionsg to high- and low-speed traffic. If one route once has a certain ad-
vantage over an alternative for high-speed traffic, this will in itself
lead to a pelative concentration of high-speed traffic on this route and
in this way further encourage the differentiation of traffic by speeds.
Segregation of high- from low-speed traffic seems to have some advantages
for both, and an efficiency analysis should determine whether this segra-
gation goes far enough under conditions of ordinary spontaneous equilibrium.
Whether the demand funetiorn should also be disaggregated by free-speed
classes is less obvious. For it may turn out that there is no essential
difference in the flexibility of the demand of high-speed or low-speed road

users. Some other differences in user characteristics, such as risk pref-

erences, are perhaps more relevant here.

5.3% Commodity Trarsportatior Models

The principsl difference between passenger transportation as discussed
in this study and commodity transportation lies in the substitutability of
cormodity shipments from different origine to & given destination. This

makes the demand for trips between two giver points a function not only of
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the cost ~f thie ~erticular trip but &lsc ~f ail the costs <f other trips

thet wight compete witn the one conaidered. These other tripe would include
those frop the given supply point to other markets, and those from cther
supply poirnte to the given merket. A convenient framework for dealling with
this type of demand for transpurietion is provided dy the introduction at
each point of & function relating price end pet or excess supply of the com-
modity in questicn. Por any giveo price the excess supply of a commodity
at a certein location is the smount locally supplied at that price dinus
the amount loeally demasnded at thast price. Excess supply, Jgich of course
can be negetive, may therefore be rezarded as & funcilon of the local price
of the commodity.

For a proper explapstion of the demand for commadity transporistion it
45 fundianertal thet these 1scal prices are not themselves trested &8 pre-
determined dats but Bre rexaried as interiependent and are s5¢ balanced
ezainst eech other that all markets of & comuodity taken together are in
equilibriim. This meens that no profits should te possible through artitrege
ing commodity movements betlween any peir of lecations. Prices ~f the same
commodity in different loceticns cannot differ by more than the transportation
cost. The price differences are exactly equel t~ trarsportstion cost fcr all
pairs of markets between which shipmerte of the comasdity take plece.

The ma*hemsticzl formulation of equilitriur in = model of commndity
transportetion 1s now obvious. let & subserizt m in iieu ¥ the previous
k dencte a commodity.

Let xij n be the flew of cammoddty m frem peint 1 to
»

point J on road ij;

the price of m at puint 1i; end

a
=l
¥

~- 9, m(pi o) the excess supply of m &t poimt 1.
2 »
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Then qi:m i5 & noo-decreesicg function,
69 g
(5.1) - 0 vherever it ie differentisble.
i,m

We assume for the moment that sll traffic flowe are of cumrpodities:
(=.2) x,, = L {x

Aleo we shell again use the notaticn

().5) § (xij:m ) x-ji:m) * xi;m'

The equiiibrium consitions, in eddition to the 1dentities (=.2) and

(+.3), are
_ [” >
(5.¥) C Pym T Pm o4 phyg(xgg) 1T %y g © 3
(€ i}
and
(3'§) xi,m = qi,m(Pi,m)'

Notize thet the prizes increase along routes of transprrtatior by the amount
=T transportation coct. while trip custs decrease ty the same amount.
Passenger transpcrtetion mey in fact be included es & speciel case of
cammodity trensportation. Ttis is the case cf a "commodity" whose subtscript
15 really & substitute f.r two indices, the origin and the destinaticn, ard

for woich the excess supply and demand are lccalized. respectively, in these

tw. recints. Eere the prices ure deternined only up to an sdditive constent
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and may be set egual to zero at the destination thus neking trip cort
sppesr to be simply & negative commodity price.

The system (5.2) - (.-) may be regarced as & more general formulstion
of the equilitrium ccnéitione (3.2), (3.4), apnd (3.1C). It turne out thet
our mnalysis of eguilidrium in terms of an essoclated maximand carries over
to this more generel model. It follows that the inequallty %Z.23) =n changes
ip the dete epplies end thet the assertion abcut the ed Justments of flowa

tc changes in capacity remaine velid.

We nlso obtein the efficiency cocndition in & form correspending to

(4.11):
= >
- Al .
Pyp " Pinm < hij(xij) + h 1J(xij) X4 ir X{im : 0;
(..6) and
m ~ qi,k(pi,k)'

Nothing is changed in the role of efficlency tulis the ralaetiosn between
equilibrium =nd efficient f.cws, end the relationskip between tolls and the
value of e rosi. In short. cur analysis can be repested with appropriate
chanszes and some incresse in esnslytical compiexity for a model of commodity
transportation.

The uns~lved prcblems conczera the application ¥ this mode. to particular
cases. A cne-commodity network would be of special interest. In particular,
the problem of the gepneration end distritution of eleciric energy in & netwcrk

comes tc mind. The task of verifying the essumpti-ns or modifying the model

nizht be rewarding, but would call for concidereble technical knowledge.of

e ecirical engineering.



R¢-1488
5-12-55
-5.9-

.4 Dynamic Egullibrius Models

e nction of & static equilibrium of flow in & netwvork may be thought
scmewnat 1imjted bLezmuse of the noted periodicity of traffic during the day,
week, year, end perheps the business cycle. While the equilibrium mechanism
1s cperetive during the relatively short periods of a constent loed cne would
iike tc see & more comprehensive model which cortributes to our understanding
of the time pattern iteelf. For instance. there are cervain forces vhich
tend to smocth the fluctuations. Eince the off-peak hours offer better
traffic conditions. some of the demané which is flexible with regard tc time
ig diverted tc these periods. On the other hand, the availabllity of parking
space depends .n the accumulatkuu and dispersal of stocks c¢f cars at varlous
locations. This pute & premium on early arrivel during rﬁah hour pericds
and might either sggravate, cr merely advance, or even spread the peeks of
traffic. The gener=tisn end the economics of traffic peaks are subjects
for further inquiry.

While it is nct difficult. by attaching time subacripté to the flow
varisbies,tc write down formally the equilibrium conditions of Chapter y
for a dynamic model. this merely makes the analyeis more complicated without
explaining much that is new. An understending of the dynamic aspects of
treffic reslly depends on en understending - £ demend substituticn over time.
To what extent are traffic conditions, and to what extent are parking oppor-
tunities the effective ccnsiderations? Is differential pricing of parking
in response to the deily fluctustions of traffic an equilibrating factor?
Are there any eccnumic forces et work or could eny such forces be made
cperative which would induce a staggeriog of working hours while preserving
the essential econocmies of the simuitaneous svallebility cf perecnonel in

tusiness activities depending on motusl contscts? This last problem has
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glso arisen witn respect %t the proper pricing of trensrortetion services

3
of the New York subwaey s;,'atem.“j

5.5 Prcroems of the Long Run

In assuming the capacities cf roads as given, this study has teken the
ghort-run point éf view., Irteresting and important problems of e long-run
cheracter are met if one recognizes that demand functisns will ehift and
that roed cepacity will be ad;usted to demand to g-me extent. One of the
cbjectives of & short-run analysis is precisely tc supply some of the pre-
requisites for the study of long-run protlems. Still the utilization of
cepacity by treffic is in large part a short-run phenarenon for the eccnomic
adventeges <f rosd constructicn can be appreised only 1o the light ¢f the
uses to which this capacity is put st varicus times of the day, week, and
year, and of the rates ¢f growth of these uses.

Scme of the difficylties of 8 loag-run analyeis lie in the lorg-run
responses of demand through locationzl declsions. The prcbliem here is to
detercine &nd explain how the location of economic activities is influenced
by traffic corditions. Location theory tells us in general terms how trans-
portation costs affect the loccatiomal pattern. But further insights could
be gained from en anslysis of the differential impact of time losses through
congestion on various industries. Most jmporient perhape is the question
of kow the lecaticn of pecple (their recidential distribution) depends on
treffis conditicns. Without a clearer insight into the facfors determining
ragidentiel chofcee, the predictiosn of long-run traffic trends on urbasn

expressvays, for instance. must be hezardous.

.3./ Vicxrey {1953].
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In tke long vun the netwerk leyout does not remain Pixed, and tkls
eslls for ccneideration of construction and meintenance c-ets as functions
of capacity created and meintained. Tt would be important to derive capacity-
cost achedules of troed applicebility from the techncliogical information
availeble. This would help answer questions es to how the {publicly incurred)
cost of construction and maintenance can best be balenced against the (privately
susteined) costs of congestion.

Fere we encounter what is perbeps the must fundazentel problem in traffic
econ-mics: determining the proper extent anxd laycut of & road petwork. The
aifficulty cf this problem springs from ihe fact that choices between a great
pumber of sll-or-nothing alternstives are invoived. Adding a perticular rcad
to s network mey not be remotely worthwhile unless it 15 built to at least
some reasonably good standerd, which would involve s considereble fixed cost.
But the flows needed to Justify this investament depend on vhat other roads
mey also have been added to the network. Thus tc get the most out of an
integreted program of rosad cinstruction one would have to compare & huge
puzver of p:rssille corbiratinns of road ceracities that might be edded. The
prineiples of economics have not been deveioped far encugh to permit stort-
cutting such a vest zpalytical prcblem. In the econcmics of indivisible
resources we t~uch ope of the provlem areas in eccnomic theory where resgults
of a general'character are urgently needed but seem very herd to come by.

S§t11l other problems arise in situaticns vhere the predominant part of
transpcrtetion cost is deley st intersections. To give an indicatiom of
this kind of proﬁlem, iet us ccpsider en exempie cf two altermative roads
intersecting with two other alternative roads. The efficiency problem re-
duces to tbe question of which is more afficient. to cross the entire Cross

traffic at coce, or to cross one-half <f it at each of two consecutive
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irtersections? Suppose thet the cross treffic has prisrity in eack case.
Since délays inerease mcre then proportionslly with cross flows, crossing
one-helf cf the treffic on twc occasions involves less total weiting. Inm

the cese that the one rcad to be crossed has twice the width of each of the
two alternztive roads. the resulf is piaugible con physicsl grounds, fir cress-
ing one-half of the traffic twice amounts tc finding a safety islend in the
middle of the rcad. The econpmics snd techococlogy of the synchr.nizetion of
traffic 1ights is still another problem eres in its own right, wbich we can

only Jjust mention here.

5.6 Teclls end Finance

Firally. the problex of benefit evsiuation {s importent for the essess-
ment of the finsncial burden to be borne by various classes of rosd users.
This is sgain {llustrated ty the case of toll roads. The necessity of fin-
ancing the constructicn and msintenmsrce of a toll road largely or entirely
from toll reverue imposes a lower bound on the toll chearges, which we have
not taken into accouni bere.

From the point <f view of the best overall expansiocn ayd ctilizetion

of @ network, the cozstreint that each toll roed should pay for itself pust

_be dropped. 1lustead the problem becomes one of findipg tae most "equiteble”

sllocation of roed costs tc sources of tax revenue. To what extent should
finance be s-ught in the f-rm of texes on vehiclé ~wnership &t particular
locatione con gas2line consumption (snd hepce tctel nileege, arproximstely).
and on the use of particular rosds (tolls)? Wnile cf course, congestion 1s
incident on particuler roede at perticular times, charzes wvhich tend to
slleviate traffic peed not alweys be levied in the frrm of tolls. For in-

stance a gereral tex on gzsoiine consumption renders traffic in generel more
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expensive and thus tends to recuce the total emwrunt of treffic. Cn the other

-

hand it puts a2 premium on the use -f the gesgrephically gehortest routes and
therefore induces congesticn there. The pet effect may theref-re bte &an in-
creagse in ccngestion lcsses.

It mﬁy e85 be possitle to relieve crngestion by texes in business
activities. or on cer cwaoerstip al regidences. of which the locstions are
suck as t~ ve mainly responsible for the ccngestion. Hovever. @ chearge in
this f-rm will discourage traffic along eny roats from these locaticns, con-
gested or not. so that the weifsre of read-user classes who are nct responsible
for congesticy on the routes in questicn is affected. Only = road +:11 proper
is specific ensugh to be free from this cbjecti.n. On the other hand, the
mere collecticn of & rcad toil may itself aid to congestion. It is therefore
an interesting prcblem tc what extent efficiency can be eppreximsted by other

{L} forms of taxaticnm.

Even & specific tcll of ~ne cf the types currently in use is subject to
the aravback that it is usually thought neceasary tc keep the toll charge
ccpstant for considereb.e periods of time. The best that cen then be done is
+o set the rete at some average level even though congesti . may fiﬁ;{;;{;"_
wideiy. In many ceses it would be markedly more efficient to reduce the tcll
aduring certein periods of lower traffic or even tc suspend it entlirely. (This
priblen hes an cbvicus snelogue ir eiectricity tariffs). In sddition there
are 4ifferences between vericug C.asses ~¢ road users in their contribution
to deleys and to the detericration of the road. Thus slow or heavy vehicles
tend to contritute more heaviiy. To scme extent this nay be aliowed for by
differentisting between tolls op trucks anéd pessenger cars for example, and

by requiring venicles to pe et least capeble cf meinteining e certain minimum

gpeed, especially in elirding lonz grades.
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However. the difficulties of toll c.llecticr as well as & generai desire
for Ufreedcm of the rosds” limit the emount cf revenue that can be collected
in toe form 2f t-lig. Indeed toll facilities are ~fter such as to be a
1imiting bottleneck tc the flow of traffic at peek peri-ds to the extent
that in some cases efficiency would be best served by suspending the coilec-
tion of tolls at sueh peek periods ec &s to e iminate excesclve gueues at
toll bt.cths. Other taxes are likely tc te needed tc sustaln the r-ads. While
e case cen be made for some use of general funds for this purpose, since an
efficient rosd system contributes tc the gener;l welfare, the intensity of
communicstion, gnd the speed cf emergency help, etc., 1t wouid seem to he &
point f Justice thet the bulk cf the money should come from the road users
ir = form connected with road use. Thie would leeve & ccrriderable share to
both generasl vehiclie anld gasoline texes. The optimal spportionment -- cptimal,
that is with respect tc the comtined standards °f equity end efficlency --
poEeS an interestin;'prfblem whick wiil be the sublect of discussion for a

long time tu come.
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Chapter 5

The Time Element in Reilrcad Trenepcristison

\

In our study of highwey transportation we ezphasized the importiance
cf incluiing time‘as e dimension of the cutput of e transporteticn system.
Tn assessing the capacity of & system of bhighweys, it did not suffice to
talk simply about the treffic flows that did, -~r could coenceivebly, tske
vlace. It was ais> necessery t° have some information ebout the speeds at
which these flows did, ~r c-uld, teke place. We found that these time con-
sideratiscs were £ll the more impurtent beczuse there existed interactions
between flows und speeds. Crezter fiows could usually cccur only with re-
ductiorns in speed apd. conversely, speed incresses had to> be peld for ln
jesser f.cws unless the roed system wes impr ved.

The factor of time is oo less imp.rtant & consideretion in a study cof
railwey transpcrtetion. As far ag passenger traffic goes. the parallel with
road treffic is clesr. Despite the current advertising slcgan, "Gettinz there
is half the fun!" 1t is pr.tably safe to fay that travelers °n tae whole prefer
rast trensportation to slow, cther things belng equzl. Thus froz this polnt
of view & gilven distridbuti-n -f passenger traffic cver s reiiway system rep-
recents & more ve.usbie praduct when the average tlome of travel is less.

For freight traffic the psrallel with pessenger treffic -n roaas is not
éuite g0 c.ear. How importent is the time consuxed in carrying out a freight
shipment? In the charters that £5115w we sghall cuite often have cccasion to
refer tc the deleys a freizht shipment encounters at vari ug stapes in ite
journey. We ghall attempt tn determine s.ume »f the facters influencing these
delays, and &.8C Bhiw how-delays end -~ther kinds cf ccets are reiated. In

this chzpter we shall try tc justify cur concern with time-costs in freight

£
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transportaticn. First. we shall discuse the transit time of & shipmeat from
the roipt of view of the consumer of raiiwvey services. The later digoussion
will be concerned with tie re.etlinn betveen transit time and the stock of
freight cars. While the stock of cers has, through this reistionship, an
importent influence orn the capacity of & railwasy system, we shall not, excert
in this chepter, deal with it explicitly but rether focus our attention on
factors effecting transit time itseif. In eddition, it is hored that in tne
process of this brief discussion the reader will get scme idea of the mag-

nitudes cf the various kinde of delays lnvelved.

6.1 Transit Time gnd Inventory Coets

One obvictus adventage of faster freight transporieticon 4s the resulting
reduction of in-transit inventories that it makes possibtle. That this phencmencn
is & familiar one iz evidenced In the popular use of a transportation term ic
discussion of inventcries of apcther scrt. "Filling the pipeiines” has come
to mesn the building up cf ipventories of meny kinds to z.me required level.

The implicetion is that the inverntories made necessary by the time lag in-
volved in trensportation are more easily explained in an 1antuitive way than
other kinds of inventories.

The pipeiine analogy is worth carrylng an-ther step to make clear the
reiaticn between speed and inventory requirements. A pilpeline half as big
in cruss=-section ares as ancther could cerry the ssme flow of, say. gasolinpe
only 1f its pumps were cepeble of sending the liquid through the pipe at twice
the speed. The gesoline inventory required tc fill the smaller pipeline ig
Just helf that required to fill the iarger, and this reduction of inventory
is permitted by the higher speed of transport. Approximately the same phenomenon

takes piece in any other furm of transp:irtation.
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Sc far we have only éiscussed the effect of speed cn the levels of

inventories of goods in transit. There is still enother effect of speed
on ipventory requiremente in general. TFirst we must esx why inventories,
sside from the in-transit type Just described. are cdesired st ail. One
reason ie that ccmmodity price fluctustions cause buyers tc stock up beyond
their immediate needs when they believe the price to be a favorasble cne.
Ancther reascn is tnet commcdity traffic flows in practice do mot oftem occur
gmoothly but rather in lumps. It is more practicabie tc send s carload of
wheat cnce a éay, say. than to send a tcn cf wheat every hour. This lumpipess
~occurs even in the cne case where cne might not expect it. that of pipeline
transportation, where one pipe -ften serves for the transmission of several
different iigquids. BSince these cannot be pumped through sirmltanecusly and
still preserve their identity, the pipe is giver over to each _igquid alone
ﬂ;é for e certain period of time.

Still another reszsco for invesntories, and ,erhaps cne of the most in-
portant from cur poinmt of view. lies in the uncertainty invclved in predict-
ing Jjust how puch of & commodity will be needed in s particulsr piace &t some
future Gate. This uncerteinty on the part ¢f a consumer <f a commodity {or
a producer who uses this comm.dity as an ioput), together with the time in-
volved in transportation oblige this consumer cr his merchant to keep on hand
stocks sufficient to cover errcrs in predicting hie needs.;/ If trsnsportetiosn
took no time et ell, no urediction would be pecessary; he e-ould crder more of
the ccrmodity es the need arose. The slower transportatbn is. h:wever . the
greater the renge of time the prediction pust cover; c:onsequently. the greater
are errors likely tu be and the grester the igventories required to insure °

against these errcra.

i/ Where coets of storage are high reietive to costs of short supply this
rule must be mAified.
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Tt {c clear therefsre that the time invclived in transp.riaticn affects
the levels t-th of dnvectories of goods in trensit and of other inventcries.
Ts the extent that inventory h-lding e c-s8tly, the people conceruned, some-
Fimes shiprers, s-metimes consignees. are tetter off with fester and more
dependable freight transportation.

For a few special commodities the aivanteges of fast trangportstion
are especially clear. Livestock requires special handling (watering. ete.)
every few hours by Federsl Law. This trestment is expensive end especislly
8o if performed st locations without the proper frcilities. The faster this
14{vestock mivement can be masde, the less cf thiz costly unioading end reload-
ing procedure will there be.

Parishsb.e commodities, suck ss fresb fruilt and vegetebles, must be shipped
in refrizerator cars. These perishabie suipments are cummonly madekcver long
distances, and call for re-icing aiong the way. Fest shipment reduces the
puzber of such treatments that ere necessary, and, gs in the livestock case,
recuces the investment in special facilities required tu provide this service.

The data we mignt examine to see how fer the f.rezoing consiceraticaoe
go in explaining the relative transit times for varicus commodities are very
scarce indeed. F r 16325 however we do have the results of cne very small

sermple of traffic. Ir the Freight Traffic Report of the Pederal Cocrdinater

of Trarepcrtation an extensive tabuletion of information on s&ll traffic
terminating in the U.S. on Decexber 135. 1633, ig given. Figure 1 is derived
from this repurt.g/ On the verticel sxis is measured the everage transit time.
Tnig inciudes el the time from the moment & car is given to a shipper for
lusding until it is retursed empty from the consignee. On the hcrizeortal

axis 1s meesured the sverage length of haul. Polints are plotted for scveral

2/ Federa. Ccordinator of Transpecrtation [1933, Appendix I, pp- 120-173].
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Figure 1. Average Transit Times for
Several Commodiities

of the c.mmedity groups in the Repori. While we see from the figure that
perishables take the lungest time for shipment and l.c.].;/ the shortest
time, we alsc see that their relative hauls a.so tear ilhe same relaticnshirp.
If for each commodity we divide hsul by time we get an estimate of the miles

trave.ed per loaded-car'day on the average.

j/ "Less-than-caricad .ots”

Lere
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‘ve Animels 188
Perighebies 156
Appliances 11¢
L.C.L. 113
Iron & Steel 10k
Petroleum 61
Forest Products 57
Bulk Grain %8
Cosl & Coke 33
Seand & Gravel 27

»
.

Since "time" here inciudes lcading and urloading time these figuﬁea phopld;-
‘not be thought of &s meeauring the distences traveled per day when ectually
moving in treins.

This renking does seem to give sume support to the kypothesis that the
effect of speed on inventories in turn infiuences the speed of railway ser-—
vices provided. The more valusble a commodity is (per ton) the higher the
cost of keeping idle st.cks of 1it; in the list we find. as we should expect,
the higher priced commodities near the top. There are of course many qual-
{f{ceticns to such a conclusion. The relative values of cerlcads of different
commodities are quite different frdm their relative prices per ton, because
cars are loaded heavily with some commodities and lightly with others. Un-
fortunately for our argument the last two c-n the list, coal & coke, and sand
& gravel, are among the heavy loaders. Nevertheleas it is difficult tc belleve
thet this difference would alter our conmelusion. The ranking by "miles per
day" rether than simply "days", although obvicus enough, requires some ex-
plaration in order for us to show more clearly the shortcomings of such &
procedure. In & reilroad bdystem 1deslly crganized from the economic pcint
of view we should expect the transit time of & particular service to be cﬁt
down whenever the coasequent reduction of inventory coste exceeds the costs
of providing this faster service. Oue of the reasons that cn the average &

k] .
cariosd of aprliances requires almost two more au;gJ/in shipment than a carload

iy See Figure 1.
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cf sand & grevel, even though we believe the first carload to represent a
greater irvestment then the second, 15 thetl it costs very sush more to pro-
vide four-day service fur appliences than it does to provide four-dey service
for send & gravel. The difference in lengths of Leul is cf eourse the obvious
reason for these ¢cst discrepancies, and it is the one we have taken ecc unt
of in our rarking of the various commodities by "miles per day”. However
thbere are other, and perhsps just ase impcriact, reascns for these differences
in the ccsts of providing fast service Por particuier go~ds. Our ranking
must accordingly be viewed with some suspicion for this resson. We shall
say no more at this point about these other influences on cost since much of
the rest of this study is devcted to them. Cur purpose here has only been

to demcnstrate the fact that epeed £ shipment is & veiuable characteristic

of freight trensportavicn.

£.2 MTransit Time and the Stock of Freight Cars

Sc far we hzve shown that, just as in passenger traevel on highways, the
time used up in rail transpertaticn of freight met te cungidered part of
toe coet of & rallwoy system betsuse time 1s & costly csmmodity_to the <on-
sumers cf railway services. It remeins to be shown that speed (understood
in the genz2rel sense of being the inverse <f iransit time) is costly to
produce. There are obvious costs associated with speed increases if we tuink
of these increases as requiring more or betlter equipzent and physical faecil-
ities. Of more interest t:- us at present however are the increeses of speed
brought sbtout as a metter of choice Ty different use of a given physicel plent.
In the case of highways both these types of speed increasse slso exist. Rozads
cer be straightened and overpassec bullt tc replace intersacticms, or, oo the

other hand, treffic fiows at certain points can be reduced, and traffic
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regulations and sigrals can be chenged. Both procedures con lead to speed

increwses; the one by 2 change of the physical facilities, and the other by
a chsnge in operating procedures alone.

Is this second metk»d cf reducing the time of freight shipments ccetly”
Without & careful investigation, it is by no meens clezar that 1t ie. In our
gighwey investigeticns we fcund that the penalty paid for an increase of
speed cn & given road wes & reduction of flow cn thet roed and peraaps a
decréase of speed cn the competing road to which this excluded fiow was
forced to turn. The r-ad caracity curves discussed were the relationships
wﬁich ceve us quentitative estimatee of these effects. Somewvhat similar
reletionships between traffic flow and speed cf service will be discussed
in the chapters to come.

There is, bcvever, en important type of relationship between speed and

{;? traffic fiow in railroad tramsportation vhich was relatively uninteresting
in the case of passenger treffic cn highways. 4+ arises from the fact that
the longer the average shiprment tekes to complete, the greater is the supply
of freight cars necessery to carry out e given program of transportation.
Putting this another way we cen say that if the stock of freight cars is
fixed, then the traffic flows that can teke place ere limited in size by
the transit times cf shipmenté. Considerations such as these help to ex-
plein why it is the cese, as ve shall see below, thet a freight car is idle
80 much of the time, and elso why the stock of freight cars is what it is.
Thie relstion between the cstock of cars, the transit times of shipments, a;d
the nurber of cerloadings in & year 1s sometimes summed up in a reilroad rule
of thumt: "To find the number of cars necessary to protect loadlng, muitiply

weelly carlosdings by tvu":;/ The number wo in this cese represents an opinion

.

e

=/ Permelee [1940, p. 635].
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that the eversge time of trensit, including the time spent in exply moyement,
is twl weeks.

The mcst interesting aspect cf this relstlonship preseots itself when
peak treffic periods are exsmined. Rail carloadings are by no meane even
cver the year, & high peak usual.y occurring betwean May and Qctober with
very sherp @ips taking place cn the Fourth of Juiy end Lebor Day. To meet
these mid-year peaks wvithout severe car shortages a much greater nucber of
freight cars is needed than would be if the same level ¢f annual carloadings
were foread out evenly over the year. This meens that when the relationship
connecting the freight cer stock with carloadings and trensit times is applied
to & period of a year it eppears to represect a constraint which 1s unimportant
beceuse it never seems to pinch. In this context an increase <f speed would
seem to provide no saving ip the number of freight cars necessary. As wve
shall see below, an examination of peak periods dispels thiaviilusion._

Returning to the case of road transportaticn for a moment, it 1s instruc-
tive to ask how the same consideratisns spply there. To start with let us
suppoee that we know how many autcmobile trips are to texe place in & certain
year, ané we elso know the average distance of éach trip and the average time
necessary to complete {t. If these trips are spread out evenly over the year
8 very simple caiculatior will tell us how many servicegble vehicles are
pecessary to accomplish the job. If thie minimum nurber of vehicles were
the cumber actually in use. it would meen that every eerviceebla venicle vas
beinz used at every moment. The nationwide system of car pools represented
by this description hes 1ittle correspondence to the reel situation in traas-
portation by sutomotile, for we know that most automobiles stand idle a great
part of the time. The fact thet the actual stock of vehicles is so mmuch

greater then the minimum number derived sbove cen in part be explaiped by
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tre great varietions in the number of trips irn process et different times.
While it has been suggested that a cereful examination of peak traffic
periods for railroeds is worithwhilie, it is not a8 likely to be so in the
case of auto traosportation for several resscns. Filrst, since the average
length of trip by eutomotile is skort, the pericde we must examine to fipd
2 peak period are alsc short. The information requirements are therefcre
grest. Secord, the pesk periods in different locations will surely occur
at different times. While this is also true of rail traffic the tfouﬁle can
be at lesst partly elisinasted there by taking explicit aceount of the time
Bﬁent in empty travel. Ip the absence of this shorteut i1t would be necessary
to do a eeparate anglysis <f each location. Third,we alresdy kncw to a large
degree whet the result cf such an analysis would be in the case of passenger
automobiles. The cost of sutomobiles appears to be such that pecple are quite
willing to pey to rid themselives of the inconveniences of part ownerskip in
a carpool. Where this irstitution does exist (taxicabs are cne example) it
is always Qurrounded by special conditionms such as the use of a chauffeur,
the identity of trips, or the common residence ¢f members of the pocl (family
cers). In any case it is clear that many mcre considerations enter than in
the case of reil traceportation.

Refore we enter 1lnto a mére detailed exemipnetion of the influence of
speed on the freight car supply required, it will be useful to discuss first
the availeble informsticn on the time per shirment ectually used at vearious
stazea cof the fransportation operation.

Fcr this purpose we refer again to the 1933 Freight Traffie Report ¢f

the Federsl Coordinmstor cf Trensportation. This materiel covers the 65,769
cars that termineted on December 13, 1933. From it can be derived, for

several commodity groups snd for the gr-oup as a vhole, the average times
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spert by a car et verious stages ln its jJourney from shipper to consignee.
Table I presents these zverages and Taoble II trancliates them into percentages
of totel time of shipment for each commodity group. The labels. along the

left edges of both tables require scme explanation. Losdinz and unloeding

tipe represents the time & cer spends in the hands of its shipper plus the

time ip the hands of its consignee. Carrier terminl time measures the delay

e cer suffers at both ends of its Journey while 8t1l) in the hands of the

carrier. Carrier road time tells us how long & car is ip & train during

its trip. This time is not necessarily comsecutive for the car may leave
one train, spend some time in & classification yerd, and then joio another
trein for more rcad time. It should alsc be pointed out that road time is
not quite the seme a8 time spent rolling. Trains are subject to many kinds
of delays; these alsc count as road time for the cers of e delayed train.

Intermediate handling and irterchance times cover the pericd a car spends

vaiting in clessificetion yerds alcng the wey. Interchange time represents
that part of this wait which occurs at points wvhere the car is transferred
from cne railroed to ancther, thet is, "interchenged”. Total time therefore
represents the time from the momert an empiy car is supplied to_the shipper
urtil the time the car is returned empty by the consignee (perhaps, of ccurse,
to a different reilroad). -
One of the striking things about the entries irn these two tables 1s the
relatively small smourt of time o cer spends in trains. Thus carrier road
time amounts only to about a sixth of the totel time of shipment, or about
s third of the shipment time less the lcading-unloeding period. Also, if.
these carrier road times for the different commoditiee are plotted egainst

lengsths of haul we notice that there is & fairly good straight-line relation-

ship between the tws (Figure 2).
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Of the L.S% deys average transit time, 1.92 days or 38.6 percent are

usged up at the three stsges interchange, intermediate handliing, and esrrier
termini. This is 7O parcent of the total shipment time less iasding—urlosding
time. We throw these three types ¢f delay together for reasons that will be
“better understocd in leter chapters; it 15 the time used at these three stages
with wkich we shall be most concerned. In Flgure 2 we saw that rcad time
could be fairly well explained in terme of the length cf haul of a shipment.

In Figure %, where the vertical axis nov messures the sum of interchange,

e

o perishables

24
i
o appliances .
d;\ -
-
o
2
E o forest products
gt
3 ccal o a Bhimals
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[ grain ©
Y
-~
E l.c.19 o ircn and steel
S -
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Figure 2. Carrier Roed Times for Several
i Comrodities of Different Average
b Eeuls
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intermediete handling, &nd carrier terwini times. we find that pc such
siwple explanation of the varistiop suffices in this case. There geems to
be little if any relationship bLetween the tyo varisbles plotted.
Except in this chapter we shall.not say any more about loading-unlosgding
time despite its very substantial megritude. Part of the resson for the size
of this compcnent of transit time undoubtedly 'ies in tke fact that at current

rates of demurraze corsignees find it cheaper tc use freight cers instead of

werehouses for storage purposes. |

Trese time estimates from e single day in 1833 seem tc be about the only
putlicly availsble source of such informeticn. Individual reilroads, it is
true, have conducted i{nvestigmtions of tke trangit times of varicus shipments

over their own lines, tut we do not know how extensive these have been, nor

quite how the results compere with those of the Freight Traffic Report. Simce

we bave 80 few other data with which to cumpare these figures. it is difficult
tc estimate the changes that have taken rlace in them since 1G33. The regular
stetistice of ihe I.C.C. bear on only ome of these components of transit time
-- carrier rcad time. By meking some rather daring sssumptions we shall
sttemrt to use these latter stetistics, together with the results of the

Freight Traffic Report, to estimate the transit times for yesrs other than

1975. We ghall then try to extend this attempt to cover the time consumed

in the aversge empty trip. Finally a compariscn of the sum c¢f these two times

will be pade with the actusl freigbt car time available in each of several

years, in crder to see to what degree the stock of freight cers 1s utilized.&/
If for each year we knsw the average length of hacl of freight cers ﬁnd

their everege speed when in trains then the average time in treins during &

trip could be found by dividing haul by speed. The result could be compared

of The discussion that follows has been greatly stimulated by e reading
of Chapter 4 of Rultgren (1548].
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with the estimate of carrier time derived from the 1933 deta. While we are
not quite a¢ fortunate me this, some very closely reieted date are reguiarly
repcrted by the I1.C.C. end the Association of Americen Relliroads. Using

these we have the ratios
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{ cor-riil il . treir—miles‘/ i .
| earaags 8/ ond Sioaelioms |/ ws cotimates, respectively, of the
cxrloadings tra n-iLours

Cayewcge length of houl of a car and the svernfv speed of a train. I now we

Capsur: thet the average speed of 2 train iz the same as the average speed of

o car then we have the relation

(6.1) car-miles x train-hours sverage carrier road time
carloadings x train-miles of & cer.

For the year 1953 this estimate cf carrier road tipe is 23.4 hours as com~
pared with the estimste of (.82 x 24 =) 16.8 hours in the Freight Treffig
Report (Tatie I). These new estimates of carrier road time will er¥ on the
low side if, on the average, longer treins are slower then shorter trains,
and on the high side if longer trains are faster than shorter traims.

To cbtain estimates of trensit times for the different years we have
assumed that carrier road time comprises a constant proportion of tramsit

time from year to year, so that for 15k0 for instance

transit time transit time carrier rcad time for 1940

(6.2) for 1540 = gor 1975 *  oarrier rosd time for 1933

where, on the right hend side, the 1933 figures are from Tsble I end the 1940
fisure iz derived from the relation ( .1). The resulting graph is shown ae
tve ocurve DD' in Picures & and 5.

The curve CC' tn Figures 4 and S graphs for the different years our

estimates of the total transit time plus the average time spent by & car in

1/ 1.C.C., Stetistics of Railways in the U.8., Table 158 Item No. b7,
& Association of American Railrosds. Revepue Preight Losded. and Received
From Connections, Stetement CS-ChA

9/ 1.C.C., Stetistics of Reilwavs ix the U.§., Tsble 158, Item Ne. k29,

10/  Toid., Item No. u38.
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completing 1ts empty trip to the next shipper. The distance between the
twe curves is simply

erpty cer-miles
1oaded car-miles

(6.3) time cf the empty trip = trensit time x

The curve CC' therefore represents the number of days on the average that
a cer uses to complete a whole ¢ycle from cpe losding te another.

The averegze time that ic evailsble for this cycle depende on the level
of traffic and on the stock ~f freight cars In serviceatle condition. Curve

AA' 1o Figure % represents

%55 days

epnuel cerloadiazs
stock of freignt cars

(6.4)

and tells us the length in daye of the average turnarcund period of & freight
car. Curve BR' is derived in the same way except that the stock of service-
gble ears is substituted for stock of cars. The difference between AA' ané
BR' +tells us what part of each cycle is devoted to repair work oo the oversge.
N:tice thet in the early thirties this difference is merkelly higher thar in
other years. Tnie dces not mesn that more repairs had to be made, but ratoer
that, since business was slack, "pad-order” cars were nat:;épaired immediately.
The difference between curves EE' and CC' represects frelght-car

time so far unaccounted for. The size of this unexplsined part is surprising
until we reczll the faét that peak traffic periods have not entered the aralysls.
In Figure % the Curve BB' has been charged to represent only the two-week
period of each year with the highest average nunler of carloadings. If every

year'e twc-week peak rersisted throughout the whele twelve months Filgure 5
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would tell us what properuicn of & freight car's time was utilized. As 1t
is 1t refers cniy o the utilization in these peak pericds (which do not
slways ccecur on the same. .r even nearly the same, date),

Another reascn for the unexvlained pert of a car's time is very similar
to the reascn, discussed earlier, for holding idle stocke <f any commodity.
Quite often at some locatiorn a number of empty cars larger than that which
subsequently turns out to be needed mzay be kept on hend in order to cover
errors in fqrecasting carloading requirements. To the extent thet the move-
pent cf empties from onme location to encther cen be speeded up these empty-
car etocks at verious placez can be reduced, Just as the speeding up of

commodity movements enables 8 reduction of ordinery commosdity inventories.
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Chapter 7

Freight Orerationg and the Ciggeificgtion Policy

7.1 A General Description cf Freight Operstions

In this section some aspects of raiiroed operations are sketched. The
object is not to give any detailed account of them. but rether tc focus
attention on those aspects «f the operations with which we are concerned io
later charters, and tc introduce some phreses and derinitions whichk we will
find useful. Aitention will be concentrated on the workings of a freight
system. |

Tt may be useful to follow s carload of freight on & hizhly sipplified

reilroad system. Figure 1 shows such a system.

B/ r\c

Flgure 1

Suppose & load is being dispatched frem A to D. At A it will Ve lcaded
intc an appropriate car. Howevef it may bave tc walt at A for some time
either urtil e sufficient pumber of otiher cars are ready to travel in the
sane general airectiom to varrant running & train, or perbaps until a8 train
{5 scheduled to leave. Delays of this type arise fundamentally because it

15 not ususlly ccneidered economical by the railroads to haul trains with
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only & few cers. It ic an exexple ¢f what we call an accumasation deley.

After & time enough cars wiil have collected to go in the direction of
J. Scme of theee may be going to B, C, or K cor perhaps culy a&s far as
J itself. In any caese the order of the cars for all five destinaticns will
probably be well mixed up in the train. Thus at J the cars in the train
will have to be uncoupled and sorted. Cars going on to K end beyond will
be sorted together. Again they may then have tc wait until more cars destined
for K cr beyond (that i& to C or D) arrive from B; they may therefore
suffer more accumulaticn delay. Then the car we are following will be hanled
oﬁt in & train to K.

At K the same sequence may be followed. The train will be uncoupled
apd sorted into cars going to C and to D, and cers remeining at K. Again
there may be & wait until the train for D leaves, and the car ie taken on
the lest lap of its Jjourney.

At points such as J and K there must be facilities for sorting out
the care, end storing them until they sre taken out in & train. Buech facil-

jties sre called classification yards. These yerds may be large and complicated,

with a c-nsiiersble am-unt of expensive equipment. They usuelly invcive a
larze investament for the railroeds.

We Leve suggested already that there ere two principal waye of arranging
the times at which trains are dispatched from ne yard 10 & second. Ome
poscible method is to walt until encugh cars heve been coliected which are
traveling as far as the destination yard or ferther., How many cars are <oo-
siderec ”enoggh" to meke up & train sLould presumably depend on a talancing
of verious economic feciors; for example the extre deley involved ip weiting
for gufficient cars for a long trein as sgainst the increesed costs in fuel,

isbor, etc., of running several short trains instead of one lcag one. Such
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a method cf operation can be flexible, eince those responaible for 4is-~
patching trains can change their plans to meet different types of flows.
Bowever this method is not well sdapted to synchronizing the various move-
ments of trains to ensure that they meet at junctions -- the classification
yards -~ in such & way as to hold down accumulation delays. For tkis to be
accomplighed . the trains must be dispatched acccrding to timatable.‘ This
method of operation is becominz increasingly commen for freight trains on
Americen raiiroads. The disadvantage 1s that, con occasions when traffic
fluctuates, trains msy have tc run either very short, or so long that they
must be tun in two sections in order to keep tc the scheduled times, s0 that
the system mey not be working mdet econumically. With timetable cperation,
accunmulation delays occur in slightiy different wsys. After a car has been
gsorted it has tc wait until the train on which it has to travel is scheduled
¢o leave. We still call this an accumulation delsy, however, to keep to e
gingle term. For fairly steady flows cf traffic. it may be possible to adjust
the timetab.e to ensure that deleys &nd the c:sts of running tralns are properly
telanced. This question is teken up in later chapters.

Various modifications of the method of operation ocutlined ebcve are used.
One of these {s"maintracking” If sufficient treffic from A 1s golng ©o K
or beyond, it may be a scund policy to allow treffic to accurulate at A for
a2 train to be dispatched from there consisting entirely of this type of traffic.
Such & trein need nct have auy work done on 1t at J; indeed 1t can pass by
J on‘;he main line. But such a policy mey csuse traffic for J or B to
be delayed lcuger at A, or trains from A tc te run shorter. It may aiso
heve the same effect on traffic leaving J. Thus the question of whether or
rot to run & maintracker can be a 3 {ff.ewlt one. In practice there may be a

uite intricate ponttern of meiptrackers, samw treing, for exemple, rumning
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straight fram A to C, others fram J to C, othere from A to K,
ac well &5 trains running oﬁly-between ad jacent stations.

Preclassificetion is another frequently used device. It is primarily

a method of transferring the sorting work from cne yard to ancther. Such a
transfer may be neceesary 1f one yard geits overloaded, for exauple. so that
delays become too hesmvy. Or it maey be useful if une yard 1s better equivped
than enother, sc that sorting work cao more easily be carried cut there. The
idea cf preclassificsation can again be expiained in terms of Pigure 1. Suppose
e train from A arriving at J ecntedns traffic for a1l the other stations.
At J it wil)l have to be broken up and sorted. One trairn ie to leave for
B, and ancther, contalaing traffic for C, K and D 1g to leave for K.
It would be possible tc- leave the sctual sorting out of care for C, X and
D from each other until the train reached K. Howvever, the yard J may do
thie work for éhe yerd st K. In that cese the trein from J to K will
have 21l the cers for J grouped together, a’l the cars for C grouped
together and all the cere for D grouped together. It will then be completely
prec.assified. The only sorting work left to the yerd at K will be the
separation of the three groupe associated with the three different destinations.
It is &siso possible tc preclassify the train less complietely. It may, for
exumpie, be decided to scrt out only the treffic bound for K et J and
leeve traffic for C and D nixed up, tu te fiually sorted cut vhen the
train gets to X. In later chaptere en attempt ic made tc develop e rational

approach t¢ the probiem ¢f how much preclascification should be dcne in some

situations.
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7.2 The Ciassification Poliey cf a Yard

Iz the last secticn the main functicns of a cilessificetion ysrd were
described as the s-riing of cars into different groupe; the storage of cars
up tc the time of departure. and the meking up of treains. Clearly there
ere meny differect ways in which these functions can be cerried out. Before
entering into a discussion cf the advantages and disadvantaces of these
different methods, it is nccessary Lo have some ierzuage in which to discuss
them. It the rest of this chapter we shsll try tc develop this terminology;
hevins done this we shall devote some time to descriting sume instances of
ifs use.

"In the early days cf reilroading”, ecccrding to E. W. Coughlin. "freight
treins generelly were made up of any cars on hand for mevement to cr beyond
+te next terminsl, without regard to final destination or class cf fr;igbt.
mhus each-euccessive terminel cor yerd switched out from their chance locetl-ns
in eech erriving train the cars belengiog in its environs as well as those
cars fo- local stations short of the pext terminel..... Tke balasce, plus
such loeds aend empties as were 'made’ at the terminal or fram incoming .ocal
movements, were let go in the same ciance order intc succeeding treins run
to the next terminal.“;/ If we sdd tc this deacription some such rule es
"a train will be dispetched wmen 85 cars are aveilgble”, then we have one

ipsterce of what we shall call e clessificetion policye

More genera_ly, a classification policy is & set cf rules, fcr each yard,
whick ¢ mpleteiy specifies the menner in which inccming traffic is to be
raconstituted into outbound traies. This set of rules need not be explicit,

nor indeed even cnnsclously in the mirds of the men respconsible for the verlous

1/  Coughiin. [1G02, p. k],
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operati.ns inviived. The forma) itexiziag of rules may e more & thecretical
then a practice} necessity. In setting out to construct & model of yard
cperations, we cennot relyv es tiae presidect «f & rellroad does on the exper?
Judgments f yardumasters. divigion superinterieats, dispatchers. eilc.; these=
must be supplented ip our thecry Ty furma, ruies whose conAcquences can be
studied bty logicel end metrematical means. This is not to say cf c.urse
that vwhere in practice such firmel rules are fund to be lecking. thinzs would
necessarily be improved by the appiication of the came sirpie rules. Qur theory.
t5 te useful, must te a grest deel girpler than its real counterpart and while
1t pay be possitle to formulate theoretical rules which are 1in sime sense
"gcod”, the same formalizetion iz vractice may prove to be aifficult. In
such a case s coxblmstion both of "poymal” rules and "informal” judgment will
glways be used.

Qur problem here is to determine what alternative sets cf rules adequately
describe the rarge cf policies available to & reilroad in its coanduct of yard
orerationg. We caanot of course 3) arything es yet abcut what makes cne set
of yulec better or worse than ancther; these pclicy chsices will be based on
the cost ccnsiderations studied 1n later chapters. At this point we only wish
ts point out the different questions relating te metbocs of opératicn to which

any classification policy, good cr bad, rust glve definite answers.

L]

7.3 Typical Yard Operatinns

Some of these guestisns will te made clear by e brief examination of
the operations in a typical ciassification yerd. Although yards differ in
msny lmportant regoects, the classification gperations carried on in all cf
them are basically the ssme. Usually & yard is made up of several sub-yards,

ecch .f which hes a track pattern essentially lixe thaet in Figure 2, where
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the errows incicate the dirzcticn of tveffis through the yard. The picture

absirects from severel imrcrtant differencees betvesn yards, tut for the

e e e e A, e
A - - [ _..,.v_l\
e e B T Cana I .........,..::\\
e P . . e i
== IR >
- o e — —_ -
— = S, /'
v
——— B g
e = — P T ————

Figure 2. The Pasic Track Pattern of & Sub-Yard

moment it will serve cur pur>cses. Suppose now we consider a yard handling

oply cne direction of traffi: apd ccrsisting of two sub-yards as ip Figure 3.
The first sub-yard the traffic enters 1s usually celled the recelving yard

or receiving tracks:; the second. the classification yardg/or ciessifiecation

S
S/ \ yd N
.:‘/ -, ‘I\\
//. receiving classification \\

AN trecks ;>_ tracks 2

\\ . \\

Filzure 3
2/ We shall usually aveié this term, since it 1s the seme a8 the term for

the yard as a whole.

Tre word sub-yard is useful ‘tut, sc far a8 we know,
not popular. o
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traecks, Incumivg trajns enterin. Figure T froo the left ere run 28 &
whcle ‘pto ope £ an ther ¢f the recsaiving trezxs U0 evaiy scrilng. Sioce
crly crne siring ~f cars cen be scrted et a time thege recelving tracks are
sametimes necessary as storage space for treirzs that arrive while ancther
is being sorted.

When its turr cores for sorting, cr classificetior, this treinload cf
cars is pushed cut of the receiving track, thr ugh the neck cf the yard be-
tween the two sub-yards,-aLd ty various meens each car -f the train is made
to run inte the cliessificetion track to whick It is sesigned. Usually these
classificetion tracks will alreedy hevé other cars standiing on them t2 which
the cars of the train we ere examining will couple automatizally. When the
classificatior precess is finighed the cars which at the starti were all on
one track in the recciving yerd will generally te scattered over seversl of
the classificesi-n tra:ks. Tre ch-ize of the clescificerion track ints whizh
a rerticuler car is moved will isually be male ¢n the basis of the car's
destination and perhaps its coctents. or ccndition, the idees being to group
similar treffic for departure in outbound treins and to separate out cars
needing attention.

As this s.rtinog procedure is teing carried on in a fairly continuous
menner et cne end (the left in Figure 3) of the classification trecks, the
process of mexing up outbound trsins is alec cerried¢ on at the other end of
the classificati-n tracks. Thie mek¥e-up process consists in drawing the
strings of cars out of specified classification tracks and assembling them
into trains.

This deseription of the clessificaticn cperstion lezves out many yard
activities that will require cur attenticn at a lster pcint. However, such

things as the inspecticn of csrs end the re-icing of refrigerator cars are
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not essential parts of the classification process even though, for reasons
of convenience, they are usually carried out at the seme time and place.

The description therefore brings out most of the important questions which

a classification policy must answer.

7.5 "he Requisites of a Policy

T.k.1 Receiving

| The first question is one of pricrity. If the sorting facilities are
prepared to receive snother string of cars, and if there are several trains
waiting co the receiving tracks, then which should be handied firet? In very
amaeX yerds this prbblem may never arise since only ome train at a time will
be aveilable. In the usual case however, the arrivals of incoming traffic
are not always spaced cut evenly cver the day and it is quite likely that
at some moment, after & period of bunched arrivais, several trains will be
stending on the receiving tracks while an earller train is being sorted. In
scme ysrds the problem is more complicated. If the receiving tracks are not
long enough tc Gecommodate the full length of an incoming train, then this
train will have to be broken up into two or three (usually not more) pieces,
and each put onto a separate receiving treck. Often too, it 1s desired to
give high priority to one part of a train and low priority to the other, in
thcb case the question of Just how tc break up the train for storage on the
receiving tracks creates another policy problem. The rule or set of rules

dealing with these problems we can designate &s the yard's receiving policy,

which is part of its genmeral classificetion policy. The simplest possible
receiving policy is exemplified by & "first come, first served" rule. This
ig the one we shail usually assume to exist, since this element of policy

ig pot the one we shall find most interesting.



RK-14538
5-12-55
«T.10-

7.4.2 Grouping

The second pclicy question has to do with the sorting of cars. Into
vhich of the classification tracks is any given car to be swvitched? Since
a given classification track is at some yards used for different kinde of
cars at different times, the question is perhaps better phrased as, to

which classification does & car belong? Tne latter question 1s substan~

tially equivalent to the former since et any given time a single classifica-
tion treck is devoted to the cars of only ome clessification. The practice
in lerger yards, especially those with an ample pumber of classification
tracke, is to essign one or more tracks to each classification on a permanent
basis. BSince the number of clsssificetions is a matter of policy, it becomes
a mexim of yard operaticn that the number of classifications sbould not exceed
the mpumber of classification tracks. Departures from this rule are however
not upcommon, end if it ever happens that cars of g1l these classifications
are present at the same time, then exira swvitching is called for.
Destination, contents, type and condition of & car are the most common
bases of ite classification. Thus among the clasgifications used by the

Southern Pacific's Taylor Yard at Los Angeles we find:

frack 2 Fresno to end including Planehaven

3 Edison to but not including Fresnc

4 San Pedro -- Los Angeles Earbor

T King City to but not including San Jose

8 San Luis Obispo to but not imcluding King City

Q Colton to but not including Indio

10 All points Roseville and beyond including Ogden

12 Welghers

20 Commodity cars to clean

21 3g9th St. tc and including Firestone Park
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Track 22 Ropty gopdoles, etc.
24 Dirty reefers
25 Santa Fe R.R.
26 Union Pacific R.R.
38 Icers
39 Bad order empties

Henceforth we refar to the list of classifications as the grouping
olicy, to signify that cars in a given classification are to be grouped

in outbound trains.

T.4.3 Make-lp

The third policy question refers to the make-up of trains. let us
ideptify each outbound train by some code name, such as "Wo. 97", etc., and
let us suppose that we know its time of departure. Then, calling the stiring
of cars standing on eny one classification track & group, we ask what groups
are to go into any given train. If traffic conditions vary from day to day,
then the exact number of cars in any one group at any particular moment will
not be known in advence. The total of cars in the groups designated to be
made up into "No. 97" mey therefore be sometimes more than the train can
haul; at other times the number may be 80 small as to render the movement
of this train quite unprofitable. Although these matters somewhat encroach
upon the discussion of later chapters. their mention 18 necessary bere, be-
cause the make-up policy described above does not, as it stsnds, facilitate
consideration of train length. One way of evciding this difficulty is to
define the make-up policy to be a set of pumbered lists, esch one of which
ranks the groups that are tc go into some outbound traein. Bach list is to
be interpreted &8 an assigmment of priorities to the groups of cars on differ-

ent classification tracks. An outbound irain will be filled by first taking
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the group at the head of that train's meke-up liet, next the group second

in the list, and 80 on until the length of trein thought in the circumstances

to be best has been reasched.

7.4 Scheduling

Before saying any more about meke-up, let us go on to the fourth and
last policy guestion we shall examine. This pertains to the scheduling of

outbound trains. The scheduling policy for a yard may consist simply of a

1ist of traims with a departure time and destination for each, or it may be
somevhat more complicated. If the make-up policy is not of the priority-list
type then the scheduling must be of & somewhat different form in order to
avoid the train-length troubles mentioned earlier. BSuppose train *No. 97"
is to be made up of groups A, B, and C; all of the cars in these three
graaps are to go in "No. §7", and no other cars are to be allowed 1in the
same train. If traffic in these groups is quite varisble from day to day,
g0 that at 10 A.M., say, on cne day there are 200 cars for "No. 97" end onm
apother day cnly 25, then the schedule for "No. G7" must take one of the
following fonms::/

"No. 97 will depart when (say) 100 cars are available",

or perhaps

"No. 97 will depert at 10 AM if at least 100 cars are available at that time,

"1l oA 1 " B0 " " " " "
"12 A i " " 6o " " " " "
“ 1 PM if " " o o' " " " "
" 2PM if " " e2c " " " " "

A

2

»

¥

The corresponding rules in actual practice will not of c.urse be capable
of such simple representation. It is felt hoWever that the scheduling rules

presented bere dc take into account the more importart considerations upon which

practical éecisions on this matter are maede.
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This lest rule lends itself very ccoveniently ic a graphical representation.
The curve DD' 4n Figure b represents this rule. with the addition that
points of time intermediate between 10 AM and 11 AM, for example, &re also
assigned numbers of cars between 100 end 80, ete. The curve EE', representing
the availability experience of cne particular dsy, shows how may cars of
groups A, B, and C, teken together, have accumulated on the clessification
tracks st any one time. On this day, according to the scheduling rule, "No. 97"
will depart at about 11:50 AM with about 64 cars, these figures being the

coordinates of the intersection of curves EE' and DD'.

No. of A,E.C
Cers Availeble

]
lOO%-"'---'—*—‘—D\
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'g !
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Figure 4. The Graph of & Departure Schedule
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The important point in this discussion is not why the curve DD' should
have such & slope, but only that it is possible to insure ageinst atsurdly long
trains (by making the schedule of departure times dependent on the numbers of
cars of the proper kinds which have acoumulated), and et the same time not
completely abandon the timetable type of scheduling. Notice in Figure U4 that
if the curve DD' wvere vertical we should have & pure timctable ‘schedule;
if DD' were horizontal we should have what might be called a "leave when
filled” type of scheduling. The curve as drawn represents a echeduling policy
for "No. 97" which is intermediate between these two extremes. It must be
emphasized of course that a schedule can be represented sensibly by a curve
only when the make-up policy for the trainm specifies certain groups of cars
all of which must go on the trein. The make-up policy that assigns priorities
to different groups is pot of this kind. Mske-up apd scheduling policies which
represent mixtures of the two variants we have described are conceivable and
probably can be found in practice, but we shall not attempt to discuss them.

Of the four componenis of classificetion policy discussed, we shall be
concerned mainly with the last three: grouping, make-up,and scheduling.
Briefly, these tell us, respectively, what cars go into what groupe, what

groups go into what trains, and when each train departs.

7.5 Some Examplés}

To.return to Coughlin's description of early railroeding practices, we
can now restate in cur nev terminology the classification policy used there.
In Figure 5, let the points denoted by capitel letters be what Coughlin rérers
to as terminals; at each, we shall assume, there exists a classification yard.

Let the points denocted by lower case letters be local stations. At Yard A

the grouping will be
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Figure 5. Classifications in a Rail Retwvork

Cars for =, &', a"

All other cars.
At Yard B the grouping will be

Cars for b, b', d"

Cars for D and beyond

Cars for ¢, ¢', ¢”

Cars for C eand beyond
The make-up ip both cases is particularly simple. Bach outbound train will
consist of one group only, locel trains from A carrying only the single
group (s, a', a"] and through trains earrying only the single group [all
otber cars].

At B, one local train will be @ispatched with the single group {b, ©',b"],

enother local with the grcuwp [e, ef, e"], a throﬁsh train with the group

D and beyond). and ancther through train with the group [C and beyond).
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Nothing explicit was said in the example a®out scheduling.
Another example is provided by a scheme proposed by M. L. Byers in
1908.E/ Interesting in itself, it fits in here ag the plan next in order
of simplicity to the one described by Coughlin. 8ince we shall have occasion
to refer to Byers' plan again in Chapter § we shall quote it at length. The
reader should be avare that Byers uses the word "eut® where we have used

"group™; we shall reserve the former term for a scmevhat different use. The

plan is as follows:

1. Normally, each yard will classify through trains inte two cuts
each, viz.:

(a) Cars for the first yard in advance, including cars for
points between the first and second advance yards and
which consequently, are not handled in through trains
beyond the first advance yard.

(b) ALl other cers

D'

Figure 6. Showing Locations of Yards

Exarple. -- Yard A (Figure 6) will make up through train for yard B
wvith ell cars for Yard B (including local cars for points between

B and C exclusive) in one cut, and all cars for Yard C and beyond
in a gecond cut.

Yard B will receive this train, remove the first cul and
classify the second cut into:

4/  Byers {1908, pp. 539-5k0].
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Al' Cars for Yard D and locel beyond D;

A?' Cars for Yard E and beyond.
It will edd any cars held in the yard for these destinstions to
these cuts, and the train is then resdy to proceed to Yard D.
In like manner, it will classify other cars of the second cut inte:

Bl. Cars for Yard D' and local beyond D';

Ba. Cars for Yard E' and beyond.
It will add any cars held in the yard for these destloations and
the branch trein is then ready to proceed. Then, at 1its leisure,
1t will dispose cof the cut set off and switch the cars into the
locals, or to points in the yard as the destipations of the cars
may indicate.
2. If any yard, after performing the normsl vork above iﬁdicated,
has available yard-engine time before the departure time of the
through traeinm, it will perform such of the work of the next succeed-
ing yard as may be done without delay or increased cost.
Example. -- Yard A, having completed its work in time to do further
gvitching on the through train for B, will separate the second cut
(for points beyond C) into:

A. -~ Cars for yard D and beyond;

B. -- Cars for yard D' and beyond.

If further time is available, it will separste cut A into
cuts A1 and AE’ and cut B into cuts B, and 52’ before mentioned,
thus reducing the delay at Yard C.

i

In spite of the cmissions with respect to the disposition cf cers bound
for C snd local points beyond C, the general principle of classification
is clear. If we 1ist, one on & line, the groups formed et & yard, end if
we use brackets to indicate the groups thel are made up together 1lnto trains,

then Eyers' policies for the various yards car be written as follows: k



[
For A “loeal beyond A
\

B and local beyond B
10 and beyond
Y

For 32/ 1local beyond B

T and local beyond C
'ID and beyond

}
)
}
| )
e
1

}

}lccal between C and D°

It

D and local beyond D

<LE end beyond

D' end locsl dbeyond D'

13' and beyond
et cetera.
If a yard has spare time at its disposal its policy is, according to Byers,
to be modified. The first such modification for Yard A is described as

follows:

{local beyond K }
B and local beyond B
€ and local beycnd C

D and beyond
D' and beyond

The second modification, to be carried out if A still has time available,

ias:

5/ We have altered the grouping at B 80 &8 both to bring in the C traffic

wniclh Byers inadvertently omitted, and at the same time make B's policy
conform to the principle implied. The C traffic could of course equally well

have been put on the third train.
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1_ocal beyond A
B and local beyond B
C and local beyond C
D and local beyond D
E end beyond
D' and local beyond D*
E' eand beyond

et cetera.

Both of the above examples are of course extremely simple ones. The
cl#ssitication policies in actual use today are much more complicated.
While each yard's policy is still quite capsble of being expressed in our
terminology, it is true that the policies of a system of yerds cannot be
easily expressed in & general form as we have done with the plan of Byers.
Indeed, there is little reason to expect such a uniform pattern of policies.

For an example of a system of policies the reader is referred to the Baltimore

J

and Ohio's Working Book Ko. li,: vhich Gevctes & page to the grouping, make-up,

end scheduling of each train,

. Beltimore and Ohio Railroad Company [1951).
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Chapter B 8.1~

A Bingle Classification Yard

In this chapter we shall attempt to give some more precise meaning to
the concept of the "work"™ involved in classification operations. PFor the
moment we shall confine our discussion to the workings of a single yerd in
isolation; we shall ask how costs at this yard depend on the yerd's physicel
facilities, on the characteristics of the traffic handled, and on the classi-
fication policy. Cost will be thought of as being made up of two components,
popey cost and time cost, vhere the latter represents the delsys suffered by
cars and freight in undergoing the classificetion process. Most of the de-
scription will be of a qualitative rather than quantitative nature; that is
to say, we ehall ususlly have to be satisfied in knowing whether costs go up
or go down with certain changes in yard facilities, traffic, or policy. The
exact extent of these changes, except in a few cases, must remain & sudbject
for further inquiry. It should also be emphasized that the relationships we
shall describe are tentative ones, open to criticism and perhaps refutation
by subsequent studies of a similar nature. While it 1s felt that most railroed
men would be ip sgreement with each ocne of the cost relationships taken singly;
many different opinions can undoubtedly be found on the relative importance of
each.

To begin with it is convenient to break down yard costs into three cate-
gories ~- the cost of handling, the cost of accumulation, and the cost of
congestion. Under the title handling are included all those yard operations
having to do with the movement and servicing of.cars in the yard. Handling
costs will obviously contain both money ccsts, in the form of switch-engine

and lsbor costs, and time costs corresponding to the pericds of time necessary



to carry out the classificetion operations. Accumulation and gongestion

costs are compcsed entirely of time costs. The first of these, vhich wve
shall usually refer to as sccumulation deley, pertains to the delay suffered
by a car in weiting either for its scheduled departure or for a train length
of the "right" kind of traffic to accumulete in the yard. What kind of
traffic 18 "right" and whet the train lemgth shall be will of course be
specified by the make-up and scheduling policies of the yard. The reason
for the name we have given to this element of delay is clear in the case
vhere the scheduling policy 1s of the "leave-when-filled" type but not so
clear when it is of the timetable type. As soon, however, as we realize
that one of the ruling considerations in the selection of a particular time-
table is the average train length to which it leads, then we see that the
deley involved in waiting for a timetable departure cen also be considered
a wvaiting for cars to accumulete.

Congestion delays refer to the periods during which s car zust stand
jdle as it weits to be serviced because the handling of cars serviced ahead
of it 18 not yet finished. It should be pointed out that this definition
excludes some delaye that are alsé caused by congestion, such as those brought
about by a possible slowing down of handling operations in times of heavy
traffic. These latter delays (if they exist) would in our terminology still
be classed as handling costis.

We shall now enter into a more detailed discussion of each of these

costs.
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8.1 Randling Cost

It is perhaps simplest first tc discuss hapdling cost entirely in terms

of its time-ccst comiponent. We shall usually find in fact that both the

time- and the money-cost components respond in the same vay to changes in
yerd facilities, policy, and traffic. On the important question of the
degree to vwhich, under different circumstences, the two types of cost nie
substitutable, something will be said at a later point.

*  Folloving the dilcussion of yard operations in the preceding chapter
we shall consider eeparately the delsys arising in each of the several handling

operations -- receiving, sorting, and make-up.

8.1.1 1In the Receiving Operation

If, in the receiving operation, an incoming train is broken up into two
or more pieces to be stored on the receiving tracks, the delays involved are
probably greater than vhen the whole train is treated in a single section.
M.re important st this point of the operation are the delays brought about
by the inspection process. It vas stated earlier that the condition of &
car was one of the ciassification criteriae. The inspection of cers to deter-
mine their condition must therefore precede this sorting cperaticn. If a
car's need of immediate repair is only discovered efter it has been sorted,
extra switching vill be necessary to remove it fraa the group with which it
has been placed. Such switching will very likely have to be performed at a
part of the yard designed for other work. Unless this work can be done at a
slack period, the result is delay, not only to the car in question, but also
to the cars coupled to this bad-order car. The inspection therefore is usually

carried out in the recejving yard.
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A small crew of men goes through & routine checklist imspection of
ench car in tbe train. The list includes such things &s couplings, journals,
and brekes, and is quite often very detailed. The time needed tc finisgh the
inspection of & train depends partly of its length, of course, but it also
may depend on the pumber of mes aveilable for imspection at any one woment .
Large classification yards have as many as 100 men, divided among three
gshifts, who devote full time to inspection. This means that during. slack
periods the process can be considerably speeded up. 1In order that the reader
might have some ides of the length cf this inspection period, ve have ploited
in Pigure 1 inspection times (vertical axis) against train lengths (horizontal
axis) for one particular day's traffic through a large classification yard.
The preponderance of short "train” lengths is explained vhen it is recalled
that quite often sections of a train are treated separately. While the scatter
of the points in Figure 1 ie lerge, perhaps reflecting varietion in the size
of the inspection crew, there does seem to be some indication that, on the
avergsge, the time required £o imspect a train increases with train length.
If inspection time per car is, on the average, 2 constant independent of train
length, as seems most likely, it is still true that the ingpection delays in-
curred by cars vill depend on the lengths of the trains (or sections of trains)
in which they are stored in the receivirg tracks. This 18 s0o becsuse no single
cer can be moved until the inspection of the whole string of cars tc vwhich 1t
is coupled has been comﬁlet;a. This is perhaps a roundabout way of stating
that the inspection delay atteches to the train (or section of train) rather
than to the car. However, since the trein loses its identity in the sorting
process (its cers may end up in several other trains), ve prefer to use the

car rather than the train As our base.
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Clearly then the average inspection delay suffered by cars will vary
vith yerd facilities and with receiving policy. The shorter the sections
into which incoming trains are broken up the less will be the average in-
spection delay of & car. Such savings are offset however by the fact,
previocusly mentioned, that & traio is more quickly moved in end out of the
receiving trecks when it ie handled in fewer sections. While the guestion
of hov receiving delays are affected by receiving policy is an interesting

one, we shall not pursue it further here.

8.1.2 In the Sorting Operation

The hendling delays arising in the sortingl/Operation are of special
interest to us because it is here that the possibility of shifting work from
one yard to another 1sincat in evidence. According to the means by which

{fi they carry out the sorting procedure we shall distinguish two main types
of classification yards -- the flat vard and the hump yard. In order to
explain the difference, the diagram of the classification treck pattern will
be slightly elaborated for the two cases.

In Pigure 2 we see a typical pattern of classifiéation tracks for & flat

* yard together with the leads to end from these trecks. To sort a train of
cars & switch engine pushes the train in along the entering "lead track” from
the receiving yard. From a previously prepared "switch 1ist™ the members of
the switching crew know into which classificetion track each car is to go.
Cyut 1s the neme given to each of the parts into which a train is cut up in

the scrting operation; thus & cut is & group of guccessive cars bound for

" 1/  To describe the operstion of svitching cars into the classificatlon
tracks the term "sorting” ie used rather than the more commonly used "clasei-
fication” in crder to avcid confusion with the whole yard operastion, for which
the latter term is reserved.
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Figure 2. A Typical Classificetion-Track Pattern for e
Flat Yard

the same classsification track. The switch list therefore defines the cuts
to be made. Let us say that the first two cars of the train are to go into
Track %; cars 1 and 2, that is to say, constitute the first cut. As the
string of cars moves toward the switch leading into Track & one mas pulls
the pin that locks the coupling between the second and third car. A svitch-
men throws the switch so as to direct the pair of cers intc Track 4, and
the engineman brakes the train sharply, thus "kicking" this cut into the
proper track. These two cars roll down Track b unti] they lose momentum,
couple with other cars alreedy stand.ng there, or in some caSec are

stopped by & brekeman cn the cars. Meanwhile the switchman restores the
switch to Treck 4 and sets the switch for the treck appropriate to the next
car or cars. The pin-puller separates this next "cut" of cars, and the

engipe brakes agein, and so it continpues.
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An experienced crew can perform this cperation much more smoothly than
it can be described. One who has never watched it would suppose tbat, after
each kick, the engine would have to back up with its string of remaining
cars to repeat the process. However this is by no means always the case.
Quite often several cuts can be kicked ipto their appropriate classification
tracke without ever completely halting the forward progress of the engine.
The only requirement is that there be sufficient space between the cﬁts to
ensble the switchmen to reach and operate the proper switches. Suppose three
succesaive cuts are destined for Tracks 6, 7 and 4 respectively (Pigure 2).
The second cut must be far enough behind the first to give the switchmen time
to restore the switeh to Track 6 after the first cut has passed over it and
then set the Track 7 switch if he has not already done so. He must thén be
sble to reach the Track 4 switeh before the third cut doms. Unless the train
ie very short, backing up will often be necessary, for the string of cars
will eventually have passed beyond the turnouts for classification tracks

4111 to be used.
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In Figure 3 & typical classification-track pattern of a hump (or

grevity) yard is shown. It will be noticed that the right-hand half of

the diegram is no different from that for a flat yard. The essential dif-
ference between the two types of yard is to be found io the “hump ", the
crest of vhich is indicaeted in Figure 3> by the dctted line. The track from
the receiving yard slopes gradually up the left gide of this hump, end drops
otf rather sharply on the right side. The downslope contimies through the
switches A, B, C, etc., and, almost imperceptibly, well into the body of
clasgification trscks. The crest of the hump is usually 12 to 20 feet above
the level. The grade of the tracks varies from as much es 4 percent just

beyond the hump to about 0.2 percent in the classification tracks.g/

In sorting, or in this case "bumping”, & train, the swiich engine pushes
it up the left-hand side of tbe hump at about walking speed. Just before a

cut of cars passes the hump a pin-puller unlocks the coupling belween this

~cut and the following one. A8 soon, then, as the cut is pushed cver the hump

it breaks away from the rest of the train and sterts rolling down the sharp
grade toward the switch A in Figure 3. The switches A, B, and E are set 8o

o to dipeet this Tirst cut inte, let ue say, Track 4. Meanwhile thc

o

eng ine continues pushing the traln up the huan, &2 tnant perhap: el the
moaent the fired out ls movins through aviten E, the coecond cut s elready

pissing over switer C, and the thirc over ewiten A. Tt iz not at all un-

uzuil to sce three or four cubs relling down from the huwMs simultanecously
(czcr, of course, & littlc bohind its predecucser), for the wicle operation
1e o ovory repld wndé continuoulL ono. Brccpt for uwnuszuzl ovents, such as

. - ' - - 4 Pl ‘ - - s
Jeomicd counlings Qr cars regl.rong spec.ol handl.ng, the movement = the

sreir over the hwro tates olaco at An £imost concTnat spoed.

2/ Aperican Railwsy Engineering Association [1952, p. 201].
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In the earliiest hump yards the switches were thrown manually, as ip
a flat yard, and the cars vere breked s they rolled off the hump and into
the clessification tracks by men celled "riders", who rode the cars and
operated the hand brekes. Today most hump yards are equipped with elec-
trically controlled svitches, operated from desks in coatrol towers that
give their operators a good view of car movements. Braking is also auto~
mstically opereted from control towere by means of electrically or poneumat-
ically powered "car retarders”. These retarders consist of cast-iron shoes,
one on each side of each treck, which can be made to pinch the vheels of
cars a& they pass over. In most yards & skilled cperator, having information
on the weight of a cut of cars and the ¢lassification track it is headed for,
epplies just enough pressure with the retarders tc slow the cut to a speed
that will bring about a gentle coupling with the cars already standing on
that clasgification track. There are ugually several retarders; in Figure 3
there would probebly be one between the hump and switch A, another between
gwitches A and B, another betwesen B and D, and others between successive
points. In some modern yerds, retarders csn be set to apply sutomaticelly
according to the speed and acceleration of the approaching cut.

In diééﬁésihgmggg'inspection process we assumad quite realistically,
that the inspection pericd of a car was not finished until the vhole train
or secticn of train to vhich it was coupled had also been inspected. We
shall make exactly the same assumptjion with respect to the sorting process.
That is to say, we shall suppose for simplicity that nothing further can be
done with any single car until the whole string of cars contalning it has
been sorted. Our first concern therefore is with the time necessary to sort

& train. Once wve have this informstion we can return to the question of the

averege delsy suffered by a single car.
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In both flat yards snd bump yerds we should expect sorting time to
increase with the lepgth of the train being sorted. This is borne out for
the case of a hump yard by the observations plotted in Figure &, where the
vertical axis measures the time used to sort a train, and the horizontal
axis measures the train length. Each point represents a single train or
section of train. The scatter of the points cannot be ignored, but it is
clear that train length has an important effect.

From the description it is quite obvious that, at least for a flat
yard, the number of cuts in the train must als¢ play an important part in
determining the sorting time. JIn flat switching, the mmber of times the
engine will have to back up will slmost certainly be higher if the pumber
of cuts is high. In bump sorting the influence of the number of cuts is
less cbvious and not nearly as great. Nevertheless the number of cuts haa
e significant effect. In Figure 5 we have plotted sorting time per car
sgainst cute per car for the same set of observations as were plotted in
Figure 4. Because the relationship is not cbviocus in this cese,-and because
it seems quite ressonable that cute might have nc appreciable effect con sorting
time ip a hump yard, we have computed the regression of "uinutes per car in
sorting” on "cuts per car"™ and "length of train”. The resulting equation
is

= 094249 4+ .201214 £ 4+ 001306 =n ,
(.06662)  (.08k07) B (.0002811)

B |

(8.1)

wvhere t 1e the time used in scrting & traln, n 1is the length of the

train in cars, c¢ 1is the number of cuts intc vhich the train is separated

in the sorting process, and the figurea in the parentheses are the standard

errors of the coefficients above them. Bince there wvere 108 observations,
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it is seen thet all coefficients but the cons£ant term are significantly
different from zero. The equation is plotted in Figure 5 for n =0 and
p = 100. Sorting time per car for traip lengths interzediste between zero
snd 100 can be found by linear interpolation if the cuts per-car varisble
is taken to be fixed.

Multiplying through by n the equation (6.1) can be put in the form

(8.2) t = [.0042k9 + .20121h4 %] n + .001306 n?

which is plotted in Figure k for % =1 eand % = .5. It gust be emphasized
at this point that the figure, "sorting time per car”, used in Figure 5, i8
n;t the seme thing as the sorting delay of s car, vhich, as we have said
before is equivalent to the sorting time of the vhole train.

Unfortunately we do not have statistics on flat-yerd operation that
would tell us how sorting time depends on cuts per car. It ias clear howesver
from more casual observetion than thet underlying Pigure 5, and from the
statements of railrosd men, that, for & flat yard, the lines corresponding
to those jn Figure 5 would have a much sharper slope upward. This difference
in the effect of the number of cuts per car is, in fact, the essentisl differ-
ence between a flat yerd and a hump yerd. The latter is such better equipped
to handle sorting when the number of cuts per car 1s‘high.

what makes this relstionship interesting is the fact that the variable,
cuts per'car, is almost completely a matter of policy. In order to concentrate
our attention on this effect of cuts alone, let us simplify the discussion
by supposing that the lengths of trains as they are sorted are fixed. This
peed not mean that &ll trains are of the same length, but.only thet from day

to day, let us suppose, the same pattern of treain lengths keeps repeating
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itself, so that, for instance, the twelfth train through the yard each

day is alwvays sorted in two sections of about 50 cars each. We can now
examipe the effect of grouping policy on sorting time through its influence
on the pumber of cuts per car.

Other things equal, the pumber of cuts per car will be high if the list
of classifications which constitutes the yard's grouping policy has many
entries. Om ﬁhe other hand, cuts per car will be low if the grouping peolicy
1ists only two or three classifications. Any yard therefore, which wishes
to minimize sorting delays incurred in it will maintain as coarse a clessi-
fication system as possible; local traffic will be scried into one group,
and traffic for the next terminal &nd beyond will be sorted into ancther
-- nothing more. The minimization of sorting delays at each yard does not
at first glance appear to be a foclish aim, and probably goes far toward

{ 5 explaining the early classification prectices described by Coughlin.él

Bven aside from the fact however, that scriing deley is only one part of

total delay, the minimization of sorting delay at each yard indivicually

ig not a wize goal. For it may be possible by way of a judicious cholce

of grouping policies at the various yards of a system to decrease the delay
consideratly at one yard by increasing the delay to m lesser degree at another;
the sggregate result is then better than that achieved by individual minimiza-
tion. The way this can teke place is &s follows.

We have described hov the grouping policy influances the pumber cf cuts
per car, and how the latter in turn affects the sorting time differently in
a flat yard and a bump yard. The third influence on sorting time coperates,
like grouping policy, through its effect on cute per car. This is the char-

ecter of the incoming traffic with respect to the ordering of cars in trains.

3/ Quoted in Section 7.2.
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To the extent to which cars in incaming trains are alresdy grouped, the

pumber cof cute per car will be less and the time consumed in the sorting
operation will b; diminished. If the preceding yard has exactly the same
grouping policy, then in any single train not more than one cut will go into
any classification track; cuts per car will have been reduced es far a8 possible
by tbis meens. If no grouping bas been done by the previous yard (if, that
is to say, it puts all traffic into one group) then cuts per car will, on

thé average, be very high. There will usually still remain some two- and
three-car cuts, for no matter how mixed up & train may be, a chance remains
that similarly destined cars will be found next to one another in a train.
Meny-carload shipments will also prevent the mmber of cuts per car from
attaining the level 1.0. To this interesting problem of just how the group-
ing policy at a preceding yard Influencez cuts per car we shall return in

o Chapter 10, where an attempt will be msde to take these chance variations
into account by means of an explicit mathemstical treatment.

At this point we only wish to emphasize that since cuts per car have
little effect on sorting delay in a hump yard it becomes, as far as the
sorting delays at this yard alone are concerned, almost a mstter of indif-
ference how fipe the grouping policy is and how mixed up the treins are as
they enter the yard. On the other hand, in a flat yard each additionsl clessi-
fication in the grouping policy adds noticeably to sorting delays, and whether
or not a train has been already grouped to some extent at a previous yard is

a matter of considerable importance.

L
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8.1.3 In the Make-up Operation

The third type of handiing delay we shall consider is that arising in
the make-up operation. The make-up policy as described in the previous
chapter specifies which of the classification tracks are to be "pulled™ in
order to assemble any particular outbound train. Suppose that the cars on
Tracks 1, 3, 7, and 1k are tc be made up into a train. While there are
gevaral different vays of doing this it is perhaps aiemplest to imagine the
switch engine entering Track 1 from the departure end of the classification
tracks, coupling on toc the group of cars in Trsck 1, and pulling these cut
onto the ladder track which connects the classification tracks at this end
of the yard. This string of cars is then pushed into Track 3 and a coupling
is made with the stiring of cars standing there. This in and cut movement
is continued to pick up the groups in Tracks T and 1k, and finally the train
as & whole is moved off to a departure track. In large yarda‘there ray be
several departure tracks side by side forming another subyard much like the
receiving subyard.

In a well designed yard it is quite possible that more than one train
can be mede up at a time. For this to be the case there must be more than
one lead track to the departure end cof the classification tracks and the
groups to be mede up into separate trains must be so located on the clasai-
fication tracks as to permit carrying on the two operatiocns without inter-
ference.

The time consumed in making up a train depends for the most pari ono the
number cf groups that go into the train, since each group calls for & movement
in and out of a classification track on the part of the switch engine., If the
pumber cf cars in & group has sn influence on the time necessary to pull this

group out of its classification track, then perhaps meke-up time 13 best
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expressed as a function of number of groups and length of train. Notice
thaet this lsst relationship is formally identical tc the one we have proposed
for delay inthe sorting operation. Tnis shouid not, of course, surprise us
for meke-up is very much like the flat-yard sorting operation in reverse, with
the djifference thet it csnnot be performed quite as smocthly. Cuts have been
replaced by groups in the reiationship; there will usually be only a few groups,
but the influence of this number on'make-up delay will probably be relatively
greater than the influence of the number of cuts on scrting delay, because
each group calls for & push-pull action which even in flat-yard sorting was
quite often avoldable.

Jugt &s cuts per car was in great pexrt determined by grouping poliicy,

s0 the mumber of groups in a trelo (or perhaps better groups per car, if

train length by itself proves to have an important effect) is in great part

determined by make-up policy.

8.2 Congestion Cost

From the foregoing discussion and the data that have been presented, one
might suppose that there is little reascn for the average car to spend more
than sbout three hours in eny one classification yard. This would ellow one
hour for inspection (Figure 1), one hour for sortiAé (Figure 4), end one hour
for make-up. Not all yards, it is true, are like the one for which we have
presented data, but it is probably not unrepresentative of a large class of
rump yards. Inm Table I are presented some daily averages of the time spent
by some cars in undergoing ciassificetion at this yard.

The table presents a rather worse picture then it might have, for per-
ighable traffic, which has highest priority in going through the ysrd, has

unfortunately been omitted in calculation of the averages. GCranted, however,
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Teble 1
* _Some Daily Averazes of Delays to Non-Priority
Traffic in a Classificatiop Yard (Hours)
Northbound Traffic Bouthbound Traffic

Average Time Averaze Time Average Time Average Time
From Arrival To From Arrival From Arrival To From Arrival
End of Sorting To Departure End of Berting To Departure

June 2 5.88 17.63 2.98 10.42

3 6.67 18.73 k.22 11.80

N 6.20 17.73 k.30 12.65

5 5.37 16.65 k.60 11..48

6 5.23 15.83 5.08 11.70

7 6.62 18.90 5.65 12.67

8 6.75 17.35 k.32 - 12.53

9 6.80 18.43 b,.33 13.68

= 10 6.33 17.68 5.h0 12.88

St 11 b.82 17.57 4.37 12.07 -

12 5.18 1k.93 5.43 12,18

13 4,60 18.35 5.00 12,10

1k 6.22 17.25 4,20 11.7%

15 7.8 18.68 L.58 11.95

that Table 1 describes only the delays to slow traffic, it is 8till clear

that 8 great part of the total delay suffered by a car in the process of
classification remains to be explained. At this point it would be naive

{ndeed to assume that the difference between the three or four "explained”
hours and the fifteen hours, say, of Table I, represented waste or inefficiency
on the part of rajlroad management. The remainder of this delay falls into
categories we have called congestion delay and accumulaticn delay. Ve shall

E?? first say & few words about congestion deley and its deterninants.
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If every train took exactly one hour to imspect and one hour to sort,
the aversge time from srrivel to the end of scrting would still be greater
than two hours, unless no train ever arrived until the inspection of the

train preceding it had been completed. Where & yard heas only one main track

leading into it, there is some reason to expect incoming trains to be spaced

out ip this manner, for the capacity of the msin-line track is limited, and

the previous yard is pot likely to make up and dispatch trains in very close
succession. In large yards however, incoming trains will quite often enter
from seversl directions. Bunched arrivals will not be uncommon, vith the
result that cars will often be forced to stand idle in the receiving yard
vhile another train is being inspected. We shall call the time spent in
such "weiting lines" or "queues" a congestion delay. Buch delays are also
caused by fluétuations in the lengths of inspection and sorting times.

Table Il presents & record of the inspectlian and sorting opersations
for part of one particular day. The arrival time of each trein is given,
along with the beginning and end of the inspection period, and the beginning
and end of the sorting period. The numbers in the first column simply denote
first train, secopd train, section a, secticn b, etc., woile the third column
shows the lengths in cars of the sections into which each train is broken up
for handling purposes. The fourth column, "Paper work', indicates the time
at which the switch lists are completed. Sorting cannot begin uptil both

the inspection and the papervork are finished.
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A Record of the Trains Classified Between Midnight

end Neon an Merch 15, 193, in a large Eump Yard

Table II.

Train Arrival Cars
1 5:50 PM 22
2 5:00 PM 2k
3 5:55 P19
) T:20 PM 53
2 G:25 PM 21
6 10:00 PM 112
Ta 11:05 PM 28
b 112
Ba 11:30 M 60
b &
¢ 46
Ga 12:10 AM 39
b 4o
c 29
10e 1:00 AM 35
b %8
c hg
lia 3:50 AM 10
b 118
12 5:41 AM k5
13 5:50 AM 76

Ipspection

6:40-7:10
5:55-7:10

T:10-T:50
8:00-9:35

10:00-11:10

10:35-3:30

l.kﬁ 2:20
-5t

'
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g8 23
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¥ 9
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Pape: :grk Classification

3:28-5:35 MM

6:30 PM  12:32-12:38 AN

T:05 PM k:27-4333 AM

8:25 PM 3:40-3:55 AN

10:35 PN 3:10-3:22 AM
11:55 PX h:h2-5:35 AN
11:35 P 6:17-6:25 MM
2:40 AM 6:34-7:25 AM

1257 M Liesliok MM
12:57 AM B:22-8:k0 MM
1:07 AM i: 25 1:k2 AN

l:ho AM 2 08 2 17 A

2:00 AM 2:26-2:40 AM

2:10 AM  2:50-3:03 AN

2:55 AM 9:02-9:1T7 MM

h:00 AM  9:55-9:58  AM

5150 AM 9:58-10:52 AM

6:10 AM 9:25-g:k2 MM

6:30 AM  11:17-11:42 AM
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Hunting through the table one finds that at 12:20 AM, vhile 6, Ba, and
Ga are being inspected, six tresin sections are standing in the recelving
yard ewsiting inspection. These are Ta with 28 cars, Tb with 112 cars, &
vith & cars, Bc with 6 cars, Gb with &0 cars, apd ¢ with 29 cars -- 2 total
of 259 cars in the inspection queue. At 1:10 AM six train sections whose
inspection has been completed are waiting to be sorted: 1, 3, k, 5, 8b, and
Ge.with a total of 158 cars. The yerd is not elways this congested, but a
short study of Table II does indicate that queues usually form ahead of the
inspection and sorting operations, and that the resulting congestion delays

are fairly substeantial. One writer&/ has reported the following average

delays to trains for & opne-week period in a hump yard:

wWaiting for inspection 65 minutes
Inspection T1 v
Waiting for sorting 160 -
Sorting 25 "

In interpreting both these delays and those in Table II a word cof
caution is ip order. Strictly speaking, the time spent waiting im inspection
queues and sorting queues can gll be called congeation delay only if traffic
is pushed through these operations as fast as possible, given the wvorking
force of both lsbor end switch engines. If, however, the yard manager knows
that the cars in a certein imbound train are not scheduled to leave the yard
for say twelve hours, then he may very well put off the inspection or the
sorting of these cars for eight hours or 80, not simply because other traffic
is waiting but only becauss it makes no diffe}ence whether the work is done
pow or later. This difficulty of separating congestion delay and accumuletion

delpy makes the measurement of congestion delay rather difficult and may

b Crene [1953, p. 102].



sccount in part for the surprisingly large estimales quoted ebove, as well
as the congestion delays in Table II.

In most queuing lituationsif the average congestion delay increases
with the level of traffic. To test whether this is the case in 2 hump yard,
linear regressions of daily average time from arrival to and of sorting on
nusber of cars per dsy were computed for both nortbbound and southbound nom-

perighatle traffic through a large bhump yerd over a period of four weeks.

The resulté_fail to.teii-ﬁé_very muchs

(8.3) Nortbbound: 4 = 135 + .3ln
(.11)
(8.h) Southbound: 4 = 20k + .1lln
(.12)

where d = aversge time in minutes from srrival to end of sorting, n =
oumber of cars per day, and the mumbers in parentheses are the standard
errors of the coefficients of the n's. For the northbound traffic a sig-
nificant increase of average delay with number of cars was found; for the
southbound traffic the increase was nol gsignificant. The validity of these
calculations is of course seriously impeired by the cnission ¢of the perish-
able traffic, which, altbough.exact figures are not availsble, is known to
constitute quite a large portion of the totel traffic.

Policy choices will affect average congestion delay to the extent that
handling times both in inspection and sorting can by this means be maie more
regular. Such opportunities are probebly not very great. Equal in interest

to the effect of policy on average copgestion delay is the effect of recelving

5/ Cf. Sectien 1.2, especially Figures 8, 9, 10 at the end of that section.
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policy on the distribution of congestion delays to different clesses of
traffic. By assigning high priority in bhandling to ome class of trafric

the congestion delay of this class is reduced at the expense of the con-

'gestion delays suffered by all other traffic. Notice in Table IT that the

first sections of trains 5, 8, 9, and 10 are sorted before trains that
arrived earlier. The average delay is unchanged by such priority sssiguments;

only the distribution of the total is affected,

8.3 Accumulation Costs

When the sorting of a train has been completed, the cars that vere in
it are reaiy to be made up into new trains. In the case of the usual car
this make-up operation does not teke place immediately, with the result that
the car suffers another loss of time which we shall call an accumuletion
delay.

The pame is derived from the reason for this delay. Enough similerly
bound cars to achieve long-train economies must accumulate before an outbound
train can be assegbled. The decision as to how long the train 1s to-be, and
Just how similar the destinations of the cars must be, is implicitly expreszed
in the make-up and scheduling policies, which state, respectively, what groups
go intoc any particular outbound train and when the treio is to be made up.

If a whole treinlcoed of lov-density traffic is to be essendbled, the averege
accumuletion delay to the cars involved will be high; it will be lowv, on the
other hand, if a train carries all traffic bound in ite general direction.

Considerations as simple us these go far in explaining why traffic bound

~ from Kew York to Seattle is 'yarded” at several intermediste points instead

of being hauled in ome solld train from origin to destinstion without inter-

ruption.
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8peaking more precisely, we define the accumulation delay of e car
to be the sum of the periods during which the car 1n'vaiting for the arrival
or handiing (or both) of other cars with which it is to be dispatched.;j 1r
we essume that the ipnspection and sorting of cars proceeds as fast as possible,
given a certain working fcree, then the above definition is equivalent to the
statement that the accumulation delay of a car is the period of time between
the campletion of sorting of the train (or section of traim) in which it
arrived and the beginning of the make-up of the train in vhich it is %o depart.
With this assumption, the accumulatiom delay of & car becomes very nesrly the
same as the time the cer spends on & classification track.

The level of the mverage accumulation delay suffered by & particular
component of traffic will, for the most part, be determined by the make-up
and scheduling policies together with the level of flow gf that treffic com-
ponent. To make this clear let us suppose for a moment that the make-up and
scheduling policies are of the "leave-when-filled" type (Ficure 4)
rather than the timetable type. Kow let us look at the traffic specified by
the make-up policy to go out on one particuler train, No. o7 . If this
traffic flov is high, then the intervais between departures of "No. 97" will
be ghort and accumulation delay per car for this traffic will be low. If some
of this traffic departs on other trains as well s No. 97, the description
becomes more complicated, but our conclusion is unchanged. If the make-up
policy is altered so as to exclude some of this traffic from No. 97, and if
no other nev traffic enters the make-up of No. 97, then the accumiletion

delay per car for No. 97 is increased for it will take a longer time to accumu-

late a train load from this smaller traeffic flow. To find out what happens

.

db/ Only in the extreme case of dispatching ty timetable will this definition
of sccuzulation delsy become somewhat ambiguous; for this one particular case
ve can define accumulation delay as the waiting time to the beginning of the
make-up of the train in which the car is to depart.



to the sccumulation delay of the excluced traffic it is of course pecessary

to look &t more than one train at a time. If the scheduling policy is altered
80 that trains (with the same make-up as before) are dispatched more frequeatly,
then accumuistion delay is decreased.

The effects on accumulation delsy of simultaneous changes in make-up and
scheduling may sometimes cancel out. Thus 1f the make-up of some trains is
restricted but trains are scheduled mcre fregquently, accumulation dglays may
renain the same.

In the case of timetable scheduling, the average accumulation delsy per
car of each component of traffic is only saffected by meke-up end scheduling
and not by changes in the level of flow of that component, since a train's
departure does not depend on the time required to accumulate a train load.

In this case, as we shall see in Chapter 11, the influence of flov levels

acts through their effect on the totel of accumulation Aelays for all cars.

8.4 Sumpary

We shall now attempt to sum up in tebular form our discussibns of the
effect of yard facilities, traffic imput, and policy on the verious costs at
& singlie yard and on the traffic output from that yard.

Across the top of Table IIT are lieted the various factors influencing
costs apd output, and along the left margin are listed the various costs and
the output. For the sake cf campleteness we have alsc included line<haul
cost from this yerd to whatever yards the departing traffic goes. The phrase
in any one cell of the table is an attempt to describe very briefly the means
by vhich the item st the head of the column influences the item named in the
left margin of the row. Where the influence i8 negligible or indirect the

cell has Dbeen ! lacked out.
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Chapter 9

The Assignment of Classificatiocn Work in & System of Yards

9.1 The Selection of a Set of Policies That Minimizes Syetem Costs

We have seen that various characteristics of the incoming traffic play
a large part in the determination of both money and time costs at any single
clessification yard. Since many of these characteristics, such as the bunching
of trains, the lengths of trains, and the grouping of similarly bound cars are
importeatly iafluenced by the classification policies of esriier yerds, ié is
cleer that the coust &t any one yard is a functiion not only of its own policy,
but aisv of the pulicies at all those yards through which the traffic of the
yard in question has passed at earlier stages in its Journey.

Disgramatically, this cau;ai rejationship cen be represented as in Figure 1,
wbere the boxes represent classification yards, and the arrows represent policies,

costs, and the characteristics cf varisus traffic fiows. The arrows leading

. A's Pclicy F'as Policy C's Policy D's Poiicy
——— \\
revvrTrat B }'-a;;;“‘“* _\"1 1\ l >
- Cosgts Crats Cc;ts uosts
at A at B at = at D

Figure 1. Causal Relationships in & System of Yards
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intc a yard determine the arrows leading out. Thus C's costs and traffic

output are jointly cetermined hy C's policy end traffic input, and the
latter, being B's cutput, is in turn determined by B's policy and the
igput to B, etc. The arrangement depicted, four yards im line, could
eesily be extended to more complicated systems.

We see therefore that costs at different yards are ciosely related to
eacn other. A yard vhich adjusts its policy 80 as tu reduce ccets at a
yard farther down the line will usuaily find thet its cwn costs heve in-
creased in the process. 1 we assume the program of traffic (i.e., ﬁhe
traffic flows between various points of crigin and destination) handled by
a given system of yards to be fixed, then any selection of a set of policies
for the different yaris is equivalent to a perticular sssigmoment tc the yards
of the claséification work involved in handling this program.

{;i The problem of policy selecticn, therefore, smcunts 1o assigning this
work ip such s way that, ic some sense, the sum of cosis over the gsystem ie
mipimized. The system costs to be summed here must include, nct only the
cﬁsts at yards, but also line-haul costs, in order to bring into the problem
recognition of the fact that accumuletion delays are incurred tc gain the
bauling economies of long trains. The hauling operaticn involves time as
well as mcney ccsts, of course, but for purposes of simplicity we shall
ignore these time ccsts (by assuming them to be constant) on the grounds that
yard policy has little influence on them.

Strictly speeking, it is not, cof course, quite correct tu refer to the
proviem as one of simple minimizatiunL/since our e¢set cuncept, invelving
toth time and money cost, has more than one dimension. Indeed, if delays

to alfferent components of traffic are valued differently -- and very cften

1/ 1n the mathematician's language, the problem 1s cme of vector minimization.



they are in practice -- our cost concept becomes many dimensicnal. In
guch a case the seerch fur the "best” set of pclicies for the yards of a
system takes the following form. First those sssigmments (substituting this
shorter word for "sets of policies"”) must be found which have the characteristic
that if ancther assigment results in less of one kind of cost, it Ilnevitably
results in more of another. An assignment which meets this specification will
be called efficient. Thus one efficient assignment might result in fast service
through the system of yards to AB traffic, but slow service to CD traffic.
Since both assignments are efficient there can be po assignment which provides
the same fast service to AB traffic and the same fast service to CD traffic.
1n searchirgfor a best asgigoment we need not consider any inefficient assign-
ment because by definition there is always an efficient assigmment which is
less costly in all respects.

The next step is to select from among the set of efficient assignments
the cne (or ones) which most neariy reflects the valuaticne put on the various
time ccsts. The plural, valuationg, is used because of course equal time
losses to different components of traffic will noct in general be valued equally.
If we knew from the start how time was to be velued in terms of money, we
should not have had to break down costs into time cost and money cost; instead,
we could have treated time just as we have treated labor and fuel, in terms
of money cost. With such sdvance knowledge, the problem of policy selection
would simply have consisted in minimizing total money costs, and we should
not have needed to trouble ourselves with the intermediate gstep of searching
for efficient assignments. |

Froz the econcmic point of view, however, knowledge of the set of
efficient essignments and the varlous costs associsted with each is of

fundamental impcrtance. For the va.uestions of time eventually decided upon
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(perhaps only {mplicitly) will be influenced not only by the diverse demands
for speed on the part of shippers, but slso by the extent to which e change
from one efficient assignment to another emables a reduction of delay to
one compeonent of traffic at the expease of an increase of delsy to ancther,
or perhaps an incresse in money cost. This latter informetion is precisely
what we learn frum the set of efficient assignments and the costs corres-
ponding to each. The seme considerations apply, of course, to labor, fuel,
and other imputs, but since markets and prices exist for these commodities
we heve felt justified in suwming them up in money terms.
| In the rest of this chapter and in the pext two chspters we shall attempt
to explore the differences in costs between various assignments. In Chapter
10 we shall examine sssignments which differ only in grouping pelicies, in
Chepter 1l those which differ only in scheduling policies. Since it is not
jmmediately epparent that the work assigned to yards changes with changes in
scheduling, it should be recalled that, not only does scheduling influence
yard costs, directly, but 9150 that some schedules enable grouping and make-up
policies not consistent with ciher schedules. Only the direct infiuence
will be treated in Chapter 11. 1In this chepter we shall be concermed with
an exploratory.sud consequently rather generel, discussion of these differences.
In the next two chapters, simplifying assumptions are made which ensble more

rigorous discussions.

G.2 Two Extremes in Assimmments

One of the earliest writers to give some atienticn to the problem of
selecting the ciessification policies for a system of yards was M. L. Byers,
a Chief Engineer, Masintenance of Way, on the Missouri Pacific Railway. As

early as 1608, he pointed out, as other authors have since done, that generally
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speaking there are two exiremes saming pelicies:

"{1) Where no classification is made until the car has arrived at the
last yard which it enters, it being left to this yard to separate such cars
from those going tc the yards beyond.

"(2) Where each yard brings together all cers for the same deSuination
and then srranges the groups of cars in the train in the order in which the
yards follow."”

For converience we shall refer to these as the extreme deferment and
extreme acticipation methods. In evaluating the relstive virtues of these
two policies, he went on tc say that "The effect of [the anticipation] method
as compared with the [deferment method] 15 especially noticeable where the
raiiroad system contains one or more very large ¢ities, toward whieh traffic
gravitates from the other pcints on the system. The work of the outlying
yards is increased over that required of them by the [deferment] method, but
the work in each succeeding yard epproaching the final terminal is reduced,
owing to part of the work having been a.ready performed by the cutlying yard;
the total work performed by &ll of the yards is, however, considerably in-
creased by the [anticipation] method, and the sole excuse for its adoption
should be that the final yards are incapable of and cannot be made capable
of doing economically all of the classification work which would be thrown
upon them under a modification of the [deferment ] method of classirication."g/

Surprisiagly enough, the method cf enticipation, of which Eyers is 8o
critical, comes closer to describing present-day classification systems than
aoes his method of deferment. Indeed, one modern writer, describing the
classification policy of the Baltimore snd Ohio, states that, "The railrcad’'s

aim 15 to classify cars into destination blocks [i.e., groups] as compietely

2/  Byers, (1908, p. »38-339]-
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as pcecible near points ¢f crigin, so that blocks (and sometimes whole

trains) may te run without break-up through intermediate terminals to

destination.” 3/

G.% A Comparison of Assignments When the Scheduling Policies are Fixed

As a compromise between his two extremes, Byers recommended a method
we have already described in Section 7.5 fur the purpose Qf demonetrating
our policy terminology. At this point the reader 1s invited to turn back
to the descriptica of this compromise plam, which, in addition tc being of
ipterest inm its own right, is nctewcrthy for its uniqueness in the literature.
Except for the two extremes described above, 1t is the only explicit and
coampletely general propcsal of & set of policies fur a system of yards.

This plan, and especiamlly that part of it which deals with the work a
yaré is to do after ccmpleting its "normal” work, serves as & good latro-
duction to our discussion. A yard, according to Byers, should do sorting
work on a througn train gbove and beyond the nmormal amount specified by the
deferment poliey whenever it has avallable yard-eagioe time before the de-

parture of tne train. Whaile nothing explicit is said about the scheduling

‘poliey, it is clear frum this statement that "thrcugh” trains are dispetched

by timctsble, and that the particular time-table to be used has already

been selected. The pr.pcssl therefcre desls cnly with part of the problem \
of policy selection, and the assumpticn implicit in the discussion is that

the best selection of scheduling policies has been accompiished. It 1is true
that these policy suggestions have an interesting dynamic element which we

have so fer ignored. That the classification policy of a yard on a day of

heavy traffic should be different froum the policy on a day of light traffic

3f Coughlin {1952, p. 4]; italics ours.
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is & very plausible consideration, but one we have felt justified in over-
iooking until the easler case of & ccnstent policy has beern more fully ex®
plored. We shall theref:re assume thet traffic flows are gbout the same
from day to day, and proceed to examine Byere' suggestions under such con-
diticns. It might be objected that under these copditions no yard would
ever have any spare time ip which to io extre work, for the schedule of
trains would be tightened up tbroughout the system 8o as to eliminate the
spere time. Such a tightening-up procedure would reduce the system of pol-
icies to one very much iike ihe firet extrems method; no account vould be
téken of the supericrity, due to facilities or traffic, of one yard cver
another in the carrying out of clessificeticn work. We prefer to interpret
the plan literaily for the case of traffic flows that are fairly steble.
We shell assume that for some unspecifieé resson the scheduling policies,
i.e., the timetsbles, have been selected 50 as to leave 8ome spare time at
va}ious places ip the system. Since the spare time at any particuler yard
will, under these conditiocns, be constant, the amount of extra work this
yard capn do will be constant, and as a result its grouping and make-up
policies will be fixed.
. (Figure © of Chapter 7)
Let us suppose the schedules are arranged so as o allow yard A ,enough
spare time to carry out the first modified policy and the other yards no
spare time at all. Then, if the plan is & good one, two implications become
clear. The first is that the additional costsE/ {neurred at A in cerrying

out the exira work are more than cffset by the reduction in coste at B that

result from A's sharing B's work losd. The second implication of the

&/ We are purposely ignoring Byers' stipulation that the extre work much
not involve "increased cost', for additionel work will always give rise to

goge cost at the yarc that does the work. If we interpret his "cost" as
system cost toen of course his condition bezs the question of policy selection.
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plan is that the grouping of the through train at A, namely

E and local beycnd B
C end local beyond C
D and beyond
D' and beyond

3
is better, ip terms cf system costs, than some other grouplng that could
also be accomplished in the time allcwed by the schedule, for instance,

B

local beyond B

E' ani local beyond E'

Al. others .

As we gav in the last chapter, one of the most important influences of

a po.icy change on yard costs operated thr.ugh the varieble “euts per cer’.
Clesrly the mcdification of A's grouping poiicy increases cutls per car at
that point. At the same time the pumber of cute per car at E is reduced,
bvecause with the change in A's peolicy trains that previously arrived at
B in & ratbar scrembled fashicn are now grouped to a greater extent. Sorting
costs therefore increasse at A end decrease at B. Make-up costa will aleo
increase at A seince cnly two groups were put into the through train before
the change, while nmow four are. Woether on balance the costs to the system
go up or down depends on the sorting facilities at- A and BE. If A is &
bump yard, and B a flat yard, then we should have good grounds for belleving
that the policy modification is & good one, for we know that an incresse in
/

cuts per car at & hump yard only slightly increases costs, while & reduction

in the same variable for a flat yard lowers cosis considerably.

5/ The ipcrease in cuts per car et A will not in generel be the same &8
ihe reduction in cuts per car at B. This point will beccme clearer in the
discussion of Chapter 10.



But what if B is the bump yerd snd A the flet yard? 1In this case

Byers' scheme seems to mOVe Us away from, rather than toward an optimal
assigrment of classification work. At this point it could be argued that
ope of the functions of the scheduling poiicy is to timetsble trains in
such a way that only the most efficient yerds have spsre time remaining
after the completicn cf their normal work. Witn respect to the considera-
tions introduced so far this seems to be a legitimate argument. As we shall
gee leter however, when we begin to take accumulation delays into more ex-
plicit account, this gpproach to an optimal assignment which imvoives selectlng
scheduling pclicies first and grouping and make-up policies afterwsrd is not
satisfactory in general.

e seccnd implication of Eyers' plan is more difficult tc defend.
There seems to be nc a priori reason wny the grouping he suggesis should
Qﬁﬁ result in less cost to the system than the arbitrary grouping we heve sug~
gested for purposes of camparison, While a more detalled
examination of a problem similar 1o this one must be deferred to the next
chapter, it is tempting to guess at Byers' reasons for selecting the partic-~
ular grouping pclicy for A thaet he did. If treffic is evenly distributed
throughout the network, and if long trips occur less frequently than short
cnes, then the grouping proposed by Byers wiil cause all of the groupe in a
trein to be of about the same length. Under the same clrcumstances our
arbitrary grouping will bring sbout groups of very unequal iengths. The
Group "E' end local beyond E'", for instance, will be small, and the group
"ALl others” will be large. Now group length is probebly not a very importent
factor in yard costs, but the relative fiow magnitudes of the various traffic
classifications specified by the grouping poiicy are, and these are fairly

well represented by group lengths. e relative levels of these flows influence
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sorting cost taorough their effect on the number of cuts per car, as we
shall see at a later point. Thus whether or not Byers' grouplng policy is
to be preferred depends on the levels of the varicus traffic flows, and on
the effect of these leve.s on the cuils-per-car variable.

_For purpcses of illus‘ration let us suppose that Yard A in Figure 6
of Chapter 7 is a very lerge and efficient hump yard, while all the other
yards ir the system are small iil-equipped flat yards. In this case, not
only is it conceivable that Byers' third policy modification will be put
into effect, but perhaps even & fourth or fifth such modification. A will
bé duing some of the pormel work of all the other yerds in Figure . Group
lengths on trains departing from A will beccme very much smaller than under
s policy of less pre-classification, and thé questidn arises &3 to whether
the relief afforded other yards does not begin tc diminish as preclessifica-
tion is carried beyond a certein point. If A puts cars bound for E' and
local points beyopd E' into a single group, this will not provide much
saving of work at the next yard that groups this traffic, for the group
from A will {(unless E' is an importent destinetion) be small so that
the difference betweer the mmber cf sorting operations when E' cars are

grouped and when they are not is also small.

G.4 Extending Preclassification At the Ccet of Additionel Accumulation Delay

By changlng its make-up or scheduling policy (or bcth) A has still

. another means of saving sorting work for yards farther along the line in

the direction of traffic. If a train with the E' group in it is scheduled
to depart from A somewhat later than before, then at the time of departure
more E' cars than before will have accumulated at A, end the E' group

in the outbound train will be longer than previously. Longer groups‘mean



fewer cuts per car &t an advance yard (ssy B) whose grouping policy does

&/

The length of the E' group in an outbound traip can alsoc be increased,

not contain finer classificetions than that of A.

&nd this is probably the more important method, bty changing the make-up policy
at A 80 as to exciude E' traffic from sume of the trains in which it vas
previously dispatched, and to exclude gume of the other traffic from the
trains that still contein E'.  Thus perhaps before the change the meke“up

of several trains leaving A wasI/

{....13]2%?]....}.

If this is chanzed for some trainms to

- {...m...}

and for others to

{....mm...},

then the group lengths of E, E', and F will all be longer than before
and cuts per car at the advance yerd will sgain be reduced. The cost at
A will of course be in tenmé of accwmnlation deley to ea@h of these ccm~
ponents of traffic. Carried far enough this process leads to the "golid-
train” type of make-up described eariler. The"melntracker" type of train,
vhose make-up is restricted to an extent that enables it to by-pass some

yards entirely, is ancother example.

6f The effect of longer groups oh cuts per car is one of the "end effects”
which for simplicity is assumed awey in Chapter 1C.

1/ The dots ere tc be interpreted as groups which are not affected by the
change. To save space, We have listed the griups horizontally rather than
vertically as in Chapter 7.
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Chapter 10

The Divicion cf Surting W.ork Between Yards

10.1 Introduction

In this chapter we are concerned with the sorting vork of yards. We
shall show that because of the different charecteristies of hump and fiat
yards it 1is aametimes useful to do sorting work at one yard vhich could
possibly be done at another. Our object is t. give a quantitstive method
for deciding when sorting should be transferred in this way. Tu Gevelop
such a method, we must knov io more detail what determines the work required
to carry out the sorting st each of the twe types of yards.

We have seen that fist yards and hump yards differ in the way the cars

* are actuslly put onto the classification tracks. The esssumption we shall

!;; make in the case .f & hump yard is that nc more work is involved in the hump-
ing operation whether there are few cuts in the train or many, that is, whether
the order of the cars is scrambled up or not. There is scme evidenceuf from
actual yard dete that if there are many cuts the cperation takes longer, but
since this effect ¢f cuts in hump-yard cperation is small relative to the
same effect in flat-yard operation we shall ignore it in the case of a hump
yard.

In the case c¢f & flat yard we shall asgume that the more scrambled up
an incoming train is, that is, the more cuts there are in the train, the more
work the switch engine will have te do, end the more time it will take to do
it. Tu start with, it eeems justifisble tc teke as & meéasure of the work done
on & train the oumber of cuts in the train.

The situation we will con51aer is represented in Figure 1.

o e i S A om0 s AR 3 | o s A ket

——. o et e A g - R =8

1/ Section 8.1.2.
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Figure 1

Some of the traffic through the fiat yard hes previous.y passed through the
bump yard. By recognizing more categories of traffic &t the hump yard, that
is, by finer sorting, it would be possible to save some cf the work at the
flat yard. However, if cars are to depart in the same trains as before the
change in grouping policy, then this will involve ;;ditional make-up work

at the huep yard, for the outgoing trains will contain more groups than
vefore. We want to find some approach to the problem of balencing these
.costs. We alsoc want to find which of the cetezories at the flat yard should
be sorted out at the hump yard.

Preclassifying ot the hump yard mesns that instead cf &ll the traffic
for the flst yard gcing on & single classificetion track at the hump yard,
it goes onto two or mcre tracks. For exampie, if it goes on to two tracks,
then on one of these tracks will be put traffic which goes on one group of
tracks in thbe flat yard, while traffic for the remasicing group goes on the
other track. Thus the hump yard will do some preliminary sorting for the

f.at yard. It mey be that traffic for a single track at the fiat yard is

gorted cut witk a classification track &ail to itself at the hump yard. Ve
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will show  in fact, taet under some circumstances this is the best way for

the humn yard iz save wurx for the flat vard.

10.2 A Probebility Recrezentatiosn of Treins

The composition of trains varies from trein to traip, evan with trains
I 3

coming from the sexe point. Alsc. for eny given classification policy, the

.
nurber of cuts (in a sense, the degree of scrambledness) cof trains veries.
we will suppose that. for simclicity of cperaticez, the grouping policy will
remain the same from train to train, that is. the same classificeti.ns will
be recognized des:ite these varileticns. Thus the amount of work to be done
in sorting at the flat yurd will vary from trsein %c train. The wark we shell
be considering will be the avergje over many treins.

wWe sLill have to find some useful way of represeniing the composition
{ and order of care in trains caming intc the nuwwp yard. There is & strong
i

analcgy between an unscrted train and en unscrted pack of playing cards. A
ghuflled pzcx ¢f cards carn test be representel by probsebility methods,. end
this suzgests that tue order LI cers in a traic can be supposed 1o be reyre-
sented by a similar type cf probability model. FHowever. the representstion
wilch we will use is rather different lrom that used to represent the order
of & pack of yleying cards. Let us surpnse that the vericus suits in a rack
rerresent the cifferent categories of cars. Then, in the train of 52 cers
waose order the pack is supposed 1. represent. there will clweys be exactly

1% of each of the four different types .f car. This would be & very unresl-
istic restriction In ettempting t- describe the order and compueition of &
train. Consequently tue first anad simplest prtebility description we use
is the folliowing cne. Instesd of supposing the trains to be represented by

-

the stuffiing of e pack, we surv-se they cen be represented bty drawing &

seguence of caras im order from a8 pack, replaciny esch card after it hee been
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drawn and reshuffiing after each drawing. Thus the proportion of cars cf
different categories can change from train t. train. Sequences obtained by
this method (ihey are calied gu.tinumial sequences) can easily be stucied.

We have founc them tc¢ give adequate representaticons of the composition of
trains in several cases we have exsmined. provided the proportions of cards
of different types are msde to correspund with the data. However, the way

jn which trains are assembled sucgesis thati such & representation wiil not
aiways be adequate. Many shipments are in more than carload lots, 85 theat,
for example, three or four or perhaps more cars will stay tugether throughout
the trip. If there is much of this prior grouping, then cut lengths may well
tend to be lcnger than the previous hypothesis (the multinomial hypothesis)
admits. Even if cut lengths are changed, there is still a simple way of
describing the cuts themselves as well mixed (as we expect them tc be in an
~ unsorted train). Our results extend to the case where the sequence of cuts
is the same &s the seguence of cuts in & muitinomial seguence, though the
pumber of cars in tae cuts may be different from those ip a multinomial
sequence, 80 thal the sequence of cars is not rnece3sarily the same as that

‘of & multinomial sequence.

10.3 The Pest Scriing Pcliey.

Suppose, for the moment, that it has been cecided just how msny categories
to recognize at the bump ysrd; that i1z, the grouping policy is known. Suppose
as an exemple we are tc give over fuur of the tracks at the hump yard to pre-
cleasifying for the fiat yard. Then we shall see that it would be best to
sort out the three categories with tbe most cuts separately onto three of the
tracks, and put all the rest of the cars cntc the fourth treck. 1If the pumber

of cuts is roughly the same for all the categories, however, it does not matter
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vnet scrt of preciassification policy is used, provided four trecks are
actually used.

It should be emphasized that these results hold only if all the cuts
come from the same type of sequence., If, as ¢ften will happen, the various
incoming trains froam various origins differ very much in their camposition,
the work function given below will have tc be averaged over the different
typeé of traina.

We should cslculate this work function fir eech poussible number of
tracks cf the hump yard devoved to preclassification. With each increase
of this number, the extra work saved the f.at yard diminishes, and the work
jovolved in essembling trains at the hump yard increases. Thus &t scme point

it becomes uneconcmical to 4o further precisssification.

5li lO-h* Derivetion of the Work Functiocn For e Multinomial Sequence

The situation we will comsider is represented in Figure 2.

2+ 0!

Figure 2.
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mraffic fur & flat yard 7 passes througn & huash yaré H. At the flat

aréd n aifferent cstegories zre rec.gnized. represented ty 1 =1, 2....0.

>

The humm yard K is to do some preclassilying for 7, &nd wiil recignize ®m
differert categeries of traffic going beycnd F. The problem 1s first to
choose the categories to be reccgnizez at K dn crder t . scve es much work

45 possible st T. We also have the preblem of cetermining just bow much

.

LAl

work this saves at ¥, 50 that thls wnri ssvec can be weigned ageinst in-
cressed costs st H. Finaily. choice cf the best vslue of ‘@ is still
gnother provlem.

We take as a meesure of work at F  “he &verage number »f cute per car
for traffic cumiaz In Lo F. A cut corsists of an uninterrujted seguence
of cars of the same category. It is the same ps & Tun in pr.obability thelry.
F.r exam;le: for tae seqgueace of cars 22131113532 there ere S cuts,
so> cuts per car equals 0.6.

Suppose et first that the sequence of cars coming over the hump at H,

and bound for F, is a multinomiel sequence with probabiiities The

pl'
sequence is mssumed tc be long, 82 that we can negiect the end effects both
of the criginal sequence ana the segquences into which it is divided by the
jreclassification. (4s alre=dy indicated, we sha.l later suggest a more
general mypothesis, which alliows for the fzct thet shipmenis are often made
in m.re than carl-ad iots.)

For s multinomial sequence, the probability that apy designated car is

the first cer of a cut of i's is ®,(% - pi). Trerefore the procbatility
n

thet a car is the first car of any cut iz 2 p (1 - py). It follovs that
1=1

the mecan number cf cuts per car eguals 1 = R pf, and this is an index of

i=1

work st P if § d:es no preclassifying.
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If 5 greclassifies tne truflic bound fir F int: m C_B535€e5.

tnese cinsses are fcrmed by a pertiticn of the categeries 1,2,..,1 Inlo
r mutually exciusive subsels u,, Booeephp: Tnis pertitiou defines F's
grouping policy for treffic tounc tc H end beyond. The cars now arrive
at F 1in a series of rums. each run ccneisting of cars belonging to & .
J
(4 = Tyeeqm).
Ignoring end effects >¥ such rung the rmeor nuriber £ cuts per car for

cars of . is
L*]

(10.1) 1 - L

But & proportion )} P. ¢f ell the cars belong to .. Therefcre the
fen, - v
¥

mear, number of cuts per car for &ll cers is

2
g : i e 1(—:Z i
(1¢.2) )3 Zrif - Z —— e 1- L K
J=1 | iep, ieu, z Ey J=1 T D
“ v 164, i
i iep,
\ J My
S 2
The ciffereuce between this ané 1 - 2 py is
i=1
2
- n ‘i'E Fe o >
(10.3) ) €My - Ty
J=J. < L i=.L
Lo
1€p |
o

and represeénta an index of tre amcunt of work the given gr uping policy

saves for F.
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We wish to fino whal partition u.,... by will cezve the minimum work

to F. + us repumber tne ciassificatium sl that O < pl S 1 < ... o
Taen fuor any pertition opeeeeshy of the nusbers 1, 2, ..., I, We C&l
show that
n-m+l
'Y T_‘2 z' 2
L B, E
Jor R 1 {=1 i
(ic.4) b3 L8 < . +P 4% e+l
= n n-1 n-m+2
J=1 5 n-m+l
L Py T p
LAV . i
3 i=l

-

Taet is, the partiticn whick maximites tne ieft-kand surm and thus mzximizes
the caving tc F is (1, 2, ...,n-m+ 1] in-m+ 2], «..., in -1},

;. First we will prove tne result for m = 2; thet is ine n classifica-
tions are divided int- two groups, By and Mot let o te ihe group thsv

conteins n, +the must freguent classificetlon, and let pé te the rewzinder

of Boo Furthermere, Let

(12¢.3) L p, = a end v 5, = B
ien, © i€,
anc
- 2
L ot &1y
- iep igp!
Gt .
(ld ) l - a and i - ‘b.
L p I opg
iépl tep!
- 2
Lhote that
5 2
(1C.7) 2 Lop, o= Lopg S 2L owy =2 P55
i i B - l€u.
1€ul 1Epl -Eul #L
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80 %tn2t e < p and, similarly, t < p_. Zukstituting these values in
S ¥ ’ s Pn &

(iC.L), we ere to show that

p + bB ax + b
(1c.¢) =+ -2 < p, v T .
Py * B - &+ 5
Multiplying by é (pn +8) (2 +8), which is positive, (1C.9) becomes

(10.2¢)

e

T+ + bp + + 1. 3.
“n g+ a5 Pp @y * g

Adaing ab to both sides, this can be writter

.

(16.21) - (p, ~b) (4-8) - (p, ~8) (B+p) € O |

L. four of the quentities in perentheses are pesitive. Hence ine inecuality
mus*t hoit. proviag (1C0.L) or the case m o= 2.

oW consider any parcitlion ul, ua,....,pm, ani let B te the gr.ug
consaining the most freguent clessificetion n. Applying the therem cf
(10.4), Just proved for m = 2, t. the universe consisting of Wy + p,,
tre ewnression on the left-hand side o¢f (1C.4) will not be diminished if

We Teplale Mgy WpseseeHp Ty pj,ué,...,ué, where ui = {n), pé
i

Again, let p{ be the group contalring
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classification n - 1. Ferlace g anc u! (L . 2 %2, 0% 1) oy

o

{n - 1) and “i +p! - (o - 1) respectively. Tne inequaiity (10.4) fcllows
L 7]
after m such steps.
From this tme_rem we see that It is best under these conaliticns Lo
select tha m - 1 clssses with highest probebi_ities and preclessify thern

separately. N te thougst that if P, = 7w = v = 1 = L
b » [ g l Fa

P n p then totib

L]

giges of (10.4) reduce tc mp, &and 1t decomes guite immsterie

[
B
m
[ad

L)
H
w®

+

classification policy we use.

10.0% Extension Tu a M re Deneral Tyvue ol 3equsnce

Llthpush the multinomisl seguence c=n often give quite a gooG representa-

tion ¢f the incoming cuar secucnce, it is ratner restriciive. nis can be

seen ecapecially if loads are shipped in more then carload lots. Then 2 run
e
(,i of cars is kept together toroughrut o trip. end in fact trezted as e single

car for sorting purp.3€s. Thus mean cut length will tend to te lunger inan
that expected from the multinmial distribuiion, However the resslts of
previous sections arply to a8 more pencral lacining sequence whnich will in-
cluae this case.

Tnis gzneralizaticn s achieved by thinking of tne iac.ming sejuence as
& sequence of cuts retiher than indiviaval cars. We will call o grour of cars
which form 2 cut Tef re s riipg a serment to distinguish it from & grovr of
cars forming z cut after s riings. Toe latier we will still call a cut.

cars of tyne i. By the definiticn cf a

segrent. nc two se.guents cof tho saie type can oe teoethar in the ineoming
sequence. Suppcse the sequence of segrenis iS5 generatsd Ly a Margoff chsin

with constznt transitin .r bebilities
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(1G.12) D.. = o (i ¢
= 0 (i = J)

(az in the cese where Lne irc ming cars are & rmultincmial sequence).

We shall allow the number of cars within segments o be distributed in any

munner whotever. Suppose mow tnat the A are classified, as in the previous

1
secticns, by partitioaing the 1 irts m ZrOLRS Mo .. g After sorting,

B L - I

each cut will -comtuin une or more segments. It 1is tneref-ore pessibie to

talk of cuts per segment. Let x Lte the mean momuer of cars Ler segment,

o |«

and et y be the mean number of culs per se pment after sorting. Taen

eguals tne mean purber of CUls per car sfter scorting.

we can Tind y es fcllows. IT the original sequence is multinomial,
as in tnhe previ.us le3s general case. then the se-ments before scriing wiil
te seneratec ty a Markoff chain T tybve (1¢.12). In tne case of the multi-

n-mial seguernce. the me=n nwiber of cars ger scrmenl eguals

1
b hl — J—————— e
().O-.Lﬁ) X:’ = o
Lok (i)
i=1

from (10.2) that toe mean aunber of cuts rer cur after sorting

equals
£ o2
Y, m sey L
(1C.1k) =1 T Bl .
o J=1
Ps
1en . -



We have usel the sutscript zerz T oinciccte thot the values reler to oa

multinomial seguence.

s

Por the rmultinorial seguente we now have
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But the ingertiun of sdditiipal cers in tae various segments (or tneir
rem . val, provided at lewst ore car 15 left in =acn se.ment) in no wzy affects

the re_etion of outs t. segments after classificstion so thet this resuilt
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This new wirk functizn c¢-nsliercd as a functicn of the partitiiaing
of the ciuczificatin, Liffers wn’y by a coanstant factor from the function

- an

for the simpler czse end is thercf.re ninicdized for the same pariition as
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af Trains t. Minimize Acoamulaticrn Deley

IntroduCLuripﬁemar;s

[
P
-

In the ;rocelir.; chapters we Love discussed ciseszilication policy without

iy

ro.h explicit reference t. the scheduling of treins betwegen yaras. In the

yresent chapicr, we shall €1BCUSE scneculing pliicy withiutl much reference o
the -tner aspects of ciaszificatior pelicy. 1o edditicn, we alsregard any
restrictions on schedules thuet mey result Imm Llinitee track capaciivy. The

intesraticn of the stuiy of classifiesticn ard scheduling under conditicns of
limited trecx cara~ity ie & task that surresses the score of the present

stuiies.

seheduie under considersticn and the further szssumption that none of the
schedules comsicered witl raise classification cuosts by creating c-ngestion
at yarcs.

I fzct, even if the scheduling pretienm is thus artificially iso.ated
from the otner operstiocn problems, it still nes great ecormpiexity. Io this

chapter, we shall consider in sume detsail wn.y the case cf = network con-

ot
[

Bistirz of = single Zine on which each itrain is reciassified at each terminal

G

end .n walcn traffic flows in one direction cnly. After that, we shall make
some more seneral commenis on rainvtraciers {(+rzinc thet by-pass intermediste
terminzls), oo two-way traffic. .o lines with side brenches, and cn natworks

rontaining circuits.
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Fimure 1. FHFetwork Consisting of a
B8ingle Line

We shall consiter wiven =mounts o f treffic (den.ted by Xy ), expressed in

= J
numpers of cers per unit perina (éay. week). frim any terminal 1 to any
terminal § eusst of it (tnat iz, such that 1 < j):_ I:n ring wealbound
traffisz n the ciscussiun meens asswaing that taere is nu Iinterference of
cprosite £ ows on tracks or iz classification operations. t alss means
gssucing thaet there eare nc 'siue branches’ to cur netw.rk. The presence
sf & siue brancn out f a certuin termiral would place & premium on coordain-
ating train cepertures Trum that terminal in Cyposité iirections em.ng the
main line with the arrival ©f e train to thet terminal from the siue branch.
Cf course continuins flows cof eastiuound traffic need to be offsel by
equal flows of ioczded .r empty carg in the cpposile ¢irecticon in _rder to
xeep the sare pool ©F cars in coreration. We shail not inciude the cust of
this return fiow of ears in our eonsiuverations, but assume that any saving
of cer-days ty greuter ecunimy of scheduling eastbound fluws, resulting on
the average in eerlier arrival of csrs at deslinations, will te a& zaln that

is not offset by deiays in the wesibounc return flow.



i

e

We snall assume further unet trains rur onl) from any one termimal to
the immediately fullewing cne. The time reguired for the tri. frum 1 to
i+ 1 will be dencied di' It ig assumed to be constant end incependent
of the lenmth of tre train. At eny terminsal, arriving trains ere broken
un, carc cestined for that terminel are removed, ané cers originsting in that
terrinal for destinaticns east are added. The time needed for this operaticn
is eg:in assumed indegendent of the pumber of curs imviived end is denoted
Ty c,: if 1 1l=2be.s the terminal in guestion. If a train 1s scheduled t>
leave from terminel L1 at time ti. cars can be lncorporated in It if ené
oﬁly if delivered for classificatizn, whether from local crizins or from
incoming traific, not later than ti - ci.

ve stell discuss on.y periodic schedules. By this we mean a list of
jdevarture times for trains eastbound from each terminal which repeats jlself
with a constant pericéd. Wrile %his might be thought of equelly well as a
week or as a two-day period, we shall speak of it far sipplicity as a "day".

Let us assume that the gilven progrem specifies the following daily flows

of cars from 1 to §, where 1< j,

xij j=2 3 L
i=1 53 1, 20
(11.1)
2 11¢ 25
2 =0

It is useful also tc register for escn of the three siretches of line the

total éally fluws arising frum these figures,



cn (1,2 + X, + 8C
a (L,2) o Xy Xy Y Xy =
1i.2 2,7 4 + \ L o+ X = 170
(11.2) on (2,2) Xpx t Xy o+ Xpr * Xy ‘
On (31&) th - x"z)-l- -+ XB,-& = 9;} .

For simplicity, we shall assune further, against better knowliedge, that these
cars bec me available &t eaca criginating terminal at ap even rate arcund the
elock. Tnis sssumption will enatle us U0 consicer more effectively cther
asspects of the scheduling prodblem. Uliimelely, of course i* will have to be
replaced ty a more reslistic specificstion.

The first question erising In makKing ur & schedule is how many trains
per day tu run on eacn of the ihree stretches. On ine besis of the figures
in (11.3), let us swmewhat ertitrarily decide that we shall scheau.e one traln
daily or tae streitcies (1,2) and (3,4). and twe trains caily on (2,3). Then
the trains -n (1,2) end (3,L) will contain 3C and &, cars. respectively, while
the tws daily treins on (2,%) will average }%9 = & cars. A possitle déily

=4

g-hedule . whisk bes toe appesl of simplicity and symmetry, is that represented

by Figure 2.
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=1

Figure 2. Tentetive Schedule fcr the Program (11.2)

Tne sleated straight lines represent ectual travel of trains st constant

4

- "speed." However, tbe straigitness of the lines, and the interpretetion of
the verticel exie as” "distance” frim terminal 1 are immeterial. ALl that
matters is that there is e constent itravel Llime di cn each stretch, and 2
constant minimam classificaticn time ¢y for inclusion in eack train.
Before gning intc the gquestion of the suitebilily of this schedule for
the program (11.2) at hend, it will be useful to introduce & simplification
‘n the trestment of time. For simpiicity. let the point marked “berinning
of day” at terminal i = 1 correspond to midnight. Tien we decide Lo messure
t‘me et terminal 2, fir the purposes of wur are.ysis, cn e clock which shows
nidniznt when it i{s actuelly (c1 + dl) teyond midnight, that is, at the
earliest possidble time of arrivel at tae torminal 2 *n guestion of & train

for which classification cperaticns ere sturted at terminal I et midnight.

3imilariy, at terminal 3, we measure tine on a clock showing midnignt at 8

i



still later tire, later ty the c.rresponding interval (c, + &

e -
o E) e twoer

starting clessificetion at terminal 2 and earllest possibtle arrivel at 3,
etc, Let us call this artificial time scale (which ig different in aifferent
termineis) "referred time  and denote it by the symbol 8. This is a time
measurement ‘referred"” tc actusl time st terminel 1, in tne sense tnat, &t
11 A.M. actuual time say, the referred tire st sme terminal 1 is messured
by tne latest mctusl time &t which a car could conceivebly enter classifica-
tion at terminzl 1 and bty an uninterrupted seguence of classification pera-
tions and trevel irn suitatbly scheduled trzins reach tenminai i at 11 A.M.

If actual time is deacted ty t, actuel and referred time are related as

follows:
at terminal 1, s = t,
N " v 2, s = t-c, gy,
(12.3) )
- 3, 5 = t-cl'dl*c2~d2,
L, 5 = t-cl-dl-ca-da—c5-d5.

In a singie-line network with n  terminals, referred time et the i-tn

yard is similarly given by

-
-

(11.4) § = tvcyTdyme,dyT v TCp Ly Tay

Tue acvaniege of khe use of referred time lies in the fzact that the
referrad times of tne starting of classificetion of & trzin et & terminal
{i &nd ~f its errival at the next terminal i + 1 are the same. kence. in
Pigure ? eastbound trains can now be represented by vertical arrows. Each

such trein is fully defined by its referred timing” 6 &di bty the siretch

(i, * + i) on whien it travels. The times reguired for classification and
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45+415+20
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sO=O sl s

i

beginning
of "eay"

referred
time
end of "day"
= beginning
of next day

Figure %. Schedule of Figure 2 Brxrressed in Referred Time.

travel {(by assumpiicn constent!) ne loager ciutter up our diagram.

For & ~gr t. jaxe a2 connection letween triins 2l a given terminal, all that

15 pecessery i thet the arr-w represcenting tue incoming train is not to the

vi~ht of Lho arrocw resvesentins the ouigoing trein.  From aere on, we shall
L r o [+ o) 2

cfren onit the word "refarred’ in the phrases

and ‘referred

let us now hove & close look at the particular scehodule of Flgure £ rowre-

semicd 6 oreforrcd time oy Figure 3. We ghzll
coioende eoula e dmroved withoud fdoing or i
roLee timing of iraipe. I we tate tne sy

g O .ni 5. = 1 for the tim'ng of the {1,2)-

fipst aoi the queost oo Waother T

winy ott trains, mercly DY exonled

I T L o e
LIC WL T QF Rlimo, vWe can Vrlnt

R . [1] . +
s "besimnin” oanu end Of
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day. Tne guantities to be chosen then are tuae timings S, By 35 cf the

first (2,%)-trein, the (3,4)-train, ;nd the cecond (2.3)-irzin, o be re-
peated periodicelly cn subsecuent days. The chcice ig to be made in the
light of tne effect of changes in these timlngs on varisus eosts.

In the present simple example, the main effect is on accumtlation delsy,
here represented es the weiting of cars for classification cperstions to stert
frr the next train, elthough in actusl operevion this walting mey cocour as
well after classificstion. There are two catzzories cf such cars. which we
shall cell locally origimatec cars and cars iu transit. At spy yard 1 the
ﬁumber of l.cally originated cars (i.e., originated at i} tnat are waiting
increases with iime. by assumpticn ab a constent rate, until classification
starts. ot which time the number falls to zer-, and thereafter grows agein.

For schecules witii equal time intervals beiween ireins on each sireich. &as

Rt
=]

- exuibited in Figure 3. the sverege number of waiting cars in this category
depends. for & given rate uf local originetion, only on the freguency of
trzcins (one, two, or more per dzy ), but is independent of the timing of the

., wWe caz

no k=

first iresin in each day. Eence. as long as we keep sj =8, +
change 8- and s, withcut affecting tre nusber of cers waiting in this
cetezory.

More interesting is the second cetegory of cars, those weiting for
connecticons tetween trains. Fizure 3 shows with each arrow the pumber of
dars assiznatie to the corres;oneing train., It also ghows the number of
cars walting irn trensit {in the second categiry). written in with the time
interval during which they waitb. (The figure dnes not record the variap:e
numt=rs of waiting cars in the category of locelly orizdacted cers).

-

A mment's refiecticn will sa.w that in the present simple ces:. there




\na
E
&

1

is no aneed for walting betwgen rormecticons et arl. If we noke sd = sl =

=

-

, = _ L . : .
(snd keep &3 = s, +p = %) as in Figure b we cut out el. the secumi.ation
- £

e_ay between

-
terminals
ly e e e e . ——
A A
B b ot e i L e e e e
!
A ¢ A
2 j S —
A A
1 i : referred
T tine
=5 =5,=0 S 3, =
ST %2 3 sy=1
Figure 4. Imgroved Schedule for Program (2).

) ~spnecticns &t terminals ¢ end O withoul ipcurring any ¢c.s5ts elsevhere.

(

e Ubvirusly, then, wne scheiule of Flgure % is supericr t¢ that of Figure 3.
0f c urse, 5, shotld art be mace iess ‘han 615 O S5 iess than zerc,
tecz.se in thst case ecnnecticns ere miss2l, and aceumiletion delay greatly
incresses.

hauling

cosy

. v

S

i

1

[l

length of train

Figure ». BHauwling Cost end Lengzth
of Train
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Let ue 2. nuliny Bos woe Qo St tne teut vai e Ior 6. Yeristion
of = arioc s tie ace muli%i n .eisy of lrcal., ooi-n2eec onre al lermices
2. It m.y 237 affeci nauling cost .on ine stretel (2 3). Mexing 55 ilarger
sniitte care frozm the liS-car train timed al 5 = Sy + 1 t¢ the ©.-car train

timel sl s5..
2

ichg trein exceeds that ¢f an

lenvth of train tais

Bne.l assume that

siderea. the

trafin. This

Figure D,

It

in kFicure

i - Celil}’.
by the sum of th
whe gtreighnt-lioe

This sum eguals

cars
walting
at 2

!

'

faaling
is indiceted

In ihat case.

remeias SC trace the effact of a cuange in

Thig will seve hauling ccost if the cost of an extra car 1o e

extra car to =z short one. FBeyond a certein

will unéotbtedly be the czse. F.r the prescnt, we

on the rarze of tralin lenzthe con-

cost of an extira car is indepenient ¢f the lengin T the

by “he ¢ nstent sicre of tne haulin: cost curve

changes in s Leva no conseguences for hauiing

-

8, Hn accur.lation

o
£ tae toba. f tnis dela, incirred eacn <ay is re.vecented
areas of twoe tricagles b undec by the horizontal axis and

segments recrecenting mober (f cars walting at any time.
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(Zi.2) 53, (ii0 JJ) + = (1 - 55) .1 (1 - 53) =~ ]st + (1 - sj)d-

where the figure 11C rerresentis the aally flovw of (E,ﬁ)-cars accoraing to
the vrogram (11.2). It is easily s2en by means of calculus thet this ex-

, that is, by mzking the intervals between

LAY o

preassicn is minimized by 53 =
successive ireins e=qual.

The reader may wonuer woy the 25 cars sriginating daily at terminal 2
for terminzl & have nct been inzluded In this caiculation. A ooment's re-
filectisn will show Lhet tuis would nut have affected the ovutcope. It is
reaiily seen from Figure 4 that cars in tnis flow could not arrive at ter-
minal b any earliier by tefing tihe train tired at s3 as far . 3. Tnis
wouid merely tronsfer the location et wnich (and the “categery’ in whicn)

L & part of tmeir waiting time is incurred. not the total emount of waiting.

For this reas.n. we heve in Figure 3 arbitrarily assigned &ll such cars to

the -trein t2 avyid ambiguity in the definition of categories.

%3

In ‘raer that the mesning cf the "best’

[

schedule in Figure & be entirely

-
{

clear, we translate it back to natural time in Figure 7.
The simj.e cuse considered so far suggests that, if cn two successive
stretches we scneiule traeins with equal freguency, tuere 1s nc reason for
introducing time intervals between arrival and departure of "connecting”
trzins beyond the minimum necessary for the classification operations that
vermit cars to meke the c-nnsction. t als. suggZests thet if more than one
train a day is scheduled for a flow or group of flows in a program that
permits us to look at tois scheduling protlem in isclation, constant rates

of originztion during the dey call for equa’ time intervals between successive

. )
LIalng .
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Tue latter inferenze ¢oes not exteni t. cuses where tra2ffic flows
exteni over successive siretches, whenever treing run on these stretches
with differert freoquencies neither cne of which Ig an intezral multiple
of tae other. For instance, waiie the schedu.e of Figure 2 would be optimal
for @ program witn three terminals such tast X35 =0, Xy, = 180, Xpz = 270,
the iatroducticon of a positive f;oﬁ x15 straddling both stretches of linpe

would call for s and s, 1o approach each other (see Figure G), with 8
L 2

>

remeining midway between S5 ana S Beyond a certain eriticel amount of

(1.%)-traffic censity s, and s, would sctuclly coincide.

b
- terminals
r- 'l } e e e — s e s — e - S
N Figure & L * ;
A
Optimal Schedule P I T TR RPN
Without Through ; ‘ i *
. | ! A
Traffic 13 ? ! ! A referred
e [ . - sk e e t-‘
sosslco ﬁz 53 5‘)* 8_=1 ~e
Lo
i ¢ t
) | !
H i t
ternminals : . :
5 . N , i - J—
) : h
1 S l? ?
BT AR |
Figure & : A ! §+ ! ! referred
1L o ' R — tine
Optimal Schedule 845, 8 5. S, 8.=
W th Through 0 € 2 7

Traffic
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The btread cutlines of the scheduling pr.b.em on a single line with
cunstant rates of crigination btepin to sasw up from uae preceding discussion.
Ueily freguency cf trains on a given stretch is i. be related to the total
en~unt of traffic using that stretch. There 1s an advantege in running
traing cn successgive stretches s closely timed as possible without ceusing
cars to miss connections. Tris advantege I1s stronger, the lerger the amount
cf traffic using seversl successive stretches. (On the other hand, there is
an ajvantage in equal sracing of successive trains on the game stretch. This
advantage is stronger, the less the through-flows of treffic tying the sched-
uling cn this stretch up with tnat on cther strzstches where differert fre-
quencies of trains are more economical. Thus where locsl traffic is relstively
nizh trains will tené to be spaced out evenly over the dey; woere through
traffic is high at least scme traing will be scheduled tc meet gonnections
more closely.

In the next section, we illustrate how, through the use of calculus and
of computation procedures based on trial end errcr. the best compromise be-
tween tuese consideratirns can be found when they pull in different directions.

This section can te passed over ty the reader who is mot interesied in math-

ematicel aspects of the problem.

11.%* Schedules -f Given 3tructure thot Mirvimize Accumulation Delay.

In tnis secti n we shzll mrintain the assumptions of a one-way single
line netw.r«, with terminals 1 =21, 2,....,n; of constent rates of origina-

tion x;. on &ll routes such that 1 <1< J<n; of constant clesaification

Cle

times ¢y and travel times di5 of a pericdicel schedule; end of & haullng
cost on each streteh which depends linearly co length of traln. The discussion

in the precedinz section has guggested that it will often be econumicel to
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telescope trains on successive stretches of line. Let us therefore caell
& run any {(maximal) sequence of trains on suc-essive stretches timed sc as
to leave cnly the minimum interval needed for classification between ar?ivals
ané departures at c.nnecting terminals. In terms of referred time, 8 run
is a (maximal) sequence cf tralns on successive stretches with identieal
referred arrivel times, tc be called also the (referred) tiring of the run.
A Tun will be denoted by (e; 1, i) wrere s 1is the (referred) time cf arrival
anyvhere. 1 the termizal ¢f deperture of tae first train of the run,
the terminsl of arrival of the_last cne, 1 S 1,1 ¢ -1, 4<m. These
terminals will be cailed beginning ané end of the run. The word “maximal”
{5 inserted in the definition because. in the schedule cf Figure L, for
instance, we 4o not wish to consider the sequence (sq; 1, 2) a8 & run, be-
cause it can ke extended to & larger seJuence (sc; 1, L&) which alsc meetis
the othier specification in the definition. The lelter sequence is regarded
as & run tecause nd further such extension is poussib.e. A geingle traln can
als> be & run. namely, if there is nc connecting train with the szme (referred)
tiring at either its Jeparture oOTr arrivel point.

2 {perinsdic) scaedule ¢an uiw be regarded o6 & stateneny of ail ™Ins
(s_; 1 gr), r=C,.s.., R - 1 provicec £'r in ope day. The perilodlclty

' r’

can be exyressed ty tne regulremerts

{(11.7) s = C.
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% wi.l te natarel tc lebel runs in order -{ increasiag 6. B:wevér, this
would still leeve an ambiguily when wwo runs nave ldentical timing, !
anywey it would be mcre restriciive than is casirgple. TFor purposes that
will tecoume cieazr below, we Will permit any lateling of runs such that

within the set of &.1 runs that "c.ntein” any given termineal I, that is,

of all rmins r such that

(11.8) i <1<,

tne tining sr 8h=11 increase whenever r increases. Under this rule,
any ¢f the three schedules ia Figure 10 are properly lsbeied, even theugh
in eacn of them the 1ebel3 T =2 eac T = 3 csuld as well heve been

interchanged.

e P et e o e i

'!'”"'""'""_"L" i Rand i """""‘_‘""""""‘“'T

.4___..,-_.-_;___ —_ e d e

Figure 1C. Three Scredules with IZertical Structures

An~ther sugsestion impliea in previous ciscussions is that it mey be

useful to separate the croblem of determining the precise timing of the

runs in s schieaule from the prroilea of how many runs to have, which “erminals

w0 select a3 ineir endpoints. snd in what crder to p.ace these runs on the

~eferred time scale. T exoress the latter cncices we shall introduce the
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n~tion of the siructure of a scaedule. We shal. szy thel two schedules
nave the seme structure if we can label ithe runs of each cousistenily wiln
tne ebove rule .f labeling, in Buch & way thel corresponding runs (i.e..
runs with tae same label) have iisntlcal beginniag and end points. Under
this definition, whe three screduies of Flgure 10, for instance have identical
-

structures. COp the sther hand. the twc schedules in Figure 1l bave ¢ifferent

siructures.

I

|

|

|-—..-
-
]

Figure -1. 7w~ Schedules with Different Structures

Thug, any two schedules of wafeh -ne is :bieinatle from the other ty horizon-
tal disvlucements ~f wrrows without any tee arrows either touciiing or over-
lupping aurin the disclacement, aave the seme ztracture. Any twe scheaules
ror which This is nct pussitle have different structures.

We now recuil -ur aessumpticn that heuling cust on each stretcl is a
lincar fuaction of train lengin. Totel dally havling cost toerefore denends
only on tue auwler of traind per dmy scheduled fur each streten, and nct on

,

now the deily quota cf cars on each streich ls 2istributed over surcessiv

+rains. 4in particular, then, haouaing cost is the same fur a&ll schelules
with the same structure. ond that irrespecilve o how czrs ere e3signed o

truins vitkin any Ziven schodule.
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With hauiing cost constant. the provlem of finding the meet economical
schadule of.given st-ucture (%“he mcei economical timings for its rune) is a
osrotler of ninimizing tne accumilatinon delay incurred daily in carrying out
the given progrum. we sba.l show thst this problen is eguivalent to solving
a system of R-1 linear equati-ps in an equal numter of unkancowns: the wimings
Sf 212 runs in a day except the first. We shall alsc indicate how the data
cf the problem, that {s, the given transporteation orcgrem xij’ ena the given
structire of the schedule. enter into the coefficients of the eguation system.
A;;ebraic exrressicre will apely tc & Zine with ©n terminals and an arvitrary
schedule structure. The letter is represented vty & set of 3 1uns (sr; ir. Jr)
cf whicn the endpoints (ir. jr) are given for r=C,...., R -1, and of
whien the timings are rssiricted, apart from the periodicity requiremernts

11.9) ead (11.7),conly by the stipuisticn that, for any terninal 1, the
timings s, of thcse runs tnet contadn i, as defined by (11.8),‘fcrm.a
seguence increasing es r increases.

Bafore studying the minimizetion of accumuleticn delay by proper choice
of & schedule from among those of given structure. we must cconsider for &
mopent the assigument of cars to tralns in a given schedule {that is, with
timings of runs glven as well). Even here there is a problem, although a
trivial -ne, ¢f minirizing eccum:lation delay. Wzate ot éar-days would result
if cears by being held osver to later trains wouid miss connections and thereby
crrive at desiinations later than they cculd heve. A simple rule thet is sure
15 aveid trhis misteke would be to let eech car proceed with the first (east-
bound) train that ieaves. However, for purpcses of enalysis otdiy, we prefer
tz specify ancther assignment rule whicn likewise avoids the kind of waste we

are now copsidering. Tuis rule hes the advantage of giving us reacily a

simpler formula [or the mipimum accumalation-delsy associated with & given
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sehmeoduie, 11 spzc.fes thet & car ericineting, in i st gomr t.ac s for .
H

catipasion § &nould be ingorporated et L in the igtest treln thot

o]

permits it, through subsequent connections if necessary, to arrive at j
ct the earliest roasitie moment.

A situation where this ruie éiffers from the earliest-pogsible-departure
vle was elready encountered in Figure L. A car .riginating at 2 jusi befcre

S with cestinotion 4 has me eariiest arrival time s, end can achieve thi:z

3 4’
by leav.nz 2 cither at time 53 or ct 8y, In practicc, of course. such a choice
world be determined by cther consiceraticas such as the lengths of the treins
iﬁ questinn. Wnere under sur sim . 1ifring aisumpticns these conslderations

gre inactive. we choose ovur assigmment rule merely to help the enalysis for-
ward. The rule as given does not alwsys ¢ mnletely specily the assignment.

At some connection peint Kk between i and 3 unother situatlion mey grise
whnere the passing ur of ¢ departing train does not delay esrliest possible
arrivel et J. ¥oile it would te easy to extend our essigoment rule i~ create
aefinigeneSS at all in-ermediete points. we will not need to do so for our
pressent purplse.

We snall now cefine, for each traflfic flow Iy betwaen given terminals

2

P . n - - ce s . b
i and S, wnet we shall cali criticzl Gepariure times vq“ from 1 ané

criticel arrival times w dat 3, where q =1, 2, ... Qi" We shall
J

1
q
illustrite the definition with tue example of (1,]) = (1,5)-traffic ian the

schedule of Fig.re 12. 12t . be the lsbel r of the lowest-numberced run
(s : 1 : ). in tbe sciedule r = 0O, ..... R -1, conlzining a train that

lesves i. In Figure 12, we fino Ty = O, Dbeczuuse the first train in the

: s ij : .
¢ 1leaves terminal 1 = 1. Ve define wa as the eariiest

run late.ed I

possitle arrival time at J for a cer sveileble 3t 1 at time s, . In
1

Fipure 12 we find uib= 5o btecause run {(C; L. 3) reeches as far as terminal
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S

3= 5. we zl3s cefine ¥ ¥ as lne latest defar

-

jemeits & car to arrive &
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4

Lire time from 1

that

n Figure 12, this i3 sgain

1
wW," = SO-
noa kS l r-)
T.J..,) w-ﬁ‘.- Bl
w7 2 3
£
B e (et
L - } —— N
i

P - e
S

2 - e e
i ; {
| l i
1 — : — - e ——
199 15 15
V. v, v
L 2 :K‘
s =0 s 5 S s s fe. =1
C 1 72 3 4 y =76
Figure 12. Example of a Schieuuie.
. i i3 . . . .
Te>t we define w-- as the earlisst errival time &t [ of a car

15 15
12, w53 = W)

(Geparture ang

iJ

and the location in

choose & 52 that

i

i irmeiiately follewing the critical time vi for eariier

ij . : . . .

VEJ es the latest ce;arture time from i permitting errival
. X 1: 1

J,  In Figure 12, we have weD = 64, and vz’

-

= In

L = 52.

PO b

-0 on until we reach iae end of the daily schedule. 1In Figure

+ 1, and nence we define Q15 = ¢ as the nunber f critical

grrivel) times found within one dcy's schedule. Tosl is, we

wiJ + 1 = wi: + 1. X
Oi‘ 1 }
J

It is c.ear that the number Ci
v}

ime of critical points cen vary with the peir cf terminals

(1.j) eonzicered. For insgience, for (1,4)-traffic in Figure 12 we have Gy) = 3.



The eccumu.ction deley sustained bty {i,!)-cars upder our essi,mment

rule earn now be expressed as follows. During tne first "eritical interval’

st i, that is during the tipe peri-d
/ . ig iJ
{11.9) v, < & < vy,

——
—
!.—l
o
[ ]
S
B
W
=
Lt
]
1
-
b
—
L]

Exvressed in car-deys., the tote. celay iacurred by these cars in this interval

is (umittings teaprrarily tne sdbacrinis end superscripts i,))

v""

'
1 e - 1 - 2
(.\.,L-ll) £ }.(5 Vl) dg = P x (V2 Vl) -

At time v, & bioek of x(v, - vl) cars is reaiy to leave. Iefore it

[~
reaches bt the critical arrival time Vg eacli cer sustains wnother
delay of lengin (w, - Vg)~ where tne place incurred (but not the length)
of this delay mmy depend on furller assi mment decisizns that we have nct

Lothered to swecify. Total delay of trnis xind, in cer-days, therefore eguals

(i1.12 b (v2 - vl) (w2 - VQ)'

The twe types of delays represented by (11.11) end (11.12) have tc be added
up for ail critical sntervels in one day's schedule. o give us the accumula~

tizn delay ¥ for any oue traeffic flicow

v



A
3t
=
bt

=
'

N

~

G ri ,

e a Z 2

(13.13) yo=x Logz (v oo )T vy ) (v TV
G=i L o )

Finally, to cbtein tctal accumuletiin delay Y. dznlices I,J designeting

tne craftic flow have tu be rest .res to this exyression, whareuvpon these

emocunts need t. be swamed over all treffic flows (i,)).

n-l o
(11.1k) Y = L L X A
1=l J=iv)l 7Y T
wiere
Q~j
& I 13 ina - iz i il
Si.ic A . = ¥ = id w y - atu N ] .
(: 1 R ( o1 V. )T e (v . ) (HQ+1 q+l)
(f;' “une esxpression fvr Y we necd toominizize Is glven [} (11..4) anc (11.25).

we note that it is & guedratic functlon ~f the unwn-wn timings €. which
ceur in the zuise .7 criticel arrivel or dererturc times asgocliatea with
articviar fiows (1.0). fene af tae ununowac is missed, tecause lhe timing
$ ey raye (s 1, r) alweys cuincices wits o pair of critical aeparture
dnd Arrivel tames f’r‘;l; fiows (1.}) betwesn terminals contained in tnat run,
nd we wou.d nes inc.ude in e rroposel schedule any run on which there is no
irafiic vetwcen any two terminsls of the run (i.e.. eny run (s; i.j) for wnich
X =0 for 211 m,n such tzat i< a<n< ().

F.r zn; given schedule giructure, Llhe ex;resaion (11.14) can be set up ﬁy

a gra;aical pr celure which we l..usirete in Figure 13, Ttased on & schedule

of the siructure oxhivited in Fijure 12. Dotted lines in siiately to the lelt
Sf tpo vertiesd lines that represcnt wmme are trieecd woward, those to the righ

} 1

downward. Dotted limes Jmmod lately cbowve e warizontel 1ones tho

o+
H
i
d
$
[
[
o
]
‘.‘_
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Figure 13. Determination cf Criticel Times fur the 3Scnedule 2f Figure 12.

termingls swart from tne endooint of & run ang are traced to the right up
to the next run that reacnes further. wtted lines irmeiietely below hor-
t2in%al lines stzrr from trho sterting point of o run and are truced tu the
ieft back to thec nearast preceding run thet starts at an earller terminal.
No aotted lines are traced zlang the horicontals fur the first and last
terminais 1 =1 or . For any fiow {(I,}), the critical times v

are founé as pairs of points, et the levels 1 and ! resyectively, such

[*H

ynet from cach »oint of & rair, tae cther can be reacned by following dotle

iines io tne directlion indicated by the arrovs. As an azaiticnal exampie,

in Figure 13 taese pairs of peints have been esclirclec for (1,3) =(1.k),

I3

.

shewing tha

- ) 14 1
(.1.19) W:L = V:H e - O V‘,Lu = 8, Vlh = 8
: Y e} 2 2 2 2’
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The

i

vstem oL actted lives serves simultenerussy f r the determination of
critical points for all flows (1,j). It is interesting trc note that,
ilthough we ere ¢ oncidering treffic in only one (csotbound) airection, the
construction of criticsl times is entirely symmetrical as belween deneriure
and arrivel”times.

Each of the expressions (11.1°) is a quadratic functicn of the tirings

Sr in the schedule. and can in

11

refere te written as

R
(1:.17) A = L a
. by s & po el -\
i 13 r.rtl ij,rr' r »
in which we are free to moke the meirix CF— gymmetric by apecifylag
g

(11.13) 8. . 2

}4
.
4
@
m
'.J.
Ly
w
w

Fecause sc = C, the value .r = C d-es not ccour in the summations over

e T = 3, where

~r

rune. Howvever, the sumaetion has been extendec tc inciu

ot

s = 1. 4u oréer t. include in it remms linear in ihe unancwns sl,....sa“i

an’ « ¢ nstant termm &, . RR" miese terme arise as fullows. Eecause of

of tle scredule {(omitting zffixes 1,j), we have

(11.19) Ve, = V,+ 1 .

Wnile biin Y end V.4 Ocsur in tne swmsation (11.13). they aepend on
L
2t mst One UNKL WL §,.  Tbe use of (11.2¢) to express uiis fuct will im

gororal introduce linear and sonstant terms in (11.17). wnzr such terms

arise 1f 3 certuin wg, @ <Ly, coinciies with 2 certain $.r T 2 R.
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In the notasion of (11.17). tnhe expressiocn of +otal accumulstion delay

incurred daily, wnich 13 to b2 minimized, is

n-1 n P
(12.20) v = L T ox,. L & 5.8,
. {21 dsigl 29 op,pk1 FHTTOTT

Tt is apparent frcm the nethod of their derivetisn thet the coeflficients

e, . depend only .n the structure of the scaecale. The problem of minimizing

ig.rr!

accumiiation deley for a schedule of & given structure therefore involves

settinz up the ccefllcient system & ¢ peveiuating the sums

ig,rr

n
11.21
(22.21) Lo E o %t = P B

gay, and solving the linear equstion system

(1r.22) & =E 3 b g
r.22 i = o P ,8. 5., = 2 t _s_ =0, @ =1,,..,R1.
qu d;m r,rEl rr! ' r T r=l mr T

.efore = sclution gr’ v =1,...., R -1, say. to tnie eguation system
can be liuked upon es a moot ec.nomical schedule ©f the ziven structure, 1t
neecs to pass twu tests. In the first place. it shic re;resent & minimum
of acounulution derey, not a moximum Ir o8 caddle~point. The outenme of this
test is controiied by the coellicients trf' If these make up & sc-cellied

pozitive definite matrix, toe s.iuticn reprasents a minimum of the function

]

v

=

ing minimized. If the matrix Lb“rj were to be indefinite, this is an

-
indicaticn thet there exists snsther glructure containin: fewer runs. and no
mre trains, peraitting e smailer cecumulation delay tiza the structure unier

sstimslion.
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Seconaly, evern if :brrj is pogitive cafinite. the soluilion Er found
reyresents the minirum scouvrulation deley achlieveble with the given structure
only i gr- defines & schedule that actuelly has the structure specilied.

If this fails to be true, the s-’uti>n has nc meaning. because ocutslde the
drmain of the given structure, tne funclion minimized does not represent
accumilation celay. However, if such & meaningless scluticn is obtained,
this eguln indicates that there is ancther structure containing fewer runs
and no mere trains. permitiing e smalier accumulation delay.

I+ is iikely that the special wey in which the coefficients brr‘ are
vbteined will meke it pessitie to find short cuts in examining the positive
definitenese ~f [bri and in s»lving tue equetions (11.22). I this ex-
ploratcry study of the general nature of ithe problem, we have not attempted
tc lock for such short cuus.

7 :

- L6 an illustration, we will tarulate the cuefficlents of the equation
(11.22) for the schedule structure cf Figure 12. The first step is to reccrd
the criticcl deperture and arrival times for all treffic flows (i,3). In
mahie I, for each 1 and j, we tabulate the run labeis of the successive

tedrs of criticel points. By this we meen tae mumuers r(g) and r(g), say,

! whieh when usec es sibseripis to & meke
i

[TH

ll-a: vij = 8§ . K j = 5- . =l,o--o- .
( ) g (q) "4 r(g) 2 + G4y

To obtain the cuefficients b of (11.22), we derive from (11.1k4)-

: n-l n 34, |
(1i.2h) L A e
OSKJ i=1 =i+l o Dsm
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Tatie 1. Fun Leve's of Critical Devarture wnd Arrivel

Times fur the Schecule Siructure cf Figure 12

R———— UL h
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Juers onivtting, 8tin the dndices 4,0,
- .
v b oy cw
- A OA £ o
(11-3‘ ) _— = Z N ¥ + _ .
Cs 1 av s W as
Sr =1 g m T m i

, oA 38
(1r.2¢2) = W =W, —~ = v_ -V 3
ovq g g+l qu 3 -1
e aw
PR #] -

whereas tho quantities —=-, —=—, eucn I which Is G or 1 can te

25 €5

m hie

cetermirei froz Teble I fur each (i,;). For instence, fir 1 =1, § =k,

we have
dvlu d'éh
¢ e 23 T (et E 0
m
m=1 e o o m=1 o o 0
(12.27) 2 o 1¢ 2 0 o o

-

No rows need 1o be provided for m o= O in toese tabulations, beceuse, since

5 = G. o ¢ifferentistion of Y with rospect to s, Is needéd, Using
(11.27) in (11.20), ana elsc usimg (11.Z0) with the v and " transisted

igto § with the help <f Table I, we find
r




P
I ™~
o

5-12-55
-unaa-
cho d.f-«}‘._* bY3 L
iy _ o :W_T__ = z - £ —-r-'“-'- = 53:
\Jul 052 3 03 =
(11.2%) _
oA 3E
—-——-2—*- = g - '1‘_ ___..lﬁ 3 -5 .
os : e L 2
L - p

Similar ealculations for cwrer (i.7)-pairs leud %o cimilar results,
waich we put together. in Tebie II, ip & sitatenment of the cvefficients of
. oY N - s s .
8 in - gerived from the infrmaiion i Tahie I on the basis of
(z1.28). (2

.25) and (11.23). Toe resder 1s invited to examine how the

rlecement ¢f the verious entries in Table II is Getermined from Tible I.

10 .4 Most Ee.nomical Scheduies

17 a schecile is found thot mininizes acaumiiation delay in & given
gtrucsure. this ¢ces not necessarily resn th-t the mogt ecornamical schedule
nas teen Ivuné. There may be ancirers struct.re containing a more ecunomizel
s hacuse. Hewever. because diffsreni siructures may involve different hauling
coste s soon £S5 tney differ in the numcer of trains on each streten, this
guestisn can on.y be consiiered if we iniroduce further assumpticns as to
pow hauling cost depends cn the structure of ihe schedule. For instznce, ve
may use the very simplest assumpticn incorporated ip Figure 2 that hauiing
cost cn each stretch 1s a given linear ~uncticn f train length, which is
iniependent of the timing of tae train in relation to that ol other trains
o ihe same .r other stretches.

17 this funcvion is expressed in iollars wer train, it will still be
necessary &isd WO place a doilar velue on the car-asy, ané on the day's delay

to freight, belfore a bulancing of haulege cost and accumuletion delay is
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poszivle. ALl tnese things teing given. ine orobiex of finding e most
econ.mical scheiule i3 .npe of itrial and errir. wiere one examines alter-
native structures, Getermines the haulage cos*t for each, the minimum eccumu-
lation aelay for each, and chucses that stiructure for which the sum of
we~umulation deley cost ana haulage cost i5 ss smell as possible.  wWrile
zzin the particuler circumstances of the proliem ere ii<ely to permit
ehort=cuts that reduce the number ~f cowpur’sons teiveen glternative
Lwjctures thet peedg to be made. we will mot press the search for such

shnort-cuts here.

1. Scnecusing on ¢ Networy wiin Circuits

In the cases consiceres so far. there is vnly one way in whieh & car
can o fror & terminel 1 to a terminal §, where > i. This is acae

by _sining siccecsively & train fram 1 tn 1+ 1. & treio frem i1+ 1 to

This festure of

L3

ot
9]

[
Ll

i + 2, and s»> .n, end finally & trein from  §

23
o]
o
ey
w
-
H
®
o+
[
2}
®
B
&

sur mdel made it cossible to introadsce tlhe ¢ ruent O
tnerety to achieve a sim 1ifiestion of the enslysis.

-

In the present cectinsn we sasll consiaer a namber of extensions of

tne aralysis wnich are best discuised wnd unierszt ol as scaedulin: »r.blems
on natw rks thut contain circuits. even If wt first glance this does not
2lvways seem to be the cose in a iliteral sense. e snarl only give an ex-
;lorata?y discussion of & few such extensicns. withcout attemriing a formal
analysis. TIne concest of referred time i: like.y to be Less useful inp most
. f trese cuses. In .rincitlie, one would need 1o 4 {stinguish at e terminal
85 meuy different cencents of time referrsd %o i’ as there are ways

i, wnieh a c&r couid cravel from 1 to J. We shall therefire use cnly

ratural’ tinme in our aiseussion.  We shall continue to assume that
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classificeti:n e&nli trave. times are infe.en.ent ci tne fiows of cars teing

£

¢ or trave. liag, ans thut idmitaticrns of track cspazity <o onct

o
14

rule ocut any of tue schedules thet are otherwise c.nziiered.

It is zlsc unresiistic. on more complicated netw.orks, tc igonore the
itroblem of acsigomert of empty cars ¢ next loeairs pcints. This problem
i6 @palyzed in r .re detall in Chapter 1. Lere we snall assume that tesides
he flcws cf ioeea cars orescrited Yy the prigram. which we shall here

denote by xqj, most econ mical flovs xi: cf empty cars hzve already.
- o
been ceterminea. "ne scheduling problem thus is that of mest econumlical

scheduling of treins t: accommodate the flows

of 31l cars, .caded and empty. This assumsticn Ijnores possibtie "irteraction”
tetween the emply c.ir assignment protlem wni the scneduling preblem. It alsc
iconores possitle differences in classificsTion oY travel times as between
icaded and empt) cars. -

Tne anzlvsis of Section 1l.k is still aprruximately valid for & nelworx
cons.sting ¢f one anvble-Iirscx line. of whilch each track is trovellec in ~ne
3direc+icn only. Perners tae weaxest spot Ln itne sssamplions mase there is

re cgcumed even Tiow of car crizinmetions fr mw lieding or discharcing. ihe
schedule iteelf indicates tnat cers ere celiverec for taese operatisns in
bunches. In urier_that ralouces of cors from these operations can be trezted
ss an even Tiow. oune woald have tu assume tiat there is either enougn natura}
varictility in Ineding or aischarging times, or encust. congpestinn ia these
opersti.ng, tu convert a tunched input 1o these sctivities into an evenly

£lowing output. In the sec'nd case, .ne would nave o recognize congeation
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delays =%t iozcing or disenzrging tracxs 26 &n zuaitional csst of the bun®ning
cf cars in tralns.
Further com; licetions arise if the Line congicered nas side tranches.
n the network of Figure 1h, with two-wegy treffic on escn stiretch. there
wiil be &5 edvantege, at terminels A =and F, in scheduling train arrivals

and depertures in both directions of the "main liae" ip such a way that,

U W, -
-’

Y
s
4

o

icure 4. 2in L ne with Bronches

With sultab.ly ecurdinated arrivals and lepartures f trains on the side
branches. cars from &' cr B’ for either alrection, and cars for A'

r iirection. car nslke ceonnectiicns with litvle accumulistion

and E' fron eithe
Sec.ay et A or P ~ho~ tais 15 esaentizlly dae to the ypresence of clirciilc
ip the network cumes ont wore clewrly if. in Figure 1,, we draw Lhe same

netwir«< with & seperate _ine f-r eackh cirection of ficw.
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F:gure 1. Heuwwors cf Figure 1L Drewn with One-Wey lines

* Circuits &lso arise. even on & sing.e line with one-way traflic only,
e
H M
T if the structure - the szuedule incluces meintrackers, thet is, trains

Woich by-piac certain intermediste ysrcs. The netw.rk of Figure 10 ilius-

trates such a3 cese. Liazrams in natural time of the type of Fisure 7 can

e e SR O SR

B i

Fiwure 1. Singie-Line. One-Way Network with Maintraciers

ve usec to analyze screculing problems on netwerks such as tnat in Figure 1,
even with tws-way treffic. end with malntirackers between several pairs of

verminsls. “The limitotions of two-dimensional aiagramsibegin to show up in
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retworss with brenches such s lhs
with regaré to networks such es that in Fizure 17. irp which circuiis occur

ever, 1 ~e Aisrzzerdis direction of flow.

N

Figure 17, Netwcrk Coniaining Circuits

mie meiand for cetearmininr ¢ most economical schedule (T glven structure
undar ¢ rstont rates of originavion, whi ch was cescribed in preceding sectl ns
Af this Cioaster, can probebly be ertended witacut ecseatir) aifficvlzies to
arbitrar, netwcrks containing any number ol circuits. HKHowever, the nore
complicated the netwerx 1s, the more the esaeniia’l pard of the scheduling
problem saifts to trnat »¢ determining the structure, rather than the timing,

edule. The resnson for this is thot, io rother cimpliceted networks,

7]
.
t
o
{u
L]
0

~{ten a 3lifht caenge in the tining of some given itrein will cause 5.2€

traffic flow x, ., to miss a cord.ectich previousi; raie (r permit it to
maxe & concecticon previsasly missec, in either cuoae ChaLglog toe jtructlure
of “ae schedule. s n networks 23 complicute. us tne United Stetes

railraod sypiem, or €ven 8 major ~ailroed eompany netwerk, the first and

foremost problem is that of choosing vetwean a Tirite but very large nurber
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of alternetive schedule siructires. Problams of tails type ere clacsified
ip mothamatics ac "ecmbinatorial” oroblems. While Lasic mathematical TLols
<c degl with combinstorial yr.btlems have beern develcped by many melhcmatlciens,

. tpeir apelication in computational procedures for solving cumplicated practical

vV

problams 45 still In 113 first beginnings.
In conciusisn we wish to offer & few intuitive remarks as to ways of

approaching the pr Ylem L chioice of schelule sirvcture n networxs with

reny cireuits. It wruld reen ratiral to split tnis crotlen into two parts.

Fiprst. une wowll f£ind & gnod schadule on whet mty be cal.el the "cure” of the

netwerk. i the ccre we include all routes that ere pert of c¢ne circuit or

anotner. If tniz were to form z disconnscted set of routes (es in the networ

“f Ficure 17, where the r.utes telcnsing to eircuits form two separate networks)
-, we »ad the minirum number of connecting routes nacessary t make the core into
one connected netwsork. Figure 1& shows the core so Zerived from the necwaork

of FTigure 17. The route A B T hus been edsed tc reccnnect the core.

e

Firure 1€. Core of the Network in Figure 17

I¢ we remove the core from a network. we arce left with 2 nugher of

1solated branchings whieh we shall call trees (in aceoriance with estsblished

-

methematical terminsiory). The six trees f the network in Plaure 1

-
i

are

3] For a survey of computaticnzl aspects of combinstorial problems sec
Temphkins [3_952] .



sr. wh ip Fipure 19, The point where z trec feeds inlc the core will be celled

iws Teexins poini , shiwn by & circle in Figure i:

.

- AN\

Figure 1%. Tress _f the Nel cr¥ in Fipure 17

Now & first approximation to the scheduling Lrotlem on 4 network with
e, circuits ceuid be abtieined by treeting prograrici traific Tlows to and from
a1 terminels of & tree (other than tie fecding point) as 1f they were pro-
rrarmed to ani from e single terminal. The netw. rk of Figure 17 is thereby
cimpiified te that cf Figure 2C, in which the ramificetions of tue trees are

ving idee is that the scheduling <n a tree i5 not encum-

b

ipnored. The unier

bered by circuit problems, anc c&n tnerefore pernaps be adjusted to whelever

Figzure 20. Simplificatisn of the Netw r« of Figure 17
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scheduie is found to be bLest cn the simplified petw.rk. Irplicit in this
is tbe essumgiion that speeCy turnarcund of engines st the desd ends of the
trees is & prot.em ¢f sec.udery importence, itnat c¢sn te neglected in a first
approximation.

Evern. after this sirpiification, the schsduling problem is bound to be
complicated if several circults are yresent. A further simplification may
be schievel by first cuncentreting on routes wito heavy traffic, end there-
after f111ling in the schecule op the more sparsely travelled routes. This
procedure will te even mcre naturel if lrack caepacity or tpe heavily travelled
roﬁtes is e limiting facti~r. Cf eourse any of tane simplifications suggested
Las & c¢ost in preventing one from finding tne thecrsticelly very best schedule
-- wnich however mway be toc costly to compute anyway.

(ne cther thought ray be advuncel very tentatively as a suggestion for
further research. It is ¢ccnceiveble tanat a solution of the scheuuling'prcblem
cculd be made casier by the introcuction of fictitious prices on the cars,
which vary with the lzcetion of the cars in such a wey that they increcse as
the car comes nearer te its desiination. &4s cers accumulste et & certain
terminal on the way. & pcint in time will be rewched where the gain in
" ocational” value from running & trein to the next terminal will te enough
vo mexe up for the cost of that train.

An-ther aspect of the scheduling probiem bas not been mentioned at all
yet. This 1s rohdur Fluctuations. in travel times, in cléssificatian times,
&nd ir traffic f.cws. Safety mercins to a’low for sucn fluctuations will be
needed in any realistic schedule. We have not atiempled 1o introduce this

~ensideraticn in tne preseant exploretory discussiocn of the scheduling problem.
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12...1 The Jenands .f & Trens_.ortsfion Prosrom o the Freight-car Fleet

Teroughoet our study of raliwey operationsa preat azea: of empharls has
beep iaid on tne time recuires t  carry cut s shinment. As was poinzed out
in Cusjler o the imgortsnce cf time arises not only through its effect on
the invent-ories custiomers need 4. carry ané ¢n railrcad .perating costa, but
glsc through its effect on the emount of rolling stick the indus%r} needs in
order te carry out s given amsunt cf business. Thus if we hed estimates for
some Puture rear of the nuxber ¢ T car miies and cer loadings, and if we knew,
fror. studies suco as thet «f the Federal Coordinator of Transpiriation, dis-
cusced in Cnerter O, how long it tock to load & car. Lo haus it s- many miles,
ete.. w2 & ulc have & very good start on estimating the amauﬁt cf rolling stuck
taal wouzd be neeced. Ao imporiant sart of this protlem however remcins to be
discussea. This is the relation vetween the set of traffic flows from each
slace to eacy uther place and the nurber =f enpt: car miles required to sustain
this set of fliows.

Hultéren nes showni/ trat loaded-coar-niles and empiy-car-miies rise end
fall tugether. but n t in the same ratlc. The swings cf empty-car-miles seem
to Te proportionately less then those of losded-car-nmiles. (ne could estlimate
the level «f em;t) carmiles correspondirg t: & given set of traffic flows
by usipg rati.s like thuse in Hultgren's study. There are, ncvever, serl-us
shorteonings t. such an aporoach and in additicn ssveral reescns for .investige-

ting & mire cirect one.

1/ Wultgren (1648, pp. 111-12C].
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To give an ides of the magnitules involvel: 1n 1971 loaced-car-miles

. -4
for Class 1 railways were =C.C til_ium and empty car-miles were 10.5 billion™.

Tre ratio of loeded- tr total car-miles flﬂctuates betwean 50 and 70 percent.i/
The predouainant movement T treffic in the United Stetes is eastward. This
srises from the fect that most menufacturing tekes place in the East and mest
ferming in the Midwest and Vest; so we nave tulqy raw materials moving east

and compact manufuctured goocs moving west. Trne resu’t is that empty freight
cars for Western loading mast be surplied from Lastern terminals, and a con-
sidereble wmount of empty-car milesge is brought abarut in the process. Now

if oue year's trinsportatiun progran 15 very much like ancther yeer's we

ghrulé expect tihe empty-car mileaie to be about tue sare for tne two yeers;

and if the twe years were proporiicnately lae sene. that is, 1f the A to

B traffic chanfed in the sume retios zs the C 3 D treffiec, ete., then

we should exrect thot empty-cer milesge would ©iso vary in tne same preportion.
It is quite ciesr though that chenges lp tne program which are ngt proportional
can give rise tu very racical Inehges in emcty mileage. cven though the total
Theded cer-miles remein nearly the same as vefure. If we desire, therefire,

t- mexe zny stetenents as to the adequely of freigat car supply for these

pore LNUSUAL changes, we must develop a more direct methsd cf calculating

tha ety Lileape assciatea with the gliven program.
L) z

12.1.2 A Mesns of Tvaluatling tue Txisting Car Service Pricedures

Except for “cystenm esrs’ (eurs un thelr owners tracks) within the conf{ines
of & single railroad. the movement of empty freigat cars 1s gouveraed by three
tnings. First is the set of so-called Car Service Rules agreed upon bty the

veriosus raitlrcad companles anc alr.inistered by trhe Car Service Divieion of

g/ 1.0.2., Suretisvics ~f Railweys 4in tne United Glstes 1951,

—

%/ Hulteren | 1046, p. 118, Cnart DZ2j.




+ .0 Assoeintion of American Ra'lroads. Sccond arc tie Por Dicwm Agrecmenve.

‘rr Gorvce Rules and Per Dicm Afreemenic o catrrl lched for the piomposce of
providing wn immroved movernont of cars ntercnenced botweon reilroads, to nini-

L £e the novement of ermiy carc, (6 coerd.nzic equipixnt 2o “hot an imroved car

supply can be had by BLIDDPITS, tr faciiitete generzl moveaent of lcaded cars,
anc to eswablish unifcra cnerzes for cers oo “ipnes of osutner than the ©wmers,
comeonly ¥nown as Per Dien Charges".&f The third ¢ nirolliny fact r €ODSISTS
of speclcl directives Issuad bty t.e Car Service Livision. These rerresent

a ¢c.cperetive attem T on the part of the ciffereit railr-ads to predict the
time pluce. &nd extent of extrz rolinary neads fur loading, and t. take
measures to Suppi; these needs by Giyectins tnst empty cars be meved in
certain ways, often eontrary to +hose specified Yy tae Car Service Rules.

.

. Taese Gireciives cun belinter;reted as 2 recoanition >f the fact that the

Car Service Rules ﬁnﬁ Fer Diem Agreemenys s not ty thense:ves lead to the
{ert use i the freiznt cer fleet., While the application of these
rules can la2c.me guite involivel, tre malp icea theoy express with regard to
the movement of em;ties:that is, czrs for whica no lomd is gvailable) {s that

. +

trnese Ccars Shoulgé T2 s veh in the airection of tne hunme roac. In e trief

e

, 4t i5 oifficult to oveid doing the rules ap ioustice for they are not

P

50&C
; of : : ;
quite tric vigld,ftut it is naver-neless trae that car cwaersnip is given

& Tore importent rose then ¢ nsicerasticas cf

of emgpty; cers at various locati. ns.

, e 991

e movea locally in aa orposite directlon
ded for desivery on or movesacnt via the

ar Cervice Rules. Ereicht Traflfic Req Bogk
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in the presant cha,wer we suall examine these peeds and availabililies
2t aiferent times =nc we shall attampt to discover u.w empty cere snould be
rﬁuted if the only consiieration were thet empty car-miles ve minimized. I%
shoulé be emphasizeu &t this point that, while for simpiicily car—miles are
the oniy cest we ¢ nricer in thls v uling. many strters, such es the costs of
crpgestion, mignt very lesitimatel; be brougnt in.

Once these nypothetical chort-haul rouiings were knmm. 1t would in

princigle be roisible to compare thenm wita the mctuzl routings brought asbout

m

Ly trhe taree zzencies menti-nad geriler, and in tnis way faecilitate en evalues
h Z »

tion < f existin: car szrvice jroceaures. Fecause, nowever, our study is a

rether cvade one and because ini miation on ectuzl empty-car flows I8 sparse.

we must be satisfiea f-r %.e presert with a somewhat more moaest guali, a8
frilows.

Z.1.3 5tabi.ity of the Saort-Haul Rovting Pazterns

We shall com:are =he shori-haul routing peterns thst are derived for

arty cars for several differeatl years and £ r the four guarters of one yeomr.
I£ tye rattern is found 40 be 2 very wastable one we should consider this as

ev:ijepce of difficulties that the cur servize pricecures pust overc. ae. In

this cese we snould nol eruect z set f rules &s sinnle cs the Car Service

b

Rules %o nrovide efficient directicn; juimment, organizeu Tiuws of infrroation,
and special directives woull carry most of the vurden. 17 on the othier hand

et ¢f rules that suffices

ter

izh degree of stabilivy is found then a simple

mizht be found.
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The asta nutlisnhed bty the Interstete Comrerce Commission on commodity
movenents by rail are, geperslly speeking, of two sorts. For brevity we

ghell refer to these two as program ¢zte end foow data. Fach relates to a

given period of time. The Lrogram date tell us for instance, how much corn
treffic criginsted in Illinois in 1¢4¢, and how much terminsted in the same
period. ve flow dato telil us how much corn moved from Illincis origins to
Pennsyivanis terminals.

while it is c_ear thet program data can be ctteined from flow dats, the
reverse is nct the case unless some assumption 1s mele wnich glves us & rule
1o use in essigning the supplies of, sey, cern in one state to the demands
for corn in other states. If we wisaed to carry out this process, market
prices would provide cne such rute. Namely. IZlinouis wiil ship tc Pemnsylvanis
if the price c¢f e.rp in I.lindis p.us the e»nst of transpcriiog ccran to
Pennsylvenia is less than lhe price .f corn in Penusylvania. That 1s tc say,
those shipments will te male which are profitable.éj

Notice however tr:t the flow pattern waich would result from such &
calcuiation ie a purely nypotnetical ome; it might or wight nct agree with
tne cct.el fiow data, depending on the validity of tne assumptions made. As
far e3 car.oad cum.dities ere concerned totn program end flow data are avall-
~tle. in various de-rees of detuil. The progran drta are the result of complete
tabulasisns of traffic by individual railrcads. and are putlished by the I.C.C.
fur several degrees of classificatrion. The flow dats cxnsist of estimates
dertived from a cne percent carioac wuybill sempling procedure of tne Commission.

Tna clascificaticns are years, sioies, &ad commodities in detall.

é/ In Foy 119,3] this approach is applied, witu the additicnal complication
Thot the jrogrum itself depends cn prices. Demand ana supply curves azre given

for eacu ~ocation ans ficws, urLgran, and prices sre solvea ior simultanecus.y.

[



The cne comedity hewever with which w2 ere perticularly concernel here
appesrs in none of the putlisned programs or fiow deta. Tails "eommodity”
is the empty freight car, end any informetisn on its novements nust be in-
ferred fr.m data on the movements of cumoadiities proper.

We have seen &bove that the rrograrm dats for any parvicalar ccommodity
cou.d be used to set up a hypotrneticel flow patvern for that commodity.

)

1g is the procedure we shall follew in celermininc the flows for empty
cers, with the adles complicetion that the prugram ceta must als> be estimated
tefcore we can start. These lstter data will be derived from the progrem date

for all other commncities.

12.% Surpluses and Delicits of Eopty Boxcers

I the numter of empty freight cars thet originates in a region auring
4 given period is greeter than the number tnat termin;tes there. the regiun
wiil be called a freighti-car suroius region. Conversely e aeficit region
will be one where tne number .f erpties terminasting is the grester. Finding
the vr.gram for & given yecr then is simply a matter f determinirng the levels
of the year's surzluses and aeficits for all the regions. If ell freighv cars
were egually uselul for all jury ses this delerminatica would be tmeh essier
than it mctually is. We must however tske acccunt of the fact that an emnty
senicla car it of no wse t. a snipper who wants to load cranges. Surr.us
=n; deficit fiires relating simply to Ifreight cars woulcé not be very mean-
inzful, for iazter, in the process of deriving flows, we might unwittingly

B

es55iwm one regicn's surplus, consisting mostly o»f tixcars, t2 the filling of

an~tner regivn's deficit, consisting mostly of flat cars. To reduce these
err.rs Aue . the sumaing up of iifferent kinds . £ thincs, we slall corfine

our wnole iiscussi.n to tne moverent of boxcars aione. Precisely the same
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pr.cedure could bLe apriiec 1~ each . f the cther tyres of freight ear. By
thus confining our study to e relatively mere homogenesus group wve reduce

the zeriousness of these objections. and Yy ceuncentrsting on boxesrs we still
nave in our study o sizatle fraseticn of the whe.e freight cur populaticn.

Tne totel cars in sctive service in 1570 ana the breskd .wn by types of car
are shown in Taklie I where it can be seen that boxcsrs conatitute more than

e third f the total stock of rolling equipment.

Tatle I Fretght Cars On or About Dec. 31, 1650
Cless I L.ne-Kaul Reilways Plus Privzte Lines)

humber Percent

. roxcars : TL7 k2h 36.16

Flatcars 55,160 5.28

0 Stock Cers W7.571 2.kh2
Gondolas and Hoppers 855, 489 43.67

Tank Cars 1L4E, 330 7.53

Refrigerator Cars 127,210 64&1

(ther Freight-
Carrying C4rs 10, 24 -23
Totel 1,58k, 2.4 100.00

So.ree:

retate Cormerce Commissi .on, Stetistics cf Railways
ite

Upitel States. 135C, Takle 24. p. 285,

Vnile we can be & little more conf-rievic with the assumption that every
Toxcer is like every other than with the assumntion tuat all cars are alike,

i1t shculd te rezlizeda thet even this restricted simplification is far from

—— T TTTTe—

true. If by some stsndard it is thouzht that too much dist-rtion is intro-

ducad into the final estimstes of emoty car flews by this assuaptiza of homogeneity,



the c_ass of cors examined couwll be silll furtaer reduvcel. As we shall sce
below however, such a vrocedure wiuld very guickiy _eac t7 diminishing revurns,
-

guite apert fronw the fact thal compututions wiuld inecrease if the sane number
of cars were tr Le incliuled in the situdy. The rezs.n is that the estimatles
of the program fur “he type of coar being studied guickly deteriorate 1f this
car is not one of the maln classificetions for winich related informziion is
rutlisihed vy the I.0.C.

We gnazil now describe the method us2d to derive from the program data
for al: c-mmodities ithe estimates boxcar prooran of surzluses apld celicits
for the aifferent states ip the U.S. for & perisd of

Unfortunate'y, for cur purposes, tie unit of the pulliisued oririm=tion
end destinsticn Tires™ i3z nit tne cerloaa, tut thé ton. Thus il {5 necessary
te, convert these fizures to ceriocass turrugh the use of statistlics of eversae
t-nz per car f.r the varicus commciities. While the letter zre svellsble for
ezch «f the 30( comrmodities in the I.C.0. classification, we snall for compu-=
tatinnal essz use .n.y the :nes correspon@ing to the ccarse  six-commuidily
classifizetion: Pr.duct £ Acrieuture nimals end Products. Products of
‘ines, Products »f rForests. H*ﬂg.ictxrns end Miscellanesus, ani Forwerder
Iruffic.a/ Tabie II iists tnese tons-per-czyr figures by yeoer and by c¢-rm.aity
Eroup.

The first importent thing to notice irn the table is the aksence of any

ate ccreerned. Theze are U.5. svercges; where the true

i
P

mention of the
Tigures ailfer tetweern atates we Lave s sturce of err.r in our conversicn

from tons o ocors. The second feature to zotice 15 the wide aiffercnce

l/ Table .-%, 1.C.C. Suztistics of Railweys ‘n the United Stetes, lBhO' 55
”é/ "mae term 'forwaraer troffic’ mezus frei;mt ~ra.flic ecunsigned vy cr to
forwaraer. i.e.. & corpzny. firmn or indivicdund recngrized as engazed in

the tusinecs - co.leetin. and acsusnlating less-than-czrload shijnents into
consolicaten cariosds witacut an Cwnersihin interest in the propariy so haniled"”

I1.2.C0., Stavistica of Ruilwsys in the Jnited Ttotec, 10, p. 4G,
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i tue eversgco belveen Lhe several commoiities.  This fiffevence i3 somewazt
rewssuring with respect %o the source f err.r _urt mentionsed. Ty tresting
neavy cormocitier sucr as Products £ Mines separstely from lizhe commodities
such as sainels ang Proocucts we are insuring to some extent agsinst the chance

thet a tens per cur fimre fror o minlne state exceers the U.S. everagze for
x ¥ k. =

e same comp.ex D comiowities While at the same Lime a similar ligure for

[
L

catt.ie-raising state falls below the '.S. Averags. Using these average
+7ad Ulrures then, the folilowing ¢inversion frum tons to care can be mece & r

exch state anl ezch commocity:

Tons of Comodity Grrup X - Tons of Commeity Group X Car Curpluse
lerminated Grijiaeted = oue Tu

Torns of Coammocity Group X
Far Car

A rneative surpius is tuken to be a deficit.

Tous we have I-r each state gix csr sur;lﬁs estimetes, ~ne for each
corpmeality ~roup, from which we must npow Jerive estimates ¢f boxecar surpluses
(7r rletcar surpluses. etc., if we so desired).

Through the early years of car study n dzta on the reletive uses of

toxcars sna cther cars were puklished. In 13545 however the I.C.2. begen

rresenting in their Cariced Waybill Ansiyses scme very valusble informaticr

+L the distribution of cer types in the bauiage of eachk commodity in the
Comnission's detniled classification.

Pr.om this s urce we learn fcr cxample that .f the 35,965 freight cars .
in the segple which were used in the carioed trausooriction uf Products of
refrigerator cars, 93 stock

e

apecial cers, andé 37 tank cers.=

Acriculture in 1933, 27,252 were boxcers, 7,12

T

e6, 7¢%7 hcypers, 1 flat, Ol

e L.
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Tnese statistics, Lige axl others in the waylDil. Ane.yveses, &Tre based on &
¥ ! . .

ne gercent semple of the zucitea waybilis of Class I roilroeds. sno are
zanseguently suwb_oect t sampling errcrs. rurtherm re the errors in an

estimate, &5 tne cgvesy in the introouctiion to esach «f these renorts states,

oy -}

will tend to be iarger woen the number cf cars {i.e. rpumter of waybills) to
which it ccrresvonds is smaller. This need not worry us tho much here how-
ever for cur commocity Sroups are very broad and the sampie. while from a
vercentaze puint of view sma:l, is in &bsiluve eizec large indeea. It is
we 1l kncwn “het the atsciute size ¢f z ransom samzle ¢ontrols the accuracy
of estimetes derived fr.om it much mere decigively taan does the ratio

of the sarwie size to tne wnole vopulation. Teble 11T lists for the years

)
12LG, 1o €. ena 15,1, the retics of tuxcars usea t:- freight cars used in the

trenssortatinon of each of cur six commodivy groups. It can be noticed Tirst
that the variation in the retic for any one commodlity group from year Lo yesr
is very small. This is fortunate for we have no informatisn abtout the ratios

for e.rlier years, 134C-1545. wWe sha.l use the 19h¢ ratiss for each commodity

as estimates for thnese earlier years. Cn the other hand the variation of

e e Rl el _ _-
Producis Ardmels Frotuects Procucts Menufacturs { Forwvarier

! Year of and of of and Traffic

i Azriculture Products Mines Forests Mise.

? v — -l —— —— -:n i S e e - —— -t--v--;-l!- Ol ffas - W e ﬂu-u--n’,‘- — R lr ) -

: 1ok C.7:C 0.081 C.0t4 .25 0.578 C.952

% 15 .0 o.72 C.0%Y 0.062 0. 523 0.%85 G.954

{ . _ _ -~

g 161 0.75% 0.083% C.C5 C.358 0.558 C.G54

i__ SR SRR & R - S . i

Tahie IV. Ratios c¢f Boxcars Used to Freight Cers Usegd,
ty Commodity Group. 1S45-19,1il/

, Statements 058, 5159, 5226, File

i 1.c.C.,

Lo-C-32, (1949, 1930 19.1).
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5 seen to be very

(=N

L] . . . .
tnese poxcar per car flgures tatween commoait)y rowuns

substantial, ws we should expect. The loves

¥

fimires are tonose for Animals
end FTroducts aot for Pr<ducts of Mines, b oth of the ma’or poris of which cell
for soecial purrose cers -- 3tock sme refricerztor curs in the first czse and
g.nd:lus and hkoroers in the gecrnd.

These fizures, like the tons per osor figures, are derived frum dets for
the U.3. &5 & whale. and tuerefore introduce errurs into cur calculeticns
whenever wvney 4iffer from ine corresponding (unknuwn) figures for the individusl

sTaue

L

e cab now trans.ave wge froigLt edr surpluses Ipt. tuxeir surpluses by

muitiplylng by tae gppreprizic boxesrs per car Tigure. The flnol formule is:

Tunz of Cogmodity T.ns of Commodity .
”r'; X "efTirA*;d i Grous X O;; inatéu A.xeirs per Estimated
U X MLArE roln X oy -
. : < ) o = x Car f.r _  EBoxcar Surplus
Commcaity - Due to Com-
Tong of Commodit .
: Y Grour X mndity Group X.

aroup X per car

These six surpluses (s-me £ which mey of course be nerative) can now be summed
to give tae finul boxear scralus fir the year and stste Leing cunsidered. The
results .f thece calcoulstiung for the elevern years in oir study are printed

on the maps in Fimures 3 through 13, For simpliczity toe stated Lave been
egsrecated into the twelve repiovns described in Tegble IV and Figure 1.

The derivation of tae propram of boxear surcluses end deficits from the
rrograms for all otuer cormodities 1s now complete. The next step is to duild
up from this program data a hypothetical system of enmpty boxcer flovs wticb
brings eb.ut the least mmount of emply boxcar mileage possible. Eefore we
problem however, a short Ziscussicn must be devoted

can go on to trhis routin

-
I
~

Lo toe asvunmed distences between regions.,
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Tabtle IV describes thne twelve region divisicu of the U.5., anu lists

for each region & re;resenﬁative paint. Tois grouning ¢of states hes been
dcne by weigning the fullcwing factors: seograpi.ical proximity. siml.erity

5f ec-nomic status end troduct. pattern of railwva; facilities. and the possi-
bility of selecting = single cerier for the area viickh would dominate other
poesible ceuvers os = foca. reint for shippiog. Te vurpose of picking
representetive points is b estsbrish an orisiz from wzich to measure reil
éistances. The cities se.ected do not necessari.)y rerresent important gateways
or reil centers; tuese wou.d often be _ess satisfectory for present purposes
than the v:ints chosen. Tne criteria cf selectisn are admittedly rather vague,
tut they include some of the T lleowing considerati-ne. Since we are interested

in The sistences to end Irax and destinstions of treffice,

7]

Llimate crigir

e

_arge centers of population are not ncresseriiy the points to cncose. Cne
would expect thids to be the case gspecially in the form states. Wheat is not
crowm in large cities. Seconul, .n.ess there is very zood reascn to lbink
tnat originstieons ang destinaticns are ernceatrated siong the edge of a region,
a point in such place shoulc be avelded. in crder n-t 1o favor flows ito the
regicon btordering tals edge.  Tals considerstisn excluces St. Louis in Regicn
VIII. One should attempt in setting up the regiunal classification to eveld
ripclar regicns such as Rezisn XI which inciudes L. Angeles and San rrancisco.
Sipce the statew!se charscter of cur eata preclude this. we picked an inter-
meiiate rerresentative peint. I we hai for e renisn complete informetion
apout where empties arose Or where they vere neeied &ni in eachk sase the
precise nunt;r, tnen it mizht te possitle te soecify wur representative point

m.re c.osely in mathanatical terms. Since irn eny case such informwtion is nct

PI-RRVY S R
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sveileble it is peraars best to tainit of tne priot roughly as & traific

centar of

W

avity for the region.
Tatle V gives the assumce reurecentative istances between ror.ons,

Al

~ne itoliicized entriec In tho tel.e ere short-lLine reil cilstlances between
reprzseniative points: the Jther epiries are rall distsnces vetween repre-
sertetive puints which éifrer .n.y siigntly from short-line ones; they are
jes Tty finding the shortest rcocute (ver thess

L

gerived from tne itaiicizea ent

(2]

-

12nks. Thue rees~n for not asins shocst-lire distances between all the polinte
is thot we nave s somewhat simpler rail neftworg a3 ¢ result. As fer as cur
final routing calcu.otions are ccneerned tade one.l chenge hes no effect.

of Table V is

e conceptuszl raill netvw v corres o

b
L4
PJ.
=}
]
e
<
ﬁ.
T
w
o
[N
(B
¥
5
0
4]
L]

shown in Figure 2.
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Toble IV Feginrs end Represeriative Points

<t

Region Etetes Includeg Re.razzartative Point

w

1 Maine Toston . Massachusetts
New Nampshiire
Vermont
Maussachusetis
Rpnie Island
Connectizut

II hwew Y.rk New York, New York
Lew lersey
canane

111 Chio Cleveiend . Okilo
' Pennsylvania

Micnigan

West Virginla

v Maryland Colurbie, South Cerolinma
Delawvare
Virginia
District of Colurbia
Fiorids
Ce~r~io
N orth Cerzline
Szuth Carciine

v “Indiana Trnicago, Illincis
I Zincic
Wisconsin

Vi Iligbons Jacks-n, Mississippil
Arnan3dad

Kentueky

Missiaciced

Tennescee

L owisiens

VII Minnesota ¥inneapniis. Minpesota
¥, rih Darcta

S.outi: Tadota

VIIT Colorade Kansas Zity, Missourd
Izwa

PR = Sl |
Ny
HESLTrz52d

Miss.uri




RM-1u38
>-12-55
-12.,15-

Terie IV continued

Re-ion Stztes Inciuded Re, resentaiive Point

IX New Mexice Fort ¥Worth. Texas
Texas
Cklahoma

X YWyoning Oghen, Utah
' UJtan

Idaho

Montana

xI brizona M.pterey. California
nevadz
Caiifornia

¥II Uregon Pcrilanc . Oregon
Weslhiinazt.n

.
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Cleveland

Kansss City
—

X VI O Colurbia
Jackson

[

Ft. Wortho

Figure 1. Regions and Representative Points

Portland

\ 1793

848

) Minneapolis
923

Boston
. 678 /z/f
- 147 371;3¢fﬂew York
t,,f”f . > of: Teveland

Ft. Worth 42 L

Figure 2. A Simplified Rail Network
with Distances in Miles
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(nse Lne sur luses anc deficits ere knownm, Ihe short -haul routings
crn becompste. Ty toe su-colles "simplex metnda of Denizlig. we ghall
n-w descrite the metnol bevend stutins the eonditdon wnich is necessary
and suwificient for tae s .ution. Tnis conditlion wes First formuiated by
Koogmans;j/ in relati:n t tne opr.tlew of finainr tue mist econsmical
»uting of ewmpt, ships. It 15 quite iriar 1o ilose ceniitiqons develored
in Chapter & fur the elficient use o a higwwey notw . liere it 1s sone-
what simpler Yeceuge we have clsre. cerdel congestion., I in t.e present
sroblem we were copeerpes with tae routing of ail traffic, tals siml lifica-

icn WouL< have less justlificavion.

Our conditicn s thet there must exist o set uf fictitioun prices or
"paic:tiuls'*-, or.e Tor casn of cur recrasentutive polnts. whaich has tne
{ff £477 ~ripny twoe Choragtleristics. (1) The difference in potertials between

any tws> polats muist not cxceed the Cistancae tetween these puints. and
(2) if the boxcer firw tatween any twe points ic positive ihen the notential
at tre receiving point must exteed ine votential at the vending pcint by

» amount Jjust equal to the distunce betlween the tw> points. OF c.urse.

cistunce Is usel here al 2 substitvte for cuost of empty movement, «n the

simplifying essumrtion tnat the latter is prep rtional to the former.
Dentzig's method conzists essentialily in snowing how to procesd in &
systematic manner from an orbitrar) initial routing pattern fir which
such & sgt <f ootentiels cres ntt exist to routing pattern for which cne

aces. N
N2 | Deatzig i.Goie. pp. 5:%-37kj. For a Gescription of the development
Fothis or bl ee ouT inir.<uvstion. p. 2.

};j Koopnens  wyb7). Bee els: focpmins oni reiter [1951].

i;/ A tern sizrestea by an analigous protliem in the flow of electricity
through & netw rx of c.nduclcrs. '




Figures 5 thrcugh 13 show the routling petveras for ihe years 1GL0-1250
eni Figures 14 th%,ugh 17 fir the four cuarsers f 134G, Burpluses for each
rericn are showwn as tne bixed firures el-nsside each rerresertasive poict,
and the me nitudes of trme verious fi-ws (in nuzbers :f cers) are shown along-
gide esch s=oment of the ratltiern.

Figures 3-17. Sao-rt-Eaul Reuting Patterns = Emply Poxcars for the
£ o4 . g T Dy

Pro-rams of Eecr of tne Yeers 1CHC-15C wnt Each of

=
I3

_ine Susrters o8 17
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Figure 19. Short-Haul Routing Patterns.



12.7 Corclusicns ¥Witn RMesiect 1o Staniliity

In Figure 1$ we hsve reproduced all of the resulting short-hau: routing
petterns on a single csre where they can be seen &t a glance for easy com=
pariscn.  Since a ‘udsment as 1o whether cme pattern is very éifferent from
ancther 1z to some ertcat 2 subjective matter we snall leave part cf the

final decision eeorcerninz stability t: the reader. Notice however itnat in

‘tne =lcven years cnLy five different yearly patterns arise: 1641, 19u6,

1647, 104H, aud 1¢ C are of "one tyoe, let us say, lype A, 1943 and 1045 of
vype FO1ub2 enéd 194+ (f type C. 1GU0 alone or type D, and 1945 sline of
type E. Wnile the fourts quarter »f 1943 is cf the cummon type E, the cther
gzarters of 1945 are unlike each cother and unlike ary cof the yearly patterns.
Wwkbile the peecetime vears taken by themselves. and the wartime years iaken
by themselves dac ceem 1o show & fair amcunt cof stability, the quorterly

retterns for 1%4% seem to indicste that seasonai lpstabllity werrants a

closer inspectivn .f cther years than we have given them. Cne encouraging

. aspect of our resuits is this. The stability found tc exist seems sufficient

to Jjustify the hove that incrementsl-ccst freight rates that tzke into acccunt
z shirment’s contribution to empty ~cor movement can s medszy be put into effect.

Short-baul empty-cer routing patterns like the ¢nes we have exurined in this

Fy
.

caa;ter are & prereqiisite to the adndnistration of such & rate siructure.
The computatinne for such purposes would neve ic he a good deal more detelled
than the simple wn2 we aave carried -~ut here, but 1t is clear that the com-
plexities of the rroblem are mot 30 greet as to carry it beycnd the resch

of existing tecaniques.
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Deseristion o tne Surplus-Deficit Computzticn

In this sectizn tne exact groicedure used In deriving the surplus-
deficit estinates is doscribed. 1Y éiflers fram the verbal account in
12.% only inscfar as s.me adustments =of the initial dzta zre concerned.

Simce culy Class 1 line-naul railrraszs repcrted, there was a dis-
erepancy between tons oripginzted and Lons terminated f-r the whele ULS,,
within euca cromr dity group. If on2 ned swmed cripinations and termina-
tions for any commoulty grup over esch stzte and Canzda, one should have
found thet total oerigingtions equaled total terminztions witnin each com-
modity gr ue. The sciual dlscrepuncy betwezn the two wis uncouttedly caused
by errcr end by "leskuge' of freight t nnege on to the Class JI ana Class IIX
railrogds {i.e.. reilrcacs which 4o not gress cver $1,000,000 a year).

Since no cate were evailatle fr the tr=ie oririrnations znd tevminations. it

‘was decided to md, 3t the fijures inltizl.y sc thet tons Hriginated would

equ.xl t-ns terminated. The iritiel adjustment was carriec out as . .lows:
- -r. -;M 1 1. * B L B S : -
Lev € anc T equal the npurber o f L rs in commudity croup M repeorted

orisinated ana ternirpasted in state 1, respectively. Then for each M
(iz.1) M. oM. o
1 3 *

where CM equuls the discrepancy between tne two. To ad just 6? ana T?

to find O? and T?, respective y, we divide CM even.y and aprorticn
M

each half am>nz the C?\ and T? according Lo their percentaege of L0

{ i
That is,
A M s - 26’1"+21""'ﬁ
(12.2) o = M- ¢ . L =M i k .
- Z 201‘4 < !

K 2 L0
X
C Vk



e

o
ot

(1z.2) oM, £ L Ak .
i i 2 Ty I oM
Z‘ - 2 4k
-K kk
k
Clearly, z M-z T&-
o1 1
i i

The trans® rmation of the adjucted t-ns criginated and tens terminated

Ly

e X

woe carried cut es foiiows: Lot o equal the preportion of bexears to el

cars used in shioping c.mmadities in graup M for e given year. Let aM

equal the reciprical of the eversge nurkter "I 1Ins per car for commnodities

in group M end for a given yeer. Then

£ M
(12.1) %" g ('I"f - )
% i

gives ue on estimate for surplus or deficit bcx cars attridbutable to each

state 1.
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