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An isothermal model describing the separation of the components of a binary metallic
alloy is considered. A process of phase transition is also assumed to occur in the solder;
hence, the state of the material is described by two order parameters, i.e. the concentration
¢ of the first component and the phase field ¢. A physical derivation is provided starting
from energy balance considerations. The resulting system of PDEs consists of a rather
regular second-order parabolic equation for ¢ coupled with a fourth-order relation of
Cahn—Hilliard type for ¢ with constraint and solution-dependent mobility. Global existence
of solutions is proved and several regularity properties are discussed under more restrictive
assumptions on the physical parameters. Continuous dependence on data is shown in a
special case. An asymptotic analysis of the model is also performed, yielding at the limit
step a coupling of the original phase field equation with a Stefan-like system for c.

Keywords: binary alloy; phase transition; fourth-order parabolic system; constraint;
variational formulation; maximum principle; Faedo—Galerkin scheme.

1. Introduction

In this paper, we aim to study a model describing the diffusive separation of components
in a binary metallic alloy possibly undergoing a phase transition phenomenon. As a
basic simplification, the whole process is assumed to be isothermal. The system is then
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described on the one hand by the relative concentration ¢ of one component with respect
to the mixture and on the other hand by a phase field parameter ¢ which stands for the
solidification state of the system (¢ = 0 indicates a solid phase whereas ¢ = 1 is for a
liquid phase). The functions ¢ and ¢ satisfy the system

019 — Ap = Fi(¢) + c F2(p), (1.1)
orc — div(u (e, c)Vw) = 0, (1.2)
we —Ac+ B(c) + y(c) + g(p), (1.3)

that will be coupled with the no-flux conditions and with the Cauchy conditions for ¢ and
c. Here, we have set B := 01[o,1) the subdifferential of the indicator function of [0, 1];
anyway, we point out that a wider class of constraints will be allowed in our analysis. The
functions F7 and F; are smooth and vanish at ¢ = 0 and ¢ = 1. This system is composed
of a Cahn—Hilliard equation for the concentration (Cahn & Hilliard, 1958) coupled with a
second-order parabolic equation for the phase field function (Warren & Boettinger, 1995;
Wheeler et al., 1992). The mobility coefficient u is allowed to depend on both ¢ and ¢, but
assumed to have a nondegenerate character as in Barrett & Blowey (1999). In the rest of
this section, we give the modelling leading to (1.1)—(1.3).

Modelling. Let us consider a binary mixture composed by two pure elements A and B
which can be in both liquid and solid states inside a domain 2. The composition of the
system is characterized by the relative concentration ¢ € [0, 1] of the component B with
respect to the mixture. The solidification state of the alloy is described by a phase field
parameter ¢ which is equal to 1 in a liquid phase and 0 in a solid phase. When ¢ is strictly
between 0 and 1, this indicates the presence of a mushy region. We do not take into account
thermal effects, so the temperature 6 of the system is assumed to be constant and fixed
between the two melting temperatures 0,;‘ and G,E of the components A and B. In that way,
we consider that the system is fully determined by the knowledge of the scalar fields ¢ =
c(x,t) and ¢ = @(x, t) for each point x € (2 at time ¢. Then, in order to obtain evolution
equations for ¢ and ¢, we introduce a Ginzburg—Landau type free energy depending on
both the gradients of ¢ and ¢ and also on a free energy density f (6, c, ¢). This total free
energy F is given by Cahn & Hilliard (1958)

& 2, el 2
f(9,c,<p)=/9 TW|V§0| +7€|VC| + f(0,c, )] dx, (1.4

where ¢, and &, are given positive parameters. We assume the total mass of the system is
conserved. Thus, denoting by q the mass flux, the mass balance equation reads
oc+divg=0 in {2, (1.5)
with the no-flux boundary condition
q-n=0 onadf?, (1.6)

where n is the unit normal vector to the boundary 9(2. Since we assume no external
exchange, we also impose the boundary conditions

g = nc =0 ond. (1.7)
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Now, we compute the time derivative of the total free energy. By the use of Green’s formula
with boundary conditions (1.6), (1.7) and recalling that the temperature 6 is constant, we

obtain
dF 2 af 2 af
—_—= —e A — 19 V|- A - )-q. 1.8
5 /Q< €y <p+8(p> '+ < gcdet-—)-q (1.8)

Then, we have to introduce suitable constitutive laws for d;,¢ and q. Namely, for suitable
M, u > 0, we assume

a
o =—M8,F =-M (—ggAgo + —f) in 2 (1.9)
dp
and
2 af .
q=—uVsF =—pV|—e Ac+ 3 in {2, (1.10)
c

where, of course, 8¢.7-" , 8. F denote the first variations of F w.r.t. ¢, c, respectively. Then, it
is easy to see that the second principle of thermodynamics is satisfied; actually (1.8) entails
dF/dr <O0.

More in detail, we take M as a positive constant (Kessler, 2001; Warren & Boettinger,
1995), whereas u = u(gp,c) is a positive function of ¢ and ¢ which expresses a
concentration and phase field dependent mobility. Indeed, the concentration dependence
appears in the original derivation of the Cahn—Hilliard equation (Cahn & Hilliard, 1958)
and we shall discuss relevant choices for p later on this section. Then, from the mass
balance equation (1.5) together with (1.10) we deduce the equation for ¢

3 : 2 N\ _

¢ + div (pb(ga,c)V (80Ac—g)) =0 on/{2. (1.11)
Now, let us turn to the free energy density f. This is supposed to be the sum of two
contributions, namely

f@.c,0)=[(1—0)fAO.9)+cfEO.0)]+ ). (1.12)

The first one arises as a convex combination of the free energies f4 = f4(8, ¢) and
fB = fB(6, ) of the pure components weighted by the concentration c; the second
term is the potential energy j of the mixing process (Kessler, 2001; Warren & Boettinger,
1995), assumed to depend only on c. In contrast to Kessler (2001) and Warren & Boettinger
(1995), here j might be nonconvex in order to describe a separation process of the two
components. To be precise, our basic choice for j is

j(©) = Iio,11(c) + jo(o), (1.13)

where Ijo, 1] is the indicator function of [0, 1] ({jo,11(c) = 0if ¢ € [0, 1], [j0,17(c) = 400
otherwise) and jy is a regular function that possesses two local minima atc = 0 and ¢ = 1.
A typical form of jj is given for example by the double-well potential

Jo(e) = 167 *(1 — ¢)?, (1.14)
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where T > 0 is a given parameter (Elliott & Garcke, 1996); anyway, we remark that other
choices are possible (see e.g. Blowey & Elliott, 1991, 1992; Elliott & Garcke, 1996). The
above setting, indeed, turns out to prescribe lower energy levels in presence of the pure
states A and B than in the mixture. We point out that considering potentials with infinite
barriers is a common choice when dealing with Cahn—Hilliard-like systems. Indeed, an
expression like (1.13) is usually noted as a double obstacle potential. A potential of this
kind was first proposed by Blowey & Elliott (1993, 1994) and has been considered in
several papers (e.g. Kenmochi et al., 1995, and references therein).

We remark that another and probably more usual expression for the potential is the
logarithmic

X(c) =clogc+ (1 —c)log(l —c), (1.15)

that has been considered also for phase separation problems (Elliott & Luckhaus, 1991).
Indeed, in our analysis it is also possible to take X, instead of Ijg, 1}, in (1.13). We notice
anyway that this logarithmic potential is more usually considered in the non-double-well
case (i.e. j = X without the nonconvex term jp). This means that the mixed configurations
are assumed to attain a lower energy level than the pure ones, and this is not the case of our
model.

Since the dependence on ¢ in relation (1.12) for the free energy density f is exactly
the same as in the Warren—Boettinger model (Warren & Boettinger, 1995), we proceed as
in Kessler (2001) and Warren & Boettinger (1995) to determine f A and f B and obtain

0
—a—f — Fi(g) + cFa(9), (1.16)
%

where F1, F, are smooth functions which vanish for ¢ = 0 and ¢ = 1. Hence, equation
(1.9) for the phase field becomes
o =M (ggAgo T Fi(p) + ch((p)) in 0. (1.17)

Moreover, with the choice (1.12) for f, equation (1.11) for the concentration can be
read as

orc — div(u (e, c)Vw) = 0, (1.18)
w e —e2Ac+ g(¢) + dljo.11(0) + j§ (©), (1.19)

where g(¢) = f(¢) — f*(p) (note that g'(¢p) = —Fa(¢) and g(p) = 0 for ¢ = 0 and
¢ = 1) and the new auxiliary variable w is often named as the chemical potential.

Finally, a thermodynamically reasonable choice for the mobility in the case where it
only depends on the concentration is given by

=) =c(l =c) (1.20)

(see Elliott & Garcke, 1996, and references therein). This prescribes that the diffusion
effect for ¢ vanishes in the pure components A and B; however, we remark that (1.20) is
generally assumed in case j = X (cf. (1.15)), so that u cancels out with the denominator
of the term Vj’(c) and the degenerate character of the evolution of ¢ is actually lost.
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Hence, our mathematically easier choice of a nondegenerate © seems not to be severely
restrictive. In more detail, we assume p to be a continuous, positive, and bounded function
allowed to depend also on ¢ as in Kessler et al. (1998) and Rappaz & Scheid (2000). A
realistic expression for u is given by

ule,9) = D)1 —a2c — 1)2), forc € [0, 1], (1.21)

where o € [0, 1) is a given parameter, the case o« = 1 giving the degeneration. The function
D is a non-decreasing positive and bounded function such that D(0) = pg; > 0 and
D(1) = p; > 0 are respectively the solid and liquid mobility coefficients with pg < 1.

Without any loss of generality, we put M = 83 = 83, = 1 so that, setting y := jj and
B := 01o,1], the equations (1.17)—(1.19) reduce to (1.1)—(1.3), respectively. Let us also
mention that for ¢ = 0 and ¢ = 1, we have g(¢) = 0 and we recover the Cahn—Hilliard
equation for ¢ with a concentration dependent mobility studied in Barrett & Blowey (1999)
(see also Elliott & Garcke, 1996).

We finally quote the paper of Elder et al. (2001), where a coupled system with a
nonconserved phase field and a conserved concentration field is considered. The authors
deal with the same generic equations as (1.9), (1.11) but with a slightly different free energy
density f and they obtain sharp interface limits. In this concern, we analyse a singular limit
problem related to the system (1.1)—(1.3), where the fourth-order diffusion term —Ac and
the derivative y (c) = jjj(c) of the nonconvex part of the mixing energy are set equal to 0
in the limit. In order to motivate this analysis, let us notice that the total free energy F of
the system can be broken down into two contributions F, and F., where

2
3 =/Q (%‘OIWI2+(1—c)fA(<p)+ch(<p)>

is the excess energy due to solid-liquid phase mixing, indicating that the system wants to
separate its liquid and solid phases (p = 0 and ¢ = 1), and

2
Fo = / (—‘|Vc|2 + Ijo,11(c) + jO(C))
o\2

is the excess energy due to concentration phase mixing, indicating that the system wants
to separate into pure element phases (¢ = 0 and ¢ = 1). The term I|g 11(c) provides the
physical barriers at c = 0, 1.

Up to now, we have considered that solid-liquid phase separation and concentration
phase separation can be described by energies of comparable magnitude, or equivalently
that they act at the same time scale. Nevertheless, it is reasonable to assume that in fact
solid—liquid phase separation occurs much faster than the coarsening of concentration
phases. One way of describing this situation is to consider that the full contribution of
F. to the energy is much smaller than the contribution of F,, even infinitesimally smaller.
This leads us to introduce the new energy

Fr = Fp+1Fe

and let the parameter A be very small and eventually converge to 0. Actually, the
introduction of this artificial parameter A, which is convenient for the forthcoming analysis,
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is equivalent to rescaling both £ and y. Let us note that the constraint /jg,1] is not modified
in the multiplication by A and hence it is conserved at the limit.

We are able to prove the convergence of the solutions of the original system (1.1)—
(1.3) to a weak solution of the limit one provided that p is allowed to depend only on ¢
(corresponding to ¢ = 0 in (1.21)). Let us note that the limit system is formally equivalent
to a Stefan problem with zero specific heat for the unknown ¢, which is coupled with
the regular diffusion equation (1.1) for ¢. Hence, at the limit and at least for 8 = Io,1],
the evolution of ¢ does no longer account for a separation of components, but just for a
diffusive behaviour as ¢ stays in between the physical barriers ¢ = 0, 1.

Outline of the paper.  In the next section we provide some analytical preliminaries that are
required for stating the precise mathematical abstract formulation of the problem. This is
presented in Section 3 together with our main related results. In Section 4 we approximate
the system by regularizing the subdifferential term, by use of the Yosida approximation.
Then we exploit a Faedo—Galerkin technique and prove global existence by an a priori
estimates and passage to the limit argument. Section 5 is devoted to the analysis of
further properties of the solution, as additional regularity, continuous dependence on data,
uniqueness, and physical interpretation. Finally, in Section 6, the singular limit problem is
considered and a related convergence result is proved.

2. Mathematical preliminaries

Let {2 be a smooth, bounded, and connected domain in RY, 1 < d < 3,and let T > 0.
Set[':=08,X:=1x(0,T), Qs := 2 x (0,¢t) fort € (0, T], and Q := Q7. Set also
H := L?(2) and V := H'(2) and endow the latter space with the usual scalar product

(v, w)) :=/ vwdx—i—/ Vv . Vwdx. 2.1
N N

We identify H and its dual, in order that the compact inclusion H C V' holds and
(V, H,V’) form a Hilbert triplet (Lions & Magenes, 1972, p. 202). We denote by (-, -)
the scalar product of both H and H? and by | - | the associated norms. Finally, we indicate
by (-, -) the duality pairing between V' and V and by ((-, -))« the associated scalar product
onV’.

Let us introduce some notation for functions and functionals with zero mean value.
Namely, for any ¢ € V’, let us set

1
[£2]
Voi={¢ eV :itp=0} Vo:=VnNV. (2.3)
Let now 0 < o < g be assigned constants and let

w € Lip.(R?), witha < <po ae. inR2 (2.4)
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Let also v, z : 2 — R be measurable functions. Then, we can naturally associate with the
couple (v, z) the elliptic operator

Buy:V—>V, (B, oy, y) i= /Q/L(v,z)Vu -Vydx foru,yeV. (25)

Note indeed that
u(v, z) € L) with & < u(v,z) < pp ae.in 2. (2.6)

Analogously, we introduce the realization of the Laplace operator with homogeneous
Neumann boundary conditions as

B:V -V, (Bu, y) = /Q Vu-Vydx foru,yeV. 2.7

Clearly, B, B, ;) map V onto V and their restrictions to Vo turn out to be isomorphisms
of Vo onto V. Then, we can denote by N : Vj — Vj the inverse of B and by Ny ) :
Vs — Vo the inverse of By ). Just by applying the definition (2.5), one can readily check
that for any u € V and ¢ € V/, there holds

(B(v,z)uv Mv,z)§> = (B(v,z)-/\[(v,z)gv u) = (¢, u). (2.8)

The next result (cf. Bonetti et al., 2003, Lemmas 2.2, 2.3) is an easy consequence of the
Poincaré—Wirtinger inequality.

LEMMA 2.1 There exist constants «1, k2 > 0 depending only on {2, «, u, such that for all
¢ € Vj and for all measurable functions v, z : £2 — Rit s

INwo¢ v < xiliglyv, (€, Nowo?) = @llelly (2.9)

We also note that, as v, z : Q — R are measurable functions, we can set, fora.e.t € (0, T),
B.2) (1) = B).z(r)) and Ny () := Nw(r).z(r)) and the operators B, ;) and Ny ;) can
be actually intended to work on time-dependent functions. Namely, it is easy to show that
(Bonetti et al., 2003, Lemma 3.1)

1Bw.oyll cwro,m;v),L00,1;:v)) S Hos IIN(u,z)IIL(Lp(o,T;vé),Lp(o,T;vo)) < k1, (2.10)

where k1 is as in (2.9), p € [1, co], and by the notation £(X, ¥) we mean the space
of the linear and continuous operators between the Banach spaces X and Y. Finally, let
J : H — [0, 400] be a convex, lower semicontinuous, and proper function and A be its
subdifferential, regarded as a (multivalued) operator of H into itself. We need in the sequel
a couple of integration by parts formulae, that are stated in the following two lemmas. We
prove the first one, while the second is in Brezis & Strauss (1973, Lemma 2).

LEMMA 2.2 Let T > 0,u € H'(0,T; V)N L%0,T; V), n € L*0,T; V). Let also
n(t) € Au(t) for a.e. t € (0, T). Moreover, let us suppose that there exist k1, k» > 0 such
that

J) =kilv)> —ky  forallv e H. (2.11)
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Then, the function t — J (u(t)) is absolutely continuous in (0, 7') and

t
/ (Oru(r), n(r)ydr = J(u(t)) — J(u(s)) Vs, t €(0,T). (2.12)

Proof. Let us define a new convex functional Jex : V/ — R as
Jext(v) := J(v) ifveH, Jext(v) := 400 otherwise. (2.13)

Owing to (2.11), it is not difficult to prove that Jex is lower semicontinuous on V’.
Furthermore, by definition of subdifferential and using that € V, for any { € H we
have

(C—um=0m8¢—w < JQ&) = JW) = Jext(§) — Jexi(u). (2.14)

Note that this relation still holds if ¢ € V’. Actually, due to (2.13),if ¢ € V' \ H,
then Jex(¢) = +o0o, and (2.14) is trivial. Then, denoting by R : V — V' the Riesz
isomorphism, it is not difficult to infer that

Ry € dyrJext(u),

where 0y Jexe of course denotes the subdifferential of Jex; with respect to the Hilbert
structure of V’. Then, Brezis (1973, Lemma 3.3, p. 73) can be applied in the space V'.
Furthermore, for all s, ¢ € [0, T'], a simple integration yields

/St(aru(r), n(r)dr = /St((azu(r), R (r))«dr

= Jext(u(?)) = Jext(u(s)) = J(u(1)) — J (u(s)),
since it is known that u(-) € H a.e.in (0, T). ]
LEMMA 2.3 Let z,& € H, and let J be the realization in H of a convex, lower

semicontinuous, and proper function j : R — [0, +o0], e.g.

J(v) = / Jjw(x))dx forve H,
N

where it is intended that the value of the integral might be +oo for some v. Then, let
& € 0J(2). Letalso p as in (2.4), u, v, B(,v) as in (2.5). Finally, let B(, )z € H. Then,
(B(M,U)Zs £)>0.

3. Main results

Let us give the main assumptions on the data of the problem. Let K > 0 and let

Fi,F2,y, g € Who(R), (3.1)
|Ful I B2l Lyl Lgls LY LB L 1Y ], 18/l < K ae.in R, (3.2)
@0 € H, eV, (3.3)

BCRxR maximal monotone graph such that 0 € 8(0). 3.4
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Let us fix a convex and lower semicontinuous function ¥» : R — [0, +00] such that
B = 0y and ¥ (0) = 0. Moreover, we recall that the domain of the graph g is defined as

D(B):={reR: B() #0}

Then, we also require

¥ (co) € L' (02), 3.5)
cp eint D(B), where cg = (co)g- 3.6)

We are now able to state our main existence result.

THEOREM 3.1 Let assumptions (2.4) and (3.1)—(3.6) hold. Then, there exists a quadruple
(¢, ¢, w, &) such that

9 e H(0,T;: V)N L*0,T; V), (3.7)
ce HY(0,T; VYN L™, T; V)N L*0, T; H* (1)), (3.8)
we L*0,T; V), (3.9)
£eL*0,T; H). (3.10)

The quadruple (¢, ¢, w, &) satisfies

30+ By = Fi(¢) +cF(@) V' ae.in(0,T), G.11)
3¢+ B,ow=0 inV’ ae.in (0, T), (3.12)
w=DBc+E&+y()+glp) inV' ae.in (0, 7), (3.13)

& € B(c) a.e.in Q, (3.14)

0,0 =@o(-), c(,0)=co(") a.e.in 2. (3.15)

Moreover, c¢ is a conserved order parameter, i.e.
cHp=cp forallt € [0, T]. (3.16)

REMARK 3.2 Using (3.10) and the last of (3.8), one can see that (3.13) turns out to hold
a.e. in Q. However, we prefer to state it in V’, since this is the natural output space for the
operator B.

Let us come to some regularity results.

THEOREM 3.3 In addition to (2.4) and (3.1)-(3.6), let
wo € V. (3.17)
Then, the function ¢ whose existence is ensured by Theorem 3.1 satisfies

o e H (0, T; Hync®(0,T1; V)N L*0, T; H*(2)). (3.18)
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THEOREM 3.4 In addition to (2.4) and (3.1)-(3.6), let
w0 € HX(), dnwo =0 ae.onl, (3.19)

where n denotes the outer unit normal vector to (2. Then, the function ¢ given by
Theorem 3.1 satisfies

¢ e Wh¥, T; HYNH' (0, T; V) N L™, T; H(2)) N L*O, T; H>(2)).  (3.20)

The following continuous dependence results hold in the regularity setting of
Theorem 3.1, but only in case the function w in (2.4) is replaced by a constant.

THEOREM 3.5 Let us assume (3.1)—(3.2) and (3.4), and two pairs of initial data
(¢0.1, co.1) and (@02, co,2), satisfying (3.3) and (3.5), (3.6). Moreover, let us assume that

(co,1) 2 = (co,2) - (3.21)

Then, let us consider the system given by (3.11), (3.13)—(3.15), and
dic+Bw =0 inV’ ae.in (0, T). (3.22)
and, fori =1, 2, let (¢;, ¢;, w;, &) be two solutions of such a system, related to the initial

data (¢o.1, co,1) and (¢p2, co,2), respectively. Moreover, let us assume that R > 0 is a
constant such that

||Cl||L‘(0,T;H2(Q)) S R (323)

Then, there exists a constant C > 0 only depending on {2, T', R, and K, such that

lor = e2llcoqo, 71, mynez, vy + ller = e2llcoqo, 71, viyne2o,7:v)
< C(lgo,1 — @02l + llco,1 — co2llvr)- (3.24)

In particular, the solution to the modified system provided by Theorem 3.1 is unique.

Finally, let us prove that more restrictive assumptions on Fj, F, ensure that the
component ¢ of at least one solution admits a ‘physical’ interpretation as a phase variable.

THEOREM 3.6 Keeping the hypotheses of Theorem 3.1, let us also suppose

Fi1(0) = Fi(1) = F2(0) = Fa(1) =0, (3.25)
0<¢p <1 a.e.in 2. (3.26)

Then, there exists at least a solution to (3.11)—(3.15) in the regularity setting of Theorem 3.1
whose component ¢ fulfils

@ e L®(Q), with 0 <o <1 ae.in Q. (3.27)
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REMARK 3.7 We observe that assumptions (3.4)—(3.6) actually generalize the natural
physical assumptions on the graph 8 and the initial datum cp, that we now report in a
rigorous mathematical form for the sake of completeness:

0<cp<1 ae.in {2, (3.28)
0<cp <1, where cgp:=(co)p, (3.29)
B =9dlp1- (3.30)

Indeed, it is clear that, if (3.28)—(3.30) are fulfilled, then any solution ¢ to (3.13), (3.14)
satisfies, in addition,

ceL®(Q), with0<c<1 ae.inQ. (3.31)

4. Proof of Theorem 3.1
4.1 Local existence

We aim to prove existence for (3.11)-(3.15) by exploiting a Faedo—Galerkin approxima-
tion. Since the argument is standard we just sketch it briefly. First of all, we regularize the
system by replacing B with its Yosida approximation 8, (Brezis, 1973, p. 28). We denote
by v, the primitive of B, such that ¥.(0) = 0. Then, we take a complete and ordered
system of eigenvectors {v;} of the standard Neumann problem for the Laplace operator.

We set V,, := span{vy, ..., v,} and V = Uff’:l Vi, which is a dense subspace of V, of
course. For any n € N, we look for approximate solutions of the form
n n n
ol = @i, =) alv.  wl=) winv. (4.1)
i=1 i=1 i=1
Indeed, denoting by ¢, ¢, w the vectors {¢;}i=1,.. n, {Ci}i=1....n. {Wi}i=1,...n, the finite-
dimensional approximation of (3.11)—(3.14) becomes
¢'=—Ap+F(p,c), (4.2)
¢ =—-M(p,c)w, 4.3)
w = Ac + Be(c) +(c) +g(p). (4.4)

Here, the functions, F, 3¢, « and g are constructed in a natural way from F| and F3, B,
y and g, respectively. Moreover, A and M are the elliptic matrices resulting from B and
B0

It is easy to see that the right-hand sides of the system above are locally Lipschitz
functions of their arguments. Then, approximating also the Cauchy condition (3.15) by
choosing ¢o, € Vy, con € V,, with

$on —> @o in H, con —> co inV, 4.5)
and requiring of course
@02 (0) = @on, c2(0) = cop a.e.in {2, (4.6)

Cauchy’s local existence theorem for ODEs yields a final time 7y, possibly < 7, and
a unique triplet (¢, c,w) € cl(o, Tol; Vn3), solving (4.2)-(4.4) up to Tp and satisfying
(4.6).
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4.2 A priori estimates

We now aim to prove some a priori estimates on the solution of the approximated

system given by (4.2)—(4.4) and (4.6). Hence, let us rewrite (4.2)—(4.4) by replacing the
expressions (4.1) therein:

(O + Bog,v) = (Fi(gy) +¢; Falg),v)  YveV, VYie(T), 47

(8rcy + Bgn,cmywy , v) =0 YveV, VYte(0,T), (4.8)

(wg,v) = (Bcg + Be(cy) + () + 8(ge),v)  YveV, Vie(,T). (49

In the sequel, k will be a positive constant, possibly varying even inside a single row, but

allowed to depend only on 2, «, uo, K, T and, in particular, not on Ty, n, €. Symbols like,

for example, k, are intended to mean that the constant k, might also depend on one, or
more, additional parameters (in this case o). The elementary Young inequality

rs < ort + s2/4a foranyr,s e R,o0 >0 (4.10)

will be used repeatedly in the following. Finally, we observe that, since our estimates do
not depend on Ty, the limit solution will turn out to be defined up to the final time 7'. For
this reason, we shall directly work in the interval (0, T').

Energy estimate. Taket € (0, T], choose v = w} in (4.8) and v = 9;c] in (4.9), integrate
over (0, ) and sum together the results. Owing to (2.4), observing that two terms cancel,
and integrating in time the term with S, it is easy to infer

1 1
V0 g, + 5 IVLOF + [ (el dx < 39

' t
+/ wg(con)dx—//. y(ch) ot dxds—// g(¢2) 3¢l dx ds. 4.11)
0N 0JN 0J

The last two integrals on the right-hand side above can be estimated in several ways. For
instance, splitting the former in the duality (V, V'), we have

t
‘fo /Qy(c?)atcgdxds‘ <olBe 12205y ko + ko IV IR g, (4.12)

and, analogously,

t
‘ /(; /Q g((pg) alcg dx ds‘ g o ”afcg ”%‘Z(O,I;V’) + ko’ + k(T ||V§0g ”iZ(Q») (413)

where, of course, o is as in (4.10) and the above k, also depend on the bound K to y, g
and their first derivatives.

Now, in order to estimate the norm of ¢} appearing in (4.13), we choose v = ¢} in
(4.7) and integrate again over (0, ¢). Taking advantage of (3.1), (3.2) again, it is immediate
to infer

1 2 2 1 2 2 2
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We now have to estimate the norms of 9;c] on the right-hand side of (4.12), (4.13).
Then, note that A; = 0, so that 1 € V,, for every n and we can choose v = 1 in (4.8),
obtaining

(3¢}, 1) = 0.

Thus, 0,c} € V, N Vy. Noting that V,, N Vy = spanf{vy, ..., v,} by orthogonality, one can
readily see that the appropriate restriction of A/ is an isomorphism of V,, N Vj onto itself
(in coordinates it is the inverse of the diagonal matrix obtained by suppressing the first row
and column of A). Hence, we can choose v = N 9;c} in (4.8). Integrating over (0, ¢) and
owing to (2.9), (2.10), (4.10), and to the Poincaré—Wirtinger inequality, we get

2 2 2
”alcg ”LZ(O,I;V’) < k“B((p;’,c;})wg ”LZ(O,t;V’) < k H B(g&;’,c;’) (wg - (w‘rgl).Q) HLZ(O,I;V’)

2
<k fwi = @Dl <KIVWIT (4.15)

Q0"

Before collecting the above computations, we still have to recover the full V-norm of ¢}
on the left-hand side of (4.11) and we do this by noting that

1 1 !
5|c:(t)|2 = §|60n|2+/0 (dc, ¢y ds

1 2 1 2 2 2
< 5 |C()n| + Z ||3th ”Lz((),t;V/) + k”CZ ”LZ(Q;) + k”VC? ”LZ(Qz)' (416)
Now, let us multiply (4.11) by m; > 0 and (4.14) by m, > 0, where m| and m, will
be chosen later. Then, we take the sum of the resulting relations and add also (4.15) and

(4.16). Taking (4.12) and (4.13) into account, we infer

mi m3
mall Vi3, + 5 Ve OF +m /Q Yeler () dx + == lop (0

2 2

n n 1 n 2
+ m2||V(p5 ”Lz(Qt) + ”atcg ”Lz(O,Z;V/) + 5'63 (t)l

mi
< kU,m1,m2 + 7|VCOH|2 + my /_Q ’ﬁs(COn)dx + kJ,m2 ”cZ”iz(Q,)

1
ko 0212200,y + (5 + 210 VI 122 0 ) + Om1ko + VL2,

2 D)

my 1
+mikS VO 1720,y + =5 100l + KNV T g, + 5 leonl?, 4.17)

where & is the constant k, multiplying the last norm in (4.13) and &* is the constant k on
the right-hand side of (4.15).
Now, let us choose successively m1, o, and m>, in order that
2k* 1
mj 2 R o g -
o 4mq

Then, all the terms on the right-hand side of (4.17) are controlled. Indeed, (4.5) holds and
we notice that, by (3.5) and Brezis (1973, Proposition 2.11, p. 39),

my = 2m1k;.

/ Ve(con) dx < 1 +/ ¥(co) dx < k,
2 2
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at least for n large enough, depending on €. Hence, we readily see that Gronwall’s lemma
can be applied to the function

2 2
t= gy + lop @)
in order to derive a bound. Since we need an estimate for the full V-norm of w}, we take

v = wy in (4.9) and integrate over (0, #). Owing to the Lipschitz continuity of y, g and B
and noting that, due to the estimates given by (4.17),

1 n2 1 n 2
g EHng ”LZ + EHVCE ”Lz(Qt) < kv

t
/ (Bcl, wl)ds
0

(Q1)
we readily get
w1720y < ke + K, (4.18)

where the constant k, resulting from the term S (c.) is quadratically dependent on the
Lipschitz constant of B, and explodes as ¢ N\ 0.

4.3  Passage to the limit

Passage to the limit asn /' oo. We now aim to pass to the limit firstly as n * oo and
then as ¢ Y\ 0. Henceforth, all the convergence relations will be meant to hold up to the
extraction of suitable subsequences, generally not relabelled. Then, from relations (4.17),
(4.18), we see that there exists a triplet (¢g, cg, W), such that

@' — @, weakly starin L0, T; H) N L*(0, T; V), (4.19)
" — ¢, weaklystarin H'(0, T; V') N L>®(0, T; V), (4.20)
w! — we  weakly in L*(0, T; V). 4.221)

Then, standard interpolation and compact embedding results for vector-valued functions
(see e.g. Simon, 1987, Section 8) ensure that

" — ¢, stronglyin C°([0, T]; H). (4.22)
In order to derive some strong convergence for ¢! we need an estimate of its time
derivative. Due to the finite-dimensional setting, we cannot proceed by a direct comparison

in (4.7); then, we choose v = /\/'(8,(/)? — (a,cpg)g) € V, in (4.7) and integrate over (0, 1),
t < T, deriving

t t
/O (0r0f N (30 — (391 2)) ds +f0 (Bo!, N (3 — (39 2)) ds

t
- /0 (FL (@) + " Fa(@), N (31 — (39" 2)) ds. 4.23)
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Note now that, since V(9,0 — (3,¢)2) € Vo a.e.in (0, T), we can rely on (2.9) and
obtain

t
/O (0" N (00" — 3y 2)) ds

t
= [[ ot ~ et Nat - Giobra)os
> kol — @l 7201 v (4.24)

Moreover, by (2.8), it is easy to check that

t
/0 (Bol, N(digf — (98 2))ds = |2 (1) — (9] 2l” — lon — (pon) 2,

and the latter norm is bounded, of course. Finally, the terms on the right-hand side of (4.23)
can be split in the duality (V’, V) and estimated by taking account of (3.1)—(3.2), estimates
(4.19), (4.20), and the continuous embedding V C H. This allows us to derive from (4.23),
(4.24) the relation

lat — Geel )l 20,00y < K- (4.25)

Next, we notice that, (d;¢f), is constant in {2 everywhere in [0, T']. Let us now take
v = %1 in (4.7) and note that, by (3.2) and the second of (4.20),

|@g) )] < k(U4 NIt oo, 7:1012)) <k (4.26)
for all t € [0, T]. Then, (4.25) yields
d " — d0.  weaklyin L>(0, T; V') 4.27)
and, using (4.19) and Simon (1987, Section 8) again,
o — @ strongly in L2(0, T; H) N C°([0, T1; V). (4.28)

Now, the boundedness and Lipschitz continuity of Fi, F2, y, g, and B, together with
relations (4.22) and (4.28), allow us to take the limits of the nonlinearities in (4.7) and
(4.9). As for dealing with (4.8), we have to rewrite it as

(3cy, v) +/ wler, co)Vwy - Vodx YveV, ae. in(0,7T).
N

Then, we note that, by (2.4) and Lebesgue’s dominated convergence theorem,
w(er, )y — p(@e, ce) weakly star in L°°(Q), and strongly in L”(Q)  (4.29)
for any p < oo. Thus, recalling (4.21),

(@l cHVw! — pu(ge, c)Vwe  weakly in L*(Q) (4.30)



248 D. KESSLER ET AL.

and this permits us to pass to the limit in (4.8). We still have to prove the H? regularity
for c.. Then, it is enough to set v = Bc} in (4.9), integrate in time, and note that, by
monotonicity,

t t
/(ﬁs(cg),Bc:)ds=// ﬁ;(c;’)|ch'|2dxds>() 4.31)
0 0J
and that

‘/ w?, By ds| < 1Vl 20, 1V 20, < K- (4.32)

We point out that this estimate depends just on the L?-norm of Vw! and not on the full
V-norm of w; in particular, the k on the right-hand side does not explode as & \ 0.

Finally, we observe that, if v € V, is fixed, system (4.7)—(4.9) surely makes sense for
sufficiently large n. Then, by the density of V in V, in the limit we are allowed to take
any v € V as a test function. As for the Cauchy conditions (4.6), they pass to the limit too,
since (4.5), (4.22) and the second of (4.28) hold.

Passage to the limit as € \( 0. 'We would like to repeat the above procedure; however,
we can no longer take advantage of the Lipschitz continuity of 8, and in particular of
the bound (4.18). Hence, we have to perform a new estimate of S¢(c;), consisting of a
variant of an argument devised in Kenmochi ez al. (1995, Lemma 5.2). Namely, we set
Xe 1= (Be(ce)) and take v = B.(c;) — x¢ in the n-limit of (4.9). Moreover, we choose
v = ./\/((ps‘cg) (ﬂg (ce) —xg) in (4.8), subtract from the above, and integrate over (0, ¢), where
t < T. Proceeding as in Colli et al. (2001, Section 4), we can prove that

1Be(ce) = xell7a ) < k- (4.33)

Note in particular that, by (2.10), (4.10), and the continuous embedding V C H,

t
1
/ (e, Nige.cor (Be(ce) = xe))ds < Zl1Be(ee) = Xell Tz, + KlIBkcel T2 1)
A g

and the latter quantity is bounded by (4.20).

The second part of the procedure consists in the estimation of the average x., that can
be performed exactly as in Bonetti et al. (2003, Section 5.3). Observe that, at this step,
hypothesis (3.6) turns out to be crucial. This means that, in the physical case 8 = d1j9, 1],
we cannot start by concentrations cq a.e. equal to O or to 1. By this argument, it follows the
existence of a function & such that

Be(ce) > & weakly in L2(0, T; H). (4.34)

Now, we can improve the bound (4.18) by taking v = w, in the n-limit of (4.9). We readily
obtain

2
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where k no longer depends on ¢, thanks to (4.34). Now the passage to the limit as ¢ N\ 0 can
be performed as in the previous section and suitable limit functions (¢, ¢, w) are obtained
as limits of (¢, cs, w,), respectively. The only difference concerns the identification of the
function &. Indeed, by (4.34), the analogue of (4.22), namely

ce — ¢ strongly in C°([0, T]; H), (4.36)

and the monotonicity argument of Barbu (1976, Proposition 1.1, p. 42), one can actually
prove (3.14). Finally, to conclude the proof of Theorem 3.1, it suffices to show (3.16) and,
of course, it is enough to take v = 1 € Vj in (4.8) of the approximate statement, and pass
to the limit in ¢, n.

5. Regularity and uniqueness

Proof of Theorem 3.3. We derive additional a priori estimates, independent of &, n, for the
solutions of the system (4.7)—(4.9). We just give the highlights of this procedure, since it
is rather similar to the analogous argument in Rappaz & Scheid (2000, Section 3). Thus,
we first have to take v = 9;¢/ on the right-hand side of (4.7) and integrate over (0, ), for
t < T. Then, performing standard integrations by parts, using the uniform boundedness of
F1 and F, and (4.22), and taking advantage of (3.17), it is easy to arrive at

o o, 72 1y + e lLoe 0.1 v) < K. (5.1)

Of course, to make the procedure rigorous, we have to improve (4.5), by requiring

Yon € Vp, Yon —~> @o inV. (5.2)

Finally, choosing v = B¢} in (4.7) and working as above, we get the bound

IInglle(o,T;H) <k. 5.3)

The above relations can be taken into account in order to get the convergences yielding
(3.18) at the limit. Indeed, the H 2-regularity follows from (5.3) and the standard elliptic
regularity theorems, while the Cc%(0,T1: V) regularity in (3.18) is a consequence of, for
example, Baiocchi (1967, Lemma 6.3). ]

Proof of Theorem 3.4. Again, we proceed similarly to (Rappaz & Scheid, 2000, Sec-
tion 4). Anyway, our conditions on ¢} are slightly different from those of Rappaz & Scheid
(2000); so, we briefly detail the computations. Thus, we take v = B2<pg’ in (4.7) and
integrate again over (0, ). Then, by the Gauss—Green formula we get

1 1 '
E|B<pg(t)|2 +IIVB@ 1720, < §|B(P0n(t)|2 +/0 (Fi(¢}) + ¢l Fa(el), B>¢l!) ds
(5.4)

and we have to estimate the right-hand side above. The initial datum can be controlled just
by postulating

Qon € Vu,  @on — 9o in HX(Q). (5.5)
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Furthermore, integrating by parts the latter term in (5.4) and using (3.2) and (4.10), we
easily get

t
1
/ (Fi(gl) + ¢ Fa(o), B2 ds < SIVBe 72 g,
0

t
+k||V<pZ||iz(Qt)+k||ch||iz(Qr)+k//Q|c&{‘|2|v(pg|2dxds. (5.6)
0

Of course, recalling (4.19), (4.20), we just have to control the last term. Thus, using some
standard three-dimensional embedding theorems, we get

t t
k / /Q |c2 PVl dx ds < k [ et 174y IVOE 174y, ds
0 0
t
<k /0 e ) 131y 102 ()32, ) ds

t t
<k /0 led ()31 )10 ()17 ds + & fo le2 ()31 )| BEE ()1 ds. (5.7)

Now, the first integral on the right-hand side is bounded by (4.19)—(4.20), while we can
control the latter with the first term on the left-hand side of (5.4) if we take advantage of
the second of (4.20) and of the Gronwall lemma in the form of, for example, Brezis (1973,
Lemma A.4, p. 156).

Then, passing to the limit we derive the third and the fourth of (3.20). Now, we have to
choose v = 9; By} in (4.7) and integrate again in time. Proceeding as before, we obtain

1 1 !
18,V 1720, + 5 1BELOF < S1Boon I + fo (Fi(pf) + ¢l Fa(¢}). 8 Bgl!) ds
(5.8)

and we readily see that the right-hand side can be estimated as above. In particular, working
as in (5.6), (5.7), we arrive at

t
// N Fy(@)Vel - 9, Vel dx ds
0J2
1 t
< 10V T2, +K /0 et (31 ) (10F O + 1B ()P ds. (5.9)

Then, (5.8) yields the second regularity in (3.20). To prove the first one, we differentiate in
time (4.7) and test the result by 9, ¢ . Note that this procedure is rigorous. Indeed, referring
to the formulation (4.2), we see that the right-hand side is at least locally C 0.1 Thus, we
get

1 1 !
S0l OF + 10,99 172, < 51007 O + fo (Fl(@D) o2, drgl) ds
t

t
+/(; (c';Fz’(wg)a,¢g,a,¢g>ds+/0 (0rci Fa(gy), 0rgy) ds (5.10)
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and we have to bound the four terms on the right-hand side. As for the initial datum, we
note that, by (4.7), (5.5), the second of (4.5), and the boundedness of F; and F»,

1902 (0)|* < k(1B@onl® + lconl* + 1) < k. (5.11)

By Hoélder’s inequality and the continuous embedding H%(£2) C L>®({2), we see that the
first couple of integrals /1 + /> can be estimated as follows:

t
L+ D] < k /0 (14 16" ) | 2y 1307 () ds. (5.12)

The latter integral I3 on the right-hand side of (5.10) has to be split in the duality between
V' and V and gives

1 1
51 < S 10 120 vy + 5 1P2@D30 20,1,y
t
<+ K0! gy, + K /0 fQ IV 12 1argl P dx ds (5.13)

t
<ktk /O 1621250 012 )1 di ds. (5.14)

Thus, collecting (5.10)—(5.14) and using the third of (3.8) and the fourth of (3.20), we see
that Gronwall’s lemma applies to ¢ +— |9;¢/ (1)]?, so that the proof of Theorem 3.4 turns
out to be complete. O

We now come to the ‘physical’ interpretation of the solution and assume (3.25), (3.26)
in addition to (3.1)—(3.6). Then, we modify F; and F», by effecting a truncation. Namely,
we set, fori =1, 2,

F(r):=0 ifr <Oorr> 1, F(r):=Fi(r) ifo<r<1. (5.15)

Thanks to (3.25), it is clear that 1?1, fz still satisfy (3.1), (3.2). Thus, Theorem 3.1
guarantees the existence of a solution to the system (3.11)—(3.15), where F;, F> replace
F1, F> in (3.11). Now, we state a maximum principle argument ensuring that, under the
regularity assumptions of Theorem 3.1, any solution to the modified system (3.11)—(3.15)
is actually a solution also to the original one.

LEMMA 5.1 Under the assumptions~ (3.l)—(3.6) and (3.25), (3.26), the component ¢ of
any solution to (3.11)—(3.15)—with Fj, F3 in place of F;, F>—satisfies

0<ep<1 a.e.in Q. (5.16)

We do not report the proof of this lemma, that is rather standard and actually identical
to the proof of Rappaz & Scheid (2000, Theorem. 3). Anyway, we note that Theorem 3.6
follows as an easy consequence. Moreover, we observe that of course assumption (3.2) on
g can be dropped in the statement of Theorem 3.6, that holds for any locally Lipschitz g.

REMARK 5.2 Itis worthwhile discussing an important consequence of the above property.
Of course, we would like to prove the well-posedness of the system (3.11)—(3.15) in the
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physical case ensuring the bounds 0 < ¢, ¢ < 1 a.e. in Q. The above lemma guarantees
that any solution of the truncated system is a solution of the original one in the very general
regularity setting of Theorem 3.1. Of course, if we were able to show the uniqueness of
the solution to the original system, this would mean that this unique solution is physically
meaningful, since it has to coincide with a solution of the truncated system, which surely
exists. However, the uniqueness result provided by Theorem 3.5 holds just in case u is
a constant function. Hence, we cannot exclude that there exists some solution to (3.11)—
(3.15) whose component ¢ attains its values also outside [0, 1].

Proof of Theorem 3.5. Letussetp := @) —¢r,c:=c1—cC2, w:=w; —wy,§ =& —&,
@0 = ¢0.1 — %02, Co := Cp,1 — Cp,2- Then, write (3.11) firstly for ¢1, ¢; and then for ¢, c2,
take the difference, multiply it by ¢, and integrate over (0, #), for ¢ < T. Then, owing to
(3.1), (3.2), it is easy to get

Lol atvor. < to2, 3K [T oy
S 1OF + 196012, < sl + 5 [l P ds

K t t
+ 5/ |c(s)|2ds+// letl [ F2(e1) — Fa(@2)] @] dx ds (5.17)
0 0J2

and by the continuous embedding H 2(0) C L), holding for d < 3, the latter integral
can be estimated as

t t
<K fo ller ()l oo () lp(s) 2 ds < k fo ler ()l g2 lo )1 ds, (5.18)

where K is as in (3.2). Now, take the difference of (3.13) written for the two solutions,
multiply it by ¢, and integrate again over (0, t). Then, note that, by (3.21) and (3.16),
c(s) € Vpfora.e. s € [0, T] and it makes sense to test the difference of the relations (3.22)
by Nc. Moreover, using Lemma 2.1 it is not difficult to prove that

d Co.0 Co.02
/0 (e, M) > 2L ey, — 2L ol

Thus, comparing with the relation obtained from (3.13) and exploiting the monotonicity of
B, we readily obtain

Co 0. 2 2 Co0 2 2 2
= eI+ 1Velfag,) < =5 ool + kgl g, + kllelag ) (5:19)

Then, we note that, by the compact embedding V C H and the Poincaré—Wirtinger
inequality, for any o > 0 there exists k,; > 0 such that

lellZag,) < OlIVElT g, +kollelZa g - (5.20)

Then, summing together the expressions (5.17) and (5.19), taking (5.18) and (5.20) into
account, choosing o suitably small, and using hypothesis (3.23), we note that the Gronwall
lemma in the form of, for example, Brezis (1973, Lemma A.4, p. 156) can be applied to
the function

t= O + eI,

so that relation (3.24) can be inferred by standard considerations. O
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REMARK 5.3 In the physical case (3.30), or just assuming that D(B) is bounded,
assumption (3.23) can be avoided, since one can just take R = sup{|r|, r € D(B)} to
estimate the term in (5.18).

6. Singular limit problem

Let us now study the singular limit problem for (3.11)—(3.15) described in the Introduction.
Henceforth, we assume that the function u defined in (2.4) depends only on ¢,
corresponding to « = 0 in (1.21), take a parameter A > 0 that is supposed to go to 0
in the limit, and consider a solution (¢y, ci, w;, &) to the system

0. + Bon = Fi(pn) + ¢ Fa(9:) inV’' ae.in (0, 7), (6.1
dicn + By wp =0 inV’ ae.in (0, T), (6.2)

wy = ABcy + & +Ay(c) + glw) inV’ ae.in (0, T), (6.3)
&, € B(cyp) a.e.in Q, (6.4)

©.(,0) =o(-), (-, 0) =co(-) a.e.in £2. (6.5)

Here, ¢o, co, F1, F>, v, g and B are as in Theorem 3.1 that, of course, can be used to deduce
the existence of such a solution. Moreover, the operator By, is defined as in (2.5) with the
only difference that it has to depend only on one function ¢; . Hence, also the inverse map
Ny, of Vi to Vp retains the natural properties stated in Section 2. We have the following
result.

THEOREM 6.1 Beyond the above stated hypotheses, let us assume that there exist k1, ko >
0 such that

V() =kirf—ky,  VreD®). (6.6)

Then, there exists a quadruple (¢, ¢, w, £), such that, as A \ 0, the following relations
hold:

¢ — ¢ weakly starin H'(0, T; V') N L0, T; H) N L*(0, T; V), 6.7)

L —> ¢ weakly star in HI(O, T;VHYNL®O,T; H), (6.8)
Acy — 0 strongly in L?(0, T; V) and weakly in L%(0, T; H2(12)), (6.9)
wy —> w weakly in L*(0,T: V), (6.10)

£ — &  weaklyin L*(0, T; H). (6.11)

Moreover, the quadruple (¢, ¢, w, §) satisfies

3¢+ Bp=Fi(p)+cFyp) inV' ae.in(0,7), (6.12)
drc+ Byw =0 inV’' ae.in (0, T), (6.13)
w=£&+g(p) a.e.in Q, (6.14)

£epBc) aeinO, (6.15)

0,0 =¢o(-), c(,0)=co(") a.e. in {2. (6.16)
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REMARK 6.2 We notice that (6.6) is a standard assumption, that ensures the well-
posedness of this kind of degenerate parabolic systems (Damlamian, 1977; Kenmochi,
1990). Of course, it is verified in the physical case (3.30), where the second of (6.8) can be
straightforwardly improved as

¢y — ¢ weakly star in L*(Q) and 0<c<1 ae.in Q. (6.17)
Proof. As usual, we proceed by compactness methods and start by deriving one new a

priori estimate. To this aim, test (6.1) by ¢, and integrate as usual over Q;, t < T, easily
obtaining

1 2 2 1 2 2 2
E'go)n(t)' + ||V(p)\4||L2(Qr) < §|(P0| +k +k||90)\||L2(Qt) + kllc)u”LZ(Qr) (618)

Now, test (6.2) by w, and (6.3) by 9;c;, integrate over Q; and sum the results. Note that
this procedure makes sense as the right-hand side of (6.3) lies in L2(0, T; V). Then, we
formally have

A
A Vwsllgaig, + 5 1Ver O + fg ¥ (er(n) dx

t

A t
< §|V60|2+/Q¢(Co)dX+k/o <3tCAsV(CA))d5+/O (e, g(pa))ds.  (6.19)

Note anyway that the integration in time of the term with &, has to be justified, and this
can be done by applying Lemma 2.2 (in particular, the integration formula (2.12)) with the
choices of

J() = /Q (w(v(x)) + %le(x)|2) dv, forveH, (6.20)
U=y, ni=wy —Ay(c) — g(ga) (6.21)
Indeed, it is easy to show that n € L2(0, T, V) for all A and that
n(t) € 0J(u(t)) forae.r € (0, 7).
Finally, (2.11) is a consequence of (6.6), so that the lemma can be applied.
Now, proceeding as in (4.15), one readily sees that there exists a constant k, > 0O such
that

o
SIVWl2 g, > Kallical} .y, (6:22)

Then, we have to split the last two integrals in (6.19) w.r.t. the duality (V’, V). Namely, for
some k* dependent on &, but not on A, we have

t
k
i [ 0 v ) ds < Gy KRNy T (629



SEPARATION IN A BINARY ALLOY 255
and
! kﬂl 2 * 2
0 (al‘c)u g(¢l)> ds g I ”8ka ”LZ(O,Z;V’) + k ”(PX ”LZ(O,I;V) + k. (624)

Now, let us multiply (6.18) by m > 0 (to be chosen at the end), and sum the result to (6.19),
so that, collecting also (6.22)—(6.24), we infer

— o (O + (m — k) [ Vs 2 + gIIVw 112
5 P4 M2y Ty MiL2g))
+—k“ 13l +&|V OF + | Ye@)d
2 tCA LZ(O,I;V/) 2 (&% 0 (&Y X

m A
< Slgol® + k(1 +m +27) + 2 [Veo* + /Q ¥ (co) dx + (mk + k) lgall 720,

+ (mk + k*2?) ||C)L||22(Qt) + k*)2| Ve ”22(@)' (6.25)
Now, using (6.6), we immediately have
fg Y (e (1)) dx = kylex (D)) — ka, (6.26)

so that, upon choosing m > 2k*, we see that, at least for A sufficiently small, Gronwall’s
lemma applies once more to

1 o + e @) + A Ver )2,

so that (6.8), the second and the third of (6.7), and the first of (6.9) readily follow from
(6.25). Moreover, the first of (6.7) can be deduced by a direct comparison in (6.1), while
for the other relations it is necessary to repeat the argument leading to the estimation of &)
and this can be performed as in Section 4, with minor modifications. Note indeed that in
this setting the function B is no longer regular; hence, to integrate by parts the term with
Bc;, Lemma 2.3 has to be used. Actually, this procedure gives relation (6.11). Now, to
deduce (6.10), it suffices to estimate the L2(O, T; H) norm of w,. Thus, test (6.3) by w,,
integrate over (0, ¢), and note that

t
2 2 2
| /0 MBey, ) ds| < KIVwal2y o) + 22 1Verl2a g, <K, 627)

thanks to (6.25) and the first of (6.9). At this point, (6.10) is a consequence of the other
convergence relations and the second of (6.9) can be proved by a comparison in (6.3).
Finally, we have to show that the limit functions (¢, ¢, w, §) fulfil system (6.12)—(6.16)
and actually this can be performed similarly as in the proof of Theorem 3.1, with the
complication that (6.8) by (Simon, 1987, Corollary 4, Section 8) just implies

¢, — ¢ strongly in C°([0, T; V'); (6.28)
so, we do not have pointwise convergence for ¢, . However, (6.7) yields

@) —> @ strongly in L2(O, T; H) and pointwise. (6.29)
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Thus, the continuity and boundedness of F», Lebesgue’s dominated convergence theorem,
and the second of (6.8) entail

¢, Fa(gp) — c Fa(g) weakly in L?(Q) forany p € [1,2) (6.30)

and this permits us to pass to the limit in (6.1). Moreover, the passage to the limit in (6.2),
(6.3) does not present difficulties, since of course Ay (c; ) tends to 0, for example, strongly
in L°°(Q) and the Cauchy conditions (6.16) are recovered as in Section 4.

Thus, to conclude the proof, we just have to identify &, i.e. to show (6.15). Note that
we cannot proceed as before, since we do not have the strong convergence of ¢ in L2(Q).
Hence, we have to test again (6.3) by ¢, and integrate over (0, T'), deriving

T

T T
/O(E,\(t),q(t))dt=/0 (Cx(t),w,\(t»dt—)»/o IVer ()| dt

T T
—A/ / c“/(c,\)dxdt—/ / ¢y g(py) dx dr. (6.31)
0o J 0o J

Then, we take the lim sup of the relation above as A \( 0 and notice that, thanks to (6.28)

and (6.10), it is
T

T
lim/ (q(t),wx(t»dt:/ (c(®), w(r))dr.
ANO Jo 0

Consequently, using the strong convergence in (6.29) and performing a comparison in the
already deduced relation (6.14), we derive

T T T
limsup/ (EA(I),C)\(I))dIS/ (c(t),w(t)>dt—/ /cg(w)dxdt
A0 JOo 0 0 Jn

T
= /0 (1), c(1)) dt, (6.32)

so that (6.15) is once more a consequence of Barbu (1976, Proposition 1.1, p. 42). O
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