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Close coupling equations for the rearrangement reaction A+d~B+p are derived from 

a variational principle for reaction amplitude assuming the usual stripping mechanism. The 

sum of the wave functions. of the deuteron and proton channels is used as a trial function. 

An exact and simple expression for the error introduced into the reaction amplitude is also 

derived. by applying the theory of finite variations. Our variational principle is not affected 

by the existence of ambiguity in defiqing the proton and deuteron wave functions of relative 

motion, which should be carefully considered for rearrangement reaction because of the" non· 

orthogonality" or channels. The origin of this nou"-uniqueness and the induced ambiguity in 

. the optical pOtentials are discussed in connection with the relation between the present method 

and the method of the projection _operators. The interaction kernel consists of two. parts, 

one coming from the usual Vnp + V pA - U pB term and the other due to the non-orthogonality 

of the initial and final channel wave functions. It is shown that DWBA is obtained only if 

the whole interaction kernel (not Vnp + V pA - UpB alone) is considered as perturbation. The 

relation between the present method and the methods of projection operators is discussed. 

§ 1. Introduction 

The theory of direc"t reaction by means of distorted wave Born approxima­

tion CDWBAY) has become a powerful tool for analyzing the experimental data 

and extracting useful information concerning the nuclear structure through rather 

precise fitting of the theoretical predictions to the experimental observations. 

In contrast to the success in the practical applications, it should be recognized 

that the theoretical basis of DWBA has not yet been fully established in general 

and the· applicability of DWBA is judged still to a large extent by the fit of 

the theoretical predictions to the experimental data in each particular case. For 

inelastic scattering leading to collective excited states, however, a rather far 

reaching studies have been made by the method of coupled channels.2
),3) Since 

this method takes aCCO\lnt of the transition matrix elements betwe:en the strongly 
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392. . T. Ohmura, B.' 1171,anishz, M. Ichimura and ]1,,1. Kawai 

coupled chaimelsup to infinite order, DWBA may be regarded as an approxima­

- tion corresponqing to the weak coupling limit of this method. Thus, one can 

discuss the accuracy of DWBA by comparing the calculated results of DWBA 

with the" exact" calculation obtained by the coupled channels method. 

'For the CP, p') reaction leading to the first 2 + vibrational states of medium 

weight nuclei it was found 4
) that with the same distorting potential and coupling 

constant the cross section calculated by DWBA overestimates the cross section, 

for large values of the deformation paramet,er /3 beil1g proportional to /32 while 

the "exact" cross section is linear in /3 for /3>0.2. It 'was found, however, for 

some cases that if the distorting potential in DWBA is readjusted so that it gives 

the same elastic cross section as the "exact" calculation, the cross section for 

inelastic scattering also agrees with the "exact" one. 

The study of the theoretical basis of DWBA for rearrangement reactions is 

far less adequate. There are several factors peculiar to the rearrangement re­

actions which have to be born in mind. First, there are arguments5
) that the 

Born series for rearrangement collision diverges. Divergence of the Born series 

does not necessarily mean that the first order Born approximation, including 

DWBA, is inaccurate. None the less, it would be an unfavorable factor to be 

reckoned with in establishing the validity of DWBA. At least there 'would be 

no inherent error criterion in DWBA. The divergence stems from the presence 

of bound states both in the initial and in the final state such as deuteron and 

the bound neutron in the Cd, p) reaction. F or the inelastic scattering, therefore, 

Born series converges at least at high energies. Secondly, in the rearrangement 

reaction the wave fundions in the initial and final channels are not orthogonal 

to each other. The non-orthogonality gives rise to a coupling term of the two chan-

_ nels whose nature has not yet been clarified. The third factor which is peculiar 

to the rearrangement reaction has been revealed in the calculation of electron 

pick-up from- an atom by an incident proton. In the first order Born approxi­

mation the cross section of this process was shown to be proportional to E- 6 
at 

high energies. It was found, however, that if one goes one step further one 

finds a term proportional to E- ll
/

2 in the second Born approximation. 6
) This 

implies. that the first order term is surpassed by the second order term at high 

energies which is quit~ contrary to usual expectation.7
) 

Several attempts have 'been made to consttuct a formalism of direct' reaction 

theory which includes DWBA as, a special case. The mathematically most rig­

orous one is probably the exact three-body problem approach8
) to the rearrange­

mentprocess. In the Cd, p) reaction, for instan~e, the process is regarded as 

a rearrangement of three particles, proton, neutron and the target nucleus which 

is assumed to be a structureless massive particle providing neutron with a binding 

potential. . It has been shown that this problem is reduced' to thesolutiOli of an 

equation with one independent variable and is practically soluble if one assumes 

a special, somewhat unrealistic form of the interaction, such asa zero range . 
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Study of Deuteron Stripping Reaction by CoujJled Channel Theory. I 393 

potential, separable potential, etc. 

Another method is to apply the method of coupled channels to rearrangement 

reactions. This method will simplify the comparison with Born approximation 

\ and wil~ enable one to use realistic nucleon-nucleon, nucleon-nucleus and deuteron­

nucleus interactions. 

In atomic physics a calculation has been carried out for the elastic scattering 

of positron from hydrogen atom9
) by this method in which the closed channel 

of positronium formation is coupled to the elastic channel. A calculation is also 

being plaI~ned for the same process when the positronium channel is open. 10) 

In nuclear physics, a method of coupled channels for rearrangement process 

has been formulated byWheelerll) in his resonating group theory*) which has 

been used for the analysis of few n:ucleon problems.12
) 

The coupled-channel method has been applied to rearrangement reactions 

with heavier nuclei for ~he Cr, p), Cd, d) and Ct, p) reactions in which thep­

and n channels/3
) d- andp channels14

) and t- and p chanIlels15
) are coupled, re­

spectively. In particular, Rawitscher14
) has carried out' such a calculation for 

deuteron induced reaction on Ca40
, and found that the Cd, d) cross section can 

be reproduced by a deuteron optical potential with a large imaginary part since 

the reduction of the deuteron wave function in the nuclear interior is recovered 

by the coupling with the stripping channel at the nuclear surface.. This reduc­

tion, however, affects the Cd, p) cross section in a way similar to a cutoff in 

DWBA, as Stamp suggested in Ct, p) reactions. 15
) In those applications to heavier 

nuclei the interaction which causes the transition is assumed to have zero range 

and the non-orthogonality terms are neglected. 

Questions now arise as to ,"vhat the main, effects of the coupling of channels 

will be and under what condition the effect will be large. In considering these 

questions there are several factors which one immediately notices. In the Cd, p) 

reaction, for instance, the size of the matrix element of the transition will depend 

on the neutron separation energy: if it is large the'matrix element will be small, 

which might make one expect that DWBA is :valid. Polological argumene6
) 

suggests, however, that the opposite might be true since the smaller the neutron 

separation energy, the nearer the pole corresponding to DWBA approachs the 

physical region. Therefore, there is no off-hand criterion related to the neutron 

separation energy. The effect of channel coupling is expected to be larger for, 

lower partial waves since the amplitudes of the lower partial w~ives are large 

in the neighbourhood of the nucle}ls. For the similar reason the giant resonance 

in the distorted wave may enhance the coupling and affect the reliability of DWBA. 

DWBA reproduces in general the angular distribution of stripping reactions well 

but there are many examples in which cutoff in' the radial integral is needed 

to reproduce the observed maxima and minima. 17
) Should this feature be really 

*) The Rayleigh Ritz method used by Wheeler is? in principle, applicable to only bound state 
problems, ' 
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394 T. Ohmura, B. Imanishi, M. Ichimura and M. Kawai 

attributed to the channel coupling as asserted by Stamp15) and Rawitscher ?14) 

In this series of papers we investigate the method of coupled channels for 

nuclear rearrangement collisions, especially the Cd, p) reaction, in which the in­

itial and final channels are coupled together. From the observed fact that the 

stripping process has a large cross section one sees that these two channels are 

strongly coupled to each other. There may, however, be other channels which. 

are also strongly coupled directly or indirectly to those channels. 2
),18) In that 

case the coupling of all these channels should in principle be treated on equal 

footing. However, we shall content ourselves here by assuming that the effects 

of the channels other th9-n the initial and final channels are somehow approxi­

mately taken into account by assuming a suitable phenomen~ological effective 

Hamiltonian with adjustable parameters. A criterion for the validity of such an 

assumption has been given by Buck and Rook19
) using the unitarity of S-matrix. 

We may use this .criterion as one of the measures of. reliability of our calcula­

tions. We should emphasize, however, that the truncation of other channels by 

the procedure described above is primarily for. the sake of computational con­

venience. Even in such a restricted model, hovvever, we hope to obtain some 

information about the effects of the coupling between the channels. 

The method of coupled channels for inelastic scattering has been developed 

by expanding the total wave' function in the complete set of intrinsic wave func­

tions of the target nucleus and those of the projectile. In the case of rearrange­

ment collision, however, this procedure is difficult to follow since the residual 

nu~leus is different from the target nucleus, so that one has to deal with the 

wave functions of the initial and fina'! channels which are not "orthogonal" to 

each other. 

Under these circumstances, one of the best ways to derive the basic equa­

tions of the ~oupled-channel method for rearrangement collisions is probably to 

use a variational method, because the "best" wave functions of relative motion 

is obtained within the assumed form of the trial functions: the sum of the wave 

functions in the strongly coupled channels. 

We derive in § 2 the basic equations of the present formalism for the Cd, p) 

reaction from avar!ational principle by using the method of finite variation .. 

Assuming that the target nucleus has no spin and neglecting the intrinsic spin 

of nucleons for simplicity, the basic equations are derived in' the three-dimentional 

fonn in § 2.1 and in the form analyzed in partial waves in § 2.2. An expression 

for the error in the calculated S-matrix is also derived. In § 2.3 the formulae 

for the cross sections are given. In § 3 ambiguities in the wave functions and 

'the effective Hamiltonian are discussed together with the relation between the 

present method and the method of projection ope!ators. 24
;-26) In § 4 the reaction 

amplitudes which arise from the non-orthogonality of channels and the relation 

of DWBA to the present method in the limit of weak coupling aJ~e discussed 

in detail. In' § 5 a summary is given, 
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Study of Deuteron Stripping Reaction by' Coupled Channel Theory. I 395 

§ 2. Derivation of the basic coupled equations 

by the theory of finite variation 

In this section, we first treat a simplified problem . by the method of in­

finitesimal variation of Kohn's type. 23
) T.hen, we derive the basic coupled 'equa­

tion by means of the method of finite variation. By the latter procedure one 

can obtain a simple and exact expression for the error in the calculated scattering 

matrix elements. The theory of finite variation has been developed by Kat0 24
) 

for scattering by a central potential. The theory in the subsequent subsections 

is a direct extension of that theory. to rearrangement collisions. Iil' order to 

avoid unnecessary complexities we neglect intrinsic spin of nucleons. We also 

assume that the target nuc1eus has no spin and. that the D-state of deuteron can 

be neglected. 

Let us denote the wave functions of the target nucleus, A, and the incident 

deuteron, d, by (]):o (.;) and ¢a (rnp) . respectively and also denote the wave func­

tion of the residual nucleus, B, by (])l~mn (.;, rn) where In and mn a:r'e the orbital 

angular momentum and its z-component of the captured neutron relative to the 

centre of mass of A. As shown in Fig. 1, rnp and 

rn represent the relative coordinates between the proton, 

and the neutron. and between the neutron and A re­

spectively. .; 'stands f6r the aggregate of the intrinsic 

coordinates of A. The relative coordinates of the 1111-

tial and final channels are denoted by Rand r re­

spectively. 

The total Hamiltonian of the system, H, can be 

written in two alternative forms corresponding to the 

initial and final channels, respectively, as 

~ centre of moss of B 

--""""centre of moss of A 

Fig. 1. Coordinate system 

for the reaction A(d,p)B. 

(2 ·1) 

(2·2) 

where r/ IS the proton coordinate relative to the centre of mass of A and 

(2<3) 

where the a's are given in terms of the reduced mass, /1, of the corresponding 

relative motion by a = h2j (2/1). In terms of the nucleon mass mo and the mass 

num bel' A of the target nucleus, they are given by 

h2 

a
np 

= -----~ , (2· 4) 
1no 

111 the approximation that the binding energies of d, A and B are neglected. 

In (2 ·1) through (2·3) Llnpl R represents the Laplacian with respect to the variable 
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rnp when R is kept constant, when thes'e two variables are taken as independent 

variables of the sy.stem. Similarly, .:hlnp, Llrln and LIn I r stand for the Laplacian 

with respect to R, rand rn respectively when r np , rn and r are respectively kept 

constant. It is assumed that the interaction between the proton (neutron) and 

the target nucleus' can be represented by a spherically symmetric potel1tial' V pA 

(VnA). If these potentials depend on ~, reaction can proceed to a final state 

which is forbidden in the ordiilary stripping and pick-up l~eaction mechanisms. 

We assume that this possibility can be neglected. 

Now, the total wave function satisfies the Schrodinger equation 

(H-E)?J1=0, (2·5) 

and the normalized wave functions ([Jo~, ([J~~mn and rPd satisfy the equations 

respectively. We assume that 

where rPZnmn is defined by 

and satisfies the equation, 

(2·6) 

(2·7) , 

(2·8) 

(2·9) 

(2 ·10) 

The wave numbers ka and k p in the d and the p channel, respectively, are de­

ter~lined by 

(2·11) 

and the O-value of the reaction is determined by 

(2 ·12) 

where £/C /and £r are the imaginary wave numbers of the captured neutron and 

that of the internal motion of the deuteron, respectively. The functions ([J:O, ([Jl~mn' 

rPa and rP~nmn are all assumed to be known and are not subject to variations in 

the following discussions. 

2.1 Der£vat£on of the basic equations for the sjJecial case with ln = 0 

In this subsection we illustrate the general spirit of the present formalism 

by considering a simple special case in which the Coulomb potentials are abselit 

and l1~ is equal to zero. 
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Study' of Deuteron Stripping Reaction by Coupled Channel Theory. I 397 

Let us consider two special solutions of Eq. (2·5) ," 7jf(1) and 7jf(2) , which 

satisfy, respectively, the following sets of boundary condition: 

(2 ·13) 

where Xa(l) and Xp (1) have the asymptotic forms 

f (l) (1) ) 
• (1) (R) ( ·k (l)R) L n, n (·k R) Ad r-J exp 1 dn T -------~~- exp Z (l 

R 
(2 ·13a) 

and 

g(l) (n (1) n') .. 
Xp (1) (r) r-J __ . ___ ~ __ ' --- exp (zkpr) , . (2 ·13b) 

r 

respectively and <jJ(1) vanishes asymptotically in the d-and p~channelsand has 

only outgoing waves in the asymptotic region of all the other open channels, 

and 

(2 ·14) 

. where the asymptotic forms of Xa(2) and Xp (2) are giveil by 

(

g(2) (n(2) n) )* 
Xa(2) (R) r-J --~-R'~~exp (ikdR) (2 ·14a) 

and 

(2) . • (2) n ,n .. 
( 

f (2) (2) ') ) * 
Xp (r) r-J exp (zkpn r) +---r-------- exp (zkpr) ; (2 . 14b) 

respectively and <jJ(2) satisfies the same boundary condition as <jJ(1), except that 

the former has only incoming waves in the asymptotic region. In the above equations 

the subscripts for (fJA and (fJB representing the angular momenta are dropped, and 

unit vectors n-R/R, n'=r/r and n(i) (i= 1 and 2) are used. 7jf(1) represents 

an ordinary scattering state in which the deuteron is incident on the target 

nucleus A in the direction n(l). 7jf(2) , on the other hand, represents the time re­

versed wave function of the 'state in which the proton is incident on the residual 

nucleus B in· the direction of n(2) followed by the outgoing waves in all the 

channels. The functions <jJ<i>, Xd(i) and XP (i) (i = 1 and 2) are not well defined 

by Eqs. (2 ·13) through (2 ·14b). Only the asymptotic forms have been specified 

precisely because the variational expression will be obtained only through the 

asymptotic properties of these functions. A detailed' discussion will be given in 

~ 3 on some related ambiguities in defining the wave functions of relative motion. 

As will be shown there, the ambiguity can be avoided if we impose further ap­

propriate conditions on these functions. 

Let us now consider the following expression: 
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398 T. Ohmura, B. 1manishi, M. 1chimura and M. Kawai 

112 (n1, - n2) = ~ ?j!(2)* (H - E) ?j!(1)dr . (2 ·15) 

It should be remarked that ?j!(2)* is the time reversed wave function' of ?j!(2). 

This point is important when the spins are considered in the variational formu­

lation, If one gives infinitesimal variations to the wave functions P(1) and P(2) 

through variations in XdCil, X
P 

Ci) and rjJ(i) (i = 1, 2), the variation of 112 , 

0112 = ~ P(2)* (H - E) oP(1)dr + ~ ()pC2)* (H - E) ?[f(1)dr , 

can be written as*) 

0112 (n!, - n2) = ~ P(2)* (H - E) o?[/(1)dr - ~ GP(1) (1-I - E) ?[/(2)*dr 

= - ad ~ P (2)*t1 R lnp(j)A¢d()Xd C1 ) (R) dr1 + ad~. (j)AqJcZOXdCl) (R) t1 R lnp?j!(2)*dr1 

- ap ~ P(2)* t1 r l n(j)BOXp (1) (r) dr2 + a~} ~ (j)BOXp (1) (r) t1 r l nP(2)*dr2 

+) P(2)* (I-I- E) orjJ (
1)dr - ~ orjJ(1) (H - E) P(2)*dr , ,(2 ·16a) 

where dr1 = d~drnpdR and dr2 = d~drndr, and the equations (H ---: E) P(1) = 0 and 

(H-E)PC2)*=O are used. The terms containing t1np lR and t1nlr have been drop­

ped because the bound state functions ¢d (rnp) and ¢n (rn), respectively, ensure 

the hermiticity of these operators. 

Let us consider the first two terms on the right-hand side of (2; 16a) . Using 

Green's theorem one can transform these two terms into a difference of two 

surface integrals at infinity. However, Eq. (2 . 14a) shows that the complex 

conjugate of the first te~m of P(2) in (2·14) has an asymptotic form proportional 

to eikR 
/ R as R goes to infinity which, according to (2 ·13a), is the same as the 

asymptotic form of OXd(l). Hence, the difference of the surface integrals vanishes 

and we get no contribution from this term of P(2). Furthermore, the second 

term of P(2) on the right-hand side of (2 ·14) does not contribute to the surface 

integral, either, since the product (j)B*¢d vanishes at infinity. Similarly, one can 

readily see that rjJ(2) does not contribute to the surface integral. 

For the third and fourth terms on the· right-hand side of (2 ·16a), one can 

again transform them into a difference of two surface integrals at infinity. Of 

the thr·ee terms in the expression (2 ·14) for P(2) the first term does not contri­

bute to the integral since the product ¢d*(j)B vanishes when r goes to infinity. 

Similarly, the third term rjJ(2) of P(2) gives no contribution .. The second term of 

P(2l, however, does give finite contribution to the integral. Similarly the last 

two terms on the right-hand side of (2 ·16a) Gan be shown to contribute nothing. 

One· gets altogether 

'\:) We a,SS\lmt; th~t the potenti~ls {Ire stati~ \1UO l1on-ex~hange type with fmite range. 
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Study of Deuteron StrijJping Reaction by Coupled Channel Theory. I 399 

'~I- ( ) - (1'/li B I2d ed ({ (·k (2») 8 exp (ikpr) 
u 12 nI, - n2 - - a p J' IJ.I '" rn J exp l "pn r -8n~-----;:---

- __ ~'5J!_\~!?JJJ~) -~~--- exp (ikpnY)r)} og(l) (n (1), n) dSr =4napog(I) (n(1>, -n,<2») , 
r un r 

(2 ·16b) 

where Sr is a surface at infinity in the r-space and nr stands for the outward 

normal to Sr. 

From (2 ·16b) one immediately sees that if one defines a quantity gH) by 

gi:) (n(l>, - n(2») = g(1) (n(1), - n(2») - (4na
p
)-1 ) ?]!(2)* (H - E)?]!(l)dr , (2 ·17) 

its variation vanishes: 

(2 ·18) .' 

Hence, g~:) is a stationary expression for g(1). 

Conversely, the condition that g,~P is stationary at ?]!(I) and ?]!(2) leads to the 

Schrodinger equations for ?]!(I) and ?]!(2). In fact, if one gives arbitrary infinitesi­

mal variations to these functio'ns one gets 

0= ogii> = og(1) - (4nap )-I E'O?]!(2)* (H - E) ?]!(I)dr + ~, ?]!(2)* (1-1 - E) o?]!(1)dr} 

= - (4nap)-I {~ O?]!(2)* (H - E) ?]!(1)dr + ~ O?]!(I) (H - E) ?]!(2)*dr} (2 ·19) 

by the same procedure as in the derivation of (2 ·16b) . Hence, 

(H - E) ?]!(I) = 0 and (H - E) ?]!(2) * = 0 , 

sInce O?]!(I) and O?]!(2) are independent variations. Hence, we have obtained a' 

variational principle which is equivalent to the Schrodinger equation. The sta­

tionary value of the expreSSIOn, g~p, is just the required scattering amplitude of 

(d, p) reaction.*) 

*) The corresponding variation principles for g(2), r CI) and f (2) can be constructed similarly. 

The stationary expression for g(2) is given by 

g~;) (nC2), -nell) =g(2) (nC2), -nCl) - (47l'ad) -1 )?F(l) (H- E) ?F(2)*dr. 

The stationary expression for r(I) is obtained if one consideres the wave functions of the form, 

?F(3) = (fJAifJdXi3) + (fJBx p(3) +!fJ(3), with the asymptotic form, Xd(3) (R) '"'-' {exp(ikdn(3) ·R) + r(3) (n C3), n)R-I., 

exp(ikdR)}* an:d Xp (3) (r)",,: {g(2) (n(3), nl)r-Iexp(ikpr)}*. The function cf;(3) vanishes asymptotically in 

the d- and p-channels and has only incoming waves in the asymptotic region of all the other open 

channels. The expression is 

f;P (nCl), -n(3» = f(l) (n(l), - n(3» - (47l'ad) -1) ?F(3) * (H-E) 1}f(l)dr. 

Conversely, the variational principle for these expressions leads to the Schrodinger equation for arbi­

trary variations, and leads to the same equations as (2,21) if we assume the truncated wave func­

tions as defined ~n (2, 20) . 
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400 T. Ohmura~ B. Imanishi~ M. Ichimura and 1V!. Kawai 

The variational principle obtained above can now be applied to determine 

the best set of wave functions of relative motion, Xd(i) and XP (i). If one, namely, 

takes as the trial functions the wave functions of the form 

?fI (1) = ([JA¢ X(l) + ([JBX(l) 
t d d, t p,t (2·20a) 

and 

?fI (2) = ([JA¢ X(2)L mB
X

(2) 
t d d, t -1 IV 1', t , .. (2·20b) 

one gets from the condition that 922 be stationary against ?fit (1) and ?fI/2) induced 

by the variatioils in X~:~ and X~:)t (i = 1, 2) the following set of equations: 

and 

~ (f)A*¢d*(H-E)?fIt(l)dfdrnp =O, 

) ([JB* (H - E) ?fIt(l)dfdrn = 0 , 

~ (f)A¢d (1-1 - E)?fIt (2)*dfdrnp = 0 

(2·2Ia) 

(2·21b) 

(2· 2Ic) 

(2·2Id) 

which determine the unknown functions X~;~ and X~:)t (i = 1 and 2). That is, 'if 

one inserts (2·20a) into (2·2Ia) and (2·2Ib) and uses (2·1), (2·2) and (2·6) 

through (2 ·11) one has a set of coupled integro-differential equations for X's, 

(-adJRlnp+ UdA -Ed)Xd 

= - ~ ¢d* [( - apJr In + U pB - Ep) + (Vnp + V pA - UpB) ] ¢nXpdrnp (2·22) 

mid 

(-apJrl n+ UpB-Ep)Xp 

= - ~ ¢n * [( - apJr In + U pB - Ep) + (Vnp + V.PA - UpB) ] ¢dxddrn , (2·23) 

respectively, where 

(2·24a) 

and 

(2·24b) 

mid the superscript (1) and the subscript t are now dropped. It is easy to see 

"that exactly the same set of. equations as (2·22) and (2·23) can be derived for 

Xa(2) and XP (2) from (2· 2Ic) and (2· 2Id), which shows that the form of the equa-
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Study of Deuteron Stripping Reaction by Coupled Channel Theory. I 401 

tions for X's is independent of the boundary condition imposed on them. 

The integral terms of Eqs. (2·22) and (2·23) represent the coupling of the 

initial and final channels and give rise to the (d, p) - and(p, d) -reaction ampli­

tudes. In the post form of Born approximation, including DvVBA, the in­

teraction responsible for the reaction is Vnp + V pA - UpB• This corresponds to 

discarding all but Vnp + V pA - UpB from the square brackets -of the coupling in-· 

tegrals. The DWBA amplitude is obtained if one solves such a truncated equa­

tions by perturbation theory in the·· first order. 

In the present treatment, however, this is no longer the case since we do 

not assume the validity of the first order perturbation calculation. \V emust also 

consider the other terms - a p (Llr I n + k/) +. U pB (r p), in. the coupling integrals. 

This complication arises from the fact that the internal wave functions of the 

initial and final. channels are not orthogonal to each other. Discussion of the 

effect of this non-orthogonality will be given in more detail in § 4 .. 

Now, let us estimate the error in the scattering amplitude obtained from 

Eqs. (2·21). For this purpose it is convenient to use the method of finite var-· 

iati6n. Let us designate in general the approximatio·n for ?F(l) by ?Ft(i) and its 

error by LI?F(i): 

LI?F(i) =-: ?Ft (i) - ?F(i). (2·25) 

Corresponding to (2 ·15), let us consider the quantity, I l2t= FJI'/2) * (Ii - E) ?F/l)dr. 

A little calculation similar to that which was used to derive Eq. (2 ·16a) shows 

that 

1m = ~ ?jf(2)* (H - E) ?Ft(l)dr + ~ LI?F(2) * (H - E) iJ?F(1)dr 

=4/ra
p

{g/1) (n(1), _n(2») _g(1) (n(1l, -n(2»)} + ~ iJ?F(2l*(H-E)iJ?F(1)dr, (2·26) 

where gt(l) is the reaction amplitude corresponding to the wave function ?F/l
). 

This is an exact expression .. It is clear from (2·26) that gt(l) - (4na p )-1 112t · is 

a stationary expression for g(1) as defined in Eq. (2 ·17). ~ Since 11it = 0 for ?Ft (1) 

satisfying Eqs. (2·21), the calculated g/l) is given by 

(2·27) 

which shows that the error in the calculated amplitude g/l) is of the second 

order in LI?F(i). Expressions similar. to (2·27) can be easily obtained for the 

other reaction- and elastic scattering amplitudes. 

2.2 Partial wave exjJansion 

Let us now· consider general cases with In=l=O In terms of the partial wave 
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402 T. Ohmura, B. Imanishi, M. Ichimura and ~1. Kawai 

expanSIOn. We neglect the intrinsic spins of nucleons so that the total orbital 

angular momentum, which we designate by L, is a good quantum number. The 

total wave function 7J! L]'1 with the total orbital angular momentum L and its z 

component M can be written as 

(2·28) 

where 

(2·29) 

. and </hM vanishes asymptotically in the d- and p-channels and has only outgoing 

waves in the asymptotic region of all the other open channels.*) It is· clear from 

the rotational invariance of the Hamiltonian that UL and VL(L) are independent of 

M. 

Let us first seek for a· variational expression which will give the reaction 

amplitude, T;;t~L' corresponding to the incident wave in the deuteron channel 

with the angular momentum L and the outgoing wave in the proton channel with 

the angular momentum l. For this purpose,. let us consider a . wave function 

7J!1~, which has the asymptotic form of an incident wave in the deuteron channel 

L plus outgoing waves in all the channels. We also consider a wave function 

7J!12J: which has the asymptotic form of an incident wave in the· proton channel 

l plus incoming waveS in all the channels. The corresponding radial wave func­

tions, then, have the asymptotic forms, 

UL(l) (R) rv(LdFL(kd' R) + (·LdTf;';dL H L (+) (kd' R), 

(1) () f'PT(L) H(-I-) (7_ _) 
Vv r rvS~' IJ~;,dL ~, /('p, J 

(2·30) 

and 

u. (2) (R) rv {f' dT(L) 1-1 (+) (7? 1::»} * 
L SL dL,TJ/ L ''Vd, \. .' 

vf~) (r) rv {(f"FLI/(kp, r)ow+ (f"T~f,':PlHl~'+) (I~p, r)} *, 
(2·31) 

respectively, the superscript (L) on VL(i) is dropped. Here F Land H L (±) are the 

regular and outgoing (incoming) wave Coulomb functions 25
) whose asymptotic 

forms are given by 

FL (I~, r) rvsin [kr -Ij In (2kr) - Lrc/2 + (J LJ 

and (2·32) 

*) The comment on the ambiguity in defining </J, Xd and Xp in (2·13) and (2·14) is applicable 

here. See also §3. 
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Study oj Deuteron Strzppzng Reaction by Coupled Channel 'theory. 1 403 

respectively, where 

(Ld 
= iL exp (i(5 Ld) / J Vd and (2·33) 

with vd=hkd/J1a and v p=hkp/J1p, and (5Ld=arg T(l+L+iYja) and (5(P=arg T(l+ 

1 + iYjp) are Coulomb phase shifts where Yja = Ze2J1a/h2ka and Yjp == Ze2J1p/h2k p, Ze 

being the charge of the target nucleus. 

Let us designate approximate wave functions corresponding to lffl.'2r by lfft(i) 

and the corresponding error by 

(2·34) 

In order to derive a stationary expression for the scattering amplitude, let us 

now calculate the integral ~ 7Jft(2) * (H - E) lfft(l)dr. By a procedure similar to that 

used in deriving Eq. (2·26), one gets (see the Appendix) 

~ lfft(2)* (H - E) lff/l)dr = ~ lfft,J2) (H - E) lff/l)dr + ~ .dlff(2)* (H - E) .dlff(1)dr 

= kpap ((~P)2T:'f.~L,t - kaaa ((Lay Td<f;pl + ~ .dlff(2)* (H - E) Jlff(l)dr . (2·35) 

If one substitutes lff(l) for lfft(l) in (2· 35) one gets, with the aid of (2·33) 

(2· 36) 

Since the S-matrix elements for (d, p) and (p, d) reactions are given by 

S (L) 2' (2' P) T(L) pl, dL = Z exp z(5 ~ pt, dL and S (L) 2' (2'~ a) T(E) dL,pl = Z exp Zv L dL,p7, (2·37) 

respectively, one has 

( l) ~S (L) - ( l)LS (L) - pl,dL- - dL,pl, (2·38) 

which shows the symmetry of the S-matrix. 

In terms of Eqs. (2·36) and (2·37), Eq. (2.35) can be rewritten as 

S (L) =S(L) + (-1)~4z·.h-l {C lff (2)* (H-E)lff (l)dr pl,dL,t pl,dL n) t t 

- } .dlff(2) * (H - E) Jlff(1)dr} . (2·39) 

Equation (2·39) shows that if one defines a quanti~y S:'f.~L,8t by 

S(L) =S(L) - (-1)l4ih- 1 \ lff (2)* (H-E)lff (l)dr pl, dL, st pl, dL, t. J t . t. , (2,40) 

. the difference between this quantity and the correct S:'f.~L is equal to - ( -lY 
4ih-1 ~ Jlff(2) * (H - E) .dlff(1)dr and, therefore, is of the second order in .dlff's. Hence, 

S:'f.~L,8t is stationary against variations in lfft'saround the correct s~lutions of the 

Schrodinger equation. Converse of this statement is also true since if one gives 

infinitesimal variations to lff/l) and lfft(2) the variation in S:'f.~L,8t is given by 
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404 T. Ohmura, 13. imanishi, M. ichimura and M. Kawai 

(1S(L) -pl.dL.st-

IJ Sif dL,' - ( - 1)' 4ilt-1 {~ IJ'IN'" (H - E) 1fI. (1) dr + ~ 1fI. (')' (H - E) 1J1fI .~) dr} 

-= (_1)t+14ih-l U (1lJ1t (2) * (H-E)lJIt(l)dr+ ~ olJlt(l) (H-E) lJIt (2)*dr} , (2·41) 

and so the condition that oS~t~L,8t = 0 leads to the Schrodinger equations, 

(2·42) 

In order to derive approximate equations for UL(i) and V£(i) from the varia­

tional principle, let us now take as the trial wave function the sum of the wave 

functions in the deuteron and proton channels, 

• A ~ UL(i) (R) 
?Jft(~) = (/)00 (~) ¢;d (rnp) Y LO (R) ---R-------

(2·43) 

The condition that (1S~f:dL,8t given by (2·41) is zero for arbitrary variations in 

UL(i) and Vl(i) is equivalent to the equations 

(2·44) 

and 

(2·45) 

It can immediately be seen that these equations are independent of (i) which 

specifies the boundary condition of the solution. 

The solutions of Eqs. (2·44) and (2·45) satisfy 

j 'lJI/2)* (H - E) 'lJI/1)dr = 0 . (2·46) 

Hence, Eq. (2·39) gIves 

S~t~L,t = S~t~L + ( -1)H-14ih-1 j J'lJI(2)* (I-I - E) J'lJI(1)dr , (2·47) 

which shows that the error contained in the calculated S-matrix elements is of 

the order of the product of J'lJI(l) and J'lJI(2). 

Using Eqs. (2 ·1) and (2·2) one can rewrite Eq. (2·44) as 

- ~d_ { t:!~ __ + I?d 2 - ~_(-&_-t_!) ~ u L (R) + U
dA 

(R) u L (R) 
R dR2 R2) J _ R 

+ j (/)to*¢;d*YloCR) [{-ap(Jr/n+kp2) + UpB} + {VpA(rv') 
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Study of Deuteron Stripping Reaction by Coupled Channel Theory. 1 405 

and Eq. (2·45) as 

- q~ {~+ k2 
P - ~{(,l+. !L} VL (r) + U pB (r )-'lJL(]'") . 

. r dr2 r2 r 

+ ~ [@fn* (g:, rn), Y L* (f) ]LO [ {- ap (L1rln + k/) + Up:B} + {VpA (r/) 

+ Vnp(rnp) - UpB} ]@to(g:)¢a(rnp) YLoCii)!!L~R) dg:drndf=O" 

where the superscript (i) is dropped and 

UdA(R) =~ @~o*(g:)¢d*(rnp)Ylo(R) {VnA(rn) 

+ V pA (r/)} @~o(g:) ¢d(rnp) Y LO (R) dg:drnpdil 

and 

UpB (r) = ~ [@G; (g:, rn), Y L* (f)] LO {VpA (r/) 

+ V np (rnp)} [@fn (g:, rn), Y L (f)] Lodrndfdg: , 

(2·48) 

(2·49) 

(2·50) 

(2·51) 

which are distorting potentials in the deuteron and proton channels respectively. 

Equations (2·48) through (2·51) constitute the basic equations of the. present 

method. These equations contain the derivatives of the unkown functions uL(R) and' 

Vb (r) in the interaction kernel, which is very inconvenIent for the practical calcula­

tion. Fortunately, however, as will be shown in a subsequent paper, these de­

rivatives can be eliminated from the integral kernels, putting at the same time 

the two kernels in exactly the same form. The S-matrix elements are then also 

shown to be symmetrical with respect to the initial and final c!lannels. 

Strictly speaking, Eqs. (2·49) and (2·51) are correct only when the captured 

neutron goes' into an s-orbit. In fact, from (2·2) and (2·28) one immediately 

sees that the part of the integral in (2·45) which is relevant to UpB is 

(2· 52) 

If the integrals over g: and rn result in an integrand which IS a function only 

of r, the integral over f vanishes unless l = l' and the above inte~ral reduces to 
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406 T. Ghmura, 13. Imanishi, M. lchimura and M. Kawai 

from which (2·49) and (2·51) follow. If In is different from zero, however, 

the above argument no longer holds and one may have to deal with much more 

complicated equations than (2·49) and (2·51). None the less, these are pre­

sumably good approximations if the target nucleus A is sufficiently large, and 

we shall henceforth assume that (2·49) and (2·51) are valid. 

So far, we have entirely neglected the effect of the channels other than the 

strongly coupled initial and final channels. One could take this effect into ac­

count by adding to the trial wave functions the sum of wave functions in those 

channels. Equations (2· 48) and (2·49) would then get extra terms corresponding 

to the additional terms in the trial wave function, but we content ourselves here 

with the assumption that the 'effect of the additional terms may be taken into 

account at least partly by replacing UpB and UdA by some phenomenological 

complex potentials which we again denote by UpB and UdA respectively. The 

coupling kernels also will then be modified and have the imaginary part (see 

§ 3). The best choice of the potentials, UpB and UdA, will be determined by 

adjusting the parameters to cope with experiment. 

We have, up to now, considered the variational method for calculating the 

special S-matrix element, S~~~L' In the same way, one can set up a variational 

principle for a general S-matrix element, Si;;) , if one takes for 7]1(1) in the above 

discussions the total wave function whose asymptotic form is an incident wave 

in the channel a plus outgoing waves in all the channels and for 7]1(2) the wave 

function which has the asymptotic form of an incident wave in the channel (3 

plus incoming waves in all the channels. One then gets the basic equations 

which are exactly the same as (2·48) and (2·49). For the S-matrix element 

SJ;;t, which is obtained from the solutions of these equations, one gets an equa­

tion of the same form as (2·47), 

Si;;!t = SrJ;;) + ( -1)~,e+14ih-l ~ J?Jf(2)* (H - E) ,Jlff(l)dr . (2·53) 

Thus, we see that the solutions to Eqs. (2·48) and (2·49) give rise to a 

stationary value of the S-matrix element. 

2.3 Cross section 

Solving the coupled equations (2·48) and (2·49), one gets the wave func­

tion of the form (2·28) and the reaction amplitude, TrI;;) , defined by (2·30) and 

(2·31) from which the S-matrix element is given by 

(2·54) 

The practical method of computing the S-mati'ix elements will be described 111 

the subsequent paper. 

The differential cross sections are given for the (d, p) l'eaction by 

(2·55) 
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Study of Deuteron Stripping Reaction by Coupled Channel Theory. I 407 

and for the (p, d) reaction by 

rJ J,J(l= TC I: 1 ~v' 2l+1 (lnlmOILm)SJf;PlYLm(8, ¢) 12. 
(2ln + l)k/ m lL 

(2·56) 

The condition of detailed balance is 

The elastic scattering cross sections are given for the (d, d) process by 

(Jad= 1 fa (8) + v'k
4TC ~ v'2L+ 1 exp(2irJLd)TJf:dLYLo(8, ¢) 12 
d L 

(2· 57) 

and for (p, p) by 

(J pp = (2[1+ 1) I: 1 fp (8) Om'o + {k
4TC ~ v' 2Z + 1 exp (2irJf,·) 

n mm' p Lll' 

(2·58) 

where fa (8) and fp (8) are the Rutherford scattering amplitude in the deuteron 

and proton channels, respectively. 

§ 3. Ambiguities in the wave functions and effective Hamiltonian, 

and the relation to projection operator methods 

We have pointed out in § 2.1 that Eqs. (2 ·13) and the' boundary conditions 

are not enough to define Xa, XP and cp. Let the wave function ~'T! be written in 

the form 

N 

lJ! = I: (J)aXa + cp , (3·1) 
a=l 

where (J)a is the internal wave function of the channel awhieh consists of a 

pair of particles and Xa is the corresponding wave function of relative motion. 

Then, the boundary condition in the asymptotic region is not enough to determine 

the X's andcp uniquely. For, any simultaneous replacement of Xa by Xa + JXa 

and cp by cp - (J)aJXa with arbitrary function JXa which vanishes in the asymptotic 

region would give a different but equally valid expression for 7]/ of the form of 

(3 ·1). The ambiguity may be eliminated only when further suitable .conditions 

are imposed on the X's and cp. 

F or inelastic scattering, the "most natural" conditIon is that cp be orthogonal 

to each term in the sum on the right-hand side of (3 ·1). In fact, if one sup­

poses that7Jf is expanded in the complete set of internal waye functions of the 

colliding pair, Eq. (3 ·1) would be obtained by picking out the terms correspond-. 

ing to some closely coupled channels in the form of a sum and putting the rest 

equal to cp. Since the internal wave function contained in cp are orthogonal to 

those in th~ sum, the above G~ndition is fulfilled. Conversely, this condition 
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408 T. Ohmura~ B. Imanishi~ M. Ichimura and M. Kawai 

determines the X's and cj; uniquely. 

For a rearrangement reaction, however, there is no such unique "natural" 

condition. There is even no unique expansion of ?]I in a complete set such as 

considered above for inelastic scattering. In fact, for the (d, p) reaction, for 

instance, there are two complete sets of internal states corresponding respectively 

to the initial d + A and final p + B systems. The total wave function ?]I could 

be expanded in either of the two sets or any linear combination thereof. Expan­

sion of ?]I in both of these sets, which might be suggested by the form of (2·13), 

would not be unique since the basis is overcomplete. 

Thus, for the case in § 2 one could still assume as a "natural" condition 

that cj; be orthogonal to the first two terms on the right-hand side of Eq. (2 ·13) 

or (2 ·14) for arbitrary Xd and XP' 

(3 ·2) 

This condition is consistent with the required asymptotic form of cj; and defines 

Xa, XP and cj; uniquely, as will be seen in the following. Alternatively, one could 

impose another, equally "natural" condition that the x's and cj; be defined by the 

projection operators, 

and' (3 ·3) 

through 

(3 ·4) 

and 

(3·5) 

We can readily observe that the latter definition IS different from the former 

one, (3·2): Pdcj;= 0 and Pp¢ = 0, since we have 

and (3·6) 

which, are in general different from zero because of the "non-orthogonality" of 

p and d channels. We also see that Xa, XP and ¢ defiped by (3· 3) through (3·5) 

have correct asymptotic behaviour since 

and 

~~ Pp¢ = -,~~~ (liB~ dfdrn(liB* (f, rn) (liA (f) cpa (rnp) ~ de dr~p(liA* (f') cpa* (r~p)?]I = ° . 
There may be still other "natural" conditions to define Xa, XP and ¢' depending 

on the aim of the formulation. 

It is clear that Eq. (3·4) uniquely defines Xa and Xli; but is not so clear 
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Study of Deuteron StriPiying Reaction by Coupled Channel 1'heory. I 409 

with the orthogonality conditions (3·2). Let us, therefore, examine if these are 

sufficient to eliminate the ambiguity. If there are still ambiguities ,dXd, ,dXp and 

11</J in Xd, XP and </J respectively, they must satisfy 

(3·7) 

Using the condition that 11</J be orthogonal to the' first two terms on the left­

hand side of (3·7) one ge'ts 

L1Xp(r) + ~Kl(r, R),dXd(R)dR=O (3·8) 

and 

(3·9) 

where 

and (3·10) 

¢n = ~([jA*(]jB d~ , 

for infinitely heavy target nucleus. Equations (3·8) through (3 ·10) a,re a special 

case of Mittleman's eigenvalue equation with the eigenvalue A = 1 (see (3 ·17». 

Conversely, if these equations have non-trivial solutions, there. exist non-zero .L1Xd 

and l1Xp suc~ that (]jA¢dtlXd + (/JB .JXp = 0 so that the conditions (3·2) are not adequate 

to remove the ambiguity.21) Whether or not this actually happens depends on 

the structure of (]jA and (/JB, but as Coz' has shown,21) it happens in such a very 

sJ?ecial case*) that one could safely ignore the possibility in most practical cases. 

The ambiguity which has been discussed so far does not necessarily give 

rise to the ambiguity i.n Xd,t(UL(i» and XP,t(VL(i» in the trial function in Eq. (2·20) 

(Eq. (2·43» adopted in the present paper. As long as the solution for 1Ft of 

the variational procedure is unique, the ambiguity in Xd,t and ~~p,t will remain 

only in the very special case when exactly the same equations as Eqs. (3·8) 

through (3 ·10) are satisfied. 

The same thing will be true more generally if the trial wave function is a 

sum of wave functions of any finite number of strongly coupled channels. 

Let us now turn to the discussion of the effective Hamiltonian introduced 

in § 2.2. We have assumed there that the effect of the eliminated channels are 

taken into account by making the potentials UdA and UpB complex and adjustable 

so that the experiments are best reproduced by the theory. This point can be. 

further elucidated with the aid of the projection op~rator techniques20),,-,22) ,26) de-

*) All the possible forms of Eqs; (3,8) through (3 ·10) with non-trivial solutions have been ex­

plicitly given iIl the Appendix of reference 21). 
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410 T. Ohmura, B. Imanishi, M. Ichimura' and M. Kawai 

veloped in recent years. Therefore, let us first discuss the relation between the 

present method and the method of projection operators. 

Let us first consider the formalism given by Mittleman. 20
)· A projection 

operator II is defined by 

and 

~ d~drnp([JA*¢d*([J = ~ d~drn'P([JA*¢d* II([J , 

. for any ({). If Xa and Xp are defined by 

II?]! = ([JA¢aXa + ([JBXp , 

(3·11) 

(3 ·12) 

the conditions (3·2) immediately follow. With the use of the projection operator 

Q = 1- II the Schr6dinger equation 

[E-H]?]! =0 (3 ·13) 

can be put in a form 

Heq = II H' II , (3 ·14) 

where 

H' = H + HQ (E - QHQ)-lQH . (3 ·15) 

The explicit form of the projection operator II is given by 

+¢a(rnp)[o(R-R') + ~1 u>o(R]z~~(R')J¢a*(r~p) (3 ·16) 

,- ¢n (rn) K1 (r, R') ¢a* (r~p) - ¢a (rnp) K2 (R, r') ¢n * (rn') 

+ ~ J. -1 (AZ -1)-1 [¢n (rn) V>o (r) U>o * (R') ¢a* (r~'P) + ¢~ (rnp) U>o (R)v>o * (r')¢n * (rn')] , 
.(+1 ' 

where V>o and U>o are the solutions of the following eigenvalue equations, 

v>o(r) +J. ~ K 1 (r, R)u>o(R)dR=O, 

u>o(R) +J. ~ Kz(R, r)v>o(r)dr=O. 

(3·17) 

The effective Hamiltonian Heq is a complicated, non-local operator as Eqs. (3 ·14), 

(3 ·15) and (3 ·16) show. This is so even if Q is put equal to zero as is done 

in a truncated theory, and at first sight Eq. (3 ·14) looks hardly related to our 

basic equations, (2·22) and (2·23). However, the non-locality in the truncated 

theory is only apparent as we shall show, One ~ets £:rom Eq. (3 ·14) 
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Study of Deuteron Stripping Reaction by Coupled Channel Theory. I 411 

(3·18) 

where IP = II was used. If one takes ([J = H'II?JI in Eq. (3 ·11) of the definition 

of II, one has 

~ d~ dr n(j)B* II H' II?JI = ~ d~ dr n(j)B* H'II'iJ! . 

Thus, Eq. (3· 18) can be rewritten 'as 

~ d~drn([JB* [E - HI] II?JI = 0 . (3·19) 

Similarly, one can derive the equation 

(3· 20) 

If one truncates other channels by putting Q = 0 one eventually obtains (2·22) 

and (2·23). We assume in the actual calculation that the term in HI depend­

ing on Q can approximately be taken into account by a complex effective Hamil­

tonian with adjustable parameters as mentioned in § 2.2. 

N ext, let us consider the equation for Xd and XP defined by Eq. (3·4). The pro­

jection operators Pa and Pp do not commute with each other so that (I-Pd-Pp) 

is not a projection .operator. It is therefore, difficult to derive equations satisfied 

by Pd?JI and Pp?JI, i.e. Xd and XP' by a straightforward application of Feshbach's 

technique.26
) 

Let us introduce the projection operatorsQa and Qp by 

(3·21) 

and write the Schrodinger equation in the form 

(3·22) 

Eliminating Qa?JI and Qp?JI from the equations obtained by multiplying Pd, Od, 

Pp and Qp, respectively, from the left of Eq. (3·22), one formally gets 

[

A '" 1 
H-E+ VQ--~7':---QVJPF=O, 

Q(E-H)Q 
(3.23) 

where 

( 

Pd 
p= 

o 
( 

Od 
Q= 

o 

A/'.( 1 
H-E=(H-E) 1 ~ ) (3·24) 

and 

V= (H-E) -PCii-E)P, 
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412 T. Ohmura, B. Imanishi, ]\,1. Ichimura and M. Kawai 

Equation (3·23) has exactly the same form as the equation derived by Hahn22
) 

by the projection operator, method. The definition' of 1p' in Hahn's theory is, 

however, different from the present one in that the sum of the components, but 

not the components themselves, is the total wave function. Each component 

corresponds to a definite colliding pair and has a finite amplitude in the asymptotic 

region of only elastic and inelastic chann,els of that pair. . 

If Q is put equal to zero Eq. (3·23) is reduced to our coupled channel 

equations (2·22) and (2·23), but to put Q equal to zero does not correspdnd 

to any simple type of truncation in Mittleman's formalism . 

. From the above discussions we see that the effective Hamiltonian is closely 

'related to the definition of the projection operators which define Xd and XP' In 

other words, there is an inherent ambiguity in the definition of the effective 

Hamiltonian associated with the ambiguity in the definition of the wave function. 

'In actual calculations, however, a phenomenological Hamiltonian suchas the 

bne discussed in § 2.2 is used. It is" therefore, impossible to know exactly to 

which definition of Xd and XP such Hamiltonian and the calculated wave functions 

correspond. Since the behaviour of, Xd and Xv in the internal region depends on 

the definition as we have seen, it is in general dangerous to draw a definite 

physical picture for the internal region from the analysis of such phenomenological 

wave functions. 

§ 4. Effect of non-orthogonality and relation to DWBA 

Let us investigate the effect of the non-orthogonality term on the S·matrix 

elements. In particular, let us pay attelltion to the limit of weak coupling in 

which the interaction' term in the coupling integral; V np + VpA - UpB, becomes 

very small. At first sight this assumption might appear. to be equivalent to the 

assumption of DWBA. Actl~ally, however, the two assumptions would be equiva­

lent if the non-orthogonality term tended to zero faster than the interaction term, 

as will be seen below .. This question, therefore, is closely related to. the ques­

tion of whether or not the present method is equivalent to DWBA in the weak 

coupling limit: 

In order to avoid unnecessal:y complications due to angular momenta, let us 

again take up the -simple example considered in § 2.1 in which In is zero, We 

also assume that the target nucleus is sufficiently heavy so that we can neglect 

the recoil of the l·esidual nucleus and put 

R= ,!+r'!!: 
2 

and 

The basic equations (2·22) and (2·23) are of the form 

(4·1) 

(K¢ + Udtl - Ed) Xa (R) = - ~ dr1~p¢d* (rnp) [N + V] ¢n( R+ r;p.) XP (R _ r;~), 
(4·2) 
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where 

and (4·4), 

The terms in the coupling integrals containing N are the non-orthogonality terms. 

Since N does not depend on rn, the integral on the right-hand. side of (4·3) 

containing N is essentially the overlap integral of wave functions in d and p 

channels which does not vanish. Unfortunately, such an interpretation is not 

applicable to (4·2) and we shall discuss about it later in this section. The terms· 

with V are the interaction terms which alone remain in DWBA. 

Now, let us turn Eq s. (4·2) and (4 ·3) into a set of coupled integral equa­

tions by means of Green's functions (Ed - Kd - UaA + is)-l and (Ep -]'(p - UPB + is)-l 

under the boundary condition that the asymptotic form of the wave function is 

an incident wave in the deuteron channel plus outgoing scattered. waves. The 

resulting integral equations are, then, 

Xd(R) =Xa{O)(R) 

+ E K 1 .. ( drnprPa* (rn») [N+ V]¢n(R+ rnE)X$.(R- r
2
np

) 

a ~ a - U dA + 1 C J 2 

(4·5) 

and 

Xp(r) = - ) drn¢n*Crn)¢a(rn-r)Xd(!:.!!-;-r) 

+ 1 (drn¢n*(rn.)V¢a(rn-:-r)Xa(r~2+0, 
Ep-Kp- UpB+is J 

(4·6) 

where %a(O) is the solution of the homogeneous equation associated with Eq. (4·2) 

representing the incident plane wave plus an outgoing scattered wave due to 

UlZA alone in the deuteron· channel. 

Now, the reaction amplitude of the Cd, p) process is obtained by considering 

the asymptotic form of XP (r) in the region of r---"7 00. In this region of r the 

first term on the right-hand side of Eq. (4.6) is zero since either ¢a(rn-r) or, 

if otherwise, ¢n (rn) vanishes. The second term, on the other hand, is finite and 

gives the matrix element for the Cd, p) reaction, 

SpdOC )) Xp(O)* (r) ¢n* (rn) V¢d(rn -r) Xd( rn; r)drndr , (4·7) 

where Xp (0) is the solution of the homogeneous equation associated with Eq. (4·3) 

representing a plane wave plus an incoming scattered wave due to UpB in the 

proton channel. 

From Eq. (4·7) it is clear that Spd becomes zero if V is put equal to zero, 
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414 T. Ohmura, B. Imanishi, M. Ichimura and M. Kawai 

which shows that the non-orthogonality term alone cannot give a finite S-matrix 

element for the (d, p) reaction. The same thing is true also for the (d, p) re~ 

action amplitude because of the symmetry of the S-matrix. 

SImilarly, it is ea'sy to show that in the weak coupling limit the (p, p) 

scattering amplitude reduces to the optical model value. 

At first sight, the above arguments might seem to show that the non­

orthogonality term has no effect at all on (d, p),. (p, d) or (p, p) scattering 

amplitudes in the weak coupling limit. The latter statement is obviously correct 

for the (p, p) amplitude. For (d, p) and (p, d) amplitudes, however, one must 

be more careful since these amplitudes depend on Xa as Eq. (4·7) shows. 

In fact, Eqs. (4·5) and (4·6) reduce to 

Xa=Xa(O) - _____ 1 _______ :-- ( drnp¢a* (rnp)N¢n(R --"-:~p-) 
Ea-Ka- UaA + zs) 2 

X ~ drn' CPn * (rn') CPa (rn' - R + T~p ) Xa(rn' ; _~ _ r:_) , (4·8) 

111 the limit V ----')0, of which the second term on the right-hand side gives a finite 

contribution in the asymptotic region. H.ence, the non-orthogonality term gives 

a non:.vanishingcontribution to the Cd, d) scattering amplitude even in the limit 

V ~o. It, then, follows from (4·8) that Spa is also affected by the non-orthogo­

nality . term through Xa. Hence, we see that the (d, d), (p, d) and (d, p) re­

action amplitudes calculated by the present method do not agree with those of 

DWBA even in the weak coupling limit. 

The' reason for this discrepancy stems from the fact that the division of 

the interaction kernel into the non-orthogonality term and the interaction term 

is actually not unique. In fact, in the prior form of the Hamiltonian the non­

orthogonality term and the interaction term would be, respectively, 

and V'= VnA + V pA - UdA . (4·9) 

It is easy to show that the scattering amplitude of (d, d) reduces to the optical 

model value as V' tends to zero. However, V' does not vanish in the limit 

V ->0, and so Xd does not tend to the optical model wave function in this limit. 

Similarly, if one defines the weak coupling limit by V' ----')0 one would get the 

optical model wave function in this limit £01' Xa but not for Xp ' 

Thus, we conclude that the present method is not equivalent to DWBA 

. because of the non-orthogonality term even in the weak coupling limit in the sense 

that either V or V' is very weak. In the solution of the coupled equations by 

means of iteration procedure, V and N and V' and N' are ullseparated' in each 

order of iteration. The power series expansion in terms of Vor V' alone, therefore, 

does not correspond to an iterative solution of the basic coupled equation even 

in its first order expansion. 

It should be born in mind, however, th~t in the above discussions the 
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strengths of the interactions were assumed to be variable independently of the 

wave functions. In particular, V np was treated as if the deuteron could exist· 

in the pound state CPa even in the limit of Vnp~O. Actually, however, the wave 

functions and the interaction potentials are related to each other through Eqs. 

(2·7) and (2 ·10). Hence, the discussions given above apply only to the mathe­

matical structure of Eqs. (4·2) arid (4·3). In the discussion of the real physical 

problem interaction potentials should, of course, be kept fixed at the physical 

values. 

§ 5. Summary 

A variational principle which makes theS-matrix element stationary was set 

up and used to derive a set of coupled integro-differential equations for the wave 

functions describing the (d, d), (d, p), (p, d) and (p, p) reactions in which 

the d- and p-channels are coupled. The equations are. different from those of 

the coupled channels method for the inelastic scattering because of the non­

orthogonality of the d- and p-channels. The coupled terms contain derivatives 

of the unknown functions. This feature will be avoided in the subsequent paper 

and the equations will be put in the forms which are symmetrical with respect to 

channels. An exact and simple expression has also been obtained for the error in 

the calculated S-matrix elements by means of the theory of finite ~ariation. The 

effect of the eliminated channels were assumed to be partially taken into account 

by making the potentials appearing in the equations complex and adjustable so 

that the experiment can be best reproduced by the theory. 

It was shown that there are inherent and legitimate ambiguities in defining 

the channel wave functions, which necessarily induce the ambiguity in the effective 

Hamiltonian. This was elucidated with the aid of the projection operator method. 

This non-uniqueness of the wave functions of relative motion is not trivial for 

rearrangement reaction because of the non-orthogonality of channels. Our var­

iational principle is not. affected by the existence of such ambiguities because 

only the asymptotic conditions are required. The relation between the method 

of projection operator and the present one was also discussed. 

The relation between DWBA and the present method in weak coupling 

limit may be summarized as follows. DWBA is equivalent to the first-order 

solution in iteration iil which the interaction kernel as a whole is taken as per­

turbation. This is different from taking the interaction potential alone as per-. 

turbation because of the non-orthogonality terms. Even in the first order in 

the interaction potential, the solution of the present method does not agree 

with DWBA as long as the non-orthogonality terms are retained. 
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Appendix 

Proof of Eg. (2·35) 

We prove for M == 0, but the arguments that foIIow are independent of M. 

Using (H - E) ?J! 1~) * = ° and assuming H to be real, one has 

\ ?J!l~)* (H - E) ?J!t(l)dr = {' {([)"io*¢d*YtoR~lUL(2)* + ~ [([)t*, Yl'fJ LOr-lvf~)* +¢2)*} 
J ) l" 

3 

= ~ Jij • (A·I) 
i,j=l 

In Eq. (A ·1), (1<~2) signifies the term which is obtained by exchanging 'the 

functions before and after the operator (H - E) in the preceding te~ms. J ij 

stands for the integral containing the radial' wave function of the i-th channel 

to .the left and that of the j-th channel to the right of H - E minus the same 

integral with (1<-02) where i or J= 1, 2 and 3 stands, respectively, for the deu­

teron channel, the proto~l channel and all the other channels which are not 

explicitly taken. into account in the present disc1,1ssion. 

Now, let us evaluate J ij • We first calculate J l1 which can be rewritten, as 

J ll = -ad ~ {([)f!o*¢d*YL~R-IUL(2)* .dRlnp([)f!o¢aYLoulYd~drnpR2dRdR + ad (102) 

= - ad~ {u L (2) * 1~2-U 22 - uf~ -ii.2· u L (2) *} dR . 

Carrying out the integration and using (2·30) and (2·31), one gets 

J ll = -ad(Ld)2T Jt!Pl{HL(+) (ka, R) 'd1-[FL(kd' R) + TJf.;dL,tHL(+) (l~a,R) ] 

-[FL(ka, R) + TJf.;aL,tHL(+) (ka, R) l-1R· HL(+) (ka, R)} IR-)(» , 

= -kdaa(LdYTd<f.;pl. 

Next, let us calculate J 12, 

J 12 = -ap ~ {([)~o*¢d*(rnp)Yto(R)R-luL(2)*(R)L1rln . 

X ~ [<Z>fn (~, rn), Y v (r) ] LOr-1vfJ-t(r)dr + ap (102). 
l' 

(A·2) 

(A·3) 

D
o
w

n
lo

a
d
e
d
 fro

m
 h

ttp
s
://a

c
a
d
e
m

ic
.o

u
p
.c

o
m

/p
tp

/a
rtic

le
/4

1
/2

/3
9
1
/1

9
1
6
4
7
8
 b

y
 g

u
e
s
t o

n
 2

1
 A

u
g
u
s
t 2

0
2
2



Study 0/ Deuteron StrijJjJzng l{eactlon by CoujyZed Channel Theory. 1 411 

U sing¢Ln. defined by (2·9), one can rewrite the right-hand side· of (A· 3) as 

J 12 = - a p ({ ¢d* (- A ~ rn - r) Ylo (Ii) R-1UL(2)* (R).drln~ [¢Ln (rn) , Y L' (lr)] Lor-1vfJi (rY 
J A+1 /' 

- ~ [¢L,/rn),Y1,,(r)]LOr-lvifi(r).dr In¢(L* ( __ 4 ____ rn - r) Yi!o(ii)R-1UL(2)*(R)} drnr2drdr , 
['A+1 

(A·4) 

which can be transformed into a surface integral by Green's theorem. Since,' 

however, the product ¢d*¢Ln valiishes ,for very large values of r, the surface in­

tegral at infinity vanishes. Hence J 12 = o. Similarly, J 21 can be shown to be 

zero. One can also show by a similar argument that J Sj = J i3 = 0 for all values 

of i and j. Only remaining integral is, therefore, J 22 which can be calculated as 

({"--' [ 11* Y' *] --1 (2)* (H E) ,-' [' dill Y] -1 (I)} d~ 2d d dE (1' 2) J 22 =) ~ f/hn , l" LOr Vl". - ~ '. ~ (Pln' V LOr, VVt rr r rn .S- -, <~ 

= - a p ( {L} [([Jt~;, Ylt] LOr--1vi;) * .drl n ~ [@[!~, Y l ']LOr-1vfJ2} drr2drdl"nd~ + a p (1~2) J l" "ll 

1 (1" P)27' (L) = /?-pa p ',;,L pL',clL,t • (A·5) 

Inserting (A· 2) and (A· 5) into (A ·1), one gets 

(A·6) 

s111ce all J ij are zero except J l1 and J 22 . 
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