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Abstract 
 
Our purpose of the paper is to propose an inventory modelwith memory 
effect.Generally, in deriving the solution of the classical inventory model, first 
order differential equation is considered. The integer order differential equation is 
not able to incorporate the memory or past experience of the inventory system. 
But in case of real life inventory problems, the past experience or memory effect 
has great impact. We also want to give importance on salvage value of an 
inventory system. A comparisonalso has beenbuilt with our previous developed 
paper where salvage value is not considered. The paper aims to show the result of 
long memory effect and short memory effect on the minimized total average cost 
and the optimal ordering interval. The numerical example is presented toillustrate 
the purpose of the paper. 
 
Keywords:Fractional order derivative; Fractional Laplace transform method; 
Memory dependent inventory model 
 
 
1. Introduction 
 
Fractional calculus was developed by the mutual thoughts of Leibnitz and 
L’Hospital. The subject of fractional calculus did not escape from the attention of 
well- known scientists like Euler, J.L.Lagrange, Lacroix, P.S.Laplace [1].The first 
conference about fractional calculus was held in 1975 [1].Thereafter, necessary 
definition of fractional order derivative and fractional order integration was 
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developed by great scientists Grunwald, Riemann-Liouville. The developed 
definition of Riemann creates a problem by contradicting the ordinary calculus. 
The Ordinary calculus gives the derivative of constant term becomes zero but R-L 
fractional derivative gives derivative of constant term is non -zero. To eradicate 
the difficulties from the definition of fractional derivative, Caputo[2] developed a 
definition of fractional order derivative. Thereafter, many definition of fractional 
derivative was developed by Jumarie [3].One important things of all mathematical 
definition of derivative are geometrical interpretation which actually connect to 
the reality. Fractional derivative has an important physical interpretation which is 
memory of the system. The fractional order of fractional derivative and 
integration is an index of memory. So, this curious fact can be applied to the 
system which has any past experience effect like in the inventory system [4, 5], 
economic model [6, 7],and epidemic model[8].Fractional calculus has also used to 
generalize the model as non–integer model in the different topic of mathematics 
[4, 5, 8, 9],physics [9, 10]etc. But we want to include memory effect in an 
inventory model with quadratic type demand rate and salvage value. 
Inventory model is an important research topic of operations research as well as in 
organizational management. It is very difficult to determine the company’s profit 
with its optimal ordering interval without study of mathematical models. This type 
mathematical model is well known as inventory model from where it is found that 
the minimized total average cost of the total business and optimal ordering 
interval optimal order quantity with different condition of the demand rate. The 
history of Inventory problem goes back to the 20 -th century. First, Harris and 
Wilson [11, 12] developed the EOQ model. Wilson formulated the mathematical 
work. Then, this subject received attention from several researchers. Silver and 
Meal [13] proposed an approximate solution technique of a deterministic 
inventory model with time-dependent demand. Donaldson [14] gave an idea of the 
optimal algorithm for solving classical no-shortage inventory model with linear 
trend in demand over fixed time horizon analytically. Ritchie [15] gave a simple 
optimal solution for the economic order quantity with linear increasing demand. 
Salvage value is also an important part of discussion of the inventory system. 
Mishra and shah et al [16]developed an inventory model of time dependent 
deteriorating Items with Salvage Value. Mishra et al[17]also developed an 
inventory model with salvage value with clear numerical example. Here, an 
inventory model with quadratic type demand rate and salvage value has been 
developed with taking into account memory effect via fractional calculus. 
 
Authors expect that inventory system is a memory affected system. For example, 
if an object gets its popularity in the market then its demand will increase or if it 
gets poor impression then its demand will gradually decrease.In some sense 
demand of any object depends on dealing of the shopkeeper or staff of the 
company with the customer i.e. the selling of any product depends on the quality 
as well as the shopkeeper’s attitude or environment of the company or shop or 
public relation. The associated cost has been developed with fractional effect. 
Integral memory index comes from the developed associated cost. 
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The classical inventory models are described by the ordinary differential 
equations which contain integer order derivatives with respect to time. The 
differential equations with derivatives of integer order actually describe only the 
instantaneous change of the inventory level. It has no power to incorporate 
memory effect of the system. But order of fractional derivative and fractional 
integration is physically treated as an index of memory and the strength of 
memory depends on the fractional order. Due to the fact, we have choosed 
fractional order derivative and fractional order integration to include to the 
inventory model. 
Our purpose is to compare the result of memory effect on the minimized total 
average cost and optimal ordering interval between an inventory model with 
salvage value, time varying holding cost and without salvage value[4].Almost 
same memory effect has found which is discussed in the section-5. 
The rest part of the paper has arranged in the following way as in the section-2 
review of fractional calculus is given, Classical inventory model is given by in the 
section-3, fractional order inventory model has presented in the section -
4,Numerical example with sensitivity analysis has discussed in the section-5, the 
graphical presentation is given in the section-6,at last some conclusions is 
discussed in the section-7. 
 
 
2. Review of fractional calculus 
 
2.1Caputo fractional order derivative 
M.Caputo defines the left –sided fractional derivative in the following form as 
follows 

( )( ) ( ) ( )( ) ( )11 x
nC n

a x

a

D f x x f d
n

αα τ τ τ
α

− −= −
Γ − ∫

                                              (1)
 

Where, 1n nα− ≤ <  
The left-sided and right –sided Caputo derivatives are linear operators 

( ) ( )( ) ( )( ) ( )( )C C C
a x a x a xD f x g x D f x D g xα α α+ = +

                                             (2)
 The Caputo-fractional derivatives of constant is zero. 

( ) 0C
a xD Mα =  
 
2.2 Fractional Laplace transforms method 
The Laplace transform of the function )(tf  is defined as  

( )
0

( ( )) ( )stF s L f t e f t dt
∞

−= = ∫
 

where s>0 and s is the transform parameter  
 
The Laplace transformation of nth order derivative is defined as  
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( )( ) ( ) ( )
1

1

0

0
n

n n n k k

k

L f t s F s s f
−

− −

=

= −∑
                                                                    

(3) 

where ( )tf n  denotes n-th order derivative of the function f with respect to t and for 
non – integerm it is defined in generalized form as, 

( )( ) ( ) ( )1
1

0

0
m k

n
m m k

k

L f t s F s s f
− −

−

=

= −∑
                                                                 

(4) 

Wherem is such that  ( 1) .n m n− < ≤  
 
3. Classical model 
 
The classical inventory model is developed with the following assumptions and 
notations. 
 
3.1 Assumptions 
In this paper, the classical and fractional order EOQ models are developed on the 
basis of the following assumptions. 
(i) Lead time is zero.(ii)Time horizon is infinite.(iii)There is no shortage.(iv)There 
is no deterioration.(v)Demand rate is 

( ) ( )2 where 0, , 0.R t a bt ct a b c= + + > ≥ (vi)Holding cost is time varying as

1C t  per unit time. 

 
3.2 Notations 
 

( )( ) :i R t Demand rate :)( Qii Total order quantity 

( ) :iii P Per unit cost 1( ) t :iv C Inventory holding cost per 

unit 
:)( 3Cv Ordering cost or setup cost :)()( tIvi Stock level or inventory 

level 
:)( Tvii Ordering interval. ,( ) :viii HOCα β

Inventory holding cost 

per cycle for the classical inventory 
model. 

:)( *Tix Optimal ordering interval ,( ) :avx TOCα β Total average cost during 

the total time interval 
*

,( ) :xi T O C α β
Minimized total average cost 

during the total time interval[ ]T,0 for the 
classical model. 

,.)(,.),)(( ΓBxii Beta function and 
gamma function respectively. 

*
,( ) :xiii Tα β Optimal ordering interval.  

Table-1: Used symbols and items. 
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3.3 Classical Model Formulation 
Here, we have first developed a classical inventory model depending on the above 
assumptions. During the total time interval [0,T], the inventory level depletes due 
to quadratic demand rate 2R(t) ( ),a 0,b,c 0a bt ct= + + > ≥ , where shortage is not 
allowed. The inventory level reaches zero level at time t=T. Therefore, inventory 
level at any time during the time interval [0,T] can be represented by the 
following first order ordinary differential equation as, 

2( )
( )

dI t
a bt ct

dt
= − + + (5)

 
with boundary conditions QI =)0( and 0)( =TI . 
 
4. Fractional order inventory model formulation with memory 
kernel 
 
To study the influence of memory effects, first the differential equation (5) is 
written using the memory kernel function in the following form [8]. 

( ) 2( )
k ' ( ' ( ') ) '

dI t
t t a bt c t dt

dt
= − − + +∫

                                                             
(6) 

in which ( ')k t t− plays the role of a time-dependent kernel. This type of kernel 
promises the existence of scaling features as it is often intrinsic in most natural 
phenomena. Thus, to generate the fractional order model we consider

21
( ') ( ')

(1 )
k t t t t α

α
−− = −

Γ −
, where 0 1α< ≤ and ( )αΓ denotes the gamma function. 

Using the definition of fractional order derivative [8], the equation (6) can be 
written to the form of fractional differential equations with the Caputo-type 
derivative in the following form as, 

  

( ) ( )( )1 2
0

( )
t

dI t
D a bt ct

dt
α− −= − + +

                                                                   
(7) 

Now, applying fractional Caputo derivative of order ( 1)α − on both sides of (7), 
and using the fact at Caputo fractional order derivative and fractional integral are 
inverse operators, the following fractional differential equations can be obtained 
for the model 

( )( ) ( )2
0
C

tD I t a bt ctα =− + + or equivalently 

( ) ( )2I(t)
0 1.0, 0

d
a bt ct t T

dt

α

α α= − + + < ≤ ≤ ≤
                                    

(8) 

with boundary conditions 0)( =TI and QI =)0( . 
 
4.1Fractional order inventory model with its analysis 
Here, we consider the fractional order inventory model which will be solved by 
using Laplace transform method with the initial condition. In operator form the 
fractional differential equation (8) can be represented as 



 

214                                         RituparnaPakhira, Uttam Ghosh and Susmita Sarkar 
 
 

( ) ( )2
0 ( ) , 0C

t

d
D I t a bt ct D t T

dt

α
α α

α= − + + ≡ ≤ ≤
                             

(9) 

where the operatorDα  stands for the Caputo fractional derivative with the 

operator ( 0
C

tD Dα α= ). 

we get the inventory level for this fractional order inventory model at time t which 
can be written as 

( )
( )

( )
( )

( )
1 22

(1 ) 2 3
at bt c t

I t Q
α αα

α α α

+ + 
= − − −  Γ + Γ + Γ +                                                

(10) 

Using the boundary condition( ) 0=TI on the equation (10), the total order quantity 
is obtained as 

( )

( )
( )

( )
1 22

(1 ) 2 3
aT b T c T

Q
α αα

α α α

+ + 
= + +  Γ + Γ + Γ +                                                              

(11) 

and corresponding the inventory level at time t being, 

( ) ( ) ( ) ( ) ( ) ( )






 −
+Γ

+−
+Γ

+−
+Γ

= ++++ 2211

3

2

2)1(
αααααα

ααα
tT

c
tT

b
tT

a
tI (12) 

For the model (9), the −β ( )0 1.0β< ≤ [4]order total inventory holding cost 

which is time dependent, is denoted as ( ),HOC Tα β  and defined as 

( ) ( )( )( ) ( ) ( )( ) ( )( )
( )

( ) ( ) ( ) ( )( )
( )

( ) ( ) ( ) ( )( )
( )

( ) ( ) ( ) ( )( )

11
, 1

0

1 2
1 1

3
1

0

2, 2, 2, 3,
1 2

(13)
2

2, 4,
3

TC
HOC T C D tI t t T t I t dt where t T

CaT CbT
B B B B

CcT
B B

ββ
α β

α β α β

α β

β

β α β β α β
α β α β

β α β
α β

−−

+ + + +

+ +

= = − ≤ ≤
Γ

 
− + + − + Γ + Γ Γ + Γ = 

 + − +
 Γ + Γ 

∫

 
β is considered as integral memory index. 

Total purchasing cost is denoted by ,PCα β  and defined as 
( )

( )
( )

( )
1 2

,

2

(1 ) 2 3

aT b T c T
PC P Q P

α αα

α β α α α

+ + 
= × = + +  Γ + Γ + Γ +                                        

(14) 

The β -th order total salvage value is denoted by,SLα β  and defined by 

( )( ) ( ) ( ) ( )
( )

( )
( )

( )
( ) ( )

( )
( ) ( )

( )
( )

12 2
,

0

1 21 2

,

1

2, 3,2

(1 ) 2 3 (1 )

0 1

T

SL Q D a bt ct Q T t a bt ct dt

b T B c T BaT b T c T aT

SL for

ββ
α β

β βα αα β

α β

γ γ
β

β β
γ

α α α β β β

α β

−−

+ ++ +

 
= − + + = − − + +  Γ 

   
 = + + − + +      Γ + Γ + Γ + Γ + Γ Γ    

≠ ≠ <

∫

(15)

 

 
Therefore, total average cost is as 
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( )( )

( ) ( ) ( ) ( )( ) ( ) ( ) ( ) ( )( )

( ) ( ) ( ) ( )( ) ( )
( )

( )
( )

( )
( )

, , 3 ,

,

1 2 1 1 1 1 1
1

1 1
1

1

(16)

2, 2, , 2, 3,
1 2

22
2, 4, ,D ,E , ,

3 1 2 3

av
PC HOC T C SL

TOC
T

AT BT CT DT ET FT GT HT IT JT

C a Cb
A B B B B B

P a P b c PcC
C B B F

α β α β α β
α β

α β α β α β α α α β β β

β α β β α β
β α β α

γ γ γ
β α β

β α α α α

+ + + + + − + − + −

+ + −
=

= + + + + + + + + +

= − + = − +
Γ Γ + Γ Γ +

− − −
= − + = = =

Γ Γ + Γ + Γ + Γ +

( )
( )
( )

( )
( ) 3

2, 3,
, , I , C

1

b B c Ba
G H J

γ β γ βγ
β β β

= = = =
Γ + Γ Γ

 
Now, we shall consider the following cases to study the behavior of this fractional 
order inventory model(i)0<α 1.0 ,0<β 1.0 ,≤ ≤  (ii) β 1.0 and   0<α 1.0 ,= ≤
(iii) α 1.0 and   0<β 1.0,(iv)α 1.0,β 1.0.= ≤ = =  
 
(i) Case-1:  0 1.0 and 0 1.0 α β< ≤ < ≤  
Total average cost is 

( ) ( ) ( ) ( )( ) ( ) ( ) ( ) ( )( )

( ) ( ) ( ) ( )( ) ( )
( )

( )
( )

( )
( )

( )
( )
( )

1 2 1 1 1 1 1
, 1

1 1
1

1

(17)

2, 2, , 2, 3,
1 2

22
2, 4, ,D ,E , ,

3 1 2 3

2,
, ,I

1

avTOC AT BT CT DT ET FT GT HT IT JT

Ca Cb
A B B B B B

P a P b c PcC
C B B F

b B ca
G H

α β α β α β α α α β β β
α β

β α β β α β
β α β α

γ γ γ
β α β

β α α α α
γ β γγ

β β

+ + + + + − + − + −= + + + + + + + + +

= − + = − +
Γ Γ + Γ Γ +

− − −
= − + = = =

Γ Γ + Γ + Γ + Γ +

= = =
Γ + Γ

( )
( ) 3

3,
, C

B
J

β
β

=
Γ

 
Inventory model can be written as follows 

1 2 1 1 1 1 1
, 1Min

(18)
Subject to 0

avTOC AT BT CT DT ET FT GT HT IT JT

T

α β α β α β α α α β β β
α β

+ + + + + − + − + − = + + + + + + + + +


≥

(a)Primal-Geometric programming method 
To solve (18) analytically, the primal geometric programming method has been 
applied. The dual form of (18) has been introduced by the dual variable (w) .The 
corresponding primal geometric programming problem has been constructed in 
the following form as, 

( )
3 5 6 7 8 9 101 2 4

1

1 2 3 4 5 6 7 8 9 10

(19)
w w w w w w ww w w

BA C D E F G H I J
Maxd w

w w w w w w w w w w

                  
=                   
                  

Normalized condition is as 

1 2 3 4 5 6 7 8 9 10 1w w w w w w w w w w+ + + + + + + + + =                                           (20) 
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Orthogonal condition is as 

 

( ) ( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( )

1 2 3 4 5 6

7 8 9 10

1 2 1 1
0

1 1 1

w w w w w w

w w w w

α β α β α β α α α
β β β

 + + + + + + + + − + + +
= 

 + − + + + + − 
(21)                             

and the primal-dual relations are as follows 

( ) ( ) ( )
( ) ( ) ( ) ( )

( ) ( ) ( )

1 2
1 1 2 3

1 1 1
4 5 6 7

1 1
8 9 10

, ,

, , , , ,

, ,

AT w d w B T w d w CT w d w

DT w d w ET w d w FT w d w GT w d w

HT w d w IT w d w JT w d w

α β α β α β

α α α β

β β

+ + + + +

− + −

+ −

= = =
= = = = 
= = =            

(22) 

Using the above primal-dual relation the followings are given by 
( )3 2

1 3 3 5 6 62 2 2 2 2

1 1 2 1 1 4 1 1 4 1 1 5 1 1 7

2

9 92 2

1 1 8 1 1 10

, , , ,

,

B w Dw Dw Ew GwAw Aw Aw Aw Aw

B w Cw B w Cw B w Ew B w Fw B w Fw

Hw JwAw Aw

B w Iw B w Iw

β α β

β

+ − +

+

   
= = = = =   
   

 

= =  
  

(23) 

along with 

2

1 1

Aw
T

B w
= (24) 

Solving (20), (21) and (23) the critical value* , 1...10iw i = of the dual variable 

, 1...10iw i = an be obtained and finally the optimum value T* of Thasbeen 
calculated from the equation of (24) substituting the critical values of the dual 
variable. Now the minimized total average cost *

,TOCα β has been calculated by 

substituting 
*T in (18) analytically. The minimized total average cost and optimal 

ordering interval is evaluated from (18) numerically using matlab minimization 
method. 
(ii) Case-2: 1.0 and 0 1.0β α= < ≤  
Therefore, the minimized total average cost becomes as 

( ) ( ) ( ) ( )( ) ( )
( ) ( ) ( ) ( ) ( )( )

( ) ( ) ( ) ( )( ) ( )
( )

( )
( )

( )
( )
( )

( )
( )

1 2 3 1 0 2 1
,1 1

1 1
1

1

3

(25)

2
2,1 2,1 , 2,1 3,1

1 1 3 1 2

2
2,1 4,1 ,D ,E ,

1 3 1 2

2,1 3,1
, , , C

2 1 1

avTOC AT BT CT DT ET FT GT HT IT

c PC a Cb
A B B B B B

P a P bcC
C B B

b B c Ba
F G H I

α α α α α
α

γ
α α

α α α
γ γ

α
α α α

γ γγ

+ + + − −= + + + + + + + +

−
= − + + = − +

Γ Γ + Γ + Γ Γ +

− −
= − + = =

Γ Γ + Γ + Γ +

= = = =
Γ Γ Γ

The inventory model can be written as follows 
 

1 2 3 1 0 2 1
,1 1Min

Subject to 0

avTOC AT BT CT DT ET FT GT HT IT

T

α α α α α
α

+ + + − − = + + + + + + + +


≥
(26) 
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In similar case-1 using primal-geometric programming approach, the minimized 
total average cost and the optimal ordering interval is obtained from (26) 
analytically. 
 
(iii)Case-3: α=1.0, 0<β 1.0.≤  
Here, the total average cost is 
 

( ) ( ) ( ) ( )( ) ( )
( ) ( ) ( ) ( ) ( )( )

( ) ( ) ( ) ( )( ) ( )
( )

( )
( )

( )
( )

( )
( )
( )

1 2 3 0 1 2 1 1
1, 1

1 1
1

1

3

(27)

3,
2, 3, , 2, 4,

2 3

22
2, 5, , D , E , ,

4 2 3 4

2,
, , I C

1

avTOC AT B T CT DT ET FT GT HT IT

c BC a C b
A B B B B B

P a P b c PcC
C B B F

b Ba
G H

β β β β β
β

γ β
β β β β

β β β
γ γ γ

β β
β

γ βγ
β β

+ + + − −= + + + + + + + +

= − + = −
Γ Γ Γ Γ Γ

− − −
= − = = =

Γ Γ Γ Γ Γ

= = =
Γ + Γ

 
In this case, the inventory model can be written as 

1 2 3 0 1 2 1 1
1, 1Min

(28)
Subject to 0

avTOC AT BT CT DT ET FT GT HT IT

T

β β β β β
β

+ + + − − = + + + + + + + +


≥
 

In similar way as case-1, the minimized total average cost and the optimal 
ordering interval is obtained from(28). 
 
(iv)Case-4: α=1.0, β=1.0.  
In this case, the total average cost is 
 

( ) ( ) ( ) ( )( ) ( )
( )

( )
( ) ( ) ( ) ( ) ( )( )

( ) ( ) ( ) ( )( ) ( )
( ) ( )

( )
( )

( )
( )

2 3 4 0 1 1
1,1 1

1 1
1

1
3

(29)

3,1 2
2,1 3,1 , 2,1 4,1

1 2 1 4 1 3

2,12
2,1 5,1 ,D ,E , C

1 4 2 2 3 1

avTOC AT BT CT DT ET FT

c B c PC a C b
A B B B B B

P a P b b BcC a
C B B F

γ γ

γ γ γγ

−= + + + + +

−
= − + + = −

Γ Γ Γ Γ Γ Γ

− −
= − = + = + =

Γ Γ Γ Γ Γ Γ
 
To find the minimum value of ( )

,

avTOC T
α β

we propose the corresponding non-

linear programming problem in the following form and solve it by primal 
geometric programming method. 
 

2 3 4 0 1 1
1,1 1Min

Subject to 0

avTOC AT B T CT DT ET FT

T

− = + + + + +


≥                                       

(30) 

 
In similar case-1,the minimized total average cost and the optimal ordering 
interval is obtained from(30). 
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5.Numerical Example 
 
We consider a numerical example toillustrate the fractional order model with 
proper units 

1 340, 20, 2, 15, 200, 300, 0.1.a b c C C P γ= = = = = = =  
α  β  *

,Tα β  *
,TOCα β  

0.1 1.0 2.9579 1.3761x104 

0.2 1.0 2.6725 1.4960x104 
0.3 1.0 2.3823 1.6035x104 
0.4 1.0 2.0855 1.6921x104 

0.5 1.0 1.78006 1.7544x104↓(decreasing) 
0.6 1.0 1.4665 1.7823x104(maximum 

value) 
0.7 1.0 1.1429 1.7667x104↓(decreasing) 
0.8 1.0 0.8131 1.6972x104 
0.9 1.0 0.4940 1.5624x104 
1.0↑(growing 
memory effect) 

1.0 0.2517 1.3569x104 

 
Table-2:Minimized total average cost and the optimal ordering interval for

1.0,β = and  varies  from 0.1 to 1.0α  as defined in section 4.1. 
In this paper [4](table-4), the inventory holding cost is not time varying and 
salvage value is not considered. There is a critical memory effect ( 0.6α = ) where 
minimized total average cost becomes maximum and then gradually decreases 
below and above.Table-2 shows that there is same nature of changing the result of 
memory effect on the minimized total average  cost as paper[4]. Here,in the table-
2, there is also found same effect of the differential memory index.But 
considering time varying holding cost and salvage value, the numerical values of 
the minimized total average cost is high compared to without salvage value model 
[4]. 

α  β  *
,Tα β  *

,TOCα β  

1.0 0.1 0.2547 1.3581x104 
1.0 0.2 0.22534 1.3583x104 
1.0 0.3 0.2525 1.3583x104 
1.0 0.4 0.2519 1.3582x104 
1.0 0.5 0.2513 1.3580x104 
1.0 0.6 0.2513 1.3578x104 
1.0 0.7 0.2513 1.3576x104 
1.0 0.8↑(growing 

memory effect) 
0.2513 1.3574x104 

1.0 0.9 0.2515 1.3571x104 
1.0 1.0 0.2517 1.3569x104 

Table-3:Minimized total average cost and optimal ordering interval for 1.0,α =
and  varies  from 0.1 to 1.0β  as defined in section 4.1  
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Holding cost is not time varying and salvage value is not considered in the 
paper[4].Here, in the table-3, there is also found almost same effect corresponding 
integral memory index. The numerical values of the minimized total average cost 
of paper ([4] i.e table-4) is low compared to the table-2 and 3. 
 
 

(a)  (b) 
α  *

,βαT  *
,βαTOC  

( x104) 

β  *
,βαT  *

,βαTOC  

( x104) 

0.0951 3.3023 1.3643 0.1 0.2523 1.361 

0.1 3.2830 1.3708 0.166991 0.2507 1.3643 

0.2 2.8981 1.5004 0.2 0.2498 1.3653 
0.3 2.5267  1.6171 0.3 0.2473 1.3673 

0.4 2.1649 1.7136 0.4 0.2449 1.3683 
0.5 1.8098 1.7817 0.5 0.2430 1.3685 
0.6 1.4597 1.8123 0.6 0.2417 1.3681 
0.7 1.1145 1.7954 0.7 0.2408 1.3673 
0.8 0.7778 1.7207 0.8 0.2405 1.3664 

0.9 0.4669 1.5776 0.9 0.2406 1.3653 

1.0 0.2409 1.3643 1.0 0.2409 1.3643 
 

Table-4:Minimized total average cost and optimal ordering interval for the 
model[4] 

 
 
5.1Sensitivity analysis 
 
We will now study the effects of changes in the values of the parameters

1 3, , , , , ,a b c C C P γ  on the minimized total average cost and the optimal ordering 

interval using the above numerical example. 
 
It is found from the table-4 that the minimized total average cost is gradually 
increasing with gradually increasing value of the parameters 1 3, , , .b c C C but 

for gradually increasing value of,a P , the changes of the minimized total average 
cost for gradually increasing or decreasing feel disturbance. Here, in low memory 
effect,γ  is not also sensitive. Here a, P are critical inventory parameters for the 
decision maker. 
 
 
 
 
 
 



 

220                                         RituparnaPakhira, Uttam Ghosh and Susmita Sarkar 
 
 

parameter Parameter  
Change(%) 

*
1,αT  ( )*

,1TOC Tα  
paramet
er 

Parameter  
Change (%) 

*
1,αT  ( )*

,1TOC Tα  

a  +50% 
+10%↑ 
-10% 
-50% 

3.4749 
3.0745 
2.8327 
2.2002↑ 

1.5990x104 
1.4234x104 
1.3272x104 
1.1062x104↑ 

1C  +50% 
+10%↑ 
-10% 
-50% 

2.7523 
2.9107 
3.0093↓ 
3.2729 

1.7015x104 
1.6980x104 
1.6963x104 
1.6926x104↑ 

b  +50% 
+10%↑ 
-10% 
-50% 

2.7412 
2.9109 
3.0072 
3.2296 

1.7173x104 
1.4449x104 
1.3071x104↑ 
1.0280x104 

3C  +50% 
+10%↑ 
-10% 
-50% 

2.9676 
2.9599 
2.9560↑ 
2.9483 

1.7093x104 
1.6996x104 
1.6947x104↑ 
1.6847x104 

c  +50% 
+10%↑ 
-10% 
-50% 

2.6470 
2.8864↑ 
3.0356 
3.4312 

1.4691x104 
1.3958x104 
1.3558x104↑ 
1.2662x104 

P  +50% 
+10%↑ 
-10% 
-50% 

3.1426 
3.0028 
2.9076↑ 
2.6164 

2.0208 x104 
1.5054x104 
1.2465x104 
7.2400x103 

γ  +50% 
+10%↑ 
-10% 
-50% 

2.9573 
2.9578 
2.9581 
2.9586 

1.3763x104 
1.3762x104 
1.3761x104↑ 
1.3760x104 

 

 

Table-5:Sensitivity analysis on *
,1Tα and ( )*

,1TC Tα for 0.1, 1.0.α β= = i.e long memory 

effect(here↑ uses for increasing value for gradually increasing values of the parameter and ↓ uses 
for decreasing value for gradually increasing values of the parameter). 
It is found from the table-4 that minimized total average cost is gradually increasing with 

gradually increasing value of the parameters 1 3, , , , , ,a b c C C P γ but for gradually 

increasing value ofγ , the changes of the minimized total average cost is very negligible. Hence, 

for long memory effect,γ  is not sensitive for market studies. 

 
parameter Parameter  

Change (%) 
*

1,αT  ( )*
,1TOC Tα  

paramet
er 

Parameter  
Change (%) 

*
1,αT  ( )*

,1TOC Tα  

a  +50% 
+10%↑ 
-10% 
-50% 

1.0729 
0.8686 
0.7560 
0.5131 

2.3531x104 
1.8312x104 
1.5613x104 
1.9470x103 

1C  +50% 
+10%↑ 
-10% 
-50% 

0.7937 
0.8091 
0.8137 
0.8349 

1.7015x104 
1.6980x104 
1.6963x104 
1.6926x104↑ 

b
 

+50% 
+10%↑ 
-10% 
-50% 

0.6061 
0.7617 
0.8713 
1.1994 

1.8324x104 
1.7269x104 
1.6657x104 
1.5185x104↑ 

3C  +50% 
+10%↑ 
-10% 
-50% 

0.8393 
0.8185 
0.8077 
0.7853 

1.7093x104 
1.6996x104 
1.6947x104 
1.6847x104↑ 

c  +50% 
+10%↑ 
-10% 
-50% 

0.7804 
0.8062 
0.8519 
0.7937 

1.7057x104 
1.6989x104 
1.6954x104 
1.6879x104↑ 

P  +50% 
+10%↑ 
-10% 
-50% 

0.8087 
0.8120 
0.8145 
0.8239 

2.5290x104 

1.8635x104 

1.5308x104 

8.6527x104 

γ  +50% 
+10%↑ 
-10% 
-50% 

0.8130 
0.8131 
0.8132 
0.8132 

1.6971x104 
1.6972x104 
1.6972x104 
1.6972x104 

 

 
Table-6:Sensitivity analysis on *,1Tα and ( )*

,1TC Tα for 0.8, 1.0.α β= = i.e short memory effect 

(here↑ uses for increasing value for gradually increasing values of the parameter and ↓ uses for 
decreasing value for gradually increasing values of the parameter) 
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6. Graphical Presentation 
 
Graphical presentation of minimized total average cost versus time horizon-T and 
salvage value per unit using the above numerical example. 
 

 
Fig-1: Total average cost versus ordering 

interval-T and salvage value for long 
memory effect(here 0.1, 1.0)α β= =  

 
Fig-2: Total average cost versus 
ordering interval-T and salvage value 
for short memory effect(here

0.9, 1.0)α β= =  

 
 
7.Conclusion 
 
This paper deals with problems of time varying holding cost with associated 
salvage value inventory model with taking into account memory effect. Here, a 
comparison between two inventory models have been proposed. In one inventory 
model time varying holding cost with associated salvage value is taken but in 
another model is not taken. Consideration of time varying holding cost with 
associated salvage value in the inventory modelthere is no significant change of 
the result of the numerical values of the minimized total average cost and the 
optimal ordering interval as[4].The salvage value has no sensitive effect for long 
memory effect or short memory effect for marketing decision. The salvage value 
only exist for α β≠  without considering deteriorating items. The sensitivity 
analysis shows that in long memory effect or short memory effect a, Pare critical 
parameters for the decision maker.This model can be extended for deteriorating 
item inventory model with taking into account memory effect. 
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