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Study of Phase-Matched Normal and Umklapp Third-Harmonic
Generation Processes in Cholesteric Liquid Crystals

*
J. W. Shelton and Y. R. Shen
Department of Physics, University of California and

Inorganic Materials Research Division, Lawrence Berkeley Laboratory,
. Berkeley, California 94720

ABSTRACT

Using the model of Oseen and de Vries, we show  that
phase matching of optical third-harmonic generation éan/be
achieved in a cholesteric liquid crystal ﬁith the help of .
the lattice momentum. Many different collinear phase match-
ing coﬁditions exist. In some cases, the phase—métched third-

 harmonic is generated in the same direction as the fundamentai,
and in some other cases, generated in the”opposite direction.
In many other cases, phase-matched third-harmonic generation
requires the simultaneous presence ¢f fundamental waves propa-
gating in oppositevdirections. Aﬁalogous to electron—electron
interaction in a periodic lattice, these processés can be iden-
tified as coherent, normal and umklapp third-
harmonic ggneration processes. Experiments using a mode—iocked
N4 laser as the fundamental source veriﬁy the existence of
most of the predicted phgse—matching cbnditions. Ouf reSults

agree very well with the theoretical predictions.
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I. INTRODUCTION

Phase matching in nonlinear optical pfocesses has long‘been a
subject of interest. It not only.has 1éd‘to the successful development
of useful nénlinear optical devices, but it has aléo helped_iﬁ gaining
information about linear and nbnlinear opficalvproperties of various
materials. The usual technique of phase matching is to compensate
the color dispersion by either liﬁear birefringénce,l or circular
birjefringence,2 or anomalous dispersibn of a dye.3 However, we have
receﬁtly dgmohstrated that phase matching can also be achieved in a
periodic\ﬁedium through compensation of the coldr'dispérsion by the
lattice momentum.h The pafticular periodic medium we deal with is
the cholesteric liquid crystalline material characte?ized by helical
structure.5 |

In recent years, liquid crystals have become a fiéld of intérest
for-many research workers. While there is a large émount of work
reported on their linear optical properties, reports on their nonlinear
optical properties have been extremely rare. It was thought that |
since liquid crystals have large inherent birefringence, phase matching
ofiharmonic generation would be possible in these materials and they
could then be used as effective harmonic gengrators.6"Experimental
investigations of second-harmonic géneration in nematic, smecfic, 
and cholesteric liqﬁid crystals havé been méde,6‘9;but there is no
evidence’of"any discernible\éecdnd—harmonic signél; Suggesﬁing'that
the molecular arfangement in theée materiais ﬁas aﬁ overall.inversionv
symmetry.

Third-harmonic generation in liquid crystals is ciearly not

forbidden by symmetry. It has in fact been observed in a number of
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liquid erystals by Goldberg and Schnur{8’9 However, their attempt to
achieve phase matching of third—hérmonic gener&fion_in cholesteric
liquid crystals has not been successful. Recently, using the model of
Oseen:LO and de Vriesll for cholesteric liquid crystals, we have been
able to predict the helical pitch values at whiéh collinear phase
matching of third—harmonic generation would occur, and by tuning the
pitch with temperature, have then been successful in observing the .
phase matching peaks as predicted.hv In this paper, we would like to
give a complete account of our work on the probleﬁ. We show that
for third harmonic éeneration in a cholesteric liquid crystal, there
could exist 15 different collinear phasé matching conditions. We can
divide them into three general classes.. In the first class, both the
fundamental and the phése—matched third-harmonic waves are propagating
in the same direction as we normally expect. In the second class,
the phase-matched third-harmonic is generated in a direction opposité
to the fundamental. In the third class, the phase-matched third-
harmonic is generated only when the fundamental waves are propagating
simultaneously in both forward and backward directions. It is obvious
from the requirement of momentum conservation that in the last two
cases, phase matching can only be achieved if the momentum mismatch
between the fundémental and the third-harmonic can be absorbed by
the medium. In fact, inmost céses here, phase matchipg is achieved
through compensation of color dispersion by the lattice momentum of
the periodic medium as we shall see later.

In Section IT, we give a brief review 6f the linear optical

properties of a cholesteric liquid crystal. We point out that propagation
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of light waves along the helical axis in such a medium is analogous to
propagation of electron waves in a one;dimensional'periodic lattice,
What we have here is Bloch photons instead of Bloéh electrons. In

~ Section III, we describe the theory of thifd—harmonic generation in

a cholesteric liquid crystal. We show that collinear phase matching
is ﬁossible with the help of the lattice mqmentum for-many differént 
mode combinétions. Cléafly, sucﬁ phaée—matched third<harmonic
‘generation processes fall into the category of nﬁnlinéarvBragg dif-
fréction.l2 In analogy  to umklapp processes of eléctroné in solids,Jf3
: they can also be called coherent, optical, umklapp processes; In |
Sectiqn IV, we describe the experimentalvafrangement and show that

the results agreé with theoretical prediétions. .Finally, in Section V,

we discuss the effects of many experimental difficulties on the observed

phase-matched third-harmonic generatidn.

II. THEORY OF LINEAR OPTICAL WAVE PROPAGATION IN A CHOLESTERIC
LIQUID CRYSTAL

Liqﬁid crystals are generally composed of long,'aniéotropic
.orgénic molecules.5 The so-called nematic‘Sfructure has,long—raﬁge
order in molecuiar orientatiOn with the long mqlecular axes aligned
more or lessvparaliel to one another, although fhe‘molecules are
fairly free‘to translate and to rotate about their ldng axes. The
cholestéric structure is simply a twisted version of the nematic. It.
is formed by twisting the nematic structure about an axis normal to
the molecular alignment so as to have an overall helical strucgure.

The helical pitch is a function Qf‘composition, temperature, fields, and -
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other external perturbations, and usually varies from * 0.2 pym to es-
sentially infinity. Because of their helical structure, cholesteric
liquid crystals have some interesting optical properties. In particu-
lér, the optical Bragg reflection gives rise to their grating character-
istics. We shall see in the next section that éhese materials also

have interesting nonlinear optical properties arising from nonlinear
optical Bragg reflection.

The theory of linear wave propagation in a cholesteric liquid
crystal has been well developed by Oseenlo and de Vries.ll. The&
assume that a cholesteric liquid crystal can be treated as a twisted
birefringent medium characterized by a dielectric tensor g(z) periodic

in z.

'e(1l+acos(bmz/p)) €a sin(bmz/p) 0

- : ' (1)
e (z) =\ ea sin(hﬂz/p), €(1 -a cos(bmz/p)) o
- 0, 0, . e,

where € = (€£+€n)/2 , O = (eE —En)/QE,'

Eg and En are the principal dielectric.consﬁants in the directions
parallel and perpendicular to the_molecular.alignment respectively,
and p is the helical pitch. Note that in this model, the dielectric
tensor g (z) has a period of p/2 rather than p.

Although the general solﬁtion for light propagation in any direction
is availa.ble,l)4 we shall consider here only propagation along the helical
(z-) axis. The’corresponding wave equation for monochromatic light is

given by

[(8%/82°) + (P/c®) g(2)] « E(2) = 0. (@)
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This equation with a positionQdépendent dielectric cohstant is mogt
easily solved by first applying to the equation a rotaﬁional trans-
formation
cose;sineéo _
R (8 = 2mz/p) = -sinf, cos6, 0 }. ' (3)
| \o o 1 |
Physically, the rotational transformation is to untwist the twisfed
heiical structure, so that in the'rotating frame the medium hoﬁ appears
to be a simple birefringent material.with a dielectric tensor
ng =R+ glz) : g’l independent of z. This teéhnique'is analogous to
c

the rotational transformation technique used in magnetic resonance.

After the transformation, Eq. (2) becomes:

2 2 2
3 L 3 2n w
[+ —g=— - (=) +=¢g] -+ E_ =0 (1)
3Z2 P = 9z 9] c2 7 ~T
where
/0 =1 O € 0 0
g
g'-' 1 0 Py eT_ 0 _En_
0o 00 o 0 ¢

The above equation'can now be solved readily. Let.

E,= ) (&E'E f'an»ﬁ )j exp‘(ik

Erp z -iwt) - (5)

J

A

where £ = % cos(2mz/p) + § sin(2mz/p) and n = -X sin(2mz/p) + § cos(2mz/p)

~

are unit vectors parallel and perpendicular to the molecular alignment :

in the plane at z respectively. We then find
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1/2

k{9 = (e Jom,

| ‘ 1/2
(mi)Q - .()\'2"'1) + (‘)4}\'2+OL2)1/2, A = 27T0/wp€ ,

(8 /8), = if, = izm, A/ + 2% +(a -1)]. (6)

The magnitudes of & and 85_ are determined by the boundary conditions.

E+

The Poynting vectors for the two modes are

2
2 1/2 Re[q+|f| /ql, (7)
s,= (|&,] cE /2m) = &
o 142,
1/2
where q, = (mi/é ) -A'f,
2 - 2 2
and ,Ei’ :.(Iﬁgl + ,&nl )y
It can be shown that for the "-" mode in the region of %'2 > (l+’al),

a forward propagating wave (with S_ in the +2 direction) actually
corresponds to m_ < 0 (indicating a negative phase velocity in the
rotating frame). We also remark that here the two modes are génerally
not orthogonal since g ‘. ET— # 0. This non-orthogonal property dées
lnot affect the linear wave propagation, but affects the nonlinear
wave propagation slightly as we shall see in the next section.

The above soiutions describe the characteristics of linear wave
propagation in a cholesteric liquid crystal along the helical éxis.
In particular, if IA'Q —ll < lal, then m_ is purely imaginary, and the
corresponding wave s?zg}d be totally refleéted. We realize that
At~ 1 or A = 2me/we = p (|a] << 1 usually) is just the condition

for Bragg reflection from the helical structure. If we transform Eq. (5)

back into the lab frame, we have
4
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-1
S
_ [ X+iF X ~-iy, _ibmz/p . -;/2 X
= [/_ A, + = A, e ]_8£+,exp[1(m+w€ [e=2n/p)z -iwt]
2 - 2 B B -
(8)
where A, = (1+£,)/V2
Ap, = (1-£,)/V2 .

" This equation shows that in the lab frame, each mode is a superposition

of two components, a left circularly polarized one with an effective
refractive index nL = (m+ “A')e and aright circularly polarized

one with Dpy = (mi + A')e - The ratios of Aj to A for the two

L

"+"

~modes are plotted in Fig. 1. We notice that the mode is always

nearly circularly polarized as long as A'° >> a2, and the "-" mode is

nearly circularly polarized everywhere except for A'2 < a2'and for

2

(1 -Ial) <A'T < (l+|a|). For a right—hénded cholesteric liquid erystal, -
the dominant cémponenté for the two modes are AL+ and AR— respectively.

Since these two dominant circular components have different phasev

- velocities (nL+_# nR_), the medium possess an optical activity

).

R(radians/unit length) = (w/2c) (nR —n£+

=16 [hpr 12 (1-112). ()
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It is well known that the optical activity of a cholesteric liquid
crystal can be as high as 300 rad/cm.5 The above equation is of course
not valid for A' ~ O and 1, since then oﬁr approximation breaks down.

We can also understand the problem by recognizing the analog
between this problem and the problem of electron wave propagation in a
one-dimensional periodic lattice. The latter problem is well presented
in eiémentary textbooks on solid-state physics.13 We can use the same
approach to solve our problem directly in the lab framé.

According to Bloch's theorem,13 the wave solution can be Vritten

in the form
E = u(k,z) explikz -iwt] : (10)
where u(k,z) is a periodic function of z with a period of p/2, and K

is limited to the first Brillouin zone between 2m/p and -2m/p. Substi-

tution of Eg. (10) into Eg. (2) yields

52 d '2 w2 ' ’ :
[—= + 2ik=— —k“ + — e(z)] * u(K,z) = 0. : (11)
8Z2 BZ 02 A i

We can expand both u(k,z) and e(z) into Fourier series

gG(K) exp(iGz)

c
—
A

)
N
~—
I

e, exp(iGz)

,\
N
It
Qr~1 [ are]
&

\

where G = N(Uw/p), with N being any integer, is a reciprocal lattice

vector. Eg. (11) then becomes
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2 2,2\, 7 .. - ,
(k+6)“ ¢, —(w7/C%) g' g0 * Cg g = O (13)

..This set of equations with different G's is most easily solved by ex-
pressing the vectors and tensors in the circular coordinates L
(& +1§)/v/2, (% -i§)/V2, and 2. There, we have
‘ 1, aéxp(fihﬂg/p), 0
e(z) = €la exp(ilbmz/p), . 1, 0 . (14)
0, S0, 1

which has only three Fourier.components‘g

g Vith G = 0, and ¢ hm/p. It

'is then simple to solve Eq. (13). We obtain

(e +002m/0)2 = (PE/D)(1nrs £ (r2ea?) /2
E = [(1+2,)(2+1F) + (1 -£,)(% -if) exp(ihnz/p)j(&gi/é) X

‘X‘exp[i(Kt +G)z —iwt]. - . ; (15)

These solutions are idenfical to those we obtained before in Egs. (6) and
{8), with K, + G+ ew/p = minl/z/c, remembéring that jkil < 21/p.

We can find the dispérsion curves for the twb modes from Eq;A(lS).
Either éxtendéd or;feduced zone scheme can be used. Analogous to ﬁhe.
band gap in the electronic band'Stfucture, thé dispersion curve for

, the negative.ﬁode‘has a gap betweén'1'2.=:(lA;|dl)-and (1 +[a1) at

kK =+ 2m/p. This is just the reflection band of the cholesteric liquid

crystal. However, in contrast to the case of electrons in a periodic
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lattice,l3 wé have here only one gap for only one of the two normal
modes.

- Usually, one preparés a sample of cholesteric liquid crystal by
holding the material between two glass substrates. In order to know
how each mode is being excited, we have to solve the problem with the
proper boundary conditioné. This has been done by de Vries.ll Using
his result, we plot in Fig. 2, as a function Qf A', the polarizations
of the incident fields which should feed exclusively into each of the
two modes. For A‘Q >> Ial, bofh of them are close to circular polariza—.
tion APLEOYEIEH 014 which feeds into the "-" mode should have
‘the same handedness as the helicity of the cholesteric structure.

Knowing the characteristics of linear wave propagation, we can
then discuss the nonlinear optical effects in a cholesteric liquid
crystal. In the following section, we shall consider thevproblem of

third-harmonic generation along the helical axis in such a medium.

Emphasis is on the derivation of collinear phase-matching conditions.
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III. THEORY OF THTRD-HARMONIC GENERATION IN CHOLESTERIC
LIQUID CRYSTALS _

A. Third-Harmonic Generation

Third-harmonic generation along the helical axis in & cholesteric
/ g .
medium is governed by the nonlinear wave equation

TR
=5+ (3

, , 2 -
e(z,30)] + B(z,30) = (32" (P (z,30) (16)
0z ~ ~ : v ~

where the nonlinear polarization P(B)(z;3w) has the form

(3)

P9 (2,30) = x2,30): Blz,0) Bz,0) Bzw). (1)

(3)(z,3w) is also a periodic

-

The nonlinear susceptibilitj tensor X
function of z.

In the rotating frame, Eq. (16) becomes

2 2 2

a2 :
9% Wm0 2m\° . 3w : _ 3w,“ L(3)
[B—Z'E + —5- g —8; —(“5) + (‘(‘:") iT] . E}T(??3w) = —-’41T( - ET (]_8)
Vwith
SI-3 . = :
E,I:(D3) - ,hﬂ(%?) ¥é3) < E (z,0) ET(z?w) ET(Z{w)'

~T

The transformed XT(B -is now independent of =z and has the form for a

birefringent material with four independent'élements.17 Then, the

components of P(3) along £ - and n are
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(3) 4
Prog (3w)

Clq Eg(w) Eg(w) Eg(w) + Cle_Eé(w) En(w) En(w)

H

E (w) E (w) E (w). (19)

(3),
P (3w) 2 By . .

Csy En(w) E (w)’Eg(w)¥ C

2

To solve Eq. (18), we use the usual slowly-varying-asmplitude

16

approximation. Let
gT(z,Bw) = [&, 8+(z,>3w) exp(ik z) + &_&_ (z,3w) exp(ik_ z)]
x exp(-iwt) B ’ (20)
vhére
9%, /02°| << |ex, 38, /0z|, |[0%&_/3z°| << |2k_o&_/oz|.

The expressions for the unit vectors §+ and € , obtained from Egs. (5)

‘and (6), are

Then, substitution of Eq. (20) into Eq. (18) yields

P )4_’” ~ | N .. _fig
z [21kj + o g] ej exp(lka —13w§) e

J

(3).

= (3
(Z,Sw) = 'h"(c ) By

J

The scalar products of §1+ and QET with the above equation give
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A exp(ik#z) g%- &+ + B exp(ik;z) P & = —Mﬂ(%?) 61 . gT(J)
C exp(ik z) ;g- & +D (ik z) —a!& = -hﬂngJQ @TI- P‘(3) (23)
H}p S+ 0z B (EXPLLK 0z - c - LT

‘where

—_ * A’f. N
A= 2ik_ + (_lnr_/p)e+ g N

B = éi » [2ik_ + (bm/p)o. ] - é_

c-='8f'- (2ik, + (bm/plo ] - & .

D =ik + (bn/p)el « o - 6.

From Eq. (23), we,caﬁ*eaéily obtain expressions for 8&+/82 and 3& /3z.

Then, in the low depletion limit using the parametric approximations,l6

we find
o 0.2 Déi —Bét. (3) | X , .
8.(2=0,30) = () (ppe ) ¢ Krv o, L&A 88 (08 (W8 (W)
, ,m,n=%
sin (Ak L/2) :
v +2mn .
Ak+2mn/2 exP(}Ak+SLmn9'/2)
ot
' v A -Ce :
8_(2:2,,3(.0) = ,-HT(-:%-)-) (——A—D-———gc_) . ’)\(‘,;3): Z é\lémé 82' (w)& (w)& (w)
; =~ £,m,n=*" N
sin(fk_, 2/2) S
X B exp(iAk_Q R/2) (2k)
~2mn ' :
o o w), ), (w) | (3w)
where Akixmn-_ kl + km + knv, _ki .
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Note that the waves can propagate along the helical axis in either
direcfion, and, correspondingly, the wave vectors k can be positive or
negative. The genérated third-harmonic intensity is given by Eq. (7),

vwhich is of course independent of the coordinate

system we choose. If the beam has a finite cross-section, then the

18

total third-harmonic power is
Pi(}3w’) = fsi(3w9 x‘aY)dXdy'- : ‘ . : - (25)

B. Phase Matching or Conservation of Linear Moméntum
Third-harmonic generation is most efficient when a certain
[ p is satisfied. When this happens,

the corresponding phase-matched term dominates over the other ferms in

phase-matching condition Ak,

the summétion in Eq. (24). Since we allow both the fundaméntal and

the third harmonics to be in either ﬁode and to propagate along fhe
z=-axis in either direction; we can have many différent phase.matéhing
cdnditions in a cholesteric liquid crystal by taking all possible sign _

combinations in the following equation:

i|ki3w)l = +|k(w)|’+ lkim)|bi ]k(w)l (26)

+ e
Through the dependence of k on'the'pitch p, the phase matching condi-.
tions can be achieved by adjusting p. However, Eq. (26) cannot be
satisfied for all the ho'differént sign combihations. If we assume
=(3w) | =(w) S '

€ > € » then only 12 of them are possible, and another 3 can be

conditionally satisfied. They are listed in Table I, where a Super bar
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on k 1nd1cates a backward propagating mode (k = -k).

Physically, phase matching is achieved here through ‘compensation

of momentum mismatch by the lattice. momentum Thlb can be seen as

follows. We realize from Eq. (6) that for the "+" mode in the region A2

and for the "-" mode in the region a2 << x'? ana (1 —X') >> /hl'

the wave vectors|k+| can be well approximated by

k| = | * 2n/p| o en

() _ 22

W = _ . .
where ko = WE /c is the average wave vector. This approximation

- is excellent for the first 11 mode combinations in Table I;'and is

marginal for the 12th, since o isvusually'about 0.03.. : Consequently,

using Eq. (27), we can rewrite these phase matchlng conditions 1n'
terms of k( ) é3w), and the.unit lattice momentum Q = hrm/p as shown
in the‘second column of Table I. We notice‘that in all cases the
average momentum miamatch between the funoamental and the third har-
'monic is oompensated,by the_lattice momentum Q or 2Q. From_thése
expressions we can eaSily'calculate the'values of p satisfying the
=(3w) _ 4 E(w)

phase matching conditions 1f € for the material are known.

For the materials we have used in our experimental investigation,
5(39) and E(“) are typioally 2;30 and 2.18 respectively and a ~ 0.03.
The correepondiné pitches for phase matching of different mode combi;
nations ate éiven in the last column of'Table I for illustration.

The approximation of Eq. (27) is not valid for the last three

.mo@e'combinations in Table I. It is clear that since the momentum

mismatches in these cases are small, the pitches for phase matching

o
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must be long. Then, as seen from Eq. (6), the birefringence factor.a
can no longer be neglected in the expression for ki..-In fact, the
phase matching coﬁditionsbfof these last three mode ¢ombinations may
not . always be satisfied. .The conditions for phase matching in these
cases are given in Table I. |

The more rigorous interpretétion of phase matching or momentum
~matching here is to ﬁse the éoncept of waves propagating in a periddic
medidm. As we showed in the last secfion, the em waves propagating
in such a mediumAshould have the form of Blbch functions, Eq; (10 ),
.with K being the ane vectors. It is really Kk's whiéh we éhouid use
in discussing conservation 6fvlinear momentum or'phase matching. In

: : matching _

the third column of Table I, we write the phase/conditions for the -
various moge coﬁbinations in ferms of K's.. Agaih;‘we notice that in
many cases, the mismatches between K;S are compensatedvbyvthe lattice
mbmentum Q’='hw/p. In analogy.to electronéelectron interaction in a
periodic lattice, these phase-matched processes can then be calied the
coherent optical umklappbprocessés. They are coherent since third
harmonic geﬁeratibn is a coherént‘process. For the other cases where
phase matching can be achieved with no lattice momentum involved, the
processes are correspondingly the pormal processes.lsi It iévcléar
that we can also express the phase matching cdnditions for the last
. three mode combinations in terms of x's and G ='N(hﬂ/p), bﬁt,the.
integer N in these  cases depénd on the acfuél valﬁesvof € and 0.

Finally, we realize that as p + ®©, the cholesteric medium becomes
a simple birefringent medium, and the wé&es propagatiﬁg

along the z axis have twe lineerly polarized modes. The last three
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combinations in Table T can then be written as

3 (200 2w ) = aled P 2] (@)

uith n=3,2,1 respectively. eq-(28)vshows.that the color disper-
sion is balanced by birefringencei This is how'phase matching is usually
achieved in a birefringent medium.

It has/giZZested that phase matching can probably be achleved in
cholesteric liquid crystals through compensation of color dispersion by
circular blrefrlngence because of their large optical rotary power.

| Th1s would be the case if, in khe mode combinations #12 - #15 of“fable I
with all waves propagatlng in the same direction, the modes were circular-
1y polarized.‘ However, in all these.cases, because of the large pitches

¢

for possible phase matching, the modes are far from being circularly

-

polarized.
C. Conservation of Angular Momentum

The optical fieldsvcan also exchange anéular momentum with the
choiesterié medium in the third-harmonic generation process. The
medium has.a local two-fold symmetry about’the helical axis, end
nherefore in thevprooess of eonvefting three fundamental photons into
one third-hanmonic photon can exchange an angular monenfun in units
of 2h with fhe optical fields;lg' Since each photon of circulef polari-
zation carries an angular momentum of ih, any poiarization combination
in the third—harnonicvgeneration‘Satisfies the requirement ofeconserva—
tion of angular momenfum. Thus, for example, for the 6th mode combina-

tion in Table I, the modes involved are nea}ly ciroularly polarized, and
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creation of a third-harmonic photon leaves an angular momentum.of
2(2h) to the medium. Similarly, one can show that conservation of

. . other
angular momentum is satisfied for all/moge combinations.

In the next section, we show our experimental results, which verify

the above theoretical predictions.

IV. EXPERIMENTS
A. Saiﬁple-Preparation and Related Measurements

In our experimehts we hé&e used a number of different_cholesteric
liquid—crystalline materials in ordér to observe the various prediéted
phase-matching peaks in third-harmonic generation at a convénient tempéra—
ﬁure.v Most.of.the phase matching conditions (#1 - #11) ih Tabie I
require a'gholestericvliquid Crystél with a pitch léss than.l.S ym. To
observe them, we:uséd mixtures of chélesteryl oleyl cafbonaté,'chOIesteryl
nonanéate, and ¢holesteryl chléride.zov Thevratio of cholesteryl oleyl |
carbonate to cholesterylinonanoate was:unity by weight in al% our mix-
tﬁres, but the concentrafion of cholesteryl chloride varied for different
phase—matching conditions as listed in Table IT. Figuré 3 shows from
our measurements the pitch as & funcfion of the concentration of
cﬁolesteryl chloridevat 20°C and 40°C. The température variation of
the pitch between 20°C and 40°C can be érudély estimated from the two
‘curves in Fig. 3-21'  The sample.usédvto obserﬁe the 12th phéée match-

ing condition was a mixture of cholesteryl chloride and cholesteryl

myristate (1.75 = 1 by weight).20 This mixture has a pitch which is
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variable from -1.7 um to * « to +2um by varying the temperature from
20°C to 68°C. (A negative pitch denotes a left-handed helical structure.
This allowed us to observe the phase-matching peaks at both -17.3 um
and +17.4% um. |

Samples were prepared by placing a few drops ofbthe mixture oﬁ a.
clean, rubbed glass window. A secodd window was tﬁen preséed upon
the first with a ring of:teflon or mylér as the‘spacer. Cleaf and
uniform samples up to ~ 250 ﬂm in thickness were obtained with the
~helical axis mpré or less pefpendicular to the normal:of the surfacé.
Under a polarizing microscope, howevef,.small regions of > 10 um in
size were discernablé with slightly different optical properties,
indicating domains with soméwhat different orientations of the helical
axis. Bragg reflection of a colliﬁated béam from éuch a sample
spread 6ver a cone of about 12°, suggesting that £he hélical’axis had
a distribution of around 6° about the normal‘of the surfaCe."Eachv
.domain, however,.seémed fo extend_over the entire thickness of the
sample. The effect of multi-domains on phase—matéﬂed thirdfharmonic-
generation Wiil bevdiécussed in Section V. Most of our experiﬁents
_ﬁere doné with 130 pym thick éampies. Samples‘with randomly oriented
domains were éasily>obtained by increasing the sample thickness or by
subjecting samples to.théfmal shocks.

Predictidn of the précise pitéhes'for phase matching réquires
the measurement .of € and o(see Eqs; (é6)»aﬁd (6)). sSince € is an
averagé over the two principal diélgctric constants in‘the ordered‘
~ phase; we measured £(w) and €(3w) with Aw = 1.06um in the isotropic

liquid phase where the random orientations of the molecules gives the
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desired average. It was assumed that the small variation of € due
to temperature and phase difference between the liQuid and . the 1iquid '
crystal phases could be neglected. We used tﬁe prism method with s
mercury-arc lamp as the light source and.a filtered‘phbtomultipiier
tube as the detector.gz' The fesults are given ianablé IT. |

The birefringence factor a is mosf gasily obtained by measuring
the opticél activity of the sample (seevK. (9)). We measuréd the
6ptical activity at the He-Ne laser'fréquency (6328:3) and assumed é
negiigible disperéioh for d. For all samples, d deéreased with in-

creasing temperature.h’23

An exampie is shown in Fig.‘n.l In Table II,
we list_our measured vélues of a for‘the:varioué mixtures.atvthe |
temperatures where phase matching occurs., We realiie, from our dis-
cussion in the last section, thaf dll_theée phéée matching conditions
in Table.II dé not'dépend.cfitically 6n the values of df‘.Theréfore,
the measurements of o here nééd-nﬁt be very accurate. . |

From the measgred values.éfié and o, we can calculate the pitéhes
for phase matching'for thebvarious mbde combihations using Eqs,.k6) and
(26). These predicted pitches are also givén in Téble;II,

We.used threé different teéhniques t§ ﬁeasure‘thq bitches of
our samples. TFor pitéhes significantly‘largef.than optical wavelengths,.
two teéhniques are convénienf. vDirect obsgfvation of the saﬁplés under
a polgriiing microsédpé can reveal the periodic strﬁcture aé alternating
light and dark ‘bands,g)4 whose periodicity is p/2. This method requires
knowing thelorientation of the helical axis in the region being éxamined,
and the axis must have a component perpendiculér 10 'the microscope

25

axis. A generally more ccnvenient technique is the diffraction,method.
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In a sample with uniformly:oriented he;ical‘axes, a laser beam.propaggting
- normal and polarized normal to the'helical-axiS'will générate diffraction
spots at angles © with respect to the helical axis satisfying

cosf = ZNAO/p,'where N is .gn integer and Ao = 2ﬂw/c;’ If the sample has

" 'many domains ‘of différent orientations, theﬁ diffraction arcs'or rings
vﬁill appear. From the diffraction pattern, one'can find the pitch. For
pitches in the vicinity of. the visible'spectrum; the pitch may be
’deduced from measurements of reflectivity or transmissivity as a

function of wavelength. -The position of tﬁé centef of:the.refiection

s band°chréspdnds t§ p = 2ﬂc/wEl/?. 'This. is most easildy measuredAin
~thin (< 10 um) saﬁples, for which the:band has a true peak;.in
.thicker samples, theré is a broad.baﬁd of total refleétivity for the
Tnan modé,‘making the center of the band more difficult to detérmine;'
v.'In the régions where the above three techniqués of pitch measure-

‘ méﬁts 6verlap,’we"fouﬁd’good agreemenf. ‘Temperature dependences of

the pitch for the various'mixture37wefe also méasured..'An example is

+ given ih>Fig; 5 for the mixture used to_observe'the 12th phase matching
'*éondiinn. ‘In Taﬁie III; we list the temperatures at which the
‘predicted jhase—ﬁafching wOuldﬁoccur ih the various:mixtures. _Mést
Of_the’uncertainty in tﬁe preédicted témberatureé QrOse from;the measure—_
 ‘ments of‘E, which entéred-the theOrétical expressions expiicitly and

also implicitly through’the_experimentally detefminea o and p. . Table III
:alsé gives the rate of change of,ﬁitch with'temperatufe in the phase-

3 ﬁatChing'regions. | |

‘
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B. Experimental Arrangements for Third—Harmonic Generation
We used'a‘mode—locked Nd:glass laser as the fundamental pumpb

source. A typical pulse train lasted about 200 ns with the indiVidualv
pulses separated by about T ns. The total energy inseacb train-nas
about 0.03 joule ‘and the pulse width of ind1v1dual pulses was ‘about
T ps as measured by two-photon fluorescence technique.?6v The beam _
diameter was about 2‘mm.._Mode¥locked pulses were‘usedrin the'experif
ments because‘their high peak intensities:greatly,ennanced the total
third-harmonic power generated. | |

. The experlmental arrangement for measuring phase-matched thlrd—‘
harmonlc generatlon with- the fundamental propagatlng only in one
dlrectlonrls shown-}n Fig. 6. The thlrd-harmonlc generated elther
forward“or.backward was detected by a photomultlpller after.the
lappropriate filters. The setup w1th the fundamental propagatlng in
‘both d1rections is shown in Flg T A movable mirror was used to
obtaln laser llght propagatlng in the backward dlrectlon. A stressed'_
~ fused sillca plate_was”used as a varlable.retardatlon'plate'in front
of'the mirror_to cbntrol the pOlarization Of'the backward'propagating'
'laser beam. The laser beam was always‘circularly polarizedpfor‘two
reasons._ First, as we discussed invSection II,:circular'polarizations
.are nearly the optimumfpolarizations'for the-incdmingvbeam to excite"
the normal modes in all the samples of 1nterest to us, and second
.81nce no third-harmonic ' can be generated in an 1sotropic med1um by a

circularly polarized beam,e7

this el;mlnates the background third
harmon1c radlatlon generated from various components except the

. llquld crystal along the optical path. The thlrd-harmonlc blocklng
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- filters in front of the quarter-wave plate are necessary to eliminate
the'bbird harmonic generated'before the quarter-wave plate. The

‘samples were iimmersed in a water bath with temperature controlled to
| within % 0.02°C. Typically the temperabure was~sﬁept very slowly (0.1
to O.Cl °C/min).thr0ugh the predicted phase-matéhdng regioﬁ. In order
to minimize fluctuations,28 the third-harmonic signal from the liguid
_crystalline'samplebwas.alﬁgys normalized against the reference third-
hermonic'signal generated'in e phase-matched solution of fuchsin.
basic dye dissolved in hexafluoracetone Sesquihydrate.3 '

C. EXperimental Results on Phase-Matched ThirdLHarmonio Generation,

. Consider first the phase;matchlng condltlon 3k(w) i3w) (#12 in

Table II). The setup in Fig. 6 was used for the experiments. Since

the pltch of the sample can vary from left to rlght handedness, there
should be two phase-matchlng peaks : The one at -1T7. 3 Um (L9. h° c) should be
'generated by rlght c1rcularly polarlzed fundamental waves and the other at
C+17.L um (Sh 2 C) should be generated by left c1rcularly polarized fubdamen-
- tal waves. The generated thlrd Jharmonics should have opp031te polarlzatlons

in the two cases. The experxmental results are shown in Flg. 8. _ The

two. peaks appear at temperatures within 0.1°C of the predlcted phase-
'mabehing temperatures. They were»generated respectively by right and
left circularly polarized laser light as predicted. The bheoretical

_ phase—matchiﬁg curve calcuiated by aésuming monochromatie pump waves
in a uniformly ordered liquid erystel is ehowh in Fig.‘8;' The erperd;
mental peaksvare definitely broader with no blearjfine strdcture at
tbe wings. The difference between.theory and’experiment will‘be dis—
cbssed'in-the next section. Since the molecular structureS’for p.< 0 -

-

. . L N7, : : '
and p > O are different and ¥ ' could vary accordingly, we would not
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expect the two phase-matching peaks to have the same magnitude. Experi-

mentally, we found that the'two'péakS-were different in héight, But

their difference was within the 20% expérimental accuracy. We aiso
found that the two péaks were actua;ly §ppositely éolariied;' They

had an elliptical poiarization with ﬁhe-rgtio of ﬁheLtWO'ciréﬁlarly‘

polarized components beiné Svt'L. Thé‘theoretical ratio, déri&ed from
Eq. (8) or (15) is b.8. Cqmparison of £he phase-matched third-harmonic

signals from the liquid crystal and from the fuchsin basic dye solution

(3w) . (3w)
ra /Toye

harmonic generation from samples with different_thickhess.“-The third-

yields I ~ 0.1. We also measured the phase-matched third-

harmonic intensities were indeed proportional to the équare of the

sémple thickness.

(W), g (30)
Rt

Consider next the phase-matching conditions 3k nd

_3k£“)

= i_(3”) (#2 and #6 in TablevII).'vThe setﬁp_iAVFig: 6 waé
ﬁsea‘foﬁ'fhe measurements. The samples had left-handed helical
structure, ana therefore, the incoming lase; beam was left circularly
polarized to feed efficiently into the "-" mode.  fhe third4harmonic-
signals generated’in the backward direqﬁion were detected. The exﬁéfi-‘
mental resulfs are shown in Figs. 9 and.ld. There indeed exist peaks

at the predictedhphaée—mafching temperatures. ‘Hdweyer, the ﬁidths\

‘'of the peaks are several times ﬁroadef thaﬁ those of the‘theoretical
phasesﬁatéhing cufves for a monocﬁromatic input léser beaﬁ.:-This
broadening is due mainly to.the large spectral'éontent.of the laser,

as will be discuésed later. As a furtherhconfirmétion df the fheoréti-

cal predictions; we found, in the same temperature ranges, no phase- .

-matching peak for third—harmonic'generation in the forward direction,
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and also no peak for backward third-harmonic generation if the funda-
mental was right circularly polarized. We also fqund that,ﬁhe phase-
' matchéd thirthafmonic.outputs wéré néarly left and rigﬁt circulérly
poiérizéd (a ratio larger than 10 between two circularly polarized
componénts)'for thé two cases, as prédicted by the theory. The
intensities of the phasefmatched third hafmdnic genefated by thése
mpde combination$ relative to that of mode combination #12 are given
in Table ITI.
To observe the phase matching conditions #1, #u, #8 in the Tables,
it would require ﬁﬁe_forward propagating fundamental waves to be in
"both "+" and "-" ﬁddes. Then, the incoming laser beam would have to
be neariy lineari& polarized. Consequently, lafge third-harmonic
backgrbund signals would be created by the various components along the
optiéal path. "Our attempts to observe the phase—maﬁching peaks on
top of the background in these casesﬂwere not éucceésful}
.The rémaining'phase-maﬁéhing conditions_in the Tables except #13-—=—
#15 réqﬁire the siﬁultaneous presence of fundamental waves propagafing
in opposite difections‘along the helical akﬁs. This was accomplished
iﬁ‘twé Ways. One method was to construct the sample cell with a =
front-surface mirror in contact with the back of the sample.’ Each
modé—lockéd.pulsevreflected baék‘from the mirror ovéflaps with itself
in the sample.' Alternatively, wé.put a movable mirror at a distance
’beyond the sample equal to thé'optical length of the laser cavity (see
Fig. 7). Then, each mode-locked pulsé reflected back by thé mirror
meefs'thé next pulse in the train in the saﬁple cell. Both methods

yielded the same results. The samples all had left-handed helical



27— . . LBL-161.

etrdcture}i nght and left c1rcularly polarlzed light fed eff1c1ently

: ihto'"+" and "-" modes respectlvely. Note that the sense . of circular

polarlzatlon is reversed upon reflectlon from a mlrror._ If a A/h
retardat1on plate is 1nserted 1n front of the mlrror then the backward.
propagatlng llght has the same clrcular polarlzatlon as the 1ncoming

beam. According to theory, the_third—harmonlc output in allgthese

- cases should be nearly circularly polarized.

Flgure 11 shows the observed phase—matchlng peak at the predlcted

temperature for the #ll phase-matchlng condltlon.' ThlS peak had a

relatively Weak intensity and was observed with-a reflecting back on
the sample cell. . No polarization measureﬁent wasvattempted.

In Fig. 12, tae observed small peak at 3l.2°C,came‘from #lO and
the large peak at 29.9°C from #7 as predicted; Although the.phase—’
matching peaks of #8 and #9 should also appear at 29. 9° C they were’
not excited with the glven laser polarlzatlons.: The large
peak had a 30:1 ratlo of rlght—to—left c1rcular components as expected
When the retardatlon plate was 1nserted with the 1ncom1ng beam rlght
Circularly polarized, #9 was excited and the same phase—matching peak

was observed with a much smallervamplitude;' The peak due to #8 was

. not observed as mentloned earlier.

: The phase—matchlng peaks of #3 #h and #5 should appear at. the
same-temperature. With the 1ncom1ng beam left c1rcularly polarized
and w1thout the A/b retardation plate in pos1t10n, only #3 was excited.
The observed phase matchlng peak shown in Flg 13 appeared at the

predlcted temperature. Also as‘predlcted,_the third harmonic was
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generated only in the backward direqtion and had a 10:1 polarization
ratio between the right and left circular components.i With the
retardétion plate inserted, #5 was excited and the same phase matchiﬁg
peak was\observed with a smaller amplitude. The third-harmonic output
was nearly left circularly polarized as predicted. For reasons
mentionéd egrlier, the peak due to #4 was not observed.

For the abové cases, we also verified the necessity for the
éiﬁultaneous-presence of laser light propagatingvboth’fofward and
backward in order to genérate phaée-matched third harmonid'radiatioqr
By translating the movable mirror over 'a distance larger than‘i mn

forward or backward from the position of maximum output, we essentially
reduced the third-harmonic signal to zero. From s;ch measurements, we
could also deduce the pulsewidth of the mode-locked pulses'(see Section
V). 'In Table ITII, the peak intensities of the varioﬁs'phase-matching
'ﬁeéks relative to that of #12 are‘listed. In.all these cases, the
obéefved phase-matching peaks were much broader than the theofefical
predictions assuming avmonéchromatic pump beaﬁ, The bréadening was

due to the broad spectral content of fhe mode-locked pulses, as we
shall discusé in the next section.

The phase-matching conditioﬁs #13 and #14 cannot be sgtisfied
in the liquid crystalline materialsvwé used, 5ut #15 can probably
be satisfied at p ~ 50 um in the mixture used ﬁo observe phése matéhing
:of #12. Our experimental effort to detect such a'pﬁase;matching peak
was 1argel& fruétrated because the sample quality deteriorated when

23,29

the pitch became large, and because the large third-harmonic

background generated from other components could not be eliminated in
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this case.

V. DISCUSSION
We have seen in the previous section that the experimental results
agree very well with the theoretical predictions. in Section I1I. There-~

fore, this confirms the model of Oseen and de Vries;o’ll

which assumes
that‘optiéally, a cholesteric liquid crystal can be treated as a twisted °
birefringenﬁ medium. |

If the overall molecular arrangemént iﬁ planes pérpgndicular to

.the helical axis has no inversion symmetry, then second harmonic

generétion would be possible in'a chdlesteric liquid crystal, and

would also be phase-matchable. The pﬁasé;mafchihg COndiiion 2k£w) = ki2w)
.would be satisfied ét D= 28 um in the mixture uséd to 6bsefvé the
phase—matchéd third-harmonic geﬁeration #12. Experimentally, ﬁe ob-
served no second-harmonic phaée—matchingvpeak,vsuggesting tﬁaﬁ the
contrary is trué; Durand and LeéYIand Goldberg and Séhnur8’9 have also '

found no second-harmonic genefation iﬁ liquid crystals and‘have_come to
tﬁe'same conclusion. |

‘We notice that all the obser&ed phase-ﬁatchiﬁg peaksvhad widths
greater than those predicted theoretically fér a ménochrématic laser -
- and a perfect liquid crystal sample.  In:the lattérﬁ¢ase, the full
1wid£h at half maximum of a phase maféhing peak in terms of pitcﬂ

variation would be given by
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8p) = - (29)

Qhere'L is the samfle thickness and d(Ax/)dp is the derivative of the
ﬁhaSe mismatch Ak evaluatéd at‘Ak = 0. The value of (Gp)l/p for eéch
phase-matching peak is given in Table IV.

Surface effects on a liquid crystal sample aré1asually important.
The ﬁolecular orientation on the boundary layers appears to remain
unchangedideSpite changes in external‘parémeters;5’3o "This constraint
wéuld not allow -a perfect hélicalvstrucfure of arbiﬁfary pitch to
fit Between the two interfaces. There would in general be a distortion
of the helical:structuré amounting tb I p/2 over the sampig.thickness.
Thi§ implies avpitch distribution with a wid§h>6p2/p ~ p/2L, tﬁe'valueé
| of which at phase matching Qré given‘iﬂ Table IV. Fof thevsame sémp;e
thiékneSS,vthis effect clearly increases'with pitch,vand appears to be
a strong contribution to‘the observed width of the #12 phase
matéﬂing peak occurring at !pr = l7vum. Thére, in terms of temperatufe,
the two widths_gprrespondiné to_ﬁpl and Gpg'are Qf2°C‘and 0.1°C
‘ féspectively.‘ The observed full width at halfvmaximum is 0.3°cC.

Thgt the mode-locked pulses are far from béing'ménochromatic _
would also infroduce broadéning in the phase ﬁatching peaks. The
different frequericy compornents of‘the laser pulses yield phase-matched
third—harmonic.(or more generally, sum—frequency) geﬁeratiqn at }.
diffe;eht bitches.‘.By assuming/a spectral content of the mode-locked
lasérvpulses of about 150 A (full width:at.half,maximuh of a.Gaussian

'pulse), presumably duevmainly tn fré@uency chirping, we obtain
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3

convolution a width 6p3/p =T.,5 X lOf. for all the phaSe—matching

peaks. This value agrees quifé well with ﬁhe obéerVed,widthé for all
cases except #12 as indicated in Table IV, and therefore, the spectral
‘contént of the laser pulses is.beliévédvto bé the dominant contribution
for these cases. | |

As we mgniioned earliér, our samples weré éctuaily composed of
many domains with different orientations of the helical axis spread
- over a coné of aboﬁt 12°. This might lead‘fo additional bfoadéning of
the'obserVed phase-matching peaks, éincé différent domains would be
at phase matching at different pitcheé if wé allow the thi;d-harménic
to be non-collinear with the fundamental. Howevef, this effect,would
be small if thefcbllection angle of the third;harmonic aetector is small.
In our experiments, the third—harﬁoﬁic.detector aligned with the beam
had ﬁn acceptance angle of ~ 3°. The laser beam at fhe sample, eveﬁ
when it was focused, had‘a cénvefgence angle less than 19. This
would contribute a width'6p#/p tb thé phasg—matchingApeak. The
estimated values of 6ph/p for‘the various céseé aré given in Table IV.
Theylappeér té be always less than the'obs§rved widths, In'all.ﬁases

except #12, there is a loss of third-harmonic power_dué to the.fact

‘that only domains with helical axes tipped at an angle less than 0.8° to 2.

contribute.to fhe ob;erved thirdehérmoﬁié; Cdmpared to a perfect
sample, this loss should be roughly a factor of 3bt§ 6.-

| From our measurements of the relative intensities of.fhé'vainus.
phase-matching peaks, we can deduce through Eq. (24) in the phase-

matching approximation, the non-linear susceptibility'eiements Cll’

'CZl’ and C

5o assuming that they are the sameifor different .

c12’
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mixtures. Using the measured intensities for the phase-matching peuks
#2, #3, #6, #7, #11, and #12 (correctea for their different widths), ve
found from computer calcﬁlations‘that aii four C's are nearly‘equal;
Uncertaintiés in their values were large and‘came mainly from our
relative intensity measurements. Because of the necessarily different
experimental arrangement for the various phase-matching cases, ,
correction -for thé differences introduced uncertainties. Different 
ekperiﬁental runs also yielded élightly'différent }esults, presumably
due to differénces in sample quality. Taking all these factors into
considerafion; Wé can only concludg that Cll’ Cl2"021’ anQ'C22 are
equal to within 10% and their valués'aré uncértain within a factor of 2.
Comparison with the third harmonic.inténsity generated in a_phése- |
matched sélution (hSIgm/liter) of fuchsin dye.in‘hexafluoracetone
_sesquihydrate2>gave lC/xg§e|~ 0.2. This valué éould,inéreése by a
fadtdr‘of 2 if thebliquid crystai sample were of a siﬁgle doﬁain.

| We realize that if C's are equai, then 5(3) would be iﬁdebendent
of z even in.the lab frame. We can then find the solution of third-

harmonic generation directly in the lab frame using Eq. (16). The

optical fields in'the_equatioﬁ can be written from Eq. (8) as

gi(z,w) = [()’E+i§()Aﬁi exp(iQnRiz/C) + (% —i?)ALi exp(iwnLtz/C)]-

.x (&gi//E) exp(—i@t).' ' ' v'(30)

Phase-matched third harmonic generations should occur when individual

components of E, are phase-matched, and the corresponding intensities
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(w)

can be calculated knowing ARt and A

(w).

1+ For example, we have phuse

matching when
(w) . (w) (3w)

2Nps L+v'=3R+

or

Liw) * nRiw) =d3n (30)

2n
vhich can be easily shown to be equivalent to the phase matching

condition #12. The corresponding third-harmonic field has

ARi3w o« AR+ ARiw) L+ ALi3w) L+ (w)Aniw).' The felative

1ntens1t1es of the various phase-matchlng peaks calculated th1s way

agree moderately well with the experlmental results except for #2,
#6, and #11 where the predlcted 1nten51t1es depend more crltlcally

on the 1nequallty of the C's. v
With C's belng equal, the expected intensity of the phase-matching

peak #10 should be four times gfeeter than that of #7. However, our
ekpefimental‘date show that #10 is.only‘l/lO as intense.es #7, or
about. 40 timee weaker than'nredicted.' The discrepancy is due to strong
reflection of left-circularly polarized laser light fEOm the eample,
since the laser frequency ie close to the reflection_band of the sample.
Measurementsvof transmission through the sample_showed that only
1/10 of'the left-cifcularly-polerized light was transmitted..
Since this phase—matching case involvee two left circularly-polarized
- fundamental fleldé (andvone right), the etrong reflection Gould decrease
the observed third-harmonlc intensity b& a.fector of 10-2, assuning that
tne 90% reflection happens at the interface.

l Phase-matched tnirdfnarmonic generation would of course occur in any
cholesteric liquid crystal as long as the hellcal_pitch can.be adjusted to'

the correct value. We tried the experiment_on en entirely different
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cholesteric material. Poly-y-benzyl-L-glutamate (PBLG), a synthetic
o-helix protein;vdissolved in dioxane is-cholesteric for concentrations
from ~ 0.1 gm to ~ 0.5 gm'Qf.PBLG per gm of solvent.3l The dielectric
constants afe'cbmp;fable to £hose vathe chﬁlesterol—derived materials
and hence the pitches for phase-matching are approximately the séme.

A pitch of ~ 17 ﬂm is réalizablé by adjusting the concentration of
PBLG, and hehce phase-matched third-harmonic generation #12 should be
possible. We did not use temperatﬁre t6 tune the ﬁitch because of
,the slow résponse_of,PBLG samples. Instead,.we used many samples with
different concentrations to yield different pitches. ‘We did observe

a peak in”the third;harmonic intensity around p - 17 ﬁm with the laser
. beam polafized to feed efficiently into thé‘"+" mode,‘and no peak’fof.
the opposite: laser polgrization. There was a ﬁoderate amount of
séattéring in the data, presumably due to the usé of many different

» samples.

' Recently, measureménts of ultrashort pulses hafe attracted much

26}32—3h In all cases,:except the case of Treacy using

33

attention.
the compression techniqué, the experiments measure only the pulse
width. . Both the second-harmonic generatiOnvtechnique and the two-

.photon fluorescence technique are. inherently symmetfic. They measure

the auto correlation function G(z)

(2)(1) - @)

(1) = flE(t)IQIE(t+T)l2df,-which is
,chafacterized by G T), and therefore cannot yield any
-information about the pulse shape.v Phase-ﬁatched thifd-harmonic
generation has aléo been used for pulse—width’measuremenﬁé,3h'but only

- under circumstances where a symmetrized form of the third-order auto-

‘correlation function was observed. Here, in principle, the technique
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can provide information about-the pulse width as well as pulse
asymmetry. If phase matching requires two fundgmenﬁal photons'in one
mode and one in the other modé; then wé can méasure the correlation
function G(B)fT) = ffw [E(t)|h|E(t+T)|2 at # G‘3)(-f). _This correlation
function is symmetrié (c{1) #uG(—r))only if ihe‘pulse is symmétric.
Therefore, from the asymmetry of G(T), we can deduce information sbout
the pulse asymmetry;h’35  Most of.the phase—matching‘conditiohs in -
choiesteric liquid.crystals satisfy this’réquirement.

To demonstrate the technique,vwe %plit.thé idser beam into
two beams with prober polafizations fo excite the phaée-matbhingipeak
#7. The two beams, after traveling abdut.the same optical péth, met
each other at the sample from bpposité sides. A vériable optiCai |
delay in one arm‘allowed continﬁoﬁsvvariation éf the relative'arrival
time T of the two pulses.. Our results are shown in Fig. lh? The
cufve'sh0ws an average pulse width of about 7;5 psec and a pulse
asymmetry'in the sense that the.trailiné edge of’thé'pulse was steeper
than the leading edge. This agrees with the result of Treacy,33
Assumingvan asymmetric pu;se constructed from two half Gaussian curves
jqined at their Maxima, with'their widthé differed by a factor 6f 5.5,
we pbtained a correlation curve which fits well with the dapa; as shown
in Fig. 1k, However, fhisvcufvesis not very sensitive to the juléev-
asymmetry.35 Cdnsequently, unless the third—harmonic generétionvéan
be ﬁeasﬁred very accuratély, the teéhniqueﬂcannot yiéld very good
quantitative measure of the pulse ésymmetry. Pfior knowledge of the-

pulse shape would also be necessary for more accurate conclusion.

Since better signal-tanoise rutio would help the resolution, we éhould
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probably use crystals such as calcite as the nonlinear mediun[in.such
measﬁfements, where phase-matéhed third-harmonie generation can be
échieved with two fuhdamental photons in thévordinary mode and one

in the extraqrdinary mod‘e.36 . There, with.the fundamental and the
third-harmonic pfopagating in the same direction, the éignals can

be muqh stronger. Ideally,:one'would like to obtain information about
the pulse asymmefry for individual pulses instead of averages over:
:all.the pulses in a train.

- Our maximum observed energy cqnversion from the laser frequency td
the third-harmonic was small. The most efficient case waé #12. .Without
focusing, thé l30'ﬁm thick:samples converted about lC.)-l)'l of the laser
-energy.to the third harmonic. By(fdcusing thé.laser beam down to O.l-ﬁm '
diameter, we could increase theaconversion by a factor of ~ 4 X 162.
Although thiéker samples of good quality coula probabl& be méde with
tﬁe help of external‘fields; the conversion efficiéhcy would still
be ioo Small for such samples to be useful as'practical thira—harmonic
generatoré.

We.can of coqrée also have other types of nonlinéar'interaction :
phase-matched in a cholesteric liquid crystal. We fealize‘that it is
the periodicity of the mediﬁm which'makes phase hatching‘easily
échievable here. It is clear that other media.wiﬁh periodicity in
the thiqél range .can also be ﬁsed. 'In fact, ouf théoretical analysis
in Sections II and III,‘using the‘Bloch picture should be éppiicable
fo,all such materialé. Bloembergen and Sievers have considéred
péssibilities for éhase matching of:a‘numﬁer of nonlinear interactions

37

in periodic layers of GaP and Gals. - This layer medium lacks inversion
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symmetry, thus permitting the observation of second-order nonelinear
effects.: However, it is difficult to fabricate and not sq'directly
tunable. The great advantage of chblesteric liquid crystals is théir

inherent and variable periodicity.

VI. CONCLUSIONS

We have shown theorétically and eiéerimentally.that third—harmonic
generation canvbé collinearly.phase-matcﬁedvin cholesteric liguid
crystéls; ‘Phase-matching is achieved since the momentum misﬁatéh
beiwéen the fundaméntal'aqd tﬁe third harmonic is comﬁensatéd by the
1attice'momentum which is present due to thé peribdicity of the helical.
structuré of the choleéteric médiﬁm. Many qifferent phaSe-matching
conditions exist. Analogous_to electron-electron interéction.iﬁ a
periodic lattice, they can be identified aé normal and umklapp processés
respeetiveiy. Most of the prédicted phase-matching conditions were
confirﬁed experimentally. In several éases, phasefmafched third—harmonic‘
generation occurs only when the fundamental waves appéar simuitanéously
propagating in opposité directiqhs. These processés can be used to |
measure the width and asymmetry of thé mode-locked pulSés.” We also
- attempted to observe second-harﬁonic generatiqn‘in cholesteric
liquid crystals. The negative results indicate that the molécular
arrangement of the liquid crystals in azplane perpendiculaf fo the
helical axié has an ovérall inversion symﬁetry.' The.theoretical
discussion in this'papér can bé ekténded to othér typés of média with

periodicity in the optical range.’
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FIGURE CAPTIONS

Fig. 1. Relative ampiitude of the two ciréularly polarized gompqnents

Fig.

6f the two propagating modes in ﬁhe lab fiame as a function of
the reduced ﬁévélength. Here, o = 0.03 and the helical structure
is assumed right-handéd. For a left-hand structure, the ratios are

inverted.

2. Polarization of the normally incident light which feeds ex--

clusively into the two propagating modes in a left-handéd choles—

teric medium with o = 0.03 and € = 2.25. Curves 1 and 2 are for
"+" and h—"'modes respéctively. éy/ex indicates the ratio of the
field components along ¥ and X.

- 1/2 - -

Fig. 3.. (pe )-'l as a function'of the concentration of cholesteryl

- Fig.

chloride in a mixture“containing_equal'amounts of cholesteryl -

oleyl carbonate and chqlesteryl'nonénoate at 20°C and L40°C. A

‘ negative p indigates a left-handed cholesteric structure. Mixtures

'containing.; 80% cholesteryl chloridé are "super=-cooled" iiquid—
crystal mixtﬁres at these temperatures and are unstabié. When
frgshly prepared; they last only for a few minutes béfore‘trans—:
ermingbto_crystals.

L, Vériationvof the'biyefringence factor o as a function of tempera-
ture at 6328 A for fhe mixture of cholesteryi chloride and cholesteryl
myristate (1.75:1 by we;ght)1' The solid ¢urve is a’'smooth fit to

the data points.

Fig. 5. Variation of the inverse pitch (1/p) with.temperature for'the

mixture of cholesteryl chloride and cholesteryl myristate (1}75:1 |

by weight). The experimental uncertainty is % 0.005 um_l. The

solid curve is a smooth fit to the data points.

N o e mrmme e
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Fig. 6. Experimehtal arréngement for'obsérfing:third;hgrmohic génerd-.
tion in cholesteric.liqUid crystgls:-vLF (linear_polafizér); GS
(giass slide); LF (laser aﬁtentuation filter);.L (lens);.LQ (liquid
crystalline sample); WBV(Water'bath);'IF (intgrféfénce'filﬁer at
0.353 um); IP21 (photomultiplier);(/4)A (quarter-wdye plate at
1.06 um); FB (fuchéin dye cell).  Cofniﬁg and Sch8t# glasé filters

are labeled by their catélog numbers.

Fig. TQ Experimental arrangemént for obsef;inéfﬁhase—ﬁAgéhéd‘Eﬁi;d-
harmdnic.generation in cholésteric 1iquid cryétaié requiring thev
simultaneous presence of laser light prop#gating both fofﬁard and
Backward. ‘The two optical péthé.mafked "L" are engl'to ensufe_
overlapping of the piéo—secohd-mode—lbcked pulses iﬁ fhé sémple.

MM (movable mirror); RP (retardatioﬁ piate); REF (referéncevarm for
creating third-harmonic reference signéls).' The unlabeled optical
ICOmponents are the same as in Fig; 6.

.Fig. 8. Phase-matching peaks‘for mode.cémﬁinati§h #12 observed.with a
sample l3b’ﬂm thick. The pesk at the ldwer temperature is generated
by right—qircularly polarized fundamental waves and the one at thé
higher,ﬁemperature by_left—circularly’polarized fundamental waves .

The solid 1ine is fhé theoretical phase-matching curve_and the dots
are experimental'data points. The uncertainty in the ékperimental
third-harmonic inteﬁsity is about 20%. |

Fig. 9. Phase-matching peak.for modevcombiﬁatioh #Q:Qbserved withfa _ :
sample 130 um thick. The cifcles are experihental poihts witﬂ an

uncertainty of 20%. The curve is a smooth fit to the data.
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10. Phase-matching pesk for mode combination #6 observed with e

bsample'lBO'ﬁm thick. The circles are the experimental data and

have about a 20% uncertainty. The solid line is a theoretical
phase~matching curvé, assuming a spectral content of 150 A for
the laser pulseé.

11. Phase-matching peaks'for mode combiﬁation #ll observed with
a sample 130'ﬂm thick. Thé circles are experimental points with:
an uncertainty of 20%. The'curvé is a smOoéh fiﬁ to.thé.dafa,

12. Phase-matching peak for mode combinations #7 and #10

- observed with a sample 130 um thick. The circles are experimental-

points with an uncertainty of 20%.  The curve is a smooth fit to

~ the data.

Fig.

- Fig.

13. Phase-matching pesk for mode combination #3 observed with a

sample 130 um thick. The circles.are experimental points with an

“uncertainty of about 20%. The curve is a smooth fit to the data.

1k, Normalized third-harmonic power vs relative time delay of
the two fundamental laser pulses propagating in opposite directions
in the mixture of Fig. 12 at the phase-matching temperature

29.9°C. The circles are experimental points with an unCertéinty'

of 20%. The solid curve is obtained from theoretical calculation

by assuming that the mode-locked pulses afe made of two half

‘Gaussian curves joined at their maxima,iwith the leading half

5.5 times broader than the lagging half.
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TABLE CAPTIONS

Table I. Mode combinations for possible phase matching of'harmonic

generation assuming E(jw) > E(w>

. The phaSe;mafching cbnditions
are ekpressed in terms of the average wave vectérs ﬁsing the
approximation of Eq. (27) - in the second colgmn, and‘in terms.
of the wave vectors for B;och wavefunctions iﬁ thé thi?d column.
The supérbars indicate'backward propagating modes. For typicél
-chqlgstéric matérials;wi;h‘7£92”=_2.18, £(3w) = 2.30, and.qa = 0103;~—~—
thé ?PPTOXimate'pitches for the varioﬁsvphaéélmatch;ng caéés are
éiven in thé last column.

Tablé IT. Empirical data on the various cholesteric ﬁixtufeé used to
oﬁserve phase-matched third-harmonic'genération‘ Prédicted _
phase-matching pitchés are calcﬁlaﬁéd using Eqs. (6 ) and (26 )i

Table»III. Predicted and observed phéée-matchiﬁg temperatufes and
relative third-harmonic peak intensities iﬁ various éaseé. dp/dT
is the rate of change of pitch with teﬁpératu#e‘at the phase-
matching-temperaturés; A negative pitch indicateé a ieft—handé&
helical structure. | o

Table IV. Various possible contributionsito"the widths of the phaéé_

| ' matéhing peaks fogether with the prediéted and the observéd widths
of'the_peaks. d(Ak)/dp_is the rate of change of the phase mismatch |

- with pitch at ?hase maﬁching.v Gpl, 6p2, 6p3, and Gph for a sémple |
130 pm thick due.respectively to the inherent width, the surfaée
effect. on helical structure,vthe spectral content 6f‘léser pulses;

and the domain structure in the samples.
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Mode Combination for Phase Matching

: (w)=ﬁ (3w)

- (w) g (30)
} 3k O +Q

() 5 (30) 3 )5 (39) 00
(w) k£3w) \
) (30) El;c()w)ﬂ—{(()w):kSw)_Q
(w)_, (3w)
() (w) £3“). 2kéw)+k(w)-k£3w)+2Q
) (30) ?kéw)+ié ) (30) g
(3w) 3kgw)=ké3w)_Q
(30 o
£k£3w)
k(3«») _

Pitch for Phase Matching (um)

0.2k
0.24
0.35
0.35
0.35
0.7

0.69

0.69

0.69

0.70

1.k

191141
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11.

12.

o Predicted Pitch for

Mode Combination for Concentration elw) e(3w)
Phase Matching of €holesteryl ) Phase Matching
Chloride
(00, 0 (30 | | |
0 (%) 2.17+0.01 2.27+0.01  0.027+0.002 -237+2 nm
(w)_=(3w) ' - . ;

3k =k | |

(). (0)_=(3) ,

R, ok k)

kiw)+iiw)+k£“)=if3“) 22 2.18 2,29  0.028 . ~35242 nm

20,5 0)_(30) '

3 (W (30) ‘ 30  2.18 2.30 0,027 -472¢3 nm
- | ; \ _
(w) =(w)_, (3w) |

2k+ +k__ —k+- l

o, . 1

(0,1, (0,5 0) 4 (30 | |

| 40 2.19 2.31 10.030 ~689+5 nm
(), =(w)_, (3w) _

2k,

Eiw)+2k£ )=E£3“) |

oWl (0] o [3w) 48 2.20 2.32 0.030 ~1377#10 nz

3 (@) 5 (30) | 1 219 2.30 0.029 | -17.3%1 u
+ + : : ,0.027 +17.4%1 um

Mixture of 1.75 pgrts of cholesteryl chloride and 1 part of cholesteryl myristate by weight.

Table II

-
3

G-



Mode Combination for ' Predicted Phase- dp Observed Phase- Relative Phase-Matched
Phase Matching Matching Tempera- . 4aT Matching Tempera- Third-Harmonic Intensity
ture ture ’
1. k(@) o (0) £ (3w)
oo T 383 (°C) 0.7 (nm/°C)
2. w(Wg(3w) L 39.5 (°C) 2x10™"
3.0 B Wg(3) . 30.5 ~ 1xa07f
4 kiw)+iiw)+k£w)=if3w) 3242 1.3
5. oW (w) £ (3w) | | | 30.5 3x1073
6. 3k£w)=E£3w> | 38.2t1 3.6 - 38.1 | 1x107"
7. 2k(w)+i(w)=k(3m) - ' ' - 29.9 3><lO“l &
. + - + . N
. )
8. k! )+k£w)+ifw)=k£3w) 30.1%0.6 8.5
PR ORCINER 29.9 1x107?
10. Eiw)+2k£“)=if3w) 31.1#0.6 - 8.5 - 31.2- 31072
. - , ‘ . =
11. 2k£w)+k£w)=k£3w) 33.3%0.3 X 39 33.6 bx10™ &
, ~ o L
o
}_J
(w)_, (3w) 49.4#0.2 ' - 49.3 1
_12’ 3, 0= + . 5k.240.2 6h00. ©o5hk 1.

‘Table TIII



Mode Combination for
Phase Matching

> '3k£w)_gi3w)
3 Eiw ) +2k£w ) =§£3w)
6 3k£“)=if3“)
7 ékiw)d_cfw):ki?’w)
11 2k£w)+E£ )eki3w)
12 3k£w)=ki3w))

110

0.0L

1.3%10°

4h.ox10"

9.5%10"

L.6x10"

S.BX1of

3.3><lo'2

9.1x10"
1fhx1o‘
1.8x10"
2.6x10°
5.3x10_

6.7x10"

1

Table IV

T.5%10"

7.5%10°

7.5%10"

7.5%107~

7.5%10"

T.Sxio'

8x10~

.5Ph

8x10”

TxlO—

7%10~
710~

5x10°

'Predicted
‘Width

feiz
1.3
0.7

0.h4

0.3

Observed
Width

2.8-(°c)

1.0

0.6

0.k

Te9-

T9T-191

REY

=u



LEGAL NOTICE

This report was prepared as an account of work sponsored by the
United States Government. Neither the United States nor the United
States Atomic Energy Commission, nor any of their employees, nor
any of their contractors, subcontractors, or their employees, makes
any warranty, express or implied, or assumes any legal liability or
responsibility for the accuracy, completeness or usefulness of any
information, apparatus, product or process disclosed, or represents
that its use would not infringe privately owned rights.
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