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Abstract: We explore stochastic—fractional Drinfel’d-Sokolov-Wilson (SFDSW) equations for some
wave solutions such as the cross-kink rational wave solution, periodic cross-rational wave solution
and homoclinic breather wave solution. We also examine some M-shaped solutions such as the
M-shaped rational solution, M-shaped rational solution with one and two kink waves. We also
derive the M-shaped interaction with rogue and kink waves and the M-shaped interaction with
periodic and kink waves. This model is used in mathematical physics, surface physics, plasma
physics, population dynamics and applied sciences. Moreover, we also show our results graphically

in different dimensions. We obtain these solutions under some constraint conditions.

Keywords: breathers; periodic cross-kink; homoclinic breather; M-shaped solution; cross-kink ratio-
nal solution
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1. Introduction

Numerous branches of nonlinear science including plasma physics, geochemistry,
solid-state physics, fluid mechanics [1-4], optical fibres, nuclear physics and chemical
physics have been studied through nonlinear evolution equations (NLEEs) [5-8]. The
travelling-wave solution for NLEEs executes a number of analytical and numerical techniques
to get an exact solution for these NLEEs [9-15]. Recently, a variety of external stimulations
including random disturbances have been involved in changing physical systems.

A stochastic differential equation (SDE) is a differential equation that has one or
more stochastic processes as its terms, with the solution being another stochastic process.
SDEs are used to simulate a variety of phenomena, including stock prices and physical
models subject to thermal fluctuating. Consequently, SDEs have emerged and gained
a lot of significance in modelling phenomena in atmospheric science, fluid mechanics,
oceanography, chemistry, physics and biology [16,17].

The fractional derivative models are used for the accurate modelling of those sys-
tems that require an accurate modelling of the damping. The advantages of fractional
derivatives are their flexibility and nonlocality. These derivatives can approximate real
data with a greater flexibility than classical derivatives because they are of fractional order.
Moreover, they consider nonlocality, which classical derivatives are unable to achieve. How-
ever, a number of significant phenomena such as anomalous diffusion, electrochemistry,
acoustics, image processing and electromagnetism are represented by fractional derivative.
Fractional models are more precise than integer models. In general, it is more challenging
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to obtain an exact solution of SDEs with fractional derivatives than classical ones. As a
result, we considered the following SFDSW equations given as [18]:

du + [BrvD¥v]dt = Cudy, 1)
dv + [B2D$ v + BsuD¥ v + ByoD¥uldt = Cody, 2)

where u = u(x,t),v = v(x,t) and B; for j = 1,2,3,4 are nonzero constant. 77 = 7 (t) is the
standard Brownian motion, { is noise strength, and D® is a conformable derivative for
I<w<l

The remaining manuscript is arranged as follows: In Section 2, we explain the proper-
ties and definitions of standard Brownian motion and also discuss Hirota’s bilinear method.
In Section 3, we obtain the wave equation for the SFDSW equation. In Sections 4 and 5,
we introduce the solution for the cross-kink rational solution and periodic cross-rational
solution, respectively; we also examine the homoclinic breather in Section 6, M-shaped
rational wave solution in Section 7, M-shaped rational wave solution with one kink and two
kink waves in Sections 8 and 9, respectively. Moreover, we obtain the M-shaped rational
interaction with rogue and kink waves and the M-shaped rational interaction with periodic
and kink waves in Sections 10 and 11. In Section 12, we address results and discussion.
Section 13 presents the conclusion of the paper.

2. Preliminaries

Now, we discuss the properties and definitions of a conformable derivative and
standard Brownian motion. The definition of a conformable derivative is given as:

Definition 1 ([19]). The conformable derivative with order w of Q : R™ — R is given as:

DYQ(z) = lim QM) Q)

Theorem 1 ([19]). Suppose that Q1, Qs : RT — R are w differential functions,
D (Q1 0 Q2)(2) = 2~ Q5 (%) Qu(Q2(x)).

Some properties of the conformable derivative are given as:
1. D¥[n1Q1(z) + 12Qx(z)] = n1D¥Y Q1 (z) + naD¥ Qo (2), 11, noeR;
2. D¥[z"] = mz™~%, meR,;
3.D¥Q(x) = zl""‘il—g;
4. D¥[K] = 0, K is constant.

Definition 2 ([20]). A stochastic system {3(t)}+>0 is a standard Brownian motion if

1.7(0) =0,

2.7(t), t > 0, is a continuous function of t;

3.71(t1) — 1(t2) is independent for t; < tp;

4. With the variance f; — t; and mean 0, %(¢,) — 77(#1) has a normal distribution.
Lemma 1 ([20]). E(e""(")) = e27** for 4 > 0.

Hirota’s Bilinear Method

Hirota invented a method in 1971 to obtain multisoliton solutions of integrable nonlin-
ear evolution equations. A particularly simple manifestation of multisoliton solutions was
desired, therefore the aim was to convert existing variables into new ones. Hirota’s method
was the quickest to provide results to find soliton solutions [21].
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The standard definition of Hirota’s bilinear operators was first introduced by Hirota as:

0 0 0 0

D{DY (a.B) = (a - g)n(a - @)

Ma(x, B, F) | X = x ¢ = F.

This type of equations can typically be made bilinear by including a new dependent
variable, such as log f or £

3. Wave Transformation for SFDSW

For SFDSW Equations (1) and (2), we use the following wave transformation to build
the wave equation [18]:

u(x,t) = U(v)e(gﬂ(t)*%gzt), v(x,t) = V(v)e@”(t)*%gzt), v= %x“' + ¢t, 3)
where U and V are real functions. Inserting Equation (3) into Equations (1) and (2), we have

du = [pU'dt + Clldry]e(g”(t)*%gzt),
do = [pV'dt + CVdn]e(g”(t)*%gzt),
wau — ule(grl(t)f%gzt)/
DY o = V" e(En(t) =327t )

xxx

By using Equation (4) into Equations (1) and (2), we get

PU’ + BV V'e@(=38) — o, ®)
PV + B V" + ﬁ3uv’e(éfi(t)—%52f) + ﬁ4vu’e(C'7(f)—%§zt) =0, (6)
and we have
oU' + B VV'e 2 E(efy (1)) = 0, @)
V' + V" + [BUV' + BaVU e 2 E (el (1)) = . (®)
Using Lemma 1, we have
U’ +p1VV' =0, )
¢V’ + BV + B3UV’ + BvU = 0. (10)
Integrating Equation (9), we obtain
uz—ﬁvz+c, (11)
¢
where C is a constant. Inserting Equation (11) into Equation (10), and utilizing Equation (9),
we obtain

2¢ ¢

Integrating Equation (12), we have the following wave equation

V' — V34V =0, (13)
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where | = gé—f; + BiBs ang hy = % + % To find the bilinear form of Equation (13), we

substitute the following transformation for various solutions [22]:

V =2(log f)y, (14)

6BsCOf2f + 6Papf?f ) + 12829 f" — 41 Bsf" — 8B1Baf” + 697 f2f' —18Ba¢ff'f". (15)
Now, we study the following wave solution by using Equation (15):

4. Cross-Kink Rational Wave Solution

We use the following ansatz for the cross-kink rational wave [23]:

f=eC14re% + C% + c% + ws, (16)
€1 = WV + wy, Cy = W3V + Wy,
G1 = 111/ + lz.

Substitute Equation (16) into Equation (15). By equating the coefficients of x, te~31v=3%2,
672111/7212/ 67111/712, el]l/+12, 6211V+212, 3311V+312, ez(l]V*Flz)*llV*lz/ 62(11U+12)+l]1/+12 and
e2(hvtla)=2hv =2l zero, we have some values for the wave solution:

w3w
11:0,7,01:— > 4/ (17)
w2
ws = — BsCuw; + B3Cwswy + wigp — 3Pawiw3 + wiwiep — 3Pawiwy
w3(B3C + ¢)

Putting Equation (17) into Equation (16) and by using them Equation (14), we obtain

2 _ l/'(i73'(,{74

W,

V= (18)

. :
B+ elr e+ (wy = BB ) 4 (viog + wy)?

w

Putting Equation (18) into Equation (11) yields

w

nt 2
2 _VLU3LU4

u=— (19)

w

2 2
¢ <E +ebry ek + (wz — %) + (vws + w4)2)
Inserting Equations (18) and (19) into Equation (3), we have

2 WA 2
4p,Cefn() =5 (2w3(A)f%)

M(x, t) = — 27 (20)
¢(E +ebry 4 el 4 (0) + (ws(tp + %) + w4)2)

2eln(H-5' (ZWS(A) _ M)

wo

v(x,t) = (21)

E+ebry+e k4 (0) + (A)?

w
W3 Wy (tlp“l’%)
w3

8]
|

where A = wg(hp—i—%) + wy, O wy, —

ﬁ3(fC)wé7‘B3Cw%w27w‘2‘¢+3‘62w%w§7zu%wﬁ4)+3‘52w§wﬁ
w3(B3C+¢) ’
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5. Periodic Cross-Rational Wave Solution

For periodic cross-rational waves, we utilize the given ansatz [24,25]:

f=c2+c3+rcos(Gy) + rpcosh(Gy) + ws, (22)
a; = wiv + wy, Ay = W3V + Wy,
Gi=hLv+1D, Gy = Lv + 1.

Using Equation (22) into Equation (15) and zeroing the coefficients of x, t cos(l1v + I2),
cos?(liv + ), cosh(lzv + 13),cos(liv + Ip) cosh(lv + I4), cosh?(lsv + 1), sin(liv + L),
sin(lyv + Ip) cos(lyv + Ip), sin(lyv + Ip) cosh(lsv + 1g), sin(lyv + Ip) cos(lyv + Ip) cosh(lzv +
ly),sin(liv  + L)cosh?*(lszv + Iy),sinh(lzv + I),cos(liv + IL)sinh(lzv + ly),
sinh(lzv. + Ii)cosh(lzv 4+ lg),cos(liv + Ip)sinh(lzv + lg)cosh(lsv + lg),
sinh(I3v + I3) cosh?(I3v + 1;) and sinh®(I3v + I3 ), we get some values for the periodic cross-

rational wave solution:
B3C+¢ W3Wy
I3 =4[ — , W = — , 23
3=/ B 1 5 (23)

Putting Equation (23) into Equation (22) and then inserting into Equation (14), we obtain

2 _ I/ZU3ZU4
2 <r2 ﬂs(_ﬁ# sinh(¢) — lyrysin(liv +1p) — Tt (wul =2 ) + 2ws (vws + w4)>
V= 5 (24)
rpcosh() + ry cos(liv + 1) + (wz - %) + (vws + w4)? + ws
Inserting Equation (24) into Equation (11) yields
c Dwywy (wz_ vwgwy > 2
4B1C| 12 ﬁf“(_ﬁ% sinh(¢) — lyry sin(lv + 1) — w—2w2 + 2ws (vws + wy)
¢ <r2 cosh(¢) +ry cos(lhv+1p) + (wz - %) + (vws + wy)? + w5)
_ B3(=C)—¢
where ¢ = v/ FEp— + 1y
Substituting Equations (24) and (25) into Equation (3), we get
) 2
4B,Cefn -5 <r2 BT sinh(@1) — 7y sin(@;) — 22t +2w3(¢)>
u(x, t) = 5 , (26)

<p(r2 cosh(®1) 4 r1 cos(©7) + (A)2 + (1,17)2 + w5)

2
200105 <r2 W sinh(©®7) — I17r1 sin(@,) — %ﬁ(/\) + 2w3(¢)>

U(x’ t) N ) COSh(@)l) +n COS(@z) + (/\)2 + (1,0)2 + ws ’ @7)

xw
W3Wy (ttp*‘r 7)
wa

where ©; = W(m& %) 11,0, = ll(t<p+ %) Tl A = wy —
and ¢ = w3(t¢ + %) + wy.
6. Homoclinic Breather Wave Solution

For homoclinic breather pulses, we use the following ansatz [26,27]:

f=e whvth) 4y el(@sv+ws) 4y, cos(wy (Isv 4 1g)). (28)
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Putting Equation (28) into Equation (15), and setting the coefficients of x, ¢, e~ 3wlhvth),
ew(l3v+l4)72w(llv+lz)’ eZzu(l3v+l4)7w(llv+lz), e3w(l3u+l4), 672w(llv+lz) cos(w1 (151/ + 16) ,
COS(wl(l51/ + 16))ew(13v+l4)—w(llv+lz), p2w(l3v+ly) cos(wl (151/ =+ 16)),(3_w(llv+12)
cos?(wi(lsv  + 1)), 60V H) cos?(wy (v 4+ 1)), e 2V +h) sin(wy (Isv -+ Ig)),
Sin(wl (151/ + 16))ew(l3v+l4)7w(llv+lz) e2w(l3v+ly) sm(w1 (151/ + )),
e~ w(hv+th) sin(wl(l5v + 16)) cos(wl(l51/ + 16)) ew(lsvtly) sm(w1 (l51/ + 16)) cos(w1 (151/ + 16))/
e~ 20(hvth) cos (1w, (Isv + lg)), cos(wq (Isv + 16)) w(lv+ly)—w(hv+h)
cos(wi (v +  Ig))evlvtl)—wlhvth) sin(w (lsy 4+ Ig)) cos?(wy(lsv  + )),
e~ v +h) sin? (w; (Isv + Ig)) and e?(5v+4) sin?(w; (Isv + Ig)) to zero, we obtain the fol-
lowing for the homoclinic breather wave solution:

[ 4B;C14g [ 2B;C+2¢
_ V- 3,52 VvV 3/52
13—0,11—7, ZS—T
1

Using Equation (29) into Equation (28) and then using into Equation (14), we have

(29)

1P %
—w(ﬁw) ) —ZB%C 2
V= V\/m . (30)
—w <wﬁ2+lz) vil *M%C*N’
e + rpcos | wq TZ + g + rqelaw
Inserting Equation (30) into Equation (11) yields
( —4p3C—4¢ 2
—w ﬁsz) . [2B3C=20
—4B;C—4 ¢ —2B3C—2¢ _.  h
4B1C —,/%e —rz,/ﬁ;z"’sm(wl (wf+l6>)
u=-— = 5 . (31)
Y A —26,C—2¢
w v 7’32
Ple +racos| wy | ——5——+I + rpelaw

Inserting Equation (30) into Equation (31) and then into Equation (3), we get the
solution for Y and ¥,

_ _ _ _ . 2
u(x,t) = 105" 10— e [ sin () ( x“’)

A Liw)? t¢+U !
P (eM + 1 cos(Q) + rielst)

(32)

2005 (— [Ty, [FBE () )

b)) = 33
v(x,1) eM + 15 cos(Q)) + ryelsw %

[ 2B3C=2 0 [ Z4B3C—4¢ P
whereQ=w1< e (t¢+w) +le) and)\:—w< P2 (t¢+w> —i—lz).

wq w
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7. M-Shaped Rational Wave Solution

For the M-shaped rational wave solution, we use the following transformation [28]:

f=c+c+uws, (34)
1 = w1V + wy, Cy = W3V + wy.

Using Equation (34) into Equation (15), we get the following values for the solution:

3B3Cw3¢ + 3wie? — 4P1P3w3 — 8B1Paw3 + 3132w3¢
3(¢(B3C +¢))

Using Equation (35) into Equation (34) and then inserting into Equation (14), we get

ZU1:0, ZU4:0, W5 = — (35)

2
4vw3

3133Cw2¢+3wz¢2 4p1 B3wi—8P1 Bawi+3Prwie
3¢(B3C+¢)

V =

(36)

+ w2 + 12w
By using Equation (36) into Equation (11), we have

161 Cv*wj
2
4,( aCuhpsSuly” 4P, Pord 8 PR OPRY | 2 2y )

u=— (37)

3p(B3C+¢)

Substituting Equation (36) into Equation (37) and then into Equation (3), we have the
solution for Y and V¥,

2
168, Cwet1) =" (tp + X
u(x, t) = — Freuse ( i ) (38)

27
3B3Cwap+3wig?—4B1 B3wi—8 w2+3Bwi¢
4’( S 3¢(k§C3 = PR OREE 1w (19 + 55 +w%>

2 w
4w%e§'7(t)_% (t(,b + %)

3B3Cwip+3wid? —4B1 B3w3 —8B1 Bawi+3Bowie 5
- S e+

v(x,t) =

(39)

2
o) e

8. M-Shaped Rational Wave Solution with One Kink Wave

For an M-shaped rational wave solution with one kink wave, we assume the following

£ [291:
f= c% + c% + 1151 + ws, (40)
1 = WV + wsy, Cp = W3V + Wy,
G =hLv+1D.
Using Equation (40) into Equation (15) and setting the coefficients of x, t, e31V+3%2, ¢2hv+2D

and eVt to zero, we have some values for the wave solution:

BCro W/~ 5 (4813 + 8F1Ps — 9pap) "
TR T 5(9(pC + ) @

w1 20,11 =
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Evaluating Equation (41) into Equation (40) and then putting the result into
Equation (14), we have

B3(-C)=¢ , & (4B1P5+861B1—9p29)
1 W@V\/T+2+ZW3 \/7 o S + vws

15¢(B3C+¢)
V= - L (@2)
v B8y, (s [ BRCE (4py 86154 ~9pa9) ,
rie + 156(B3C19) +vws | +w;+ws

Substituting Equation (42) into Equation (11), we get

2
[B3(-C)=¢ B3Oy 8B184—9
“C)—¢ V +1 w3 5y (4B1B3+8B1B4—9P2¢)
4B,C r“/iﬁﬂ ﬁz) e b2 + 2ws 2 590505 9) + vws
u=- 5 . (43)
v %ﬂﬂz w34/ ﬂ3(75?7¢ (4B1B3+8B1B1—9B29) )
¢|re 2 + 54(B:C+) +vws | +w; + ws
Evaluating Equations (42) and (43) into Equation (3), we obtain the solutions given below
2
t +l
4B, Cef1 =57 [ gy, [BAEC20 C (05 * 4 2ws(1T)
u(x,t) = — 5 , (44)
BaCO0 (11 20 ) 4
¢ reV (to+) * (1) + w} + ws

205 [y ECTEN 0 (94 5) 0y

v(x,f) = , (45)

B3(-C)—¢ ¢ +ﬂ +1
reV P2 (t+5) 2+(H)2+w%+w5
w3 \/@(451.33‘*‘8[3154_9‘624)) x
where IT = 15¢(B3C+9) s <t¢ * ?)

9. M-Shaped Rational Wave Solution with Two Kink Waves

For the M-shaped rational wave solution with two kink waves, we assume the follow-
ing ansatz [30]:

f= c% + C% + 71601 + 12202 + ws, (46)
1 = WV +wy, Cy = W3V + Wy,
G =hv+1, Gy =lv+14.

Inserting Equation (46) into Equation (15) and setting the coefficients of
X, t, 6311V+312, 6211V+2[2, 611V+12I

6313V+314, 6213V+214’ el31/+l4, 8211V+212+13V+l4/ el]V+12+2l3V+214, el]l/+lz+l3v+l4 to zero, we get some

values for the wave solution:

B3Cw3 + 3B3Cw3 + wip — 3Paw3 + 3w44)

13:0,w1:0,w5— lBgC-i-(P

(47)
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Putting Equation (47) into Equation (46) and then inserting into Equation (14), we get

2(llrle’1”12 + 2ws (vws + w4))

V= B3(—C)w3—3B3Cw? —wip-+3Brws —3wi¢ (48)
e S eV th o eliry + Wl + (vwos + wy)?
Inserting Equation (48) into Equation (11) yields
2
4p1C (111'16111’“2 + 2wz (vws + w4))
u=— 5 (49)

3-3wi¢ hvtly o ol 2 2
+ rieltvth 4 elary + w3 + (vws 4 wy)

B3(—C)w3—3B3Cwl —wip+3Pow
¢ BaCTo

Then, putting Equations (48) and (49) into Equation (3), we obtain

@ 2
4[31Ceg'7(t)_% <llrlell (t¢+7)+lz + 2w3 (ZU3 (t¢ + %) + w4>)
u(x,t) = — (50)

2/
_ 2 2,2 2 7.2 xw w
<p( B0 SsCo s SO0 gy (0 E) e - elary 4 (w3 (09 + 22) +04)” + w§>

2@@7(07% (llrlell (t¢+%>+lz + 2ws (ZU3 (t(P + %) + ZU4)>

B3 (—C)w3—3B3Cwl —wip+3Prwi—
BaC+¢

v(x,t) = (51)

2 xw w
P 4y (915 elayy 4 (ws (b + 22) + wy)” + wd

10. M-Shaped Interaction with Rogue and Kink Waves

For the M-shaped interaction with rogue and kink waves, we assume the following

£ 129]:
f =+ + +r1cosh(Gy) +rae® + ws, (52)
1 = WV + wsy, Cy = W3V + Wy,
Gi=hLhv+1, Gy = lZv+ 1.

By using Equation (52) into Equation (15) and setting the coefficients of x, t, ¢35V +3l,

e2vt2l - plsvtls cosh(liv + Ip),cosh(liv 4 L), eV cosh(liv + ), cosh?(liv + 1),
sinh(liv + I), €23V 2asinh(liv + L), eV sinh(liv + 1), sinh(ljv + ) cosh(lv + 1),
sinh(ljv + 1) cosh?(liv 4 1), eBV+4 sinh? (v + 1), sinh? (v 4 1) and sinh®(Lv 4 1) to
zero, we are left with some values for the wave solution:

o [BCre  ws(#ips—9pa9)\/ -
w1 =0 S TR B ) 9

Putting Equation (53) into Equation (52) and then into Equation (14), we have the solution

[B3(-O)—v
2(§ev o +2(x)(A+w3) + iy sinh(lll/—i-lz))

V= , (54)
‘4 (x)* + r1 cosh(l1v + ) + w3 + ws
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1% B3(-C)—v +l4
4B,C| e b2 +2(x) (A 4 w3) + Iry sinh(ljv + 1)

U= - 2 (55)

/33(;?*1/ 1l

¢ | rae + ()()2+r1 cosh(liv + Ip) + w + ws

C)—v

Ba(=
B /33( w3 (4p13—9f2v)\ | =5, B
where ¢ = 12| 4/ 2/3 \/ﬂs 50(B2C+7) +vws and A =

ws (41 B3 —9p2v) V ﬂ3(;§)—v _ w3 (4B183—9Bav) B w3(4p183—9B2v) 4/ = 7& 5 3Bws 7‘63(;?71/

T512(BaC+v) 30B20(BsC-+v) \/%(;s)—u 150(B3C+v)? T T 5u(BsCH)

Evaluating Equations (54) and (55) into Equation (3), we obtain

2
2 e
4ﬁ1Ce€’7(t)_% 2| 4/ —BsC t(pf g e* +2(T — A) (o) + I1r1 sinh(8)
( t) 28> \/ B3C— t<l)*f 56
u(x, t) = — 5 ,
4)(1’2(3)‘ + ()% + 1 cosh(8) + w2 + w5)
2 W <
2e§’7(t)—% s —ﬂscl—gif/’—j \/t¢+c — W) +2(F+A)(Q) + I Sinh(G)
2:52 B B2 —
v(x,t) = , 57
() rae@ + (0)* 4 1 cosh(8) + w3 + ws &7
—B3C—tp— w 4 9 to+2E— w
where g = 2V 15(f¢+ )<(Z;iit¢i2<¢) =) +ws(tp+5),0=h(tp+ %) + 1y,
o w3 (46185962 (19+22 ) ) oy %(jﬁlﬁwﬁz(w%))
30ﬁ2(t¢+%)(ﬁ3c+t¢+%)\/7’ﬁ3cgi¢’% 15(t9+5) " (BaC o+
PO s oo o= N e s Cw
B 15(t¢+%)(ﬁ3c+t¢+%)2 5(tp+2 ) (BaCHip+2) 3

= (tp+ %)\/7753%?’% +1y.

11. M-Shaped Interaction with Periodic and Kink Waves

For the M-shaped interaction with periodic and kink waves, we use the given transfor-
mation [31-33]:

f=c2+3+ +r1cos(Gy) + 122 + ws, (58)
1 = WV + wsy, Cy = W3V + Wy,
G =hv+1y, Gy =lv+1y.

By using Equation (58) into Equation (15) and by comparing the coefficients of
x, b,V 3 p2lvt2y olvtls cos(liy 4+ b)),V thcos(liv 4+ D),cos?(liv + L),
bVl cos? (liv + ), X3V 2l sin (v + 1), sin(lyv + 1), €3V sin(ljv + 1), eV sin(lv +
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1) cos(lyv + Ip),sin(ljv + Io) cos(liv + 1), sin(liv 4 ) cos?(lyv + 1) and  sin®(ljv + o),
we get some values for the wave solution:

w3w.
13:0,w1:— 574

o (59)
2
_ BsCwj + BsCwiw? + wi¢p — 3Bawiw3 + wawid — 3Brwiw?

a w3 (BsC + )

After inserting Equation (59) into Equation (58) and then inserting into Equation (14),
we get

vy w,
—wi—wiw? wa(wf34
W5 —WHWy 3Wa | W2

_ 7 _ . _ wr >

2( G T ey —hrsin(hv +h) T 2wslvest w4>>

V= 5 , (60)
+r1cos(liv +Ip) + elary + (wz — %) + (vws + wy)?

w2

i
w%(ﬁ3C+v)

VZU3 ZU4

b 202 2uw3w, (wf
W, — W5 Wy 3W4 (W2

2
4p1C <— AEcrr T @y — sin( +h) - w—ZZ) +2ws (vews + w4)>

u=-

, (61)
2 2
o (i +rrcostuv-+ ) ebra - (1n = 2520) s+

where v = B3(—C)wj — BsCwiw? — vws + 3pawsw? — vwiw? + 3Bawiw?.

By putting Equations (60) and (61), we have the following solutions

w2 (B3C+t +% : wz(ﬁSCJFt‘PJF%) w2
u(x, t) = — EpsCre ) : , (62)

2
(P(uzg(;s3c+gt<p+~*‘") +ricos(@) +eliry + ()° + (K)2>

2
2 4 92 9
4[31Ceg’7(t)_% (— - + D% i1y sin(@) — Zugwa(y) 4 2w3(1<)>

4 2,2
2681075 | — : I o S AR e UL C) NP S
(x,1) ( wi(paCripriy )’ wE(BCHPTT) risin(@) = =, 3(x) o
v(x, t) =
’ - ¢ I 2 2 ’
w3 (BsCt+tp+%)) +r1cos(@) + ety + () + (k)

where ¢ = B3(—C)wj — B3Cwiw] — wh (tgb + %) —wiw? (t(/) + %) + 3Bwiw3 + 3Brwiw?,
w w3w. t¢+% w
@ = ll(t<p+%> +12,¢:w2—34g02)andxzw3(t¢+’;) + wy.

12. Results and Discussion

Some researchers worked on the governing model such as Askar et al., who used the
(G’'/G)-expansion method to find exact solutions for the fractional-stochastic Drinfel’d—
Sokolov-Wilson equations [18]. Qin and Yan worked on the applications of the coupled
Drinfel’d-Sokolov-Wilson equation and also used an improved F-expansion method to
find exact doubly periodic solutions in terms of the rational formal Jacobi elliptic function
of nonlinear partial differential equations [34].

By selecting the appropriate values for the parameter, we were able to generate the
desired types of solution that indicated a wave discrepancy. In Figures 1-28, we presented
3D, 2D, contour plots, respectively. In Figure 1, the M and W shape waves appeared with
bright and dark faces. In Figure 2, we obtained a bright face and after some time, bright-
dark faces appeared; in Figures 3 and 4, we represented 2D and contour plots of this wave
solution by using the values fp = 0.2, 63 = 3.5, = 0,I = 0.03,Q = 5,7 =25,w; =5,
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w3 = 0.3,wy = 0.9, w = 0.1 and ¢ = 1.7. According to Equation (26) and Equation (27),
the periodic waves produced in Figures 5-8 varied in amplitude. In Figures 9-11, we can
see one stripe soliton propagating at different times. The MSR solution was shown in
Figures 12-16, where M-shaped waves appeared with bright-dark faces. In Figures 17a
and 18a, one kink wave appeared and after some time, that one kink wave changed into the
M-shaped wave shown in Figures 17b and 18b for Equation (44) and the remaining figures
for that solution showed the 2D and contour plots. The MSR solution with two kink waves
in Figures 19-21 with bright and dark faces was derived from Equations (50) and (51).
For Equations (56) and (57) and Equations (62) and (63), the M-shaped interactions with
RK and PK with some M-shaped dark and bright faces are shown in Figures 22-28.

(d)w =05

(e)w =028 f)w=05

Figure 1. Show the behaviour of u(x, ) in Equation (20), it is presented with 1 = 3.5, B, = 0.2,
B3=150=01,=03 Q=21 =15 wy =25w3 =73, wgy =19and ¢ =4.7. (ab) shows 3D
graphs presenting bright and dark faces for w = 0.8 and w = 0.5 respectively, (c,d) show 2D graphs
for bright and dark faces for w = 0.8 and w = 0.5 respectively. (e f) show contour graphs for bright
and dark faces for w = 0.8 and w = 0.5 respectively.
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0

(a)w =20 (b) w =5.0 (c)w=70

Figure 2. (a—c) show three-dimensional plots.

A
34

0.
/
033
0.3

(@) w =20 (b) w =5.0 (c)w=70
Figure 4. Graphical demonstration of the two-dimensional and three-dimensional representations and
contour of solution v(x, t) in Equation (21) with 8; = 0.2, 83 =3.5,{ =0,1; = 0.03,Q = 5,1 = 2.5,
wy =5,w3 =0.3,wy = 0.9, and ¢ = 1.7. (a—c) show contour graphs.

-3

(), w=3 d),w =06
Figure 5. (a,b) show 3D plots and (c,d) show two-dimensional plots
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I I R
4 ;:‘t 4 E
o -
L :
= <
T T e R R R
(a) w =3.0 (b) w =0.6

Figure 6. (a,b) show contour plots. The graphical behaviour of u(x,t) in Equation (26) is pre-
sented with ﬁl = 0.3, ,32 = 0.2, ﬁg = 0.5, ﬁ4 =04,7=01; =031, =01,l4y =45,l5 = —0.5,
Q=121 =251 =32,w; =02 w3 =31, wy =15 ws =5and ¢ = 1.4.

(d) w = 0.6

Figure 7. (a,b) show three-dimensional plots and (c,d) show two-dimensional plots.
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1.5 15F

1.0} Lo

05} 03t

0.0F

~1.0f ~1.0f

-1.3 L 4 —1.5 P : mrarall
-15-10-05 00 05 10 15 -1 -5 1] 5 10

(a)w=3.0 (b) w = 0.6

Figure 8. Graphical demonstration of solution v(x,t) in Equation (27) presented with
B1=03,B2=02 B3 = 05,8, = 004, = 0,1; = 01,1, = 001, = 44,15 = 05Q = 12,
ry =25, =3.2,wy = 0.02,w3 = 3.1, wy = 1.5,w5 = 5and ¢ = 1.4. (a,b) show contour plots for var-
ious values of w.

- 500
- 1000

-1500

—500

— A —
e S e
p— - - " o —— — — =
= - = = — \_‘ —_—— — — =
- = — : el NS : —— = —
N — b= — — —
= = = = —— A — — —
—_ — = T : 2509/~ : - - - -
-5 -4 ) ) 2 4 6
(© w =20 (d) w = 0.04

Figure 9. (a,b) show 3D plots and (c,d) show 2D plots.
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I 1IN
| _____.,-r-"" H""-\.___\____
S e 123 s 4 2 02 s s
@w=20 (b) w = 0.04

Figure 10. Dynamical behaviour of u(x,t) in Equation (32) presented with 1 =12, B, = 0.2,
Bs =35, =01, =031y =42, = 1.6,Q = 05,11 = 1.5,r, = 2.5,w = 3,w; = 2.5,and ¢ = 1.3.
(a,b) show contour plots for various values of w.

SIS
1k

1 \“\‘1 '
» | | ] NN T
| ¥ | ! \‘l‘ ‘|\ \“
10 | bf | L ‘\\0‘*‘.\\ A
LN ] L N B W [ 01T U A POV LA T VR AT
-2 -1 ’\J 1 N2 ‘_z\| z 141‘ e '|] J‘ AIIE 1‘ W‘V I‘| || k]
!m s | ‘|\ ").l “| II

l | | L el

I | L INNNIENANERANE
T T T T s Y AR NS ERRAR:3ERRARARA N RN

-0.4 -0.2 0.0 0.2 0.4

(g) w = —0.04

(h) 1.0

(i) w = 0.04

Figure 11. (a—c) show 3D graphs. Dynamical representation of solution v(x, t) in Equation (33) with
B2 =02,83 =235=0,1,b=003,Q =571 =25w, =5w3 =03,wy =0.9,¢ = 1.7. (df) show
2D plots and (g—i) represent contour graphs for various values of w.
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(@ w=01 (b)w =106

Figure 12. (a,b) show 3D plots.

(c)w=0.1 (d)w=0.6

Figure 13. Dynamical behaviour of u(x,t) in Equation (38) presented with f; = 0.3, = 2.2,
B3 =05pB4=54=00Q=2w, =11,w3 =32and ¢ = 1.4. (a,b) show 2D plots and (c,d) repre-
sent contour plots for different values of w.

0
H

@w=-15 b)w=1.0

Figure 14. (a—c) show 3D plots.
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@w=-15

Figure 15. (a—c) show 2D plots.

T T T 4T T T T T L

s

-1

o

18

(@Qyw=-15

-4

(b)w =10

(c)w=1>5

Figure 16. Behaviour of v(x, t) in Equation (39) presented with f; = 1.3,8, = 0.2, 3 = 15,84, = 0.4,
(=0,Q=52w, =01,w3 =3 and ¢ = 1.4. (a—c) show contour graphs for various values of w.

1 p)
VN I

(c)w =038

")
-

|

=3

|

.

|

ba |
=)
")
-

n

" = [
(e) w=10.8 f)w =20

Figure 17. Dynamical demonstration of u(x, t) in Equation (44) presented with 1 = 1.3,8, = 0.2,

B3=35p4=04,0=0,1p=01,15=050Q=327r =25wy =2,w3 =35ws =15 and ¢ =54.

(a,b) show 3D graph of lump wave, (c,d) represent 2D graph and (e,f) show contour plot.
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. .
0F . . ; ; ; -
4F
13 4
2l
(
o # . A
3 \
-2
-5k
—4t
: : . : : -10h, : : : : d
-4 -2 [1] 2 4 -15 -10 -3 [1] 5 10 15
(e)w =106 Hw=15

Figure 18. Dynamical behaviour of v(x,t) in Equation (45) represented via f; = 0.3, o = 0.2,
By = 05,84 =004, = 0,1, = 001,15 = 05Q = 1.2,r; = 2.5,w, = 0.02,w3 = 3.1, and ¢ = 1.4.
(a,b) show 3D graph of lump wave, (c,d) represent 2D graph and (e,f) show contour plot for different
values of w.

-5 x
0.3 -2 0 2

_sp000 ~00 000
-0 000
- 20000 -400 000
- 00000

0 - 04 02 0o -0

raa— - T
| n -
I ,5;j\ \

——
\ P
(QQw=15 (d) w=3.5
Figure 19. (a,b) show 3D plots and (c,d) show 2D plots.
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@w=15 (b)w =35

Figure 20. Dynamical demonstration of u(x, t) in Equation (50) presented with 1 = 15,8, = 0.2,
Bs = 05,0 = 0,1; = 11,1, = 0.1,1; = 05,Q = 12,11 = 25,7, = 0.12,w, = 0.2,w3 = 0.03,
wy = 3.1 and ¢ = 1.4. (a,b) show contour plots for different w.

H
4o-z 0 3%

(a) w = 0.09 (b) w = 0.04

22015 . “ \

22010 | \

2.2005 | ~
| — —_ —
|
I
I
|

(c) w = 0.09 (d) w = 0.04

-3 -2 -1 0 1 2 3 -1 -5 1] 5 10
() w = 0.09 (f) w = 0.04

Figure 21. Graphical representation of solution v(x, t) in Equation (51) with B, = 0.2, 83 = 0.5, =0,
I =11, =001, =05,Q =12,r =25, = 0.12,w; = 0.02,w3 = 0.03,ws = 3.1,and ¢ = 1.4.
(a,b) show 3D graph of lump wave, (c,d) represent 2D graph and (e,f) show contour plot.
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"1,

-4 -2 )

(e) w=0.1 f)w=0.8

=]
a

Figure 22. Graphical demonstration of u(x, t) in Equation (56) presented with 1 = 0.3, 5, = 1.2,
By = 05,0 = 0,l; = —1.8,1, = 0.05,1; = 001,Q = 52,7, = 25,1, = 13,wp = 0.1, w3 = 3,
wy = 1.9,ws = 1.2 and ¢ = 1.4. (a,b) show 3D graph, (c,d) represent 2D graph and (e,f) show
contour plot.

(@) w=0.1 (b) w =0.8

Figure 23. Cont.
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10F o GF7 T TT T T T T T T T T T
4_
3 -
g -
of 4 of
-5 i i
i _al
. rh..th‘d-';_& |
=10k X e r
-5 -0 -5 [ 5 0 15 -15 -0 -5 [} 5 w15
(e)w=0.1 flw =08

Figure 23. (a,b) show 3D graphs and (c,d) represent 2D graph. Dynamical presentation of solution
v(x,t) in Equation (57) with f1 =0.3,8, =1.2,83 =05, = 0,l; = —1.8,I = 0.05,l; = 0.01,
Q=52r=25rmn=13w =01,w; =3,wy =19, ws = 1.2 and ¢ = 1.4. (e f) show contour plot.

(@ w=45

(@ w=45

Figure 25. Cont.
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-3

-0.2 o 0o ol (¥ -04  -02 00 02 04
(c)w =45 (d)w =25

Figure 25. Graphical presentation of u(x, t) in Equation (62) presented with f; = 0.5,8, = 1.2,

/33 = 25,€ = O,ll = 3,12 = 0.1,14 = 2,Q = 5,7’1 = 1.5,7’2 = 3.1,w2 = 1.1,ZU3 = 2.3,ZU4 = 0.9 and

¢ = 1.2. (a,b) show 2D plot and (c,d) show contour graph.

t
H 0 -3 0

(@Qyw=04 (b) w=0.1
Figure 26. (a,b) show 3D plots.

/I

(@Qw=04
Figure 27. (a,b) show 2D plots.
1|:|_I r r . . r L§_I T TT T T T T TTrTTT T T
4 -
st ]
] ] e
_s| ] (
Y —4l
|
) . -H”."‘-":-‘,_ . |
~lobn . . . R 5 . . F . . ]
-15 -0 -5 0 5w 15 -5 -1 -5 0 5 10 I3
(@Qyw =04 (b) 0.1

Figure 28. Dynamical presentation of solution v(x,t) in Equation (63) with f, = 0.2,83 = 3.5,
7=0,1; =003, =001,13 =2,Q =57 =45, =21, w, = 0.1, w3 = 43,wy = 1.9and ¢ = 1.2.
(a,b) show contour plot.
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13. Conclusions

In this paper, we explored some wave solutions for stochastic—fractional Drinfel’d—
Sokolov-Wilson. These equations are used in applied sciences, plasma physics, population
dynamics, surface physics and mathematical physics. The obtained solutions were better
and more useful and efficient for understanding a variety of significant physical phenomena.
We acquired different types of solutions such as the periodic cross-rational wave solution,
cross-kink rational wave solution, homoclinic breather wave solution, M-shaped rational
wave solution, M-shaped rational wave solution with one kink wave, M-shaped rational
wave solution with two kink waves, M-shaped interaction with rogue and kink waves,
M-shaped interaction with periodic and kink waves. We also represented these wave
solutions graphically.
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