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We present results for �-decay half-lives based on a new recipe for calculation of phase space factors recently introduced. Our
study includes ��-shell and heavier nuclei of experimental and astrophysical interests.
e investigation of the kinematics of some�-decay half-lives is presented, and new phase space factor values are compared with those obtained with previous theoretical
approximations. Accurate calculation of nuclearmatrix elements is a prerequisite for reliable computation of �-decay half-lives and
is not the subject of this paper.
is paper explores if improvements in calculating the�-decay half-lives can be obtained when using
a given set of nuclear matrix elements and employing the new values of the phase space factors. Although the largest uncertainty
in half-lives computations come from the nuclear matrix elements, introduction of the new values of the phase space factors may
improve the comparison with experiment. 
e new half-lives are systematically larger than previous calculations and may have
interesting consequences for calculation of stellar rates.

1. Introduction


e precise knowledge of the �-decay rates represents an
important ingredient for understanding the nuclear structure
as well as the astrophysical processes like presupernova
evolution of massive stars, nucleosynthesis (s-, p-, r-, rp-)
processes, etc. [1–3]). 
at is why the calculation of the�-decay half-lives in agreement with experimental results
has been a challenging problem for nuclear theorists [4–
8]. 
eoretically, the half-life formulas for �-decay can be
expressed as a product of nuclear matrix elements (NMEs),
involving the nuclear structure of the decaying parent and
of the daughter nuclei, and the phase space factors (PSFs)
that take into account the distortion of the electron wave
function by the nuclear Coulomb �eld. Hence, for a precise
calculation of the�-decay half-lives, an accurate computation
of both these quantities is needed. 
e largest uncertainties
come from the NME computation. In literature one can
�nd dierent calculations of the NMEs for �-decay, realized

for dierent types of transitions and �nal states, and with
dierent theoretical models (e.g., based on gross theory [9],
QRPA approaches [2, 5–8, 10–14], and shell model [15]). We
would not be discussing calculation of NMEs in this paper.
Until recently the PSFs were considered to be calculated
with enough precision and, consequently, not much attention
was paid to a more rigorous calculation of them. However,
recently we recomputed the PSFs for positron decay and
electron capture (EC) processes for 28 nuclei of astrophysical
interest, using a numerical approach [16]. We solved the
Dirac equation (getting exact electron wave functions) with
a nuclear potential derived from a realistic proton density
distribution in the nucleus. We also included the screening
eects. 
e new recipe for calculation can easily be extended
to any arbitrarily heavy nuclei.

Accurate estimates of half-lives of neutron-rich nuclei
have gained much interest in the recent past.
is is primarily
because of their key role in �-process nucleosynthesis. Simi-
larly, precise value of �-decay half-lives of proton-rich nuclei

Hindawi
Advances in High Energy Physics
Volume 2019, Article ID 5783618, 16 pages
https://doi.org/10.1155/2019/5783618

http://orcid.org/0000-0003-4632-7327
https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1155/2019/5783618


2 Advances in High Energy Physics

is a prerequisite for solving many astrophysical problems.
In this paper, we study the eect of introducing the new
PSF values, obtained with our recently introduced recipe
[16] on the calculation of �-decay half-lives. We also extend
here our previous PSF calculations (of positron decay and
EC reactions) to include �-decay reactions. In order to
complete the calculation of �-decay half-lives, we calculate
the set of NMEs using the proton-neutron quasi-particle
random phase approximation model in deformed basis and
a schematic separable potential both in particle-particle and
particle-hole channels. Other nuclear models and a set of
improved input parameters may result in a better calculation
of NMEs. However this improvement is not under the scope
of current paper. We calculate both Gamow-Teller and Fermi
transitions to ground and excited states, for medium and
heavy nuclei of interest. We present �rst an investigation
of the kinematics of �-decay half-lives and our PSF values
are compared with those obtained with previous theoretical
approximations. Later the newly computed half-lives are
compared with other previous theoretical predictions and
experimental data. We investigate if our new PSF values lead
to any improvement in the calculated �-decay half-life values.
Our present studymay be extended to investigate the eect of
the new PSF values on stellar decay rates, which we take as a
future assignment.


is paper is organized in the following format. Section 2
describes the essential formalism for the calculation of PSFs
and �-decay half-lives. We present our results in Section 3
where we also make a comparison of the current calculations
with experimental data and previous calculation [17]. We
conclude �nally in Section 4.

2. Formalism

2.1. Half-Life Calculation. �-decay half-lives can be calcu-
lated as a sum over all transition probabilities to the daughter
nucleus states through excitation energies lying within theQ�
value

�1/2 = ( ∑
0≤��≤��

1	�)
−1

, (1)

where the partial half-lives (PHL), 	�, can be calculated using

	�
= �
(�/V)2 �� (�, �, �) ��	 (��) + �
 (�, �, �) �� (��) .

(2)

In (2) value of C was taken as 6143 s [18] and �, V
are axial-vector and vector coupling constants of the weak
interaction, respectively, having �/V= -1.2694 [19], while�� is the �nal state energy. � = �� − �� where �� is the
window accessible to either �+-, �−-, or EC decay. ��/
 are
the PSFs. ��	 and �� are the reduced transition probabilities

for Gamow-Teller and Fermi transitions, respectively, and
expressed as

�� (��) = 12�� + 1 ����⟨� ���������� �⟩����2 , (3)

��	 (��) = 12�� + 1 ����⟨� ������	���� �⟩����2 (4)

In (3) and (4), �� denotes the spin of the parent state,��
and��	 are the Fermi and Gamow-Teller transition opera-
tors, respectively. Detailed calculation of theNMEswithin the
proton-neutron quasi-particle random phase approximation
(pn-QRPA) formalism may be found in [7, 8].

In this paper the NMEs calculation was performed using
the pn-QRPAmodel. We used the Nilsson model [20] to cal-
culate single particle energies andwave functions which takes
into account the nuclear deformation. Pairing correlations
were tackled using the BCS approach.We considered proton-
neutron residual interaction in two channels, namely, the
particle-particle and the particle-hole interactions. Separable
forms were chosen for these interactions and were character-
ized by interaction constants � for particle-particle and � for
particle-hole interactions. Here, we used the same range for� and � as was discussed in [7, 8]. Deformation parameter
values �2 for all cases were taken from Ref. [21]. For pairing

gaps we used a global approach Δ  = Δ� = 12/√� [MeV]. A
large model space up to 7ℏ# was incorporated in our model
to perform half-lives calculations for heavy nuclei considered
in this paper.

2.2. Phase Space Factors Calculation

2.2.1. Phase Space Factors for �+/�− Transitions. 
e formal-
ism for the PSF calculation for �+/�− allowed transitions
was discussed in detail in our previous paper [16]. Here, we
reproduce the main features of the formalism for the sake of
completion. 
e probability per unit time that a nucleus with
atomic mass A and charge Z decays for an allowed �-branch
is given by

$0 = %2�
2&3 ∫�01 �*(*0 −*)2 -0 (�,*) 0*, (5)

where %� is the weak interaction coupling constant, � is the

momentum of �-particle, * = √�2 + 1 is the total energy

of �-particle, and*0 is the maximum �-particle energy.*0
= � − 1 (� + 1) in �+ (�−) decay. � is the mass dierence
between initial and �nal states of neutral atoms. Equation (5)
is written in natural units (ℏ = 4 = 5 = 1), so that the
unit of momentum is 45, the unit of energy is 452, and the

unit of time is ℏ /452. 
e shape factors -0(�,*) for allowed
transitions which appear in (5) are de�ned as

-0 (�,*) = $1 (�,*) �����0,1����2 , (6)
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Figure 1: (a) Realistic proton density for 120Xe represented in cylindrical coordinates. (b) Pro�le of the realistic proton density for 120Xe (thick
line) compared with that given by a constant density approximation (dot-dashed line).

where�0,1 are the NMEs related to the Fermi and Gamow-
Teller reduced transition probabilities as

�����0,1����2 = 1√2�� + 1��,�	, (7)

and $1(�,*) stands for Fermi functions. For the calculation
of the �-decay rates, one needs to calculate the NMEs and the
PSFs that can be de�ned as

��+/�− = ∫�0
1

�*(*0 −*)2 $1 (*) 0*. (8)


e above formula determines the PSFs for both the
Fermi and Gamow-Teller allowed transitions, by substituting�
 or �� in (2), respectively. For the allowed �-decay the
Fermi functions can be expressed as

$1 (�,*) = 2−1 + �212�2 , (9)

which is just the de�nition used in [17] (see (3)), for our
particular case 8 = 1. We note that in the above formula
a coe�cient 1/(2�2) appears. Usually, this coe�cient is
included in the proper normalization of the wave functions,
as we did.
e functions −1(�,*) and�1(�,*) are the large
and small radial components of the positron (or electron)
radial wave functions evaluated at the nuclear radius 9. 
ey
are solutions of the coupled set of dierential equations [17]

( 00� + � + 1� )� (*, �) = (* + < (�) + 1) �� (*, �)
( 00� + � − 1� )�� (*, �)
= − (* + < (�) − 1) � (*, �)

(10)

where <(�) is the central potential for the positron (or the
electron) and � = (> − ?)(2? + 1) is the relativistic quantum
number.

Ideally, the central potential <(�) from (10) should
include the eects of the extended nuclear charge distribution

and of the screening by orbital electrons. Unlike the recipe
of Gove and Martin [17], where these screening eects were
treated as corrections to the wave functions, in our recipe
they are included directly in the potential. 
is was done by
deriving the potential <(�) from a realistic proton density
distribution in the nucleus. 
e charge density can be written
as

@� (A→� ) = ∑
�
(2?� + 1) V2� �����C� (A→� )�����2 , (11)

where C� is the proton wave function of the spherical single
particle state � and V� is its occupation amplitude. 
e wave
functions C� were found by solving Schrödinger equation
with a Wood-Saxon potential. 
e (2?� + 1) term in (11)
re�ects the spin degeneracy. As an example, we depict the

realistic proton density for 120Xe in cylindrical coordinates in
Figure 1(a).
e pro�le of this proton density for the daughter

nucleus 120Xe (thick line) is compared with a constant density
(dot-dashed line) in Figure 1(b).

We integrated the realistic charge distribution over the
volume of nucleus, in order to �nd the Coulomb potential

< (�, �) = Dℏ5∫ @� (A→��)��������A→� −
A→�� ��������
0A→�� . (12)

Moreover, we included the screening eect bymultiplying
the expression of<(�) with a function G(�), which is solution
of the
omas-Fermi equation

02G0H2 = G3/2√H , (13)

with H = �/I, I ≈ 0.8853O0�−1/3, and O0 being the Bohr
radius. 
e solution G(�) was calculated within the Majorana
method [22]. In the case of �−/�+, the eective potential <�∓
was modi�ed by the screening function G(�) as

�<�∓ (�, �) = (�< (�, �) + 1) × G (�) − 1. (14)

So, asymptotically we returned the interaction between an
ion of charge ±1 of the residual nucleus and the emitted
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Figure 2:
e eective screening function G��� = <�∓/< as function
of the dimensionless distance H for �=54. 
e dashed and the dot-
dashed lines correspond to �− and �+ decay, respectively. 
e full
line gives the behavior of the screening functionwith the boundariesG(0)=1 and G(∞)=0, as given in [22].

electron/proton. 
e Coulomb potential in atomic units is�/� and is negative/positive for�− /�+ decay. Asmentioned in
[22], the 
omas-Fermi equation (13) is a universal equation
which does not depend on � or other physical constants.

e boundaries of the screening function are G(0) = 1 andG(∞)=0.
en, the eective potential is<�∓(�) = <(�) for �=0
and is suppressed according to the variation of the universal
screening function when � increases in order to reach the
asymptotic behavior<�∓(�) = −1/� for � A→ ∞.
e eective
screening function is displayed in Figure 2. Such a procedure
of including the screening eect was also used previously
in the computation of PSFs for double-beta decay [25–27]
and a similar behavior for the eective screening function
was obtained. Essentially, eective Coulomb interactions
obtained in the present work manifest the same asymptotic
behavior as those obtained in [25, 26] where the 
omas-
Fermi equation with a �xed boundary at in�nity is solved.

We solved (10) in a screened Coulomb potential, with
an accurate numerical method presented in [28, 29]. 
e
method allows control of truncation errors of the solutions
and the only remaining uncertaintieswere due to unavoidable
round-o errors and due to the distortion of the potential
introduced by the interpolating spline. Detailed information
about this method can be found in our previous article [16].
Further, the integration of the PSF values was performed
accurately with Gauss-Legendre quadrature in 32 points.

Because we compare our results with those of Gove and
Martin [17] we mention selected features of their method
of calculation of the PSFs. 
ey obtained the radial electron
functions (�, ) as solutions of Dirac equations for a point-
nucleus and with an unscreened Coulomb spherical poten-
tial. 
e obtained functions were approximate, expressed in
terms of Γ functions. According to their prescriptions [17],
the �nite nuclear size and screening eects were treated as
corrections to these approximate functions.

In order to illustrate the dierences that appear between
our calculation and the approximate method of %� [17], we

Table 1: Comparison of PSF results calculatedwith our recipe (TW)
and Gove and Martin recipe (%�), for �+ decay of three virtual
nuclei.

Z A ��+(�R<) log(�(��)�+ ) [17] log(�(	�)�+ )
10 20 0.05 -4.643 -4.646

0.50 -0.700 -0.702

5.00 3.575 3.574

50 120 0.05 -6.117 -6.195

0.50 -1.152 -1.175

5.00 3.319 3.311

90 230 0.05 -7.088 -7.272

0.50 -1.330 -1.388

5.00 3.236 3.206

Table 2: Comparison of PSF results calculatedwith our recipe (TW)
and (%�), for �− decay of three virtual nuclei.
Z A ��−(�R<) log(�(��)�− ) [17] log(�(	�)�− )
10 20 0.05 -3.755 -3.793

0.50 -0.366 -0.369

5.00 3.776 3.774

50 120 0.05 -2.776 -2.978

0.50 0.389 0.307

5.00 4.304 4.282

90 230 0.05 -1.857 -2.026

0.50 1.269 1.106

5.00 4.929 4.904

compare the PSF results for three virtual cases as discussed
in [17]. As seen from Table 1 for �+ and Table 2 for �−,
the dierences between the two sets of PSF values may not
be so obvious in the decimal logarithm scale, but in half-
lives calculation where the absolute PSF values are used, the
dierences may be relevant as we will see in the next section.

2.2.2. Phase Space Factors for Electron Capture (EC). Electron
capture is a process which competes with positron decay. It
is an alternate decay mode for the �+ unstable nuclei that
do not have enough energy to decay by positron emission.
Considering the fact that the electron capture from theM-,N-
, and higher shells has negligible contributions in comparison
with the K- and L- ones, we can write the PSF expression of
electron capture for an allowed transition as

��,�1�� = &2 (S2�2��� + S2�12�1��1) . (15)

For the S�/�1 quantities we used the expression

S�/�1 = *�� − T�/�1 , (16)

where *�� is the Q-value of the �+ decay in 4�52 units,T� is the binding energies of the 1s1/2 and 2s1/2 electron
orbitals of the parent nucleus, and � is their radial densities
on the nuclear surface. �� ≈ 1 represent the values of
the exchange correction. In our method we consider these
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exchange corrections to be unity, for the nuclei considered,
the estimated error in doing that being under 1%.
e relation*0 = *�� − 1 holds.�/�1 are the electron bound states and solutions of the
Dirac equation (10) and correspond to the eigenvalues T (U
is the radial quantum number). 
e quantum number � is
related to the total angular momentum ?� = |�| − 1/2. 
ese
wave functions are normalized such that

∫∞
0
[2,� (�) + �2,� (�)] 0� = 1. (17)

For the �� processes, the potential used to obtain the
electron wave functions reads

�<�� (�, �) = �< (�, �) G (�) , (18)

and the charge number � = �0 corresponds to the parent
nucleus.<(�, �) is negative. More details about the numerical
procedure can be found in [16].

3. Results and Discussion

Half-lives were computed using (1) and (2). 
e NMEs were
calculated using (3) (for Fermi transitions) and (4) (for GT
transitions) within the pn-QRPA formalism. For the PSF
calculation we used two dierent recipes. One is our newly
calculation recipe [16] and the other one is the conventional
computation using the prescription of %� [17]. We again
state that the same set of NMEswas used in both types of half-
life calculations. For the%� bound states, the Dirac equation
is solved by assuming aHartree self-consistentCoulomb�eld.

e �nite size eect is introduced within a nuclear charge
distribution of a Woods-Saxon form. In the %� model, the
screening is implicitly taken into account. In the calculations
of this work, the Coulomb �eld is obtained by considering a
nuclear charge distribution obtained within a shell model and
a screening eect is introduced by modifying the potential.

erefore, some dierences in the electron binding energies
and in the wave functions arise between the two recipes. 
e
electron energies and their radial densities on the nuclear
surface for X and Y1 orbitals recalculated in this work with
recently improved numerical codes following the recipe of
[16] are listed in Table 3 and compared with those of [30].


e dierences between the results obtained for a
Coulomb �eld obtained from a constant charge density
inside a spherical nucleus and those obtained with a �eld
constructed with a more realistic charge density corrected
with a screening function can oer an estimation of the
role played by the ingredients of our model. 
e radial

distributions of the electron (2� + �2� )�2 are displayed in
Figure 3 for these two treatments in the case the parent

nucleus 38Ca. 
e radial distributions in the case of a pure
Coulomb �eld, plotted with thin lines, are more con�ned in
the vicinity of the nucleus; therefore the amplitudes of the
wave function are larger. 
ese dierences are translated in

the values 2� and of the electron binding energies T�, as it
can be seen in Table 4. Adding the screening eect in our
calculations makes our results very close to those of %�.
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Figure 3: 
e radial distributions (2� + �2� )�2 are plotted for the X
and Y1 shells as function of the distance � in terms of atomic unitsO0 for 38Ca. 
e thick lines are obtained with the treatment used in
this work. 
e thin curve is used for the potential without screening
and with a constant proton density inside the nucleus. 
e full line
is used for the X shell while the dashed one corresponds to the Y1
orbital.

Table 5 presents a comparison between the measured and
calculated half-lives for �+/EC decay of twenty medium and
heavy nuclei of interest. Entries in third column are calculated
using the pn-QRPAmethod for the NMEs, while the PSFs are
calculated by the by (%�) method [17]. 
e fourth column
shows the calculated half-lives using our new recipe of PSFs
[16] and labeled (�*) (this work). Most of the nuclei shown
in this table are the same as those presented in Table 2 of [16].
All half-lives are given in units of seconds. Q-values for the
reaction were taken from [23, 24]. It is seen from Table 5 that
the newly calculated half-lives are systematically larger than
those computed using the PSFs of (%�) [17].
e last column
displays the percentage deviation (PD) of the two calculated
half-lives. We calculated the PD between the two computed
half-lives using the formula

Z[ = �(	�)1/2 − �(��)1/2�(	�)1/2 × 100 (%) (19)

Table 5 shows that the PD increases to a maximum value
of 4.05% for the 56Ni nucleus.
e case of ECon 205Bi requires
special mention. For this nucleus the pn-QRPA predicts
couple of high excited transitions to the daughter nucleus and
the available Q-value of these two transitions is lower than
the binding energy of the K-shell electron. Using calculation,
a�er the EC process of a K-shell electron, the neutrino may
have a negative energy which is not physical. Accordingly we
only calculate L-shell EC in this case. In the calculated �+/EC
decay half-lives, the smallest dierence was noted for 52Fe. In
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Table 3: 
e �rst four columns give the electron binding energies T� for the shellsX and Y1 and their radial wave function densities � at the
nuclear surface calculated in this work for dierent nuclei.
e last two columns give the values of [30].

Nucleus T� (keV) T�1 (keV) 2� ([ℏ/45]−3) 2�1/2� 2� ([ℏ/45]−3) [30] 2�1/2� [30]
52Fe 6.63991 0.7451126 0.0327063 0.0898416 0.0328 0.0950
56Ni 7.95277 0.9181003 0.0411267 0.0943036 0.0423 0.0974
62Zn 9.20973 1.1092315 0.0530401 0.0953901 0.0538 0.0995
76Br 13.0121 1.6760343 0.0917936 0.1019465 0.0935 0.1035
81Rb 14.6718 1.9336296 0.1136202 0.1042520 0.1149 0.1063
88Y 16.4688 2.0221700 0.1389702 0.1272602 0.1402 0.1080
90Nb 18.3994 2.4889101 0.1686632 0.1121010 0.170 0.1098
102Cd 26.1177 3.9008765 0.3182812 0.1109908 0.319 0.1159
105Ag 24.95904 3.558919 0.2900978 0.1193451 0.293 0.1150
107Sb 29.99173 4.140248 0.4109690 0.1416423 0.413 0.1187
113Sb 29.99173 4.140248 0.4101592 0.1416413 0.413 0.1187
113Te 31.18294 4.70109 0.4488353 0.12019908 0.449 0.1196
115I 32.50419 4.937340 0.4894928 0.1210013 0.488 0.1205
116I 32.50419 4.937340 0.4893257 0.1210012 0.488 0.1205
116Xe 33.95443 5.055330 0.5289785 0.1300301 0.529 0.1215
120Ba 36.81175 4.975840 0.6244052 0.1662902 0.623 0.1234
120Xe 33.95440 5.055328 0.5280176 0.1300293 0.529 0.1215
126Cs 35.30411 5.151703 0.5764054 0.1394027 0.574 0.1224
182Re 71.29588 12.23093 2.7488862 0.1490819 2.69 0.1448
205Bi 90.39904 16.18943 5.0324494 0.1587003 4.88 0.1561

Table 4:
e results%� obtained in [30] are compared with the results TW of this work and those obtained without a realistic charge density
and without screening correction in the case of 38Ca.
eX and Y1 shells are illustrated.
e binding energies are denoted as T� and the radial
densities on the surface of the nucleus are denoted as 2� .
Method T� (keV) T�1 (keV) 2� ([ℏ/45]−3) 2�1/2�
Ref. [30] 3.60740 0.37710 0.01367 0.08620�* 3.762904 0.357179 0.01308474 0.0825267

No screening 5.454032 1.198887 0.01434885 0.1877057

Table 6 we show the state-by-state transitions for two cases:
52Fe and 56Ni. Shown are also the adopted NMEs using the
pn-QRPAmodel, the calculated PSFs (separately for both EC
and �+-decay reactions), partial half-lives (PHL), Q-values,
and branching ratios I(�+/��). 
e branching ratio ‘�’ for each
transition was calculated using the formula

� = �1/2	� × 100 (%) , (20)

where T1/2 is the total � decay half-life and t� is the calculated
partial half-life of the corresponding transition. For the

nucleus 56Ni we note calculation of much smaller PSF for
EC decay to daughter energies using our recipe. 
e PSFs
calculated from (%�) recipe is on average within 3% smaller.

is in turn led to a 4 % larger calculated half-life value for
56Ni using our recipe.

We would like to comment further on the entries in
the �rst two columns of Table 6. 
ese entries are model
dependent. 
e excited states in daughter nuclei (shown
in the �rst column) and NMEs (presented in the second

column) were calculated using the pn-QRPA model. 
e
computed excited states satis�ed the selection criteria for
allowed transitions within the chosen model. A dierent
nuclear model can change the entries in the �rst two columns
and, as stated earlier, is not the focus of current study. Q-
values are presented in the third and the sixth columns of
Table 6 using following relation:

��� = 4� − 4� − ��, (21)

and

��� = 4� − 4� − �� − 24�52. (22)

Here 4� and 4� are masses of parent and daughter nuclei,
respectively, whereas �� is the calculated energy levels in the
daughter nucleus (model dependent).

Table 7 shows the comparison ofmeasured and calculated
half-lives for �− decay cases. 
e Q-values were taken from
[23, 24]. 
e comparison between the two calculations is
much better for the �− decay half-lives than those corre-
sponding to �+. Table 8 shows the state-by-state calculation
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Table 5: Comparison of measured, calculated half-lives and percentage deviation (PD) for �+/EC-decay of selected nuclei. For the case of
205Bi we calculate only L-shell EC.

Nucleus �(���)1/2 (s) [23, 24] �(��)1/2 (s) [17] �(	�)1/2 (s) PD (%)

52Fe 2.98E+04 1.29E+04 1.30E+04 0.77
56Ni 5.25E+05 4.26E+05 4.44E+05 4.05
62Zn 3.31E+04 9.80E+03 1.01E+04 2.97
76Br 5.83E+04 1.62E+04 1.66E+04 2.41
81Rb 1.65E+04 5.00E+03 5.12E+03 2.34
88Y 9.21E+06 1.25E+07 1.27E+07 1.57
90Nb 5.26E+04 4.25E+04 4.32E+04 1.62
102Cd 3.30E+02 2.35E+02 2.42E+02 2.89
105Ag 3.57E+06 2.45E+04 2.52E+04 2.78
107Sb 4.00E+00 3.92E+00 4.04E+00 2.97
113Sb 4.00E+02 2.42E+02 2.47E+02 2.02
113Te 1.02E+02 9.55E+01 9.77E+01 2.25
115I 3.48E+02 9.98E+01 1.02E+02 2.16
116I 2.91E+00 9.49E-01 9.73E-01 2.47
116Xe 5.90E+01 2.01E+01 2.05E+01 1.95
120Ba 2.40E+01 1.73E+01 1.76E+01 1.70
120Xe 2.76E+03 1.58E+03 1.61E+03 1.86
126Cs 9.84E+01 5.35E+02 5.42E+02 1.29
182Re 2.30E+05 3.67E+05 3.80E+05 3.42
205Bi 1.32E+06 1.47E+06 1.52E+06 3.46

3.5

3.0

2.5

2.0

1.5

1.0

0.5

0.0

R

Nucleus

52＆？ 56．Ｃ 62：Ｈ 76＂Ｌ 81２＜ 88
９

90．＜ 102＃＞ 107３＜ 113３＜ 113４？ 115
）

116
）

116８？ 120＂； 120８？ 126＃Ｍ 182２？

Figure 4: Ratios 9 between experimental [23, 24] and calculated half-lives undergoing �+ decay for selected cases. Full lines: theoretical
half-lives calculated within the (�*) recipe. Dotted lines: theoretical half-lives calculated with the (%�) recipe of [17].
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Figure 5: Same as Figure 4 but for selected �− decay cases.

Table 7: Same as Table 5 but for �−-decaying nuclei.
Nucleus ����1/2 (s) [23, 24] �(��)1/2 (s) [17] �(	�)1/2 (s) PD (%)

98Sr 6.53E-01 4.45E-01 4.57E-01 2.63
100Sr 2.02E-01 2.28E-01 2.37E-01 3.82
100Zr 7.10E+00 8.04E+00 8.25E+00 2.55
102Zr 2.90E+00 8.45E+00 8.73E+00 3.21
102Mo 6.78E+02 1.90E+02 1.94E+02 2.06
104Mo 6.00E+00 5.93E+00 6.08E+00 2.47
106Mo 8.73E+00 6.35E+00 6.53E+00 2.76
108Ru 2.73E+02 5.61E+02 5.74E+02 2.26
110Ru 1.20E+01 6.27E+01 6.46E+01 2.94
112Ru 1.75E+00 6.27E+00 6.47E+00 3.09
112Pd 7.57E+04 3.89E+04 4.00E+04 2.75
114Pd 1.45E+02 1.00E+02 1.03E+02 2.91
116Pd 1.18E+01 4.53E+01 4.67E+01 3.00
138Xe 8.44E+02 4.69E+02 4.84E+02 3.10
140Xe 1.36E+01 1.36E+00 1.40E+00 2.86
142Ba 6.36E+02 7.97E+02 8.19E+02 2.69
144Ba 1.15E+01 2.44E+01 2.51E+01 2.79
146Ce 8.11E+02 4.74E+01 4.85E+01 2.27
148Ce 5.60E+01 7.93E+01 8.13E+01 2.46
152Nd 6.84E+02 8.64E+03 8.82E+03 2.04
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of PHL for 100Sr (largest PD=3.82 %) and 152Nd (PD=2.04
%). 
e values of ��− (calculated as in (21)), PSF, NME, and
branching ratios I(�−) are also given in Table 8. We note an
overall agreement between our calculated PSF values and
those using the (%�) recipe in the case of both analyzed
nuclei.


e dierence between the two calculated half-lives as
well as their mutual comparison with the experimental data is
done intuitively in a graphical way in Figure 4 for few selected�+ decay cases.Wedisplay the ratio between the experimental

half-lives and the theoretical ones,9 = �(���)1/2 /�(�)1/2 , where (^)
stands for the calculation recipe, (%�) or (�*). With solid
lines the ratios calculated with (�*) recipe are represented,
while with dotted lines the conventional (%�) computations
are displayed. We note that systematically our half-lives are
larger than the %�, improving the agreement with the
measured data for most of the cases. From Figure 4 it can
be remarked that the (�*) ratios are in general closer to
the value 1 than the (%�) ones. 
is eect is highlighted in
Figure 4 by the link between the dotted line and the solid
line. In Figure 5, the ratios corresponding to �− decay are
displayed in the same manner as in Figure 4. It is noted
that no appreciable improvement is brought in calculation
of �− decay half-lives except for a few cases in which the
experimental data are undervalued by calculations, as also
evident from Table 7. Overall, we note a good agreement of
the new theoretical half-lives with the experimental ones. It
is again remarked that this comparison could have improved
further with a more reliable set of NMEs or choice of better
model parameters for the calculation of NMEs (not the
subject of current paper).


e dierences between the (%�) and the present results
can be explained by the use of a more rigorous approach
in our case for the free states in the PSF computation but
also are due to the dierences between our potential and
the one used by (%�). Regarding only the free states, in
the (%�) method the screening correction was introduced
empirically, by modifying the solutions of the Dirac equation
with a function evaluated at the nuclear surface.
is function
depends on the dierence between the eective potential
and the point like nucleus Coulomb interaction. On the
other hand, in our calculation the screening is introduced
by considering an eective Coulomb potential. 
e Dirac
equation is solved numerically for this eective Coulomb
potential up to large values of �, where the wave functions
are well approximated by its asymptotic form. Later, the
wave functions are normalized by comparing their value with
the asymptotic forms. 
is normalization determines the
value of each wave function on the surface of the nucleus.
Further, in the (%�) calculation, the nuclear �nite size of the
nucleus is simulated by additional corrections to the Fermi
functions, while in our calculation, the eective Coulomb
�eld is built up from the proton density of the nucleus, as
alsomentioned before. Regarding the bound states, the (%�)
method uses tabulated values of the energies and of the
radial densities that are obtained by solving the Dirac equa-
tion within a more sophisticated self-consistent Coulomb
potential.

4. Summary and Conclusion


e aim of present work was to investigate the eect of
the incorporation of new PSF values, computed with a
more precise and rigorous method, on the theoretical half-
lives for �± and EC decay of unstable nuclei. 
e newly
calculated �-decay half-lives were systematically larger than
those given in the previous calculations.
emean percentage
deviation is larger for the �− decay (2.73%) as compared
to the �+/EC decay rates (2.35%). For the adopted set of
NMEs, in general the half-lives computed with newly PSFs
are closer to the measured ones than the half-lives calculated
with PSFs with approximate method (i.e., using approximate
electron wave functions) [17] for free states. Although the
largest uncertainty in the computation of �-decay half-lives
comes from the NMEs, introduction of the newly PSF values
may improve the comparison with experiment and should be
taken into account for accurate predictions.

In near future we would be presenting the eect of
calculation of newly computed PSF on stellar beta decay rates
and comment on its astrophysical implications.
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