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discussed. Two suitable examples are given to demonstrate the results.
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1 Introduction

FODEs have many applications in real world problems; see [1-3]. The concerned area
has been investigated from different aspects in the last several years. These investiga-
tions include the existence theory of solutions by the fixed point theory, numerical analysis
and stability theory by taking Hadamard, Riemann-Liouville, Caputo, etc., type fractional
derivatives (for details, see [4—7]). But recently another form of derivative, called nonsin-
gular type, has attracted much attention from the researchers. The existence theory, to-
gether with stability results, has been very well investigated for other FODEs; for details,
see [8—10]. The considered differential operator has been introduced in 2015 by Caputo
and Fabrizio [11] (in short, we write it as (CFFD)), which replaces the singular kernel by a
nonsingular kernel of exponential type. In this research work, we establish the existence
theory for the following class of fractional differential equations involving the CFFD:

SIDYu(x) = f (%, u(x), §D%u(x)), x€[0,T]1=J,
u(0) = uy, ug€R,

(1)

where 0 € (0,1], f : J x R x R — R. The considered differential operator replaces the
singular kernel by a nonsingular kernel of exponential type in (1). The mentioned operator
has been observed to be more practical than the usual Caputo operator in some problems;
for details, see [12—15].

© The Author(s) 2020. This article is licensed under a Creative Commons Attribution 4.0 International License, which permits use,
sharing, adaptation, distribution and reproduction in any medium or format, as long as you give appropriate credit to the original
author(s) and the source, provide a link to the Creative Commons licence, and indicate if changes were made. The images or other
third party material in this article are included in the article’s Creative Commons licence, unless indicated otherwise in a credit line
to the material. If material is not included in the article’s Creative Commons licence and your intended use is not permitted by

L]
@ Sprlnger statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the copyright holder. To view a

copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.


https://doi.org/10.1186/s13662-020-02624-x
http://crossmark.crossref.org/dialog/?doi=10.1186/s13662-020-02624-x&domain=pdf
mailto:kamalshah408@gmail.com

Eiman et al. Advances in Difference Equations (2020) 2020:178 Page 2 of 9

So in this paper, we are using the fixed point theory to obtain some results for the exis-
tence and uniqueness of a solution to the considered problem (1). Also the stability theory
of Ulam—Hyers type has been properly investigated for ordinary FODEs. Some results in
this regards can be traced back in [16—19]. In recent years some remarkable work has been
carried out about the mentioend FODEs; see [20—24] Therefore in this article, we also de-
veloped some results about the stability for the proposed problem. Two proper examples
are also given in the end.

2 Background materials
Some basic notions and results are provided bellow.

Definition 1 ([25, 26]) Letting u € H'(J), where H'(0, T) is a Hilbert space, we define
the nonsingular derivatives for 6 € (0,1] as

X

M —O(x —
DL = *) 0 u'(n)exp<91(%9’”)dn, @)

provided the integral on the right-hand side of (2) converges on (0, c0), where M(0) is a
normalization function with M(0) = M((1) = 1. Further, if # does not exist in H(7), then
the listed derivative of fractional order is defined as

10 [ o -umexn( 15 Y an ®
- 0

CFy?
D

provided that the integral on the right-hand side of (3) converges on (0, c0). Further, let
A=12,0€10,1], 1 €[0,00], and then

.1 x=n
lim — —— ) =8(x—n).
im )\exp( . ) (x—mn)

A—=0

Further,

. . M(©) [* —0(x—1)
gg“}[gFDZ”(x)] =51£}m ; W(ﬂ)“l’(ﬁ dn

. ON@) [T x—17
_llm—/(; u(n)exp(—T)dr/

A—=0 A

= u(x),

where N(0) is the corresponding normalization term of M(0) with the property N(0) =
N(o0) = 1.

Definition 2 ([25, 26]) The nonsingular kernel type fractional integral is given by

)

CFy0
0 Ix

1-6 0 x
) = o) + s /0 () dn, @)

provided that the integral on right-hand side converges on (0, 00). Further, if we set 6 = 1,
then M(0) =1 in (4), and we get the following classical integral:

) . [@-6) 0 * ¥
tim [ ()] =(}1_)ml[ ) L@+ M(G)/o u(n)dn] =/0 u(n) dn.
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Lemma 1 ([11]) Lety € C[0, T, then the solution of FODE (5)

gFDzu(x) =y(x), x€[0,T],0<0<1,

(5)

u(0) =ug, ugeR

is given as
_ t
) = o + Daly) = 0] + Do [ s, ©
0

where Dy = %,Dg = %.
Proof Using the definition of *17, (5) implies that

)=+ Doytw) + Dy [ s0dn, ceR )

0

Using the initial condition #(0) = uy and y(0) = 3o € R, from (7), we get ¢ = uy — Dyyo.
Hence by plugging the value of ¢ in (7), we get (6). O

Remark 1 Henceforth, for simplicity, we use SPDZu(x) = h,(x) for the implicit term in our
analysis. Further, for simplicity, we use f(0, #(0), 1;(0)) = fo.

3 Main work
Lemma 2 Under the conditions of Lemma 1, the solution of (1) is given by

u(x) = ug + Dy [f (%, u(x), (%)) — fo] + D /0 £ (n,u(n), hu(n)) dn. (8)

To proceed further, we assume that
(C1) There exist Ly > 0 and 0 < My < 1 such that

I G, 14, ) — f (6, )| < Lyloa — ia| + Myl — g

for all u,u,h,, h; € R.
Let X = C(J) be a Banach space with norm ||x|| = maxc 7 |u(x)|.

Theorem 1 Under the assumption (C,), if the condition (Dy + Dy T)lf—;/[f < 1 holds, then
the considered problem (1) has a unique solution.

Proof Define an operator S : X — X by using (8) as
Su(x) = ug + Dy[f (% u(x), hu(x)) = fo] + Do /0 £ (n,u(n), h,(n)) dn. ©)

Then for any u, u € X, from (9), we have

[|Su — Sitl| = max|Su(x) — Si(x)|
xeJ

= max| Dy [f (2, (), B (%)) = f (6, (%), (%)) |
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+ Dy /0 [f (n, (), 1 (n)) = f (m, a(n), () | dn‘

Ly o TL _
<Dy ll22 — ull + Dy lloe — ul]
1- M 1-M;

- L
= [Dg +D9T]
1-My

lloe — ual].

Hence S is a contraction, therefore S has a unique fixed point. Hence the corresponding

problem (1) has a unique solution. d

Theorem 2 ([27]) Let E C X be a closed, convex, and nonempty subset of X, and suppose
there exist two operators Sy, Sy such that

1. Siuy + Souy € E for all uy, u, € E;

2. 81 isa contraction and S, is compact and continuous.

Then there exists at least one solution u € E to the operator equation Siu + Syu = u.

For further analysis, let the given assumption hold:
(C3) There exist constants ay, by, ¢r > 0 with 0 < ¢r < 1 such that

[f(x, u,v)| <ay + brlu| +crlv].

Theorem 3 Under the assumption (C,), if 0 < Dy I_LLMf < 1 holds, then the considered prob-

lem (1) has at least one solution.

Proof Let us define two operators from (8) as
Siu(x) = ug + Dy [f (%, u(x), 1 (%)) — o] (10)
and

5wm=mﬁfwmmmm> (11)

Let us defineaset E = {u € X : ||| <r}. Since f is continuous, so is S, and letting u, i € E,

from (10), we have

1Sz — Syl = glefil}<|D9 (f (3, (), Py () = f (%, 8(x), B () ) |
L
<7 "AZ lloe — .
— iy

Hence S; is a contraction. Next to prove that S, is compact and continuous, for any « € E,

we have from (11)

[Py

mﬂfmmmmwwn

max‘Szu(x)‘ = max
xeJ xeJ

Db,

1-¢r

Page 4 of 9
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which implies that ||Syu|| < A. Thus S, is bounded. Next, letting x; < %, in 7, we have

x1

[Sptlies) — S| = ‘De /0 " £ (n, ) () dn - Dy /0 (o), ) i

- *2 _ x1
<Dy [ ot )+ Do [ 17t )|
0 0
- D9 fxz (af + bf}’) dn+ ]_)0 /‘xl (af + bfr') dn
- 0 1- Cf 0 1- Cf
which implies that
= Llf + bfr
|Sau(x2) — Sou(x1)| < Dy I—¢ (w2 — x1). (12)

From (12), we see that if x; — x5, then the right-hand side of (12) goes to zero, so |Syu(x3) —
Sou(x1)] = 0asx; — x;. Thus the operator defined in (11), S, is continuous. Also Sy(E) C
E, therefore S, is compact and, due to Arzeld—Ascoli theorem, S has at least one fixed
point. Hence the corresponding problem has at least one solution. O

4 Stability theory
In this section, we establish some results regarding stability of Ulam type. Before proceed-
ing further, we give some notion and a definition:

Definition 3 The considered problem (1) is Ulam—Hyers stable if for any ¢ > 0 such that
the inequality

’gFDzu(x) —f(x, u(x),oCFDzu(x))’ <g, VYxeJ,
holds, there exists a unique solution # with a constant C; such that
|u(x) - it(x)| <Cre, VxeJ.

Further the mentioned problem will be generalized Ulam—Hyers stable if there exists a
nondecreasing function ¢ : (0,1) — (0, oo) such that

|u(x) - it(x)| <C(e), VYxeJ
with #(0) = 0.
Also we state an important remark.
Remark 2 There exists a function £(x) depending on u# € X with £(0) = 0 and such that
1. |[lx)|<e,VxeJ;
2. gFDzu(x) = f (o, u(x), h,(x)) + £(x), Vx € J.

Lemma 3 The solution of the given perturbed problem

gFDzu(t) :f(x, u(x), hu(x)) +L(x), VYxeJ,

u(0) = g
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is given as
u(x) = uo + Dy [f (%, u(x), hu(x)) = fo] + D /O S (n,u(n), hu(n)) dn
+Dgl(x) + Dy /xé(n)dn, Vxe J. (13)
0

Moreover, the solution satisfies the following inequality:

u(x) - [Mo + Dy [f (, u(x), hu(x)) —fo] + Do /0 £ (n,u(n), h,(n)) dn”
< e, VxeJ, (14)
where 2 =Dy + Dy T.

Proof The solution (13) can be obtained easily by using Lemma 2. From it, it is obvious
how to get result (14) using Remark 2. d

Theorem 4 Under the assumptions of Lemma 3, the solution of the considered problem (1)
is Ulam—Hyers stable and also generalized Ulam—Hyers stable if % <1

Proof Let u € X be any solution of problem (1) and # € X be the unique solution of the
considered problem. Then take

u- [uo + Dy [f (%, it(x), ha (%)) — fo] + D /Oxf(n, i(n), ha(n)) dn] ‘

[l — u]| = max
xeJ

< max

max|u - [uo + Dy[f (% u(®), hu(x)) = fo] + Do /0 £, u(n), hu(n)) dn]‘
+ max |D9 [f(x, u(x), by (x)) = f (%, i(x), h,;(x))] |

xeJ

+maxDe/ \f (n, u(n), () = f (m, (), ()| d
xeJ 0

QL
< Qe+ T \u—l. (15)

Hence from (15), we have

1My
Hence (16) yields that the solution is Ulam—Hyers stable. Further let Cr = % and sup-
“TNy

pose there exists a nondecreasing function 9 € C((0,1), (0,00)). Then from (16) we can

write
llw—ull <Cro(e), with$(0) =0. 17)

Therefore (17) implies that the solution is also generalized Ulam—Hyers stable. d
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5 Application of our analysis
In this part of the paper, we test our obtained results on some problems given bellow.

Example 1 Take an implicit-type problem

1
sin |u(x)|+sin |0CFD,C2 u(x)|

1 2
OCFDég u(x) = J16_() + 50+x2 » %€ [0, 1], (18)

u#(0) = 0.

Clearly, from (18), T'=1 and

1
sin |u(x)| + sin |SFD2 u(x)|
50 + x2

2
X
f(x,uxhu): 1_0 +

is continuous for all x € [0, 1]. Further, let u, iz, &1, hi;; € R, then one has

- 1 1

V(x’urhu) —f(x,u,h,;)! < %|M—M|+%|hu—h,}| (19)

From (19), one has Ly = 50, My = sL = % Also
1 1 1
00, )| = 15+ 5 )| + 5 )
= = L

Thus ar = 10, br=cr = 5—10, and then Dy = %, Dy = %, T =1, and (Dy +D9T)# = 4—19 <1
Hence the condltlons of Theorem 1 are satisfied, so (18) has a unique solution. Further,
DgLf

T, = % < 1, therefore the conditions of Theorem 3 also hold. Thus the results of Theo-

rem 3 hold. Further, to verify Theorem 4, we see that £2 =1, £2 lf—fo =0.0204 < 1. Hence
the solution of the given problem is Ulam— Hyers stable and, consequently, generalized
Ulam—Hyers stable.

Example 2 Here to strengthen our analysis, we investigate another problem:

99

. u(x) exp(-39)cos DN 0,1]

CEm T8 200+4x% ’ 7o (20)
1+[FDL0 ()|

CF 100
o D" u(x) = 80+x4

u(0) = 1.

Clearly, from (20), we have T =1 and

99
1 u(x) exp(—3x) cos |SFDIY |

S (% u(x), (%)) = 0 +1 |CFD100 o " 500 T a2

is continuous for all x € [0, 1]. Further, for u, i1, i, h; € R, one has

1
) yh ) 1h - hu_hﬁ . 21
If (6, 1, hy) = f (o, 18, i) | < 12Olu i+ oo | (21)

From (21), we take L; = My = Wlo’ 0 =2 Also

L
120’ 100"

I (s ), ()] < =+ —— [ +

=380 " 120 |h @)]-

200
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"{‘hus a{ = %, by = %, o = ﬁ, and then Dy = ﬁ, Dy = % with T =1, and (Dy +
Dy T)ﬁ = % < 1. Hence the conditions of Theorem 1 are satisfied, so (20) has a unique
solution. Further, f_gAL,I’; = T}A‘o < 1. Therefore the conditions of Theorem 3 also hold.

Thus the results of Theorem 3 hold. Further, to verify Theorem 4, we see that 2 =1,
.Ql_L—fo = 0.0083752 < 1. Hence the solution of the given problem is Ulam—Hyers stable
and, consequently, generalized Ulam—Hyers stable.

6 Conclusion

The existence theory of solutions to nonsingular kernel-type FODEs has been framed. For
the said theory, we have applied the usual Banach and Krasnoselskii fixed point theorems.
Also some appropriate results about Ulam—Hyers and generalized Ulam—Hyers stability
have been established by using the tools of nonlinear analysis. The obtained results have
been testified by two interesting examples. To the best of our knowledge, the said results
are new for FODEs involving CFFED. In the future, the above theory and analysis can be
extended to more complicated and applicable problems of FODEs involving CFFD.
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