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Abstract: This paper explores the nonlinear characteristics of the self-excited aerodynamic forces of
a semi-closed box deck section to perfect the theory of aeroelastic response analysis. A numerical
wind tunnel model was established based on the computational fluid dynamics (CFD) method. The
heaving-pitching coupled motion is realized by loading user-defined function (UDF) and dynamic
grid technology. The self-excited aerodynamic forces varying with amplitude are identified and
analyzed, and the reliability of the aerodynamic results obtained by numerical simulation is verified
in the wind tunnel test. In the heaving-pitching coupled motion, the results show that the nonlinear
characteristics of aerodynamic forces, especially the aerodynamic moment, are mainly affected by
the pitching motion. The phenomenon of high-order harmonic energy transfer is observed with the
increase in pitching amplitude, and the main component of high-order harmonic can be determined
by the pitching amplitude. The contribution of heaving motion to aerodynamic forces nonlinear
components is small, but its influence on nonlinear characteristics is complex. Small amplitude
heaving motion plays a positive damping role in heaving-pitching coupled motion, and its scope
and effect of positive damping action are affected by pitching motion. The extreme value heaving
amplitude of positive damping action is observed in the aerodynamic lift.

Keywords: long-span bridge; nonlinear self-excited aerodynamic force; flutter; limit cycle oscillations
(LCO); computational fluid dynamics (CFD)

1. Introduction

With the continuous progress of engineering research and technology, bridge spans
are increasing and have broken through 2000 m class, which makes bridges more sensitive
to wind and may cause more severe vibration of the main beam [1]. Flutter belongs to large
amplitude self-excited vibration, which can cause catastrophic damage. The self-excited
vibration is related to the self-excited aerodynamic forces acting on the main beam, and
the self-excited aerodynamic forces are related to the structure shape [2,3] and its motion
form [4–6]. Therefore, the aerodynamic system of the bridge deck with an apparent blunt
body shape may have significant nonlinear characteristics under large amplitude motion.
At this time, the nonlinear effect of self-excited aerodynamic forces cannot be ignored.

The linear self-excited forces model proposed by Scanlan [7] is utilized as the basis of
the current flutter calculation theory, which is based on the assumption of minor disturbance
and small amplitude. In fact, due to the influence of aerodynamic forces nonlinearity and
structural nonlinearity, the post-flutter behavior of bridge deck may not be divergent
vibration, but enter a limit cycle oscillations (LCO) state of stable amplitude. This nonlinear
flutter phenomenon, also known as soft flutter, has been found by many scholars in
tests [8–15]. Daito et al. [3] observed the obvious LCO when studying the aerodynamic
characteristics of two-edge girders, and considered that the geometric shapes sensitively
affect the flutter stability. When studying the aerodynamic response of a rigid flat and
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rectangular steel plate of chord length and thickness ratio 1:23.3, LCO under coupled-mode
flutter was discovered in the wind tunnel by Amandolese et al. [12], which appeared
below the critical flutter velocity. The flutter performance test of streamlined box deck
section under a large amplitude was carried out by Xu et al. [16], and the opposite law
was found in the variation in heaving and pitching amplitude ratio of coupled LCO
and divergent vibration with amplitude. With the development of computer technology
and CFD, numerical simulation, as a cost-effective method, is widely used in the study
of nonlinear aerodynamic forces [17–20]. Mannii et al. [2] investigated the amplitude
dependence of self-excited aerodynamic forces in small amplitude motion state, and the
results showed that the flutter derivative was more sensitive to the motion amplitude in
the sharp-edge configuration. Zhang et al. [21] also performed amplitude dependence
studies through two-dimensional numerical simulation. They identified that the pitching
amplitude of 10◦ can be used as the critical value to distinguish the flow pattern of the
flow field around the section. Jia et al. [22] investigated the characteristics of nonlinear
aerodynamic forces varying with amplitude, frequency and the angle of attack under
single degree of freedom motion. They found that the effect of amplitude on the nonlinear
components of pitching motion is generally higher than that of heaving motion. The energy
budget analysis of the post-flutter LCO was carried out by Zhang et al. [23], using the
CFD numerical simulation method. The results show that the higher-order components
of the self-excited forces contribute insignificantly in the energy input for the post-flutter
LCO of the streamlined box deck. Most of the above analyses of nonlinear self-excited
aerodynamic forces involve two issues. Firstly, the current research on nonlinear self-
excited aerodynamic forces mainly focuses on flat plate or streamlined box bridge decks,
but their nonlinear characteristics are not significant compared with the severely blunted
bridge decks. Secondly, the nonlinear characteristics of self-excited aerodynamic forces in
heaving motion are weak, and the heaving amplitude range selected in relevant studies is
not large enough. Therefore, the relationship between nonlinear aerodynamic forces and
forced large amplitude (especially heaving amplitude) is not clear enough. The semi-closed
box deck is the research object of this paper. It has many advantages, such as lower cost,
less difficulty in construction and more convenient maintenance. The semi-closed box deck
section has more obvious LCO phenomenon, which was put forward by Zhu et al. [24,25]
when researching four kinds of typical sections. The significant aerodynamic nonlinear
effect leads to more complex wind-resistant stability problems, which makes the theory of
linear flutter analysis inconsistent with the actual situation. In this paper, the dynamic grid
technique with UDF loading is used to control the amplitude of section motion to realize
the numerical simulation of pitching-heaving coupled forced vibration. In order to reveal
the nonlinear characteristics of self-excited aerodynamic forces under different coupling
amplitudes, the time domain and frequency domain signals are analyzed to clarify the
importance and variation law of each high-order harmonic component under different
amplitude combinations. The research on nonlinear aerodynamic characteristics of bridges
under large vibration amplitude is beneficial to deeply understand the nonlinear effects of
self-excited aerodynamic forces, and build a nonlinear flutter theoretical framework, which
lays a foundation for the establishment of nonlinear self-excited aerodynamic models with
broad applicability and higher accuracy. In addition, it can help to reasonably estimate the
flutter critical wind speed and post flutter behavior of bridges, so as to obtain the ability to
predict the flutter amplitude response, and provide reference and support for the design
and analysis of bridges with an extra-large span.
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2. Numerical Simulation of Forced Vibration
2.1. Turbulence Modelling

An excellent turbulence model can reduce the amount of numerical calculation and
ensure the accuracy of the results. In the rectangular coordinate system, the N-S equation
of viscous incompressible fluid after Reynolds averaging (RANS) is:
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∂
(
ρujui

)
∂xj

= − ∂p
∂xi

+ µ
∂

∂xj

(
∂ui
∂xj
− ρu′.

i
u′.

j

)
(1)

where ui and uj are the average velocity component; u′.
i

and u′.
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are the pulsating velocity

component; t is the time; ρ = 1.225 kg/m3 is the air density; p is the average pressure;
µ = 1.7894 × 10−5 kg/m·s is the dynamic viscosity coefficient.

The new unknown quantity ρu′.
i
u′.

j
is generated by averaging the operation, so the

key to making the equations closed is to introduce a model to solve it. The following
assumptions are included in the eddy viscosity model proposed by Boussinesq [26]:
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where k is turbulent kinetic energy; µi is turbulent viscosity.
According to the different applications of turbulence characteristic quantities in eddy

viscosity model, different turbulence models have been proposed by scholars. The com-
monly used turbulence models can be classified into: zero-equation model, one-equation
model and two-equation model according to the number of differential equations used. For
general flow, the calculation accuracy is higher and the calculation amount is larger with
the number of equations. Common two-equation models include standard k-ε model, RNG
k-ε model, standard k-ω model and SST k-ω model, etc.

SST (Shear Stress Transport) k-ω model was proposed by Menter [27] based on k-ε
model and k-ω model. It uses the k-ω model for the near-wall grid area and the k-ε model
for the grid area further away from the wall. Because the advantages of k-ε model and
k-ω model are combined by mixed functions, the SST k-ω model has higher reliability and
accuracy, and is widely used. The expression of the SST k-ω model is:
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where µe f f ,k and µe f f ,ω is the equivalent viscosity of the turbulent term; Sk and Sω is the
source term of the specific dissipation rate of turbulent kinetic energy.

The reliability of numerical results using the SST k-ω model has been confirmed by
many scholars [28–31]. In view of this, the SST k-ω model is used to model the turbulence
viscosity in this paper. The incoming flow has been set at a turbulence intensity of 0.5%,
and the ratio of turbulence viscosity to molecular viscosity is 2.

2.2. Sectional Model and Computational Domain

All discussions in this paper are conducted by taking the semi-closed box deck section
of the Second Jiaojiang Bridge (see Figure 1) in Taizhou, Zhejiang Province, China as a
background. The scale ratio of the deck section model to actual bridge was set as 1:80, the
cross section of the sectional model is shown as Figure 1. The width (B) and depth (D)
of the model were, respectively, about 0.532 m and 0.044 m, and the width to depth ratio
is 12.17.
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model is moving. The rigid moving region and the static grid region consist of structured 
quadrilateral grids, and the dynamic grid region is composed of unstructured triangular 
grids, as shown in Figure 3. After independent verification of grid number and time step 
by Jia et al. [22], the final grid number is determined to be 505,334, and the time step is 
selected to be 0.0001 s. Local details of the grid around the section are shown in Figure 4. 
According to the requirements of the SST k-ω turbulence model for the near wall grid, the 
y+ value is taken as 1 [32]. The height of the first-layer grid near the wall surface is calcu-
lated as ∆y = 6 × 10−5 m by Equation (5), and the normal growth rate is set as 1.01. ∆𝑦 = 𝜇𝑌𝜌𝑢  (5) 
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Figure 1. Deck section dimensions and shape (m).

The two-dimensional grid is used in the nonlinear aerodynamic simulation under
the heaving-pitching coupled motion, and its reliability has been verified by many schol-
ars [2,20–23]. The two-dimensional rectangular computational domain is shown in Figure 2.
The left boundary is set as the velocity inlet, which is 5B (i.e., 61D) away from the front
end of the sectional model. The right boundary is set as the pressure outlet, which is 13B
(i.e., 158D) away from the end of the sectional model, and the reference pressure is zero.
Both the upper and the lower boundaries are defined as symmetrical boundary conditions,
and the distance from the center of the sectional model is 4B (i.e., 49D). Both the upper
and the lower boundaries are defined as symmetry, and the distance from the center of the
sectional model is 4B (49D). The largest blocking ratio during vibration is 4.3%.
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2.3. Dynamic Grid Technology

The grid division method of “rigid moving region + dynamic grid region + static
grid region” is adopted to ensure the high quality of the near wall grid when the sectional
model is moving. The rigid moving region and the static grid region consist of structured
quadrilateral grids, and the dynamic grid region is composed of unstructured triangular
grids, as shown in Figure 3. After independent verification of grid number and time step by
Jia et al. [22], the final grid number is determined to be 505,334, and the time step is selected
to be 0.0001 s. Local details of the grid around the section are shown in Figure 4. According
to the requirements of the SST k-ω turbulence model for the near wall grid, the y+ value
is taken as 1 [32]. The height of the first-layer grid near the wall surface is calculated as
∆y = 6 × 10−5 m by Equation (5), and the normal growth rate is set as 1.01.

∆y =
µY+

ρuτ
(5)

where uτ =
√

τω
ρ is the wall friction velocity; τω is the wall shear stress; µ

ρ is the kinematic

viscosity coefficient.
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The pitching and heaving motions are combined (see Figure 5), and they are simple
harmonic vibrations with the same frequency. Point E is the shear center, located 0.393D
from the top of the sectional model, and it is also the center of motion. The lift force L(t)
and the moment M(t) at the center of plate, defined in Figure 5. The corresponding lift and
moment coefficients are defined as:

CL =
L(t)

0.5ρU2B
(6)

CM =
M(t)

0.5ρU2B2 (7)

where ρ is the air density, U is the speed of uniform inflow, and B is the width of deck section.
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Forced vibration is realized by loading UDF, and the grid update of forced vibration
is implemented by assigning the motion form to the DEFINE_CG_MOTION macro. Two
dynamic grid updating methods, smoothing and remeshing, are combined to ensure the
efficiency and quality of grid updating. The motion expression of coupled motion is
calculated as:

h(t) = h0 sin(2π f t) (8)

α(t) = α0 sin(2π f t) (9)

where h0 and α0 are the heaving forced amplitude and pitching forced amplitude, respec-
tively; f is the forced frequency.

A second-order implicit scheme and a second-order upwind scheme are adopted to
solve the pressure and momentum equations, respectively. The decoupling of pressure and
velocity is treated by SIMPLEC algorithm.

2.4. Reliability Verification

The semi-closed box deck of the Second Jiaojiang Bridge lacks aerodynamic data to
verify grid reliability. Therefore, in this paper, the aerodynamic forces data are measured
by wind tunnel test, and compared with the aerodynamic forces results obtained by nu-
merical simulation. The wind tunnel test was conducted in the second test section of the
wind tunnel (see Figure 6), a closed-circuit wind tunnel located in the Northeast Forestry
University, China.
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Figure 6. Partial view of wind tunnel.

The test section has width and height of 0.8 m and 1 m, respectively. The wind speed
can be adjusted from 5 m/s to 70.5 m/s. The quality of the flow field is very stable. The flow
is nearly laminar with a uniform velocity profile at the inlet, and the turbulence intensity of
the empty wind tunnel is less than 0.5% on average.

The scale ratio between section model and actual bridge is 1:80, which is consistent
with the section size in the numerical wind tunnel. The model has a streamwise width, B,
of 0.532 m, a height, D, of 0.044 m, and a span, L, of 0.82 m. The blockage ratio of the model
at 0◦ wind attack angle is 4.5%, which meets the requirements of wind tunnel test that
the blocking rate is less than 5%. Two identical end plates (0.72 m wide and 0.12 m high)
are installed on both sides of the section model to prevent end effect and enable a close to
bi-dimensional flow field. The section model placed in the wind tunnel is shown in Figure 7.
The static forces test is completed by a six-component balance, as shown in Figure 8. The
section model is rigidly connected with the force measuring balance. The balance is placed
on a rigid base that can adjust the height, and the two are also rigidly connected. The
bottom of the model is raised a sufficient distance from the wind tunnel wall to ensure
uniform flow field, avoiding the influence of wind speed profile as far as possible.
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Three groups of tests for measuring aerodynamic coefficients of semi closed box girder
sections were carried out to prevent accidental errors. The sampling time of each group is
set to 60 s and the sampling frequency is set to 1000 Hz. The average of three experimental
results is taken as a final result, as shown in Table 1. The errors of drag coefficient and
lift coefficient are about 5%, proving the reliability of the numerical simulation grid in
this paper.

Table 1. Verification of grid reliability.

Drag Coefficient Lift Coefficient

Numerical simulation 0.424 −0.262
Wind tunnel test 0.449 −0.248

3. Results and Discussion

To explore the characteristics of aerodynamic nonlinear components under different
combination amplitudes, the following work was carried out at zero angle of attack, a
forced frequency of 4 Hz and uniform wind speed of 12.8 m/s. The reduced wind speeds
can be calculated as:

U∗ =
U
f B

(10)

where U is uniform wind speed, f is the forced frequency, and B = 0.532 m is the width of
deck section.

The selected cases about different amplitudes are listed in Table 2.
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Table 2. Operation setting.

Figure Reduced Velocity Heaving Amplitude Pitching Amplitude

0.02B 2◦

0.04B 4◦

4 6 0.08B 8◦

0.1B 10◦

0.16B 16◦

0.2B 20◦

3.1. Amplitude Dependence of High-Order Harmonic Components in Heaving-Pitching
Coupled Motion

The aerodynamic time-domain data are identified through numerical simulation,
and the aerodynamic time history curves of five stable periods are taken as shown in
Figure 9. As can be seen from Figure 9a, slight waveform distortion can be observed in
the aerodynamic time history curve under heaving-pitching coupled motion with small
amplitude, and the harmonic characteristics of aerodynamic lift are worse than that of
aerodynamic moment. This indicates that the high-order harmonic components have begun
to emerge in the case of small amplitude. After increasing the combined amplitude, severe
waveform distortion can be observed in both aerodynamic lift and moment, as reported in
Figure 9b. That is to say, with the increase in amplitude, the content of high-order harmonic
components increases, which makes the harmonic characteristics of time history curve
destroyed obviously.

Appl. Sci. 2022, 12, x FOR PEER REVIEW 8 of 17 
 

Table 2. Operation setting. 

Figure Reduced Velocity Heaving Amplitude Pitching Amplitude 
  0.02B 2° 
  0.04B 4° 

4 6 0.08B 8° 
  0.1B 10° 
  0.16B 16° 
  0.2B 20° 

3.1. Amplitude Dependence of High-Order Harmonic Components in Heaving-Pitching Coupled 
Motion 

The aerodynamic time-domain data are identified through numerical simulation, 
and the aerodynamic time history curves of five stable periods are taken as shown in Fig-
ure 9. As can be seen from Figure 9a, slight waveform distortion can be observed in the 
aerodynamic time history curve under heaving-pitching coupled motion with small am-
plitude, and the harmonic characteristics of aerodynamic lift are worse than that of aero-
dynamic moment. This indicates that the high-order harmonic components have begun 
to emerge in the case of small amplitude. After increasing the combined amplitude, severe 
waveform distortion can be observed in both aerodynamic lift and moment, as reported 
in Figure 9b. That is to say, with the increase in amplitude, the content of high-order har-
monic components increases, which makes the harmonic characteristics of time history 
curve destroyed obviously. 

  
(a) 

  
(b) 

Figure 9. Time history curve of aerodynamic forces. (a) Small amplitude motion (α0 = 2°, h0 = 0.02B). 
(b) Large amplitude motion (α0 = 20°, h0 = 0.2B). 
Figure 9. Time history curve of aerodynamic forces. (a) Small amplitude motion (α0 = 2◦, h0 = 0.02B).
(b) Large amplitude motion (α0 = 20◦, h0 = 0.2B).

In order to deeply explore the variation law of nonlinear aerodynamic components
under different combined amplitudes, ten stable periods of time history curve are taken to
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obtain the frequency domain data by fast Fourier transform (FFT), and the nonlinear com-
ponents of aerodynamic forces represented by the second to fifth harmonics are analyzed.

Heaving motions with different amplitudes (h0 = 0.02B, 0.04B, 0.08B, 0.1B, 0.16B,
0.2B) are added to three groups of foundation pitching motions (α0 = 2◦, 8◦, 16◦), and the
spectrum diagram is shown in Figures 10 and 11. The high-order harmonic components
of the aerodynamic forces are increased with the added heaving amplitude, and the high-
order harmonic main components of the aerodynamic lift are transferred from the second
harmonic to the third. Moreover, when the foundation pitching amplitude is larger, the
heaving amplitude required for the third harmonic to dominate is smaller. The higher
harmonic components of aerodynamic moment increase evenly with the amplitude, and
the main component is always the second harmonic.
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Figure 10. Aerodynamic lift spectrum under different coupled amplitude. (a) Pitching amplitude
α0 = 2◦ (b) Pitching amplitude α0 = 8◦ (c) Pitching amplitude α0 = 16◦.
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Figure 11. Aerodynamic moment spectrum under different coupled amplitude. (a) Pitching ampli-
tude α0 = 2◦ (b) Pitching amplitude α0 = 8◦ (c) Pitching amplitude α0 = 16◦.

Pitching motions with different amplitudes (α0 = 2◦, 4◦, 8◦, 10◦, 16◦, 20◦) are added
to three groups of foundation heaving motions (h0 = 0.02B, 0.1B, 0.2B), and the spectrum
diagram is shown in Figures 12 and 13. The main component of the aerodynamic lift
and moment is transferred from the second harmonic to the third with the increase in the
added pitching amplitude, and the pitching amplitude required for the energy transfer of
the aerodynamic lift is smaller than moment. The increase in the foundational heaving
amplitude can promote the energy transfer phenomenon of aerodynamic lift, but restrain
the harmonic energy transfer of aerodynamic moment.
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Figure 12. Aerodynamic lift spectrum under different coupled amplitude. (a) Heaving amplitude
h0 = 0.02B (b) Heaving amplitude h0 = 0.1B (c) Heaving amplitude h0 = 0.2B.
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Figure 13. Aerodynamic moment spectrum under different coupled amplitude. (a) Heaving ampli-
tude h0 = 0.02B (b) Heaving amplitude h0 = 0.1B (c) Heaving amplitude h0 = 0.2B.

Therefore, in the flutter calculation of the semi-closed box deck section, the importance
of the third harmonic component should be given priority in the aerodynamic lift when
the pitching amplitude is larger (α0 > 10◦). For the aerodynamic moment, heaving and
pitching amplitudes should be considered comprehensively to determine the importance
of the high-order harmonic component in large amplitude motion. When the pitching
amplitude is small (α0 < 10◦), the importance of the second harmonic component should be
given priority.

3.2. Influence of Bending-Torsional Coupled Effect on Nonlinear Aerodynamics

When the heaving and pitching are combined, one degree of freedom is bound to
affect the other, and the interaction between the two motion modes leads to the existence of
bending-torsional coupled term in aerodynamic forces. In order to observe the characteristic
law of the interaction between the two degrees of freedom in heaving-pitching coupled
motion, another motion form with different amplitudes is added to a specific basic motion,
and the aerodynamic results are compared with the single degree of freedom (abbreviated
as 1-DOF) motion.

The variation in fundamental frequency, the second and third harmonic of aerody-
namic lift and moment with heaving motion amplitude is reported in Figures 14 and 15.
It can be seen from Figures 14a and 15a that in the state of 1-DOF pitching motion, with
the increase in heaving amplitude, the fundamental frequency amplitude of aerodynamic
forces has a roughly positive linear relationship with heaving amplitude. The linear re-
lationship is destroyed when the foundational pitching motion exists, and the larger the
foundational pitching motion amplitude is, the worse the linear relationship is, and the
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slower the growth rate of the fundamental frequency amplitude with heaving amplitude
is. As shown in Figure 14b, for the aerodynamic lift, the curve shape of the second and
third harmonic with the increase in heaving amplitude can hardly be damaged due to the
change in the foundational pitching amplitude. The growth rate of the third harmonic is
significantly higher than that of the second harmonic when the heaving amplitude is large
(0.1B). Therefore, the phenomenon that the main components of high-order harmonic are
transferred from the second harmonic to the third harmonic will appear with the increase
in the heaving amplitude. As shown in Figure 15b, the curve shape of the second harmonic
is basically not affected by the change in the foundational pitching amplitude, but the curve
shape of the third harmonic is changed by it. In the heaving-pitching coupled motion, the
pitching motion dominates the nonlinear characteristics of aerodynamic lift and moment
by affecting the third harmonic, and the promotion of the nonlinear characteristics by the
heaving motion is mainly reflected in the aerodynamic lift.

Appl. Sci. 2022, 12, x FOR PEER REVIEW 11 of 17 
 

slower the growth rate of the fundamental frequency amplitude with heaving amplitude 
is. As shown in Figure 14b, for the aerodynamic lift, the curve shape of the second and 
third harmonic with the increase in heaving amplitude can hardly be damaged due to the 
change in the foundational pitching amplitude. The growth rate of the third harmonic is 
significantly higher than that of the second harmonic when the heaving amplitude is large 
(0.1B). Therefore, the phenomenon that the main components of high-order harmonic are 
transferred from the second harmonic to the third harmonic will appear with the increase 
in the heaving amplitude. As shown in Figure 15b, the curve shape of the second harmonic 
is basically not affected by the change in the foundational pitching amplitude, but the 
curve shape of the third harmonic is changed by it. In the heaving-pitching coupled mo-
tion, the pitching motion dominates the nonlinear characteristics of aerodynamic lift and 
moment by affecting the third harmonic, and the promotion of the nonlinear characteris-
tics by the heaving motion is mainly reflected in the aerodynamic lift. 

 
(a) (b) 

Figure 14. Variation in Fourier amplitude of aerodynamic lift with heaving amplitude. (a) The fun-
damental frequency (b) Second harmonic and third harmonic. 

  
(a) (b) 

Figure 15. Variation in Fourier amplitude of aerodynamic moment with heaving amplitude. (a) 
The fundamental frequency; (b) Second harmonic and third harmonic. 

As shown in Figures 16a and 17a, the linear relationship between fundamental fre-
quency amplitude of aerodynamic forces and pitching amplitude involved is weak re-
gardless of 1-DOF pitching motion or 2-DOF coupled motion, and the larger the ampli-
tude, the weaker the linear characteristics. Therefore, pitching motion is considered to be 
the primary source form of nonlinear components. Figures 16b and 17b show that the 
curve shape of the second harmonic and third harmonic component with pitching ampli-
tude is not significantly changed under different foundational heaving amplitudes, and 

0 2 4 6 8 10 12 14 16 18 20 22
0

15

30

45

60

75

90

Fo
ur

ie
r a

m
pl

itu
de

 o
f  

F L

Heaving amplitude (10−2B)

  1-DOF
  α0=2°
  α0=8°
  α0=16°

0 2 4 6 8 10 12 14 16 18 20 22

0

2

4

6

8

Fo
ur

ie
r a

m
pl

itu
de

 o
f  

F L

Heaving amplitude (10−2B)

 2nd harmonic               3rd harmonic
 α0=2°, 2nd harmonic    α0=2°, 3rd harmonic 
 α0=8°, 2nd harmonic    α0=8°, 3rd harmonic 
 α0=16°, 2nd harmonic  α0=16°, 3rd harmonic 

0 2 4 6 8 10 12 14 16 18 20 22
0

3

6

9

12

Fo
ur

ie
r a

m
pl

itu
de

 o
f  

M
T

Heaving amplitude (10−2B)

  1-DOF
  α0=2°
  α0=8°
  α0=16°

0 2 4 6 8 10 12 14 16 18 20 22

0.0

0.2

0.4

0.6

0.8

Fo
ur

ie
r a

m
pl

itu
de

 o
f  

M
T

Heaving amplitude (10−2B)

 2nd harmonic                3rd harmonic
 α0=2°, 2nd harmonic     α0=2°, 3rd harmonic 
 α0=8°, 2nd harmonic     α0=8°, 3rd harmonic 
 α0=16°, 2nd harmonic   α0=16°, 3rd harmonic 

Figure 14. Variation in Fourier amplitude of aerodynamic lift with heaving amplitude. (a) The
fundamental frequency (b) Second harmonic and third harmonic.
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Figure 15. Variation in Fourier amplitude of aerodynamic moment with heaving amplitude. (a) The
fundamental frequency; (b) Second harmonic and third harmonic.

As shown in Figures 16a and 17a, the linear relationship between fundamental fre-
quency amplitude of aerodynamic forces and pitching amplitude involved is weak regard-
less of 1-DOF pitching motion or 2-DOF coupled motion, and the larger the amplitude,
the weaker the linear characteristics. Therefore, pitching motion is considered to be the
primary source form of nonlinear components. Figures 16b and 17b show that the curve
shape of the second harmonic and third harmonic component with pitching amplitude is
not significantly changed under different foundational heaving amplitudes, and both of
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them show an increasing trend. With the increase in pitching amplitude, the growth rate
of the third harmonic is higher than that of the second harmonic, and the growth range is
significant under large amplitude. At this time, the importance of the third harmonic is
prominent and should be paid attention to.
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Figure 16. Variation in Fourier amplitude of aerodynamic lift with pitching amplitude. (a) The
fundamental frequency; (b) Second harmonic and third harmonic.
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Figure 17. Variation in Fourier amplitude of aerodynamic moment with pitching amplitude. (a) The
fundamental frequency; (b) Second harmonic and third harmonic.

In order to explore the law that the proportion of nonlinear aerodynamic components
change with the coupled amplitude, the sum of the second to fifth harmonic components
is used to represent the aerodynamic nonlinear components, and the total amount of the
previous quintuple frequency is used as the cardinal number of normalized statistics, as
shown in Figures 18–21.

Compared with the 1-DOF pitching motion, the proportion of nonlinear components
of aerodynamic force is reduced due to the addition of a small amplitude heaving motion,
as shown in Figures 18a and 19a. At this time, the heaving motion plays a positive damping
role, and the positive damping action of the heaving motion decreases obviously with
the increase in foundational pitching amplitude. For the aerodynamic lift, as shown in
Figure 18b, the proportion of nonlinear components decreases first and then increases
with heaving amplitude, and the heaving motion has an extreme value amplitude of
positive damping action. For the aerodynamic moment, as shown in Figure 19b, the
proportion of nonlinear components generally shows a positive correlation trend with
increasing the heaving amplitude. In the 1-DOF pitching motion state, the proportion of
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nonlinear components of aerodynamic lift is higher than that of aerodynamic moment,
which has stronger nonlinear characteristics. However, due to the positive damping effect
of small amplitude heaving motion, a slightly higher proportion of aerodynamic moment
is observed near the extreme value amplitude of positive damping action. Therefore, the
complex influence of a heaving motion amplitude on nonlinear characteristics should be
considered when studying nonlinear flutter.
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Figure 18. Proportion variation in high-order harmonic components of aerodynamic lift with different
heaving amplitudes. (a) Comparison of 1-DOF pitching motion with 2-DOF coupled motion; (b) 2-
DOF coupled motion.
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Figure 19. Proportion variation in high-order harmonic components of aerodynamic moment with
different heaving amplitudes. (a) Comparison of 1-DOF pitching motion with 2-DOF coupled motion;
(b) 2-DOF coupled motion.

Figures 20a and 21a show that compared with the 1-DOF heaving motion, the nonlinear
components of aerodynamic moment increase with the addition of pitching motion, and
the same results are also observed in the aerodynamic lift under the foundational heaving
motion of small amplitude. The nonlinear aerodynamic components broadly positively
correlated with the pitching amplitude, as reported in Figures 20b and 21b. Under different
foundational heaving amplitudes, the difference in proportion of nonlinear components of
aerodynamic forces (especially aerodynamic moment) decreases obviously with the increase
in pitching amplitude. In conclusion, it is considered that the nonlinear components
of aerodynamic forces in the coupled motion are mainly provided by pitching motion
form, and the aerodynamic moment is more significantly affected by the pitching motion.
In general, the proportion of nonlinear components of aerodynamic lift is higher than
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that of aerodynamic moment, which has stronger nonlinear characteristics. Therefore,
the nonlinear components of aerodynamic lift should be considered preferentially when
optimizing the nonlinear model.
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Figure 20. Proportion variation in high-order harmonic components of aerodynamic lift with different
pitching amplitudes. (a) Comparison of 1-DOF heaving motion with 2-DOF coupled motion; (b) 2-
DOF coupled motion.
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Figure 21. Proportion variation in high-order harmonic components of aerodynamic moment with
different pitching amplitudes. (a) Comparison of the 1-DOF heaving motion with the 2-DOF coupled
motion; (b) 2-DOF coupled motion.

In order to compare the variation characteristics of aerodynamic lift and moment with
the coupling amplitude in detail, the proportion of nonlinear components in the 1-DOF
motion of the section is taken as the cardinal number for normalized statistics, as shown in
Figures 22 and 23.

Figure 22 shows that the positive damping action of small amplitude heaving motion
in the aerodynamic lift is significantly stronger than that of aerodynamic moment. Figure 23
shows that the small amplitude pitching motion has a significantly stronger promoting
effect on the nonlinear characteristics of aerodynamic moment than lift. Therefore, in the
exploration of amplitude dependence of nonlinear components of the aerodynamic lift
and moment under heaving-pitching coupled motion, it is found that the heaving motion
mainly affects the nonlinear components of aerodynamic lift, while the pitching motion
has a more significant effect on both, and has a stronger effect on aerodynamic moment.
Although the nonlinear proportion of aerodynamic moment is generally lower than that
of aerodynamic lift, its growth rate with amplitude is larger. Therefore, the nonlinear
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component of aerodynamic moment should be attached to importance at large amplitudes,
especially at large pitching amplitude.
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Figure 22. Normalized statistical diagram of aerodynamic nonlinear components in different heaving
amplitude. (a) foundational pitching amplitude α0 = 2◦; (b) foundational pitching amplitude α0 = 8◦;
(c) foundational pitching amplitude α0 = 16◦.
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Figure 23. Normalized statistical diagram of aerodynamic nonlinear components in different pitching
amplitude. (a) foundational heaving amplitude h0 = 0.02B; (b) foundational heaving amplitude
h0 = 0.1B; (c) foundational heaving amplitude h0 = 0.2B.

4. Conclusions

The amplitude dependence of nonlinear self-excited aerodynamic forces for the semi-
closed box deck section under heaving-pitching coupled motion is investigated in this work.
The combination form of forced amplitude is changed by dynamic grid technology, and the
self-excited aerodynamic forces are obtained by forced vibration numerical simulation for
discussion and analysis. Key conclusions deriving from the study include:

With the increasing pitching amplitude, the main components of the high-order
harmonic of aerodynamic forces are transferred from the second harmonic to third in the
heaving-pitching coupled motion. With the increasing heaving amplitude, the energy
transfer phenomenon of aerodynamic lift is promoted, while that of aerodynamic moment
is inhibited. Therefore, when the pitching amplitude is large (α0 > 10◦), the importance
of the third harmonic in the aerodynamic lift should be prioritized in nonlinear flutter
calculation, while when the pitching amplitude is small (α0 < 10◦), the importance of the
second harmonic in the aerodynamic moment should be considered first.

Compared with the 1-DOF pitching motion, the proportion of nonlinear aerodynamic
nonlinear component is reduced when the heaving motion of small amplitude is added. At
this time, the small amplitude heaving motion plays a positive damping role in the coupled
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motion. The heaving motion has little promoting effect on the aerodynamic nonlinear
components, which mainly contributes to the aerodynamic lift, and has a complex influence
on the nonlinear characteristics.

In the heaving-pitching coupled motion, the proportion of nonlinear components
generally increases with the pitching amplitude, and the proportion of high-order harmonic
components can reach more than 20% under large pitching amplitude (α0 = 20◦). The high
harmonic components of aerodynamic forces are mainly generated by pitching motion,
and the nonlinear characteristics of aerodynamic forces, especially aerodynamic moment,
are mainly affected by pitching motion.

In general, the proportion of nonlinear components of aerodynamic lift is higher than
that of aerodynamic moment, so more attention should be paid to the nonlinear research of
aerodynamic lift. It is worth noting that the extreme value heaving amplitude of positive
damping action is observed in the nonlinear aerodynamic lift, and the nonlinear component
of aerodynamic moment has a higher growth rate with the increase in coupled amplitude.
Therefore, the nonlinear research of aerodynamic moment should also be emphasized in
the case of large amplitude and extreme value heaving amplitude.
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