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Study on Synchronization of
Two Eccentric Rotors Driven
by Hydraulic Motors in One

Vibrating System

In this article the synchronization of two eccentric rotors driven by hydraulic motors (TER-
DHM) in one vibrating system is studied. The differential equations of TERDHM motion
are derived, and the synchronous and stable rotating conditions of TERDHM are estab-
lished. It is found from the analysis and simulation that the angular velocities of TERDHM
act on each other and both vary in a small range approaching their mean value. The syn-
chronous rotation speed is equal to the average angular velocity of TERDHM, and the
phase difference between them depends on the difference of the flow rates of the two hy-

draulic motors.

INTRODUCTION

A new kind of vibrating system is introduced in this
article. In this system two eccentric rotors that excite
vibration are separately driven by two hydraulic mo-
tors instead of two electric motors. It is known that
a hydraulic motor has many advantages, such as it is
very easy to change and control its rotating speed and
it is smaller and lighter than an electric motor. These
advantages are very applicable to vibrating machines.

Although the synchronous motion theory of two ec-
centric rotors driven by two electric motors has been
studied in great detail (Blekhman, 1981, 1988; Wen,
1982), the many theoretical problems of a vibrating
system excited by TERDHM have not been analyzed
thoroughly. These include the motion law of TER-
DHM, the rotating speed characteristics, the phase dif-
ference between two rotors, and, particularly, the pos-
sibility of maintaining synchronous rotation. Based on
the analytic method of nonlinear theory, the above
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FIGURE 1 The mechanical model of the vibrating sys-
tem.

problems are analyzed in detail with the condition that
the hydraulic motors are fixed displacement motors.

The results of the simulation and calculation are
consistent with theoretical analysis.

305



306 Zhang, Wen, and Fan

MECHANICAL MODEL AND DIFFERENTIAL
EQUATION OF MOTION OF VIBRATING
SYSTEM

The simplified mechanical model of the system is
shown in Fig. 1, where xoy is a fixed coordinate axis
and G(x, y) is the mass center of the vibrating body.
When the system is static, G overlaps with origin O.
In Fig. 1 two eccentric rotors turn in opposite direc-
tions, and the displacements of the eccentric masses
mi(x1, y1), ma(x2, y2) can be written as

x1 =x+Icosy + rysingy,
x2 =x —1cosy — rysin¢y,
y1 =y +Isiny + rycosey,
y2 =Yy —Isiny + rycos ¢y,

M

where ¢;, r; are the rotating angle and eccentricity of
the eccentric rotor, i = 1, 2; ¥ is the angular displace-
ment of the vibrating body about the mass center G; [
is the length between G and the center O; of the rotat-
ing shaft, here [; = [; and x, y are the displacements
of the mass center G in the x, y directions.

The kinetic energy 7', potential energy V, and dis-
sipation function D of the system can be expressed as
follows:

T = SMGP 430+ S0+ 20t + %Jzé%
+mri¢1(J cos g1 — i sin py)
~ mara¢a( cos ¢y + i sin ¢2)
+ (my — m)ly (§ cos Y — i sin )
+mylry cos(er — ¥)

—malra (e + ¥), (2)
1 1 1

V = 5 xx2 + Ekyyz -+ Ekwlﬂz
+migri(1+sin¢y)
+magra(l + sin¢y), 3

t o, 1, 1.
D = 5fxx2+ Efyyz + Eleﬂlfz
T .
+5 filn — )?

1 . .
+ 5 h + V)2, 4)

where
M = Mo+ my1 +ma,
I=1I+ mll2 + mzlz,
Ji =mr, Jo = mar2,

and m; is the eccentric mass of the eccentric rotor,
i = 1,2; My, Iy are the mass of the vibrating body

and moment of inertia about the mass center G with-
out m;; f; is the rotating damping coefficient of the ro-
tating shaft; fx, fy, fy are the damping coefficients of
the vibrating system in the x, y, ¥ directions, respec-
tively; kx, ky, ky are the spring constants of the vibrat-
ing system in the x, y, ¥ directions, respectively; and
g is the weight acceleration. Substituting 7, V, and D
into the Lagrange equation,

daT aT n A% aD — 0; )
dtdq; dq; dqi g b
We can obtain
MX 4+ fix + kex

= mr19} cos 1 — marad3 cos ¢
+myrig1 sin 1 — marygy singy
+1(my — m)(§ sin ¢ — ¥ cos¥),
My + fyy+kyy
= mlrléf sin¢gy + mgrgq'ﬁg sin ¢
— mrid1 cos ¢ — marady cos ¢y
—I(my — mo)(§ cos ¢ — Y sin ),
Iy + fo +kyy
=—(fi$1 — fr2)
+1(my — ma) (X siny — ¥ cosyr)
— myr 1] sin(¢; — )
— ¢7 cos(pr — ¥)]
+maoral[$ sin(pa + )
— 3 cos(¢z + ¥l (6)
Jig1 + fid
— fiyr + miri[ycos ¢y — i sin 1]
+myr1g cos ¢
+myrid[§ cos(gr — ¥)
—§?sin(p) — Y] =T,
hé2 + for
+ fo¥r + mara[j cos ¢ + X sin ¢y
+ marag cos ¢
— margl [ cos(¢2 + V)
— 2 sin(dy + )] = 1, (7

where f = fy + f1 + f2 and T; is the torque of the
hydraulic motor, i = 1, 2.

Equation (6) is a set of differential equations of the
motion of the vibrating body and Eq. (7) contains the
differential equations of rotation of TERDHM. Con-
sidering the situation of small damping and ignoring
higher order small terms, from Eq. (6) we can obtain



the steady solutions in the nonresonaus. : case,

X = ajcos¢) — apcos ¢y,
y = bising; + bysingy, ®
Y = cising) + ¢z sin ¢y,

where

a; = —miri[M(1 — w2 /$?),
bi = —miri/M(1 — 2 /$?),

o = [miry + (m1 — m2)bi](=1)
11 -} /97) ’
_ [mar2 — (my — m)b)(—1) ®)
- I(1 — o3 /¢2) ’
=k /M, W2=ky/M, &} =ky/I,
a)%>a)y, ¢>i2>a)2 i=1,2.

ROTATING SPEED CHARACTERISTICS OF
TERDHM

The torques of two hydraulic motors, 77 and T, in
Eq. (7) can be expressed as

Ti=ugipi, 4i=Qi/di, i=12 (10)
where g;, Q;, p; are the displacement, flow rate, and
nominal pressure of the hydraulic motor, respectively,
here the g; means the flow rate of the hydraulic motor
per rotation; and p is the torque coefficient, which is
constant. In this study hydraulic motors are fixed dis-
placement motors. Let

Q=42=4q. (1

From Eq. (10) we know that flow rates Q) and Q3
vary in their small value, and the rotating speed of ro-
tors driven by hydraulic motors will also have a cor-
responding variation. Introducing a transform as fol-
lows:

i=1t+o, T=0t, T>wa, i=1,2, (12)
where w is the average value of variables ¢; and o;
is the small value of the rotating angle. Representing
d/dt with a prime and t. Transforming differential ¢
into 7, one can obtain

$i=v(1+a), =" o, |1,
and Eq. (10) can be transformed as
pQi KO
T = 1 — o). 13
aita) | @ ( 0 (13)
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By substituting Eqs. (8), (12), and (13) into (17), in-
tegrating 7 in the region [0, 2], and then calculating
the average value, we can obtain the motion equation
of TERDHM in terms of a small angle:

of + (e +uQr)e] + [hsin(e; — a2)led

h .
+(e—uQp)+ 2 sin{or] —o) =0
oy + (e + uQ2)ay — [hsin(ay — a2)]e]

h .
+(e—uQs) - 2 sin(fay —ap) =0, (14)
where

e= fi/Jio, u=uPi/liw>,
h=0b—a—cD/ri, i=1,2. (15)

Notice that Eq. (14) is an autonomous nonlinear equa-
tion. Setting

of =X1, o= Xy, (16)

Eq. (14) can be rewritten as
X| = Fi(X1, X2)
= —(e+uQ)Xi
h .
—(e—uQ1)— -2-Sln(t¥1 —02), Q7)

X5 = F(X1, X2)
= —(e +uQ2)X2 + [Asin(e; — a)1X1

—(e—u@2)+ gSin(dl —a3). (18)

— [Asin(a) — a2)]1 X2

The singular point equations in the phase plane
(X1, X») are

—(e+uQ1)X1 — [hsin(a; — a2)]X2
—(e—u@i) — gsin(al —a)=0
—(e+uQ)X, + [hsin(a; — )] X

—(e—uQy + g sin(o; — az) = 0. (19)

Then

= A h 3
X, = EI:M Q+2(e— uQ)sin(ee; — o) |,
X, = [ uAQ + Z(e —3uQ)sin(og — (xz)]
- 1
X = E[ + AQ sin(o) — ag)] 20)
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where

E = u?0102 — e — (h*/2) sin®(a1 — o),
H = (e+uQ1)(e+uQ2) + h*sin’(a; — ),
Q = (Q1+02)/2, AQ=01— 0.

From Eq. (20) we can sece that the two angular ve-

locities act on each other and both of them vary in the
small range approaching their average value X.

SYNCHRONIZATION AND STABILITY
CONDITIONS OF TERDHM

Assuming
(1 —m)=aq, 21

subtracting (18) from (17), and noting (16) and (20),
the following equation can be obtained:

— 1
o +(e+uQ)d + FUAQX1+ X2)
+ (X1 + X2+ Dhsina = 0. (22)

Introducing the new variables da/dt = 6, o, Eq. (22)
becomes

de_ g
dr
do — 1
— = —(e+u) — -uldQ(X| + X2)
dt 2
— (X1 + X2+ Dhsina. (23)
Hence,
d6 _ Di(a, )
da ~ Daa, )
=[—(e+u0)0 —uAQ(X+ X2)/2
— (X1 + X2+ Dhsina]/6. (24)

In the phase plane (e, 8), the singular points are de-
fined as

Di(«,0) =0, Dy(ee,0)=0. (25)
Substituting Eq. (21) into D, (e, 8) = 0,
o/l—oé:Xl—X2=0. (26)
Equation (26) shows that the two angular velocities of
TERDHM are equal. That is to say, two eccentric ro-

tors rotate in the synchronous state corresponding to
the singular point in the phase plane (¢, 6).

Substituting Eq. (20) into (26) one obtains

2eulQ

s o) = o @7

X1=X;=X.

It can be seen from Eq. (26) that synchronous rotat-
ing speed is equal to the average angular velocity of
TERDHM and the phase difference between the two
rotors depends on the difference A Q of the flow rates.
If AQ # 0, then sin(e; —ap) # O, andif AQ =0
only it follows that sin{e; — ap) = 0.

From Eq. (27) the synchronization condition of the
rotating motion of TERDHM is found to be

2euAQ ‘<1 (28)

BuQ — e)h

According to the above analysis we know that the
stability of the singular points in the phase plane («, 8)
can determine the stability of the synchronization ro-
tating condition of TERDHM. The properties of the
singular points, which are defined by Eq. (25), can be
determined by the root A of the characteristic equation

3D(a, 0) 3D (e, 6)
b 36
D@6 D@0 |~ 0. (29
dor a0
Equation (29) can also be written as
A2+ B4y =0, (30)

where

(D2, 0) | 3D1(2,0)
p= _< T )
_ 3Dy(e,6) D1 («, )

Jo a9
0Dy (a, ) 0D («, 0)

00 do

If

B>0, y>0, (€3))

the characteristic Eq. (30), has roots with negative real
parts. In this situation the singular points must be sta-
ble.

Substituting (9), (15), (24), and  and y in (30) into
(31), and noting that ¢ > O, u > 0, and O > 0, one
can get the following stability condition

Whcos(xy — ) > 0, (32



where

2
W = [(e+u§)2 - (”A2Q>

— h?sin®(a; — az)]

x [(e+uD)? —2(7T° — ¢?)
—4e(e +uQ)uA Qhsin (o — o),

A m 1 1
T M\1—02/@2 1-u?/5?
x y
+ (33)

From (9) and (33) we obtain 2 > 0. In this case the
stability condition (32) can be simplified as

W cos(a; — o) > 0. (34)

Substituting (33) into condition (34), considering the
two possibilities cos(a; — o) > 0, W > 0, and
cos(a] — ap) < 0, W < 0, we can see that condition
(34) is satisfied only when

cos{o; — ) > 0,
W > 0. (35)

Thus, we obtain

cos(a; — o) > 0,
—u1(v —ve)AQ < sin(ay — o2)
<ur(v+vo)AQ, 36)

where
u; = (e+ ua)u/h,

v = y/v? = 1/4(c + 1 DY,
v =12e/BuQ+e)uQ —e).

From condition (36) a quantitative range of stable
phase difference is given by

—arcsinfu (v — v9) A Q] < (a1 — o)
< arcsinfu; (v + vo)AQ]. 37N

When AQ = 0, from formula (27) we get sine =
sin(o] —ap) = 0. Obviously, the point (@ = 0,8 = 0)
and the point (¢ = w,8 = 0) in the phase plane
(e, 8) are two typical singular points of Eq. (25). Be-
cause cosf > 0, from condition (36) we know that
the singular point (¢ = 0,60 = 0) is stable. Also, for
cosm < 0, the singular point (o = 7, = 0) is unsta-
ble.
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EXAMPLE AND SIMULATIONS

The parameters of a vibrating system are as follows:
mass of the vibrating body, M = 5000 kg; eccen-
tric masses, m; = my = 100 kg; eccentric mass
moments, J; = J; = 16.9 kg-m2; average rotat-
ing speed of the motors, @ = 1500 rpm; spring
stiffness of the vibrating system in the x direction,
K, = 2.418 x 10 N/m; spring stiffness of the vibrat-
ing system in the y direction, Ky, = 1.777 x 10° N/m;
rotating- damping coefficients of the rotating shafts,
f1 = f» = 0.12 N-m-s/rad; torque coefficient of the
hydraulic motor, 4 = 1.59 x 1073, displacements of
the hydraulic motors, g = g2 = 60 cm?; distance
between points G and O;, I = 0.6 m.

Using Egs. and expressions (9), (15), (27), and (28),
the following results for TERDHM rotating in a stable
synchronous state are obtained: 1. if p = 20 MPa, then
AQ < 0.0690; if p = 30 MPa, then AQ < 0.0460.
2.if p = 20 MPa, AQ < 0.069Q, then —2.9° <
(a1 —an) < 2.9%if p = 20 MPa, AQ < 0.0460,
then —2.3° < (a1 — ap) < 2.3°.

The results of the simulation for the example are
shown in Figs. 2, 3, and 4. Figure 2 shows the rotating
speed curves of two rotors. It can be seen from the
figure that the synchronous rotation of TERDHM can
be achieved under the conditions given in this article
and the rotating speeds of two rotors correspond to the
characteristics described in Egs. (20) and (27).
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FIGURE 2 The rotating speed curves of two rotors.
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FIGURE 3 The phase difference curve of two rotors.
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FIGURE4 The displacement curves in the y, x directions:
(a) the displacement curve in the y direction and (b) the dis-
placement curve in the x direction.

Figure 3 shows the phase difference curve of two
rotors. It shows that the phase difference in a syn-
chronous rotating condition is very small and stable.

Figure 4 shows the displacement curves of the vi-
brating body in the x and y directions. Figure 4(a)
shows that the vibration in the y direction is a stable
forced vibration and it corresponds to the stable syn-
chronous rotation of TERDHM.

CONCLUSIONS

1. The rotating motion of TERDHM is nonlinear.

2. The angular velocities of two rotors act on each
other and both of them vary in a small range
approaching their average value X.

3. The synchronous rotating speed of TERDHM
is equal to the average angular velocity. The
phase difference of two rotors is determined by
the flow rate difference A Q of the two hydraulic
motors.

4. The stable synchronous rotation of TERDHM
can be achieved when the synchronous
conditions given in (28) and the stable
conditions given in (35) are satisfied.
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