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ABSTRACT. Previous studies have shown that the mean queue length of a GI/G/1 system is significantly

influenced by the skewness of inter-arrival times, but not by the skewness of service times. These results

are limited because all the distributions considered in previous studies were positively skewed. To address

this limitation, this paper investigates the effects of the skewness of inter-arrival and service times on the

probability distribution of waiting times, when a negatively skewed distribution is used to model inter-arrival

and service times. Subsequent to a series of experiments on a GI/G/1 queue using discrete-event simulation,

results have shown that the lowest mean waiting time and the lowest variance of waiting times can be

attained with a combination of positive inter-arrival skewness and negative service skewness. Results also

show an interesting effect of the skewness of service times in the probability of no-delay in environments

with a higher utilization factor.

Keywords: queueing theory, skewness, GI/G/1 queue.

1 INTRODUCTION

The successful management of waiting time has been important to maintain the competitive

advantage of manufacturing companies (de Treville et al., 2004; Tersine & Hummingbird, 1995)

as it is a principal component of the manufacturing flow time. Today’s business environment has
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evolved into a customer-oriented market, where a significant amount of production is made-to-

order (Romero-Silva et al., 2016). This change has created a greater need to accurately estimate

an order’s flow time to carry out various levels of planning throughout the company and reach

target service levels.

Queueing theory has been widely used to study waiting times in stochastic environments by

modelling manufacturing and service processes as queueing systems. One of the most relevant

conclusions of queueing theory literature (Hopp & Spearman, 2000) is that as a system’s uti-

lization increases, mean waiting time increases. Furthermore, as either arrival or service time

variability increases, mean waiting time also increases (Buzacott & Shanthikumar, 1993).

Other, less frequently mentioned conclusions are that higher-order parameters of inter-arrival

and service time distributions, e.g. skewness and kurtosis, influence the mean waiting time of

a GI/G/1 queue (Gross & Juttijudata, 1997; Lemoine, 1976), and that the shape of input distri-

butions also influences the resulting mean waiting time (Gross, 1999). Skewness measures how

symmetrical the shape of a distribution is. It is very relevant for probability distributions other

than the normal distribution, as most production times distributions are skewed (Dudley, 1963;

Inman, 1999). A positive skewness indicates that the mass of the distribution is concentrated

towards the left of the distribution and that the right tail is longer than the left one; whereas a

negative skewness suggests that the mass is concentrated towards the right and that the longer

tail is left-located. On the other hand, kurtosis measures the level of mass concentration towards

the tails of the distribution.

Regarding skewness, Whitt (1984a) demonstrated that the mean waiting time of a H2/H2/1

queue (inter-arrival and service times modelled with a second-order hyperexponential distribu-

tion (Tarasov, 2016) with single server) is significantly influenced by the skewness of inter-arrival

times, whereas the influence of the skewness of the service times was minimal.

Results from Johnson (1993) suggest that having a good approximation for the distribution of

inter-arrival times (up to the third moment) is more critical for reducing the error of waiting time

estimation than having a good approximation for the distribution of service times, suggesting a

higher influence of inter-arrival times on the mean waiting time. However, she suggested that

more research is needed regarding the influence of service time skewness on mean queue length

approximations.

Despite their value, the results from the studies of Whitt and Johnson are limited since the prob-

ability distributions used were all positively skewed and had high coefficient of variation values,

which is a characteristic not present in many real production systems (Doerr et al., 2004).

Therefore, this paper is concerned with investigating whether the influence of the skewness of

service times on the mean waiting time is more significant than previously suggested. In addition,

this paper will investigate how the skewness of inter-arrival and service times can further influ-

ence the distribution of waiting times, beyond the mean, to significantly impact performance.

This study will address the following questions:
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1. What is the influence of inter-arrival and service time skewness on the mean waiting time

for queues with positively and negatively skewed distributions?

2. How does the skewness of inter-arrival and service times influence the distribution of

waiting times?

This topic is investigated through the analysis of the waiting times of a single-server queue, clas-

sified as GI/G/1. A GI/G/1 queue entails a single server with general service times and indepen-

dent, general inter-arrival times distributions. This paper contributes to the body of knowledge by

assessing the influence of inter-arrival and service time skewness on the distribution of waiting

times. In addition, the managerial implications of this research have the potential to contribute

to enhanced production performance by providing additional understanding into how to reduce

waiting times.

This paper is organized as follows. Section 2 presents a relevant literature review on the estima-

tion of waiting time parameters and its probability distribution. Section 3 describes the method-

ology and experimental design used for this research. Section 4 presents the results of the study,

while the results discussion is shown in Section 5. Finally, Section 6 presents the conclusions of

the study.

2 LITERATURE REVIEW

Studies investigating waiting time performance have used two main approaches– analytical meth-

ods and discrete-event simulation. Most previous literature has applied queueing theory meth-

ods to obtain exact solutions to estimate the waiting time probability distributions for PH/PH/1

(inter-arrival and service times modelled as phase-type distributions with single server) queues

(Latouche & Ramaswami, 1999a), using matrix analytic methods (Latouche & Ramaswami,

1999b).

In addition, a number of approximations have been obtained for a variety of queueing systems.

Buzacott and Shanthikumar (1993) and Bolch et al. (1998) concisely presented a summary of the

most relevant GI/G/1 queue approximations. Myskja (1990) presented a list of approximations

for the GI/G/1 queue where it can be seen that most approximations consider the coefficient of

variation of inter-arrival times (CVA), the coefficient of variation of service times (CVS) and the

utilization of the server (ρ) as the three most critical factors affecting the mean waiting time (W).

Furthermore, Bhat (1993) suggested an approximation for the variance of the waiting time of a

GI/G/1 queue where the skewness of the distribution of inter-arrival times (γA) and the skewness

of the distribution of service times (γS) are critical factors.

Based on this previous work, we can see that the k and k+1 moments of the distributions of inter-

arrival and service times are the factors that most influence the kth moment of the mean waiting

time, apart from the utilization factor.

Nevertheless, as Lemoine (1976) proved that higher-order moments also have an influence on

mean waiting times, a number of papers have since studied the influence of skewness on the
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mean waiting time. For example, Klincewicz and Whitt (1984) and Johnson and Taafe (1991)

showed that the effect of γA on W is higher as CVA increases, and lower when ρ increases in

a GI/M/1 queue. In addition, Sahin and Perrakis (1976) and Whitt (1984a) suggested that the

impact of γA on W of a GI/G/1 queue is significantly higher than the impact of γS on W, and that

the variance of the waiting times is significantly affected by both γA and γS.

Lau and Martin (1987) suggested that lower values of processing times’ skewness result in higher

throughput. They also suggested that the effect of kurtosis on throughput is a complex behaviour

to model because the impact of kurtosis depends on its interaction with other factors, such as

CVS, γA and γS.

Johnson (1993) also investigated the effect that two and three moment approximations have on

the estimation of W. She found that, although both γA and γS have an effect on W, the highest

effect is caused by γA, and that the effect of γS is reduced when either CVA or ρ increase. She

concluded that more analytical and empirical investigations are needed to extend the conclusions

of her study regarding the effect of good service-time approximations.

Powell and Pyke (1994) suggested that negative skewness of processing times results in higher

throughput. Furthermore, they show that the effect of kurtosis is difficult to assess. However,

they suggest that kurtosis could have an effect on mean throughput up to 5% and that the er-

ror of throughput estimation could be as high as 28% when only the first two moments of the

distribution of processing times are considered.

More recently, Wu et al. (2018) developed a three moment approximation for the GI/G/1 queue.

They stated that a two-moment approximation should be used when CVA is less than one. If CVA

is equal or higher than one, they suggested using a three-moment approximation.

In addition, Romero-Silva et al. (2019) studied the effect of skewness on the inter-departure

times distribution. They found that combination of negative inter-arrival skewness and positive

service skewness reduced the coefficient of variation of inter-departure times, as well as the

absolute values for the Lag-1 inter-departures autocorrelation, whereas the opposite was true for

a combination of positive inter-arrival skewness and negative service skewness.

In an alternate perspective to the above methodologies, Brandwajn and Begin (2009) studied the

effects of the higher order properties of the service times’ distribution on the distribution of the

number of customers waiting in an M/G/1 queue. They found that the probability distribution

tail of the number of customers waiting in queue is influenced by γS since a higher value of γS

resulted in a shorter tail, reducing the probability of finding a higher number of customers in the

system at any moment.

Therefore, the purpose of this paper is to extend the conclusions suggested by previous studies

regarding the effects of the skewness of the distributions of inter-arrival and service times on

the distribution of waiting times. Specifically, this paper investigates whether the impact of the

skewness of service times remains minimal when negatively skewed data with low values of CV

are considered.
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3 METHODOLOGY

To study whether the skewness of service times has a significant impact on the distribution of

waiting times, negatively skewed distributions need to be considered, since previous studies only

considered positively skewed distributions. Additionally, as it was important to isolate the effect

of skewness on the waiting times, we alternate between positively and negatively skewed random

variates, without varying the values of the mean, variance and kurtosis.

Therefore, the recommendation of Khalil et al. (2008) to model inter-arrival and service times

with the triangular distribution was followed, as its parameters allow having positive and negative

skewness in different experiments, while keeping the values of the mean, variance and kurtosis

constant (kurtosis for the triangular distribution equals - 3
5
, irrespective of the distribution param-

eters). This particularity allows the experimental design to exclusively assess the impact of the

skewness on performance, as previous studies have done (see, e.g. Romero-Silva et al., 2019).

In addition, the triangular distribution can be used to model simple estimates (Law, 2014) of

real random variates as the distributions of some real production processes have low squared

coefficient of variation values (Doerr et al., 2004).

Describing the variability of waiting times with exact formulas, whenever non-phase-type distri-

butions are involved, such as the triangular distribution, is challenging (Wolff, 1970). Discrete-

Event Simulation (DES) has been used to address this limitation because it is a methodology that

can reproduce the behavior of a queueing network better than other techniques (Gue and Kim,

2012; Lagershausen & Tan, 2015). Hence, DES was used as the modelling paradigm for this

experimental study.

Four waiting time responses were selected in this study to capture the effect of γA and γS on

the distribution of waiting times. Typical moment-related measures were chosen as responses,

namely, the mean (W), variance (σ2
W) and skewness (γW) of the distribution of waiting times,

as well as the probability that the customer does not wait in queue (PW0). However, the actual

responses W, σ2
W, γW and PW0 reported in this study are the averages of the values of each

moment-related measure throughout the 200 replications. In Table 1, we can find a reference

table of all the variables and responses, as well as their abbreviations.

Following the recommendations of Yang et al. (2008) and Chen and Zhou (2010), 200 inde-

pendent replications, with lengths of 10,000 customers each, were used to estimate the study’s

parameters. Simio Version 9.132 (Kelton et al., 2014) was used as the simulation software to run

the experiments.

To determine the length of the transient, Welch’s (1983) method was used. Five initial replica-

tions were carried out to measure the number of system customers, leading to the conclusion

that around 1,000 initial customers were needed to reach the steady-state. This conclusion was

reached by comparing the expected number of customers for the given experimental factors,

which were estimated by using Hopp and Spearman’s (2000) approximation formula for mean

number of customers in a GI/G/1 steady-state queue, against the moving averages obtained in
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Table 1 – List of variables and their abbreviations.

Exp. factor Abbrev.
Performance

measures
Abbrev. Exp. responses Abbrev.

Inter-arrival time

skewness
γA

Waiting time of

customer j in

replication i,

experiment k

wkij Mean waiting time W

Service time

skewness
γS

Mean waiting time of

all customers in

replication i,

experiment k

ẃki Waiting time variance σ2
W

Server’s utilization

factor
ρ

Mean waiting time of

all replications,

experiment k

Wk

Waiting time

skewness
γW

Inter-arrival time

coefficient of

variation

CVA

Waiting time variance

of all replications,

experiment k

σ2
Wk

Intra-group mean

waiting time
IGVW

Service time

coefficient of

variation

CVS

Waiting time

skewness of all

replications,

experiment k

γWk

Intra-group waiting

time variance
IGVσ

2

System’s coefficient

of variation
CV

Probability of

no-delay in

replication i,

experiment k

p0ki

Intra-group waiting

time skewness
IGVγ

Experiment number k

Average no-delay

probability in all

replications,

experiment k

PW0k

Intra-group

probability of

no-delay

IGVPW0

Replication number i

Intra-group variation

for the mean waiting

time, experiment k

IGVWk

Customer number j

Number of

replications
R

Number of customers

per replication
N

Welch’s method using the simulation results (see Romero-Silva et al. (2019) for an example of

this method).

Thus, if wkij is the waiting time of customer j in replication i, and experiment k; N is the number

of customers per replication (10,000), and R is the number of replications (200); then the mean

waiting time of all customers in replication i for experiment k ( ẃki) was calculated as:

ẃki =
1

N

N

∑
j=1

wkij for all i = 1,2, . . . ,R (1)

Pesquisa Operacional, Vol. 40, 2020: e223190
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In addition, the mean waiting time of all replications in experiment k (Wk), the waiting time vari-

ance of all replications in experiment k (σ2
wk), and the waiting time skewness of all replications

in experiment k (γWk) were calculated in the following manner:

Wk =
1

R

R

∑
i=1

ẃki, for all k = 1,2, . . . ,252 (2)

σ
2
Wk =

1

R

R

∑
i=1

[

1

N −1

N

∑
j=1

(wkij − ẃki)
2

]

(3)

γWk =
1

R

R

∑
i=1







1
N ∑

N
j=1(wkij − ẃki)

3

[

1
N−1 ∑

N
j=1(wkij − ẃki)2

]3/2






(4)

Furthermore, the probability that a customer does not wait for service (no-delay) in replication i,

experiment k, (p0ki) was calculated as follows:

p0ki =
number of customers with zero waiting time ∈ the ith replication

N
(5)

Thus, the probability of no-delay for all customers in experiment k was estimated as:

PW0k =
1

R

R

∑
i=1

p0ki (6)

Four factors were considered as independent variables: γA, γS, CV of the system and ρ , as CVA,

CVS and ρ have been shown to have an interaction with the effects of γA and γS. Note that since

the objective is to identify the interactions of the probability distributions and not the interactions

among different levels of general variability, CVA was set equal to CVS, so that the results are

not influenced by variability interactions.

Three factor levels were defined for γA and γS, representing a negative, zero and positive skew-

ness, while two different values of the system’s CV were defined to further study the interaction

between skewness, CV and ρ . Moreover, several values of ρ were considered to represent low,

medium and very high traffic intensities. Thus, a total of 252 different experiments were run.

Table 2 shows the factors and their actual experimental values. The initial set of parameter values

for the triangular distribution (a – minimum value, m – mode, b – maximum value) used to model

inter-arrival times were taken from Khalil et al. (2008), who considered different shapes of the

triangular distribution. However, since the parameters they considered to build positive, neutral

and negative skewness contained distributions with different means and variances, we needed to

adjust their parameters to meet the requirements of the current study regarding equal means and

variances for experiments, with varying skewness values.

Thus, based on the original parameters in Khalil et al. (2008) regarding a positively skewed tri-

angular distribution (a = 2, m = 3, b = 6), the resulting standardized moments of the triangular
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Table 2 – Experimental factors and their levels.

Factor levels

Factor -1 0 +1

Skewness of inter-arrival times (γA) -0.42 or -0.57 0 0.42

System’s CV 0.2318 0.3642

Server’s utilization (ρ) 0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8, 0.85, 0.90, 0.95, 0.97, 0.98, 0.99

Skewness of service times (γS) -0.42 or -0.57 0 0.42 or 0.57

distribution were: mean = 3.67, standard deviation = 0.85, and skewness = 0.42. In order to con-

sider an equivalent triangular distribution with equal mean and standard deviation but negative

skewness, we calculated the minimum value of parameter a that will result in a mean of 3.67

and a standard deviation of 0.85, by using a second order equation that equalled the coefficient of

variation of the positively and negatively skewed triangular distributions. With the resulting value

(a = 1.26), the maximum value of parameter m that will result in a mean of 3.67 and a standard

deviation of 0.85 was calculated in order to attain a negative skewness. Finally, as the mean and

standard deviation needed to be equal, there was only one possible value of b, considering the

previous results obtained from a and m. These calculations resulted in a triangular distribution

with a skewness of -0.57.

To model a non-skewed triangular distribution for inter-arrival times, we considered that the

mode was equal to the mean of the triangular distribution (m = 3.67) and, based on that initial

value, we calculated the value of b that would result in a mean of 3.67 and a standard deviation of

0.85. Then we calculated the only possible value of a, given the values of m and b. A graphical

representation of the resulting triangular density probability functions is presented in Figure 1

(a).

Figure 1 – Density functions for triangular distributions modelling inter-arrival times with (a) CV = 0.23

and (b) CV = 0.36.
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In addition, based on the original parameters of Khalil et al. (2008) of a negatively skewed tri-

angular distribution (a = 0, m = 3, b = 4), the resulting standardized moments of the triangular

distribution were: mean = 2.33, standard deviation = 0.85, and skewness = -0.42. Taking into

consideration that the mean and standard deviation should remain constant, the parameters for a

positively and non-skewed distribution were calculated in a similar manner as before. A graphi-

cal representation of the resulting triangular density functions resulting from this exercise can be

found in Figure 1 (b).

On the other hand, the parameters for the triangular distributions modelling the service times

were calculated by taking into account the fact that for a single server queue, ρ = mean ser-

vice time/mean inter-arrival time. Therefore, the mean service time was calculated based on the

experimental values of ρ and the corresponding experimental mean inter-arrival time. With the

mean service time value and, given that CVS should be equal to CVA (by experimental design),

we calculated the standard deviation for the service times. As the mean and the standard devi-

ation of service times were now known, the parameters of the triangular distribution (a, m and

b) were then calculated with the same procedure used to calculate the parameters of the distri-

butions of inter-arrival times for positively, negatively and non-skewed distributions. The full

experimental values of inter-arrival and service times stemming from this procedure are shown

in the Appendix, Table A1.

Groups of nine experiments with the same values of CV and ρ , but different values of γA and γS,

were constituted to directly assess the impact of γA and γS on the distribution of waiting times,

resulting in a total of 28 groups. For instance, Group A was constituted of experiments where

CV = 0.2318 and ρ = 0.1 (see Table A1 in the Appendix).

ANOVA tests for each group were run to gauge whether a difference in the values of γA and γS

created statistically significant differences between the responses. In addition, Duncan’s multiple

range tests (Duncan, 1955) were carried out for each group to see whether statistical differences

between experiments within the group existed.

Furthermore, for each experimental response, an intra-group variation (IGV) calculation was

carried out by dividing the actual value of the response in each experiment by the average of the

results of the nine experiments included in the corresponding group, resulting in five additional

responses (IGVW, IGVσ
2, IGVγ and IGVPW0), whose values oscillate around 1. As IGV values

represent a deviation from the average of the group, they can be used to compare inter-group

experiments.

For example, to calculate the intra group variation for the mean waiting time of experiment k

(IGVWk), included in Group x, the following formula was used:

IGVWk =
Wk

1
9 ∑m ∈ Groupx

Wm

(7)

Therefore, IGV calculations were used to estimate the statistical impact of each independent vari-

able, as well as the interactions between the variables on each of the five responses, by carrying
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out ANOVA tests of the impact of single factors and their interactions. All statistical tests were

run using R (The R Foundation, 2019).

Finally, to simplify the analysis of the results, correlation tests between pairs of responses

were completed, resulting in high and statistically significant correlations between W and σ2
W;

therefore, only the results for W, γW and PW0 were further analyzed.

4 RESULTS

After conducting the ANOVA and Duncan’s multiple range tests, some groups of experiments

with ρ > 0.90 yielded non-statistically significant differences among experiments while some

experiments with ρ < 0.50 resulted in a W = 0. Therefore, the results presented in this section do

not include some of these groups of experiments. Experimental results for these experiments can

be found in Table A3 in the Appendix, whereas Table A4 in the Appendix shows the Duncan’s

test results.

4.1 Mean waiting time

The impact of γA and γS on W at different levels of ρ is shown in Figure 2 and Figure 3. From

those figures it can be seen that the effect of the skewness of inter-arrival and service times on the

mean waiting time diminishes as the server’s utilization increases because the relative differences

among the experiments are reduced with increasing values of server’s utilization. The results

shown in Figure 2 and Figure 3 support previous conclusions from other studies (Johnson, 1993;

Whitt, 1984a) as they demonstrate the impact of γA on W, i.e. positive γA reduces W. However,

they also show that γS has a significant influence on W, as the differences between the values of

W in experiments with different γS but equal γA are considerable. For example, for experiments

with CV = 0.2318, ρ = 0.8 and positive γA (see Figure 2), the resulting W values are 0.2959,

0.3115 and 0.3291 for negative, zero and positive γS values (see Table A3 in the Appendix),

respectively. This entails more than 10% deviation between the maximum and minimum values,

when compared with the average of these three results. Moreover, the 5% difference between the

experiment with positive γS and that with zero γS is also sizeable, showing that the impact of γS

on W is significant even for moderate changes. The results also show that for every experimental

value of γA, a negative γS produces the best W values.

The effect of both γA and γS on W seems to decrease with a higher CV value, as the values of

IGVW for experiments with a CV = 0.3642 suggest (see Figure 3). Figure 3 shows how lower

γS values decrease W. Furthermore, the results presented in Figure 2 and Figure 3 indicate that a

combination of positive γA and negative γS produces the best results in terms of W.

The ANOVA test for the effects of the experimental factors on IGVW confirms the aforemen-

tioned impact of γA on W, as this factor, together with its interactions with ρ or CV, has the

highest percentage contribution to the variation of IGVW, as shown in Table 3. It can also be

observed that the effect of γS on IGVW is significant, albeit not as important as that of γA.

Pesquisa Operacional, Vol. 40, 2020: e223190
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Figure 2 – IGV values for W with different combinations of γA and γS and a CV = 0.2318.

Figure 3 – IGV values for W with different combinations of γA and γS and a CV = 0.3642.

4.2 Waiting time skewness and probability of no-delay

Figure 4 shows various interactions among different responses and factors. The top row plots

shown in Figure 4 exhibit the results of IGVγ (intra-group variation of waiting time skewness).

The top-left plot indicates that a positive γA causes an increase in γW, which is directly related to

W results, as a positive γA decreases the mean waiting times, and a higher CV value diminishes

the impact of γA on both γW and W. This is an opposite result from the effect of the interaction

between CV and γS on γW (top, middle-left plot), where a higher CV value creates a higher

effect of γS on γW. Interestingly, the effect of γS on γW is different for experiments with different

CV values. Positive γS decreased γW in experiments with CV = 0.2318, whereas a positive γS

increased γW in experiments with CV = 0.3642.

The plot (top, middle-right of Figure 4) of the interaction between ρ and γA suggests that with

higher values of ρ , the effect of γA on γW drastically diminishes. More interestingly, the inter-
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Table 3 – ANOVA test of effects on IGVW.

Df Sum Sq Mean Sq % Contribution F value Pr(>F)

CV 1 0.0 0.0 0.0% 0.0 0.9992

ρ 1 0.0 0.0 0.0% 0.0 0.9995

γA 1 454.3 454.3 37.4% 50603.9 0.0000

γS 1 32.4 32.4 2.7% 3610.7 0.0000

CV:ρ 1 0.0 0.0 0.0% 0.0 0.9999

CV:γA 1 73.6 73.6 6.1% 8202.4 0.0000

ρ:γA 1 527.5 527.5 43.5% 58759.0 0.0000

CV:γS 1 9.1 9.1 0.8% 1018.2 0.0000

ρ:γS 1 17.1 17.1 1.4% 1905.9 0.0000

γA:γS 1 0.2 0.2 0.0% 18.7 0.0000

CV:ρ:γA 1 91.7 91.7 7.6% 10216.6 0.0000

CV:ρ:γS 1 7.4 7.4 0.6% 826.0 0.0000

CV:γA:γS 1 0.1 0.1 0.0% 8.0 0.0046

ρ:γA:γS 1 0.4 0.4 0.0% 40.9 0.0000

CV:ρ:γA:γS 1 0.0 0.0 0.0% 0.0 0.8363

Residuals 25184 226.1 0.0 0.0%

action between ρ and γS (top-right plot in Figure 4) shows that the effect of γS on γW stabilizes

and reverses as ρ increases, at least for ρ ≤ 0.85.

In addition, the bottom row of Figure 4 depicts the effect of various factor interactions on IGVPW0

(intra-group variation of no-delay probability) results. These results should be the opposite as the

results from W, as higher W values will imply lower PW0. Nevertheless, various results regarding

the effect of the factors on PW0 suggest a different behavior. For instance, a positive γA, which

reduces W, also diminishes PW0 with a low CV value; a negative γS, which reduces W, also

diminishes PW0 for the two CV values considered; a positive γA reduces PW0 for 0.70 < ρ <

0.95 and negative γA increases PW0 for the same range of ρ values; and negative γS reduces

PW0 for ρ > 0.70 while positive γS increases PW0 for the same range.

Furthermore, the interactions of γA and γS with ρ on IGVPW0 show very intriguing behavior as

the curves of the interaction between γA and ρ suggest a non-linear behavior: the effect of zero

γA shows a decreasing pattern with increasing ρ values, and the effect of γS on PW0 seems to

increase as ρ increases, which contrasts with the results concerned with W, where ρ created a

limit on the effect of the skewness on W.

In fact, the effect of γS on PW0 appears to be very significant, as the percentage contribution

of γS (including its interaction with ρ) to the variation of IGVPW0 is very high (more than 64%,

as is shown in Table 4). Interestingly, the ANOVA test for the effects on IGVPW0 also suggests

a relevant interaction between γA and γS on the values of PW0, an interaction that shows that
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γS behaves as expected with positive γA, i.e. negative γS increases PW0 as it reduces W, but for

negative or zero γA, a negative γS reduces PW0 (see Figure A1 in the Appendix).

Table 4 – ANOVA test of the effects on IGVPW0.

Df Sum Sq Mean Sq % Contribution F value Pr(>F)

CV 1 0.0 0.0 0.0% 0.0 0.8293

ρ 1 0.0 0.0 0.0% 0.0 0.9643

γA 1 0.2 0.2 1.4% 9.2 0.0024

γS 1 5.4 5.4 37.1% 238.1 0.0000

CV:ρ 1 0.0 0.0 0.0% 0.0 0.9641

CV:γA 1 0.9 0.8 5.8% 37.4 0.0000

ρ:γA 1 1.8 1.8 12.3% 78.9 0.0000

CV:γS 1 0.1 0.1 0.4% 2.5 0.1165

ρ:γS 1 3.9 3.9 26.6% 170.5 0.0000

γA:γS 1 0.5 0.5 3.4% 21.6 0.0000

CV:ρ:γA 1 1.4 1.4 9.9% 63.7 0.0000

CV:ρ:γS 1 0.0 0.0 0.0% 0.1 0.7668

CV:γA:γS 1 0.1 0.1 0.8% 5.3 0.0213

ρ:γA:γS 1 0.2 0.2 1.5% 9.8 0.0017

CV:ρ:γA:γS 1 0.1 0.1 0.4% 2.8 0.0954

Residuals 35984 815.6 0.0 0.2%

To get a comprehensive understanding of the effect of skewness on waiting times, we decided

to further investigate the effect of γA and γS on the curve of the distribution of non-zero waiting

times. Figure 5 gives an example of these effects by showing three plots comparing combinations

of contrasting values of γA and γS for different levels of ρ . These plots confirm the main findings

of this study, namely, a combination of positive γA and negative γS (dotted line) reduces W by

shortening the tail of the distribution of waiting times and increasing γW and PW0. Contrarily, a

combination of negative γA and positive γS (solid line) increases W by extending the tail of the

distributions of waiting times and reducing γW and PW0. However, this difference is significantly

reduced with increasing values of ρ (right plot).

5 DISCUSSION

Previous studies have suggested that the mean waiting time is minimally affected by the skew-

ness of the distribution of service times (Johnson, 1993; Whitt, 1984a). Adding nuance to this

understanding, results obtained from this study show that, although the impact of the skewness

of inter-arrival times is higher than that of the skewness of service times, the skewness of service

times should also be considered when estimating the mean waiting time, particularly when op-

posing values of inter-arrival and service skewness are present, as the lowest values for the mean

waiting time, for all groups of experiments, were found in experiments with positive values of
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Figure 5 – Approximated density curves of non-zero waiting times for experiments with CV = 0.2318.

γA and negative values of γS. These results extend those of Johnson (1993) and Whitt (1984a),

since they previously discovered an irrelevant effect of γS on W as they exclusively considered

positively skewed distributions.

Thus, to answer the first research question of this study (What is the influence of the skewness of

inter-arrival and service times on the mean waiting time for queues with positively and negatively

skewed distributions?), it was found that the effect of inter-arrival skewness on the mean waiting

time is negative, i.e. the higher the value of γA, the lower the value of the mean waiting time.

Contrarily, the effect of service time skewness is positive: the higher the value of γS, the higher

the value of the mean waiting time. However, both of these effects are limited when the server’s

utilization increases as statistically significant differences between experiments with varying val-

ues of γA and γS were not found for scenarios with a higher system load (ρ > 0.90). This a result

that is consistent with heavy-traffic behavior since higher moments than the first two have little

effect on the performance of queueing systems when the utilization factor is high (Romero-Silva

et al., 2019; Wu et al., 2016).

To answer the second research question of this study (How does the skewness of inter-arrival and

service times influence the characteristics of the distribution of waiting times?), it was found that

a combination of positive γA and negative γS also reduces the variance of waiting times, while

increasing the skewness of the distribution of waiting times, resulting in a “taller” curve with

a shorter tail. The combination of negative γA and positive γS resulted in the opposite results.

Again, these results are highly dependent on the utilization factor, as higher values of ρ resulted

in opposite effects of γA and γS regarding γW and PW0.

It is interesting to note that the experimental results showed that even though γA is more sig-

nificant in reducing the mean waiting times of a GI/G/1 queue than γS, the effect of γS on the

resulting PW0 is significantly bigger than that of γA, indicating that practitioners should take
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into account both γA and γS to increase different performance measurements related to waiting

times. Moreover, we found a counterintuitive effect of γS on PW0 since PW0 was reduced with

a negative γS, contradicting expected results that PW0 should increase with negative γS as a

negative γS reduces W for the same CV value. This result can be compared with another coun-

terintuitive result presented by Whitt (1984b) where it was shown that PW0 was reduced when

CVS decreased and CVA > 1 in GI/G/1 queues. Thus, as Whitt explains, more variability caused

by increasing values of γS, instead of increasing values of CVS, produces higher variance in the

resulting waiting times with the associated higher mean waiting times, which in turn results in

longer tails of the distribution of waiting times and a higher probability of no-delay (the left tail

of the distribution) when ρ > 0.70. Moreover, the effect of γS on IGVPW0 was found to be more

important with increasing ρ values, a result that contrasts with the limit that ρ imposes on the

effect that γA and γS have on W.

Some results of this study confirm the conclusions of Johnson (1993) regarding the effect of γA

and γS on the mean queue length when CVA, CVS and ρ increase, since experiments with the

highest CV and ρ resulted in the lowest differences in IGVW for experiments within the same

group. This means that as ρ increases, the mean waiting times become less sensitive to a change

in the value of either γA or γS, showing the limiting effect of utilization on variability, which has

been previously reported by various authors (Al-Hanbali et al., 2011; Romero-Silva et al., 2019).

Whitt (1984a) reported some differing conclusions on the effect of γS on mean queue length, as

he showed that for a CV2
A value equal to 2, a higher value of γS created a lower mean queue

length, although the variation was very small. However, when carrying out a series of calculations

for a system with Erlang inter-arrivals and a CV2
A equal to 0.5, he found that higher values of γS

created higher values of mean queue length, a result that corresponds to the results of the current

study.

These divergent research outcomes suggest that more studies are needed to discover whether

contrasting values of CVA have an influence on the effect of γS on the mean queue length and the

mean waiting time, as it would seem that when CVA is lower than 1, higher γS results in higher

mean waiting times; whereas when CVA is higher than 1, higher γS results in lower mean waiting

times.

On the other hand, other study results here differ from those provided by Brandwajn and Begin

(2009) regarding the tail of the distribution of the M/G/1 queue length, as they found that a higher

value of γS caused a shorter tail when a CV higher than 1 was considered. Experimental results

from the current study show the opposite effect, as higher values of γS cause a larger tail for the

waiting times distribution. Thus, results from the current study suggest that varying the skewness

of input distributions can be a good management tool to decrease the risk of having a customer

wait a very long time or not at all.

Furthermore, Whitt’s results (1984a) showed that the maximum percentage difference in mean

waiting times that can be attained by varying positive values of γA in a H2/H2/1 queue with ρ =

0.70 reached 30% improvement. The results of the current study suggest that by varying both γA
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and γS the biggest difference in mean waiting times between experiments reached 57% when CV

= 0.2318 and ρ = 0.70, whereas when only γS was modified, the improvement approached 19%

in experiments with positive γA. This shows the importance of considering both γA and γS and

the impact of γS on the performance of single server queues with triangular distributions.

Moving forward, results from this paper suggest that managers and researchers of GI/G/1 queues

with low CVA and CVS values should consider the effect of service time skewness on the esti-

mation of the mean waiting time, the probability of no-delay and waiting times distribution tail

in order to get accurate estimations. Therefore, approximation methods estimating mean waiting

times for GI/G/1 queues with CV < 1 should consider both inter-arrival and service skewness in

their approximation procedures (see, e.g. Whitt, 1989; Wu et al., 2018).

5.1 Limitations of the study and future research

Although the selection of DES for this study was well-suited for this application, as with all mod-

elling methodologies, it contains assumptions and limitations which detract from its true replica-

tion of reality. Moreover, experimental analysis, although enhancing control and providing struc-

ture, limits the generalizability of the conclusions provided by the experiments, in comparison

with analytical approaches.

Given these parameters, the results of this study are limited to only the particular model studied

here, although the results do provide valuable practical and theoretical insights on the effects of

the skewness of inter-arrival and service times on the probability distribution of waiting times.

Future research streams are needed to determine if the insights found here are complementary

and applicable for multiple server (GI/G/m) systems, serial lines and single-server queues with

high values of CVA and CVS.

In addition, this study is based on a limited sample of experiments, with few variations among the

values of the factors, and only investigated low-variability systems with triangular distributions,

by incorporating only two CV values. Thus, more research that considers probability distribu-

tions with contrasting values of CV is needed, as well as additional studies that consider much

higher and lower γA and γS values in order to study the impact that different magnitudes of skew-

ness have on the performance of single-server queues. However, since this is the first study that

explored the effect of negatively skewed distributions on mean waiting times, it provides us with

further motivation to investigate a wider range of skewness values, as it was found that varying

the service time skewness could lead to an improvement of up to 19% in the performance of

the queue. Furthermore, these results remain applicable for some realistic contexts in terms of

CV values, as it has been shown that some production processes have low values of CV (Doerr

et al., 2004; Inman, 1999) and very similar skewness magnitudes (Slack, 1982) than the ones

considered in this paper.

More studies are needed to investigate the actual impact of the kurtosis on the performance of

single queues since previous studies (Powell & Pyke, 1994) have shown that it could impact

mean throughput up to 5% in saturated production lines and since the experimental design of
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this current study specifically omitted this impact by using the triangular distribution, which has

constant kurtosis, with the intention of exclusively assessing the impact of skewness.

Lastly, it might be argued that the applicability of the results is limited because the combination

of inter-arrival and service skewness that reduced the mean waiting times in this study can be dif-

ficult to find in real contexts, as negatively skewed service times distributions are rare. However,

this study shows that the difference in mean waiting times between an experiment with positive

service skewness and zero service skewness, both commonly present in real scenarios (Inman,

1999), is significant and it also reduces mean waiting time. Furthermore, it has been shown (Dud-

ley, 1963) that changing from positively skewed service processes to a process with no skewness

can be attained in practice.

6 CONCLUSIONS

This paper investigated the interactions among the probability distributions of inter-arrival and

service times and their effects on the distribution of waiting times, and contributes to the current

literature by filling a long-standing gap in previous research. Experimental analysis of a single-

server queue with triangular distributions of inter-arrival and service times showed that the mean

waiting time was influenced by both inter-arrival and service skewness, and that such influence

is limited by increasing CV and server’s utilization values.

Results suggest that a combination of positive inter-arrival skewness and negative service skew-

ness result in smaller values of mean waiting times, a reduced variance of waiting times, a higher

probability of no-delay, and an incremental skewness and shorter tail for the distribution of wait-

ing times, increasing the performance of the GI/G/1 queue when the CV of inter-arrival times is

lower than 1 and the server’s utilization is low or moderate. In contrast, negative service skew-

ness in higher traffic environments will result in a lower probability of no-delay while at the same

time producing lower mean waiting times and variance of waiting times.

Future research is needed to more comprehensively study how the coefficient of variation of

inter-arrival times influences the effect service skewness on the mean waiting time, as previous

results considering a CV of inter-arrival times higher than 1 have found contrary results to the

ones reported in the current study.
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APPENDIX

Table A1 – Experimental values for the study’s experiments

(see Table A2 for the variables’ abbreviations).

Exp. IG ID aA mA bA γA µA σA CVA ρ µS σS CVS aS mS bS γS
1 A 1.26 4.87 4.87 -0.57 3.67 0.85 0.23 0.10 0.37 0.08 0.23 0.13 0.49 0.49 -0.57

2 A 1.26 4.87 4.87 -0.57 3.67 0.85 0.23 0.10 0.37 0.08 0.23 0.16 0.37 0.57 0.00

3 A 1.26 4.87 4.87 -0.57 3.67 0.85 0.23 0.10 0.37 0.08 0.23 0.25 0.25 0.61 0.57

4 A 1.59 3.67 5.75 0.00 3.67 0.85 0.23 0.10 0.37 0.08 0.23 0.13 0.49 0.49 -0.57

5 A 1.59 3.67 5.75 0.00 3.67 0.85 0.23 0.10 0.37 0.08 0.23 0.16 0.37 0.57 0.00

6 A 1.59 3.67 5.75 0.00 3.67 0.85 0.23 0.10 0.37 0.08 0.23 0.25 0.25 0.61 0.57

7 A 2.00 3.00 6.00 0.42 3.67 0.85 0.23 0.10 0.37 0.08 0.23 0.13 0.49 0.49 -0.57

8 A 2.00 3.00 6.00 0.42 3.67 0.85 0.23 0.10 0.37 0.08 0.23 0.16 0.37 0.57 0.00

9 A 2.00 3.00 6.00 0.42 3.67 0.85 0.23 0.10 0.37 0.08 0.23 0.25 0.25 0.61 0.57

10 B 1.26 4.87 4.87 -0.57 3.67 0.85 0.23 0.20 0.73 0.17 0.23 0.25 0.97 0.97 -0.57

11 B 1.26 4.87 4.87 -0.57 3.67 0.85 0.23 0.20 0.73 0.17 0.23 0.32 0.73 1.15 0.00

12 B 1.26 4.87 4.87 -0.57 3.67 0.85 0.23 0.20 0.73 0.17 0.23 0.49 0.49 1.21 0.57

13 B 1.59 3.67 5.75 0.00 3.67 0.85 0.23 0.20 0.73 0.17 0.23 0.25 0.97 0.97 -0.57

14 B 1.59 3.67 5.75 0.00 3.67 0.85 0.23 0.20 0.73 0.17 0.23 0.32 0.73 1.15 0.00

15 B 1.59 3.67 5.75 0.00 3.67 0.85 0.23 0.20 0.73 0.17 0.23 0.49 0.49 1.21 0.57

16 B 2.00 3.00 6.00 0.42 3.67 0.85 0.23 0.20 0.73 0.17 0.23 0.25 0.97 0.97 -0.57

17 B 2.00 3.00 6.00 0.42 3.67 0.85 0.23 0.20 0.73 0.17 0.23 0.32 0.73 1.15 0.00

18 B 2.00 3.00 6.00 0.42 3.67 0.85 0.23 0.20 0.73 0.17 0.23 0.49 0.49 1.21 0.57

19 C 1.26 4.87 4.87 -0.57 3.67 0.85 0.23 0.30 1.10 0.25 0.23 0.38 1.46 1.46 -0.57

20 C 1.26 4.87 4.87 -0.57 3.67 0.85 0.23 0.30 1.10 0.25 0.23 0.48 1.10 1.72 0.00

21 C 1.26 4.87 4.87 -0.57 3.67 0.85 0.23 0.30 1.10 0.25 0.23 0.74 0.74 1.82 0.57

22 C 1.59 3.67 5.75 0.00 3.67 0.85 0.23 0.30 1.10 0.25 0.23 0.38 1.46 1.46 -0.57

23 C 1.59 3.67 5.75 0.00 3.67 0.85 0.23 0.30 1.10 0.25 0.23 0.48 1.10 1.72 0.00

24 C 1.59 3.67 5.75 0.00 3.67 0.85 0.23 0.30 1.10 0.25 0.23 0.74 0.74 1.82 0.57

25 C 2.00 3.00 6.00 0.42 3.67 0.85 0.23 0.30 1.10 0.25 0.23 0.38 1.46 1.46 -0.57

26 C 2.00 3.00 6.00 0.42 3.67 0.85 0.23 0.30 1.10 0.25 0.23 0.48 1.10 1.72 0.00

27 C 2.00 3.00 6.00 0.42 3.67 0.85 0.23 0.30 1.10 0.25 0.23 0.74 0.74 1.82 0.57

28 D 1.26 4.87 4.87 -0.57 3.67 0.85 0.23 0.40 1.47 0.34 0.23 0.51 1.95 1.95 -0.57

29 D 1.26 4.87 4.87 -0.57 3.67 0.85 0.23 0.40 1.47 0.34 0.23 0.63 1.47 2.30 0.00

30 D 1.26 4.87 4.87 -0.57 3.67 0.85 0.23 0.40 1.47 0.34 0.23 0.99 0.99 2.43 0.57

31 D 1.59 3.67 5.75 0.00 3.67 0.85 0.23 0.40 1.47 0.34 0.23 0.51 1.95 1.95 -0.57

32 D 1.59 3.67 5.75 0.00 3.67 0.85 0.23 0.40 1.47 0.34 0.23 0.63 1.47 2.30 0.00

33 D 1.59 3.67 5.75 0.00 3.67 0.85 0.23 0.40 1.47 0.34 0.23 0.99 0.99 2.43 0.57

34 D 2.00 3.00 6.00 0.42 3.67 0.85 0.23 0.40 1.47 0.34 0.23 0.51 1.95 1.95 -0.57

35 D 2.00 3.00 6.00 0.42 3.67 0.85 0.23 0.40 1.47 0.34 0.23 0.63 1.47 2.30 0.00

36 D 2.00 3.00 6.00 0.42 3.67 0.85 0.23 0.40 1.47 0.34 0.23 0.99 0.99 2.43 0.57

37 E 1.26 4.87 4.87 -0.57 3.67 0.85 0.23 0.50 1.83 0.42 0.23 0.63 2.43 2.43 -0.57

38 E 1.26 4.87 4.87 -0.57 3.67 0.85 0.23 0.50 1.83 0.42 0.23 0.79 1.83 2.87 0.00

39 E 1.26 4.87 4.87 -0.57 3.67 0.85 0.23 0.50 1.83 0.42 0.23 1.23 1.23 3.04 0.57

40 E 1.59 3.67 5.75 0.00 3.67 0.85 0.23 0.50 1.83 0.42 0.23 0.63 2.43 2.43 -0.57

41 E 1.59 3.67 5.75 0.00 3.67 0.85 0.23 0.50 1.83 0.42 0.23 0.79 1.83 2.87 0.00

42 E 1.59 3.67 5.75 0.00 3.67 0.85 0.23 0.50 1.83 0.42 0.23 1.23 1.23 3.04 0.57

43 E 2.00 3.00 6.00 0.42 3.67 0.85 0.23 0.50 1.83 0.42 0.23 0.63 2.43 2.43 -0.57

44 E 2.00 3.00 6.00 0.42 3.67 0.85 0.23 0.50 1.83 0.42 0.23 0.79 1.83 2.87 0.00

45 E 2.00 3.00 6.00 0.42 3.67 0.85 0.23 0.50 1.83 0.42 0.23 1.23 1.23 3.04 0.57

46 F 1.26 4.87 4.87 -0.57 3.67 0.85 0.23 0.60 2.20 0.51 0.23 0.76 2.92 2.92 -0.57

47 F 1.26 4.87 4.87 -0.57 3.67 0.85 0.23 0.60 2.20 0.51 0.23 0.95 2.20 3.45 0.00

48 F 1.26 4.87 4.87 -0.57 3.67 0.85 0.23 0.60 2.20 0.51 0.23 1.48 1.48 3.64 0.57

49 F 1.59 3.67 5.75 0.00 3.67 0.85 0.23 0.60 2.20 0.51 0.23 0.76 2.92 2.92 -0.57

50 F 1.59 3.67 5.75 0.00 3.67 0.85 0.23 0.60 2.20 0.51 0.23 0.95 2.20 3.45 0.00

51 F 1.59 3.67 5.75 0.00 3.67 0.85 0.23 0.60 2.20 0.51 0.23 1.48 1.48 3.64 0.57

52 F 2.00 3.00 6.00 0.42 3.67 0.85 0.23 0.60 2.20 0.51 0.23 0.76 2.92 2.92 -0.57

53 F 2.00 3.00 6.00 0.42 3.67 0.85 0.23 0.60 2.20 0.51 0.23 0.95 2.20 3.45 0.00

54 F 2.00 3.00 6.00 0.42 3.67 0.85 0.23 0.60 2.20 0.51 0.23 1.48 1.48 3.64 0.57

55 G 1.26 4.87 4.87 -0.57 3.67 0.85 0.23 0.70 2.57 0.59 0.23 0.88 3.41 3.41 -0.57

56 G 1.26 4.87 4.87 -0.57 3.67 0.85 0.23 0.70 2.57 0.59 0.23 1.11 2.57 4.02 0.00

57 G 1.26 4.87 4.87 -0.57 3.67 0.85 0.23 0.70 2.57 0.59 0.23 1.73 1.73 4.25 0.57

58 G 1.59 3.67 5.75 0.00 3.67 0.85 0.23 0.70 2.57 0.59 0.23 0.88 3.41 3.41 -0.57

59 G 1.59 3.67 5.75 0.00 3.67 0.85 0.23 0.70 2.57 0.59 0.23 1.11 2.57 4.02 0.00

60 G 1.59 3.67 5.75 0.00 3.67 0.85 0.23 0.70 2.57 0.59 0.23 1.73 1.73 4.25 0.57

61 G 2.00 3.00 6.00 0.42 3.67 0.85 0.23 0.70 2.57 0.59 0.23 0.88 3.41 3.41 -0.57

62 G 2.00 3.00 6.00 0.42 3.67 0.85 0.23 0.70 2.57 0.59 0.23 1.11 2.57 4.02 0.00

63 G 2.00 3.00 6.00 0.42 3.67 0.85 0.23 0.70 2.57 0.59 0.23 1.73 1.73 4.25 0.57

64 H 1.26 4.87 4.87 -0.57 3.67 0.85 0.23 0.80 2.93 0.68 0.23 1.01 3.89 3.89 -0.57

65 H 1.26 4.87 4.87 -0.57 3.67 0.85 0.23 0.80 2.93 0.68 0.23 1.27 2.93 4.60 0.00

66 H 1.26 4.87 4.87 -0.57 3.67 0.85 0.23 0.80 2.93 0.68 0.23 1.97 1.97 4.86 0.57

67 H 1.59 3.67 5.75 0.00 3.67 0.85 0.23 0.80 2.93 0.68 0.23 1.01 3.89 3.89 -0.57

68 H 1.59 3.67 5.75 0.00 3.67 0.85 0.23 0.80 2.93 0.68 0.23 1.27 2.93 4.60 0.00

69 H 1.59 3.67 5.75 0.00 3.67 0.85 0.23 0.80 2.93 0.68 0.23 1.97 1.97 4.86 0.57

70 H 2.00 3.00 6.00 0.42 3.67 0.85 0.23 0.80 2.93 0.68 0.23 1.01 3.89 3.89 -0.57
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Table A1 - continuation
Exp. IG ID aA mA bA γA µA σA CVA ρ µS σS CVS aS mS bS γS
71 H 2.00 3.00 6.00 0.42 3.67 0.85 0.23 0.80 2.93 0.68 0.23 1.27 2.93 4.60 0.00

72 H 2.00 3.00 6.00 0.42 3.67 0.85 0.23 0.80 2.93 0.68 0.23 1.97 1.97 4.86 0.57

73 I 1.26 4.87 4.87 -0.57 3.67 0.85 0.23 0.85 3.12 0.72 0.23 1.07 4.14 4.14 -0.57

74 I 1.26 4.87 4.87 -0.57 3.67 0.85 0.23 0.85 3.12 0.72 0.23 1.35 3.12 4.89 0.00

75 I 1.26 4.87 4.87 -0.57 3.67 0.85 0.23 0.85 3.12 0.72 0.23 2.10 2.10 5.16 0.57

76 I 1.59 3.67 5.75 0.00 3.67 0.85 0.23 0.85 3.12 0.72 0.23 1.07 4.14 4.14 -0.57

77 I 1.59 3.67 5.75 0.00 3.67 0.85 0.23 0.85 3.12 0.72 0.23 1.35 3.12 4.89 0.00

78 I 1.59 3.67 5.75 0.00 3.67 0.85 0.23 0.85 3.12 0.72 0.23 2.10 2.10 5.16 0.57

79 I 2.00 3.00 6.00 0.42 3.67 0.85 0.23 0.85 3.12 0.72 0.23 1.07 4.14 4.14 -0.57

80 I 2.00 3.00 6.00 0.42 3.67 0.85 0.23 0.85 3.12 0.72 0.23 1.35 3.12 4.89 0.00

81 I 2.00 3.00 6.00 0.42 3.67 0.85 0.23 0.85 3.12 0.72 0.23 2.10 2.10 5.16 0.57

82 J 1.26 4.87 4.87 -0.57 3.67 0.85 0.23 0.90 3.30 0.76 0.23 1.14 4.38 4.38 -0.57

83 J 1.26 4.87 4.87 -0.57 3.67 0.85 0.23 0.90 3.30 0.76 0.23 1.43 3.30 5.17 0.00

84 J 1.26 4.87 4.87 -0.57 3.67 0.85 0.23 0.90 3.30 0.76 0.23 2.22 2.22 5.46 0.57

85 J 1.59 3.67 5.75 0.00 3.67 0.85 0.23 0.90 3.30 0.76 0.23 1.14 4.38 4.38 -0.57

86 J 1.59 3.67 5.75 0.00 3.67 0.85 0.23 0.90 3.30 0.76 0.23 1.43 3.30 5.17 0.00

87 J 1.59 3.67 5.75 0.00 3.67 0.85 0.23 0.90 3.30 0.76 0.23 2.22 2.22 5.46 0.57

88 J 2.00 3.00 6.00 0.42 3.67 0.85 0.23 0.90 3.30 0.76 0.23 1.14 4.38 4.38 -0.57

89 J 2.00 3.00 6.00 0.42 3.67 0.85 0.23 0.90 3.30 0.76 0.23 1.43 3.30 5.17 0.00

90 J 2.00 3.00 6.00 0.42 3.67 0.85 0.23 0.90 3.30 0.76 0.23 2.22 2.22 5.46 0.57

91 K 1.26 4.87 4.87 -0.57 3.67 0.85 0.23 0.95 3.48 0.81 0.23 1.20 4.63 4.63 -0.57

92 K 1.26 4.87 4.87 -0.57 3.67 0.85 0.23 0.95 3.48 0.81 0.23 1.51 3.48 5.46 0.00

93 K 1.26 4.87 4.87 -0.57 3.67 0.85 0.23 0.95 3.48 0.81 0.23 2.34 2.34 5.77 0.57

94 K 1.59 3.67 5.75 0.00 3.67 0.85 0.23 0.95 3.48 0.81 0.23 1.20 4.63 4.63 -0.57

95 K 1.59 3.67 5.75 0.00 3.67 0.85 0.23 0.95 3.48 0.81 0.23 1.51 3.48 5.46 0.00

96 K 1.59 3.67 5.75 0.00 3.67 0.85 0.23 0.95 3.48 0.81 0.23 2.34 2.34 5.77 0.57

97 K 2.00 3.00 6.00 0.42 3.67 0.85 0.23 0.95 3.48 0.81 0.23 1.20 4.63 4.63 -0.57

98 K 2.00 3.00 6.00 0.42 3.67 0.85 0.23 0.95 3.48 0.81 0.23 1.51 3.48 5.46 0.00

99 K 2.00 3.00 6.00 0.42 3.67 0.85 0.23 0.95 3.48 0.81 0.23 2.34 2.34 5.77 0.57

100 L 1.26 4.87 4.87 -0.57 3.67 0.85 0.23 0.97 3.56 0.82 0.23 1.23 4.72 4.72 -0.57

101 L 1.26 4.87 4.87 -0.57 3.67 0.85 0.23 0.97 3.56 0.82 0.23 1.54 3.56 5.58 0.00

102 L 1.26 4.87 4.87 -0.57 3.67 0.85 0.23 0.97 3.56 0.82 0.23 2.39 2.39 5.89 0.57

103 L 1.59 3.67 5.75 0.00 3.67 0.85 0.23 0.97 3.56 0.82 0.23 1.23 4.72 4.72 -0.57

104 L 1.59 3.67 5.75 0.00 3.67 0.85 0.23 0.97 3.56 0.82 0.23 1.54 3.56 5.58 0.00

105 L 1.59 3.67 5.75 0.00 3.67 0.85 0.23 0.97 3.56 0.82 0.23 2.39 2.39 5.89 0.57

106 L 2.00 3.00 6.00 0.42 3.67 0.85 0.23 0.97 3.56 0.82 0.23 1.23 4.72 4.72 -0.57

107 L 2.00 3.00 6.00 0.42 3.67 0.85 0.23 0.97 3.56 0.82 0.23 1.54 3.56 5.58 0.00

108 L 2.00 3.00 6.00 0.42 3.67 0.85 0.23 0.97 3.56 0.82 0.23 2.39 2.39 5.89 0.57

109 M 1.26 4.87 4.87 -0.57 3.67 0.85 0.23 0.99 3.63 0.84 0.23 1.25 4.82 4.82 -0.57

110 M 1.26 4.87 4.87 -0.57 3.67 0.85 0.23 0.99 3.63 0.84 0.23 1.57 3.63 5.69 0.00

111 M 1.26 4.87 4.87 -0.57 3.67 0.85 0.23 0.99 3.63 0.84 0.23 2.44 2.44 6.01 0.57

112 M 1.59 3.67 5.75 0.00 3.67 0.85 0.23 0.99 3.63 0.84 0.23 1.25 4.82 4.82 -0.57

113 M 1.59 3.67 5.75 0.00 3.67 0.85 0.23 0.99 3.63 0.84 0.23 1.57 3.63 5.69 0.00

114 M 1.59 3.67 5.75 0.00 3.67 0.85 0.23 0.99 3.63 0.84 0.23 2.44 2.44 6.01 0.57

115 M 2.00 3.00 6.00 0.42 3.67 0.85 0.23 0.99 3.63 0.84 0.23 1.25 4.82 4.82 -0.57

116 M 2.00 3.00 6.00 0.42 3.67 0.85 0.23 0.99 3.63 0.84 0.23 1.57 3.63 5.69 0.00

117 M 2.00 3.00 6.00 0.42 3.67 0.85 0.23 0.99 3.63 0.84 0.23 2.44 2.44 6.01 0.57

118 N 1.26 4.87 4.87 -0.57 3.67 0.85 0.23 0.98 3.59 0.83 0.23 1.24 4.77 4.77 -0.57

119 N 1.26 4.87 4.87 -0.57 3.67 0.85 0.23 0.98 3.59 0.83 0.23 1.55 3.59 5.63 0.00

120 N 1.26 4.87 4.87 -0.57 3.67 0.85 0.23 0.98 3.59 0.83 0.23 2.42 2.42 5.95 0.57

121 N 1.59 3.67 5.75 0.00 3.67 0.85 0.23 0.98 3.59 0.83 0.23 1.24 4.77 4.77 -0.57

122 N 1.59 3.67 5.75 0.00 3.67 0.85 0.23 0.98 3.59 0.83 0.23 1.55 3.59 5.63 0.00

123 N 1.59 3.67 5.75 0.00 3.67 0.85 0.23 0.98 3.59 0.83 0.23 2.42 2.42 5.95 0.57

124 N 2.00 3.00 6.00 0.42 3.67 0.85 0.23 0.98 3.59 0.83 0.23 1.24 4.77 4.77 -0.57

125 N 2.00 3.00 6.00 0.42 3.67 0.85 0.23 0.98 3.59 0.83 0.23 1.55 3.59 5.63 0.00

126 N 2.00 3.00 6.00 0.42 3.67 0.85 0.23 0.98 3.59 0.83 0.23 2.42 2.42 5.95 0.57

127 O 0.00 3.00 4.00 -0.42 2.33 0.85 0.36 0.10 0.23 0.08 0.36 0.00 0.30 0.40 -0.42

128 O 0.00 3.00 4.00 -0.42 2.33 0.85 0.36 0.10 0.23 0.08 0.36 0.03 0.23 0.44 0.00

129 O 0.00 3.00 4.00 -0.42 2.33 0.85 0.36 0.10 0.23 0.08 0.36 0.07 0.17 0.47 0.42

130 O 0.25 2.33 4.41 0.00 2.33 0.85 0.36 0.10 0.23 0.08 0.36 0.00 0.30 0.40 -0.42

131 O 0.25 2.33 4.41 0.00 2.33 0.85 0.36 0.10 0.23 0.08 0.36 0.03 0.23 0.44 0.00

132 O 0.25 2.33 4.41 0.00 2.33 0.85 0.36 0.10 0.23 0.08 0.36 0.07 0.17 0.47 0.42

133 O 0.67 1.67 4.67 0.42 2.33 0.85 0.36 0.10 0.23 0.08 0.36 0.00 0.30 0.40 -0.42

134 O 0.67 1.67 4.67 0.42 2.33 0.85 0.36 0.10 0.23 0.08 0.36 0.03 0.23 0.44 0.00

135 O 0.67 1.67 4.67 0.42 2.33 0.85 0.36 0.10 0.23 0.08 0.36 0.07 0.17 0.47 0.42

136 P 0.00 3.00 4.00 -0.42 2.33 0.85 0.36 0.20 0.47 0.17 0.36 0.00 0.60 0.80 -0.42

137 P 0.00 3.00 4.00 -0.42 2.33 0.85 0.36 0.20 0.47 0.17 0.36 0.05 0.47 0.88 0.00

138 P 0.00 3.00 4.00 -0.42 2.33 0.85 0.36 0.20 0.47 0.17 0.36 0.13 0.33 0.93 0.42

139 P 0.25 2.33 4.41 0.00 2.33 0.85 0.36 0.20 0.47 0.17 0.36 0.00 0.60 0.80 -0.42

140 P 0.25 2.33 4.41 0.00 2.33 0.85 0.36 0.20 0.47 0.17 0.36 0.05 0.47 0.88 0.00

141 P 0.25 2.33 4.41 0.00 2.33 0.85 0.36 0.20 0.47 0.17 0.36 0.13 0.33 0.93 0.42

142 P 0.67 1.67 4.67 0.42 2.33 0.85 0.36 0.20 0.47 0.17 0.36 0.00 0.60 0.80 -0.42

143 P 0.67 1.67 4.67 0.42 2.33 0.85 0.36 0.20 0.47 0.17 0.36 0.05 0.47 0.88 0.00

144 P 0.67 1.67 4.67 0.42 2.33 0.85 0.36 0.20 0.47 0.17 0.36 0.13 0.33 0.93 0.42

145 Q 0.00 3.00 4.00 -0.42 2.33 0.85 0.36 0.30 0.70 0.25 0.36 0.00 0.90 1.20 -0.42
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Table A1 - continuation
Exp. IG ID aA mA bA γA µA σA CVA ρ µS σS CVS aS mS bS γS
146 Q 0.00 3.00 4.00 -0.42 2.33 0.85 0.36 0.30 0.70 0.25 0.36 0.08 0.70 1.32 0.00

147 Q 0.00 3.00 4.00 -0.42 2.33 0.85 0.36 0.30 0.70 0.25 0.36 0.20 0.50 1.40 0.42

148 Q 0.25 2.33 4.41 0.00 2.33 0.85 0.36 0.30 0.70 0.25 0.36 0.00 0.90 1.20 -0.42

149 Q 0.25 2.33 4.41 0.00 2.33 0.85 0.36 0.30 0.70 0.25 0.36 0.08 0.70 1.32 0.00

150 Q 0.25 2.33 4.41 0.00 2.33 0.85 0.36 0.30 0.70 0.25 0.36 0.20 0.50 1.40 0.42

151 Q 0.67 1.67 4.67 0.42 2.33 0.85 0.36 0.30 0.70 0.25 0.36 0.00 0.90 1.20 -0.42

152 Q 0.67 1.67 4.67 0.42 2.33 0.85 0.36 0.30 0.70 0.25 0.36 0.08 0.70 1.32 0.00

153 Q 0.67 1.67 4.67 0.42 2.33 0.85 0.36 0.30 0.70 0.25 0.36 0.20 0.50 1.40 0.42

154 R 0.00 3.00 4.00 -0.42 2.33 0.85 0.36 0.40 0.93 0.34 0.36 0.00 1.20 1.60 -0.42

155 R 0.00 3.00 4.00 -0.42 2.33 0.85 0.36 0.40 0.93 0.34 0.36 0.10 0.93 1.77 0.00

156 R 0.00 3.00 4.00 -0.42 2.33 0.85 0.36 0.40 0.93 0.34 0.36 0.27 0.67 1.87 0.42

157 R 0.25 2.33 4.41 0.00 2.33 0.85 0.36 0.40 0.93 0.34 0.36 0.00 1.20 1.60 -0.42

158 R 0.25 2.33 4.41 0.00 2.33 0.85 0.36 0.40 0.93 0.34 0.36 0.10 0.93 1.77 0.00

159 R 0.25 2.33 4.41 0.00 2.33 0.85 0.36 0.40 0.93 0.34 0.36 0.27 0.67 1.87 0.42

160 R 0.67 1.67 4.67 0.42 2.33 0.85 0.36 0.40 0.93 0.34 0.36 0.00 1.20 1.60 -0.42

161 R 0.67 1.67 4.67 0.42 2.33 0.85 0.36 0.40 0.93 0.34 0.36 0.10 0.93 1.77 0.00

162 R 0.67 1.67 4.67 0.42 2.33 0.85 0.36 0.40 0.93 0.34 0.36 0.27 0.67 1.87 0.42

163 S 0.00 3.00 4.00 -0.42 2.33 0.85 0.36 0.50 1.17 0.42 0.36 0.00 1.50 2.00 -0.42

164 S 0.00 3.00 4.00 -0.42 2.33 0.85 0.36 0.50 1.17 0.42 0.36 0.13 1.17 2.21 0.00

165 S 0.00 3.00 4.00 -0.42 2.33 0.85 0.36 0.50 1.17 0.42 0.36 0.33 0.83 2.33 0.42

166 S 0.25 2.33 4.41 0.00 2.33 0.85 0.36 0.50 1.17 0.42 0.36 0.00 1.50 2.00 -0.42

167 S 0.25 2.33 4.41 0.00 2.33 0.85 0.36 0.50 1.17 0.42 0.36 0.13 1.17 2.21 0.00

168 S 0.25 2.33 4.41 0.00 2.33 0.85 0.36 0.50 1.17 0.42 0.36 0.33 0.83 2.33 0.42

169 S 0.67 1.67 4.67 0.42 2.33 0.85 0.36 0.50 1.17 0.42 0.36 0.00 1.50 2.00 -0.42

170 S 0.67 1.67 4.67 0.42 2.33 0.85 0.36 0.50 1.17 0.42 0.36 0.13 1.17 2.21 0.00

171 S 0.67 1.67 4.67 0.42 2.33 0.85 0.36 0.50 1.17 0.42 0.36 0.33 0.83 2.33 0.42

172 T 0.00 3.00 4.00 -0.42 2.33 0.85 0.36 0.60 1.40 0.51 0.36 0.00 1.80 2.40 -0.42

173 T 0.00 3.00 4.00 -0.42 2.33 0.85 0.36 0.60 1.40 0.51 0.36 0.15 1.40 2.65 0.00

174 T 0.00 3.00 4.00 -0.42 2.33 0.85 0.36 0.60 1.40 0.51 0.36 0.40 1.00 2.80 0.42

175 T 0.25 2.33 4.41 0.00 2.33 0.85 0.36 0.60 1.40 0.51 0.36 0.00 1.80 2.40 -0.42

176 T 0.25 2.33 4.41 0.00 2.33 0.85 0.36 0.60 1.40 0.51 0.36 0.15 1.40 2.65 0.00

177 T 0.25 2.33 4.41 0.00 2.33 0.85 0.36 0.60 1.40 0.51 0.36 0.40 1.00 2.80 0.42

178 T 0.67 1.67 4.67 0.42 2.33 0.85 0.36 0.60 1.40 0.51 0.36 0.00 1.80 2.40 -0.42

179 T 0.67 1.67 4.67 0.42 2.33 0.85 0.36 0.60 1.40 0.51 0.36 0.15 1.40 2.65 0.00

180 T 0.67 1.67 4.67 0.42 2.33 0.85 0.36 0.60 1.40 0.51 0.36 0.40 1.00 2.80 0.42

181 U 0.00 3.00 4.00 -0.42 2.33 0.85 0.36 0.70 1.63 0.59 0.36 0.00 2.10 2.80 -0.42

182 U 0.00 3.00 4.00 -0.42 2.33 0.85 0.36 0.70 1.63 0.59 0.36 0.18 1.63 3.09 0.00

183 U 0.00 3.00 4.00 -0.42 2.33 0.85 0.36 0.70 1.63 0.59 0.36 0.47 1.17 3.27 0.42

184 U 0.25 2.33 4.41 0.00 2.33 0.85 0.36 0.70 1.63 0.59 0.36 0.00 2.10 2.80 -0.42

185 U 0.25 2.33 4.41 0.00 2.33 0.85 0.36 0.70 1.63 0.59 0.36 0.18 1.63 3.09 0.00

186 U 0.25 2.33 4.41 0.00 2.33 0.85 0.36 0.70 1.63 0.59 0.36 0.47 1.17 3.27 0.42

187 U 0.67 1.67 4.67 0.42 2.33 0.85 0.36 0.70 1.63 0.59 0.36 0.00 2.10 2.80 -0.42

188 U 0.67 1.67 4.67 0.42 2.33 0.85 0.36 0.70 1.63 0.59 0.36 0.18 1.63 3.09 0.00

189 U 0.67 1.67 4.67 0.42 2.33 0.85 0.36 0.70 1.63 0.59 0.36 0.47 1.17 3.27 0.42

190 V 0.00 3.00 4.00 -0.42 2.33 0.85 0.36 0.80 1.87 0.68 0.36 0.00 2.40 3.20 -0.42

191 V 0.00 3.00 4.00 -0.42 2.33 0.85 0.36 0.80 1.87 0.68 0.36 0.20 1.87 3.53 0.00

192 V 0.00 3.00 4.00 -0.42 2.33 0.85 0.36 0.80 1.87 0.68 0.36 0.53 1.33 3.73 0.42

193 V 0.25 2.33 4.41 0.00 2.33 0.85 0.36 0.80 1.87 0.68 0.36 0.00 2.40 3.20 -0.42

194 V 0.25 2.33 4.41 0.00 2.33 0.85 0.36 0.80 1.87 0.68 0.36 0.20 1.87 3.53 0.00

195 V 0.25 2.33 4.41 0.00 2.33 0.85 0.36 0.80 1.87 0.68 0.36 0.53 1.33 3.73 0.42

196 V 0.67 1.67 4.67 0.42 2.33 0.85 0.36 0.80 1.87 0.68 0.36 0.00 2.40 3.20 -0.42

197 V 0.67 1.67 4.67 0.42 2.33 0.85 0.36 0.80 1.87 0.68 0.36 0.20 1.87 3.53 0.00

198 V 0.67 1.67 4.67 0.42 2.33 0.85 0.36 0.80 1.87 0.68 0.36 0.53 1.33 3.73 0.42

199 W 0.00 3.00 4.00 -0.42 2.33 0.85 0.36 0.85 1.98 0.72 0.36 0.00 2.55 3.40 -0.42

200 W 0.00 3.00 4.00 -0.42 2.33 0.85 0.36 0.85 1.98 0.72 0.36 0.21 1.98 3.75 0.00

201 W 0.00 3.00 4.00 -0.42 2.33 0.85 0.36 0.85 1.98 0.72 0.36 0.57 1.42 3.97 0.42

202 W 0.25 2.33 4.41 0.00 2.33 0.85 0.36 0.85 1.98 0.72 0.36 0.00 2.55 3.40 -0.42

203 W 0.25 2.33 4.41 0.00 2.33 0.85 0.36 0.85 1.98 0.72 0.36 0.21 1.98 3.75 0.00

204 W 0.25 2.33 4.41 0.00 2.33 0.85 0.36 0.85 1.98 0.72 0.36 0.57 1.42 3.97 0.42

205 W 0.67 1.67 4.67 0.42 2.33 0.85 0.36 0.85 1.98 0.72 0.36 0.00 2.55 3.40 -0.42

206 W 0.67 1.67 4.67 0.42 2.33 0.85 0.36 0.85 1.98 0.72 0.36 0.21 1.98 3.75 0.00

207 W 0.67 1.67 4.67 0.42 2.33 0.85 0.36 0.85 1.98 0.72 0.36 0.57 1.42 3.97 0.42

208 X 0.00 3.00 4.00 -0.42 2.33 0.85 0.36 0.90 2.10 0.76 0.36 0.00 2.70 3.60 -0.42

209 X 0.00 3.00 4.00 -0.42 2.33 0.85 0.36 0.90 2.10 0.76 0.36 0.23 2.10 3.97 0.00

210 X 0.00 3.00 4.00 -0.42 2.33 0.85 0.36 0.90 2.10 0.76 0.36 0.60 1.50 4.20 0.42

211 X 0.25 2.33 4.41 0.00 2.33 0.85 0.36 0.90 2.10 0.76 0.36 0.00 2.70 3.60 -0.42

212 X 0.25 2.33 4.41 0.00 2.33 0.85 0.36 0.90 2.10 0.76 0.36 0.23 2.10 3.97 0.00

213 X 0.25 2.33 4.41 0.00 2.33 0.85 0.36 0.90 2.10 0.76 0.36 0.60 1.50 4.20 0.42

214 X 0.67 1.67 4.67 0.42 2.33 0.85 0.36 0.90 2.10 0.76 0.36 0.00 2.70 3.60 -0.42

215 X 0.67 1.67 4.67 0.42 2.33 0.85 0.36 0.90 2.10 0.76 0.36 0.23 2.10 3.97 0.00

216 X 0.67 1.67 4.67 0.42 2.33 0.85 0.36 0.90 2.10 0.76 0.36 0.60 1.50 4.20 0.42

217 Y 0.00 3.00 4.00 -0.42 2.33 0.85 0.36 0.95 2.22 0.81 0.36 0.00 2.85 3.80 -0.42

218 Y 0.00 3.00 4.00 -0.42 2.33 0.85 0.36 0.95 2.22 0.81 0.36 0.24 2.22 4.19 0.00

219 Y 0.00 3.00 4.00 -0.42 2.33 0.85 0.36 0.95 2.22 0.81 0.36 0.63 1.58 4.43 0.42

220 Y 0.25 2.33 4.41 0.00 2.33 0.85 0.36 0.95 2.22 0.81 0.36 0.00 2.85 3.80 -0.42
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Table A1 - continuation
Exp. IG ID aA mA bA γA µA σA CVA ρ µS σS CVS aS mS bS γS
221 Y 0.25 2.33 4.41 0.00 2.33 0.85 0.36 0.95 2.22 0.81 0.36 0.24 2.22 4.19 0.00

222 Y 0.25 2.33 4.41 0.00 2.33 0.85 0.36 0.95 2.22 0.81 0.36 0.63 1.58 4.43 0.42

223 Y 0.67 1.67 4.67 0.42 2.33 0.85 0.36 0.95 2.22 0.81 0.36 0.00 2.85 3.80 -0.42

224 Y 0.67 1.67 4.67 0.42 2.33 0.85 0.36 0.95 2.22 0.81 0.36 0.24 2.22 4.19 0.00

225 Y 0.67 1.67 4.67 0.42 2.33 0.85 0.36 0.95 2.22 0.81 0.36 0.63 1.58 4.43 0.42

226 Z 0.00 3.00 4.00 -0.42 2.33 0.85 0.36 0.97 2.26 0.82 0.36 0.00 2.91 3.88 -0.42

227 Z 0.00 3.00 4.00 -0.42 2.33 0.85 0.36 0.97 2.26 0.82 0.36 0.24 2.26 4.28 0.00

228 Z 0.00 3.00 4.00 -0.42 2.33 0.85 0.36 0.97 2.26 0.82 0.36 0.65 1.62 4.53 0.42

229 Z 0.25 2.33 4.41 0.00 2.33 0.85 0.36 0.97 2.26 0.82 0.36 0.00 2.91 3.88 -0.42

230 Z 0.25 2.33 4.41 0.00 2.33 0.85 0.36 0.97 2.26 0.82 0.36 0.24 2.26 4.28 0.00

231 Z 0.25 2.33 4.41 0.00 2.33 0.85 0.36 0.97 2.26 0.82 0.36 0.65 1.62 4.53 0.42

232 Z 0.67 1.67 4.67 0.42 2.33 0.85 0.36 0.97 2.26 0.82 0.36 0.00 2.91 3.88 -0.42

233 Z 0.67 1.67 4.67 0.42 2.33 0.85 0.36 0.97 2.26 0.82 0.36 0.24 2.26 4.28 0.00

234 Z 0.67 1.67 4.67 0.42 2.33 0.85 0.36 0.97 2.26 0.82 0.36 0.65 1.62 4.53 0.42

235 ZA 0.00 3.00 4.00 -0.42 2.33 0.85 0.36 0.98 2.29 0.83 0.36 0.00 2.94 3.92 -0.42

236 ZA 0.00 3.00 4.00 -0.42 2.33 0.85 0.36 0.98 2.29 0.83 0.36 0.25 2.29 4.33 0.00

237 ZA 0.00 3.00 4.00 -0.42 2.33 0.85 0.36 0.98 2.29 0.83 0.36 0.65 1.63 4.57 0.42

238 ZA 0.25 2.33 4.41 0.00 2.33 0.85 0.36 0.98 2.29 0.83 0.36 0.00 2.94 3.92 -0.42

239 ZA 0.25 2.33 4.41 0.00 2.33 0.85 0.36 0.98 2.29 0.83 0.36 0.25 2.29 4.33 0.00

240 ZA 0.25 2.33 4.41 0.00 2.33 0.85 0.36 0.98 2.29 0.83 0.36 0.65 1.63 4.57 0.42

241 ZA 0.67 1.67 4.67 0.42 2.33 0.85 0.36 0.98 2.29 0.83 0.36 0.00 2.94 3.92 -0.42

242 ZA 0.67 1.67 4.67 0.42 2.33 0.85 0.36 0.98 2.29 0.83 0.36 0.25 2.29 4.33 0.00

243 ZA 0.67 1.67 4.67 0.42 2.33 0.85 0.36 0.98 2.29 0.83 0.36 0.65 1.63 4.57 0.42

244 ZB 0.00 3.00 4.00 -0.42 2.33 0.85 0.36 0.99 2.31 0.84 0.36 0.00 2.97 3.96 -0.42

245 ZB 0.00 3.00 4.00 -0.42 2.33 0.85 0.36 0.99 2.31 0.84 0.36 0.25 2.31 4.37 0.00

246 ZB 0.00 3.00 4.00 -0.42 2.33 0.85 0.36 0.99 2.31 0.84 0.36 0.66 1.65 4.62 0.42

247 ZB 0.25 2.33 4.41 0.00 2.33 0.85 0.36 0.99 2.31 0.84 0.36 0.00 2.97 3.96 -0.42

248 ZB 0.25 2.33 4.41 0.00 2.33 0.85 0.36 0.99 2.31 0.84 0.36 0.25 2.31 4.37 0.00

249 ZB 0.25 2.33 4.41 0.00 2.33 0.85 0.36 0.99 2.31 0.84 0.36 0.66 1.65 4.62 0.42

250 ZB 0.67 1.67 4.67 0.42 2.33 0.85 0.36 0.99 2.31 0.84 0.36 0.00 2.97 3.96 -0.42

251 ZB 0.67 1.67 4.67 0.42 2.33 0.85 0.36 0.99 2.31 0.84 0.36 0.25 2.31 4.37 0.00

252 ZB 0.67 1.67 4.67 0.42 2.33 0.85 0.36 0.99 2.31 0.84 0.36 0.66 1.65 4.62 0.42

Table A2 – Abbreviations used in Table A1.

Abbreviation Variable Abbreviation Variable

Exp. Experiment number ρ Utilization of the server

IG ID Intra-group identification µS Mean service time

aA
Minimum value in the triangular

distribution of inter-arrival times
σS Service time variance

mA
Mode in the triangular distribution

of inter-arrival times
CVS

Service time coefficient of

variation

bA
Maximum value in the triangular

distribution of inter-arrival times
aS

Minimum value in the triangular

distribution of service times

γA Inter-arrival time skewness mS

Mode in the triangular distribution

of service times

µA Mean inter-arrival time bS

Maximum value in the triangular

distribution of service times

σA Inter-arrival time variance γS Service time skewness

CVA
Inter-arrival time coefficient of

variation
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Table A3 – Results regarding W, γ W and PW0 for experiments with ρ ≥ 0.5.

ρ

Response CV γA γS 0.50 0.60 0.70 0.80 0.85 0.90 0.95 0.97 0.98 0.99

W 0.2318 -1 1 0.0151 0.0509 0.1416 0.3875 0.6716 1.2898 3.2088 5.8111 9.0307 18.7106

W 0.2318 -1 0 0.0138 0.0481 0.1354 0.3728 0.6504 1.2585 3.1835 5.7978 8.9753 18.5740

W 0.2318 -1 -1 0.0126 0.0454 0.1290 0.3583 0.6284 1.2189 3.1366 5.7874 8.9392 18.5673

W 0.2318 0 1 0.0081 0.0359 0.1176 0.3550 0.6362 1.2383 3.1182 5.7672 8.9376 18.5593

W 0.2318 0 0 0.0067 0.0323 0.1096 0.3386 0.6160 1.2164 3.1028 5.7036 8.9306 18.5553

W 0.2318 0 -1 0.0053 0.0287 0.1014 0.3291 0.5914 1.1876 3.1267 5.6976 8.9284 18.3799

W 0.2318 1 1 0.0032 0.0241 0.0989 0.3217 0.6091 1.2118 3.1041 5.6958 8.8984 17.9690

W 0.2318 1 0 0.0020 0.0193 0.0884 0.3115 0.5869 1.1896 3.1068 5.6622 8.8592 17.8611

W 0.2318 1 -1 0.0008 0.0141 0.0779 0.2959 0.5669 1.1634 3.0541 5.6017 8.7935 17.8563

W 0.3642 -1 1 0.0835 0.1729 0.3583 0.7931 1.2686 2.2656 5.3181 9.4550 14.6379 28.4957

W 0.3642 -1 0 0.0819 0.1693 0.3506 0.7785 1.2470 2.2381 5.3968 9.4286 14.5772 28.2157

W 0.3642 -1 -1 0.0802 0.1653 0.3421 0.7622 1.2339 2.1976 5.1869 9.4020 14.5024 27.7617

W 0.3642 0 1 0.0649 0.1489 0.3312 0.7617 1.2464 2.2206 5.2080 9.3660 14.4305 27.4010

W 0.3642 0 0 0.0628 0.1445 0.3218 0.7475 1.2243 2.2078 5.2466 9.3278 14.3473 27.3867

W 0.3642 0 -1 0.0609 0.1400 0.3126 0.7333 1.2099 2.1941 5.2099 9.2846 14.3320 26.6839

W 0.3642 1 1 0.0443 0.1230 0.3015 0.7326 1.2072 2.1874 5.1856 9.2485 14.3163 26.4135

W 0.3642 1 0 0.0411 0.1174 0.2922 0.7211 1.1937 2.1694 5.2029 9.2420 13.9344 26.0665

W 0.3642 1 -1 0.0378 0.1117 0.2839 0.7058 1.1825 2.1450 5.1511 9.1872 13.8578 25.3369

γW 0.2318 1 -1 18.3392 6.6158 3.7333 2.6100 2.3284 2.1151 1.8588 1.6433 1.4570 1.0597

γW 0.2318 1 0 15.3695 6.6370 3.8928 2.7020 2.3862 2.1021 1.8438 1.6393 1.4493 1.0469

γW 0.2318 1 1 13.4282 6.3375 3.8832 2.7642 2.4036 2.1050 1.8252 1.6384 1.4046 1.0453

γW 0.2318 0 -1 10.1765 5.6561 3.7423 2.6987 2.3893 2.1050 1.8162 1.6242 1.4031 1.0220

γW 0.2318 0 0 10.3953 5.8710 3.8422 2.7762 2.4184 2.1511 1.8131 1.6014 1.4018 1.0194

γW 0.2318 0 1 10.0456 5.8431 3.8714 2.7950 2.4366 2.1583 1.8023 1.5929 1.3979 1.0162

γW 0.2318 -1 -1 7.8316 5.0776 3.6342 2.7491 2.3826 2.1196 1.7985 1.5870 1.3976 1.0092

γW 0.2318 -1 0 8.1641 5.2423 3.7109 2.7752 2.4180 2.1523 1.7982 1.5862 1.3954 1.0083

γW 0.2318 -1 1 8.2116 5.3073 3.7493 2.8247 2.4624 2.1763 1.7858 1.5832 1.3764 0.9843

γW 0.3642 1 -1 4.7035 3.3753 2.6407 2.2302 2.0948 1.9478 1.6718 1.4045 1.1885 0.8111

γW 0.3642 1 0 4.8006 3.4622 2.6945 2.2696 2.0881 1.9310 1.6656 1.3894 1.1667 0.7973

γW 0.3642 1 1 4.8089 3.4944 2.7333 2.2832 2.1076 1.9306 1.6627 1.3863 1.1660 0.7890

γW 0.3642 0 -1 4.3426 3.3719 2.7303 2.3116 2.0674 1.9034 1.6567 1.3758 1.1568 0.7733

γW 0.3642 0 0 4.4250 3.4169 2.7451 2.3080 2.1664 1.9020 1.6469 1.3707 1.1452 0.7468

γW 0.3642 0 1 4.4965 3.4506 2.7823 2.3241 2.1097 1.8987 1.6444 1.3689 1.1310 0.7443

γW 0.3642 -1 -1 4.1015 3.3213 2.7414 2.2925 2.0987 1.8925 1.6434 1.3676 1.1299 0.7405

γW 0.3642 -1 0 4.1735 3.3508 2.7577 2.3025 2.1071 1.8869 1.6039 1.3651 1.1289 0.7263

γW 0.3642 -1 1 4.2102 3.3762 2.7977 2.3023 2.1199 1.8711 1.5984 1.3393 1.1169 0.7016

PW0 0.2318 1 -1 0.9928 0.9428 0.8219 0.6291 0.5044 0.3583 0.1907 0.1176 0.0790 0.0408

PW0 0.2318 1 0 0.9885 0.9373 0.8234 0.6361 0.5116 0.3651 0.1946 0.1209 0.0825 0.0420

PW0 0.2318 1 1 0.9849 0.9319 0.8227 0.6424 0.5196 0.3735 0.2014 0.1241 0.0848 0.0437

PW0 0.2318 0 -1 0.9763 0.9221 0.8179 0.6375 0.5136 0.3660 0.1934 0.1213 0.0808 0.0421

PW0 0.2318 0 0 0.9747 0.9202 0.8155 0.6391 0.5176 0.3721 0.2004 0.1252 0.0853 0.0441

PW0 0.2318 0 1 0.9728 0.9184 0.8137 0.6403 0.5212 0.3775 0.2059 0.1271 0.0882 0.0448

PW0 0.2318 -1 -1 0.9599 0.9033 0.8064 0.6421 0.5249 0.3790 0.2020 0.1236 0.0852 0.0425

PW0 0.2318 -1 0 0.9594 0.9024 0.8046 0.6407 0.5243 0.3797 0.2055 0.1274 0.0866 0.0436

PW0 0.2318 -1 1 0.9589 0.9016 0.8030 0.6394 0.5239 0.3816 0.2099 0.1310 0.0879 0.0458

PW0 0.3642 1 -1 0.8845 0.7751 0.6326 0.4577 0.3559 0.2467 0.1289 0.0793 0.0539 0.0287

PW0 0.3642 1 0 0.8830 0.7775 0.6373 0.4623 0.3642 0.2513 0.1323 0.0851 0.0531 0.0317

PW0 0.3642 1 1 0.8843 0.7795 0.6395 0.4702 0.3640 0.2569 0.1400 0.0789 0.0624 0.0333

PW0 0.3642 0 -1 0.8642 0.7701 0.6368 0.4626 0.3579 0.2464 0.1252 0.0748 0.0483 0.0244

PW0 0.3642 0 0 0.8628 0.7690 0.6377 0.4658 0.3659 0.2504 0.1282 0.0809 0.0466 0.0261

PW0 0.3642 0 1 0.8639 0.7685 0.6360 0.4709 0.3638 0.2538 0.1345 0.0750 0.0560 0.0257

PW0 0.3642 -1 -1 0.8503 0.7641 0.6413 0.4735 0.3702 0.2566 0.1331 0.0801 0.0542 0.0284

PW0 0.3642 -1 0 0.8489 0.7632 0.6404 0.4740 0.3753 0.2589 0.1346 0.0858 0.0518 0.0289

PW0 0.3642 -1 1 0.8502 0.7624 0.6380 0.4769 0.3712 0.2617 0.1403 0.0794 0.0606 0.0280

Table A4 – Duncan’s test statistical groups regarding W, γW and PW0 for experiments with ρ ≥ 0.5

ρ

Response CV γA γS 0.50 0.60 0.70 0.80 0.85 0.90 0.95 0.97 0.98 0.99

W 0.2318 -1 1 a a a a a a a a a a

W 0.2318 -1 0 b b b b b b ab a a a

W 0.2318 -1 -1 c c c c d d bc a a a

W 0.2318 0 1 d d d d c c bcd a a a

W 0.2318 0 0 e e e e e d cd a a a

W 0.2318 0 -1 f f f f g e bcd a a a

W 0.2318 1 1 g g g g f d cd a a a

W 0.2318 1 0 h h h h g e cd a a a

W 0.2318 1 -1 i i i i h f d a a a
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Table A4 - continuation

ρ

Response CV γA γS 0.50 0.60 0.70 0.80 0.85 0.90 0.95 0.97 0.98 0.99

W 0.3642 -1 1 a a a a a a ab a a a

W 0.3642 -1 0 b b b b b ab a a a a

W 0.3642 -1 -1 c c c c bc bcd b a a a

W 0.3642 0 1 d d d c b bc b a a a

W 0.3642 0 0 e e e d cd bcd ab a a a

W 0.3642 0 -1 f f f e de cd b a a a

W 0.3642 1 1 g g g e ef cd b a a a

W 0.3642 1 0 h h h f fg de b a a a

W 0.3642 1 -1 i i i g g e b a a a

γW 0.2318 1 -1 a a c d c ab a a a a

γW 0.2318 1 0 b a a c b b a a a a

γW 0.2318 1 1 c b ab b b ab a a a a

γW 0.2318 0 -1 e d c c b ab a a a a

γW 0.2318 0 0 d c b b ab ab a a a a

γW 0.2318 0 1 e c ab ab ab ab a a a a

γW 0.2318 -1 -1 g g d b b ab a a a a

γW 0.2318 -1 0 f f c b ab ab a a a a

γW 0.2318 -1 1 f e c a a a a a a a

γW 0.3642 1 -1 b d d b b a a a a a

γW 0.3642 1 0 a ab c ab b a a a a a

γW 0.3642 1 1 a a bc ab ab a a a a a

γW 0.3642 0 -1 e d bc a b a a a a a

γW 0.3642 0 0 d c bc a a a a a a a

γW 0.3642 0 1 c bc ab a ab a a a a a

γW 0.3642 -1 -1 g e bc a ab a a a a a

γW 0.3642 -1 0 f de ab a ab a a a a a

γW 0.3642 -1 1 f d a a ab a a a a a

PW0 0.2318 1 -1 a a b f f f e f f c

PW0 0.2318 1 0 b b a e e e d e de bc

PW0 0.2318 1 1 c c ab a b d c c cd abc

PW0 0.2318 0 -1 d d c e d e d de ef bc

PW0 0.2318 0 0 e e d d c d c bc bcd ab

PW0 0.2318 0 1 f f e cd b c b b a ab

PW0 0.2318 -1 -1 g g f ab a bc c cd bcd bc

PW0 0.2318 -1 0 h h g bc a ab b b abc abc

PW0 0.2318 -1 1 i i h cd a a a a ab a

PW0 0.3642 1 -1 a c e f d e c b bc bc

PW0 0.3642 1 0 b b cd e c d b a bc a

PW0 0.3642 1 1 a a b c c b a b a a

PW0 0.3642 0 -1 c d cd e d e d c d e

PW0 0.3642 0 0 d e c d c d c b d cde

PW0 0.3642 0 1 c e d c c c b c b de

PW0 0.3642 -1 -1 e f a b b b b b bc bc

PW0 0.3642 -1 0 f fg ab b a b b a c b

PW0 0.3642 -1 1 e g c a b a a b a bcd
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Figure A1 – Plot of the effect of the interaction between γA and γS on PW0.
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