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STURMIAN AND SPECTRAL THEORY
FOR DISCRETE SYMPLECTIC SYSTEMS

MARTIN BOHNER, ONDREJ DOSLY, AND WERNER KRATZ

ABSTRACT. We consider 2n X 2n symplectic difference systems together with
associated discrete quadratic functionals and eigenvalue problems. We estab-
lish Sturmian type comparison theorems for the numbers of focal points of
conjoined bases of a pair of symplectic systems. Then, using this comparison
result, we show that the numbers of focal points of two conjoined bases of one
symplectic system differ by at most n. In the last part of the paper we prove
the Rayleigh principle for symplectic eigenvalue problems and we show that
finite eigenvectors of such eigenvalue problems form a complete orthogonal
basis in the space of admissible sequences.

1. INTRODUCTION AND MAIN RESULTS
In this paper we deal with oscillation properties of symplectic difference systems
(S) Zk+1 = Skzk, ke€{0,...,N},

where the matrices Sy are symplectic, i.e.,

ST7S =7, where J=
-1 0

(Note that here and in the entire paper we use the convention that an equation
written as A = B means that Ay = By, for all k € {0,..., N}.) The system (§) is
a natural discrete counterpart of the linear Hamiltonian differential system

(H) 2 =H(t)z, where JH@t)+HT ()T =0, tE€]la,b],

whose oscillation theory is deeply developed; see, e.g., [22, 23] 2], [I7]. Discrete
symplectic systems play a key role in the numerical methods for solving Hamilton-
ian systems, since they “... present a proper way, i.e., the Hamiltonian way, for
computing the Hamiltonian dynamics” [14, page 18]. Also, these systems are closely
related to discrete quadratic functionals which arise as the second-order nonlinear
problems in the discrete calculus of variations and optimal control theory; see, e.g.,
[15 [16], 241 25, [19] 13} [26], 2].
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3110 M. BOHNER, O. DOSLY, AND W. KRATZ

If in (§) and [ ) we write

RO S
c D Cc AT

with z,u € R™ and A, B,C,D, A, B,C € R™ ™ then these systems can be rewritten
in the forms

(S) Tpyr = Apxp + Brug,  upyr = Cprp + Drug, k€ {0,..., N},
and
(H) ' = At)x + Bt)u, o =C{t)x—AT(t)u, t<la,b],

respectively. A matrix solution Z = (X,U) of (§), where X}, and U, are n x n-
matrices, is said to be a conjoined basis of (§)) if the matrices X kTU L are symmetric
and rank (g:) =nforall k € {0,...,N}. A conjoined basis of (H) is defined in a

similar way. Let (X,U) and (X,U) be two conjoined bases of (H]) and denote by
m and 7 the number of points in [a,b] satisfying det X (t) = 0 and det X (t) = 0,
respectively (the so-called focal points of (X,U) and (X,U)). The basic statement
of oscillation theory of ([H) (the so-called Sturmian separation theorem for (HI)
states that |[m —m| < n [22, Chapter VII, Corollary 1 of Theorem 7.9 on page 366].
Of course, if ([H) corresponds to a second-order Sturm-Liouville equation, e.g.,

(SL) (r(®)2) +p(t)z =0, tE€la,b],

then this statement reduces to the classical Sturmian theorem about separation of
zeros of linearly independent solutions of (SLI).

The aim of this paper is, among others, to establish the analogue for conjoined
bases of the discrete system (S]). To formulate this result, we will use the following
notation and concepts. For a real and symmetric matrix P we write P > 0 if
P is nonnegative definite, and ind P denotes the index of P, i.e., the number of
negative eigenvalues (including multiplicities) of P. By Ker M, Im M, rank M,
M7, and M~! we denote the kernel, image, rank, transpose, and inverse of a
matrix M, respectively. The notion of the Moore—Penrose inverse is fundamental
in understanding the idea of multiplicity of a focal point as explained below, and
therefore we will spend a little time discussing its definition and basic properties:
For an m xn-matrix M, there exists a unique n x m-matrix N satisfying NMN = N
and MNM = M such that both NM and M N are symmetric (see [Il Section 2.8],
[3, Theorem 1.5], [5, Appendix]). This matrix N is called the Moore-Penrose inverse
of M and is denoted by MT. It can be explicitly given (see [I, Lemma 2.8.3], [I7,
Remark 3.3.2]) by

M= lim {(MTM +tI)"'M"} = lim {MT(MM" +tI)""};
t—0 t—0
in particular, these limits always exist, and we have
(MDY = (MmN, (M =M, and Ker(M")" = Ker M.

The main “reason” for the appearance of Moore—Penrose inverses in our theory is
that for two matrices V and W, the following equivalences hold (see [I Lemma
2.8.6], [4, Lemma 4], [5, Lemma A5], [6, Remark 2 (ii) and (iii)]):

KerV cKerW <+«— W=Wwvlv — wi=viyvw
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STURMIAN AND SPECTRAL THEORY 3111

For a conjoined basis (X, U) of ([§), the following matrices were introduced in [I8]:

My, = (I - Xk+1X11+1)Bkv
(1.1) T, = I — M My,
Py =TI X3 X| BT

for k € {0,..., N}. Then obviously M T} = 0, and it can be shown (see, e.g., [18])
that the matrix P} is symmetric.

We say that a conjoined basis (X,U) has no focal point [6l, 8] in the interval
(k, &+ 1] if

(1.2) Ker Xj11 C Ker X;;, and XkX,ZJrlBk >0

holds. Note that if the first condition in (L2]) holds, then the matrix XX ,I 1B is
really symmetric (see [§]), and it equals the matrix Py given by (L)) since T}, = I
in this case (see [18]). The multiplicity [I8] of a focal point in the interval (k, k + 1]
is defined as the number

rank M}, + ind Py.

Throughout this paper, focal points of any conjoined basis are counted, including
their multiplicities.

Now we can formulate the Sturmian type separation theorem for conjoined bases
of (), which is a discrete version of the above mentioned separation theorem for

Theorem 1.1. The difference between the numbers of focal points in (0, N + 1] of
any two conjoined bases of ([8) is at most n.

A natural extension of the Sturmian separation theorem is the Sturmian com-
parison theorem which compares the number of zeros of solutions of two equations
(SL) or systems ([H]). Together with (), we consider the system

A B
(S) Zp41 = gkzk, ke {0,...,N}, where :S; =~ =
N ¢ D

and recall that the conjoined basis Z = (X, U) of (§) (and similarly for % given
f

by the initial condition Xy = 0, Uy = I is called the principal solution o at 0.

Theorem 1.2. Define the 2n X 2n-matrices

ATBBIDBTA— ATC CT — ATBBIDBT

(1.3) G =
C— (BHYTDTBBIA BBIDBT
and
. [ABERBA-ATC £ -ATBEDE
© \c-)p'ss'A  BB'DE
and suppose
(1.4) G>G and Im(A-A B)CImB.
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3112 M. BOHNER, O. DOSLY, AND W. KRATZ

If the principal solution of GH) has m focal points in (0, N + 1], then any conjoined
basis of (S) has at most m +n focal points in (0, N + 1].

Theorem 1.3. Suppose that (L) holds. If the principal solution of (8) has m
focal points in (0, N + 1], then any conjoined basis of (EI) has at least m focal points

in (0, N +1].

The proofs of these theorems are given in Sections ] and These proofs are
based on various results concerning eigenvalue problems associated with (8] in the
form
(E)

Tpt1 = Agxp + Brug, ugpt1 = Crag + Drur — A1, k€ {0,...,N},
o = TN+1 = 0.

The eigenvalue problem (El) (including some preparatory material) is treated in
Section [ of this paper. In particular, attention is focussed on the Rayleigh principle
for the discrete quadratic functional associated with (El) and on the completeness of
finite eigenvectors in the space of the so-called admissible sequences. Section [4] also
contains some technical statements used in the proofs of the results of our paper.

2. STURMIAN COMPARISON RESULTS

An important role in the proof of Theorems[[.2]and[[.3lis played by the associated
discrete quadratic functional

N
F(z) = Z {af AL Cowy + 22 Cl Byuy, + uf Bl Dyup}  for 2= <z>
k=0

A pair of n-dimensional sequences z = {z}o ' = {(zx,ur)}1ly is said to be
admissible for F provided it satisfies the first equation in (), i.e., the so-called
equation of motion Ty = Agxy + Brug for all k € {0,...,N}.

Now we recall some concepts and statements associated with the eigenvalue
problem (E). This eigenvalue problem is treated in detail in Section Hl but some
results we need to present already now. A number A € R is called a finite eigenvalue
of (El if there exists a solution z = (z,u) of (E) such that g = 0 = zx41 and
T = {xk}g:ol # 0, and then z is called a finite eigenvector corresponding to A. Let
(X,U) = (X(\),U(N)) be the principal solution of the symplectic system in (E)
and denote by 711 (A) the number of focal points of (X,U) in (0, N + 1]. Then by
[#3) given in Section [l

(2.1) 1 (A) = na(A),

where n2()) denotes the number of finite eigenvalues of (E) (counting multiplicities;
see Definition ] for details) which are less than or equal to .

The results in this section extend [I6, Theorem 7.1], where the statements are
proved (using a different technique than here, namely the Riccati technique) in the
special case m = 0 (see also [7, Theorem 2]). Here we also use the following lemma
from [I6] Formula (7.1)] (see also [20, Lemma 1.32]), which can be proved by a
direct computation.
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STURMIAN AND SPECTRAL THEORY 3113

Lemma 2.1. If z = (x,u) is admissible and G is given by (L3), then

M\ x
=3 () e

k=0 Tr+1 Tk+1
Proof of Theorem [L2. Let Z = (X,U) be any conjoined basis of (S]). Suppose that
Z has p focal points in (0, N + 1]. Then, corresponding to each focal point, we can
construct 2"l = (2 wl1), 1 < v < p, as in [I1, (12) and (13) on page 338] such
that

2! is admissible and xk’,]ﬂ 0 forall 1<v<p.
Furthermore, since the principal solution Z = (X, U) of has m focal points in
(0, N + 1], by (@27 with A = 0, applied to the eigenvalue problem
(2.2)
Tpy1 = Apzr + Brug,  upp1 = Cpop + Dyug — Azgy1, k€ {0,..., N},

To=2N41 =0,

this eigenvalue problem has m nonpositive finite eigenvalues A,, 1 < p < m, with
corresponding orthonormal finite eigenvectors Z () = (g(“), u )) 1< pu<m
Moreover, by Theorem given in Section @ F(z) > F(z) > 0 for z = (:c,u)

satisfying

zlﬁ(“), ie., <z z(“)> Zxkﬂxkﬂ—o 1<pu<m, x#0.

Now suppose that p > m + n. Then there exists a nontrivial linear combination

<Z[v]7£(1)>

Define
P
u) = chz[ ]
v=1

By construction, zy4+1 = 0 and «x is admissible, as it is of the same form as in [I1]

(15) on page 339]. Moreover, >V _, cuxgj] = 0 implies 2o = 0, and we also have

P
O:ch<z[l’],£(“)>:<z,£(“)> forall 1< pu<m,
v=1

soz L zW foralll <pu<m. Asin [11l Proof of Theorem 1 on page 339] we have
x # 0 (the = there was of the same form, and the only property that was used there
was that not all ¢, = 0, which is guaranteed in our current setting) and F(z) < 0.
From the second condition in (L.4) it follows that there exists u = {u k1o such

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



3114 M. BOHNER, O. DOSLY, AND W. KRATZ

that x4 = Akxk+6k}£k forall k € {0,..., N}, and hence z = (z, lﬁ) is admissible
for F, and by applying Lemma [Z1] twice and coupled with the first condition in

(4), we find
Jf(z):zNj( o )Tgk< . ) sﬁj( o )Tgk( o ) = F(z) < 0.

x x x x
o \Tk+1 k+1 o \Tk+1 k+1

Hence we have found an admissible z = (x,u) withz # 0, 2o = zy41 =0, 2 L i(”)
for all 1 < p < m, and F (z) < 0, contradicting the Rayleigh principle, Theorem
[4.6] as stated and proved in Section @l by which F(2) > 0 for all admissible z with
a:O::ENH:O,x;éO,andzJ_i(“)foralllg,ugm. O

Proof of Theorem [L.3. We consider (E)). Let (X,U) = (X(\),U()\)) be the prin-
cipal solution of the symplectic system in (E) and let (X,U) = (X(A),U())) be
any conjoined basis of the symplectic system in (Z2]) such that X o(A) = Xo and
Uo(A) = Uy are constant. Let m = ni(A) and p = p(A) be the numbers of fo-
cal points of (X,U) and (X,U) in (0, N + 1], respectively. Then the assertion of
Theorem [[3] says
n1(0) < p(0).
We show that nq(A\) < p(A) for all A € R. To do so, let (as in Section @) A, denote

the finite eigenvalues of (E)) with corresponding orthonormal eigenvectors 2 for
1 < p <rsuchthat \; <...<A\.. Now, given A € R, we have that

A KA < Apy1 forsome me{0,...,7},

where we put A\g = —oo and A,.41 = oco. By (1)), this means that m = ny(\).
First suppose that A is not a finite eigenvalue of (E) so that A, < A < A\p41. Put
zZ= ZZLI Buz(“), where the constants (31, 32, . .., B, are chosen in such a way that

zZ = (&, u) satisfies p linear homogeneous conditions
J\Niga?kH:O, ke{0,...,N —1},
(2.3) Sp L{a € R™: «is an eigenvector corresponding

to a negative eigenvalue of Bk}, ke{0,...,N},

where .
Sp =ik — Qrik =Y Buay” — Qrz”)
p=1
with the matrix @ satisfying QX = UX T)N( and the matrices M, P given by (LI])
with (X,U) = (X,U), and where p equals to the number of focal points of (X, U)

in the open interval (0, N + 1) so that p < p. The sequence Z is admissible for F,
and by the second condition in (L.4) there exists u such that (Z, u) is admissible

for F. Since the value of the quadratic functional does not depend on the second

component of an admissible sequence z = (x,u) (see Lemma [2]), we also write
z=(a, u). Then by the extended Picone identity, Theorem from Section H we
have

N
FaZ):=F() = M2,2) =D 5 Prér > 0.
k=0
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STURMIAN AND SPECTRAL THEORY 3115

Note that the first condition in (23] implies that &), € Im X, forall k € {0,..., N+

1} by Proposition 4 from Section d and hence Theorem can be applied. At
the same time, by a direct computation using orthonormality of z(1), 2(2) . (™)
(see also Section M), we have
Fa(2) = F(2) = A(z,2) =Y (A= N}
pn=1
Now by Lemma 2] and the first condition in (4, we have

m N
Z()‘u —A) Z > Z §£Pk§k >0
p=1 k=0

since A > A, for all 1 < u < m; this is possible only if 3, = 0 for all 1 < pp < m.
This means that the system of p linear homogeneous conditions (Z3) has only the
trivial solution, and hence the number of conditions p is greater than or equal to
the number of parameters 3, which is m. This proves the statement when A is not
a finite eigenvalue of (El). Since the functions n;(\) and p(\) are continuous from
the right by ([£3J)), by letting A — A} we obtain the statement also in the case when
A = A\, is a finite eigenvalue of (E). O

3. STURMIAN SEPARATION RESULTS

Combining Theorems[[.2] and [[.3], we obtain the following statement. This result
extends [II, Theorem 1], where the statement is proved in the special case m = 0
(see also [7, Theorem 1]).

Theorem 3.1. If the principal solution of (S) has m focal points in (0, N + 1],
then any conjoined basis of ([8) has at least m and at most m + n focal points in
(0, N +1].

Proof. We apply Theorems and with § = § and note that the assumptions
in both theorems are satisfied since G = G and Im(0 B) C Im B imply that (L)
holds. ]

Now we prove Theorem [I.1] as stated in the Introduction of this paper.

Proof of Theorem [l Suppose that Z and Z are two conjoined bases of @) with

p and p focal points in (0, N + 1], respectively. Theorem Bl yields that
m<p<m+n and m<p<m-+n,

where m is the number of focal points of the principal solution in (0, N + 1]. This

yields the assertion. 0

Next we show that using the construction introduced in [9, page 1256] we can
derive a more precise estimate for the difference of the numbers of focal points of
the principal solution of (8]) and of any other conjoined basis of (§)). This statement
can be regarded as a discrete version of [22, Problems VII.7, problem 2, page 367].

Theorem 3.2. Let (X,U) be the principal solution of @) and let (X,U) be any
conjoined basis of this system. Let m and p denote the number of focal points of
(X,U) and of (X,U) in (0, N + 1], respectively. Then

m < p < m + rank Xg.
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3116 M. BOHNER, O. DOSLY, AND W. KRATZ

Proof. We extend the eigenvalue problem (El) to a problem of the same kind on the
interval [—1, N + 1]. Define

Afl 871 UOK XO
(3.1) W_i:=1 and &_;:= = ,

C_l D_1 *XOK UO
where K = (XI'Xo + Uf'Up)~!. Then by a direct computation we see that the
matrix S_; is symplectic and hence
(3.2)
Tpt1 = Agxp + Brug, ugpt1 = Crag + Drur — Axgy1, k€ {-1,0,1,...,N},
T—1 = TN+1 = 0

is an eigenvalue problem for a symplectic system. Now we also extend (X, U) and
(X,U) to [-1,N + 1] by

X_l a1 XO . U(,)T _Xg 0 . —Xg
U.) " "N\Uo) - o \1) \KUf

KX; KU
and
I R I [ Y
U Yo kxy wup |\ !
Hence

M_y=(I—XoX)B_y =X, T_1=1—X}Xo, P.y =TT, X 1 X BT, =0,

which means that the extended (X,U) has rank X, focal points in (—1,0] and,
since X_1 = 0, the extended conjoined basis (X, U) has no additional focal point
in (—1,0]. Denote by 72 and p the number of focal points of the extended (X, U)
and (X,U) in (=1, N + 1], respectively. Then m = m + rank Xy, p = p, and by
Theorem [3 and S = S applied once to (S) on [0, N + 1] and once on [~1, N + 1]
(with S_; defined by BII)), we obtain

m < p=p < m=m+ rank Xo,

which completes the proof. O

4. SPECTRAL THEORY

We consider the (slightly more general than in Section [Il) symplectic eigenvalue
problem associated with (S),
(4.1)

Tht1 = Apxr + Bruy, Ukt1 = Crxy + Druy, — )\Wkﬂik_H, ke {0, RN N},
2o =2N41 =0,

where we assume that
Wi, > 0.
The following definition is as in [I2], Definitions 2 and 3, Proposition 2 (v)].
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STURMIAN AND SPECTRAL THEORY 3117

Definition 4.1. A number A € R is called a finite eigenvalue of ([EI]) provided it
possesses a corresponding finite eigenvector z = (x,u), i.e., z solves (4I]) such that
{kakJrl}kN:_Ol # 0, and then

dim {{Wizp1}nog ¢ 2z = (z,u) solves (&I))}
is called its multiplicity.
By [12], Proposition 2], finite eigenvectors corresponding to different finite eigen-

values are orthogonal with respect to the bilinear form

N
(2,2)y = (2, %) := ZI£+1W]€.%]€+1 for z=(z,u) and Z = (Z,q).

k=0
Moreover, we consider the discrete bilinear form F associated with (Z1]),
(4.2)
N
.7:)\(,2’, 5) = Z {fokajk + xkaTBkak + ufB,kai‘k + u{B,{Dkﬂk} - A <Z, 2>W s
k=0

for admissible z = (z,u) and Z = (&, 4), and the quadratic functional Fy(z) =
Fix(z, 2), so that Fo(z) = F(z) with the notation of Section [ above.

4.1. Picone’s identity. We extend the generalized Picone identity from [10, Propo-
sition 2.1] as follows. For the continuous version of this identity, see [17, Theorem
2.2.3].

Theorem 4.2 (Extended Picone identity). Suppose that Z = (X,U) is a conjoined
basis of the symplectic system of @I for a fized \ € R, let Q be symmetric with
QX = UX'X, and define M, T, and P by (LI). Let \i,..., A\, be finite eigen-
values with corresponding orthonormal finite eigenfunctions z) = (z(), u(“)), 1<
pw < m, with respect to (-,-),, and let B1,...,Bn € R and put 2 := Z,T:l ﬁﬁz(“),
Finally, suppose that z = (x,u) is admissible, put zZ := z + 2, § := 4 — QZ, and
assume that

(4.3) 212 e, <z, z(“)>w =0for1<pu<m

and that

(4.4) Ty eImXy, forall ke{0,...,N+1}.

Then we have that

(4.5) N -

Faz) = afwl, =S 8P+ Y (A= A)IB? + FEQury — x|y -
k=0 p=1

Proof. First, we obtain from [I0, Proposition 2.1 (iv)] (observe that assumption
(1.7) is not needed there) that

N
FaZ) = Z {f{HQkikH — T} QT + 551’1@51@}
k=0

N

~T ~ |N+1 ~T ~

= kukxk‘kZO + g SkPkSk
k=0
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because Z is admissible and (£4) holds. Next, from [8 page 711] or [II, Lemma
1], from the recursion of (1) for A = A,, 1 < p < m, and from orthonormality we
conclude that

~ N+1
]:O(Z) = f +Z$k+1 {Ckxk—l-Dkuk—ukH}
k=0
~ N+1 1)
= i +sz’fk+1ﬂﬂ Wi
pn=1k=0
~ N+1
= ity +Z>\ 18,2,
and using (@3],

Fo(z,2) = m{ﬁk

N 1 m XN N+1
+ ) T ~ +
E : E : k+1ﬁu Mmk+1 L Uk|—g

n= k:

and N1
Fo(2,2) = xkuk| )
Altogether, we can conclude that
N+1 N+1
Fa(z) — xf“k‘k:o =Fo(z) = A (z,2)y,, — xkuk|
= Fo(Z) = Fo(2) = Folz, 2) — Fo(2,2) — Az, 2),, — 7}, uk’
N+1

FA(Z) + A (z+ 2,2+ 2)), — Fo(2) — (it + 2 up + xfug) 0

N+1

N m
~ ~ - - [N+ T~ |N+1 PN
Z 5T Pusy + ngka:kik: - x,{uk| Z )\MWM\Z + A (2,2),

k=0 p=1
using the fact that z L 2 by ([@3)), and orthonormality yields our assertion (£X). O

Note first that the existence of a matrix ) with the requirements as in Theorem

[ 2is established in []]. Next we analyze the crucial assumption (4] using notation
(CD.
Lemma 4.3. Suppose that Z = (X,U) is a conjoined basis of the symplectic system
@) and let 0 < k < N. Then we have

(i) zk+1 € Im Xgq1 implies that M zp11 = 0;

(i) wp1 = Arxg + Brug, Mz = 0, and z € Im Xy, imply that T4 €

Im Xk+1,
Proof. First, 11 = Xgy1¢ € Im Xj41 implies by () that
Mgy = BI(I = X1 X)) Xpgre = 0.

Hence, (i) is true. Next, x+1 = Apwg+Brug, ) = Xpe € Im Xy, and Mz =0

imply that
0 = BFI- Xk+1Xk+1)(AkaC+BkUk)
= B{(I - Xpa X[, ) (Xnpac + Be(ug, — Ugc))
= BI(I - X1 X)) Br(ugp — Ugc)
= Bl(I- Xk+1Xk+1)T(I Xk+1X/i+1)Bk(uk — Ugc)
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so that
0= (I — Xk+1X,1+1)Bk(uk — Ukc),
and therefore
Tk41 = XkJrlC"‘ Bk(uk - UkC) = Xk+1C + Xk+1X]z+1Bk;(uk — Ukc) S Ika+1
holds. Hence, (ii) is true. O
Proposition 4.4. Suppose that Z = (X,U) is a conjoined basis of the symplectic

system Q) and let z = (x,u) be admissible with xg = xx+1 = 0. Then @A) holds
for T = x if and only if

(4.6) MFzp, =0 forall 0<k<N-1.

Proof. First, (£4) implies (@6]) by Lemma 3] (i). Next, suppose that z = (z,u) is
admissible, g = zy41 = 0, and (0] holds. Then zy = 0 € Im X, and inductively
Tir1 € Im Xy for all 0 < k < N — 1. Moreover, xy41 = 0 € Im X1, so that
E4) holds for & = . O

4.2. Rayleigh’s principle. In this subsection we put (-,-) = (-,-),,, and assume
throughout that

(4.7) Wep=1I forall 0<k<N

(as in Sections Pl and B]) and that Z(A\) = (X (A),U(X)) is the principal solution of
the symplectic system in (E), i.e., that

Xo=Xo(A) =0 and Uy=Us(N) =1
We need the following lemma.

Lemma 4.5. There exists \g € R such that X\ < Ao implies Fx(z) > 0 for all
admissible z = (x,u) with o = xn41 =0 and z = {x}1_, Z 0.

Proof. Let z be admissible with 9 = zx4+1 = 0. Then, by (£2) and [@71),

N
Filz) = Z {fokaxk + 201 CF (wg 41 — Arzy)
k=0

H(@rgs — Apzr) TBLBI DB (21 — Agy) — Ax;{kaH}

N
> Z {Z‘g]:kl‘k — )\|xk|2}
k=1
for certain matrices Fj. This yields the assertion if Ay is sufficiently small. O
Now, using Lemma [L3] we obtain from [I2] Theorem 2]
(4.8) n1(A) = na(A), ni(A+) =n1(A\), na(A+) =na(N) forall NeR,

where, including multiplicities,

n1(A) denotes the number of focal points of Z = Z () in the interval (0, N + 1J;
n2()\) denotes the number of finite eigenvalues of (E) which are less than or equal
to A.
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We let (see [12], Proposition 2])
A1 <...< )\ denote the finite eigenvalues of (El),

including multiplicities, with corresponding orthonormal finite eigenfunctions z(*)
1 < p <r, and we put \gp := —o0 and A,41 := oo. Then, by [12] Proposition 2],
r<nN < oo.

Theorem 4.6 (Rayleigh principle). With the above notation and assumptions we
have for 0 < m < r that

Ama1 = min {.@(;) i z=(x,u) is admissible with o = xy4+1 =0,

2 L2 foralll <p<m,and x = {x}h_| # O} .

Note that we include the cases m = 0, where the orthogonality condition on z
becomes empty, and m = r, where A1 = 0.

Proof. Let 0 <m <r and A € (Ap, Amy1). Then, by [EI),
m = n1(A) = na(N),

so the principal solution possesses exactly m focal points in the open interval (0, N+
1), because N + 1 is not a focal point. The fact that N + 1 is not a focal point
follows from Lemma E5] which implies that rank M (X) = 0 for all A < Ao so that
by [9, Remark 3 (ii)]

rank My (A+) = rank M(A\) =0 forall 0<k <N, A€ (A, Ant1)s

in particular rank My (\) = 0.
First, we apply the extended Picone identity, Theorem 4.2 to z = 0 so that

m
Z=Zz= E ﬁﬂz(”) with :Z‘O:{iNJrl:LL'o::L‘NJrl:O.
p=1

We use an argument similar to that applied in the proof of Theorem Suppose

that 0, ..., 0y satisfy the m linear and homogeneous equations
ngk+1:0; ke{0,...,N -1},
(4.9) S L{aeR™: «is an eigenvector corresponding

to a negative eigenvalue of Py}, k€ {0,...,N},
where
Sk = Uk — QrTk.
Note that the number of these equations is just the number of focal points in

(0, N +1) by definition. Then, by Proposition [44], the assumption ([@4]) holds, and
we obtain from Theorem that

N m
N+1 T =
0=Fx(z) - xf“k‘kzo = ngpksk"_z()‘_)‘u)‘ﬁu‘g’
k=0 pu=1
where 5] P8 > 0for 0 <k < N by @), and A=), > A=A, > 0for 1 < pp < m.

Hence 51 = -+ = B, = 0 so that ([£L0) possesses only the trivial solution. Thus we
have shown that

(4.10) the coefficient matrix corresponding to (£9) is nonsingular.
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Now suppose that z is admissible with 9 = xnyy1 = 0 and z L 2 for 1 <
1 < m. Then we apply Theorem toZ=z+2=2+ 22;1 6#2(“), where we
choose f1, ..., Bm such that ([@9) holds. This is possible because the m linear and
inhomogeneous equations possess a unique solution by (#I0). Theorem .2 implies

that
N+1
Falz) = Falz) - xfu”kzo
N m
= Z ggpkgk + Z()\ - )‘M)WMQ
k=0 pn=1
> ZO\ - /\u)|5u|2 >0
pn=1
so that

Fo(z) > A(z,z) forall Xe (A, Amt1)-
Hence Fo(2) > Ayt (2, 2), and Fo(2) = Ayt (2,2) for z = 2(™*TD_ For multiple
finite eigenvalues use the fact that Fy(z) = Fa(z + 2) if z is admissible with z¢ =

xy+1 = 0 and if 2 is a finite eigenvector corresponding to A. Hence the assertion
follows. O

Rayleigh’s principle yields the following result.

Theorem 4.7 (Expansion theorem). Suppose that z = (x,u) is admissible with
xo =an+1 =0. Then

T
(4.11) T = Z cux(“), where ¢, = <z(“), z> .
pn=1

Proof. First, suppose that z is admissible with 2o = zy41 = 0 and z L 2 for
all 1 < pu < r. Then, by Theorem [0l with m = r, Fo(z) > A(z, z) for all A € R.

Hence
N
(z,2) = Zx£+1xk+1 =0 sothat z=0.
k=0
Now if z is admissible with g = 1 = 0, then z — Z;Zl <z(”), z> 2(1) | Z(m) for
all 1 <m <r, and [@I) follows from what we have shown before. O

In our final result we prove that “extremal vectors of the functional Fy satisfy
necessarily the corresponding Euler equations”. The meaning of this becomes clear
from the formulation of the following theorem.

Theorem 4.8. Let be given any eigenvalue problem (El) with (&7T) and with cor-
responding functional Fy, and let m € {0,...,r}. Suppose that

(412) Fo(2) = A1 (%, 2) for some admissible Z with &9 = Eny1 =0
4.12

and 2 1 2w foralll <pu<m.
Then % satisfies the Euler equation, i.e.,

(4.13) g1 = CxZk + Drtiy — Amg1Zx41 for suitable vectors ty, with
’ Bruy = Brtug for 0 < k < N.
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Proof. Let 2 be admissible with g = Zny41 = 0, 2 L 2 for all 1 < w < m,
and Fo(2) = Apy1(2,2). Then, by the expansion theorem, Theorem 7 & =
Z;Zl cux(”), Cu = <z(“),2>, where ¢, = 0 for 1 < u < m, by using the notation
above. It follows that (use e.g., Theorem [£.2))

T T
Amt1 (8,2) = Fo(2) = D Muleul’ = Amir D leul® = Ampa (2,2)
p=1 p=m-+1
so that ¢, = 0 for all 4 > £+ 1, where App1 = ... = Ay < Agy1. Hence 2z :=
Zﬁ=m+1 cuz(“) is an eigenfunction corresponding to A\,,+1 with £ = 2. Then

(#I3) holds because
Upy1 = CpTr + Drlix — AMpr1Tr41 = Crp@p + Dptip — Any18k41
and
By (g — i) = (Tps1 — Bpy1) — Ap(Zx — &) = 0.

The proof is complete. O
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