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1 Introduction

The theoretical predictions for B-meson lifetime ratios currently stand in close agreement
with experimental results, see table 1. The measurements of the Bs lifetime have recently
been updated by the LHCb collaboration [3, 4], the ATLAS collaboration [5] and by the
CMS collaboration [6] and interestingly the value of ATLAS deviates from the other mea-
surements [7]. In future we expect a further improvement of the experimental precision
indicated in table 1. On the theory side there has also been significant progress in the last
years. According to the heavy quark expansion (HQE) [8–16] (see ref. [17] for a recent
review) the total decay rate of a hadron HQ containing a heavy quark Q can be expanded
in inverse powers of the heavy quark mass mQ and each term in the expansion is a product
of a perturbative coefficient Γi or Γ̃i and a non-perturbative matrix element of a ∆Q = 0
operator OD or ÕD of dimension D:

Γ = Γ3〈O3〉+ Γ5
〈O5〉
m2
Q

+ Γ6
〈O6〉
m3
Q

+ . . .+ 16π2
[
Γ̃6
〈Õ6〉
m3
Q

+ Γ̃7
〈Õ7〉
m4
Q

+ . . .

]
, (1.1)

with 〈OD〉 = 〈HQ|OD|HQ〉/(2MHQ). We denote with Γi contributions related to two
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Lifetime Ratio Experiment Theory
τ(B+)
τ(Bd) 1.076± 0.004 [1] 1.078+0.021

−0.023 [2]
τ(Bs)
τ(Bd) 0.998± 0.005 [1] 1.0007± 0.0025 [2]

Table 1. Experimental values (HFLAV [1]) of the lifetime ratio of B mesons versus theoretical
predictions based on the 2017 HQET sum rule prediction for the matrix elements of the four quark
operators in the MS scheme [2].

quark operators Oi and with Γ̃i contributions related to four quark operators Õi. Each
perturbative coefficient Γi (Γ̃i) can be further expanded in the strong coupling constant

(∼)
Γi =

(∼)
Γi

(0)
+ αs

4π
(∼)
Γi

(1)
+
(
αs
4π

)2 (∼)
Γi

(2)
+ . . . . (1.2)

Traditionally the four quark contributions indicated by Γ̃6〈Õ6〉 are considered to give the
dominant contributions to lifetimes ratios, because of the phase space enhancement factor
16π2, see e.g. refs. [18, 19]. In these so-called spectator contributions, which are known to
NLO-QCD accuracy [20–23], the by far largest source of uncertainty resides in the non-
perturbative hadronic matrix elements 〈Õ6〉. The most recent estimates for these parame-
ters from lattice QCD [24] were carried out in 2001 and only made public in proceedings. In
2017 [2] a significant improvement to the precision of the dimension-6 matrix elements was
achieved by means of a 3-loop HQET sum rule analysis. In that case, spectator mass effects
in the sum rule were neglected. This is a sensible simplification for B+ and Bd mesons,
where the spectator quark is an up or down quark. In the case of the Bs meson however,
SU(3)F breaking effects are not expected to be negligible. In this paper we present the
first computation of the dimension-6 matrix elements of ∆Q = 0 four quark operators with
a non-zero strange quark mass, following the method established in ref. [25], where ms

effects to the HQET sum rules for Bs mixing were calculated. These efforts lead to results
with a competitive precision for B mixing observables, see ref. [26], as modern lattice de-
terminations [27–29] and to strong bounds on BSM models that try to explain the flavour
anomalies, see e.g. refs. [26, 30]. In addition we determine for the first time eye contractions
of the ∆Q = 0 four quark operators as well as matrix elements of penguin operators.

Very recently the Darwin term Γ6〈O6〉 was calculated for the first time for non-leptonic
decays and found to be very large [31–33]. For the lifetime ratio τ(B+)/τ(Bd) this contri-
bution will cancel due to isospin symmetry. However, for a precise calculation of the ratio
τ(Bs)/τ(Bd) the SU(3)F breaking contribution of the form Γ6(〈O6〉Bd − 〈O6〉Bs) has to
be determined. The matrix element 〈O6〉Bd is known quite well from fits of the inclusive
semileptonic B meson decays, see e.g. refs. [34, 35], unfortunately a corresponding analy-
sis has not been performed for the Bs meson, thus 〈O6〉Bs is largely unknown. However,
the Darwin operator can be related to four quark operators via equations of motion (see
e.g. [32, 36]) and thus our results can also be used to estimate the size of the matrix element
of the Darwin operator for the Bs meson.

In the following sections, we will restrict our discussion to the calculation of the
hadronic matrix elements themselves and reserve a full analysis of the B lifetimes for a
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subsequent paper in which the results presented here will be used alongside other recent
developments in the HQE [31–33].

Since we work here in the strict HQET limit our results can also be applied to the
charm sector, where sizeable lifetime differences have been found experimentally [37, 38]:

τ(D+)
τ(D0) = 2.54± 0.02 , τ(D+

s )
τ(D0) = 1.20± 0.01 . (1.3)

As the expansion parameter αs(mc) and Λ/mc where Λ is a hadronic scale are quite sizeable,
a study of charm lifetimes can shed light on the convergence radius of the HQE [36].

Our results can of course also be used for an analysis of spectator effects in inclusive
semi-leptonic B and D meson decays, where the same matrix elements will appear, see e.g.
ref. [36].

The rest of this paper is arranged as follows: section 2 consists of the sum rule setup
and a collection of the analytic results. We introduce the operator basis and the parameter-
isation of the matrix elements in section 2.1, while section 2.2 is devoted to the presentation
of the sum rule itself. The perturbative part of the sum rule is discussed in section 2.3
including a brief overview of the determination of ms corrections as well as the introduc-
tion of the eye-contractions. Condensate contributions will be revisited in section 2.4 and
in section 2.5 we present analytic results. In section 3 we summarise the findings of our
numerical analysis, and in section 4 we conclude.

2 Setup and calculation

2.1 Operator basis

We carry out the sum rule in the exact HQET limit in order to avoid mixing between
operators of different mass dimensions. The basis we use coincides with that of ref. [21],
except for the naming of the colour-octett operators. In the HQET limit (denoted by the
tilde) we get

Q̃q1 = h̄γµ(1− γ5)q · q̄γµ(1− γ5)h, T̃ q1 = h̄γµ(1− γ5)TAq · q̄γµ(1− γ5)TAh,
Q̃q2 = h̄(1− γ5)q · q̄(1 + γ5)h, T̃ q2 = h̄(1− γ5)TAq · q̄(1 + γ5)TAh, (2.1)

where h denotes the HQET field describing the heavy quark Q with mass mQ, the light
quark fields are denoted by q. In addition we use the same evanescent operators as in
ref. [2] (choosing a1 = a2 = −8). A full description of SU(3) flavour-breaking contributions
at NLO in QCD also requires us to consider the QCD penguin operators

Q̃qP = h̄γµT
Ah · q̄γµTAq . (2.2)

Note, that differing from the definition in ref. [21] we need the flavour specific contribution
of the penguins, thus we are not summing over the light quark flavour q. Inspired by
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refs. [21, 39] we parametrize the matrix elements of the above operators as,

〈Bq|Q̃qi (µ)|Bq〉 = AQ̃iF
2
q (µ)B̃q

i (µ) 〈Bq|Q̃q
′

i (µ)|Bq〉 = AQ̃iF
2
q (µ)δ̃q

′q
i (µ) ,

〈Bq|T̃ qi (µ)|Bq〉 = AT̃iF
2
q (µ)ε̃qi (µ) 〈Bq|T̃ q

′

i (µ)|Bq〉 = AT̃iF
2
q (µ)δ̃q

′q
i+2(µ) ,

〈Bq|Q̃qP (µ)|Bq〉 = AQ̃PF
2
q (µ)B̃q

P (µ) 〈Bq|Q̃q
′

P (µ)|Bq〉 = AQ̃PF
2
q (µ)δ̃q

′q
P (µ) , (2.3)

for which the colour factors correspond to,

AQ̃i = AT̃i = 1 AQ̃P = − CF2Nc
, (2.4)

with the HQET decay constant Fq, the bag parameters B̃q
i , B̃

q
P and ε̃qi and the non-valence

contribution δ̃q
′q
i , for q 6= q′. Note that differing from refs. [21] and [39] we have included

in B̃q
i , B̃

q
P and ε̃qi also the non-valence contributions with q = q′. As usual µ denotes the

renormalisation scale dependence. In addition the heavy |Bq〉 meson states (consisting of
a heavy anti-quark Q and a light quark q ) are considered in the strict HQET limit and
thus our expressions hold both for B and D mesons.

2.2 The sum rule

The HQET Borel sum rule for the decay constant Fq, as derived in refs. [40–43], is well
studied. The starting point for its derivation is the 2-point correlator,

Π(ω) =
∫

ddxeip·x
〈

0
∣∣∣T{j̃q(0)j̃†q(x)

} ∣∣∣ 0〉 (2.5)

for a heavy meson with the momentum pM = mQv + p, where v is the four-velocity of the
meson and p the residual momentum. The residual energy is denoted by ω = p · v. The
interpolating heavy meson current used in eq. (2.5) is defined as,

j̃q = q̄γ5h. (2.6)

The sum rule for Fq then takes the form of,

F 2
q (µ) =

ωc∫
0

dω e
Λq−ω
t ρΠ(ω) (2.7)

for which ρΠ(ω) is defined as the discontinuity of eq. (2.5), Λq is the meson mass-difference,
the Borel parameter t determines the degree to which continuum states of the hadronic
spectral function are exponentially suppressed, and where we have introduced a cutoff of ωc.

In order to build a sum rule for the bag parameters however, the central object of the
calculation is the 3-point correlator,

Kq

Õq′ (ω1, ω2) =
∫
ddx1d

dx2e
i(p1·x1−p2·x2) 〈0|T

{
j̃q(x2)Õq′(0)j̃†q(x1)

}
|0〉 , (2.8)

where pi corresponds to the residual momentum of the incoming and outgoing states re-
spectively, each with velocity v, and residual energy ω1,2 = p1,2 · v, and in addition to the
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(a) LO Factorisable. (b) NLO Factorisable.

(c) NLO Nonfactorisable.

q

q′

(d) NLO Non-Valence.

Figure 1. Examples of the diagrams contributing to the correletor in eq. (2.8). Non-valence type
diagrams vanish at LO.

heavy quark currents there is now also the insertion of one of the four quark operators
found in eqs. (2.1)–(2.2) denoted in eq. (2.8) by Õq′ .

As in refs. [2, 25] we categorise the possible field contractions of eq. (2.8) into factoris-
able and non-factorisable contributions. Examples of the corresponding Feynman diagrams
are found in figure 1. This separation of contributions allows us to formulate a sum rule for
the deviation of the bag parameter ∆B from its vacuum saturation approximation (VSA)
value.

B̃q
i (µ) = 1 + ∆Bq

Q̃qi
(µ) , (2.9)

ε̃qi (µ) = 0 + ∆Bq

T̃ qi
(µ) , (2.10)

B̃q
P (µ) = 1 + ∆Bq

Q̃qP
(µ) . (2.11)

We find the following finite energy Borel sum rules,

∆Bq

Õq(µ) = 1
AÕqF

4
q (µ)

ωc∫
0

dω1dω2e
Λq−ω1

t
+ Λq−ω2

t ∆ρqÕq(ω1, ω2) (2.12)

in which the term ∆ρqÕq(ω1, ω2) corresponds to the non-factorisable part of the double dis-
continuity of eq. (2.8). Looking at the whole double discontinuity of the 3-point correlator
it is useful to separate out the various contributions further as,

ρqÕq(ω1, ω2) = δÕQ̃ρΠ(ω1)ρΠ(ω2) + ∆ρqÕq(ω1, ω2)

= δÕQ̃ρΠ(ω1)ρΠ(ω2) + ∆treeρ
q

Õq(ω1, ω2) + ∆pengρ
q

Õq(ω1, ω2) ,
(2.13)

for which δÕQ̃ is equal to 1 for the colour singlet and penguin operators and 0 for the colour
octet operators. In eq. (2.13), the first term corresponds to factorisable contributions for
which the spectral function ρΠ is the same as the discontinuity of the 2-point function
appearing in eq. (2.7). The term ∆treeρ corresponds to the double discontinuity of the
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first set of non-factorisable contractions (see figure 1c for an example diagram and ref. [2]
for further discussion). Lastly, the term ∆pengρ denotes the double discontinuity of the
‘eye-contraction’ diagrams like that of the example illustrated in figure 1d which represent
a second class of non-factorisable contributions which was not considered in [2] as these
diagrams only become necessary when taking into account SU(3) flavour breaking effects.
Furthermore, ∆pengρ first receives non-vanishing contributions at NLO in the strong cou-
pling since at LO the insertion of the penguin operator found in eq. (2.2) leads to a vanishing
colour structure whilst for the operators of eq. (2.1) the penguin loop has the form,∫

ddk

(2π)dΓ1
i(/k +mq′)
k2 −m2

q′
Γ2 = Γ1Γ2

∫
ddk

(2π)d
imq′

k2 −m2
q′

= 0 (2.14)

where Γ1,2 denotes the currents of the operators in eq. (2.1). The presence of the non-
valence terms forces us to expand our basis of operators to include the penguin operator
defined in eq. (2.2), which arises in renormalisation and thus mixes with the original basis
under renormalisation group (RG) running. Details of the correlator renormalisation and
the resulting structure of the renormalisation group equations (RGE) are presented in ap-
pendix A. For the matrix elements of operators with a different light-quark flavour to that
of the external meson state, only these ‘eye-contraction’ diagrams contribute and so the
sum-rule has the form,

δq
′q

Õq′ (µ) = 1
AOF 4

q (µ)

ωc∫
0

dω1dω2e
Λq−ω1

t
+ Λq−ω2

t ∆pengρ
q

Õq′ (ω1, ω2) (2.15)

We further split the non-factorisable part into perturbative and condensate contributions

∆tree/pengρ
q

Õq′ (ω1, ω2) = ∆pert
tree/pengρ

q

Õq′ (ω1, ω2) + ∆cond
tree/pengρ

q

Õq′ (ω1, ω2) , (2.16)

where the tree contribution vanishes if q 6= q′. Those will be discussed in greater depth in
section 2.3 and 2.4 and we show the results of our calculations in section 2.5.

2.3 Perturbative contributions

As already mentioned, the eye-contraction diagrams represent a new contribution, not
previously calculated, to our sum rule analysis of the Bs lifetime matrix elements. The
procedure for computing them however, is unchanged from that of the standard tree-
contraction terms, which was performed and described in detail in refs. [2, 25]. So here we
will only briefly summarise our approach.

The three-point correlators were calculated using two separate implementations. In
one, the amplitudes of the 3-loop processes were generated manually and the Dirac algebra
was computed using Tracer [44], treating γ5 in accordance with the Larin scheme [45].
Alternatively, the amplitudes were generated using QGRAF [46] and the Dirac algebra
computed using a private implementation in the ‘NDR’ scheme. We found full agreement
between both computations. An ‘Integration by Parts’ [47] reduction of the amplitudes
was carried out using FIRE5 [48]. The resulting master integrals are already known [49] to
all orders in ε and we expanded these to the required order using the HypExp package [50].
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These master integrals describe the massless spectator quark scenario. In order to compute
the ms corrections, an ‘expansion by regions’ approach was taken [51, 52] and leads to a
Taylor expansion in ms/ω, allowing us to ‘recycle’ the master integrals of the massless case.

In this work, it became apparent that when considering ms corrections to the eye-
contractions, these contributions could only be treated consistently within the traditional
sum rule approach and not with the weight function method used in refs. [2, 25]. Therefore
in this work we explicitly evaluate the integrals in eq. (2.12) and eq. (2.15) in the traditional
sum rule framework. However, when applicable we compare the results of both methods
and show that we find them to be consistent. This will be discussed further in sections 2.5
and 3. There are two major consequences resulting from shifting towards a traditional sum
rule approach. The first is that when also using the HQET sum rule result for the decay
constant (as shown in eq. (2.7)), the dependency of the bag parameter on Λq drops out.
The second is that there is now an explicit dependence of the bag parameter on both the
cut-off ωc and the Borel parameter t. In our implementation, these parameters were set by
fixing the HQET sum rules for Fq and Λq to values found in the literature. Details of this
procedure can be found in appendix D.

2.4 Condensate contributions

We also carried out an independent analysis of the condensate contributions, that have
previously been determined for the massless case in refs. [53, 54]1 for the Qi and Ti opera-
tors, but not for QP . Whenever appropriate we compare our results with the literature in
section 2.5.

We use the standard approach of the background field method [55–57]. Since, in cal-
culating the deviation of the bag parameters from their VSA values, we are only concerned
with non-factorisable contributions, the only diagrams that need to be considered are those
found in figure 2 along with their symmetric counterparts. These represent the only con-
densate corrections up to dimension-6 and leading order in αs, assuming that the quark
condensate factorises and thus leads to no correction to the non-factorisable contribution.

With regards to the non-valence terms, there is no dimension three quark condensate
contribution at the leading order in αs from the diagrams in figure 3. The left diagram
vanishes because the quark condensate flips the chirality and the Dirac structure Γ1〈q̄′q′〉Γ2
vanishes for all the combinations of currents Γ1,2 appearing in the considered operators.
The 〈q̄′q′〉 condensate is therefore suppressed by an additional αsmq′/Λ. The right diagram
is scaleless. The 〈q̄q〉 condensate is therefore suppressed by at least an extra αs. There is
also no dimension four gluon condensate 〈αsG2〉 contribution at leading order in αs because
the penguin loop is scaleless without an extra gluon. Similar arguments lead us to con-
clude that the dimension five quark gluon condensate 〈q̄(′)σµνG

µνq(′)〉 and the dimension
six quark condensate 〈q̄′q′q̄q〉2 do not contribute at leading order in αs. Therefore, conden-
sate contributions to the eye-contractions are suppressed with respect to the perturbative
contribution at first order in the strong coupling and are not taken into account.

1In the paper by Baek et al. [54], eq. (20) yields an additional factor of 4 for ε1 compared to the expression
found in eq. (11) of the same paper.

2If q′ = q this does not vanish, but is part of the factorisable contribution.
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Figure 2. Condensate corrections corresponding to 〈αs

4πGG〉 and 〈gsqσµνGµνq〉 respectively.

q

⟨q′q′⟩

q′

q

q′

⟨qq⟩

Figure 3. Quark condensate contributions to the eye contractions at leading order in αs.

2.5 Analytic results

In this section we present the analytic expressions of our calculation. Beginning with the
perturbative contribution, the double discontinuities defined in eq. (2.13) can be expressed
in terms of their ms (generally denoted as mq below) expansion as,

∆pert
treeρ

q

Õq(ω1, ω2) ≡ NcCF
4

ω2
1ω

2
2

π4
αs
4π

[
r

(0)
Õ (x, Lω) +

(
mq

ω1
+ mq

ω2

)
r

(1)
Õ (x, Lω) (2.17)

+
(
m2
q

ω2
1

+
m2
q

ω2
2

)
r

(2)
Õ (x, Lω) + . . .

]
θ(ω1 −mq)θ(ω2 −mq),

for x = ω2/ω1 and Lω = ln(µ2/(4ω1ω2)).
The non-factorisable tree contributions for the colour singlet operators at order αs

have a vanishing color factor, yielding r(j)
Q̃i

= 0. In the massless limit we find [2]

r
(0)
T̃1

= −8 + a1
8 + 2π2

3 − 3
2Lω −

1
4φ(x) ,

r
(0)
T̃2

= −29
4 + a2

8 + 2π2

3 − 3
2Lω −

1
4φ(x) , (2.18)

and

r
(0)
Q̃P

= 1
8Nc

[
−30 + 8π2

3 − 6Lω − φ(x)
]
, (2.19)
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for the penguin operator, where

φ(x) =

x2 − 8x+ 6 ln(x), x ≤ 1,
1
x2 − 8

x − 6 ln(x), x > 1.
(2.20)

The linear terms in the strange quark mass read

r
(1)
T̃1

= a1
8 + 2π2

3 − 3
2Lω −


2(36+9x+x2)

9(1+x) + 9+9x−2x2

6(1+x) ln(x), x ≤ 1,
2(1+9x+36x2)

9x(1+x) + 2−9x−9x2

6x(1+x) ln(x), x > 1,

r
(1)
T̃2

= a2
8 + 2π2

3 − 3
2Lω +

−
29+11x−2x2

4(1+x) − 3
2 ln(x), x ≤ 1,

2−11x−29x2

4x(1+x) + 3
2 ln(x), x > 1,

(2.21)

r
(1)
Q̃P

= 1
36Nc

[
− 12π2 + 27Lω +


135+81x−22x2

1+x + 3(9+9x+2x2)
1+x ln(x), x ≤ 1,

−22−81x−135x2

x(1+x) − 3(2+9x+9x2)
x(1+x) ln(x), x > 1,

]

and for the corrections quadratic in ms we find

r
(2)
T̃1

= 1
1 + x2

[
−(1− x)2a1

16 + 3(1− x)2

4 Lω −
x

4ψ(x)
(

1 + 3(1 + x)
1− x ln(x)

)

+



π2(1+8x−5x2)
12 + 24−48x+16x2+x3

6 + 1+x2

2 ln(x)
+1−x2

2 ln2(x) + 5(1−x2)
2 Li2

(
1− 1

x

)
, x ≤ 1,

π2(−5+8x+x2)
12 + 1+16x−48x2+24x3

6x − 1+x2

2 ln(x)
−1−x2

2 ln2(x)− 5(1−x2)
2 Li2(1− x), x > 1,


,

r
(2)
T̃2

= 1
1 + x2

[
−a2(1− x)2

16 − π2(1− 4x+ x2)
6 + 3(1− x)2

4 Lω

+29− 62x+ 29x2

8 − x

2ψ(x)
(

1 + 1 + x

1− x ln(x)
)

+


(1−x)2

4 ln(x) + (1− x2)Li2
(
1− 1

x

)
, x ≤ 1,

− (1−x)2

4 ln(x)− (1− x2)Li2 (1− x) , x > 1,

 , (2.22)

r
(2)
Q̃P

= 1
24Nc(1 + x2)

[
9(1− x)2Lω − 9xψ(x)

(
1 + 1 + x

3(1− x) ln(x)
)

+



45− 102x+ 61x2 − 2x3 − (5− 8x− x2)π2 − 12x ln(x)
−6(1− x2) ln2(x)− 6(1− x2)Li2

(
1− 1

x

)
, x ≤ 1,

−2−61x+102x−45x3

x + (1 + 8x− 5x2)π2 + 12x ln(x)
+6(1− x2) ln2(x) + 6(1− x2)Li2 (1− x) , x > 1,


with

ψ(x) =


(1−x)2

x [2 ln(1− x)− ln(x)] , x ≤ 1,
(1−x)2

x [2 ln(x− 1)− ln(x)] , x > 1.
(2.23)
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The perturbative contribution to the double discontinuities of the eye-contractions, defined
in eq. (2.13), can be expressed in terms of their ms (generally denoted asmq andmq′ below)
expansion as

∆pert
pengρ

q

Õq′ (ω1, ω2) ≡ NcCF
4

ω2
1ω

2
2

π4
αs
4π

[
s

(0)
Õ (x, Lω) +

(
mq

ω1
+ mq

ω2

)
s

(1)
Õ (x, Lω)

+
( 1
ω2

1
+ 1
ω2

2

) [
m2
qs

(2)
Õ (x, Lω) +m2

q′t
(2)
Õ (x, Lω)

]
+ . . .

]
× θ(ω1 −mq)θ(ω2 −mq). (2.24)

For the non-valence expression eq. (2.24), s(i)
Õ corresponds to ms corrections of order i

stemming from a non-zero q quark mass (see figure 1), whereas ms corrections attributed
to the q′ quark are contained within the t(2)

Õ term. It is also worth noting that there is no
t
(1)
Õ in eq. (2.24) since the double discontinuity evaluates to zero.

At the considered order the eye contributions for the color singlet and octet operators
differ only by their color factors

s
(j)
T̃i

= −1
2Nc

s
(j)
Q̃i
, t

(2)
T̃i

= −1
2Nc

t
(2)
Q̃i
. (2.25)

Our results for the singlet and penguin operators are in the massless case

s
(0)
Q̃1

= 20
9 + 2

3Lω + 1
9φ(x),

s
(0)
Q̃2

= −13
9 −

1
3Lω −

1
18φ(x),

s
(0)
Q̃P

= 13
9 + 1

3Lω + 1
18φ(x). (2.26)

The corrections proportional to the strange quark mass read

s
(1)
Q̃1

= 2
3Lω +


2(10+x−x2)

9(1+x) + 2
3 ln(x), x ≤ 1,

−2(1−x−10x2)
9x(1+x) − 2

3 ln(x), x > 1,
,

s
(1)
Q̃2

= −1
3Lω +

−
13+4x−x2

9(1+x) − 1
3 ln(x), x ≤ 1,

1−4x−13x2

9x(1+x) + 1
3 ln(x), x > 1,

,

s
(1)
Q̃P

= −1
3Lω +

−
13+4x−x2

9(1+x) − 1
3 ln(x), x ≤ 1,

1−4x−13x2

9x(1+x) + 1
3 ln(x), x > 1,

(2.27)
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while the corrections quadratic in ms are given by

s
(2)
Q̃1

= 1
1 + x2

[
−10(1− x)2

9 − (1− x)2

3 Lω + x

3ψ(x)
]
,

s
(2)
Q̃2

= 1
1 + x2

[
13(1− x)2

18 + (1− x)2

6 Lω −
x

6ψ(x)
]
,

s
(2)
Q̃P

= 1
1 + x2

[
−13(1− x)2

18 − (1− x)2

6 Lω + x

6ψ(x)
]
, (2.28)

t
(2)
Q̃1

= 1
1 + x2

 2x2

(1− x)2ψ(x)−
2x2 − 2x ln(x), x ≤ 1,

2 + 2x ln(x), x > 1,

 ,
t
(2)
Q̃2

= 1
1 + x2

− x2

(1− x)2ψ(x) +

x2 − x ln(x), x ≤ 1,
1 + x ln(x), x > 1,

 ,
t
(2)
Q̃P

= 1
1 + x2

 x2

(1− x)2ψ(x)−
x2 − x ln(x), x ≤ 1,

1 + x ln(x), x > 1,

 . (2.29)

It can be clearly seen from eq. (2.29) that the expressions for t(2)
O logarithmically diverge at

the point x = 1. For this reason, the weight function method is not applicable here since
it requires the discontinuity t(2)

O to be directly evaluated at the point ω1 = ω2 = Λs. We
briefly discuss the origin of this divergence in appendix C.

For the condensates, we find the following expressions up to contributions of dimension
six:

∆cond
tree ρ

q

Q̃qi
(ω1, ω2) = 0 + . . . ,

∆cond
tree ρ

q

T̃ q1
(ω1, ω2) = −

〈αs
π G

2〉
64π2

(
1 + ms

ω1
+ ms

ω2

)
θ(ω1 −ms) θ(ω2 −ms)

+〈gsq̄σµνG
µνq〉

64π2 [δ(ω1) θ(ω2 −ms) + δ(ω2) θ(ω1 −ms)] + . . . ,

∆cond
tree ρ

q

T̃ q2
(ω1, ω2) = 0 + . . . , (2.30)

∆cond
tree ρ

q

Q̃qP
(ω1, ω2) =

〈αs
π G

2〉
384π2

(
1 + ms

ω1
+ ms

ω2

)
θ(ω1 −ms) θ(ω2 −ms)

−〈gsq̄σµνG
µνq〉

384π2 [δ(ω1) θ(ω2 −ms) + δ(ω2) θ(ω1 −ms)] + . . . ,

from which only the bag parameters ε1 and BP receive non-vanishing contributions, while

∆cond
pengρ

q

Q̃q
′
i

(ω1, ω2) = 0 + . . . , (2.31)

as discussed above and therefore there are no condensate corrections to the δs at this order.
Considering the case ms = 0 we find perfect agreement with the results found in ref. [53].3

3The additional factor of 4 appearing in eq. (3.24) of ref. [53] is accounted for by their choice of operator
normalisation.
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The analysis by ref. [54] chooses instead an axial-vector interpolating current, qγαγ5h, and
therefore their results differ from our own in addition to the inconsistency mentioned in
section 2.4. As pointed out in ref. [53], this choice means that states of quantum number
JP = 1+ are also being considered by the correlation function.

3 Results

Two methods of carrying out the sum rule are available to us: the weight-function-method
described in ref. [2] and the traditional sum rule approach in which we explicitly evaluate
eq. (2.12) and eq. (2.15). Since having a non-zero strange quark mass in the eye contraction
terms and the use of the weight function method are incompatible with one another, we
choose to use a traditional approach for the main numerical results presented in this section.
However, where applicable a direct comparison of both methods was also carried out in
which we find a reassuring level of consistency, see figure 4.

In our analysis the continuum cut-off ωc, and the Borel parameter t are fixed for the
cases of the Bd (because of isospin in our analysis Bu = Bd) and Bs mesons separately
through a sum rule analysis of their respective decay constants and mass differences. From
this analysis we find,

Bd : wc = 0.90GeV, t = 1GeV, (3.1)
Bs : wc = 0.95GeV, t = 1GeV. (3.2)

We evaluate the sum rules for the HQET bag parameters at the scale µ = 1.5GeV.
For the strange quark mass, we use the MS scheme value at the scale µ = 1.5GeV after
running [58] from ms(2GeV)= 95+9

−3 MeV. As in the analysis of ref. [25], we expand the
range of uncertainty to 95 ± 30MeV in order to account for the missing terms after our
truncation of the ms expansion and scheme dependencies. After inspecting the range of
stability in the HQET sum rules of Fd/s and Λ, we chose to vary t by ±0.4 and to vary
ωc by ±0.2 in our error analysis. The uncertainty associated with the sum rule scale is
estimated by varying µ between 1-2GeV, running back to the central value of 1.5GeV and
then scaling4 the resulting uncertainty by a factor of 2. A list of the other parameters used
in this work is presented in table 2 and includes the values used for the condensates which
are quoted at the scale 2GeV.

We use the relation, 〈gsq̄σµνGµνq〉 = m2
0 〈qq〉 at the scale 2GeV with m2

0 =
0.8GeV2 [59] in order to determine the value of the mixed quark-gluon condensate. The
renormalisation group equations describing the running of the condensates down to the
sum rule scale can be found in appendix D. In our analysis, a more conservative estimate
for their individual uncertainties of ±30% was chosen over the values quoted in table 2 in
order to account for the accuracy in m2

0.
Our numerical results for the bag parameters Bi, εi and BP for the Bd and Bs systems

can be found in table 3 and table 4 respectively, where the total estimated uncertainty is
4We believe this treatment is justified given the usual procedure of varying between [µ/2, 2µ] is not

practical at such low scales, and so re-scale the uncertainty in order to compensate for this limitation.
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ms(2GeV) 95+9
−3 MeV [60]

〈αsπ G2〉 0.012± 0.006 GeV4 [61]
〈dd〉(2GeV) (−0.283± 0.002)3 GeV3 [62]
〈ss〉(2GeV) (−0.296± 0.002)3 GeV3 [63]
mb(mb) 4.203+0.016

−0.034 GeV [64, 65]
MZ 91.1876 GeV [37]
αs(MZ) 0.1181± 0.0011 [60]

Table 2. Values of input parameter used in our numerical analysis.

Bd
i TSR α O(m0

d) O(m1
d) O(m2

d) αµ αP

Bd
1 1.0026 +0.0198

−0.0106 1.0026 − − +0.0197
−0.0105

+0.0005
−0.0007

Bd
2 0.9982 +0.0052

−0.0066 0.9982 − − +0.0051
−0.0066

+0.0005
−0.0004

εd1 −0.0165 +0.0209
−0.0346 −0.0165 − − +0.0191

−0.0310
+0.0084
−0.0153

εd2 −0.0004 +0.0200
−0.0326 −0.0004 − − +0.0200

−0.0326
+0.0010
−0.0006

Bd
P 0.9807 +0.0072

−0.0119 0.9807 − − +0.0053
−0.0077

+0.0049
−0.0091

Table 3. Bag parameter results for the Bd system using the traditional sum rule ‘TSR’.

denoted by α. The contribution to the uncertainty associated with variations of the sum
rule scale is denoted by αµ, whereas αP represents the combined parametric uncertainty
of ms, the Borel parameter, the sum rule cut-off, and the condensates. We stress again
that these parameters are taken in the strict HQET limit mb → ∞ and therefore we do
not quote an uncertainty associated with 1/mb corrections.

Evidently, the dominant source of uncertainty arises from scale variations. The para-
metric uncertainty seems negligible in comparison, with the exception of ε1 and BP . Un-
like the other bag parameters, these receive non-vanishing condensate contributions (see
eq. (2.31)) and as a consequence are found to have a greater dependence on the cut-off ωc
and are sensitive to the numerical input of the condensates themselves. It should be noted
that in our analysis we found that dependence on the Borel parameter was weak.5

We find very good convergence properties in the ms expansion suggesting that we can
be confident in the validity of the ‘expansion by regions’ method and in a sufficient accuracy
when working up to order m2

s. Numerical differences between the O(m0
s) term of the Bs

bag parameters and those of Bd come from 3 sources: different input for the condensates,
the lower cut of the sum rule integral (see eq. (2.12) and eq. (2.15)), and a different value
of the decay constant in the denominator since we do not expand the ratio in ms.

At NLO in αs, the only contribution to the bag parameters of the colour singlet
operators comes from eye-contraction diagrams and therefore the deviation from their VSA
value is suppressed in comparison to the bag parameters for the colour octet and penguin
operators.

5As was also found to be the case in ref. [53].
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Bs
i TSR α O(m0

s) O(m1
s) O(m2

s) αµ αP

Bs
1 1.0022 +0.0185

−0.0099 1.0019 0.0006 −0.0003 +0.0185
−0.0099

+0.0004
−0.0005

Bs
2 0.9983 +0.0052

−0.0067 0.9986 −0.0004 0.0001 +0.0052
−0.0067

+0.0004
−0.0003

εs1 −0.0104 +0.0202
−0.0330 −0.0097 −0.0008 0.0002 +0.0195

−0.0319
+0.0051
−0.0084

εs2 0.0001 +0.0199
−0.0324 −0.0001 0.0002 0.0001 +0.0199

−0.0324
+0.0010
−0.0008

Bs
P 0.9895 +0.0053

−0.0077 0.9873 0.0016 0.0006 +0.0043
−0.0059

+0.0031
−0.0050

Table 4. Bag parameter results for the Bs system using the traditional sum rule ‘TSR’.

δudi TSR α O(m0
d) O(m1

d) O(m2
d) αµ αP

δud1 0.0026 +0.0142
−0.0092 0.0026 − − +0.0142

−0.0092
+0.0005
−0.0007

δud2 −0.0018 +0.0047
−0.0072 −0.0018 − − +0.0046

−0.0071
+0.0005
−0.0004

δud3 −0.0004 +0.0015
−0.0024 −0.0004 − − +0.0015

−0.0024
+0.0001
−0.0001

δud4 0.0003 +0.0012
−0.0008 0.0003 − − +0.0012

−0.0008
+0.0001
−0.0001

δudP −0.0083 +0.0209
−0.0322 −0.0083 − − +0.0208

−0.0322
+0.0025
−0.0017

Table 5. Non-valence bag parameters for the case q = q′ = u, d (note δud = δdu ) using the
traditional sum rule ‘TSR’.

δdsi TSR α O(m0
s) O(m1

s) O(m2
s) αµ αP

δds1 0.0025 +0.0144
−0.0093 0.0019 0.0006 −0.0000 +0.0144

−0.0093
+0.0004
−0.0005

δds2 −0.0018 +0.0047
−0.0072 −0.0014 −0.0004 0.0000 +0.0047

−0.0072
+0.0004
−0.0003

δds3 −0.0004 +0.0015
−0.0024 −0.0003 −0.0001 0.0000 +0.0015

−0.0024
+0.0001
−0.0001

δds4 0.0003 +0.0012
−0.0008 0.0002 0.0001 −0.0000 +0.0012

−0.0008
+0.0001
−0.0001

δdsP −0.0041 +0.0217
−0.0338 −0.0062 0.0020 0.0001 +0.0217

−0.0338
+0.0018
−0.0015

Table 6. Non-valence bag parameters with a strange spectator quark using the traditional sum
rule ‘TSR’.

Our numerical findings for the non-valence bag parameters are presented in tables 5–
7. Again no significant shift away from the VSA values was found. Additionally, flavour
breaking effects in the form of ms corrections are small. The first non-vanishing corrections
from the strange quark mass in the operator of an eye contraction diagram appear at O(m2

s).
This corresponds with the results for δsdi shown in table 7.

The plots in figure 4 show the dependence of the colour octet and penguin bag pa-
rameters on the sum rule scale and the continuum cutoff for the Bd meson as calculated
using the traditional sum rule method. Also indicated on the plots is an alternative result
for which the perturbative tree contribution has been evaluated using the weight function
analysis.6 Comparing the two methods we observe that the predictions lie within the range

6The corresponding plots for the colour singlet bag parameters have been omitted since they do not
receive contributions from tree contraction terms.
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δsdi TSR α O(m0
s) O(m1

s) O(m2
s) αµ αP

δsd1 0.0023 +0.0140
−0.0091 0.0026 − −0.0004 +0.0140

−0.0090
+0.0005
−0.0007

δsd2 −0.0017 +0.0046
−0.0070 −0.0018 − 0.0002 +0.0046

−0.0070
+0.0006
−0.0004

δsd3 −0.0004 +0.0015
−0.0023 −0.0004 − 0.0001 +0.0015

−0.0023
+0.0001
−0.0001

δsd4 0.0003 +0.0012
−0.0008 0.0003 − −0.0000 +0.0012

−0.0008
+0.0001
−0.0001

δsdP −0.0074 +0.0207
−0.0316 −0.0083 − 0.0008 +0.0205

−0.0315
+0.0025
−0.0017

Table 7. Non-valence bag parameters considering a strange light quark in the operator using the
traditional sum rule ‘TSR’.

of uncertainties of each other and therefore demonstrate a sound level of consistency which
provides us with further confidence in the validity of the results presented in this paper.

Finally we can compare our results with other sum rule analyses of the bag parameters
that are available in the literature. The treatment in ref. [53] shows several key differences
compared to ours: in that study, the necessary tools to calculate the dominant perturbative
3-loop non-factorisable contributions shown in figure 1 were not yet available. However,
additional non-factorisable effects do arise from their procedure for extracting the contin-
uum cut-off, which in their case is not treated as common between the 3-point and 2-point
correlators. The main result of that paper is quoted at the scale mb, for which there is
significant mixing between the bag parameters after running from the hadronic scale. It
should also be noted that their results differ from our own by a factor of F 2(mb)/F 2(µ)
due to different conventions in our definition of the matrix elements, (see eq. (2.3)).

The latest preliminary estimates of the lifetime bag parameters with lattice QCD were
obtained 20 years ago in ref. [24] and so an updated analysis would be greatly appreciated.
Comparing those values to our own we find a similar degree of precision for the εi param-
eters, while our predictions for the Bi have a much smaller range of uncertainty and we
disagree with the low value quoted for B2.

4 Conclusion

In this work, we have presented an updated sum rule analysis of the ∆B = 0 bag parameters
in the HQET limit which includes SU(3) flavour breaking effects for the first time, relying
on the expansion by regions approach we introduced in our earlier work [25] in the context
of B-meson mixing. The presence of the eye-contraction diagrams and the mixing between
operators of different dimensions in full QCD however poses an additional challenge. For
this reason, we work exclusively in HQET where no such mixing occurs. Therefore, the
results presented here are also applicable to the ∆D = 0 matrix elements (see ref. [36]
for a recent update of D meson lifetimes). In addition, taking this limit leads us to find
relatively small uncertainties for the bag parameters themselves since all 1/mQ corrections
reside in Γ̃7 of eq. (1.1).

The eye contractions are first addressed in this work and also lead to a number of new
effects. First of all, their renormalization requires the inclusion of the penguin operator
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Figure 4. Comparison of the weight function method (shown in black) to the traditional sum
rule approach (shown in blue) for the case of a Bd meson. The plots illustrate how the traditional
result varies with respect to µ and ωc on the left and right respectively. The dashed lines indicate
the range of uncertainty in the weight function result, being set to ±0.02. The blue vertical line
indicates our final quoted error for the traditional sum rule method.

QP in our operator basis. Furthermore, since the light-quarks q′ in the operators are not
contracted with the light valence quarks q in the mesons, they generate non-valence matrix
elements δq

′q
i for q 6= q′. We find that the weight-function method we employed in [25]

cannot be used with the non-valence matrix elements due to logarithmic divergences whose
origin is discussed in appendix C. Thus, we adopted the traditional sum rule approach where
the Borel parameter and the continuum cutoff are varied in our analysis. We note however
that we obtain good consistency between the two methods when they are applied to the
tree contractions as shown in figure 4.
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Numerically, we find that deviations from the VSA at the hadronic scale are generally
small. The O(1) uncertainties in the sum rule for the deviations are therefore quite small in
absolute terms and sufficient for a phenomenological analysis of the τ(Bs)/τ(Bd) lifetime
ratio, which also requires taking into account the contribution of the Darwin operator [31–
33] and is thus beyond the scope of this work.
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A RGE

To determine the counterterm contribution to the three-point correlator (2.8) we require
the one-loop renormalization of the operators (2.1). We obtain the structure

γÕq′ Õq = δqq′γÕÕ + γÕ′Õ (A.1)

with

γ̃
(0)
ÕÕ

=



3
Nc
− 3Nc 0 6 0 0
0 3

Nc
− 3Nc 0 6 0

3
2 − 3

2N2
c

0 − 3
Nc

0 0

0 3
2 − 3

2N2
c

0 − 3
Nc

0

0 0 0 0 −3Nc


, (A.2)

and

γ̃
(0)
Õ′Õ

=



0 0 0 0 8
3

0 0 0 0 −4
3

0 0 0 0 − 4
3Nc

0 0 0 0 2
3Nc

0 0 0 0 4
3


, (A.3)

The renormalized correlator then takes the form

K
q,(1)
Q̃q
′
i

= K
q,(1),bare
Q̃q
′
i

+ 1
2ε

[(
2γ̃(0)

j̃
δij + γ̃

(0)
Q̃iQ̃j

)
K
q,(0)
Q̃q
′
j

+ γ̃
(0)
Q̃iẼj

K
q,(0)
Ẽq
′
j

]
+ 1

2ε γ̃
(0)
Q̃′iQ̃P

K
q,(0)
Q̃qP

, (A.4)

where the second term is the counterterm for the tree-level contractions and the third term
is the counterterm for the eye contractions.

Now, we consider the RGE for the Bag parameters. We have

dÕq′

d lnµ = −
∑
q

γ̃Õq′ ÕqÕ
q ,

dFq(µ)
d lnµ = −γ̃j̃Fq(µ) , (A.5)
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and thus obtain the following RGE for the Bag parameters in the case with two light-quark
flavors q and s:

d

d lnµ

 B̃qi
δ̃qsi

 = −Ãj
Ãi

 γ̃ÕiÕj + γ̃Õ′iÕj
− 2γ̃j̃δij γ̃Õ′iÕj

γ̃Õ′iÕj
γ̃Õ′iÕj

− 2γ̃j̃δij

 B̃qj
δ̃qsj

 , (A.6)

which can be easily generalised to more than two quark flavours.

B Condensate calculation

Here we lay out as an example our steps to derive the double discontinuity of the non-
factorisable gluon-gluon condensate term. Specifically, this example concerns the case of the
3-point function with a penguin operator insertion but, other than alterations to the Dirac
structure stemming from the choice of operator, the process is identical for the rest of the
operator basis. For the sake of brevity, we take the case of a massless light quark. Following
from the procedure described in ref. [55] we work in the Fock-Schwinger gauge [66, 67],

(x− x0)Aaµ = 0 (B.1)

where x0 can be set to zero without loss of generality as its dependence drops out of any
gauge-invariant quantity. After Wick contracting the fields, the correlator in eq. (2.8)
takes the form,

KQ̃P
(ω1, ω2) = −

∫
[dk]Tr

[
γ5(1 + /v)γµ(1 + /v)γ5Sij(−k2)γµSkl(−k1)

]
(−2(k1 · v + ω1))(−2(k2 · v + ω1)) T ajkT

a
li (B.2)

where we define our integral measure as [dk] ≡ ddk1d
dk2/(2π)2d and it is explicit that we

choose to work in momentum space. In eq. (B.2) we have ignored the contribution from
the eye-contraction term since condensate corrections to such diagrams are vanishing at
the order considered in this paper (see discussion in section 2.4). Furthermore, in eq. (B.2)
and in what follows, we drop the notation indicating the flavour of the light quarks
appearing in the operator and in the pseudoscalar currents since for this example we take
q = q′ and without mass corrections the result for u/d is identical. The appearance of the
gluon-gluon condensate arises from the next to leading order terms in the expansion of
the light quark propagators,

Sij(−k) = S(0)(−k)δij + ig

2

∫
d4pS(0)(−k)Gbρα(0)T bijγα

∂

∂pρ
δ(4)(p)S(0)(−k − p) +O(g2)

' S(0)(−k) + ig

2 S
(0)(−k)Gbρα(0)T bijγα

∂S(0)(−k − p)
∂pρ

∣∣∣∣∣
p=0

(B.3)

Inserting eq. (B.3) into eq. (B.2) and isolating the term in the correlator containing a
double insertion of the gluon field strength tensor Gαβ , corresponds to the Feynman
diagram shown on the left of figure 2. Applying the partial derivatives,

∂S(0)(−k − p)
∂pρ

∣∣∣∣∣
p=0

= ∂

∂pρ

−/k − /p
(k + p)2

∣∣∣∣∣
p=0

= 2kρ/k
k4 −

γρ

k2

(B.4)
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Figure 5. Cuts which yield contributions to the double discontinuity. Symmetric diagrams are
not shown.

and using the relation,

Gbρα(0)Gcσβ(0) = δbc
(gρσgαβ − gρβgασ)
d(d− 1)(N2

c − 1) G
d
µν(0)Gdµν(0) (B.5)

the calculation is then straight forward. After taking the trace we used FIRE [48] and
ran an IBP reduction. The latter step is not necessary but it does provide us with the
compact result,

K
〈GG〉
Q̃P

(ω1, ω2) = −4(−3 + d)2(2− 3d+ d2)
ω1ω2

I(ω1)I(ω2) 1
4Nc d(d− 1) 〈

αs
π
GG〉 (B.6)

where I(ω) is a 1-loop HQET integral expressible in terms of Gamma functions,

I(ω) = i

(4π)d/2
(2ω)1−2εΓ(1− ε)Γ(2ε− 1) (B.7)

In order to use this in our calculation of the bag parameters, we then take the double
discontinuity of the correlator and arrive at,

ρ
〈GG〉
Q̃P

= (e4πiε + e−4πiε − 2)
K
〈GG〉
Q̃P

(ω1, ω2)
(2πi)2

=
〈αsπ GG〉
384π2

(B.8)

C On the logarithmic divergence at x = 1

To investigate the origin of the logarithmic divergences in the results (2.29) for the eye
contractions, we study the cuts of the relevant diagram which are contributing to the
double discontinuity (see figure 5). To simplify the discussion in this appendix we only
consider the scalar diagram and only work to the first order in ε where such a logarithm
appears, but we retain the full strange-quark mass dependence in the penguin loop. Our
results for the cuts (assuming ω2 > ω1, denoted by Sl, Sm and Sr in this order for the
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three diagrams) are

Sl =
3∏
j=1

(∫
ddkj
iπd/2

)
(−2πi)4δ(2ω1 − 2v · k1)δ(2ω2 − 2v · k2)δ+(k2

1)δ+(k2
2)

(k1 − k2)2[k2
3 −m2

s][(k3 + k2 − k1)2 −m2
s]

= 2π3Γ(ε)Γ(−ε)
Γ(1/2− ε)Γ(1− ε)Γ(3/2− ε)ω2ε

1 ω
2ε
2 m

2ε
s

+O(ε0) , (C.1)

Sm =
3∏
j=1

(∫
ddkj
iπd/2

)
(−2πi)4δ(2ω1 − 2v · k1)δ(2ω2 − 2v · (k1 + k2))δ+(k2

1)δ+(k2
2)

(k1 + k2)2[k2
3 −m2

s][(k3 + k2)2 −m2
s]

= − 2π3Γ(ε)Γ(−ε)
Γ(1/2− ε)Γ(1− ε)Γ(3/2− ε)ω2ε

1 (ω2 − ω1)2εm2ε
s

, (C.2)

Sr =
3∏
j=1

(∫
ddkj
iπd/2

)
(−2πi)5δ(2ω1 − 2v · k1)δ(2ω2 − 2v · (k1 + k2))

k2
2(k1 + k2)2

× δ+(k2
1)δ+(k2

3 −m2
s)δ+((k2 + k3)2 −m2

s)
= O(ε0) . (C.3)

Summing up these contributions, we find at the first non-vanishing order

Sl + Sm + Sr|ω2>ω1
= −8π2

ε
ln
(

1− ω1
ω2

)
+O(ε0) , (C.4)

which diverges logarithmically as ω1 → ω2. We reproduced this result by using our setup
described in section 2.3 to first compute the scalar diagram and then taking its double
discontinuity. To understand this behaviour, we first note that the external momentum
p2 − p1 at the four-quark operator is assumed to be light-like and thus vanishes when
ω1 = ω2. Thus, in this limit the process between the two cuts in the diagram in the
middle of figure 5 therefore reduces to the amplitude with two external eikonal lines and
one massless line which are all on-shell and is not kinematically allowed. On the other
hand the processes between the two cuts of the other diagrams reduce to amplitudes with
four external on-shell legs, which are kinematically possible. We further note that both the
left and middle diagrams contain collinear divergences which cancel between the leading
poles of both contributions, but generate the logarithms at sub-leading orders. Examining
the diagrams in the ‘tree’ contributions, we find that there are no double-cuts which yield
processes that are kinematically forbidden in the limit ω1 → ω2, which explains why
the logarithmic divergences are only found in the ‘eye’ contributions. This behaviour is
reminiscent of large threshold logarithms that e.g. arise in Higgs production, where infrared
1/ε poles cancel in the sum of real and virtual corrections, but large logarithms appear
because the real corrections are phase-space suppressed near the threshold. Interestingly
though, the logarithms we observe here appear to be of collinear rather than soft origin.

D Fq and Λq analysis

For the discontinuity ρΠ(ω) needed to form the sum rule of the HQET decay constant, we
use the NLO result computed in ref. [42] along with the ms expanded result computed in
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Figure 6. Dependence of the sum rule results for F (µ) (top) and Λ (bottom) on the Borel
parameter t (left) and the continuum cutoff ωc (right) in the Bq system.

ref. [25],

ρΠ(ω) ≡ Π(ω + i0)−Π(ω − i0)
2πi (D.1)

= Ncω
2

2π2 θ(ω −ms)
{

1 + ms

ω
− 1

2

(
ms

ω

)2
+ . . .

+αsCF
4π

[
17 + 4π2

3 + 3 ln
µ2
ρ

4ω2 +
(

20 + 4π2

3 + 6 ln
µ2
ρ

4ω2 − 3 ln
µ2
ρ

m2
s

)
ms

ω

+
(

1− 9
2 ln

µ2
ρ

4ω2 + 3 ln
µ2
ρ

m2
s

) (
ms

ω

)2
+ . . .

]
+O(α2

s)
}

(D.2)

−〈s̄s〉2 δ(ω)
[
1 + 6αsCF4π +O(α2

s)
]

+ 〈s̄iσµνG
µνs〉

32 δ′′(ω) [1 +O(αs)] +O(Λ6).

After plugging eq. (D.3) into eq. (2.7), logarithmic terms of the form log(µ2/m2
s) can

be resummed by switching to the MS scheme,

ms = m̄s(µρ)
[
1 + αs(µρ)CF

4π

(
4 + 3 log

(
µ2
ρ

m̄2
s(µρ)

))
+ . . .

]
. (D.3)

We also note that ms terms arising from the lower integration cut in eq. (2.7) were not
expanded in ms.
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Figure 7. Dependence of the sum rule results for Fs(µ) (top) and Λs (bottom) on the Borel
parameter t (left) and the continuum cutoff ωc (right) in the Bs system.

The running of the quark condensates takes the form [see ref. [41]]

〈s̄s〉(µρ) = 〈s̄s〉(µ0)
[
αs(µρ)
αs(µ0)

] γ(3)
0

2β0 ×
[
1 + αs(µρ)− αs(µ0)

4π
γ

(3)
0

2β0

(
γ

(3)
1

γ
(3)
0
− β1
β0

)]
,

〈s̄iσµνGµνs〉(µρ) = 〈s̄iσµνGµνs〉(µ0)
[
αs(µρ)
αs(µ0)

] γ(5)
0

2β0
, (D.4)

with γ
(3)
0 = −8, γ(5)

0 = −4/3, γ(3)
1 = −404/3 + 40nf/9, β0 = 11 − 2nf/3 and β1 =

102 − 38nf/3. The logarithmic derivative of eq. (2.7) furthermore gives us a sum rule for
the mass difference Λs in the form [see ref. [41]]

Λ = t2

d
dt

ωc∫
0
dω e−

ω
t ρΠ(ω)

ωc∫
0
dω e−

ω
t ρΠ(ω)

=

ωc∫
0
dω ω e−

ω
t ρΠ(ω)

ωc∫
0
dω e−

ω
t ρΠ(ω)

. (D.5)

To determine the appropriate ranges for the Borel parameters ti and the continuum
cutoff ωc in our bag parameter analysis, we consider the sum rules for the meson-heavy
quark mass difference Λq and the HQET decay constant F and compare with the values
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found in the literature. The values of the HQET decay constants,

F (1.5GeV) = (0.29± 0.01)GeV , Fs(1.5GeV) = (0.35± 0.02)GeV , (D.6)

are determined from the static results of the ALPHA collaboration from ref. [68] by match-
ing at the scale m̄b(m̄b) and evolving the HQET decay constants down to the scale 1.5GeV.
For the mass differences we use, Λq = 0.5 and Λs = 0.6 for the Bq and Bs mesons re-
spectively. We find the behaviour shown in figures 6 and 7 from which we determine the
following intervals:

Bq : t = (1.0± 0.4)GeV , ωc = (0.90± 0.2)GeV ,
Bs : t = (1.0± 0.4)GeV , ωc = (0.95± 0.2)GeV . (D.7)
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