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Operations of cubic soft sets including “AND” operation and “OR” operation based on P-orders and R-orders are introduced and
some related properties are investigated. An example is presented to show that the R-union of two internal cubic soft sets might
not be internal. A sufficient condition is provided, which ensure that the R-union of two internal cubic soft sets is also internal.
Moreover, some properties of cubic soft subalgebras of BCK/BCI-algebras based on a given parameter are discussed.

1. Introduction

Zadeh [1] made an extension of the concept of a fuzzy set
by an interval-valued fuzzy set, that is, a fuzzy set with an
interval-valued membership function. Using a fuzzy set and
an interval-valued fuzzy set, Jun et al. [2] introduced a new
notion, called a (internal, external) cubic set, and investigated
several properties. They dealt with P-union, P-intersection,
R-union, and R-intersection of cubic sets and investigated
several related properties. Later on, Jun et al. [3] applied the
notion of cubic set theory to BCI-algebras.

To solve complicated problems in economics, engineer-
ing, and environment, we cannot successfully make use of
classical methods because of various uncertainties typical
for those real-word problems. On the contrary, uncertainties
could be dealt with the help of a wide range of contemporary
mathematical theories such as probability theory, theory of
fuzzy sets [4], interval mathematics [5], and rough set theory
[6,7]. However, all of these theories have their own difficulties
which were pointed out in [8]. Further, Maji et al. [9] and
Molodtsov [8] suggested that one reason for these difficulties
might be due to the inadequacy of the parameterization tool
of the theory. To overcome these difficulties, Molodtsov [8]
introduced the concept of soft set as a new mathematical
tool for dealing with uncertainties based on the viewpoint
of parameterization. It has been demonstrated that soft sets

have potential applications in various fields such as the
smoothness of functions, game theory, operations research,
Riemann integration, Perron integration, probability theory,
and measurement theory [8,10]. Since then, many researchers
around the world have contributed to soft set theory from
various aspects [9, 11-15]. Soft set based decision making was
first considered by Maji et al. [9]. Cagman and Enginoglu [16]
developed the uni-int decision making method in virtue of
soft sets. Feng et al. [17] improve and further extend Cagman
and Enginoglu’s approach using choice value soft sets and k-
satisfaction relations. It is interesting to see that soft sets are
closely related to many other soft computing models such as
rough sets and fuzzy sets [18, 19]. Aktas and Cagman [20]
defined the notion of soft groups and derived some related
properties. This initiated an important research direction
concerning algebraic properties of soft sets in miscellaneous
kinds of algebras such as BCK/BCl-algberas [21], d-algebras
[22], semirings [23], rings [24], Lie algebras [25], and K-
algebras [26, 27]. In addition, Feng and Li [28] ascertained
the relationships among five different types of soft subsets
and considered the free soft algebras associated with soft
product operations. It has been shown that soft sets have
some nonclassical algebraic properties which are distinct
from those of crisp sets or fuzzy sets.

Recently, combining cubic sets and soft sets, the first
author together with Al-roqi [29] introduced the notions of



(internal, external) cubic soft sets, P-cubic (resp., R-cubic)
soft subsets, R-union (resp., R-intersection, P-union, and P-
intersection) of cubic soft sets, and the complement of a
cubic soft set. They investigated several related properties and
applied the notion of cubic soft sets to BCK/BClI-algebras.

In this paper, we consider several basic operations of
cubic soft sets, namely, “AND” operation and “OR” operation
based on the P-order and the R-order. We provide an example
to illustrate that the R-union of two internal cubic soft
sets might not be internal. Then we discuss the condition
for the R-union of two internal cubic soft sets to be an
internal cubic soft set. We also investigate several properties
of cubic soft subalgebras of BCK/BCI-algebras based on a
given parameter.

2. Preliminary

In this section we include some elementary aspects that are
necessary for this paper.

An algebra (X; #,0) of type (2,0) is called a BCI-algebra
if it satisfies the following axioms:

() (Vx, 3,z € X) (((x # y) = (x * 2)) * (2 * y) =0),
(i) (Vx, y € X) ((x * (x % ) * y = 0),

(iii) (Vx € X) (x * x = 0),

(iv) (Vx,y e X) (x*xy=0,yxx=0=x=y).

If a BCI-algebra X satisfies the following identity:
(v) (Vx € X) (0% x=0),

then X is called a BCK-algebra. Any BCK/BCl-algebra X
satisfies the following conditions:

(al) (Vx € X) (x 0 = x),

@) (Vx,,z € X) (xxy =0 = (x*2) *(y*2) =
0,(z * y) * (z* x) =0),

(@3) (Vx, y,z€ X) (xx y) s z=(x%2) * y),
(a4) (Vx, 3,z € X) (((x * 2) * (y * 2)) * (x * y) = 0).

A fuzzy set in a set X is defined to be a function A : X —
I, where I = [0,1]. Denote by I* the collection of all fuzzy
sets in a set X. Define a relation < on I* as follows:

(Vhuel™) (Aspe (¥xeX)(A(x) <pux)). (1)
The join (V) and meet (A) of A and y are defined by

(AV p) (x) = max {A (x), 4 (0)},
(AAp) (x) = min {A (x), 4 (0}

)

respectively, for all x € X. The complement of A, denoted by
A%, is defined by

(VxeX) (A(x)=1-1(x)). (3)
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For a family {A; | i € A} of fuzzy sets in X, we define the join
(V) and meet (A) operations as follows:

<\/Ai> (x) =sup{A; (x) | i € A},

i€eA

</\A,.> (x) = inf {4, (x) | i € A},

ieA

respectively, for all x € X.

By an interval number we mean a closed subinterval @ =
[a~,a™] of I, where 0 < a” < a” < 1. Denote by [I] the set of
all interval numbers. Let us define what is known as refined
minimum and refined maximum (briefly, r min and r max)
of two elements in [I]. We also define the symbols “» “<
and “=” in case of two elements in [I]. Consider two interval

numbers @, := [a;,a,] and @, := [a,,a, |. Then,

rmin{a,,a} = [min{a,,a,}, min{a,,q, }

rmax{d,,a,} = [max{a,,a,}, max{a,,a,

=~ - -+ +
a>xa, iffa >a,,a >a,,

and similarly we may have g, < @, and @, = a,. Tosay a, > a,
(resp., @, < @,), we mean @, > a, and a, #a, (resp., @, < @,
and a, # a@,). Let a; € [I], where i € A. We define

. ~ . - . +
rinf a; = [mfai ,inf a, ] ,
ieA ieh ' ieA

(6)
rsup @ = [supai,supa;] .

[N LN ieA

For any a € [I], its complement, denoted by a°, is defined to
be the interval number:

a=[1-a\1-a]. (7)

Let X be a nonempty set. A function A : X — [I]is
called an interval-valued fuzzy set (briefly, an IVF set) in X.
Let [I]¥ stand for the set of all IVF sets in X. For every A €
[I]% and x € X, A(x) = [A™(x), At (x)] is called the degree of
membership of an element x to A, where A~ : X — [ and
A" : X — Iarefuzzy sets in X which are called a lower fuzzy
set and an upper fuzzy set in X, respectively. For simplicity, we
denote A = [A™, A¥]. For every A, B € [I]%, we define

ACB&e A(x)<B(x) VxelX,

(8)

A=B< A(x)=B(x) VxelX

The complement A° of A € [I]¥ is defined as follows: A°(x) =
A(x) for all x € X; that is,

A(x)=[1-A"(x),1-A" (x)] VxeX 9)
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For a family {A; | i € A} of IVF sets in X where A is an index
set, the union G = J,, A; and the intersection F = [;c A;
are defined as follows:

G(x) = <UAi> (x) = rsup A; (x),

ieA ieA

F(x) = <ﬂAi> (x) = r%gj{Ai (x)

i€\

for all x € X, respectively.

Molodtsov [8] defined the soft set in the following way: let
U be an initial universe set and let E be a set of parameters.
Let 2(U) denote the power set of U and A C E.

A pair (F, A) is called a soft set over U, where F is a
mapping given by

F:A— 2(). (11

In other words, a soft set over U is a parameterized
family of subsets of the universe U. For ¢ € A, F(e) may
be considered as the set of e-approximate elements of the
soft set (F, A). Clearly, a soft set is not a set. For illustration,
Molodtsov considered several examples in [8].

3. Cubic Soft Sets

Definition 1 (see [2]). Let U be a universe. By a cubic set in U
one means a structure

d = {{(x,A(x),A(x)) | x e U} (12)
in which A is an IVF set in U and A is a fuzzy set in U.

Definition 2 (see [2]). Let & = (A, 1) and B = (B, u) be
cubic sets in a universe U. Then one defines the following.
(a) (Equality) o = B & A=Band A = p.
(b) (P-order) o Cp B & AC Band A < p.
(c) (R-order) <R B & ACBand A > p.

Definition 3 (see [2]). For any &f; = {{(x, A;(x),A;(x)) | x €
U} where i € A, one defines

(a) UP, ien @i = 106 (Ujen AD(X), (Viead)(x)) | x € U}
(P-union);

() Mp, jen @i = {6 (Niea A (%), Nepr) (X)) | x € U}
(P-intersection);

(©) Ug, iea @i = {{x, (Uien A(X), (NiepA) () | x € U}
(R-union);

(d) Mg, iea @i = 16 (Niea ADX), (Viead))(x)) | x € U}
(R-intersection).

The complement of &/ = (A, A) is defined to be the cubic
soft set:

A ={(x,A"(x),1-A(x)) | x e U}. (13)

Obviously, () = o, 0° =1,1° = 0, 0° = 1, and i° = 0. For
any

A=A (x),4;(x)) | xeU}, ied,  (14)

we haVe (UP, i€EA 'Q{i)c = Up) iEA(di)C and (UP, ieA di)c =
Up, iea(#,)°. Also we have

(UM)C = [ x(e)"

i€eA ieA

<ﬂR*Q"f> = Ul
ieA i€eA

In what follows, a cubic set & = {{x, 11, (x), A 5(x)) | x €
U} is simply denoted by & = (si,, A ,), and denote by G the
collection of all cubic sets in U.

Definition 4 (see [29]). Let U be an initial universe set and
let E be a set of parameters. A cubic soft set over U is defined
to be a pair (%, A) where F is a mapping from A to €” and
A c E. Note that the pair (%, A) can be represented as the
following set:

(F,A) :={F (e) | e € A}, where F (e) = (ﬁg(e),/\g(e)).

(16)
Definition 5. Let (¥, A) and (&, B) be cubic soft sets over U.
Then “(#, A) AND (¥, B) based on the P-order” is denoted
by (%, A) Ap (€, B) and is defined by

(7,4) \(%,B) = (#,AxB), W)
P

where # (e, e5) = F(g4) [\p E(ep) forall (e4,5) € AX B.

Definition 6. Let (¥, A) and (&, B) be cubic soft sets over U.
Then “(#, A) AND (&, B) based on the R-order” is denoted
by (%, A) Ag (€, B) and is defined by

(7, 4) \(%,B) = (#,AxB), 18)
R

where # (g4, e5) = F(e4) g (ep) for all (g4, e5) € A x B.
Definition 7. Let (¥, A) and (&, B) be cubic soft sets over U.
Then “(#, A) OR (&, B) based on the P-order” is denoted by
(F, A)Vp(Z, B) and is defined by

(#,4)\/ (¥,B) = (#,AxB), (19)
P
where % (e, e5) = F(e4) Up € (ep) forall (e4,¢5) € AXB.
Definition 8. Let (¥, A) and (&, B) be cubic soft sets over U.
Then “(¥, A) OR (&, B) based on the R-order” is denoted by
(F, A) Vg (%, B) and is defined by

(7,4)\/ (,B) = (%, AxB), (20)
R

where 7 (e, e5) = F(e4) Ug E(ep) forall (e4,e5) € A X B.



TABLE 1: Tabular representation of the cubic soft set (%, A).

€ € €4
h, ([0.5,0.8],0.6) ([0.2,0.5],0.3) ([0.4,0.6],0.7)
h, ([1.0,1.0],0.7) ([0.3,0.6],0.7) ([0.1,0.2],0.7)
hy ([0.1,0.7],0.5) ([0.1,0.2],0.4) ([0.1,0.7],0.3)
h, ([0.2,0.6],0.9) ([0.2,0.7],0.2) ([0.3,0.6],0.2)
hy ([0.3,0.9],0.4) ([0.7,0.9],0.5) ([0.4,0.8],0.7)
hg ([0.2,0.3],0.3) ([0.3,0.5],0.3) ([0.6,0.7],0.8)

TABLE 2: Tabular representation of the cubic soft set (&, B).

) €
h, ([0.3,0.7],0.5) ([0.4,0.6],0.4)
h, ([0.2,0.6],0.7) ([0.5,0.8],0.6)
h, ([0.5,0.7],0.3) ([0.1,0.7],0.3)
h, ([0.8,0.9],0.6) ([0.3,0.5],0.8)
hy ([0.4,0.5],0.2) ([0.7,0.9],0.5)
hy ([0.1,0.3],0.9) ([0.2,0.8],0.9)

Example 9. Suppose that there are six houses in the universe
U given by U = {hy,hy,hs,hy,hs, b} and E = {eg, ey, €5,
ey, €5}, where

e, stands for the parameter “expensive,’
e, stands for the parameter “beautiful,’
e, stands for the parameter “wooden,’
e, stands for the parameter “cheap,’

e; stands for the parameter “in the green surround-
ings”

For A = {e},es;,e,} C E, the set (#,A) = {F(e)), F(e3),
F(e4)} is a cubic soft set over U where

F (e;) = {(h;,[0.5,0.8],0.6),(h,,[1,1],0.7),
(hs,10.1,0.7],0.5) , (h,,[0.2,0.6],0.9) ,
(hs,10.3,0.9],0.4), {h, [0.2,0.3],0.3)},

F (e5) = {(h;,[0.2,0.5],0.3), (h,,[0.3,0.6],0.7),
(h;,[0.1,0.2],0.4) , (h,,[0.2,0.7],0.2),  (21)
(hs,10.7,0.9],0.5) , (hs, [0.3,0.5],0.3)},

F (ey) = {(h,,[0.4,0.6],0.7), (h,,[0.1,0.2],0.7),
(h3,10.1,0.7],0.3), {h,,[0.3,0.6] ,0.2) ,

(hs,[0.4,0.8],0.7), {hs, [0.6,0.7],0.8) } .

The cubic soft set (¥, A) can be represented in the tabular
form of Table 1 (see [29]).

For a subset B = {e,,es} € E, consider the cubic soft set
(%, B) with the tabular representation in Table 2.
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(1) “(%,A) OR (¥, B) based on the P-order” is a soft set

(7 4)\/ (¥.B) = (%, AxB) (22)
P

with the tabular representation in Table 3.
(2) “(#,A) OR (&, B) based on the R-order” is a soft set

(7, 4)\/ (¥.B) = (%, AxB) (23)
R

with the tabular representation in Table 4.

(3) “(#,A) AND (¥, B) based on the P-order” is a soft
set

(7, 4) \ (¥.B) = (#,AxB) (24)
P

with the tabular representation in Table 5.

(4) “(#,A) AND (%, B) based on the R-order” is a soft
set

(7, 4) \ (¥.B) = (#,AxB) (25)
R

with the tabular representation in Table 6.

In [29], Muhiuddin and Al-roqi posed the following
question.

Question 1. Is the R-union of two internal cubic soft sets an
internal cubic soft set?

The following example shows that the answer to this
question is negative.

Example 10. Suppose that there are three houses in the
universe U given by U = {hy, h,, h;} and E = {e, e,, €5, €4, €5}
is the set of parameters, where

e, stands for the parameter “expensive,’
e, stands for the parameter “beautiful,’
e5 stands for the parameter “wooden,’
e, stands for the parameter “cheap,’

es stands for the parameter “in the green surround-
ings”

For a subset A = {e;,e5,e,} € E, consider the cubic soft set
(#, A) with the tabular representation in Table 7.

For a subset B = {e;,e5} C E, consider the cubic soft set
(&, B) with the tabular representation in Table 8.

Then the R-union (¥, A) Uy (€, B) of (¥, A) and (&, B) is
the soft set over U with the tabular representation in Table 9.

Note that (%, A) and (¥, B) are internal cubic soft sets
over U. But the R-union (¥, A) U, (¥,B) = (#,A U B) is
not an internal cubic soft set over U since Ay )(h;) = 0.4 ¢

[05, 07] = [[_4}[(23)(1’13)),‘_";[(33)(;13)]-

Next, we provide a condition for the R-union of two
internal cubic soft sets to be an internal cubic soft set.
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TaBLE 3: Tabular representation of the cubic soft set (¥, A)V,(¥, B) = (#, A x B).
(e1,€5) (e}, es5) (e, ¢,) (es,€5) (es5) (eg€5)
h, ([0.5,0.8],0.6) ([0.5,0.8], 0.6) ([0.3,0.7],0.5) ([0.4,0.6], 0.4) ([0.4,0.7],0.7) ([0.4,0.6],0.7)
h, ([1.0,1.0],0.7) ([1.0,1.0],0.7) ([0.3,0.6],0.7) ([0.5,0.8],0.7) ([0.2,0.6],0.7) ([0.5,0.8],0.7)
hy ([0.5,0.7],0.5) ([0.1,0.7],0.5) ([0.5,0.7],0.4) ([0.1,0.7],0.4) ([0.5,0.7],0.3) ([0.1,0.7],0.3)
h, ([0.8,0.9],0.9) ([0.3,0.6],0.9) ([0.8,0.9],0.6) ([0.3,0.7],0.8) ([0.8,0.9],0.6) ([0.3,0.6],0.8)
h, ([0.4,0.9],0.4) ([0.7,0.9],0.5) ([0.7,0.9],0.5) ([0.7,0.9],0.5) ([0.4,0.8],0.7) ([0.7,0.9],0.7)
he ([0.2,0.3],0.9) ([0.2,0.8],0.9) ([0.3,0.5],0.9) ([0.3,0.8],0.9) ([0.6,0.7],0.9) ([0.6,0.8],0.9)
TABLE 4: Tabular representation of the cubic soft set (F, A)Vx(¥, B) = (#, A x B).
(e)rey) (e;,€5) (es,€5) (es,€5) (esr€5) (e, €5)
h, ([0.5,0.8],0.5) ([0.5,0.8],0.4) ([0.3,0.7],0.3) ([0.4,0.6],0.3) ([0.4,0.7],0.5) ([0.4,0.6],0.4)
h, ([1.0,1.0],0.7) ([1.0,1.0],0.6) ([0.3,0.6],0.7) ([0.5,0.8],0.6) ([0.2,0.6],0.7) ([0.5,0.8],0.6)
hy ([0.5,0.7],0.3) ([0.1,0.7],0.3) ([0.5,0.7],0.3) ([0.1,0.7],0.3) ([0.5,0.7],0.3) ([0.1,0.7],0.3)
h, ([0.8,0.9],0.6) ([0.3,0.6],0.8) ([0.8,0.9],0.2) ([0.3,0.7],0.2) ([0.8,0.9],0.2) ([0.3,0.6],0.2)
hs ([0.4,0.9],0.2) ([0.7,0.9],0.4) ([0.7,0.9],0.2) ([0.7,0.9],0.5) ([0.4,0.8],0.2) ([0.7,0.9],0.5)
he ([0.2,0.3],0.3) ([0.2,0.8],0.3) ([0.3,0.5],0.3) ([0.3,0.8],0.3) ([0.6,0.7],0.8) ([0.6,0.8],0.8)

Theorem 11. Let (%, A) and (€, B) be internal cubic soft sets
over U such that

max (g (X), By ()] < min {Az) (), Age (O},
(26)

foralle € AN Band x € U. Then the R-union (¥, A) Uy
(%,B) = (I, AUB) of (¥, A) and (€, B) is an internal cubic
soft set over U.

Proof. Since (¥, A) and (&, B) are internal cubic soft sets
over U, if e € A ore € B, then clearly the R-union
(F,A) Uy (¢,B) = (#,A U B) of (¥, A) and (&, B) is an
internal cubic soft set over U. Note that

Fa(e,) (%) < Age, (%) < ﬁ;(eA) (%),
(27)
Fé(es) (X) < A?(EB) (x) < F;(es) (X) R

foralle, € A, ez € Band x € U. It follows from (26) that
max {fi, ) (x), Hg(e ()} < min {Ag ) (x), Ay (x)}

< max {ﬁ;(e) (%) o) (x)} ’
(28)

foralle € AN Band x € U. Therefore the R-union
(F,A) Uy (¢,B) = (#,A UB) of (¥,A) and (&, B) is an
internal cubic soft set over U. O]

4. Cubic Soft Subalgebras of
BCK/BCI-Algebras

In what follows, let U be an initial universe set which is a
BCK/BCl-algebra.

Definition 12 (see [29]). A cubic soft set (#,A) over U is
said to be a cubic soft BCK/BCl-algebra over U based on a

parameter ¢ (briefly, e-cubic soft subalgebra over U) if there
exists a parameter € € A such that

B (x * y) = rmin {F?(s) (%) fg(e) (J’)}’ (29)

Age (x * y) < max{Ag) (x), Age (1)} (30)

for all x, y € U.If (#, A) is an e-cubic soft subalgebra over
U for all € € A, one says that (¥, A) is a cubic soft subalgebra
over U.

Definition 13 (see [29]). The R-union of cubic soft sets (#, A)
and (&, B) over U is a cubic soft set (#,C), where C= AUB
and

F (e) ifee A\ B,
F (e) = g (e) if e € B\ A, (31)
F@|J (e ifecAnB,
R

for all e € C. This is denoted by (#,C) = (¥, A) U, (€, B).

Theorem 14. Let (¥, A) and (&, B) be cubic soft subalgebras
over U. If A and B are disjoint, then the R-union of (¥, A) and
(%, B) is a cubic soft subalgebra over U.

Proof. By means of Definition 13, we can write (¥, A) Uy
(¢,B) = (%#,C),where C= AU Bandforalle € C,

F (e) ifee A\ B,
?(6) ifee B\A, (32)

I (e) =
F (@) ifecAnB.
R

Since AN B = 0, eithere € A\ Bore € B\ Aforalle € C. If
e € A\B, then #'(e) = F(e) is a cubic soft subalgebra over U.
Ife € B\ A, then #'(e) = &(e) is a cubic soft subalgebra over
U.Hence (#,C) = (#, A) Uy (&, B) isa cubic soft subalgebra
over U. O
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TaBLE 5: Tabular representation of the cubic soft set (¥, A)Ap(¥, B) = (#, A x B).
(e1,€5) (e}, es5) (e, ¢,) (es,€5) (es5) (eg€5)
h, ([0.3,0.7],0.5) ([0.4,0.6], 0.4) ([0.2,0.5],0.3) ([0.2,0.5],0.3) ([0.3,0.6],0.5) ([0.4,0.6], 0.4)
h, ([0.2,0.6],0.7) ([0.5,0.8],0.6) ([0.2,0.6],0.7) ([0.3,0.6],0.6) ([0.1,0.2],0.7) ([0.1,0.2],0.6)
hy ([0.1,0.7],0.3) ([0.1,0.7],0.3) ([0.1,0.2],0.3) ([0.1,0.2],0.3) ([0.1,0.7],0.3) ([0.1,0.7],0.3)
h, ([0.2,0.6],0.6) ([0.2,0.5],0.8) ([0.2,0.7],0.2) ([0.2,0.5],0.2) ([0.3,0.6],0.2) ([0.3,0.5],0.2)
hs ([0.3,0.5],0.2) ([0.3,0.9],0.4) ([0.4,0.5],0.2) ([0.7,0.9],0.5) ([0.4,0.5],0.2) ([0.4,0.8],0.5)
hq ([0.1,0.3],0.3) ([0.2,0.3],0.3) ([0.1,0.3],0.3) ([0.2,0.5],0.3) ([0.1,0.3],0.8) ([0.2,0.7],0.8)
TaBLE 6: Tabular representation of the cubic soft set (F, A)Az(¥, B) = (#, A x B).
(e)rey) (e;,€5) (es,€5) (es,€5) (esr€5) (e, €5)
h, ([0.3,0.7],0.6) ([0.4,0.6],0.6) ([0.2,0.5],0.5) ([0.2,0.5],0.4) ([0.3,0.6],0.7) ([0.4,0.6],0.7)
h, ([0.2,0.6],0.7) ([0.5,0.8],0.7) ([0.2,0.6],0.7) ([0.3,0.6],0.7) ([0.1,0.2],0.7) ([0.1,0.2],0.7)
hy ([0.1,0.7],0.5) ([0.1,0.7],0.5) ([0.1,0.2],0.4) ([0.1,0.2],0.4) ([0.1,0.7],0.3) ([0.1,0.7],0.3)
h, ([0.2,0.6],0.9) ([0.2,0.5],0.9) ([0.2,0.7],0.6) ([0.2,0.5],0.8) ([0.3,0.6], 0.6) ([0.3,0.5],0.8)
hs ([0.3,0.5], 0.4) ([0.3,0.9],0.5) ([0.4,0.5],0.5) ([0.7,0.9],0.5) ([0.4,0.5],0.7) ([0.4,0.8],0.7)
hy ([0.1,0.3],0.9) ([0.2,0.3],0.9) ([0.1,0.3],0.9) ([0.2,0.5],0.9) ([0.1,0.3],0.9) ([0.2,0.7],0.9)
TABLE 7: Tabular representation of the cubic soft set (%, A). be a universe, and consider a binary operation & which
produces the following products:
€ € €4
h, ([0.5,0.8],0.6) ([0.2,0.5],0.3) ([0.4,0.6],0.6) white if x € {white, blackish},
h, ([0.3,0.5],0.4) ([0.3,0.6],0.5) ([0.1,0.2],0.2) . reddish if x = reddish,
h, ([0.1,0.7],0.5) ([0.1,0.5],0.4) ([0.1,0.7],0.3) white & x = green  if x = green,
yellow if x = yellow,
blackish if y = white,
TaBLE 8: Tabular representation of the cubic soft set (&, B). white if y = blackish,
e, es blackish # y = {reddish if y = reddish,
h, ([0.3,0.7],0.5) ([0.4,0.6],0.4) green if y = green,
h, {[0.2,0.6],0.6) {[0.5,0.8],0.6) yellow if y = yellow,
h, ([0.5,0.7], 0.6) ([0.1,0.7],0.3)
white if z = reddish,
reddish & z — reddish %f z € {white, blackish}, (34)
yellow if z = green,
TABLE 9: Tabular representation of the cubic soft set (F, A)uy green if z = yellow,
(¢,B) = (#,AUB).
e, e, es white  if u = green,
h, ([0.5,0.8],0.6) ([0.3,0.7],0.3) ([0.4,0.6],0.6) {[0.4,0.6],0.4) green & 4 = green  if u € {white, blackish},
h, ([0.3,0.5],0.4) ([0.3,0.6],0.5) ([0.1,0.2],0.2) ([0.5,0.8],0.6) yellow if u = reddish,
h, ([0.1,0.7],0.5) ([0.5,0.7],0.4) ([0.1,0.7],0.3) ([0.1,0.7],0.3) reddish  if u = yellow,
white  if v = yellow,
yellow s v = reddish if v = green,
green if v = reddish,
The following example shows that Theorem 14 is not valid vellow if v € {white, blackish} .

if A and B are not disjoint.

Example 15. Let

U := {white, blackish, reddish, green, yellow} (33)

Then, (U, &, white) is a BCI-algebra (see [30]). Consider sets
of parameters:

A= e, e384},
(35)
B = {es. e5 €5},
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TaBLE 10: Tabular representation of the cubic soft set (¥, A).
e, e, e, e,
White ([0.6,0.8],0.3) ([0.4,0.6], 0.4) ([0.7,0.9],0.2) ([0.2,0.5],0.5)
Blackish ([0.7,0.8],0.4) ([0.6,0.7],0.5) ([0.6,0.7],0.5) ([0.6,0.7],0.5)
Reddish ([0.3,0.4],0.7) ([0.5,0.7],0.6) ([0.1,0.4],0.9) ([0.2,0.5],0.8)
Green ([0.3,0.4],0.7) ([0.2,0.5],0.8) ([0.3,0.4],0.7) ([0.2,0.5],0.8)
Yellow ([0.3,0.4],0.7) ([0.2,0.5],0.8) ([0.1,0.4],0.9) ([0.5,0.7],0.6)

TaBLE 11: Tabular representation of the cubic soft set (&, B).

3 2 €
White ([0.8,0.9],0.2) ([0.7,0.8],0.3) ([0.9,1.0],0.1)
Blackish  ([0.6,0.7],0.4) ([0.6,0.7],0.4) ([0.5,0.6],0.5)
Reddish  ([0.3,0.4],0.7) ([0.3,0.4],0.7) ([0.2,0.3],0.8)
(I (I I8
(I (I I,

Green
Yellow

0.1,0.2],0.9) 0.3,0.4],0.7)  ([0.4,0.5],0.6)
0.1,0.2],0.9) 0.5,0.6],0.5)  ([0.2,0.3],0.8)

where

e, stands for the parameter “beautiful,”
e, stands for the parameter “fine,”
e; stands for the parameter “moderate;”
e, stands for the parameter “smart;’
e5 stands for the parameter “chaste”
Then A and B are not disjoint, and a soft set (%, A) over
U with the tabular representation in Table 10 is a cubic soft
subalgebra over U.
Also a soft set (&, B) over U with the tabular representa-
tion in Table 11 is a cubic soft subalgebra over U.
Then the R-union (%#,C) = (¥, A) Ui (%, B) of (F,A)
and (&, B) is represented by Table 12.
Note that

Pze,) (green # reddish)
= Usp(e,) (vellow) = [0.1,0.4]
(36)
#1[0.3,0.4] = r min {[0.3,0.4],[0.3,0.4]}
= rmin {ﬁ%(@ (green) s Bare,) (reddish)}

and/or

Theorem 16. Given a parameter € € A, a cubic soft set (F, A)
over U is an e-cubic soft subalgebra over U if and only if the sets

Az [01:8] = {x € Ul figy (0) = [8,,8,]},

A';(S) (t) = {x eU | )L?(S) (x) < t}

(38)

are subalgebras of U for all [8,,68,] € [I] and t € [0, 1].

Proof. Assume that a cubic soft set (%, A) over U is an ¢-
cubic soft subalgebra over U and let x,y € U.If x,y €
ﬁ;(s) [8,,0,] for every [§,,8,] € [I], then ﬁy(s)(x) = [6,6,]
and pig(y) = [8,,8,]. It follows from (29) that

P e) (x * y) > rmin {pf?(s) (%) > Bgre) (;V)}
= rmin{[6},8,],[8,,8,]} = [6,,8,].

(39)

Hence x * y € ﬁ;(s) [6,,8,]. Now if x, y € A;(E)(t) for all
t € [0,1], then Ag(,)(x) < tand Ag,(y) < t. Using (30),
we have Ag ) (x * y) < max{Ag(x), Ag(y)} < t, and
SOX % Yy € A;(s)(t). Therefore ﬁ;;(s) [6,,9,] and /\;(s)(t) are
subalgebras of U.

Conversely, suppose that ﬁ;(s) [81,6,] and Az (t) are
subalgebras of U for all [§;,6,] € [I] and t € [0, 1]. Assume
that there exists a, b € U such that

lig( (@ b) £ rmin {ig, @), iz, ®)}.  (40)

Let figz (@) = [y1,12)s gy (0) = [13,y4), and pig (@ * b) =

6,,0,]. Then

[81,8,] < rmin{[y,y,], [ val} (1)
= [min {y;, p;}, min {y,, y,}].

Hence, §; < min{y,,y;} and §, < min{y,, y,}. Taking

[Tl’ Tz] = % (ﬁ?(s) (@ * b) + r min {p?(s) (a) ’/79(8) (b)})

As (e, (green # reddish) (42)
= A (e (yellow) = 0.9 implies that
#0.7 = max {Ase, (reen), Az, (reddish)} ay  mle 2 ([81,8,] + [min {y, v} min s . }1)

Therefore, the R-union (#,C) = (%, A) Uy (E, B) of (#, A)
and (&, B) is not a cubic soft subalgebra over U.

1 1
=12 (6, + min {y}, y5}), 5 (8, + min {y, yu}) | -
(43)
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TABLE 12: Tabular representation of the cubic soft set (%, C).
€ € ) €y €s
White ([0.6,0.8],0.3) ([0.4,0.6], 0.4) ([0.8,0.9],0.2) ([0.7,0.8],0.3) ([0.9,1.0],0.1)
Blackish ([0.7,0.8], 0.4) ([0.6,0.7],0.5) ([0.6,0.7],0.4) ([0.6,0.7],0.4) ([0.5,0.6],0.5)
Reddish ([0.3,0.4],0.7) ([0.5,0.7],0.6) ([0.3,0.4],0.7) ([0.3,0.5],0.7) ([0.2,0.3],0.8)
Green ([0.3,0.4],0.7) ([0.2,0.5],0.8) ([0.3,0.4],0.7) ([0.3,0.5],0.7) ([0.4,0.5],0.6)
Yellow ([0.3,0.4],0.7) ([0.2,0.5],0.8) ([0.1,0.4],0.9) ([0.5,0.7],0.5) ([0.2,0.3],0.8)

It follows that

. 1 .
min {y,, ys} > 7, = 5 (8, + min {y,,y;}) > 8y,

(44)
min {y,, ys} > 7, = % (0, + min{y,, y,}) > &5,
and so that
[min {y;, ys}, min {yp, ya}] > [71,7,]
(45)

> [51’52] = pf}(g) (axb).

Therefore a = b ¢ ﬁ;( o[T1> T2]. On the other hand, we know
that

P (@) = [y1,v2] = [min{y;, y;}, min {y,, y}] > [7, 7],

Pgey (b) = [y5> ¥4 = [min{y, p;}, min {y,, p,}] > [7, 7],
(46)

which imply that a,b € [T;(S) [7y, 7,]. This is a contradiction,
and so

B (e (X * y) = rmin {ﬁg(g) (%) B () ()’)} (47)

for all x,y € U. Now, assume that Ag(a * b) >
max{Ag ) (a), Az (b)} for some a,b € U. Then there exists
t, € (0, 1) such that

Ag(e) (a * b) > tO > max {Ag(s) (a) 5 Ag:(s) (b)} . (48)

Hence, a,b € /\;(g)(t()) buta * b ¢ )L;(s)(to). This is a
contradiction, and therefore

Age) (x * y) < max {Ag ) (%), A ()} (49)

for all x,y € U. Consequently, (¥, A) is an e-cubic soft
subalgebra over U. O

Proposition 17. Given a parameter ¢ € A, if a cubic soft
set (#,A) over U is an e-cubic soft subalgebra over U, then
Pgr(ey(0) = fg (o (x) and A g (0) < Ag () (x), forall x € U.

Proof. For every x € U, we have
Pa(e (0)
= Ug (e (X * x) = rmin {ﬁ?}(s) (%) Bg(e) (x)}
=r min{[ﬁ;(e) (%) ip o) (x)] : [.‘7_9(8) (%) Hre) (x)]}

= [F;?(s) (x) )175;(5) (x)] = Ug(e) (%)
(50)

and Ag()(0) = Ag((x * x) < max{dg)(x), dg (%)} =
A g (e (%)

Theorem 18. Let (%, A) be an e-cubic soft subalgebra over U
for a parameter ¢ € A. If there is a sequence in U such that
l_imnéooﬁg(g)(xn) = [1,1] and lim,, ,  Ap(x,) = O, then
‘l/lg(s)(o) = [1, 1] and Ag(s)(o) =0.

Proof. Since Py (0) = g (x) and A gz (0) < A g, (x), for
all x € U, we have

Hoe (0) = fg,) (x,)

Age) (0) € Age (%)

(51)

for every positive integer n. Note that [1,1] > pg(0) =
Hence [79(8)(0) = [1,1] and A&, (0) = 0. ]

Theorem 19. Given a parameter ¢ € A, if a cubic soft set
(F,A) over U is an e-cubic soft subalgebra over U, then the
sets Uﬁ?(s) ={x €U | g (x) = g (0)} and U,\%) ={x e
U | Age)(x) = Az (0)} are subalgebras of U.

Proof. Let x,y € U.If x,y € U, then fig(x) =
‘Eg(s) (0) = l_"g(s) (). Hence,

B (X * y) = rmin {ﬁg(e) (%) Bg(e) (J’)}
(52)

= r min {Fl.‘?-(a) (0) >[_/lg(£) (0)} = !_’19(8) (0)

and /\g(s)(x * y) < max{Ag(s)(x),Ag(s)(y)} = max{/\g(s)(O),
A (0)} = Az () (0). Combining this and Proposition 17, we
have ﬁg(s)(x *y) = ‘179(8)(0) and A g ) (x * ¥) = A 5((0). This
shows that x * y € Ui, and x x y € Uy _ . Therefore Uis

and U, _ —are subalgebras of U.

Corollary 20. Given a parameter ¢ € A, if a cubic soft set
(F,A) over U is an e-cubic soft subalgebra over U, then the set
NU,,,, is a subalgebra of U.

Uﬁms)

Proof. The proof is straightforward. O

5. Conclusion

In this paper, we first have considered operations of cubic
soft sets, that is, “AND” operation and “OR” operation based
on the P-order and the R-order. In [29], Muhiuddin and Al-
roqi have posed a question: is the R-union of two internal
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cubic soft sets an internal cubic soft set? We have given an
example to show that the answer to this question is negative,
and then we have provided a condition for the R-union of two
internal cubic soft sets to be an internal cubic soft set. We also
have investigated several properties of cubic soft subalgebras
of BCK/BCl-algebras based on any given parameter. Some
important issues to be explored in the future include

(1) developing strategies for obtaining more valuable
results,

(2) applying these notions and results for studying related
notions in other (soft) algebraic structures.

Conflict of Interests

The authors declare that there is no conflict of interests
regarding the publication of this paper.

Acknowledgments

The authors are highly grateful to the anonymous referees
and Professor V. Leoreanu-Fotea, the Guest Editor, for their
insightful comments and valuable suggestions. This work
was partially supported by Deanship of Scientific Research
Unit, University of Tabuk, Kingdom of Saudi Arabia, National
Natural Science Foundation of China (Program no. 11301415),
Natural Science Basic Research Plan in Shaanxi Province
of China (Program nos. 2013]JQ1020 and 2012JM8022), and
Scientific Research Program Funded by Shaanxi Provincial
Education Department of China (Program nos. 2013JK1098,
2013JK1182, and 2013]K1130).

References

[1] L. A. Zadeh, “The concept of a linguistic variable and its
application to approximate reasoning-1,” Information Sciences,
vol. 8, no. 3, pp. 199-249, 1975.

[2] Y.B.Jun, C.S.Kim,and K. O. Yang, “Cubic sets,” Annals of Fuzzy
Mathematics and Informatics, vol. 4, no. 1, pp. 83-98, 2012.

[3] Y. B. Jun, K. J. Lee, and M. S. Kang, “Cubic structures applied
to ideals of BCl-algebras,” Computers and Mathematics with
Applications, vol. 62, no. 9, pp. 3334-3342, 2011.

[4] L. A. Zadeh, “Fuzzy sets,” Information and Control, vol. 8, pp.
378-352,1965.

[5] M. B. Gorzalczany, “A method of inference in approximate
reasoning based on interval-valued fuzzy sets,” Fuzzy Sets and
Systems, vol. 21, no. 1, pp. 1-17, 1987.

[6] Z.Pawlak and A. Skowron, “Rudiments of rough sets,” Informa-
tion Sciences, vol. 177, no. 1, pp. 3-27, 2007.

[7] Z. Pawlak, “Rough sets,” International Journal of Computer ¢
Information Sciences, vol. 11, no. 5, pp. 341-356, 1982.

[8] D. Molodtsov, “Soft set theory - First results,” Computers and
Mathematics with Applications, vol. 37, no. 4-5, pp. 19-31, 1999.

[9] P.K.Maji, A. R. Roy, and R. Biswas, “An application of soft sets in
a decision making problem,” Computers and Mathematics with
Applications, vol. 44, no. 8-9, pp. 1077-1083, 2002.

[10] D. A. Molodtsov, The Theory of Soft Sets, URSS Publishers,
Moscow, Russia, 2004 (Russian).

[11] M. I Alj, E. Feng, X. Liu, W. K. Min, and M. Shabir, “On some
new operations in soft set theory,” Computers and Mathematics
with Applications, vol. 57, no. 9, pp. 1547-1553, 2009.

[12] K. V. Babitha and J. J. Sunil, “Soft set relations and functions,”
Computers and Mathematics with Applications, vol. 60, no. 7, pp.
1840-1849, 2010.

[13] D. Chen, E. C. C. Tsang, D. S. Yeung, and X. Wang, “The
parameterization reduction of soft sets and its applications,”
Computers and Mathematics with Applications, vol. 49, no. 5-6,
pp. 757-763, 2005.

[14] K. Gong, Z. Xiao, and X. Zhang, “The bijective soft set with its
operations,” Computers and Mathematics with Applications, vol.
60, no. 8, pp. 2270-2278, 2010.

[15] Y. Zou and Z. Xiao, “Data analysis approaches of soft sets under
incomplete information,” Knowledge-Based Systems, vol. 21, no.
8, pp. 941-945, 2008.

[16] N. Cagman and S. Enginolu, “Soft set theory and uni-int
decision making,” European Journal of Operational Research,
vol. 207, no. 2, pp- 848-855, 2010.

(17] E Feng, Y. Li, and N. Cagman, “Generalized uni-int decision
making schemes based on choice value soft sets,” European
Journal of Operational Research, vol. 220, no. 1, pp. 162-170, 2012.

[18] M. Irfan Ali, “A note on soft sets, rough soft sets and fuzzy soft
sets,” Applied Soft Computing Journal, vol. 11, no. 4, pp. 3329-
3332, 2011.

[19] E Feng, X. Liu, V. Leoreanu-Fotea, and Y. B. Jun, “Soft sets and
soft rough sets,” Information Sciences, vol. 181, no. 6, pp. 1125-
1137, 2011.

[20] H. Aktas and N. Cagman, “Soft sets and soft groups,” Informa-
tion Sciences, vol. 177, no. 13, pp. 2726-2735, 2007.

[21] Y.B.Jun, “Soft BCK/BCl-algebras,” Computers and Mathematics
with Applications, vol. 56, no. 5, pp. 1408-1413, 2008.

[22] Y. B. Jun, K. J. Lee, and C. H. Park, “Soft set theory applied
to ideals in d-algebras,” Computers and Mathematics with
Applications, vol. 57, no. 3, pp. 367-378, 2009.

[23] FE Feng, Y. B. Jun, and X. Zhao, “Soft semirings,” Computers and
Mathematics with Applications, vol. 56, no. 10, pp. 2621-2628,
2008.

[24] U. Acar, E Koyuncu, and B. Tanay, “Soft sets and soft rings,’
Computers and Mathematics with Applications, vol. 59, no. 11,
pp. 34583463, 2010.

[25] M. Akram and F. Feng, “Soft intersection Lie algebras,” Quasi-
groups and Related Systems, vol. 21, pp. 1-10, 2013.

[26] M. Akram, N. O. Al-Shehrie, and R. S. Alghamdi, “Fuzzy soft K-
algebras,” Utilitas Mathematica, vol. 90, no. 307, 325 pages, 2013.

[27] N. O. Al-Shehrie, M. Akram, and R. S. Alghamdi, “Applications
of soft sets in K-algebras,” Advances in Fuzzy Systems, vol. 2013,
Article ID 319542, 8 pages, 2013.

[28] F. Fengand Y. M. Li, “Soft subsets and soft product operations,”
Information Sciences, vol. 232, pp. 44-57, 2013.

[29] G. Muhiuddin and A. M. Al-roqi, “Cubic soft sets with applica-
tions in BCK/BCl-algebras,” Annals of Fuzzy Mathematics and
Informatics. In press.

[30] Y. B. Jun, K. J. Lee, and C. H. Park, “Fuzzy soft set theory
applied to BCK/BCl-algebras,” Computers and Mathematics
with Applications, vol. 59, pp. 3180-3192, 2010.



Advances in Advances in Journal of Journal of
Operations Research Applied Mathematics Probability and Statistics

The Scientific
\{\(orld Journal

International Journal of
Differential Equations

Hindawi

Submit your manuscripts at
http://www.hindawi.com

International Journal of

Combinatorics

ces In

matical Physics

Journal of

: Journal of Mathematical Problems Abstract and Discrete Dynamics in
Complex Analysis

Mathematics in Engineering Applied Analysis Nature and Society

International
Journal of
Mathematics and
Mathematical
Sciences

Journal of
'

Disciete Mathemalics

Journal of International Journal of Journal of

Function Spaces Stochastic Analysis [l Optimization




