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Most subgrid-scale (SGS) models for large-eddy simulations ( LES) are absolutely dissipative 
(that is, they remove energy from the large scales at each point in the physical space). The 
actual SGS stresses, however, may transfer energy to the large scales (backscatter) at a given 
location. Recent work on the LES of transitional flows [ Piomelli et al., Phys. Fluids A 2,257 
( 1990) ] has shown that failure to account for this phenomenon can cause inaccurate 
prediction of the growth of the perturbations. Direct numerical simulations of transitional and 
turbulent channel flow and compressible isotropic turbulence are used to study the backscatter 
phenomenon. In all flows considered roughly 50% of the grid points were experiencing 
backscatter when a Fourier cutoff filter was used. The backscatter fraction was less with a 
Gaussian filter, and intermediate with a box filter in physical space. Moreover, the backscatter 
and forward scatter contributions to the SGS dissipation were comparable, and each was often 
much larger than the total SGS dissipation. The SGS dissipation (normalized by total 
dissipation) increased with filter width almost independently of filter type. The amount of 
backscatter showed an increasing trend with Reynolds number. In the near-wall region of the 
channel, events characterized by strong Reynolds shear stress correlated fairly well with areas 
of high SGS dissipation (both forward and backward). In compressible isotropic turbulence 
similar results were obtained, independent of fl uctuation Mach number. 

1. lNTRODUCTlON 

Large-eddy simulation (LES) is based on the assump- 
tion that the modeled small scales are nearly homogeneous 
and isotropic. Most of the commonly used subgrid-scale 
(SGS) models, moreover, assume that the main function of 
subgrid scales is to remove energy from the large scales and 
dissipate it through the action of the viscous forces. It has 
been known for some years, however, that while, on average, 
energy is transferred from the large to the small scales (“for- 
ward scatter”), reversed energy flow (“backscatter”) from 
the small scales to the large ones may also occur intermit- 
tently. 

The most commonly used subgrid-scale stress model, 
the Smagorinsky model,’ is absolutely dissipative, i.e., can 
only account for forward scatter. This model has been rea- 
sonably successful in simulations of simple turbulent flows; 
its success is probably due to its ability to predict the global 
energy drain by the small scales even if the details of the 
model are incorrect2 

Very few of the SGS models used in the past are capable 
of providing backscatter. The mixed modeL3 for example, 
has a part that is not absolutely dissipative, the scale-similar 
part; in channel flow this term provides backscatter. 

Recent work on the LES of transitional flows’ has 
shown that during the early nonlinear stages of transition 
energy is transferred from small scales to large scales even in 
the mean, and that failure to account for this phenomenon 
can cause inaccurate prediction of the growth of the pertur- 
bations. The use of the Smagorinsky model led to the decay 
of the perturbations even in instances in which the flow 
should have been unstable. Acceptable results were ob- 
tained, however, by introducing an intermittency factor 
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which turned off the eddy viscosity model until the perturba- 
tions had grown to finite amplitudes and had altered the 
mean velocity profile. A model based on the renormalization 
group (RNG) theory of Yakhot and Orszag6 was also used 
by Piomelli et aL7 This model, although essentially dissipa- 
tive and thus unable to predict backscatter, gave zero eddy 
viscosity at the early stages of transition, and allowed fairly 
accurate prediction oftransition in a flat-plate boundary lay- 
er. The model, however, was found to depend strongly on the 
length scale used. 

Leith’ proposed an SGS stress model including a sto- 
chastic backscatter force designed to yield a k 4 energy spec- 
trum (k is the wave number); this model was used for the 
LES of a two-dimensional mixing layer. Although his results 
show the correct growth rate of the layer, no comparison is 
made with calculations in which the stochastic force is omit- 
ted. 

Chasnov’ presented an SGS stress model that includes a 
stochastic backscatter force based on the eddy-damped 
quasinormal Markovian (EDQNM) model. Use of this 
model in a LES computation of freely decaying isotropic 
turbulence gave results in good agreement with theoretical 
predictions. By contrast, use of an eddy viscosity model did 
not yield the expected spectral decay in the inertial subrange. 

Recently, German0 et aLi0 also proposed a model 
which can provide backscatter. They applied this model to 
the simulation of transitional and turbulent channel flow 
and obtained results in good agreement with the direct simu- 
lations. 

On the basis of the studies mentioned above, the accu- 
rate modeling of backscatter appears desirable, especially for 
nonequilibrium flows. Although backscatter modeling has 
recently received some attention, little effort has actually 
been made to quantify this phenomenon, especially in wall- 
bounded flows. In this study, the velocity fields obtained 
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from direct numerical simulations (DNS) of the Navier- 
Stokes equations will be used to calculate subgrid-scale dissi- 
pation and backscatter. Although this work will concentrate 
on transitional and turbulent planechannel flows, compress- 
ible homogeneous isotropic turbulence has also been exam- 
ined. In the next section the equations relevant to the prob- 
lem will be presented; in Sec. III results of a priori tests 
performed on the numerical simulations will be discussed. 
Finally, in Sec. IV conclusions will be drawn. 

II. MATHEMATICAL FORMULATION 

In large-eddy simulation the large-scale quantities (in- 
dicated by an overbar) are defined by the filtering operation 

j-(x) = f(x’)G(x,x’)dx’, (1) 

in which G is the filter function and the integral is extended 
to the entire domain. Applying the filtering operation to the 
Navier-Stokes equations yields the dimensionless filtered 
continuity and Navier-Stokes equations 

aii, -= 
ax, 

0, (2) 

(3) 

Equations (2) and (3) govern the evolution of the large 
scales. The effects of the small scales appear in the SGS stress 

ry = u,uj -i&ii,, (4) 

which must be modeled. 
To examine the effect of the SGS stress model on the 

resolved scales, consider the transport equation for the re- 
solved energy q2 = iiiii, 

2 

s + -& @ii,) = g- 

J J 

- 2Fiij - 2iiir0 + $ g 
J > 

- - 

- 2- 3 au, + &...,/, 
Re ax, ax, (5) 

in which s,J is the large-scale strain-rate tensor 

(6) 

One-half of the last term on the right-hand side of (5) will be 
referred to as the “subgrid-scale dissipation,” l SGS - - r 3.: ij ‘I, 
it represents the energy transfer between resolved and sub- 
grid scales. If it is negative, the subgrid scales remove energy 
from the resolved ones (forward scatter); if it is positive, 
they release energy to the resolved scales (backscatter). The 
backward and forward scatter components of eSGS, respec- 
tively, denoted by E + and E- , are defined as 

e+ = f(%SGS + l%GS I), c = $(Qcs - l%Sl). (7) 

It is easy to see that eddy viscosity SGS stress models of the 
Smagorinsky type are absolutely dissipative, since they as- 
sume that the eddy viscosity yr is positive, which gives 

r,s,J = - 2QljSII <o. (8) 

To investigate the character of backscatter in turbulent 
flows the velocity fields obtained from the direct numerical 

simulation (DNS) of the Navier-Stokes equations were fil- 
tered to yield the exact resolved and subgrid-scale velocities, 
and the exact subgrid-scale dissipation. The filter functions 
used in this work are the Gaussian filter, the box filter in 
physical space, and the sharp cutoff filter. The Gaussian fil- 
ter is given by 

G,(x,,x:) = (6/aA,)“‘exp[6(xi -xl)*/A:], (9) 

the box filter is defined as 

Gi (xi,x;) = 
l/hi, for [xi - xl1 <A/2, 

(10) 
0, otherwise, 

while the cutoff filter is most conveniently defined in Fourier 
space: 

ig(ki) = 
for k,<K,, 

9 otherwise, 
(11) 

where zi is the Fourier coefficient of the filter function in the 
ith direction, G,, Ki = g/A, is the cutoff wave number, and 
hi is the filter width in the ith direction. 

Ill. RESULTS AND DISCUSSION 

The direct simulation results used for the study of back- 
scatter in channel flows were those of Kim et al.” for turbu- 
lent channel flow, and those of Zang et al. l2 for the tempor- 
ally developing transitional channel flow. In all cases x or x, 
is the streamwise direction,y or x2 is the direction normal to 
the walls, which are located at y = + 1, and z or xj is the 
spanwise direction; u, u and w are the velocity components 
along the coordinate directions. Reynolds numbers are 
Re = 3300 and 7900 (based on centerline velocity UC and 
channel half-width) for the turbulent case and Re = 8000 
for the transitional case (based on the initial laminar center- 
line velocity and channel half-width). The Re = 7900 turbu- 
lent flow DNS was performed after the publication of Ref. 
11; the same numerical method used for the lower Reynolds 
number case was employed, and 256 X 193 X 192 grid points 
were used to give the same resolution, in wall units, as in the 
lower Reynolds number simulation. 

In Fig. 1 the plane-averaged and root-mean-square sub- 
grid-scale dissipation are shown for the Re = 3300 case. In 
the following, ( ) indicates averaging over a plane parallel 
to the wall, while ( ) v indicates averaging over the entire 
computational domain. To increase the sample size, the re- 
sults were averaged over several flow realizations and over 
both sides of the channel, whenever possible. The SGS dissi- 
pation and backscatter will be normalized by either the vol- 
ume- or plane-averaged absolute value of the viscous dissipa- 
tion, defined as 

E, = 1 - ( 2/Re)SUS0 I, 

where 

(12) 

(13) 

The amount of filtering will be characterized by a, the ratio 
of subgrid-scale kinetic energy (q& ) v (where q& = 7ii ) 

to total turbulent kinetic energy (q*) y. Since filtering was 
only applied in the planes parallel to the wall, the ratio of the 
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FIG. 1. Subgrid-scale dissipation normalized by (E,.) “; Re = 3300 turbu- 
lent channel flow, cutoff filter. -: Plane-averaged dissipation (cSGS); 
---: root-mean-square fluctuation of esos; . . . .: plane-averaged back- 
scatter (e+ ). (a) A, = 4Ax,, a = 0.10; (b) Ai = &x,/3, a = 0.04; (c) 

A, = 2Ax,, a = 0.02. 

filter width A, to the grid size Axi reported here refers to the 
streamwise and spanwise directions. 

Figure 1 indicates that the backscatter contribution to 
eSGS is much larger than the mean for all filter widths exam- 
ined. While the subgrid scales extract energy from the large 
scales in the mean, large values of e + and E _ can be expect- 
ed. The fraction of points in each plane that experience back- 
scatter (shown in Fig. 2) is close to 50%, almost indepen- 
dent of filter width and distance from the wall. This result 
was found to hold for all flows examined, including the tran- 
sitional channel flow and the compressible isotropic decay. 

Both backward and forward scatter peak in the near- 
wall region, at approximately y + = 12 (variables indicated 
by a superscript + are normalized by the kinematic viscos- 
ity Y and the friction velocity U, ) , In the near-wall region of 
the channel, events characterized by strong Reynolds shear 

2 0.2’ t , I , I 
-1.0 -0.8 -0.6 -0.4 -0.2 0.0 

Y/d 

FIG. 2. Fraction of grid points where esos > 0; Re = 3300 turbulent chan- 
nel flow, cutoff filter. -: A, = 4Ax,, a = 0.10; ---: A, = I&X,/~, 
a = 0.04; .*..:8,=2Ax,,a=0.02. 
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FIG. 3. Subgrid-scaledissipation normalized by (E,); Re = 3300 turbulent 
channel flow, A, = 4Ax,, a = 0.10, cutoff filter. -: Plane-averaged dissi- 
pation (esos ); - - -: root-mean-square fluctuation of esos; . . . .: plane- 
averaged backscatter (c + }. 

stress correlate fairly well with areas of high SGS dissipation 
(both forward and backward). The unconditioned correla- 
tion coefficient between escs and uv is only 0.28 at y f = 7, 
but decays to nearly zero above y + = 15. This value in- 
creases to 0.45 aty f = 7 if the correlation coefficient is con- 
ditioned on the absolute value of uu being larger than its rms. 
Comparison of contours of uv and of esGs at various x-z 
planes confirmed this conclusion. The subgrid-scale dissipa- 
tion normalized by the plane-averaged viscous dissipation 
(Fig. 3) increases with distance from the wall and levels off 
at about one-quarter of the channel half-width, where its rms 
is almost three times the viscous dissipation. 

Similar results were obtained from the Re = 7900 chan- 
nel flow (compare Figs. 1 and 4). In the transitional cases 
examined (Fig. 5)) however, significant differences were ob- 
served. First, at the early stages of transition (for t < 180) 
backscatter was found to occur in the mean in the near-wall 
region.5 At these stages, furthermore, both eSGs and E, 
peaked much farther from the wall than in turbulent flow, 
near the critical layer of the initial disturbances. As the flow 
goes through transition, small scales are generated in the 
near-wall region, and the location of maximum escs moves 
toward the wall. High values of SGS dissipation and back- 
scatter are, however, still observed away from the wall 
throughout the transition process. 

When the Gaussian filter was used the magnitude of e + 
was significantly reduced over that found using the cutoff 
filter (Fig. 6), although backscatter still occurred at approx- 
imately 30% of the grid points. In practice, the Gaussian 
filter is usually coupled with a sharp cutoff filter, so that the 
subgrid-scale velocity has a contribution from the small 

-1.0 -0.8 -0.6 -0.4 -0.2 0.0 
Y/6 

FIG. 4. Subgrid-scale dissipation normalized by (e,.) ,,; Re = 7900 turbu- 
lent channel flow, A, = 4Ax,, a = 0.04; cutoff filter. -: Plane-averaged 
dissipation (cSGs }; - - -: root-mean-square fluctuation of+,,,; . I. .: plane- 
averaged backscatter (E. + ). 
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FIG. 5. Subgrid-scale dissipation normalized by (E,) V; Re = 8000 transi- 
tional channel flow, cutoff filter. -: Plane-averaged dissipation (esos); 
---: root-mean-square fluctuation of esos; . . . .: plane-averaged back- 

scatter (e + ). (a) A, = 8Ax,, a = 0.01, I = 170; (b) A, = 4Ax,, a = 0.03, 
t=2co. 

scales (those beyond the cutoff) and one from the scales 
resolved on the grid. The subgrid-scale dissipation, there- 
fore, accounts for part of the energy transferred between the 
scales above the cutoff, and a portion of the energy trans- 
ferred between scales above the cutoff and those below it 
(the interaction indicated by the dark arrows in Fig. 7). 
Another portion of the energy transferred by this interaction 
(indicated by the lighter arrow), however, appears as an 
energy transfer between the subgrid scales in the transport 
equation for q& with the Gaussian filter, whereas it con- 
tributes to the backscatter with the cutoff filter. When the 
box filter is used the SGS dissipation and backscatter are 
intermediate between those obtained with the Gaussian and 
the cutoff filters (Fig. 8). 

The volume-averaged subgrid-scale dissipation and 
fraction of backscatter points for the turbulent channel flows 
examined are shown in Fig. 9. The volume-averaged viscous 
dissipation (E, ) y is equal to 14.8 and 15.8 (normalized by 
u,, Y, and S), respectively, for the Re = 3300 and Re = 7900 
cases. The SGS dissipation (normalized by total dissipation) 
increased with filter width almost independently of filter 
type and Reynolds number. The amount of backscatter 

-1.0 -0.8 -0.6 -0.4 -0.2 0.0 

Y/6 

FIG. 6. Subgrid-scale dissipation normalized by (E,) ,,; Re = 3300 turbu- 
lent channel flow, A, = 4Ax,, cz = 0.22; Gaussian filter. -: Plane-aver- 
aged dissipation (esos); - - -: root-mean-square fluctuation of esos; . “: 
plane-averaged backscatter (E + ). 

FIG. 7. Sketch ofthe interactions between large and small scales in spectral 
space. (a) Cutoff filter; (b) Gaussian filter. 

(Fig. 10) appears to slightly increase with Reynolds num- 
ber, a trend confirmed by the finding that (E + )/(E,) also 
increases with distance from the wall (see Fig. 3). 

The results obtained from the compressible isotropic de- 
cay simulations exhibit the same trends observed above. The 
direct simulation data were taken from the results of Lee 
et a1.13 For the compressible flow simulations the subgrid- 
scale stresses rii and dissipation esos, and the viscous dissi- 
pation E, are defined as 

(14) 

(15) 

(16) 

where the tilde denotes Favre filtering, and wi is the ith com- 
ponent of the vorticity vector oi = eijk &,/ax, (in which 
E,+ is the alternating tensor). Although ( 16) is exact only if 
the viscosity is constant, variable viscosity effects were found 
to be negligible within the range of parameters examined 
here.13 The results from three simulations were examined 
with initial turbulent fluctuation Mach numbers 
M, = 0.173, 0.346, and 0.519, respectively (based on rms 
velocity and mean speed of sound). The initial Reynolds 
number Re, for the three cases (based on Taylor microscale 
and rms velocity) was 35.1. Various stages of the decay were 
examined, and the fraction of points with backscatter, vol- 
ume-averaged subgrid-scale dissipation, and backscatter are 
shown in Fig. 11. The magnitude of the subgrid-scale dissi- 

I , 1 , I I 

-1.0 -0.8 -0.6 -0.4 -0.2 0.0 

Y/6 

FIG. 8. Subgrid-scale dissipation normalized by (E,,) V; Re = 3300 turbu- 
lent channel flow, A, = 4Ax,, a = 0.29; box filter. -: Plane-averaged 
dissipation (esos); - - -: roo t- mean-square fluctuation of l ,,,; . . . .: plane- 

averaged backscatter (E+ ). 
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FIG, 9. Volume-averaged fraction of backscatter points and subgrid-scale 
dissipation. cl: Re = 3300 turbulent channel flow, cutoff filter; n : 
Re = 7900 turbulent channel flow, cutoff filter; 0: Re = 3300 turbulent 
channel flow, Gaussian filter; 0: Re = 7900 turbulent channel flow, Gaus- 
sian filter; + : Re = 3300 turbulent channel Row, box filter. (a) Fraction of 
backscatter points; (b) subgrid-scale dissipation. 
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pation increases with filter width; within the range of filter 
widths examined, the subgrid-scale backscatter also in- 
creases with filter width, a result consistent with the turbu- 
lent channel flow. No dependence on the Mach number was 
observed. The increase in backscatter with Reynolds num- 
ber observed above (Figs. 3 and 10) is also noticeable here. 

IV. CONCLUDING REMARKS 

A numerical investigation of subgrid-scale backscatter 
was conducted to determine the extent and magnitude of the 
energy transfer from small to large scales. It has been found 
that, when a cutoff filter is used, backscatter occurs at nearly 
half of the points in the flow. The mean subgrid-scale dissi- 
pation, which is usually negative, is the sum of two large 
quantities: energy transfer from large to small scales and 
backscatter. Each of these events is significantly larger than 
the mean SGS dissipation. Strong backward and forward 
scatter events are fairly well correlated with regions of high 
Reynolds stress in the near-wall region. 

When the Gaussian filter is used the amount of back- 
scatter decreases since part of the energy transfer between 
large and small scales is accounted for as an interaction 
between subgrid scales. The results obtained with the box 
filter in real space, which is implicitly applied by finite differ- 
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y 0.3 0.2 ! . . cl 
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FIG. 10. Volume-averaged backscatter. Ck Re = 3300 turbulent channel 
flow, cutoff filter; m Re = 7900 turbulent channel flow, cutoff filter. 

FIG. 11. Volume-averaged fraction ofbackscatter points, subgrid-scaledis- 
sipation and backscatter. Compressible isotropic turbulence, cutoff filter. 
Re,, = 35.1 for all cases. U: Re = 22.5. M = 0.132, M,, = 0.173; 0: 
Re = 19.8, M=0.113, M,, = 0.173; q : Re = 19.4. M = 0.220, 
MO =0.346; 0: Re= 17.3, M= 0.182, M,, = 0.346; + : Re = 18.0, 
M=0.289,M,, =0.519:*: Re= 15.0,M=0.213,M,, =0.519. (a) Frac- 
tion of backscatter points; t b) subgrid-scale dissipation; (c) subgrid-scale 
backscatter. 

ence schemes,* are intermediate between those obtained 
with the cutoff and Gaussian filters. 

While the magnitude of the SGS dissipation (normal- 
ized by the volume-averaged viscous dissipation) increases 
with filter width independently of Reynolds number and fil- 
ter type, backscatter increases with Reynolds number both 
for the channel flow and for isotropic decay. Similar results 
were observed in compressible isotropic turbulence indepen- 
dently of Mach number. 

The results of this work confirm and extend the findings 
of Ref. 5 that indicated that backscatter-generating events 
occur frequently. Backscatter-producing events have the ef- 
fect of locally transferring energy from small to large scales, 
and their accurate modeling is, of course, desirable. For the 
transitional channel flow, inaccurate prediction of the sub- 
grid-scale dissipation has proven to yield very inaccurate 
development of the perturbations, while for fully developed 
channel flow absolutely dissipative subgrid-scale stress mod- 
els have been successful. On the basis of the present work and 
that of Refs. 5,8, and 9, one can speculate that, for nonequi- 
librium flows, backscatter must be taken into account to en- 
sure accurate predictions by LES. 
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