
LBNL46129 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
Subjective Surfaces: A Geometric Model for Boundary Completion 

A. Sarti, R. Malladi, and J.A. Sethian 

Department of Mathematics 
University of California, Berkeley 

and 

Computing Sciences Directorate 
Mathematics Department 

Ernest Orlando Lawrence Berkeley National Laboratory 
University of California 

Berkeley, California 94720 

June 2000 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

This work was supported by the Director, Ofice of Science, Office of Advanced Scientific Computing 
Research, Mathematical, Information, and Computational Sciences Division, of the U.S. Department of Energy 
under Contract No. DE-ACO3-76SFOOO98. 



DISCLAIMER zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
This report was .prepared as an  account of work sponsored zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
by an agency zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAof t h e  United States Government. Neither 
the United States Government nor any agency thereof, nor 
any of their employees, make any warranty, express or 
implied, or assumes a n y  legal liability or responsibility for 
the  accuracy, completeness, or usefulness of any 
information, apparatus, product, or process disclosed, or  
represents t h a t  its use would not infringe privately owned 
rights. Reference herein to any specific commercial 
product, process, o r  service by trade name, trademark, 
manufacturer, or otherwise does not necessarily constitute 
or imply its endorsement, recommendation, or favoring by 
the  United States Government or any agency thereof. The 
views and opinions of authors expressed herein do not 
necessarily state or reflect those of the  United States 
Government or any agency thereof. 



DISCLAIMER zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
Portions of this document may be illegible 
in electronic image products. Images are 
produced from the best available original 
document. 



Subjective Surfaces: a Geometric zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
’ for Boundaxy Completion 

Model zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
Alessandro zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBASarti, Ravi Malladi, and J.A. Sethian 

Department of Mat hemat ics 
and 

University of California 
Berkeley, CA 94720 

* Lawrence Berkeley National Laboratory 

June 1,2000 

Abstract 

We present a geometric model and a computational method for segmentation of images 
with missing boundaries. In many situations, the human visual system fills in missing gaps 
in edges and boundaries, building and completing information that is not present. Boundary 
completion presents a considerable challenge in computer vision, since most algorithms attempt 
to exploit existing data. A large body of work concerns completion models, which postulate how 
to construct missing data; these models are often trained and specific to particular images. In 
this paper, we take the following, alternative perspective: we consider a reference point within 
an image as  given, and then develop an algorithm which tries to build missing information on 
the basis of the given point of view and the available information as boundary data to the 
algorithm. Starting from this point of view, a surface is constructed. It is then evolved with the 
mean curvature flow in the metric induced by the image until a piecewise constant solution is 
reached. We test the computational model on modal completion, amodal completion, texture, 
photo and medical images.. We extend the geometric model and the algorithm to 3D in order to 
extract shapes from low signal/noise ratio medical volumes. Results in 3D echocardiograpghy 
and 3D fetal echography are presented. 

1 Introduction 

Consider the images in Figure 1. The human visual system completes the internal objects exploiting 

the existing spcrse data. In the image on the left, a solid triangle in the center of the figure appears 

to have well-defined contours even in completely homogeneous areas; in the center figure, a large 

rectangle is perceived, and, in the figure on the right, a white square partially occluded by a gray 
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Figure 1: Three images with subjective contours. 

disk is perceived. These contours, which are not characterized by image gradients, may be thought 

of as “apparent” or “subjective” contours. Following the usual convention, we distinguish between 

“modal completion”, in which the goal is to construct a perceived boundary (as in Figure 1, left 

and center) and “amodal completion”, in which one reconstructs the shape of a partially occluded 

objects (as in Figure 1, right); see [9, 101. 

Our goal is to extract, i.e. segment, these internal objects. Since some information is missing, 

one class of algorithms typically complete the segmentation process by building models to postulate 

what happens between the available data. In this paper we present a method for segmentation of 

images with missing boundaries. 

We take the following perspective: zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
0 The observer is drawn to a reference point within the image, and this is a natural point from 

which to construct a completion process. 

0 Starting from this given reference point, we can devise an algorithm which takes advantage 

of the available boundary data to construct a complete segmentation. Thus, the computed 

segmentation is a function of the reference point. 

As in zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA[30], we view a segmentation as the construction of a piecewise constant surface that 

varies rapidly across the boundary between different objects and stays flat within it. In [24] the 

segmentation is a piecewise smooth/constant approximation of the image. In our approach the 
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segmentation is a piecewise constant approximation of the point of view- zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAor reference surface. To 

obtain it we define the following steps: 

1. Select a fixation point and build an initial surface corresponding to this point-of-view. 

2. Detect existing local features in the image. 

3. Evolve the point of view surface with a flow that depends both on the geometry of the surface 

and on the image features. The flow evolves the initial condition towards a piecewise constant 

surface. The completed object is the fiat mainfold at the top of the surface. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
4. (Automatically) Pick the level set that describes the desired object (that is a closed curve). 

During the evolution, the point-of-view surface is attracted by the existing boundaries and 

steepens. The surface evolves towards a piecewise constant solution through the closing of the 

boundary fragments and the filling in the homogeneous regions. A solid object is delineated as 

a constant surface bounded by existing and recovered shape boundaries. With this method, the 

image completion process depends both on the point of view and on the geometric properties of 

the image [30]. 

Human perceptual organization has been extensively studied, and the resulting theories of vision 

are often used to construct computational models for image segmentation. For example, properties 

like boundary continuity of direction, regularity, proximity constraints, maximum homogeneity, 

closure, and symmetry have been applied as guidelines for many computer vision algorithms. The 

perspective and algorithms in this paper are connected to some experimental results on perceptual 

organization of the human visual system outlined by Kanizsa [9, 10, 111. In particular, the emer- 

gence of the subjective contours depends on the position of the point of view: “if you zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAfix your gaze 

on an apparent contour, it disappears, yet if you direct your gaze to the entire figure, the contours 

appear to be real,”[9]. 

In the following we construct a geometrical model for boundary completion by keeping in 

mind the aforementioned characteristics of perceptual organization. Both the mathematical and 

algorithmic approach in our method relies on a considerable body of recent work based on a 

partial differential equations approach to both front propagation and to image segmentation. Level 
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set methods, introduced by Osher and Sethian zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA[27], track the evolution of curves and surfaces, 

using the theory of curve and surface evolution and the link between between front propagation 

and hyperbolic conservation laws developed by Sethian in [37, 381. These methods embed the 

desired interface as the zero level set of an implicit function, and then employ finite differences to 

approximate the solution of the resulting initial value partial differential equation. Malladi, Sethian 

and Vemuri [20] and Caselles, Catte, Coll, and Dibos in [l] used this technology to  segment images 

by growing trial shapes inside a region with a propagation velocity which depends on the image 

gradient and hence stops when the boundary is reached; thus, image segmentation is transformed 

into an initial value partial differential equation in which a propagating front stops at the desired 

edge. 

In zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA[40], Sochen, Kimmel, and Malladi view image processing as the evolution of an image 

manifold embedded in a higher dimensional Riemannian space towards a minimal surface. This 

framework has been applied to processing both single- and vector-valued images defined in two 

and higher dimensions (see [13]). In this paper we view segmentation as the evolution of an initial 

reference manifold under the influence of local image features. 

Our approach takes a more general view of the segmentation problem. Rather than follow a 

particular front or level curve which one attempts to steer to the desired edge (as in [21, l]), we 

begin with an initial surface, chosen on the basis of a user-supplied reference fixation point. We then 

flow this zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAentire surface under a speed law dependent on the image gradient, without regard to any 

particular level set. Suitably chosen, this flow sharpens the surface around the edges and connects 

segmented boundaries across the missing information. On the basis of this surface sharpening, we 

can identify a level set corresponding to an appropriate segmented edge. 

In [30], the theoretical underpinnings of this approach were presented. In this paper we concen- 

trate on results for a variety of 2D images (cognitive, medical, photographic, texture images) and 

we extend the methodology to the extraction of 3D shapes. In particular we test our algorithm on 

2D and 3D medical images in which the signal to noise ratio is truly small and the most part of 

the edge is missed, as in the case of ultrasound images. 

The paper is organized as the following. In Section 2 we review past work in segmentation of 

images with missing boundaries. In Section 3 we discuss the mathematical problem and in Section zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

' I  
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4 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAwe present a numerical method to solve it. In Section 5 the extension of the 2D subjective surface 

model to 3D manifolds is presented. In Section zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA6, we show results of the application of the method 

to different 2D images and discuss both the modal and amodal completion scenarios. In Section 

7, results of the application of subjective manifolds to 3D image completion are presented and a 

validation of the method on 3D echocardiographic images is provided. In Section 8, a discussion 

about the accuracy and the efficiency of the computational model is also provided. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
2 Past Work and Background 

In this section, we review some previous work aimed at recovering subjective contours. We are 

interested in recovering explicit shape representations that reproduce that of the human visual 

perception, especially in regions with no image-based constraints such as gradient jump or variation 

in texture. In Mumford [25], the distribution of subjective contours are modeled and computed 

by particles traveling at constant speeds but moving in directions given by Brownian motion. 

Williams and Jacobs [42, 431 introduce the notion of a stochastic completion field, the distribution 

of particle trajectories joining pairs of position and direction constraints, and show how it could be 

computed. In this approach, a distribution of particles is being computed, rather than an explicit 

contour/surface, closed or otherwise. 

A combinatorial approach is considered in [36]. A sparse graph is constructed whose nodes are 

salient visual events such as contrast edges and L-type and T-type junctions of contrast edges, and 

whose arcs are coincidence and geometric configurational relations among node elements. An inter- 

pretation of the scene consists of choices among a small set of labels for graph elements. Any given 

labeling induces an energy, or cost, associated with physical consistency and figural interpretation. 

A common feature of both completion fields, combinatorial methods, as well as variational seg- 

mentation methods [24] is to postulate that the segmentation process is independent of observer’s 

point of focus. On the other hand, methods based on active contours perform a segmentation 

stiongly dependent on the user/observer interaction. Since their introduction in [12], deformable 

models have been extensively used to integrate boundaries and extract features from images. An 

implicit shape modeling approach with topological adaptability and significant computational ad- zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
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vantages has been introduced in [20, 1, 211. In these papers, the level set approach zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA[27, 391 is used 

to frame curve motion with a curvature-dependent speed. These and a host of other related works 

rely on edge information to  construct a shape representation of an object. In the presence of large 

gaps and missing edge data, the models can go astray and away from the required shape boundary. 

This behavior is due to a constant speed component in the governing equation that helps the curve 

from getting trapped by isolated spurious edges. On the other hand, if the constant inflation term 

is switched off, as in [2, 321, the curve has to be initialized close to the final shape for reasonable 

results. We also note a more recent segmentation approach introduced in zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA[3], in which the authors 

use geometric curve evolution for segmenting shapes without gradient by imposing a homogeneity 

constraint. An exhaustive review of algorithms for grouping is outside the purpose of this paper; 

we refer the interested reader to [18] for a larger perspective as well as for the classification of 

grouping algorithms in the broad families of region-based and contour-based approaches. 

The approach in this paper rests on view that segmentation, regardless of dimensionality, is 

a ‘view-point’ dependent computation1. The ‘view-point’ or the user-defined initial guess to the 

segmentation algorithm serves as input to the algorithm, and is used to construct a point-of-view 

surface. Next, this reference surface is evolved according to a feature-indicator function. The 

shape completion aspect relies on two components: (1) the evolution of a surface and (2) a flow 

that combines the effects of level set curve evolution with that of surface evolution. In what follows, 

we present a geometric framework that makes this possible. Computing the final segmentation (a 

contour or surface) is accomplished by choosing and plotting a particular level set of a higher 

dimensional function; zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAas we shall show, this particular level set may be chosen automatically. 

3 Theory 

3.1 Local feature detection 

Consider an image Z : (z,y) ---f I ( z , y )  as a real positive function defined in some domain zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAM zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAC 

R2. One initial task in image understanding is to build a representation of the local structure 

of the image. This often involves detection of intensity changes, orientation of structures, T- 

junctions and texture. The result of this stage is a representation corresponding to zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAthe raw primal 

‘It should be noted that this view of segmentation is in itself ‘view-point’ dependent. 

’ I  
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sketch zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA[23]. Several methods have been proposed to compute the raw primal sketch, including 

multiscale/multiorientation image decomposition with Gabor filtering [5], wavelet transform [15], 

deformable filter banks [29], textons [14,19] etc. For the purpose of the present paper we consider 

a simple edge indicator, namely 

The edge indicator function zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAg(s, y) is a non-increasing function of IVG,(s, y) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA*I(%, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAy)], where 

G,(z,y) is a Gaussian kernel and (*) denotes the convolution. The denominator is the gradient 

magnitude of a smoothed version of the initial image. Thus, the value of g is closer to 1 in flat 

areas (lo11 +. 0) and closer to 0 in areas with large changes in image intensity, i.e. the local edge 

features. The minimal size of the details that are detected is related to the size of the kernel, which 

acts like a scale parameter. By viewing g as a potential function, we note that its minima denotes 

the position of edges. Also, the gradient of this potential function is a force field that always points 

in the local edge direction; see Figure 2. 

Figure 2: Local edge detection: The edge map g and its spatial gradient -Vg. 

To compute VG,(z, y)*I(s, y), we use the convolution derivative property VG,(z, y)*I(z, y) = 

V(G,(s, y) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAJC zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAI ( z ,  y)) and perform the convolution by solving the linear heat equation zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
av - = V.(Vy) 
at 

in the time interval [0,4 with the initial condition y(z, y, 0) = I ( z ,  3).  We conclude this subsection 

by observing that there are other ways of both smoothing an image as well as computing an edge 
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' I  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
indicator function or in general a feature indicator function, see, for example, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA[2, 21, 17, 28, 31,40, 

131. 

3.2 Global boundary integration 

Now, consider a surface zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAS : zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(x, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAy) -+ (2, y, @) defined in the same domain zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAM of the image I .  The 

differential area of the graph S in the Euclidean space is given by: 

We will use the edge indicator g to stretch and shrink a metric appropriately chosen so that the 

edges act zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAas attractors under a particular flow. With the metric g applied to the space, we have 

Now, consider the area of the surface zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
r 

(see Appendix A for derivation) and evolve the surface in order to reduce it. The steepest descent 

of Eqn. 5 is obtained with usual multivariate calculus techniques and results in the following flow 

(see Appendix B, as well as [30] for derivation). The first term on the right hand side is a parabolic 

term that evolves the surface in the normal direction under its mean curvature weighted by the edge 

indicator g. The surface motion is slowed down in the vicinity of edges (that is, where g + 0). The 

second term on the right corresponds to pure passive advection of the surface along the underlying 

velocity field -Vg whose direction and strength depend on position. This term pushes/attracts 

the surface in the direction of the image edges. Note that g(I(x, y)) is not a function of the third 

coordinate, therefore the vector field -Vg lies entirely on the (2, y) plane. 

The following characterizes the behavior of the flow (Eqn. 6): 

' I  

~~ 

2Note that this is the mean curvature flow in a Riemannian space with conformal metric g&j. 
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1. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

2 .  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
3. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

4. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

In regions of the image where edge information exists, the edge indicator g zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA--+ 0 and the main 

equation (Eqn. 6) reduces to a simple advection equation: 

(7) 

driving the surface towards the edges. The level sets of the surface are attracted to the 

edge and accumulate. Consequently, the spatial gradient increases and the surface begins to 

develop a discontinuity. 

Inside homogeneous regions of the image the edge indicator zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAg = 1, and Eqn. 6 reduces to the 

Euclidean mean curvature flow: 

whose solutions are the horizontal planes characterizing the inside of the figures and the 

background. 

We now address the regions in the image corresponding to subjective contours. We take the 

view that appropriate subjective contours are continuation of existing edge fragments. As 

discussed above, in regions with well defined edge information, Eqn. 6 causes the level curves 

to accumulate, thereby causing an increase in the spatial gradient of @. Since continuity for 

the surface is required during the evolution, the edge fragment information is propagated to 

complete the missing boundary. When spatial derivatives ax, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAip, >> 1, Eqn. 6 is approximated 

by 

(9) 

which is commonly taken as the geodesic level set flow [ 2 2 , 2 ] .  This fiow moves the level curves 

of the surface towards geodesic curves; which are curves of minimal path length connecting 

existing boundaries. Subjective contours are then straight lines connecting the local features. 

In regions where ip, ,  ip, << 1 Eqn. 6 may be approximated by 

aip 
- at = d @ z x  + @,,) + (gxips + g&). 
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This is a non-uniform diffusion equation and describes the steepest descent of the weighted zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
L2 norm, namely zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

/gIV@12 dxdy. 

If the image gradient inside the object is actually equal to zero, then g zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= 1, Eqn. 10 becomes 

a simple linear heat equation, and the flow corresponds to linear uniform diffusion. 

The main equation (Eqn. 6) is a mixture of two different dynamics, the level set flow (Eqn. 9) 

and pure diffusion (Eqn. 10). Locally, points on the @ surface move according to  one of these mech- 

anisms [30]. In steady state solution, the points inside the objects are characterized by pure linear 

diffusion, while points on the boundary are characterized by the geodesic level set flow. The scaling 

of the function @ weights the two dynamics. If @ contains a narrow range of values, the derivatives 

are small and the behaviour of the flow (6) is mostly diffusive. Conversely, where @ is contains large 

variation in values, the behaviour mostly consists of level set plane curve evolution. We perform 

the scaling by multiplying the initial surface (5, y, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAQ.0) (point of view surface) with a scaling factor a. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
Remark 1. In the most general case the metric of a Riemannian space is a tensor h;j. In 

Appendix A we derive the area of a surface embedded in such a manifold. In this paper, we have 

considered a simple conformal metric hij = zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAgS;j which contains only scalar information about the 

local image boundaries. In the general case, the tensor metric can be constructed in such a way 

to contain more information about the local structure of the image like edge direction, color and 

texture. 

Remark 2. In [24], Mumford and Shaw perform image segmentation by analyzing the energy 

functional: 

where zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAfl is the image domain and I’ is the set of piece-wise smooth boundaries of the objects 

contained in the image. They look for a minimization of E ,  that is the smaller E is, the better 

(a, I’) segments I: 

0 The first term tries to  flatten @ inside the objects, that is in the domain fl - I?. 
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0 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAThe second term tries to miminize the length of the boundaries zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAI'. 

0 The third term drives zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA@ to approximate I. 

We now consider the relationship between a subjective surface and the minimixation of (12). 

0 Inside the objects, the subjective surface is flat (driven by the linear diffusion flow), so that 

the first integral in (12) is identically null. 

0 The boundaries of the subjective surface are "geodesic" curves, in fact, they are driven by the 

level set geodesic flow, as pointed previously. They link the existing feature points present in 

the image using paths of minimal length. The boundary I' of the subjective surface minimizes 

the second integral in (12) 

0 Most importantly, the subjective surface is an approximation of the point of view surface and 

not of the image I, as controlled by the third integral in (12). We first point out that the third 

constraint can be matched by initializing = I in the flow given in Eqn. 6. Notice that 

by doing so, the segmentation process cannot segment objects with the same intensity of the 

background; ruling out the Kanitza triangle and most of the images with subjective contours. 

In contrast, by initializing with the point of view surface, we force the object initialized by 

the fixing point to develop up zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAindependently zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAof the gray level in the image. 

. 

4 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBANumerical Scheme and Computational Model 

In this section, we show how to approximate Eqn. 6 with finite differences. We consider a rect- 

angular uniform grid in space-time zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA( t , x ,  y) ;  then the grid consists of the points ( tn ,z i ,y j )  = 

( n A t , i A x , j A y ) .  Following standard notation, we denote by the value of the function @ at 

the grid point (tn, xi, yj) .  We approximate time derivative with a first order forward difference. 

The first term of Eqn. 6 is a parabolic contribution to the equation of motion and we approximate 

this term with central differences. The second term on the right corresponds to passive advection 

along an underlying velocity field Vg whose direction and strength depend on edge position; this 

term is approximated using upwind schemes, which are used to approximated spatial derivative in 

a way which respects the appropriate entropy condition for propagating fronts [37, 381. In order 
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J zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

to build a correct entropy-satisfying approximation of the difference operator, we exploit the tech- 

nology of hyperbolic conservation laws. In other words, we check the sign of each component of 

Vg and construct one-sided difference approximation to the gradient in the appropriate (upwind) 

direction; for details of upwind schemes applied to these equations, see [27]. 

With this, we can write a complete scheme to approximate Eqn. (6) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAas follows: 

[max(gf!, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA0 ) ~ ; ~  + min(g:!, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAO ) D ~  
+ max(g$, O>D;~Y + min(g;ojy, o ) D ~ ]  

Qij n+l - zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA- @ ; + A t  

where D is a finite difference operator on zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAQG, the superscripts {-, 0, +} indicate backward, central 

and forward differences respectively, and the superscripts zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(2, y} indicate the direction of differen- 

tiation. We impose Dirichlet boundary conditions by fixing the value on the boundary equal to 

the minimum value of the point-of-view surface. The time step At is upper bounded by the CFL 

(Courant-Friedrich-Levy) condition that insures the stability of the evolution [16]. 
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We summarize the computational steps below: zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
Segmentation and modal completion of zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAan object with missing boundaries zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

0 First, given an image zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAI ,  chose a point inside the object (fixation 
point). Next, build the point-of-view surface zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA@O by computing the 
diitance function from the fixation point (alternate choice is given in 
Section 5). 

0 Compute the edge indicator function g (see Eqn. 1) corresponding 
to the given image I. 

Evolve the point-of-view surface towards a piecewise constant solu- 
tion (subjective surface) according to Eqn. 13. 

Find the boundary of the segmented object by picking the level set: 
h zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= {ma(@) - E } ,  for a small E > 0. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

Note: Given the edge map g ,  the only interactive part in the above algorithm 
is the fixation point choice. 

Amodal completion of a partially occluded object 

I 0 First, segment the occluding object 01. 

1 ( z ,? / k01  
g otherwise Build a new edge map gnew = 

Use gnew to perform modal completion of the partially occluded ob- 
ject 

Note: Again, given the edge map g ,  the only interaction required i s  the 
original fixation point choice. 
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5 3D Subjective Manifolds zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
In this section we extend the subjective surfaces methodology to the extraction of shapes from 

volumetric images. Consider a volumetric image zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAZ : (z, y, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAz) ---f zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAI ( z ,  y, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAz )  defined in M C zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAR3. AS in 

the 2D case we define a simple edge indicator acting on I 

We now consider a 3-D manifold V = (z, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAy, z )  - (3, y, z, @(z, y, z ) )  defined on the same domain 

of Z. The 3D-manifold is embedded in a 4-D Riemannian space with conformal metric h, = 

g(z, y, z)S;j. Analogous to  surface area in the 2D case, we define the volume of the manifold as: 

V, = JngJ1 + + + dx dy dz. (15) 

See Appendix A for derivation. The minimizing flow for the volume functional is then given by the 

steepest descent of (15), namely 

+ (16) 
a@ (1+@2,+@2, )@z,+ (1+@2,+@~)@yy+( l+@~+@~)@~~-2@~@z@~~-2@~@y@~y-2@y@z@yz  
at 1+@2+@z, +@? - =  g 

gxax + gyQy + gz@z 

that is derived with usual multivariate calculus in Appendix B. 

The numerical scheme used to approximate Eqn. 16 is almost identical to that for Eqn. 13; for 

completeness, we have that 

where the same notation of Eqn. 13 has been adopted. 

6 2D Image Completion 

In this section, we present results of several computations aimed at performing both modal and 

amodal completion of objects with missing boundaries. The input to the algorithm is a user-defined 
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point-of-view or a reference surface and an edge indicator function computed zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAas a function of the 

image. Different choices exist for the reference surface; as examples, we show two such choices in 

Fig. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA3. In the next examples we use zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA@O zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAa / D ,  where zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA2) is the distance .from the initial point of 

view and zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAa is a scaling factor; a = lo3 is the fixed value that we use. 

6.1 Synthetic Images 

First, we consider the classical triangle of Kanizsa (Fig. 1) and apply the algorithm in order to 

perform a modal completion of the missing boundaries. We first compute the edge map as shown 

in the left image of Fig. 4, and then choose a reference point approximately at the center of the 

perceived triangle (center image of Fig. 4). The evolution of the surface under the flow induced 

by Eqn. 6 is visualized in Fig. 5. The computed subjective surface is. the steady-state piecewise 

linear surface shown at the end of this sequence. The triangle boundary shown in the right image 

of Fig. 4 is found by plotting the level set 6 = {ma(@)  - zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAE }  of the subjective surface. Note that 

in visualizing the surface, we normalize it with respect to its maximum. 

Figure 3: Point-of-view surfaces: on the left @O = -aD, where zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA2) is the distance function from the 

fixation point, and on the right @O = a / D .  
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Figure zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA4: Three steps of the modal completion of the triangle of Kanizsa: on the left the edge 
indicator -Vg(I) is shown, in the center a set of equispaced contour lines of the point-of-view 

surface are drawn, and on the right is the level set of the subjective surface that corresponds to the 

triangle boundary. 

Figure 5: Four time frames showing the evolution of the point-of-view surface (upper left) towards 

the subjective surface (bottom right). In this visualization the original image has been texture 
mapped onto the surface. 
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In the previou zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAS ction, we n t d that our main equ ti n (Eqn. 6) is a combination of two 

dynamics: a level set flow on one end and a linear diffusion at the other. In the next experiment, 

we show what the modal completion result looks like under these two extremes specially for the 

case when the user-defined fixation point is a bit off center. In the left image of Fig. 6, we consider 

a slightly off center initial condition. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAAs shown in the right image of Fig. 6, the flow under Eqn. 

6 succeeds in producing a good segmentation of the triangle. If we consider a strongly off center 

initial condition as in Fig. 7, the triangle is still present in the subjective surface, but the closest 

white inducer becomes predominant. On the other hand, the flows under both Eqn. 9 and Eqn. 

10 fail to produce a good modal completion even with a slightly off center point of view; see Fig. 

8. The level set flow (Eqn. 9) causes the formation of false surface gradient due to the off center 

initial condition zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA( Fig. 8, left), and the flow under Eqn. 10 produces a result that is too diffusive ( 

Fig. 8, right). The same parameters have been chosen for the all experiments. 

Figure 6: A slightly off center fixation point: on the left equispaced contour lines of the point-of-view 

surface are shown and the computed triangular contour is shown on the right. 

Next, we present a series of results of computing subjective surfaces. In Fig. 9, we show the 

subjective surface computation from an image with little or no (aligned) edge information. We 

render the perceived square in the final image of Fig. 9. The parameters of the edge map are zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
0 = 0.3 pixels and /3 = 0.5. As mentioned in the introductory section, the initial surface can 

be evolved using any “feature-indicator” and not just under the influence of an edge-indicator 

function g. In order to perform texture segmentation, we replace the usual edge-indicator zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAg(1) 

with the orientation detector zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAg(IJ,l), where J, is the Jacobian of zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAv’ = *. The result of this 
I2-12 2I& 
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Figure 7: zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAA strongly off center fixation point: on the left equispaced contour lines of the point-of- 
view surface are shown and on the right the subjective surface is visualized. 

Figure 8: Comparison with different norms: On the left is shown the result of the segmentation with 

pure level set curve evolution (Equation (9)). On the right is shown the result of the segmentation 

with pure nonuniform diffusion (Equation (10)).The point of view surface is the same as in Fig.6). 

computation is shown in Fig. 11. If several convex objects are present in an image (see Fig. lo ) ,  

more then one point of view has to be selected in order to segment the entire figure. 
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Figure 9: Modal completion of an image without any aligned gradient. 

Figure 10: Texture segmentation can be performed using a different feature-indicator function 

instead of the usual edge indicator function. 

Figure 11: Segmentation of a figure containing several convex objects (left). If only one point 

of view is choosen (center), the corresponding object is segmented. To segment the entire figure 

several point of views have to be selected (right). 
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The subjective contours we have considered so far are called “modal” contours because they 

are “perceived” in the visual experience. Now we consider “amodal” contours that are present in 

images with partially occluded shapes. Consider the example of a white square partially occluded 

by a gray disk zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAas shown in Fig. 12. Our goal is to recover the shapes of both the square and 

the disk. We employ a three step procedure: first, we build the edge map g1 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(c zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA0.3 pixels and 

/? = 0.5) of the image, choose a point of focus inside the disk and perform the segmentation of the 

. so that all the grey disk zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAO&k. Second, we build another edge map zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAg2 = 

image features belonging to the first object are inhibited in the new function. As the third step we 

perform the modal completion of the partially occluded square using the new edge map 9 2 .  Again, 

the process is completely automatic after the initial point of reference is chosen. The entire process 

is shown in Fig. 12. 

(’, Y) E Odisk 1 g1 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAotherwise { 
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Figure 12: Amodal completion of the white square partially occluded by the gray disk. In the 
first row the original image (left) and the point-of-view surface (center, right) are shown. In the 

second row, the edge map zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAg1 (left), the subjective surface (center), and the occluding disk boundary 

(right),are shown. The amodal completion of the square is shown in the third row. The new edge 

map g2 (left) is obtained from the previous one by simply removing the features corresponding to 

the occluding object (disk). zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAThis new edge map allows the formation of a new subjective contour 

(center) and the square boundary (right). We use the value zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAp zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA0.3 in the edge indicator. 
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6.2 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAReal Images zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
Echographic images are difEcult candidates for shape recovery for two reasons. First, they possess 

highly noisy structures, and second, large parts of the boundary are often missing, making shape 

recovery difEcult. One application of our algorithm is in segmenting boundaries with non-continuous 

edges in extremely noisy images. In Fig. 13, we show one such computation; we use a line 

initialization instead of a hat ion  point and the point-of-view surface is constructed to be the 

distance function from this initial line. The final result, a particular level set of the subjective 

surface is shown in the right image of Fig. 13. In Fig. 14, we show four stages of the subjective 

surface evolution, where natural boundary conditions have been imposed. 

Next, in Fig. 15, we show the recovery of missing boundaries in four echographic images. We 

construct an edge indicator with zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAp zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= 0.1 and zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAu = 1.0 and follow exactly the same procedure to 

recover zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAall the four shapes of interest. 

Figure 13: Segmentation of fetal echogram: modal completion is needed to recover a large portion 

of the missing boundary in the dorsal section of the fetus. The original image (left), the line of 

view (center) and the segmented boundary (right) are shown. 

Finally, we present a set of amodal completion results from a photograph. As shown in Fig. 16 

our test image is one of a trash can placed in front of a computer monitor and our goal is to extract 

the outline of the computer monitor that is partially occluded by the trash can. In the first row of 

Fig. 16 (left to right), we show the original image, the point-of-view surface, and some of its level 

curves. The initial point of reference is chosen to be inside the trash can region. The first step is to 

extract the shape of the trash can using the original edge map information zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(p = 0 . 1 , ~  = 0.3pizeZs); 
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Figure 14: Four time frames depicting the minimization process that flows the initial surface (upper 

left) towards the subjective surface (bottom right) 

this step is shown in the second row of the figure. Once the trash can shape has been extracted, its 

edge features are eliminated to produce a new edge indicator function shown in the left image of the 

third row of Fig. 16. Under the influence of this edge function, we succeed in extracting the shape 

of partially occluded computer screen; see the third row of the figure. We then repeat the process 

and eliminate the edge features corresponding to the computer screen, producing yet another edge 

function. The flow. (Eqn. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA6 )  under the edge function shown in the left image of the bottom row 

produces the subjective surface (bottom center) and the shape of the partially occluded computer 

monitor (bottom right). zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
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7 3D Image Completion zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA. I  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
Next, we present a series of results of computing subjective manifolds to extract 3D shapes. We 

apply the segmentation model/algorithm to an zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAin vivo acquired 3D echocardiographic sequence. 

The sequence has been obtained by means of a rotational acquisition technique using the TomTec 

Imaging System. With this technique, the transducer undergoes a rotation around its main axis 

in a propeller cofiguration. A series of tomographies corresponding to the sections of a cone of 

biological tissue has been acquired. The acquisition consists of 14 imagecubes that represent an 

entire cardiac cycle of a patient, and a volume of interest of 150 x 150 x 100 voxels is processed. 

The interval of time between one cube and the next one is 40 ms. In figure 7, the extracted 

ventricular chamber in 4 different time frames of the cardiac cycle is shown; the time interval is 120 

ms. In order to evaluate the accuracy of the 3D segmentation, we follow the procedure presented in 

[31]. An external observer has manually segmented the ventricular chamber by considering every 

single slice zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAI of a 3D frame. We consider this manual segmentation our Gold Standard; we now 

compute the distance between the Gold Standard and the automatic extracted shape. For each 

slice a distance function zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAD[(Lc, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAy) from the automatic segmented surface is computed using a level 

set method approach, following [38]. The mean distance between the manual segmentation curve 

Cl and the extracted shape is defined as DI = Jcl Dl(z, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAy)ds/ Jcl ds, where s is the arclenght. The 

distance error has been evaluated for every slice of the 3D dataset. The global distance error is 

computed by averaging the errors over the L slices, i.e. D = Dl. With this procedure we 

estimated D = 0.9 voxels. See [31] for further details. 

Finally we computed a subjective manifold for 3D fetal echography. The reference line is the 

same as in Fig. 13 and a 3D distance function from it has been computed and used as initial 

manifold. The resulting segmentation of the fetus is visualized in Fig.7. 

8 Accuracy and Efficiency 

Next, we address the evaluation of the accuracy of the proposed method. We distinguish between 

the accuracy in detecting existing boundaries (in which the edge indicator zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAg is active) and the 
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accuracy of determining subjective contours. In the case of real boundaries, the position of the 

contour line is indicated by the vector field -Vg which is the gradient of the edge indicator. The 

contour line is then regularized with the parabolic term of Eqn. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA6, that in these regions degenerates 

in Eqn. 9. We rely on an extensive validation and accuracy estimation for the flow (Eqn. 9) that 

has been discussed in zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA[33]. It is more problematic to evaluate accuracy in detecting subjective 

contours. Our proposed method linearly interpolates missing information. In contrast, we note 

that the visual system is able to recover curved subjective contours [9], by exploiting both position 

and direction of existing boundaries. A higher order subjective surface model is under investigation 

to provide curved subjective contours [34]. 

The computational complexity of the algorithm is of order zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAN P  x N I  where N P  is the number 

of pixels (voxels) of the 2 D  (3D) image and N I  is the number of iterations required to solve Eqn. 

13 (Eqn. 17). For an image of N x N pixels the number of iterations is about zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA4N and the 

computational time is the usual one required in solving a finite difference equation with explicit 

methods. The number of iterations scales for 3 D  images. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
9 Appendix A 

In this section we derive the area functional of a surface embedded in a 3 D  Riemannian space (Eqn. 

5) and the volume functional of a 3 D  manifold embedded in a 4D Riemannian space (Eqn. 15). 

Let zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAu, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA21 be non-zero, non-parallel vectors in R3. We note that 

where (u, v) is the matrix with column vectors U, v, and the area of the parallelogram is given by 

Ap zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= d d e t  ( (u, v ) ~  (u, v)) . 

We apply this to a surface given by the graph of a function 

2 = @ ( I , Y ) ,  

defined over some region R of the (I, y)-plane so that 

S(Z, Y) = (I, Y, @I. 
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Then the two tangent vectors zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
dS dS zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
- = ( l , O ,  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAand - = zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(0,1, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA@y)T 
dX dY 

span a parallelogram with area 

where 

1 0  dS dS J =  -- ( a x % )  = ( @x O @y ) 
and the matrix 

is the induced metric. The function f is called area density of S. The area of the surface is given 

by integrating the area density over the domain s1 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
F 

A = J dl + @: +@E d x  dy. 
D 

We now consider a 3D Riemannian space ( N ,  h) with metric 

h13 h23 h33 

that defines an inner product < u, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAv >= uThv, where u, v E zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAN .  Then the area of the parallelogram 

spanned by u and v in (N,h) is given by 

Aph = d d e t ( ( u ,  v ) ~  h (u, v)) . (28) 

Consequently the area density of a surface embedded in (N,h) is 

fh = d--= [(huh22 - hf2) + 2(h13h22 - h12h23)QX + 2(hllh23 - h12hl3)ay + (29) 

(h22h33 - hi3)@: + 2(h13h23 - h12h33)@x@y + (hllh33 - his) 2 @2 y] 112 

where 



is the induced metric. In the particular case in which the metric is conformal zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAh zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAg&j, the area 

density simplifies 

and the surface area becomes zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
A, = k g  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAJm d x  dy .  

that corresponds to zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAEqn. 5. 

We now consider a 3-D manifolds V = (2, y, z, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA6) embedded in a 4-D Riemannian space with 

metric h,. Similarly to the 2D case we define a volume density: 

where 

\ @x @y @z ) 
In the particular case in which the metric is conformal h = g&j,  the volume density simplifies 

and the volume becomes 

that is namely Eqn. 15. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
10 AppendixB 

In this section we derive the main flows (Eqn. 6) and (Eqn. 16). Consider the area functional (Eqn. 

5) and look for its local minimum. Since critical points of a differentiable function are characterized 

by the vanishing of its differential, we consider the &st variational formula of the functional 
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The Euler-Lagrange equation zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
H=O zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(36) 

gives the condition of extremality [6] and it is by definition the equation of a zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAminimal surface in 

the Riemannian space with metric g&j. By considering g = g(I(z,y)) = g(z,y) and by applying 

usual multivariate calculus techniques to (Eqn. 35) we obtain 

that is the mean curvature of the submanifold zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA5' = zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(x, y, @) in the Riemannian space with conformal 

metric gbij [26]. Starting fiom a surface SO = (z, y, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA@o), the fastest way to achieve the condition 

(Eqn. 36) is the steepest descent of 

where N is the inner normal of S in the Riemannian space. Since = &(x, y, @(x, y)) = (0, O,$$), 

the only non-null flow is in the direction 6 = (0, 0,l). As in [39], we rewrite Eqn. 38 in the direction 

G a s  

a@ - 1 -- zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA-H- 
at (IT* &) (39) 

and by substituting Eqn. 37 and Eqn. 40 in Eqn. 39 we obtain: 

which is the main flow (Eqn. 6) for 2D shapes extraction. When the embedding is Euclidean then 

g = 1 and we obtain the well known mean curvature flow: 
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Similarly we derive the flow zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAfor a 3-D manifolds embedded in a 4 D  Riemannian space. Consider 

the volume functional 15. By applying the first variational formula 

and considering zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAg zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= g(l(x, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAy, 2)) = g(z, y, z), we obtain 

+ zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAa@ -= g at 1+*2+9;+9,2 
(l+92 +9;)h +(1+9:+9:)9,,+(1+9: +9;)9z2 -202 92 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA0 2 2  -292 0 y  -29, 92 9,r 

gx@x + 9,@y + 9z@z 

that corresponds to Eqn. 16. 
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Figure 15: Segmentation of echographic images: in all the examples large parts of the boundaries 

are missing and modal completion is needed. Fetal cord echography (upper left), left ventricular 

chambers (upper right and bottom left) and left atrium (bottom right) are segmented. 



' I  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

Figure 16: Extraction of partially occluded computer screen and computer monitor shapes from an 

image. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
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Figure 17: Extraction of the left ventricular chamber from a 3D ecocardiographic sequence. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
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Figure 18: zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA3D fetal echography segmentation. 
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