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ABSTRACT In this article, an optimization-driven methodology is proposed for the design of substrate

integrated waveguide (SIW) bandpass filters (BPFs) with predefined passbands. The width between the

metallic walls of via-holes is governed by a truncated Fourier series to achieve the desired filtering

performance. The theory of rectangular waveguide is used to establish the optimization framework and obtain

the series coefficients under predefined physical constraints. Two types of end-terminations are studied;

specifically, with and without SIW-to-microstrip transitions. To validate the proposed methodology, two

Ku-band BPF prototypes with 2.5% and 5.8% 15-dB fractional bandwidth (FBW) are designed, simulated,

and measured. Furthermore, the half-mode SIW (HMSIW) concept is incorporated in one prototype to

facilitate a miniaturized physical structure. Simulations and measurements are in close proximity with

passband matching and transmission losses better than –15 dB and –2.5 dB, respectively. The proposed

methodology allows for designing BPFs with predefined wideband or narrowband FBW by modifying the

underlying physical constraints and optimization parameters. The resulting filters are planar, compact, and

have wide stopband rejection. In addition, a derivation for the characteristic impedance of the SIW line

is provided, which can be used to find the optimum SIW-to-microstrip transition without performing a

parametric study.

INDEX TERMS Bandpass filter (BPF), half-mode substrate integrated waveguide (HMSIW),

SIW-to-microstrip transition, narrowband, rectangular waveguide, substrate integrated waveguide (SIW),

wideband.

I. INTRODUCTION

Substrate integrated waveguide (SIW) technology has

attracted a significant attention lately due to its excellent elec-

trical performance at the millimeter wave range. In addition,

this technology intertwines the advantages of rectangular

waveguides and planar circuits, such as the high Q-factor,

low radiation losses, light-weight, and ease of fabrication.

Therefore, SIW is widely utilized in millimeter wave

front-end subsystems.

Bandpass filters (BPFs) are widely used in modern

millimeter wave circuitry [1]–[4]. Consequently, efforts

have been devoted towards developing BPFs with improved

The associate editor coordinating the review of this manuscript and

approving it for publication was Andrei Muller .

electrical properties (e.g., low passband losses) without

compromising the physical features (e.g., structural dimen-

sions). SIW-based BPFs, in particular, have attracted a spe-

cial attention for their contribution in eliminating unwanted

transverse-magnetic propagation modes and out-of-band par-

asitic responses [5]. To this end, a multitude of SIW

and half-mode SIW (HMSIW) based BPF layouts were

introduced, all of which demonstrated an excellent perfor-

mance [6]–[18]. In [6], a hybrid spoof surface plasmon polari-

ton was adopted in the design of a broadband SIW filter.

However, the associated structural complexity and stopband

characteristics setback its ready acceptance. Cavities and res-

onators were used to realize BPFs with transmission zeros

and improved selectivity [7]–[13]. Nevertheless, the resulting

physical area, high insertion losses and/or poor stopband
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rejection were major drawbacks. A trisection filter with a

frequency-dependent cross-coupling was proposed in [14].

However, frequency matching was achieved at the expense

of the stopband rejection level and passband insertion loss.

A folded SIW filter using high permittivity ceramic sub-

strates was proposed in [15]. While this approach promises

a compact design and temperature stability, fabrication com-

plexity and unsuitability to high-frequency applications are

major disadvantages that potentially limit its adoption in

high-frequency applications.

The HMSIW technology combined with Koch fractal

shape electromagnetic bandgap (EBG) structures and

co-planar waveguide resonators were recently introduced to

miniaturize the overall filter area [16], [17]. In addition,

quarter- and eighth-mode SIW cavities are used to design

BPFs in [18]. Nevertheless, such multilayer designs come at

the cost of increased fabrication precision.

In this article, the via-hole walling in a conventional SIW

layout is varied based on a truncated Fourier series as shown

in Fig. 1 to obtain bandpass filtering characteristics.

FIGURE 1. A schematic diagram of the proposed SIW-based BPF structure
with varying via-hole walling without SIW-to-microstrip transition. White,
grey and black colors represent the substrate, metal and via-holes,
respectively.

The proposed method has the following features: 1) the

fractional bandwidth (FBW) is defined bymodifying the opti-

mization parameters, 2) stopband rejection levels are obtained

without incorporating higher-order modes of SIW cavities,

and 3) compactness is achieved through optimized structural

dimensions with or without SIW-to-microstrip transitions

(e.g., tapered lines).

This article is organized as follows: the design methodol-

ogy and mathematical guidelines of the proposed SIW-based

BPFs with varying via-hole walling are presented in

Section II. Simulations and measurements for different pass-

band examples are given in Section III. Finally, conclusions

are drawn in Section IV.

II. DESIGN METHODOLOGY

It was found that an SIW structure has the same dispersion

characteristics of a rectangular waveguide filled with the

same substrate material provided that an effective width,

weff , is used instead of its actual width, w [19]. It is also

well-known that conventional rectangular waveguides have a

highpass response above the cutoff frequency. Thus, another

higher cutoff frequency is required to achieve a bandpass

operation. The common techniques that serve for this purpose

are based on cavities, resonators, or EBGs. However, this

comes at the cost of higher passband losses and/or larger

physical area. In this work, the cutoff frequencies are con-

trolled by varying the SIW width (i.e., varying the locations

of the via-holes).

In this section, the design methodology of the varying via-

hole walling BPFs is elaborated. Sub-section II.A presents the

design methodology without considering matching networks;

whereas the design guideline taking into account matching

networks (i.e., Klopfenstein tapered microstrip-to-SIW tran-

sition) is given in II.B. Fig. 2 illustrates the effect of the

matching networks on a conventional SIW structure. In con-

trast to the casewhere nomatching networks are used, an SIW

with a tapered transition results in a highpass response. This

work aims to achieve bandpass filtering in both cases.

FIGURE 2. S-parameters of a conventional SIW structure: (a) without
matching networks, and (b) with a tapered SIW-to-microstrip transition.

A. FILTER DESIGN WITHOUT MATCHING NETWORKS

According to Fig. 1, no matching network is incorporated in

the SIW structure in order to reduce the overall filter dimen-

sions. As mentioned earlier, it is possible to adopt the theory

of rectangular waveguides in SIW configurations provided

that weff is used instead of w. To this end, different empirical

formulas were proposed to calculate weff [20]–[22]. In this

article, the following expression is used for its accuracy in

modeling the various SIW parameters [22]:

weff = w− 1.08
d2

s
+ 0.1

d2

w
(1)

where w is the width between the rows of via-holes in

a conventional SIW layout, d is the diameter of the via-

hole, and s is the Euclidean distance between any two adja-

cent via-holes. The expression in (1) is valid for s/d < 3

and d /w < 0.2 to avoid leakage losses between the via-

holes [22]. In this work, the width between the metallic walls

(i.e., via-hole locations) is varied to obtain predefined elec-

trical properties under physical constraints including ports

matching and machining tolerance. The cutoff frequency,

fc, of the dominant mode in an SIW structure is inversely

proportional to weff , and is given as:

fc =
c

2weff
√

εr
(2)

where c is the speed of light and εr is the relative substrate

permittivity. Therefore, varying the width (i.e., weff ) leads

to variations in fc. Consequently, the upper and lower cutoff
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frequencies of an SIW-based BPF are achieved by optimizing

the width pattern as will be explained later in greater details.

The analysis begins by subdividing the effective width,

weff (x), intoM uniform segments, each of a length1x = l/M ,

where l is a predefined length chosen to realize a compact lay-

out. M is chosen such that 1x ≪ λg, where λg is the guided

wavelength at the center frequency of the design bandwidth.

Fig. 3 shows the variations of weff and fc at the center of

each segment 1xm = [m–0.5]1x (m = 1,2, . . . M ) versus

the physical length of the SIW structure. In this example,

M and l are set to 20 and 20 mm, respectively. It can be

observed that some segments have a cutoff frequency below

the passband (i.e., propagation mode); whereas others have

a cutoff frequency higher than the passband (i.e., evanes-

cent mode). These variations in fc lead to the desired BPF

response. The analysis continues by modeling weff (x) in a

truncated Fourier series in the form [23]:

weff (x) = wr exp

[

N
∑

n=0
an cos

2πnx

l

]

(3)

where N is the number of the series coefficients and wr is a

reference effective width, which is obtained based on fc [22].

The resulting weff (x) should adhere to reasonable fabrication

limitations and matching conditions. That is:

wmin ≤ weff (x) ≤ wr (4.a)

weff (0) = weff (l) = wr (4.b)

FIGURE 3. Cutoff frequency/width variations at the center of each SIW
segment versus length. Solid blue and dotted red represent fc and
weff (x)/2, respectively.

The constraint in (4.a) limits the variation of weff (x)

within a maximum value wmax = wr and a minimum value

wmin = 5d to satisfy the conditions imposed by (1); whereas

the constraint in (4.b) enforces equal widths at both ends of

the SIW structure, and is realized by satisfying the following

condition:
N
∑

n=0
an = 0 (5)

In order to apply transmission-line theory to rectangular

waveguide, the phase constant, β, and the characteristic

impedance, Z0, should be calculated for each segment.

Taking into account the dominant mode, β is obtained as

follows [24]:

β (1xm) =

√

ω2µε −
(

π

weff (1xm)

)2

(6)

whereω is the radian frequency,µ is the permeability, and ε is

the permittivity. On the other hand, there is no unique def-

inition for the waveguide characteristic impedance. Rather,

existing definitions differ by a constant k [25]. To find this

constant, the power-current definition is used initially, which

is given as [25]:

Z0,pi (1xm) = k
h

weff (1xm)

√

µr

εr

λg (1xm)

λ
(7)

where h is the substrate thickness, k = 465, and λg/λ is given

as:
λg (1xm)

λ
=

1
√

1− (fc (1xm)
/

f )2
(8)

With the aforementioned k value, it is found that there is a

discrepancy between the simulated characteristic impedance

and Z0,pi obtained from (7). This discrepancy is more sig-

nificant around the cutoff frequency. Moreover, the change

in some design parameters (e.g., weff , εr , h) necessitates a

different constant to achieve the best agreement between the

analytical and simulated/measured responses. Accordingly,

(7) is modified to the following form (derivation is provided

in Appendix 1):

Z0 (1xm) = k ′
h

weff (1xm)
Zwave (1xm) (9)

where Zwave(1xm) = ωµ/β(1xm). The value of k
′ is selected

such that the calculated and simulated waveguide characteris-

tic impedances are equivalent. The characteristic impedance

in (7) and (9) are plotted in Fig. 4 together with the simulated

impedance from ANSYS Electronics Desktop [26] for differ-

ent weff and h values considering εr = 3.55. The accuracy

of (9) outperforms that obtained from (7), which validates its

FIGURE 4. Simulated versus analytical Z0 based on (7) and (9) plotted for
different weff and h (units in mm).

139708 VOLUME 8, 2020



O. I. Hussein et al.: SIW Bandpass Filtering With Fourier-Varying Via-Hole Walling

use in the proposed methodology. Once Z0 is evaluated for

allM segments, the ABCD parameters of themth segment are

obtained as follows:

Am = Dm = cos [1x.β (1xm)] (10.a)

Bm = Z2
0 (1xm)Cm = jZ0 (1xm) sin [1x.β (1xm)] (10.b)

Then, the ABCD matrix of the SIW structure is found by

multiplying the ABCDmatrices of allM segments as follows:

[AB;CD] =
M
∏

m=1
[AB;CD]m (11)

The resulting overall ABCD matrix is used to express the

input port matching, S11, and the transmission parameter, S21,

of the SIW-based structure, which are given as follows [24]:

S11 =
AZµs + B− CZ2

µs − DZµs

AZµs + B+ CZ2
µs + DZµs

(12.a)

S21 =
2(AD− BC)Zµs

AZµs + B+ CZ2
µs + DZµs

(12.b)

where Zµs = 50-� is the characteristic impedance of the

microstrip feedline. Once the S-parameters are expressed in

terms of the ABCD matrix of the SIW structure, the fol-

lowing error function is established for a bandpass filtering

response:

E =











√

(|S11| − 1)2 + α|S21|2,

√

α|S11|2 + (|S21| − 1)2,

fmin ≤ f ≤ fcL
fcH ≤ f ≤ fmax
fcL ≤ f ≤ fcH

(13)

where fcL and fcH are the lower and higher cutoff frequencies

of the passband, respectively, and α is a weighting factor

used to minimize the reflection coefficient in the passband

and increase the lower/higher rejection levels in the stopband.

The error vector resulting from applying (13) to all frequency

points within [fmin, fmax] is used to establish the following

objective function:

Objective =

√

√

√

√

√

1

Mf

Mf
∑

i=0
E (fmin + i1f ) (14)

whereMf = (fmax – fmin)/1f + 1 is the number of frequency

points and 1f = 0.05 GHz is a frequency increment. The

Fourier coefficients, an, that result in an optimum bandpass

filtering response are found by minimizing (14). The genetic

algorithm (GA) is used in this context for its applications

in microwave and millimeter-wave front-ends design and

optimizations [27]–[30]. Table 1 illustrates the adopted opti-

mization settings. It is noteworthy to point out that there is no

unique solution for the coefficients (i.e., different an’s in each

run). Therefore, the coefficients with the optimal response,

in combination with a width profile weff (x) that satisfies (4)

is considered in the following design steps. The separation

between the centers of the via-holes, s, is calculated based on

the Euclidean distance.

TABLE 1. List of optimization parameters.

Algorithm 1 shows a pseudocode of the proposed Fourier-

varying via-hole BPF. Three examples are optimized based on

the outlined analysis considering a 0.3048-mm-thick Rogers

RO4003C substrate with εr = 3.55. The physical dimensions

of these filters are listed in Table 2. The three designs have

a center frequency of 14 GHz and FBWs of 2.5%, 5.8%,

and 18.2%. The number of the series coefficients, N , and

the uniform segments, M , are set to 7 and 80, respectively.

Finally, k ′ is set to 1.265; whereas α is chosen to be 30.

TABLE 2. List of physical dimensions of The SIW BPFs.

Fig. 5 illustrates the analytical results of the three designs,

which all show input port matching better than –20 dB and

passband transmission better than –0.2 dB. Fig. 6 shows

the width profiles of the three design examples, which are

FIGURE 5. Analytical results of three SIW BPFs with different passbands.
Blue dotted, red dashed, and green solid lines represent passbands
of 13.8–14.2 GHz, 13.5–14.5 GHz, and 12.5–15.5 GHz, respectively.
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Algorithm 1 Fourier-Varying Via-Hole Walling SIW BPF

Design

Input: [εr , h] - Substrate Parameters;

[d , s, w(0), l] - Filter Physical Dimensions;

[wmin, wmax] - Width Constraints;

[fcL , fcH ] - Lower/Higher Passband Frequencies;

[fmin, fmax , 1f ] - Frequency Range and Step;

Zµs - Microstrip Port Impedance;

M - No. of Uniform Segments;

N - No. of Fourier Series Terms;

[k ′, α]- Constants;
1: Procedure E_wall_varied_SIW_BPF()

2: wr ← Effective_Width(w (0), d, s);

3: Loop: for each frequency do

4: for each m segment do

5: weff (1xm)← Varied_Width

(wr , an, 1xm, l,N );

// 1xm represents the center of the

mth segment

// initial coefficients, an, are assumed

6: β(1xm)← Beta(f , εr ,w(1xm));

7: Z0(1xm)← Charac_Imped

(k ′, h,weff (1xm),
β(1xm), f );

8: [AB;CD]m←ABCD_Matrix(l,M , β(1xm),

Z0(1xm));

9: [AB;CD]← Overall_ABCD_Matrix();

10: end for

11: [S11, S21]←S-Parameters([AB; CD], Zµs);

12: [E]← Set_Error_Value([S11, S21],

[fcL , fcH , fmin, fmax , 1f ], α);

13: end for

14: [[a0,. . . , aN ],Objective]←Minimize_Sum

_of_Errors([E]);

// an being the optimization variables

15: Repeat Loop until optimal [a1, . . ., aN];

// or predefined iterations

16: end Procedure

constrained by the predefined wmin,max . In addition, the end

terminations of the three profiles equal wr . Hence, the results

of the three designs validate the proposed methodology.

B. FILTER DESIGN WITH KLOPFENSTEIN MATCHING

NETWORK

In this section, Klopfenstein tapered lines are used to improve

the passband response of the proposed filters [31]. The char-

acteristic impedances at end-terminations, Z0(x = 0, l), are

found using (9). Then, (12) is calculated, where Zµs = Z0(x =
0, l). The Klopfenstein taper is expressed as [32], [33]:

ln

(

Z (x)

Zs

)

=0.5 ln
(

Zl

Zs

)[

1+G
(

B, 2

(

x

dt
−0.5

))]

(15)

FIGURE 6. Width-varying profiles of the BPFs as a function of the
normalized length.

where Zs,l represent the source and load impedances at the

two ends of the tapered line (i.e., Zs = 50-�, Zl = Zµs), and

dt is the taper length, and

G(B, ξ ) =
B

sinhB

∫ ξ

0

I0

(

B

√

1− ξ ′2
)

dξ ′ (16)

where B is a predefined design parameter that determines the

tapered profile and I0(x) represents the modified zero-order

Bessel function. Higher B values improve the input matching

at the expense of a longer taper. For a given taper line,

the maximum input return loss (in dB) is given as [32], [33]:
∣

∣RLinput
∣

∣

max

=−20 log

[

tanh

(

B

sinhB

)

(0.21723) ln

(
√

Zl

Zs

)]

(17)

A HMSIW filter configuration is also proposed with tapered

lines to facilitate the necessary impedance matching as

shown in Fig. 7. HMSIW is adopted to reduce the filter

dimensions [34].

FIGURE 7. A schematic diagram of the proposed HMSIW filter with
SIW-to-microstrip transitions and varying via-hole walling. White, grey and
black colors represent the substrate, metal and via-holes, respectively.

For an optimum HMSIW operation, the substrate width

should be increased slightly to mitigate the fringing effects.

The necessary width increase is found empirically as

follows [35]:

1w = h×
(

0.05+
0.3

εr

)

× ln

(

7.9× 10−4
w2
r

h3
+

0.104wr − 2.61× 10−4

h2

+
0.038

h
+ 2.77

)

(18)

Then, the effective width of the HMSIW structure is given as:

weff ,HM (x) =
weff (x)

2
+1w (19)
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Since weff ,HM < weff , Z0,HM is higher than Z0 in the conven-

tional SIW structure. Hence, for better matching, the transi-

tion width of the HMSIW filter, wµs,HM , is approximately

wµs/2 [36].

III. SIMULATIONS AND MEASUREMENTS

In this section, simulations and measurements for three BPF

prototypes are presented. Prototype (1) is optimized for a

5.8% FBW at 14 GHz center frequency following the pro-

cedure presented in Section II.A. Prototype (2) is interfaced

with Klopfenstein tapered lines as discussed in Section II.B,

and is optimized for a 2.5% FBW at 12 GHz center fre-

quency. Finally, Prototype (3) demonstrates the HMSIW

layout of prototype (2). It is noteworthy to mention that

the optimization parameters and physical dimensions listed

in Tables 1 and 2 are adopted in the three designed prototypes.

ANSYSElectronics Desktop is used for simulations; whereas

measurements are performed with Agilent E8362C network

analyzer. Short-open-load-thru calibration is performed to the

network analyzer ports with Keysight 3.5 mm mechanical

calibration kit to shift the reference plane to the output of

the coaxial cables. The fabrication is performed using the

standard printed circuit board process with copper filled

via-holes.

The simulated and measured S-parameters of prototype (1)

and a photograph of the fabricated structure are shown

in Fig. 8. The filter has passband port matching and transmis-

sion loss better than –15 dB and –2.5 dB, respectively. The

maximum upper rejection level is better than –40 dB with a

rejection better than –20 dB for 3 GHz after the operating

band.

FIGURE 8. Simulations and measurement of the designed SIW-based BPF
with a FBW of 5.8% and 14 GHz center frequency.

Similarly, the simulated and measured S-parameters of

prototype (2) and a photograph of the fabricated structure are

shown in Fig. 9. Here, a highly-selective narrowband filter is

interfaced with tapered lines. The characteristic impedance

in this example is found to be Z0 = 7.5-� at the center

frequency, which results in wµs = 7.46 mm. The length of

the tapered lines and the value of B are set to 10 mm and 2.5,

FIGURE 9. Simulations and measurement of the designed SIW-based BPF
with a FBW of 2.5% and 12 GHz center frequency.

respectively. Here, passband input port matching and trans-

mission loss better than –19 dB and –3.0 dB, respectively,

are obtained.

Finally, the simulated and measured S-parameters of pro-

totype (3) and a photograph of the fabricated structure are

shown in Fig. 10. Simulations and measurements are in good

agreement. Both the SIW and HMSIW filters have the same

order. However, the latter has a slightly broader bandwidth

and lower stopband rejection level due to power leakage

from the open side aperture in the HMSIW layout, resulting

in higher radiation losses near the cutoff frequency [35].

Discrepancies between the simulated and measured results

in all prototypes, including the shift in the center frequency,

are attributed to the fabrication tolerance, SMA connectors,

as well as substrate permittivity and thickness tolerances.

FIGURE 10. Simulations and measurements of the designed
HMSIW-based BPF with a FBW of 2.5% and 12 GHz center frequency.

Table 3 shows the optimized series coefficients and

the value of (14) for the three prototypes. Table 4 rep-

resents a comparison between the proposed methodology

and other state-of-the-art techniques. The proposed method

shows acceptable electrical characteristics as compared to

other reported efforts. It is worth mentioning that narrow-

band filters impose higher insertion losses as observed in
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TABLE 3. Optimized fourier series coefficients and the corresponding error.

TABLE 4. Comparison between the Proposed BPFs and other State-of-the-art SIW BPFs.

prototypes 2 and 3 [12]. Specifically, designing BPFs with

FBW less than 5% is challenging due to the associated

increase in the insertion loss [37]. Thus, the proposed fil-

ters have lower loss than other reported efforts except [13]

and [16], which have higher FBWs and lower center fre-

quencies. This method offers flexibility in FBW redefinition

without extra components (e.g., resonators, EBG).

The proposed methodology differs from other previous

efforts in the following aspects: 1) Unlike [7], [11], [12],

and [14], all BPF designs presented in this work occupy

smaller area and has lower insertion losses due to the absence

of higher-order modes of cavities and resonators. 2) In con-

trast to the multilayer filters elaborated in [8], [18], the result-

ing filter designs in this work are planar and implemented on

a single layer substrate. 3) Although the use of microstrip

resonators instead of SIW cavities in [13] contributed a

miniaturized circuit area, such resonatorsmay introduce addi-

tional losses at higher frequencies; thus, limiting their use in

high-frequency applications.

IV. CONCLUSION

A systematic methodology is proposed for the design of

planar BPFs based on varied SIW and HMSIW via-hole

walling governed by a truncated Fourier series expan-

sion. The optimized locations of the via-holes allow pre-

defined bandwidth and acceptable electrical performance.

For verification, three prototypes are simulated, fabricated

and measured. Simulated and measured results are in a good

agreement in both pass- and stop-bands. Differences between

simulated and measured results are attributed mainly to the

fabrication process and substrate parameters.

The proposed method allows the design of narrowband

or wideband BPFs by modifying the optimization param-

eters. In addition, the proposed method can be utilized in

realizing the optimum SIW-to-microstrip transition without

performing a parametric study by providing the characteristic

end-termination impedances of an SIW structure. Further-

more, the proposed method addresses the challenging design

of narrowband filters (i.e., FBW < 5%) with insertion losses

better than other reported efforts; thus, they are most suitable

for applications that require narrowband channels and high

stopband rejection. Finally, the proposed method can be inte-

grated with other techniques to further enhance the overall

electrical performance (i.e., introducing transmission zeros

and achieving wide stopband characteristics for wideband

BPFs).

APPENDIX

We first start at (7) and substitute λg and λ with 2π /β(1xm)

and 1/(f
√

µε), respectively. Then (7) can be expressed as:

Z0,pi (1xm) = k
h

weff (1xm)

√

µr

εr

2π

β (1xm)
f
√

µε (A-1)

which can be expressed in the following form:

Z0,pi (1xm) = k
h

weff (1xm)

ωµr
√

µ0ε0

β (1xm)
(A-2)
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where ω = 2π f . Then, the right-hand side is multiplied by

the factor (ε0/µ0)
1/2×(µ0/ε0)

1/2, leading to:

Z0,pi (1xm) =
(

k

√

ε0

µ0

)

h

weff (1xm)

ωµr
√

µ0ε0

β (1xm)

√

µ0

ε0

(A-3)

Since k(ε0/µ0)
1/2 is constant, it is denoted as k ′. Then,

(A-3) is written in the following form, considering that

µ = µ0µr :

Z0 (1xm) = k ′
h

weff (1xm)

ωµ

β (1xm)
(A-4)

Finally, provided that Zwave(1xm) = ωµ/β(1xm), (A-4)

can be written as:

Z0 (1xm) = k ′
h

weff (1xm)
Zwave (1xm) (A-5)

Q.E.D.

It is paramount to point out that the new constant, k ′, is a
scaled version of k . Therefore, k ′ = 1.2343 is the value that

matches k = 465 in the power-current definition given in (7).
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