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Successive-Minima-Type Inequalities 

U. Betke, M. Henk, and J. M. Wills 

Mathematisches lnstitut, Universit/it Siegen, Hrlderlinstrasse 3, 
W-5900 Siegen, Federal Republic of Germany 

Abstract. We show analogues of Minkowski's theorem on successive minima, where 
the volume is replaced by the lattice point enumerator. We further give analogous 
results to some recent theorems by Kannan and Lov/tsz on covering minima. 

1. Introduction 

Throughout this paper E a denotes the d-dimensional euclidean space and the set 
of all convex bodies--compact convex sets--in E d is denoted by J f q  Further, ~,~fa o 
denotes the 0-symmetric convex bodies, i.e., K ~ Wa with K = - K, and a convex 
body K e ~ a  is called strictly convex if the segment ~ intersects the interior of 
K for all x, y e K ,  x ~ y. The set of lattices [ c E a with lattice determinant 
det(D > 0 is denoted by L~ 'a, and the lattice of all points with integral coordinates 
in E a is denoted by Z ~. The kth coordinate of a point x ~ E a is denoted by Xk, and 
LctJ (rot]) denotes, for ot ~ R, the largest (smallest) integer < ~ ( > ot). 

The ith successive minimum 2~(K, [), 1 _< i <_ d, for K ~ J~¢~, dim(K) = d, with 
respect to a lattice [ ~ ~a,  is defined by 

2~(K, [) = min{~.e ~12 > 0, dim(J.K c~ D > i}. 

Between the volume V and the successive minima Minkowski established, for 
K eJ ,  f~, d im(K)=  d, [ ~  L~ a, the following relations (see p. 28 of [EGH],  p. 123 
of [GL],  and [M]): 

(21(K, D)aV(K) < 2 a det(D, (1.1) 

)~l(K, D × "" x ha(K, [)V(K) _< 2 a det(D, (1.2) 

21(K, D × "" x ha(K, [)V(K) >_ det([). (1.3) 
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All these inequalities are tight. The theorem on successive minima of Minkowski 
(1.2) is a deep result in geometry of numbers with many applications and is an 
improvement of (1.1) since 21(K, IL) < --. < 2d(K, [L). 

There are several analogues of these results, e.g., by Mahler, Weyl, and Hlawka 
(see [EGH],  [GL],  and [H]). In the main part of our paper we give some analogues 
of (1.1), (1.2), and (1.3) where V is replaced by the lattice point enumerator 

G(K, 0_) = card(K c~ 0_). 

The results yield in particular a generalization of the following inequalities by 
Minkowski [M, p. 79] which are closely related to (1.1). For K e ~r~, ILE L~ d, 
dim(K) = d, with 2t(K, Q.) = 1, it holds that 

G(K, Q_) < 3 a, (1.4) 

if, in addition, K is strictly convex, then 

G(K, IL) < 2 a+l - 1. (1.5) 

The covering minima introduced by Kannan and Lov~sz [KL] form another 
sequence of numbers associated with a convex body and a lattice. For K ~ ~d,  
dim(K) = d, and D_ e Ae d, the ith covering minimum #i(K, 0_), 1 _< i < d, is defined by 

#~K, ~_) = min{t e t~ltK + 0. meets every (d - /)-dimensional  affine subspace}. 

For example, the last covering minimum lid(K, [L) is the classical inhomogeneous 
minimum (see p. 98 of [GL]) and (#I(K, L))- 1 is called the 0_-width of K. 

Kannan and Lov/~sz [KL] showed several analogies and relations between the 
2i and the #~. In particular they proved that there are constants ~d, fld > 0 only 
depending on d, such that, for K e ~[ra and ~_ e L~ 'd, 

(L JY G(K, IL) > - 1, (1.6) 

and, if K e o~~, 

G(K, L) ~ fla d . (1.7) 

Here we obtain an analogous result where the lattice point enumerator is replaced 
by the volume. 
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2. Lattice Points and Successive Minima 

In analogy to (1.1) we have 

Theorem 2.1. Let K e Jff~, dim(K) = d, and [L ~ L~ 'a. Then 

J)', G(K, n) < n) + 1 (2.1) 

if K, in addition, is strictly convex, then 

_2 ~ 2  ' G(K, fl_)< ([2,(K,D_)])-1. (2.2) 

None of these inequalities can be improved. 

Remark. Obviously inequality (2.2) is an improvement of (2.1) only if 2/21(K, l_) 
is an integer. 

Proof. It suffices to prove the theorem for the standard lattice Z a, since 
G(K, 2eJ) = G(AK, A2e_a) and 2i(K, 7/a) = 2i(AK, A7 'd) for every linear map A with 
det(A) ¢ 0. 

Let p = [_2/2~(K, 7/a) + 11. First suppose that there are two lattice points 
g = (gl . . . . .  9a) r, h = (h 1 . . . . .  ha) r, 9 ~ h, in K with 

oi=hi  m o d p ,  i =  1 . . . . .  d. (2.3) 

By the convexity of K and from p > 2/~.~(K, Z a) it follows that  the lattice point 

(_91-hx o a - h a )  r 1 1 2 h )  (2.4) 

belongs to (7/d\{0}) m int(21(K , 7/a)K). 
This is a contradiction to the definition of 21(K, 7/a) and so there exist no lattice 

points g, h ~ K, 9 :/: h, satisfying (2.3). Hence each lattice point O ~ K corresponds 
uniquely to a representation (~1 . . . . .  Oa) where 9i denotes the residue class with 
respect to p of the ith coordinate of g. There are at most pd such representations, 
so we get (2.1). For  the cube C~ = {x~Ea[lxi[ -< q, 1 _< i _< d}, q e  I%1, it follows 
that G(C~, 2~ d) = (2q + 1) a = (L2/21(C ~, 7/a) + l l) a and this shows that  (2.1) cannot  
be improved. 

For the proof of (2.2) let p = [-2/2~(K, Zn)-] and g, h ~ K c~ 2va, g ~ h, such that  
(2.3) holds. From 2/p <_ 2~(K, 77 d) it follows that  the lattice point (2.4) lies in the 
boundary of 2I(K, 7/d)K. By the strict convexity of K this implies 9 = - h .  So (as 
above) each pair 9, - 9  with 9 e K n (7/a\{0}) corresponds uniquely to a residue 
class vector (91 . . . . .  ~a) r which shows (2.2). To show that (2.2) is tight, we construct 
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a s tandard example. Let C a = {xeEa[0  < x~ < 1, 1 < i < d} and let P be the 
0-symmetric polytope 

P = c o n v { C  d, - Cd}. 

We have G(P, Z a) = 2 d+ i _ 1 and hi(P, Z d) = 1. With elementary considerations, 
the existence of a strictly 0-symmetric convex body K (in fact, of infinitely many) 
follows with P ~ K, G(K) = G(P), and 2i(K, 7/a) = 1, i = 1 . . . . .  d. This shows that 
(2.2) cannot be improved. [] 

Let us remark that, for 21(K, 7/a)= 1, inequalities (2.1) and (2.2) become 
Minkowski 's  inequalities (1.4) and (1.5). In the case d = 2 we can improve (2.1) 
and (2.2) in the following way: 

Theorem 2.2. Let K ~ o,~ 2, dim(K) = 2, and k ~ ~2 .  Then 

G(K, L) _< 0_) + 1 • _~2( K, L-~--) + 1 , (2.5) 

if K, in addition, is strictly convex, then 

G ( K , L ) < 2  21(K 'L) " 22(K,L) - 1. (2.6) 

None of these inequalities can be improved. 

Remark. Again, in general, inequality (2.6) is not an improvement of (2.5). 

Proof It obviously suffices to prove the theorem for the lattice Z:.  Let z 1, z 2 be 
linearly independent lattice points with z ~ e 2~K, Z2)K, i = 1, 2, and such that the 
segment z~z z is free of other lattice points. Then the triangle conv{0, zl, z :} 
contains no other lattice points except 0, z ~, z 2, and so z ~, z 2 are a basis of 7/2 
(see p. 20 of [GL]).  Hence we may assume (see p. 22 of [GL])  

z 1 = ( 1 , 0 )  r and z 2 = ( 0 , 1 )  r. 

Now we have, for each x = (xl, x2) r e K, 

22(K, Z2)Ixll < 1 or 22(K, 7/2)1x21 ~ 1; (2.7) 

otherwise the lattice point (xl/IxlJ, x2/lx2]) r would belong to the interior of 
cony({ + z  1, + z  2, 22(K, Z2)x}) ~ 22(K, Z2)K which contradicts the definition of the 
second successive minimum. 

Now let Pi = [_2/2i(K, Z2) + lJ,  i = 1, 2, and let f :  E 2 ~ E 2 be the linear map 
with 

f ( (x l ,  x2)r) ( 2 2 ) r 
X I , -  X 2 • 

P2 
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With 2/pi < X~(K, Z 2) we get from (2.7) 

f ( K )  n Z 2 = {0}. (2.8) 

Let O = (01, 9z) r, h = (h~, h2) r, 9 ¢ h, be two lattice points of K with 

9i -= hi rood Pi, i = 1, 2. (2.9) 

By the convexity of f ( K )  it follows that the lattice point 

(.ql - hl 02 - h2~ T 
~ , ~ / =½f(9)+½f(-h) (2.10) 

belongs to f ( K )  c~ (2~2\{0}) which contradicts (2.8). 
Hence there are no two lattice points of K with property (2.9) and so each 

lattice point 9 e K  corresponds uniquely to a representation (01,92) where 0i 
denotes the residue class with respect to p~ of the ith coordinate of 9- There are 
at most PIP2 such representations, so we get (2.5). 

For the proof of (2.6) let Pi = [-2/2i(K, Z2)-], i = 1, 2, and let #, h, and f ( K )  be 
as above. From 2/pi < 2i(K, Z 2) and (2.7) it follows that int(f(K))c~ Z 2 =  {0}. 
Hence the lattice point (2.10) belongs to the boundary of K. With the strict 
convexity o f f (K)  this implies 9 = - h  and as in the proof of (2.2) we get (2.6). 

The examples in the proof of Theorem 2.1 show that both inequalities are 
tight. [] 

On account of Minkowski's theorem on successive minima (1.2) we conjecture 
that Theorem 2.2. can be generalized to 

Conjecture 2.1. Let K ~ ~ ,  dim(K) = d, and D_ ~ ~a.  Then 

0L J G(K, D_) <_ + 1 , 
i 

if K, in addition, is strictly convex, then 

The following proposition shows that inequalities of this type exist. 

Proposition 2.1. Let K e ~,y~a, dim(K) = d, and D_ e ~a.  Then 

a.L/ 2i ) 
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Proof Let 21(K, IL) . . . . .  2/(K, 1_) < 1, 2~+ I(K, g) , . . . ,  2d(K, L) > 1, and let z 1 . . . . .  z j 
be j  linearly independent  lattice points with z ~ ~ (2,~K, 0_)K) c~ 0_, 1 _< i < j .  Further, 
let L be the linear subspace spanned by z 1 . . . . .  z i and let /(  = K n L and 
[ = 0_ c~ L. We clearly have 2~(K, 0_)= 2~/(, D, 1 _< i < j ,  and with Blichfeldt's 
theorem [GL,  P. 62] and (1.2) for K, [ it follows that  

V~{g) ~ / 2i ) 
G(K, U_) = G(/~, D < J ! ' d - ~ - [  + J  < 1 ! ~ 2 , ~ , ,  11_) + 1 , 

with equality only for j = 1. [] 

On the other  hand, Conjecture 2.1. is in a sense stronger than Minkowski's 
second theorem because it is easy to derive the latter from the former: 

Proposition 2.2. I f  an inequality 

) G(K, ~_) < + ci , ci e R, 
0-) 

holds for all ~ e o ~  and all Q_ ~ .~e d, then 

V(K) < ( I  2 
det(L) - ~=1 2~(K, L)" 

Proof. Let K e o.~Y~. Then  we have for # ~IR, # 4= 0, 2~(K,/~tk) = #At(K, 11_). Further, 
we have, by elementary propert ies of the Riemann integral, 

V(K) _ lim #dG(K, plL) < lim # 2~(K, p0_) + c~ = 2~(K, L)" [3 
det0-) ~-*o .- .o i=1 '= 

The  lower bound  (1.3) is much easier to prove than Minkowski 's  theorem (1.2). 
The same seems to hold for the case of  lattice points as we have as a satisfactory 
general lower bound:  

Theorem 2.3. Let K ~ : ~ ,  dim(K) = d, L e L~ d, and 2t(K, L) < 1. Then 

G(K, IL) >_ d.l 1 2 ,=, ,~,(K, D_)" 
(2.111 

In general the constants cannot be improved. 

Proof. Again it suffices to prove the theorem for the lattice 7/d. For  convenience 
we write v i = 1/2~(K, 7/d), 1 < i < d. Let  z l . . . . .  z a be d linearly independent points 
in Z d with v~z~e K, 1 < i <<. d, and let Q c K be the cross-polytope with vertices 
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+_vlz i, 1 < i < d. Denoting by e i the ith coordinate unit vector and by P the 
cross-polytope with vertices +__ vie ~, 1 < i < d, we have G(K, Z a) > G(Q, Z a) > 
G(P, Z a) and V(P) = 2a/d! (vl x "" x Vd). Hence it is only necessary to prove 

G(P, Z5 >_ (2.12) 

Let p = 1 - l /2v 1 and let Ej denote the plane spanned by e ~ . . . . .  e i, 1 < j < d. The 
total orthogonal complement of the plane Ej is denoted by EJ-. We show by 
induction that, for each z ~ ~ pP  n 7H n E~., 

G(P m (z j + E j), Z a) >_ W(pP m (z s + E j)), (2.13) 

where W denotes the j-dimensional volume. For j = 1 we have 

VI (pp  n (z I + EO) = V ' (P  c~ (z' + E l )  ) - -  1. 

As for any segment S we have G(S, ~a) > Va(S) _ 1 the assertion is proved. Now 
let z j ÷ a E p P n ~ _ a ~ E j - + I  and let ~/eR be the maximal number such that 
rle j+ l + z j+ ~ E pP. Then we have 

L,IJ 
G(P n ( z  j+l + Ej+O,Z,)  > ~. G(P n ( i e  j+* + zS+~ + Ej), Z a) 

i= -k~J 

LnJ 
> ~,, W(pP~ (ie j+l + z j+l + Ej)) 

i =  -L~J 

= W(pP m (z s+ 1 + Ej)) i= -~L.3" 

It follows that 

/L.J f ( i )  + f ( i  + 1)'~ 
G(P ~ (z s+t + Ej+ ,), 7/d) > 2VJ(pP n (z j+l + Ej))~,~o 2 ] '  (2.14) 

where f is the function given by 

f ( x ) = { ~ - x / r l ) J  fOrfor x a ( -  oo, r / ] , x  e [r/, oo). 

Now f is convex on [0, oo) and from this we obtain, by elementary properties of 
the integral, 

L~J f( i)  + f ( i  + 1) f [  r/ > f ( x )  dx = - - .  
E 2 - j + l  i=0 
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Along with (2.14) it follows that 

G(P c~ (z i+1 + Ej+O, Z d) > 
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VJ(pP c~ (z i+' + El) ) 

= Vi+ l ( p p  n (z i+ ' + Ei+ 0), 

which proves (2.13). In particular, for j = d, (2.13) is equivalent to (2.12). 
It remains to show that (2.I1) cannot be improved in general. To this end we 

consider the regular crosspolytope /~ =conv({ + e 1 . . . . .  _+ ea}). From Ehrhart's 
theorems (see p. 135 of [GL]) it follows that, for k e ~, 

d d 
G(kPn, Zn)= ~ k,G,(pa), G(kPd, zn)o= ~ k,(_l)d-,G,(p,~), (2.15) 

i=0 i=0 

where G(P d, Zd) ° denotes the number of lattice points in the interior of pd and 
Gi(P n) are constants. Especially we have Gd(P n) = V(P n) = 2d/d!. Next we observe 

G(kPd, Zd) = G(kPd, Za)o + G(kPn-1, Zd)o + G(kPa-x, 27a) 

and thus we obtain, from (2.15), Gn_I(P d) = 2 d - t / ( d -  1)!. On the other hand, 
(2.11) yields 

G(kP n, 7/a) >_ 1 -  ~ V(kP") = ~ , i 2-k " 

Comparing the coefficients of k d and k d- 1 with the coefficients of G(kP d, ~_a)o in 
(2.15) we see that we can do no better than in the theorem. [] 

Minkowski's inequalities (1.2) and (1.3) appear to be much more symmetric 
than Theorems 2.2. and 2.3. By a slight weakening of Theorem 2.3. we obtain a 
corollary, which up to the Gauss-brackets is completely symmetric to Theorem 
2.2 in the same way as (1.2) is to (t.3): 

Corollary 2.1. Let K ~ ~rdo, dim(K) = d, ~_ ~ L~ ad, and 2d(K, 0-) <_ 2. Then 

1 1 . G(K, Q_) > ~ , 

In general the constants cannot be improved. 

Proof On account of 2j(K,Q_)< ..._< 2d(K, 0_) the assertion follows from 
(2.11). [~ 

In the proof of Theorem 2.3, (2.12) appears to have some interest of its own, 
as it relates volume, lattice number, and successive minima for cross-polytopes. 
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Thus there is the natural question for a formula of this kind, which holds for all 
0-symmetric convex bodies, and for a corresponding upper bound. Certainly (2.12) 
is not true for all K e o,~ff~ as the class of open boxes with edges parallel to the 
coordinate axes shows. However, this class suggests: 

Conjecture 2.2. Let  K ~ ~f'ao, dim(K) = d, ~ ~ ~a ~, and 2a(K, L) < 2. Then 

V(K) =1~i1 ( 1 2i(K, fl_)) < G(K,Q_)" 
det(Q_) ~ 2 - 

3. Covering Minima 

For the volume of a convex body we have the following lower bound with respect 
to the covering minima: 

Theorem 3.1. Let  K ~ jffa and Q_ ~ L~ a. Then there is a constant ra, only depending 
on d, with O < z a ~ (d!)-I  and 

(I~(K, D-))aV(K) > za'det(D-). (3.1) 

Proof. Since V(K) = V ( A -  1K).ldet(A)t and/~i(K, 0_) =/~,.(A - 1K, A - 1~) for every 
linear map A with det(A) 4 0, it suffices to prove the theorem for the lattice 7/d. 
For a convex body K ~ o,~ff a Kannan and Lowisz [KL] proved 

pl(K, 2 v~) = (21((K - K)*, Zd)) - 1, 

where (K - K)* denotes the polar body of the difference body K - K of K. So 

/~I(K, Y_a)dV(K) = (21((K - K)*, Za))-aV(K). (3.2) 

From Roger's and Shephard's theorem on the difference body (see p. 32 of [GL]) 
and Bourgain's and Milman's theorems on the polar body (see p. 31 of [EGH],  
and [KL]) we have, with a constant c1, 

d V(K) > V(K - K) > - K)*)-1.  (3.3) 

From (3.2) and (3.3) we obtain, with (1.1) and 

lq (K ,  ~_a)aV(K) > 2aza(2t((K - K)*, ~a))-aV((K - K )* ) - i  > ra" 

The regular cross-polytope shows that r d <_ (d!)- 1 [] 
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The constants ~d, fla in (1.6), (1.7) and za in (3.1) are not best possible. We 
conjecture 

Conjecture 3.1. Let  K ~ ~e "d and ~_ • ~ a .  Then  

det(U.) 
( # , (K ,  D_))aV(K) > - -  

d~ 

From # i ( K ,  U_) < . . .  <<. #a(K, 0_) and (2.6) it follows that 

lal(K , 0_) x " "  x laa(K , ~_)V(K) > Ta" det(U_), 

i.e., an analogue of Minkowski's theorem on successive minima (i.2), although not 
with best constant. As a direct consequence of a result by Nosarzewska, Hadwiger, 
and Wills we obtain, for the surface area F and the lattice 7/4, 

Proposition 3.1. Let  K • 3ff a, dim(K) = d, and 1 < i < d. Then 

/~,(K, Z~)V(K)  < ½F(K). (3.4) 

N o n e  o f  these inequalit ies can be improved. 

P r o o f  For lattice-point-free K • 3ff d with respect to the standard lattice y_d 
Nosarzewska (d = 2), Wills (d = 3, 4), and Hadwiger (general d) (see p. 282 of [GEl 
and p. 22 of [EGH]) proved V ( K ) <  ½F(K). From this it follows, for general 
K • )V d, that 

~(K, ~)V(K) < ½F(K). 

On account of #i(K, Z a) -< #d(K, Za), 1 < i _< d, this shows (3.4). Now let q ~ ~, 
q >_ 3, and 

Qq= x e E a l [ x , l < q , l < _ i < d - l ,  l x a l < - ~  - • 

Then #I(Q~, ~a) > 1, V(Qq) < ½F(Qq), and 

lim # , ( Q ~ ,  Z a ) V ( Q q ) F ( Q ~ )  - ' = ½, 
q---~ oD 

hence none of the inequalities can be improved. E3 
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