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Successive-Minima-Type Inequalities

U. Betke, M. Henk, and J. M. Wills

Mathematisches Institut, Universitdt Siegen, Holderlinstrasse 3,
W-5900 Siegen, Federal Republic of Germany

Abstract. 'We show analogues of Minkowski’s theorem on successive minima, where
the volume is replaced by the lattice point enumerator. We further give analogous
results to some recent theorems by Kannan and Lovasz on covering minima.

1. Introduction

Throughout this paper E? denotes the d-dimensional euclidean space and the set
of all convex bodies—compact convex sets—in E is denoted by #%. Further, #¢
denotes the 0-symmetric convex bodies, i.e., K € # with K = —K, and a convex
body K e #™ is called strictly convex if the segment Xy intersects the interior of
K for all x, yeK, x #y. The set of lattices L — E¢ with lattice determinant
det(L) > 0 is denoted by #“, and the lattice of all points with integral coordinates
in E* is denoted by Z°. The kth coordinate of a point x € E* is denoted by x,, and
L | (")) denotes, for a € R, the largest (smallest) integer <a (> a).

The ith successive minimum A(K, 1), 1 <i < d, for Ke #°¢, dim(K) = d, with
respect to a lattice L e £, is defined by

A{K, 1) = min{Ae R|A > 0, dim(AK L) > i}.

Between the volume V and the successive minima Minkowski established, for
Kex§, dim(K) = d, Le &, the following relations (see p. 28 of [EGH], p. 123
of [GL], and [M]):

(A,(K, DP¥V(K) < 27 det(L), (LY

MUK, D) x - x AfK, LV(K) < 2¢ det(L), (12)
d
MK, L) x - x MK, LV(K) = % det(L). (13)
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All these inequalities are tight. The theorem on successive minima of Minkowski
(1.2) is a deep result in geometry of numbers with many applications and is an
improvement of (1.1) since 4,(K, L) < - < A{K, L),

There are several analogues of these resuits, e.g., by Mahler, Weyl, and Hlawka
(see [EGH], [GL], and [H]). In the main part of our paper we give some analogues
of (1.1), (1.2), and (1.3) where V is replaced by the lattice point enumerator

G(K, L) = card(K n L).

The results yield in particular a generalization of the following inequalities by
Minkowski [M, p.79] which are closely related to (1.1). For Ke ¢, Le %"
dim(K) = d, with A,(K, L) = 1, it holds that

G(K, L) < 39 (1.4)
if, in addition, K is strictly convex, then
GK, ) <24+t — 1. (1.5)

The covering minima introduced by Kannan and Lovasz [KL] form another
sequence of numbers associated with a convex body and a lattice. For K € 4™,
dim(K) = d, and L € £, the ith covering minimum p(K, L), 1 < i < d, is defined by

(K, L) = min{te R[tK + L meets every (d — i)-dimensional affine subspace}.

For example, the last covering minimum p,(K, L) is the classical inhomogeneous
minimum (see p. 98 of [GL]) and (u,(K, L))~ ! is called the L-width of K.

Kannan and Lovasz [KL] showed several analogies and relations between the
4; and the ;. In particular they proved that there are constants a,, f; >0 only
depending on d, such that, for Ke #“ and Le %°,

%4 ‘- 1.6)
oK ”un,(x, &)J) b (

and, if Ke X3,

G(K (L)>K 2 ~d)dj. 7
BN V(9 N

Here we obtain an analogous result where the lattice point enumerator is replaced

by the volume.
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2. Lattice Points and Successive Minima
In analogy to (1.1) we have

Theorem 2.1. Let Ke X%, dim(K) = d, and Le #°. Then

2 d
G(K, 1)< +11), 1
&b <L11(K, L) J) @1
if K, in addition, is strictly convex, then
2 d
GK,L)<?2 - 1. 2.2
&0 ([AI(K, IL)D 22

None of these inequalities can be improved.

Remark. Obviously inequality (2.2) is an improvement of (2.1) only if 2/4,(K, L)
is an integer.

Proof. Tt suffices to prove the theorem for the standard lattice Z¢ since
G(K, Z% = G(AK, AZ% and A(K, Z%) = i(AK, AZ%) for every linear map A with
det(4) # 0.

Let p =|2/A,(K,Z% + 1. First suppose that there are two lattice points
g=(gy,..., 9", h=(hy,..., h)T, g # h, in K with

g; = h; mod p, i=1,...,d 2.3)

By the convexity of K and from p > 2/4,(K, Z°) it follows that the lattice point

— —h\T 2
(91 by ha) =1<3g)+1<_-h) (2.4)
p p 2\p/ 2\ p

belongs to (24\{0}) ~ int(4,(K, ZHK).

This is a contradiction to the definition of 4,(K, Z%) and so there exist no lattice
points g, he K, g # h, satisfying (2.3). Hence each lattice point g € K corresponds
uniquely to a representation (g, ..., o) Where §; denotes the residue class with
respect to p of the ith coordinate of g. There are at most p? such representations,
S0 we get (2.1). For the cube C? = {xeE‘||x;| <¢, 1 <i<d}, geN, it follows
that G(CP, 7% = (2q + 1)* = (L2/4,(CY, Z% + 1))* and this shows that (2.1) cannot
be improved.

For the proof of (2.2) let p = [2/4,(K, Z%)] and g, he K N Z% g # h, such that
(2.3) holds. From 2/p < 4,(K, Z%) it follows that the lattice point (2.4) lies in the
boundary of 2,(K, Z%K. By the strict convexity of K this implies g = —h. So (as
above) each pair g, —g with ge K n (Z*\{0}) corresponds uniquely to a residue
class vector Gy -.., g, which shows (2.2). To show that (2.2) is tight, we construct
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a standard example. Let C* = {xe E|0 < x,; <1, 1 <i<d} and let P be the
0-symmetric polytope

P = conv{C% —C%}.

We have G(P, Z%) = 2¢*' — 1 and 4,(P, Z%) = 1. With elementary considerations,
the existence of a strictly 0-symmetric convex body K (in fact, of infinitely many)
follows with P < K, G(K) = G(P), and A{K, Z% =1, i = 1,..., d. This shows that
(2.2) cannot be improved. W

Let us remark that, for A,(K, Z% = 1, inequalities (2.1) and (2.2) become
Minkowski’s inequalities (1.4) and (1.5). In the case d = 2 we can improve (2.1)
and (2.2) in the following way:

Theorem 2.2. Let Ke X%, dim(K) = 2, and Le #?. Then

2 2
GIK, L} < + 11 + 14, 2.5
if K, in addition, is strictly convex, then
2 2
G(K,L) <2 ]{ -| - 1L (2.6)
MK, D | 4K L)

None of these inequalities can be improved.
Remark. Again, in general, inequality (2.6) is not an improvement of (2.5).

Proof. It obviously suffices to prove the theorem for the lattice Z2. Let z*, z* be
linearly independent lattice points with z'e A(K, Z*)K, i = 1, 2, and such that the
segment z'z2 is free of other lattice points. Then the triangle conv{0,z*,z*}
contains no other lattice points except 0, z%, z2, and so z!, z2 are a basis of Z*
{see p. 20 of [GL]). Hence we may assume (see p. 22 of [GL])

2 =(1,007 and z2=(0, 1T
Now we have, for each x = (x,, x,)T € K,
WK, 2%, <1 or Ay(K, Z%)|x,| < 1; @7)

otherwise the lattice point (x,/|x,], x,/|x,|)T would belong to the interior of
conv({ +z1, +22, A,(K, Z¥x}) = A,(K, Z*)K which contradicts the definition of the
second successive minimum.

Now let p; = | 2/A4(K,Z% + 1}, i=1, 2, and let f: E* — E? be the linear map
with

2 2 T
Sxp x)") = (I;_ Xy~ xz) -

1 | &
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With 2/p; < A{K, Z*) we get from (2.7)
f(K)yn Z* = {0}. (2.8)
Let g = (91, 92)7, h = (hy, h)", g # h, be two lattice points of K with
g;=h; mod p,, i=1,2 2.9
By the convexity of f(K) it follows that the lattice point

T
(M, u) =3f(g) + 3f(—h) (2.10)
14 P2
belongs to f(K) n (Z*\{0}) which contradicts (2.8).

Hence there are no two lattice points of K with property (2.9) and so each
lattice point ge K corresponds uniquely to a representation (3,, §,} where g;
denotes the residue class with respect to p; of the ith coordinate of g. There are
at most p,p, such representations, so we get (2.5).

For the proof of (2.6) let p; = [2/A(K, Z?)7, i = 1, 2, and let g, h, and f(K) be
as above. From 2/p; < A(K, Z* and (2.7) it follows that int(f(K))n Z? = {0}.
Hence the lattice point (2.10) belongs to the boundary of K. With the strict
convexity of f(K) this implies g = —h and as in the proof of (2.2) we get (2.6).

The examples in the proof of Theorem 2.1 show that both inequalities are
tight. O

On account of Minkowski’s theorem on successive minima (1.2) we conjecture
that Theorem 2.2. can be generalized to

Conjecture 2.1. Let Ke '8, dim(K) = d, and e #°. Then

d 2
GK, 1) < 1],
K1 .QLA&K,NJ

if K, in addition, is strictly convex, then

G(K &)<2(ﬁ[ 2 D—1
TG UKD '

The following proposition shows that inequalities of this type exist.

Proposition 2.1. Let K e %, dim(K) = d, and Le . Then

G(K, L) < f]( 2 +1>.

i=-1\A(K, 1)
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Proof. Let A(K,L),...,A(K, 1) <1, 4;, (K, L),..., A(K, L) > 1, and let 2!,

bej linearly independent lattice points with z' e (A{K, L)K) n L, 1 < i <j. Further,
let L be the linear subspace spanned by z',...,z and let K=K~ L and
[L=0nL We clearly have A(K, L) = A{K,[), 1 <i<j, and with Blichfeldt’s
theorem [GL, p. 62] and (1.2) for K, L it follows that

_ f } J
GK, D=6, [)<j! d{t[ I;I(

MK, U )
with equality only for j = 1. 0

On the other hand, Conjecture 2.1. is in a sense stronger than Minkowski’s
second theorem because it is easy to derive the latter from the former:

Proposition 2.2. If an inequality

d 2
GK,IL S ik i R’
&0 ,-U,(A,-(K, u”) e

holds for all K e X% and all L e ¥°, then

VIKy ¢
det(lL EI_—[ L

Proof. Let KeX%. Then we have for ue R, u # 0, A(K, ul) = pa(K, L). Further,
we have, by elementary properties of the Riemann integral,

VK) _ : A ( 2 ) 42
deq) = m w6, iy < tim TTw 7eop+a )= T ety

The lower bound (1.3) is much easier to prove than Minkowski's theorem (1.2)
The same seems to hold for the case of lattice points as we have as a satisfactory

general lower bound:

Theorem 2.3. Let Ke X%, dim(K) = d, Le % and A(K, L) < 1. Then

d
G(K,mz;(z.,ﬁ(i;i)) fl L @1

In general the constants cannot be improved.

Proof. Again it suffices to prove the theorem for the lattice Z%. For convenienc®
we write v, = 1/3(K, Z%), 1 <i < d. Let z', ..., 2% be d linearly independent points
in 7¢ wnth vizieK,1<i<d andlet Q < K be the cross-polytope with vertices
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+v,z', 1 £i <d. Denoting by ¢' the ith coordinate unit vector and by P the

cross-polytope with vertices +v;e', 1 <i<d, we have G(K,Z% > G(Q,Z% >
G(P, 2% and V(P) = 2%/d! (v, x --- x v,). Hence it is only necessary to prove

d
G(P, 7% = (1 - —L> V(P). (2.12)
2v,

Let p = 1 — 1/2v, and let E; denote the plane spanned by e',...,¢/,1 < j < d. The
total orthogonal complement of the plane E; is denoted by Ej. We show by
induction that, for each z/ € pP N Z° n Ej,

G(P A (' + E), 7% = VipP n ( + E)), 2.13)
where V7 denotes the j-dimensional volume. For j = 1 we have
VP A (2! + E)) = VP A (2! + E,)) —
As for any segment S we have G(S, Z%) > V(S) — 1 the assertion is proved. Now

let Z*'epPnZ*NE};, and let neR be the maximal number such that
ne’*! 4 27t e pP. Then we have

Ll . .
GPN(Z '+ E L, )ZY> Y GPnie* +27* +E) 79

i=—|nl
L) ) .
> Y VipPn(ie*!' + 271 + E))
i=—in}
) ) lnd Y
=VipPn(Z* '+ E) Y {1——].
i=—{n] n

It follows that

i f(l}+f(f+ 1)

i=0

GP (Y + Ejyy), ZY 2 2VIpP n (1 + Ej))( ) (2.14)

where f is the function given by

fix )_{(1 x/my  for xe(—o0,n],

for xe[n, ).

Now f is convex on [0, c0) and from this we obtain, by elementary properties of
the integral,

f £6) + f(l +1

J f(x)dx--:—i
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Along with (2.14) it follows that

2n
j+1
=V Pzt + E; o))

G(P A (2 + E;, ), 79 > VipP n (z7*! + E))

which proves (2.13). In particular, for j = 4, {2.13) is equivalent to (2.12).

It remains to show that (2.11) cannot be improved in general. To this end we
consider the regular crosspolytope P? = conv({+e',..., +¢%}). From Ehrhart’s
theorems (see p. 135 of [GL]) it follows that, for ke N,

d d
G(kP4, 7% = Z k'GP, GkpP?, 7%4° = Z K(—17IG(PY, (2.15)
i=0 i=0
where G(P?, Z%° denotes the number of lattice points in the interior of P? and
G{P?) are constants. Especially we have G, (P?%) = V(P) = 2%/d!. Next we observe
G(kP*, 7% = G(kP*, Z%° + G(kP*~1, Z%° + G(kP*~*, 7%

and thus we obtain, from (2.15), G,_(P) = 24" !/(d — 1)!. On the other hand,

(2.11) yields
1) 2 4 A\ 1Y
d —_—— d T e d - 1.
G(kP",Z)z(l 2k> VP =k ;Z:o(i)(Zk)

Comparing the coefficients of k% and k%~ with the coefficients of G(kP?, Z%)° in
(2.15) we see that we can do no better than in the theorem. Ol

Minkowski’s inequalities (1.2) and (1.3) appear to be much more symmetric
than Theorems 2.2. and 2.3. By a slight weakening of Theorem 2.3. we obtain a
corollary, which up to the Gauss-brackets is completely symmetric to Theorem
2.2 in the same way as (1.2) is to (1.3):

Corollary 2.1. Let Ke X, dim(K) =d, Le %% and A(K, L) < 2. Then

T
GK, )z~ izl(gi(x, b i)'

In general the constants cannot be improved.

Proof. On account of 4,(K,L)<- - < ifK,L) the assertion follows from
(2.11).

In the proof of Theorem 2.3, (2.12) appears to have some interest of its OWr.
as it relates volume, lattice number, and successive minima for cross-polytopes:
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Thus there is the natural question for a formula of this kind, which holds for all
0-symmetric convex bodies, and for a corresponding upper bound. Certainly (2.12)
is not true for all K e 2"} as the class of open boxes with edges parallel to the
coordinate axes shows. However, this class suggests:

Conjecture 2.2. Let Ke X'}, dim(K) =d, Le #* and 14K, 1) < 2. Then

V(K) ¢ MK, D)
det(L) H( 2

> < G(K, L).

3. Covering Minima

For the volume of a convex body we have the following lower bound with respect
to the covering minima:

Theorem 3.1. Let K € )" and L€ £°. Then there is a constant t,, only depending
ond, with0 <1, <(d)" ! and

(11 (K, LY'V(K) = 1,-det(L). (3.1)
Proof. Since V(K) = V(A 'K)-|det(A)] and p(K, L) = p(A 'K, A7 'L) for every
linear map A with det(A) # 0, it suffices to prove the theorem for the lattice Z°.
For a convex body K € 24 Kannan and Lovasz [KL] proved
(K, 2% = (A,(K = K)* 2971,
where (K — K)* denotes the polar body of the difference body K — K of K. So
1 (K, Z%V(K) = (4 (K = K)*, Z%)""V(K). (3.2)
From Roger’s and Shephard’s theorem on the difference body (see p. 32 of {[GL])

and Bourgain’s and Milman’s theorems on the polar body (see p. 31 of [EGH],
and [KL]) we have, with a constant ¢,

d
<2dd>V(K) > V(K — K) > <%‘> V(K — K)*)~ . (3.3)
From (3.2) and (3.3) we obtain, with (1.1) and
() (G =
d d
(K, Z%V(K) > 244, (K — K)*, Z9) V(K — K%' > 1,

The regular cross-polytope shows that 7, < (d!)™1. O



174 U. Betke, M. Henk, and J. M. Wills

The constants ay, f§; in {1.6), (1.7) and 7, in (3.1) are not best possible. We
conjecture

Conjecture 3.1. Let Ke X and L€ #°. Then

(il VPV = 0.

From p,(K, ) < - < ufK, L) and (2.6) it follows that
(K, L) x - x pdK, DV(K) = 1, det(L),

ie., an analogue of Minkowski’s theorem on successive minima (1.2), although not
with best constant. As a direct consequence of a result by Nosarzewska, Hadwiger,
and Wills we obtain, for the surface area F and the lattice 74,
Proposition 3.1. Let Ke X, dim(K) =d, and 1 <i < d. Then

m{(K, ZV(K) < 3F(K). 34
None of these inequalities can be improved.
Proof. For lattice-point-free K € #¢ with respect to the standard lattice 7
Nosarzewska (d = 2), Wills (d = 3, 4), and Hadwiger (general d) (see p. 282 of [GL]

and p. 22 of [EGH]) proved V(K) < $F(K). From this it follows, for general
Ke X that

wdK, ZYV(K) < $F(K).

On account of (K, Z% < uyK, 7%, 1 <i < d, this shows (3.4). Now let geN,
g =3, and

11
Qq={XEEdHX,'iSq, 1 sisd~—1,ix‘,|s§-—5}.

Then p,(Q,, Z%) > 1, V(Q,) < $F(Q,), and

lim py(Q, ZYV(QIFQ,) ' =%

g7 o

hence none of the inequalities can be improved. O
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