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Abstract. Let T be the extinction moment of a critical branching process Z = (Zn,n = 0)
in a random environment specified by independent identically distributed probability generating
functions. We study the asymptotic behavior of the probability of extinction of the process Z at
moment n — 0o, and show that if the logarithm of the (random) expectation of the offspring number
of a particle belongs to the domain of attraction of a non-Gaussian stable law, then the extinction
occurs at time moment 7" owing to a very unfavorable environment forcing the process, having at time
moment T'—1 an exponentially large population, to die out instantly. We also give an interpretation
of the obtained results in terms of random walks in a random environment.
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1. Introduction and main results. We consider a branching process in a
random environment specified by a sequence of independent identically distributed
random offspring generating functions

(1) fn(s) = ank5k7 n z 0.
k=0

Denoting by Z,, the number of particles in the process at time n, we define its evolution
by the relations

Z() = 1,
E[Szn+1|f07.f17 .. '7fn;Z07Z15 .. 7Z’n.] = (fn(s))znv n 2 0
Put X :=log f{_,(1), k = 1, and denote Sy := 0, S,, := X7 + Xo+ -+ + X,,.

Following [1] we call the process Z := {Z,, n = 0} critical if and only if the random
walk S :={S,, n = 0} is oscillating, that is,

limsup S, =oco and liminfS, = —o0
n—oo n—00

with probability 1. This means that the stopping time
T~ :=min{k =2 1: S, <0}

is finite with probability 1 and, as a result (see [1]), the extinction moment
T :=min{k 21: Z, =0}
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of the process Z is finite with probability 1. For this reason it is natural to study the
asymptotic behavior of the survival probability P(T > n) as n — oo. This has been
done in [1] as follows: If

(2) lim P(S, >0)=:pe€(0,1),

n—oo

then (under some mild additional assumptions)

l
(3) P(T >n) ~0P(T~ >n) =0 (ﬁ) :
n+t—~r
where [(n) is a slowly varying function and 6 is a known positive constant whose
explicit expression is given by formula (4.10) in [1].}
A local version of (3) was obtained in [7], where it was established that if the off-

spring generating functions f,(s),n =0, 1,..., are linear fractional with probability 1
and (along with some other conditions) E X,, = 0 and DX, € (0,00), then
_ C
(4) P(T'=n)~0P(T" =n)~ —%.
n3/2

The aim of the present paper is to complement (4) by the investigation of the
asymptotic behavior of the probability P(T = n) as n — oo in the case DX,, = co. In
addition, we consider the asymptotic behavior of the joint distribution of the random
variables T and Z7_1 as T — oo.

Let

A={0<a<l, |fl<l}U{l<a<?2, |B] <1}
Ufa=1, B=0}U{a=2 =0}

be a subset in R%. For (a,3) € A and a random variable X we write X € D(a, )
if the distribution of X belongs to the domain of attraction of a stable law with the
characteristic function

(5) Gap(t) == exp{ —c|t|a(1—iﬂ|t7| tg %)}, c>0,

and, in addition, E X = 0 if this moment exists. Hence, there exists a sequence
{cn,n = 1} such that ¢, 1S, converges in distribution to the stable law whose char-

acteristic function is specified by (5). Observe that if X, Lxe D(a, ), then (see,
for instance, [11]) the quantity p in (2) is calculated by the formula

if =1,
(6) p=

N~ N

1
+ — arctg <ﬁ tg E) otherwise.
T 2

Introduce the following basic assumption.

Condition A. The random variables X,, = log f;,_;(1), n 2 1, are independent
copies of X € D(, 8) with 0 < a < 2 and |B] < 1.

Now we formulate our first result.

LWe write arn, ~ by, if limy— 00 (an /bn) = 1.
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THEOREM 1. Assume that the offspring generating functions are geometric, i.e.,

e Xn
(7) fr-1(s) = 1o e % — 5 n=1,2,...,
with X, n 2 1 satisfying Condition A. Then
(8) P(T=n)~0P(T™ =n)~0(1-p) Tllgri)p as n — oo.

Remark 1. In the case of geometric offspring distributions one has an explicit
formula for the conditional probability of the event {T" = n} given the environment
fos fi,---, fn—1 in terms of an exponential functional of the associated random walk
{Sk, k = 0} (see (49) in what follows). Thus, the analysis of the properties of the
extinction probability P(T = n) in this case is reduced to the study of the expectation
of a certain functional of the associated random walk.

We now turn to the joint distribution of 7" and the population size Zp_;. Here
we do not restrict ourselves to the case of geometric offspring reproduction laws. To
formulate the respective result we set

¢(b) == e_QXIZkaOk, b=0,1,...,
k=b

and let A := {A;, 0 £t < 1} denote the meander of a strictly stable process with
parameters «, [, i.e., a strictly stable Lévy process conditioned to stay positive on
the time interval (0, 1] (see [3] and [4] for details). Along with A consider a stochastic
process A := {A¢, 0 <t £ 1} defined by

7y E[AT"9(A)]

E [Q‘)(A)] = W for any function ¢ S D[O, 1],
1

where D0, 1] denotes the space of cadlag functions on the unit interval.
THEOREM 2. Assume that Condition A is valid and there exists 6 > 0 such that

E (log™ ((0))**"* < o0
for some b 2 0. Then, for every x > 0,

P(Z, | > ewon: T =
9) i EZno1 > e ")

Remark 2. Tt is easy to see that ((2) < 4 for the geometric offspring distributions.
Therefore, the statement of Theorem 2 holds in this case. Moreover, in view of (8),

P(Z,_ 1 < ey T =
(10) lim lim D1 =€t T=n)

=0
20 n—oo P(T =n)

provided that the conditions of Theorem 1 hold.

We now complement Theorem 2 by the following statement being valid for the
geometric offspring distributions.

THEOREM 3. Under the conditions of Theorem 1, as n — oo,

log Z(— -
E<w, O<t<1‘T:n>:>/3(At, 0<t<1).

Cn
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Here = denotes the weak convergence with respect to the Skorokhod topology
in the space D|0, 1].

In fact, even a stronger result is valid. To formulate it we consider for integers
0 <7 < n—1 the rescaled generation size process W™ = (W,”" 0 <t < 1) given by

(11) Wtr’n = e_ST+[(n7T71)t] ZrJr[(nfrfl)t]a 0 § t é 1.

THEOREM 4. Let m1,72,... be a sequence of positive integers such that r,, <n—1
and rp, — co. Then, under the conditions of Theorem 1,

E(w’r‘n,’l’L|T:n):>£(Wt’ Ogtél) G,Sn_>oo;

here the limiting process is a stochastic process with a.s. constant paths, i.e., P(W; =
W for all t € [0,1]) =1 for some random variable W. Furthermore,

PO<W <o) =1.
Combining Theorems 1, 2, and 3 shows, in particular, that

(12) lim P(Z,_1 > €™ |T =n) = P(A; > x)

n—oo
in the case when the offspring distributions are geometric. The last equality, along
with Theorem 3, allows us to make the following nonrigorous description of the evo-
lution of a critical branching process Z, being subject to the conditions of Theorem 1.
If the process survives for a long time (7' = n — c0), then log Z|(;,_1), grows, roughly

speaking, as cnly up to moment n — 1, and then the process instantly dies out. In
particular, log Z,_1 is of order ¢, (compare with Corollary 1.6 in [1]). This may be
interpreted as the development of the process in a favorable environment up to the mo-
ment n — 1 and the sudden extinction of the population at time moment 7'=n — oo
because of a very unfavorable, even “catastrophic,” environment at moment n—1. At
the end of the paper we show that this phenomenon is in sharp contrast to the case
E X, =0, 02 := DX, € (0,00). Namely, if, additionally,

(13) E(1- foo) ' <00, Efy' <o,

then

(14) lim limsupP(Z,—1 > N|T =n) =0,
N—oo posoo

while (see Corollary 1.6 in [1])

g

log Zj(n—1)1
g (et Gt 310} OStSl‘Zn_ 0) — £(BF, 0<t<1),
(20 vsesi |z, (B 0t

where Bt := {B;",0 <t < 1} is the Brownian meander.

These facts demonstrate that the phenomenon of “sudden extinction” in a fa-
vorable environment is absent for the case 02 < oo. Moreover, one can say that in
this case we observe a “natural” extinction of the population. Indeed, the extinction
occurs at moment T' = n because of the small size of the population in the previous
generation rather than under the pressure of the unfavorable environment.

In the present paper we deal with the annealed approach. As is shown in [9], one
cannot see the phenomenon of “sudden extinction” under the quenched approach even
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if the conditions of Theorem 1 are valid. A “typical” trajectory of a critical branching
process in a random environment under the quenched approach oscillates before the
extinction. The process passes through a number of bottlenecks corresponding to the
strictly descending moments of the associated random walk and dies in a “natural”
way because of the small number of individuals in generation 7' — 1, just as under the
annealed approach for the case 02 < co (see [9] for a more detailed discussion).

Another consequence of Theorem 2 is the following lower bound for P(T = n).

COROLLARY 1. Under the conditions of Theorem 2,

P(T=n

We conjecture that the relation P(T' = n) ~ 6P(T~ = n) is valid for any critical
branching processes in a random environment meeting the conditions of Theorem 2,
i.e., without the assumption that the offspring distributions are geometric. With
Theorem 2 in hand, one can easily infer that our conjecture is equivalent to the
equality

<
Jim lim == —
But this is exactly the phenomenon of “sudden extinction” described above.

It is known that there is a natural correspondence between the critical (subcrit-
ical) branching processes in a random environment and the simple random walks in
a random environment with zero (negative) drift. In particular, (8) admits an in-
terpretation in terms of the following simple random walk {Ry,k = 0} in a random
environment. The walk starts at point Ry = 0 and has transition probabilities

e~ Xn+1
(16) gn =P(Repr=n—1[Ry=n) = ———<—
1
(17) Dn = P(Rk+1=n+1|Rk=n):m7

n € Z, where {X,,, n € Z} are independent identically distributed random variables.
Let

X :=min{k > 0: Ry = —1}
and let

l(n) = Z 1{Ry = n}, nz-1,

0Sk<x

be the local time of the random walk in a random environment calculated for the first
nonnegative excursion of this walk. Clearly, if

Zp:=)» (-DUn—-i-1), nZ=0,
=0

then

U(n) =Zpy1 + Zn, n = 0.
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One can show that if the sequence S, := log(pi/q1) + -+ + log(pn/gn) is either
oscillating or tends to —oo with probability 1, then {Z,, n = 0} is, respectively, a
critical or subcritical branching process in a random environment specified by the
offspring generating functions

_
fTL(S) ' 1 — PnS

(see [8] for more details). In particular, T := min{j > 0: £(j) = 0} is the extinction
moment of the branching process. Clearly, if R := maxy<j., Ry, then

{R=n—-1}={T =n}.

In these terms Theorem 1 and relation (12) are equivalent to the following statement.
THEOREM 5. If g, and p,, specified by (16) and (17), are such that

Xn :zlog&, n ez,
qn

satisfy Condition A, then, as n — oo,
P(R=n)~0P(T™ =n).
In addition,
P(l(n) > €™ | £(n) > 0,{(n+1) = 0) ~ P(A; > 2), x>0,

and, moreover,

log ¢([nt ~
z(L ) o<t <oy >0, tn+1) = o) — LA, 0t <1).
Cn
Hence, the random walk in a random environment visits the maximal possible
level for the first excursion many times provided the length y of the excursion is
big. This is essentially different from the case E log(pn/qn) = 0, E log?(pn/qn) < o0,
where (compare with (14))
lim limsupP(4(n) > N |£(n) >0, {(n+1)=0)=0.
N—oo psoo
2. Some auxiliary results for random walks. Let us agree to denote by
C,(C1,Cy, ... positive constants which may be different from formula to formula.
It is known (see, for instance, [5, Chap. XVII, section 5]) that if X € D(a, ),
then the scaling sequence

(18) cn = min{z > 0: P(X >2) <n~'}, nz=1,

for S, is regularly varying with index a1, i.e., there exists a function l;(n), slowly
varying at infinity, such that

(19) cn = ntl (n).

Moreover, if X € D(«, ) with a € (0,2), then

(20) P(X|>z) ~ as r — 00,

1
x®lo(x)
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where lp(x) is a function slowly varying at infinity and

P(X < —x) P(X > zx)

(21) P(X[>2) 7 P(X|>a)

—p asxT — 00

with p+¢g=1and 8 =p—q in (5). Besides,

(22) P(X < —cp) ~ 2-a)g as n — 0o
an

by (18) and (19).

2.1. Asymptotic behavior of overshoots and undershoots. In this subsec-
tion we prove some results concerning the asymptotic behavior of the distributions of
overshoots and undershoots. We believe that these results are of independent interest.

Let 77 :=min{k =2 1: Sy < 0}.

Durrett [4] has shown that if X € D(a, (), then

(23) lim P(S, Szc, |77 >n)=P(A1 <z) forallz =0.

n—00

By minor changes of the proof of (23) given in [4], one can demonstrate that

(24) lim P(S, S xc, |T~ >n)=P(A; £x) forall x =0.

n—r oo

We now establish analogues of (23) and (24) either under the condition {r~ = n}
or under the condition {7~ = n}.
LEMMA 1. If Condition A is valid, then, for any u > 0,

lim P(S, < —ucy |7~ =n) = lim P(S, < —uc, |T™ =n) =

n—00 n— 00 EAl_o‘
Proof. For a fixed u > 0 we have
(25) P(S, < —ucy; 77 =n)=E[P(X £ -S,_1 —uc,); 7 >n—1].

Since, under the conditions of our lemma,

(26) P(gé ;x__cf)c") = (% +u) (1+o(1))

uniformly in = € [0,00), we may approximate for large n the right-hand side of (25)
by the quantity

P(X £ =) E[(Sp-1/cn+u)™% 77 >n—1].

Using (22) and (23), we obtain

2
(27) P(S, < —ucy; 77 =n) ~ % Pir=>n—-1)E(A; +u)~*
Recall that, by Theorem 7 in [10],
_ P(rm=>n-1
(28) PG =)~ (1-p) LY,
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Therefore,
2—a)E Aq)—@
(29) P(S, < —uc, |77 =n) ~ 92— ) E(utA) '
(1-pa

This finishes the proof of the first part of the lemma since

_ (1-pa
30 EA-Y - L P
(30) =

according to formula (109) in [10].
To demonstrate the second part it is sufficient to replace 7= by T~ everywhere
in the arguments above. The lemma is proved.
LEMMA 2. If Condition A is valid, then, for any v > 0,
lim P(S,_1 Zven |7~ =n) = lim P(S,_1 2 ve, | T~ =n) =P(A
n—oo

n—oo

v

v).
Proof. To establish the desired statement one should use the equality

P(r— >n—-1)
P(r— =n)
XxE[PX £ =S,-1) 1{Sh—1 2 ve,} |77 >n—1],

P(S,—1 2ve, |77 =n) =

a similar representation with 7~ replaced by T'~, asymptotic equality (26) with u =0
and = 2 vc,, and the arguments similar to those applied to demonstrate Lemma 1.

Remark 3. Tt follows from Lemmas 1 and 2 that the passage from positive to
negative (nonnegative) values just at moment n is possible only owing to a big negative
jump of order ¢, at this moment. More precisely, in this case the undershoot S;,_;
and the overshoot —S,, are of order ¢,

2.2. Expectations on the event {T~ = n}. Let
Ty :=0, Tj+1 = min(n > Tj! Sn < ST].), J z 0,

be strictly descending ladder epochs of the random walk S. Clearly, T~ = T}. Put
Ly, :=ming<;<,, Sk and introduce the function

V(z):=) P(Sr, 2-z), z>0; V(0)=1; V(z)=0, x<0.
j=0

The fundamental property of the function V(z) is the identity
(31) EVEz+X); X+z20=V(x), z 2 0.

Denote by F the filtration consisting of the o-algebras F,, generated by the ran-
dom variables S, ..., S, and Zy, ..., Z,. By means of V(z) we may specify a proba-
bility measure PT as

E+[1/)(SO, .. .,Sn;Zo, .. ,Zn)] = E[1/)(SQ, .. .,Sn;Zo, .. ,Zn)V(Sn), Ln = 0],

where 9 is an arbitrary measurable function on the respective space of arguments.
One can check that, in view of (31), this measure is well defined (see [1] for more
details).
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We now formulate a statement related to the measure P which is a particular
case of Lemma 2.5 in [1].

LEMMA 3 (see [1]). Let condition (2) hold and let & be a bounded Fj-measurable
random variable. Then

lim E[& [T > n] = E¥&.

More generally, let £&1,&s,... be a sequence of uniformly bounded random wvariables
adopted to the filtration F such that
(32) nh_{I;O &n =t o

exists PT-a.s. Then

lim E[¢, |T™ > n] = Eté..
n—oo

We prove a “local” version of this lemma under the additional assumption X €
D(a, ). To this aim let S := {S,,n = 0} be a probabilistic copy of S = {S,,, n = 0}.
Later on all variables and expectations related to S are supplied with the symbol ™.
For instance, we set L, := ming<;<,, S.

LEMMA 4. Let X € D(a, ) with « < 2 and 8 < 1, and let & be a bounded
Fi-measurable random variable. Then

lim E[g |7~ =n] = E*¢.

More generally, let £1,&2,... be a sequence of uniformly bounded random wvariables
adopted to the filtration F such that the limit
(33) nlingo &n =1 &oo

exists Pt -a.s. Then

(34) nlingo E[¢,1|T =n]= Et¢.
Moreover,
(35) lim L(61 [T = n) = L),

Proof. According to Lemma 2, for any fixed ¢ € (0, 1),

limsup |E [fk 1{82_1 ¢ [a,a_l]} ‘T‘ = n]
(36) < ClimsupP(SZ1 ¢ [e,e7] ‘T_ = n) SCP(A ¢ [e,e7Y)),

and the last probability tends to zero as ¢ | 0. Further,

E [{k 1{Sn1 € (5,51)}; T° = n]
Snfl

Cn

:E[ka(X<—Sn_1)1{ 6[5,51]}; T>n—1].
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Set ¢ (z) :=27*1(e S o < e t). Since

q(2 — a)

P(X < —ucy) ~u " *P(X < —cp) ~u™“
( UCy) ~u ( Cn) ~ U o

uniformly in u € [g,e71], we have

E [gk P(X < -5, 1) 1{521 € [g,gl]}; T >n-— 1]

~P(X < —cp)E [gk(s"l)a 1{5’“ € [g,gl]}; T >n-— 1}

C’IL CTL

(37) :ME[§k¢s<Szl); T>n—1]

an n

Conditioning on Sy, Sy, ...,k for k < n — 1 gives

E [ék¢s<sg‘l); T~ >n-— 1}

mn

=E [fkﬁ [ws <%) Lpg1 > —Sk]; T > k]

n

Using Lemmas 2.1 and 2.3 of [1], one can easily verify that

E [ékﬁ [w5<5”;’“‘1>; Loy 2 —Sk_l]; T > k}

n

~E[GP(Lyg 2 =Sk-1); T™ > k] E [ (A1)]
~EBGV(Sk); T™ > k— 1 P(T~ > n— k) B (A)]
~EY[G]P(T™ > n— 1) E[Y(A)].

E [5k¢5<52;1> 1{52;1 € [5,5_1]} }T— = n}

P(PT(;“> = ;)1) Q(za; ) B4 E [ (A1)

Thus,

(38)
Clearly, E [t (A1)] = EAT“ as ¢ — 0. Combining these estimates with (30), (3), and
the asymptotic relation

(39) P(I~ =n) ~ I_TpP(T* 1) =(1-p 2L

established in Theorem 8 of [10], and recalling (36), we complete the proof of the first
part of the lemma.
To show the second part we fix an ¢ € (0,1) and write

= ¢ [5,51]} }T* - n}

+E {Ek —&n—1] 1{521 € [5,51]} ‘T* — n}

n

Bt~ €01 [T = all B |Je - guoa]1{ 52
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Similarly to (36),

n—oo n

. . Snfl -1 -
iglisup B 6 — 6,1 1{ 20 ¢ e} |77 =)

(40) < Climlimsup P(Snl ¢ [e,e7 Y] ‘ T = n) =0,

el0 n—ooo Cn
while, by analogy with (37) and (38),
Szfl € [5,51]} ‘T* - n}

n

E |:|§k - §n71| 1{

< OBl ~ gl (2 ) |77 > 1]
(41) <Ce Bl — o] [T >0 1].
We know by Lemma 3 that, given (33),
(12) D lm Bl — &l |77 >0 1] = lim B[~ &ef =0,

Combining (40)—(42) completes the proof of (34).
To prove (35) it is sufficient to observe that, by (34) and the dominated conver-
gence theorem,
lim E[e"" =1 | T~ = n] = ETelt, t € (—o0,00).
n—oo
Set pp, :=min{k 2 0: S, = L,}.
LEMMA 5. If X € D(a, ), then

lim sup ne, E 2775 < 0o
n—oo
and
(43) limsup ne, B [e%7; p, =n] < oc.

n—oo

Proof. By the factorization identity (see, for instance, Theorem 8.9.3 in [2])
applied with A = —1 and =1 to Ly, instead of M,, := maxy<y<,, Sk, we have

TLE 2L, —Sy — ﬁ E —Sh. TLZ E Sn. " .
1;37“ [e ] exp{;n( [e™""; Sp 2 0]+ E[e”; S, <0])

Since X € D(q, ), the local limit theorem for asymptotically stable random walks
implies

(44) E[e " S, = 0] + E[e5; Sn<0]§cg.

Combining this with Theorem 6 in [6] gives

lim sup ne, E [e2bn 5]

n—oo

< 00,
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proving the first statement of the lemma.

To prove the second it is sufficient to note that (see, for instance, Theorem 8.9.1
in [2])

"E e pn, =n] = " Bles: 5, <0\,
S Bl =nl = e { 3T BL |

n=1

and to use estimate (44) once again. The lemma is proved.

The previous lemma allows us to establish the following statement.

LEMMA 6. If X € D(a, ) with a < 2 and < 1, then for every € > 0 there
exists a positive integer l such that

for alln 2 1.
Proof. By Lemma 5 and (39) we have, for any § € (0,1),

né<js<n 1Sk<n(1-6)
C
) n > P =k)
On account of (39),
i) pir-
=)< O5P2 < p=2 =
s) s P =3) SO0 LS 0 BT = )

Using (6) it is not difficult to check that 1 —p < a~! if Condition A holds. With this
in view we have, by (19) and (39),

1 C o)
nepi—sy  (L—=38)Y/enttl/el(n) = (1 —0)/ant/ater—1

A
A

(47)
Substituting (46) and (47) in (45) gives

STE[e%; = K P(T =n k)
k=l

_ e 1
SGP(T™ =n) (5p 2 ZE [65k? e = k] + 1- 5)1+1/an1/a+p1)
k=l

for sufficiently large C5. Recalling now (43), we complete the proof of the lemma by
an appropriate choice of ¢ and .
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3. Proof of Theorem 1. Set

Fron(s) == fon(fms1(- .- (fn=1(s))...)), m<mn, Fon(s) :=s.
Rewriting (7) as

1 1
— =14 X —— foralln>1
1= foi(s) +e 1= oralln 2 1,
one can easily get the representation
1
4 — =1 =51 —S2 . —Sn-1 —Sn
(48) = Fon(s) +e Pl4te 4. He +e T

for all n 2 1. From this equality, setting

n —1
H, := <Zesk> , Hs:= lim H,,
n— oo
k=0

we get

Ps(Z, > 0):=P(Z, > 0] fo, f1,.. -, fn-1) =1 = Fy»n(0) = H,
and
(49) P;(T =n):=Pi(Z,_1>0)—Ps(Z,>0)=H,_1Hpe 5.

We split the expectation E[P¢(T = n)] = P(T = n) into two parts
(50) P(T=n)=E[P;T =n); pin <n]+E[P(T =n); pu, =n]|.

—Sn < 2Ln—S

One can easily verify that H,_1Hpe = on the event {y, < n}. From

this bound and Lemma 5 we infer

(51) E[P;(T =n); pun, <n] £ B2l < < for all n = 1.
ney,

Using estimate (47) with § = 0, we conclude
(52) E[P/(T = n); jin < 1] = o(P(T~ = n)).

Consider now the expectation E [P¢(T' = n); u, = n]. Applying Lemma 5 once again,
we see that

E[P;(Z, > 0); pn =n] S E[e; p, =n] < C o(P(T™ =n)).

Thus,
(53)  E[P;(T=n); pu=nl=E[P;(Zu1>0); pn=n] +0o(PT" =n)).

Since Py (Z,-1 > 0) < eMitogj<n—1 Sj, we have by Lemma 6 that for any € > 0 there
exists [ such that

E[Pf(anl > 0)7 Hn—1 2 L, Hn = n]
n—1

= ZE [Pf(anl > 0)7 MHn—1 = ka Hn = n]
k=l

n—1
(54) < STE[eS; pnoy =k, pn =n] SeP(T =n)
k=l
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for all n > [. Denoting by {f,, n = 0} a probabilistic and independent copy of
{fn, n = 0} we have, for any fixed k < [,

EP¢(Zp-1>0); pn—1 =k, pn =n]
=E[l - Fon-2(0); pin—1 =k, pin =n]
=E [1 - F07k(Fk7n—2(0))§ Hn—1 =k, fin = n]
=E[1— Fyr(Fon-r—2(0); =k, T~ =n—k]
—E[1— For(Fon s 20) =k} T- =n—k|P(T™ =n—k).

By monotonicity of the extinction probability and Lemma 2.7 in [1],
lim Fon(0)=:Q" <1 Ptoas.
Hence, in view of (35) we get for any fixed k < I,
E [(1 = For(Fopn k- 2(0)) 1 =k} T~ = n— k]
~EET(1-Fr(@Q")); px =k > 0.

Using this relation, (39), and (54) it is not difficult to show that

(55) E[P(Zn-1>0); pin =n] ~6P(T" =n),

where

(56) 0 => EET(1-Fyi(Q")); =k >0
k=0

It follows from (50), (52), (53), and (55) that
P(T=n)~0P(T =n).

It is easy to check that the expression for 6 given by (56) is in complete agreement
with formula (4.10) in [1]. This finishes the proof of Theorem 1.

4. Proofs for the general case.

Proof of Theorem 2. First, we obtain lower and upper bounds for the probability
P(Z, =0|Zy = k). It is easy to see that (recall (1))

foo =P(Z1=0[Zy =1; fo) = HlaX{O, 1- Zkf()k}-

k=1

Therefore, for any fixed ¢ € (0, 3)

P(Z1=0|Zy=k) 2 E[(1-eX)% X, <]
Z (1

(57) — kTP P(X0 £ —(1+¢) logk).

To get an upper estimate we use the inequality P(Y > 0) = (EY)?/E Y2, being valid

for any nonnegative random variables with EY > 0, to conclude that

> oy K2 for >_1
=kl )

M<1‘Q2ﬁwﬁw

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.



Downloaded 11/18/19 to 137.250.100.44. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php

480 V. A. VATUTIN AND V. WACHTEL

Observing that

> he K for < b

(Cptr kfor)* = 22020 K for <)
we get
foo S1—=(be™ X +¢(b) " £ exp{ - m}
This implies
1
P(Z1=0[Zy=k) = E [exp{ - m”
(58) SP(X; £ —(1—¢)logh) +P(C(b) > k') +eXp{ B blfl}'

In view of the hypothesis E (log™ ¢(b))**® < 0o and the Markov inequality we have
(59) P(C(b) > k') £ Clog k.

Since the function P(X; < —z) is regularly varying at infinity with index —q, esti-
mates (57)—(59) imply

1  P(Z1=0|Zy=k)
< liminf

(11e)® = ks P(X: < —logk)
< lmeup PA =01 % =) 1

koo P(X1 < —logk) (I —¢g)>

Letting € — 0 gives

. P(Z1:O|Z()=/€)
lim =1
k—o0 P(Xl < —logk)

Therefore,

P(Zp 1 >e™; T=n)= Y P(Z,1=kP(Z1=0[Z =k)

k>even
~ Y P(Z,1=k)P(X £ —logk)
k>ezcn
(60) ~E[P(X £ —log Z,_1); log Z, > zcy).

Since P(X < —ye,)/P(X £ —¢,) =y~ as n — oo uniformly in y € [z, 00), we have
E[P(X £ —logZ,_1); log Z,—1 > xcy]
~P(X < —¢,)E K =
~P(X € —c0)P(Zn_1 > 0)

log Zp_1\ ¢
(61) x E {<&) Hlog Z,,—1 > xen} ‘ Zp1 > O].

Cn

1 Zn— -
b) ; log Z,—1 > xcn]
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By Corollary 1.6 in [1],

108 Zn—
limP<b<x’an>0):P(A1<x), x> 0.

n—00 Ccn,

This and the dominated convergence theorem yield

108 Zn_1\ ® B
(62) lim E K&) 1{log Zn_1 > wcn} ‘ Znor > 0] —E[A[1{A; > z}].

n—oo n
Combining (60)—(62) and taking into account (22) and (30), we obtain

P(Zn,1 > 0) E [A;al{Al > {E}]
n E[AT9]
P(Zy1>0) b5

P(Z,_1>¢""; Z,=0)~(1—p)

=(1-p) (A > z).

To complete the proof of Theorem 2 it remains to note that

P(Zp-1>0) 1-p) OP(T~ >n—1)

~ PT_:
- - P ( n)

(L—-p)

in view of (3) and (39).
Proof of Theorem 3. Let ¢ be an arbitrary bounded continuous function from
D[0,1] and let

Z(n):{m7 O<t<1}.

Cn

As in the proof of Theorem 2, for any x > 0,

> E[@(Z2M); Zy 1=k P(Z1=0|Zy=k)

k>ecn

~P(x < —e)B oz (D) Tugz, s o]
~O0P(T~ =n)E [¢(Z(”)) (1‘%6@)& Y Zp_ 1 > e™n} } Zn1 > o]

E[p(M)A " 1H{A, > x}]
E[A;7]

(63) ~P(T=n) =P(T =n)E[¢(A) 1{A; > z}],

where in the last step we have used Corollary 1.6 in [1].
On the other hand, according to (10),

> E[@(ZM); Zn1=KP(Z1=0|Z = k)
O<k<eren
(64) Ssuplp|P(0< Z,—1 S e Z, =0) =o(P(T =n))

as | 0. Combining (63) and (64), we get

lim E[¢(Z")|T = n] = imE[6(R) L{A; > z}] = E[6(R))

n—oo
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completing the proof of Theorem 3.
Proof of Theorem 4. By the equalities (52) and (53) we see that, as n — oo

P({T = n}A{anl >0, pn = n}) = O(P(Ti = n))7

where A is the symmetric difference of the respective events. Hence, for arbitrary
bounded continuous function ¢: D[0, 1] — R we have

E[p(W™™);, T =n]=E[p(W™"); Zn_1 >0, un =n]+o(P(T~ =n)).
Moreover, it follows from formula (54) that for any € > 0 there exists [ such that
[E[¢p(W™™); Zp_1 >0, pn—1 >1, pn =n]| S eP(T~ =n).

Thus, to prove Theorem 4 it suffices to find for each fixed k the asymptotics of the
quantity

E [d)(WTmn); Zn-1>0, pin1 =k, pn = Tl]

as n — 0o.
Let

U(zs,mn) = BLlp(e W) Zya >0, T =),
where E,[-] means that the process starts at moment zero by z individuals. Clearly,

E[p(W"™"); Zn1 >0, tin—1 =k, pn =n|Fy]
(65) :w(Zk,Sk,rn—k,n—k)l(Zk>O)1(uk:k).

It follows from Proposition 3.1 in [1] that there exists a random variable W
satisfying the condition P(0 < W+ < oo) = 1 such that for each s = 0

S W™ 1(Zp—1 > 0) = dp(e "W I(WT >0) Pt-as.
This fact and Lemma 4 imply, as n — oo,
(z,5,m.0) ~ EF[B(e W) LW > 0) P(T™ = n),
whence, using (65), we deduce that for each fixed k

E[p(W™"); Zyn—1>0, pin—1 =k, 1, = n
~E[Ef [p(e” W) 1(WT > 0)]; Zp >0, pp = k]P(T™ =n)

as n — 0o. As a result we get
E[pW™™);, T=n]~P(T~ =n)

<Y BB} [pe”WH1WT > 0); Zi >0, py = k]
k=0

as n — oo. Hence

lim E [p(W™")|T = n]

n—oo

= ZE [EL (e WH1(WT > 0)]; Zp >0, pp = k.
k=0
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Comparing the obtained relation with the proof of Theorem 3.1 in [1], we see that the
distribution specified by the right-hand side of the last equality coincides with that
one in [1]. Theorem 4 is proved.

Proof of Corollary 1. Letting  — 0 in (9), we get

... P(T=n)
>
hénlnf Pl —n) = 0.

Assuming that there exists € > 0 such that
P(T'=n)2(@+¢)P(T" =n)

for all n 2 N and summing this inequality over n from arbitrary ng > N to oo, we
deduce

P(T > ng) 2 (0 +¢)P(T~ = np)

for all ng = N, which contradicts (3).
Proof of (14). Representation (48) implies

P(Zoor = j) = BIHZ e 5 (1 = Hy_ye 5y, 2L

Hence, by Lemma 5,

c Cy
supP(Z,—1 = j) SE[H. ;e 5| SE [ < — < ——
sup (Zn-1=J) SE[H, e S Ele = o =omm

where in the last step we have used the relationship ¢,, ~ ov/n. Thus,

(66) P(Zna>N;T=n)= Y P(Z, 1=j)Ef}< —r Y Ef
j=N+1 j=N+1

According to Theorem 1 in [7] the conditions 6 < oo and (13) yield P(T = n) ~
Cn~3/2. From this estimate, the first condition in (13), and (66) we get (14).

REFERENCES

[1] V. I. AFaNASYEV, J. GEIGER, G. KERSTING, AND V. A. VATUTIN, Criticality for branching
processes in random environment, Ann. Probab., 33 (2005), pp. 645-673.

[2] N. H. BinagHAM, C. M. GOLDIE, AND J. L. TEUGELS, Regular Variation, Cambridge University
Press, Cambridge, UK, 1987.

[3] R. DoNEY, Conditional limit theorems for asymptotically stable random walks, Z. Wahrsch.
Verw. Gebiete, 70 (1985), pp. 351-360.

[4] R. DURRETT, Conditioned limit theorems for some null recurrent Markov processes, Ann.
Probab., 6 (1978), pp. 798-827.

[6] W. FELLER, An Introduction to Probability Theory and Its Applications, Vol. 2, John Wiley,
New York, 1971.

[6] B. A. ROoGOZIN, Asymptotic behavior of the coefficients of functions of power series and Fourier
series, Siberian Math. J., 17 (1976), pp. 492-498.

[7] V. A. VATUTIN AND E. E. DYAKONOVA, Critical branching processes in random environment:
The probability of extinction at a given moment, Discrete Math. Appl., 7 (1997), pp. 469—
496.

[8] V. A. VATUTIN AND E. E. DYAKONOVA, Branching processes in a random environment and
bottlenecks in the evolution of populations, Theory Probab. Appl., 51 (2007), pp. 189-210.

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.



Downloaded 11/18/19 to 137.250.100.44. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php

484 V. A. VATUTIN AND V. WACHTEL

[9] V. A. VATUTIN AND A. E. KYPRIANOU, Branching processes in random environment die slowly,
in Proceedings of the Fifth Colloquium on Mathematics and Computer Science (Septem-
ber 22-26, Blaubeuren, Germany), Discrete Math. Theor. Comput. Sci. Proc., AI, As-
soc. Discrete Math. Theor. Comput. Sci., Nancy, 2008, pp. 379-395. Available online at
http://arxiv.org/abs/0804.1155

[10] V. A. VATUTIN AND V. WACHTEL, Local probabilities for random walks conditioned to stay
positive, Probab. Theory Related Fields, 143 (2009), pp. 177-217.

[11] V. M. ZOLOTAREV, Mellin—Stieltjes transforms in probability theory, Theory Probab. Appl., 2
(1957), pp. 433-460.

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.



